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Structure of the Thesis

The thesis 1s organized chapter wise as follows-

Chapter 1:

This chapter 1s mtroductory and sets up the background for the problems taken in the thesis It
overviews ideals 1n Sermirings, k-ideals in Semirings, deals i Ternary Semirings, k-idcals in
Temnary Semirings, Soft Sets, Soft-Union-Intersection Sum, Soft-Union-Intersection Product. Soft

Intersectional k-Ideals 1n Semurings and related results are discussed

Chapter 2:
This chapter contains the discussion of the [X,Y] Soft Intersecnion k-subsemirings, [X.,Y] Soft
Intersectional k-ideals In the last section of the chapter, we investigate some important results of k-

regular semirngs in terms of [X,Y] Soft Intersectional k-ideals

Chapter 3:

In this chapter, we mtroduce Soft Intersectional k-ternary subsemirings, Soft Intersectional k-ternary
Ideals In the last section of the chapter, we introduce [X,Y] Soft Intersectional k-ternary
subsemurings, [X,Y] Soft Intersection k-ternary Ideals, k-regular ternary semirings and most

concerning results are investigated
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Preface

In our daily life, we have to face the uncertain situations but i we measure the
parameters of uncenainty scientifically then we can take decisions comparauvely in a
better way There exist different types and different handling methods  for
uncertainties According to scientific method. 1t 1s a big challenge for us to deal with
uncertainties The uses of automata theory, rough theory, fuzzy theory and probability
theory 1n the domain of economics, engineering, information science and medical

science are described

The process of developing the new techmiques to deal uncertainues 1s rapidly
growing by different researches In this regard Molodtsov [23] defined the soft set
theory to deal particular Lype of uncertainties The algebraic structures by using soft
sets 1s extensively using to elaborate the practical implication of uncertainues in a
wide range of scientific fields including mentioned above That's why many
researchers taking keen interest 1n various fields of algebra and broading its limits by
using soft set theory Some mmitial and basic operations on soft sets defined by PK
Maj [22], M1 Al [2] and Sezgin and Atagun {24] played the important role in the

further progress in this ficld See [1.4]



In 1934 Vandiver [26] first wtroduced the concept of semiring Infact
semiring 1s the generalization of nng Dutta and Kar [12] made research in 2003 about
the concept of ternary semuring, regular ternary semuning and k-regular ternary
semiring and their major properties The research about the quasi-ideals and bi-ideals
of ternary semi-group 1s made by Dixit and Dewan [5] S Kar [16] made research
about the properties of quasi-ideal and bi-ideal in temary sermining M K Dubey [6]
defines k-quasi 1deals and k- b1 ideals in ternary semirings and investigated some

related properties

Soft 1deals in Soft semiring were defined by F Feng et al [14] Further, X
Ma and J Zhan [19] define (M.N)-soft union deals in (M,N)-soft union subsemirings
I' Mahmood and U Taniq [20] further discussed (X,Y)-soft intersection subsemirings
in terms of (X.Y)-soft mntersection bi 1deals and (X,Y)-soft intersection quasi 1deals
After that soft intersectional termary semirings in terms of soft intersectional temary

1deals was discussed by T Mahmood et. al [21]

In our work we discussed soft intersectional sets 1n ternary semirings by using
ternary k-ideals We define soft union-intersection sum and soft umion-intersection
product We mtroduce the concept of soft mtersectional ternary k-subsemirings, soft
intersectional ternary k-ideals, soft intersectional ternary k-quasi idcals and soft
intersectional ternary k-bi 1deals of temary semiring Furthermore, we characterize k-
regular ternary semurings by using soft ntersectional terary k-bi 1deals and soft
intersectional ternary k-quasi ideals Finally, we discuss [X,Y] soft interscctional

lernary K-subsemirings, [X,Y] soft intersectional temary k-ideals in ternary semirings



Chapter 1

1. Preliminaries

In this chapter, we will discuss the concerned definitions with examples and some

important results that are used in next chapters For undefined terms and notions we

refer to [4, 6,13, 16, 21, 23, 26]

1.1. Semirings

1.1.1. Definition

A non-empty sct R together with two binary operations “ +“ and “

semiring 1f 1t satisfics the following conditions

) (R, +) 15 a semigroup

)] (R, )1s a semigroup

() « « distributes over * + " from both sides

Then we can write (R, +, ) or simply R 1s a semiring

1.1.2. Example

" 15 said to be

No (the set of all non negative integers) under the binary operations of

ordinary addition and ordmnary multiplication 1s a semirng



1.1.3. Delinihon

R 1s called commutative if “ 7 1s commutative in R,

1.1.4. Definition

An clement 0 € R, satsfying 0 { =1 0=0and 0 +{ =1+ 0={VIER. 15 called

zero (or obsorbing element) of R

1.1.5. Definition

An element 1 € R, satisfying the condition 1.I = 1.1 = VIER1s called 1dentity of

the semiring R

1.1.6. Definition

A subset A # ¢ of a semining R 15 called a subsemiring of R 1f A itself 1s a semuring

under the operations inherited from R

1.1.7. Theorem

A subset A # ¢ of a semining R 1s called a subsemiring of Rifwehavel + meEA

andlmeAVimeEA.



1.1.8. Remark

From now to onward, else or otherwise stated. for I, m € R, nstead of writing l.m we

will write Im
1.1.9. Examples

1 All rings are semirings with subrings as subsemirings

2 The set R of all n X n matrices with entries from non-negative real numbers
1s a semiring with usual binary operations of addition “ + " and multiplication
* * of matrices

3 The set of whole numbers as well as the set of non-negative ratonal numbers
are commutative seminings under usual addition and multiplicauon of real

numbers The set of whole numbers 1s a subsemiring of the sct of non-

negativer rational numbers

1.1.10. Definition

For A,B € R. We defne

A+B={l+ml€eAmeB}and

AB = Z im, | €Am€EB

finite



1.1.11. Definition
An element { € R 1s called multiplicatively idempotent if U = [ = L.
1.1.12, Definition

R 1s said to be multiplivatively idempotent if each element of R i1s muluplvatively

idempotent
1.1.13. Definition [15]

If p #I< Rsatusfyingthe [ +7 STandRI S/ (IRC 1) thenlis called left (right)
ideal of R If I 15 both left and right 1deal of R, then 1t 1s said to be ideal {or two-sided

ideal} of R
1.1.14. Defimtin

Let R be asemirmg and ¢ # B & R Then B 1s called bi-ideal of R 1if B 15

subsemining of R and sausfymng BRB € B

1.1.15. Example

LetR = {(g g), (g g), (g g), (2 g), (g 3), (g 3)} be a semiring under

the addition and multiplication of matrices



Then 8, = {($ 9), (& §)} and B, ={(§ 7). (3 §)} are the bi-tdeals of R

1.1.16. Definition

Let R be a semuring If ¢ # @ € R sausfymg ¢ + @ € Q and RQ A QR € Q. then Q

15 called quasi-ideal of R, where i denotes the intersection of sets

1.1.17. Example

Let R = {(j D| ab,c,dE ZO} be a semiring under the addnion and multiphication

of matrices

I'hen @ = {(16[ g) |u € Zo} and @, = {(8 8) |v € Z° } arc the quasi-idcals of R

1.1.18. Definition

A semiring R 1s called Von-Neumann regular if we for any a € R there exist x € R

such that axa = a or we have g € aRa foralia € R
1.1.19. Definition [25]

A semiring R 1s called left (ight) weakly regular if we have @ € RaRa (a € aRaR)

forallae R



1.1.20. Remarks

Clearly, if R 1s commutative, then R 1s (right or left} weakly regular if and only 1if R 1s

Von-Neumann regular

1.1.21. Theorem [25]

A semiring R 1s Von-Neumann regular 1f and only if for any nght 1deal A and lefi

ideal BofR.ANB = AB

1.2. Ternary Semirings

1.2.1. Definition [12]

A non-empty sct S together with a binary operation of addition " + " and ternary

multiplication” " respectively, 1s said to be a ternary semuning of (5, +) 15 a
commutative
semigroup satisfying the followmg conditions

f)) (abc)de = a (bed)e = ab{cde)

(my (a+b)ed =acd + bcd

(m) a(b+c)d =abd + acd

(iv) ab(c+d) = abc+abd Va,b,c,d,e€S

Ternary semiring 1s represented by T;, We can sec that any semiring can be reduced
to a T, However, a Ty, does not necessarily reduce to a semuring by this example
We consider Z the set of all negative ntegers under usual addition and

multrplication, we see that Z~ 1s an additive semigroup which 1s closed under the
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ternary multiplication but 1s not closed under the binary muluplication Moreover, Z
1§ a ternary semuring but 1t 1s not a semuring under usual addition and multiplication

1.2.2. Remarks

From now to onward, ¢lsc or otherwise stated, S will denoted ternary semiring

1.2.3. Definition [13]

An additive semigroup U of $ 1s called a ternary subsemining of 5 1f for all

Uy, Uy, Ug € U then uyuus €U

1.2.4 Defimtion [12]

A Tgy S 15 said to be commutative 1f

abc = bac = bca Yabce$§

1.2.5. Delimtion

Let S bea T, Iftherc exist an clement 0 € § such that

(1) C+x=x

() Oxy=x0y=xy0=20

v x,¥ € S, then “0” 1s called the zero clement of the ternary semiring

1.2.6. Example

Ina Ty, Z, the set of all integers 0™ 1s called the zero of Z because for

anya, b € Z
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(n 0+a=a

() Oab=alb=ab0 =0

1.2.7. Definition [12]

Tsp with I means 11x = 1x1 =x11=xVvx € §.

1.2.8. Definition [12]

Anclement! € §s called muluplicatively idempotent If {1l = I* ={

1.2.9. Definition [12] ‘
Anelement! € S s called additively idempotent if { +1 = {

1.2.10. Definition [13]

An additive subsemigroup 7 of S 1s called left (nght, lateral) 1deals of S

if 5,5,¢ € I (15,5, €1,5115, EI)V¥sy,5, € Sandt € [ If]1sa left, nght and

lateral 1deal of §, then 7 1s called an 1deal of §
1.2.11. Definition [16]
An additive subsemigroup @ of a Tg. S 15 called a quasi-ideal of S 1f

QSS A (SQS + SSQSS) fSsQ € @
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1.2.12. Definition [16]

LetSbeaT,, and d # B €5 Then B 1s called a bi-ideal of §1f B 1s subsemigroup of

§ and sausfying BSBSB € B.
1.2.13. Definition [12]

A T, 15 called regular if for any a € 5,3 x € S such that such that ¢ = axa or
a EaSaVa€s

1.2.14. Theorem [12)

A Ty, 1s regular 1f for any night 1deal A and left 1deal B, and lateral

Ideal CLAABAC = ABC
1.2.15. Definition [13]
S 15 called weakly left ( nght , lateral) regular if we have
L€ SIS € (IS)3S,1 € SSISISISS),vi € S
1.2.16. Definition [6]

For ¢ # K € §, the k-closure of K 1s denoted and defined as

K ={u€Slu+g=hforsomegh e K)}.
1.2.17. Definition [6]

A ternary subsemining (left ideal, right ideal, lateral 1deal. 1deal, quasi 1deal. bi-ideal)
K of § s called ternary k-subsemiring ( k-left 1deal, k-right 1deal, k-lateral (deal. k-
ideal, k-quasi 1deal. k-bi1deal) of S, respectively. iIf u + g = h implies u € § and
g,h,€ K, 1t will be represented by K, _so(K;_; , K; g K 1o Ky Ko, Kiop,)

respectively



1.2.18. Definition |6]

A T,y 15 said to be k-regular if for each u € § there exist g, A € S such that

u + ugu = uhu It will be represented by K, _,

1.2.19. Theorem [6]

A Ty, 1s k-regular if and only f EAF A G = EFG, forany E.F and G as ;g ,

K;_1q, and K, of S respecuvely

1.2.20. Theorem [10]

The following conditons 1n a Ty, are equivalent
(1) SisK,_,
(u) For every K,_g, B of S, B = BSBSB'
(m)Forevery ;o Qof 5. Q@ = QS0SQ
Proof: Straightforward

1.3. Soft Intersectional k-Ideals in Semirings

1.3.1. Definition [23]

If Z be the imtial umversal set, E 1s a set of parameters and 4, B, C,

N

E

13



An ordered set A, = [(u, id(u)) u € E,A,(u) € P(Z)} over Z, 1s known as a soft

set, where A, * E - P(Z) such that A, (u) = © 1 u € A, 4, 1s called approximate

function

Note that, the collection of all soft sets over Z will be denoted by CS (Z£)
1.3.2. Definition [3]

The upper inclusion set of 44 for @ # ¢ and 4 € R 1s denoted and defined as

U(As, @) = {x € A| A,(u) 2 a)
1.3.3. Definition [19]

For A,, A5 € CS(2)
() A, €Az fA(u) S Ap(w),Yu€ER
(u) A4 U dg = Ayup where A, p(u) = ,(u) U Ag(u). vu e R

(u)d, B Ag = Aupa where 4,55 (w) = A, (w) A dg(w). Vu er
1.3.4. Definition [20]

Let A, A5 € CS(Z) Then soft union-intersection sum 15 defined by

U [14(11) A L(xz) A il()ﬁ) i jl()’z)]
w+ (X +y)=(x3+¥2)

o] if ucannot be expressed as u + (X, + y,) = (x2 + ¥5)

(’TA & il)(u) = {

14
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1.3.5. Definition [20]

Let A,, Ay € CS(Z) Then soft union-intersection product 1s denoted and defined as

U”*Z:'-ll'l"FET:w;h; {(ﬂ (g} Bdgh)) R (QAA(QI) Ade(n)

=1

(A4B4;)(w) = . .
@ itf ucannot be expressed as u + Zg‘h‘kl = Zg’h"k’

=1 i=1

Yu€ER
1.3.6. Definition [20]

Let R be a semiring and ¢ + G € R Then characteristic soft set 1s denoted and

defined by

{Z ifxeG
CG(I)‘[q; if x € R\G

T'he solt set Cp € CS(Z} 15 called 1denuty soft set and 1s denoted by €
1.3.7. Lemma [19]

Let R be a semining and ¢, H € R Then we have
(1) CCHeC, el
(1) CcfiCy = Conn

() CeOCy = Cqpy

1.3.8. Definition [20]

A4 € CS(Z) 1s called soft intersectional k-subsemiring of R if it satisfics
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(1) Au+v) 2, A1) VuveR
) A Quv) 2 1, A A, w) VYuv €R

) Hu+g=h = AW 24,097 1,(h)

Soft intersectional k-subsemiring 1s represented by Lf_ ss
1.3.9. Definition [20]

A4 € CS5(Z) 15 called soft intersectional k-left ideal ( k-interior 1deal, k-right 1deal ) If
it satisfies

(1) Au+v)y2 L@ AW vuve R

) Auw) 2 L) {Aa(uw) 2 L), 4, (wvw) 2 4,(v)} Yuv € R

) Wfu+g=h = ) 24,(g)d i,

Soft intersectional k-left 1deal ( k-interior ideal, k-right ideal ) 15 represented by
:15':_“ (j.,‘:_m‘ and .Lil_m) respectively

A soft set }L € CS(Z) 1s called soft intersectional k-1deal (i,i’_,) if it s i,,il_h and

o~ S
)'Ak—n,
1.3.10. Definition [20]

A4 € C5(2) 15 called soft intersectional k-quasi ideal of R 1f 1t satisfies
() Auu+v) 2, A4 W) Yuve R
) Ay 2 (4 60C) n(CO A

) Nu+g=h=> w2400 1,(h)



Soft intersectional k-quasi 1deal 1s represented by L:l_qt
1.3.11. Definition [20]

A idi(—ss € CS(Z) 1s called soft intersectional k-bi ideal of R 1f it sausfies
Aouvw) 2 4, (w) A A, (w) VYuv,weR
Soft intersectional k-bi 1deal 1s represented by LZ'_'I.

It 1s obvious that 4,(0) 2 A,(u), Yu€ R.

17
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Chapter 2

2. Generalized k-ideals in Semirings using Soft

Intersectional Sets

In this chapter. we review the paper of T Mahmood and U Tanq [20] contains the
study of [X.Y] soft intersectional k-1deals in semiring with investigation of the related

results

2.1.  [X,Y] soft intersectional k-1deals

Here we discuss [X,Y] soft intersectional k-subsemiring, [X,Y] soft intersectional k-
ideals. [X.Y] soft intersectional k-quasi ideals, [X,Y] soft intersectional k-bi ideals,
[X,Y] soft intersectional k-interior 1deals and investigate some related results In our
nextdiscussionweuse S X cvYczZ

2.1.1. Definition

A4 € CS(Z) 15 called [X,Y] Soft intersectional k-subsemiring of R 1f

0  Lu+ux 2 L, AL AY Vu,v € R
() L)ux 24, AiL@AyY Yuv € R

(m) Ifu+g=h = LU X 21,(g) A i,(h) AY

[X, Y] Soft intersectional k-subsemiring 1s represented by EALX_;FI
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2.1.2. Defimtion

A, € CS(Z) 15 called [X, Y] Soft intersectional k- left ideal (k-right 1deal) if

0 ALu+rux 2L, ALMmAY vuv €R
) L)ux 2 L, WAy (Au)u X 2 A u)BY)

() Ifu+g=h = L@)u X 24,(g) i L) AY

[X,Y] soft intersectional k- left ideal (k-right ideal) 15 represented by LLX_E

- [X,Y]Sl
(A“k—Rl )
A soft set A, € CS(Z) 15 called LEET] ifit s AAM[:I] as well as iﬂf‘:}:{ of R
2.1.3. Definition
A, € CS(Z) 1s called soft mtersectional k-quasi ideal of R 1f it satisfies
(v) Au+v)uXx 2 L@ A LAY Yuv €R

(v) AAA(U) ux =2 (jm OC)w n (C@)/L)(u) Ay
vy Hu+g=h 2 L,@ux 2@ 8 LHmAY

[X,Y]“

Soft intersectional k-quasi 1deal 1s represented by A, k—0Q,

2.1.4. Definition

[X,Y]SI

Ad, w_ss ECS(Z)1s called soft intersectional k-bi 1deal of R 1f it satisfies

Lamw)u X24,WALMWAY. Yuuv,we R
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[x Y]Sl

Soft intersectional k-b1 ideal 1s denoted by 4, X—B
t

2.1.5. Definition

A Lix_g. € CS5(Z) 1s called soft intersectional k-interior 1deal of S 1f it sausfies

A urw)u X 2 4, (M)A Y. Yuv,weE R

- X,Y k13
Soft intersectional k-interior ideal 1s denoted by AAL- fi
]

2.1.6. Definition

Let A, A5 €CS(Z) Then A, € Az & (L AVNuUXxcUwiYiux

Yu €R

2.1.7. Definition

Let A, Ay €CS(2) Thend, =iz & i, Sizand iz C A,
Obviously, AL,V X 24,(w)A Yand (A,(00A NU X2 (L) ANUX

YVue R

2.1.8. Theorem

[X,y]sl

Let A, € CS(Z). Then Aqsan Ay, oo 1ff A4 satisfies

) Hfu+g=h 2L, @uXx2iL@ALMHKAY

)y LA <A,
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Suppose A4 € CS(Z) be an LL{;L Letu € R Then

(A ® AW nYyux

{(’14(91) N j-a (g2} N jﬁ(hl) A j-A (o)) A Y] uXx

Uu"'(gl +hy)=(gz+h;)

_ U [ (jn(gl)ﬁjﬂ(hl)ﬁy)ﬁ }UX
(g +h)=(g.+12) L(Aa(g2) B A (R) A YY) AY

c U {((L(Ql"‘hﬂux)ﬁ}u
B u+(gi+h,}=(gz2+h;z) (Aa(gz + hz) U X) ny

U ((Calgs + h)) 0 Galgz +h) N V) AY) UX
u+(gy+hy)=0gz+h2)

c (ALwyAY)u X

Uu+(§1+h1)=(ﬂz+ﬁz)

= (AL WAY)UX
It follows that 4, @ i, € 4,

Now

(1BL)wAY)uX

(Viatod A ik A () Aulg) Ra(BD AT U
;=1

UU+E:11glhl=E?=1thJ 1=1



n n

|| (Vautor) A YAutgmnariux
H+E?:1191h1=z?=19}h!

1=1 ji=1
u"'EI:; 91h1=2?=19Jh;

n

ﬂi,‘(u) A Y] uXx

i=1)=1
c (A () ANYUX

Conversely

(ALLu+v)AY)uXx
2 (L u+v)ANUX

= (L@ ANu+v)AY)IuX

(A1) A ds(g2) A Ag(R) B A4 (R )Y AYIUX

U(u+(9‘1+h1)=(§z+hz)
2 (A0 A L ALENAYIUX
= (ALOUX)AUL@ANAMLWAYYYAYYIUX
2 (L@AlLWAYIUX

Hence A,(u+v)uX 2 L) N 4,(¥) A Y holds

Luw)u X 2 A,(w) A L,(v) Ad,(w) A Y isanalogous Thus 4, 1s AAALX_;L

22



2.1.9. Theorem

Let 4, € CS(Z) Then Aqis an A5 ‘; (Aaba ) VfE Ay satisfies

(l) j‘q @ jﬂ - AAA
(ll) c@id g AAA (j.ﬂ éc .g j.‘)
m) Hu+g=h = LU x 21,() B AR AY

Proof: Straightforward

2.1.10. Theorem

Sl

Let A, € CS(Z) Then A,1s an /IAR s, 1iff A, satisfies

(1) @ A c A
() L0, E 4
() L@C@)L c }L‘

v} Ifu+g=h = LU X 24,00 L) AY

Proof: Straightforward

2.1.11. Theorem

[X Y]Sl

k=0, 1ff A, satisfies

Let A4, € CS(Z) Then A, 1san A,

{n AA® A C i,
() (iAC:)C) ﬁ (C@j‘d) c AAA
 Ifu+g=h = A,@u X 24,0 0 LK) AY

Proof: Straightforward

23
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2.1.12. Theorem

Lot Ay € CS(2) Then Ayisan A4Lrr  iff dysatsfies
W @A
(1) 2,4(7)24 c A,
) COALBCE i,

awv) Ifut+g=h = LU X 24,(g) A i,(h) AY

Proof: Straightforward

2.1.13 Theorem

Let $# A € R Then A 15 K, (K, Kjp, Kp K, Ko, Kg) & C4 s G5

5t S 5l ST s{ 1
Cabttl, Gl ol T, Gl Gy of R

Proof: Straightforward

2.1.14. Lemma

Let A4, € CS5(Z) Then A, 15 an AAL'EI;]H if and only 1f each nonempty subset
Udg, @) ={u€S|AL,w)2any}
1s K; of R for each @ € U under the conditiona 2 X

Proof:

£

Let A, € CS(Z) be an )A.AE‘_':] such that A,(u) 2 X for every u €R and u,v €

U(A,; @). Then
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Aau+v) = Lu+v)ux
2 L, Al w)AY
2afyY
which imphes u + v € U(4,, )
Next, weletu € Rand v € U(A,, @) Then
Liuv) = L,(u)uX
2 L,mAY
2aiyY
= uv € U(d,, a) Similarly, we get vu € U(4,,a) forv ERand u € U, @)
Now, letu € S and g, h € U(A,, a) such that u + g = h Then

) = L) uX

uJ

iA (@A h)dY
2aiyY
= u € U(4,, a) Therefore, U(4,, @) 1s an K, of R
Conversely
Let each nonempty subset U/(44, @) be an K; of R Then. for u, v € R there are

a,a; S U such that a, 2X,a,2X with A,(u) = a,and A(v) =a, Thus,

Ayw)2a2afiY and
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LW 2a2afiY fora=a;Na, 2X Hence u,veU(lya) Next u+ve

U(A,, a) foru, v € U(d,, a).
since, U(A, ) 1s an I{; of R Then
ALu+rvuX = L u+v)

2afyY

= AL, A, w)AY.
The vernification 1s complete
Also, we have uv € U(d,, @) foru € Rand v € U(4,, @) Then
L) uX = A,uv)
2 afy
= a,Na;NY
= LAl AlLwAY
2i,w)fiafy
2 L,Ay.

Similarly, we get L,(vuw)UX 24, () AY and L,(wrn)uX 2 4,(Ww)AY The

verification 1s complete

Now we let 4,(g) = a1, L, (h) = a, and u+ g = h Then A,(g) 2 a, A a,and
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Au(h) 2 a; A a, obviously So g,h € U(d,, a1 D az) Since U(A,, ay A az) 1s Ke_.

then
ue U(AAA;(I]. A az) Thus

A UX = A4(w)

I\ -~

2 aNa;NY
= iA(Q) Al (mAY

n - x’y]ﬂ
Hence A4 1s an AAL—I

2.1.15. Lemma

- [X,Y]‘ﬂ(»- [x’y].il - [X,Y]‘” n [X,Y]'“

Let 1, € €S(Z) Then i, 15an A, g Ao, 1AM g Ak, ) i and only if each

nonempty subset U(,, @) = {u € §| 1,(1) 2 a n Y} 1s Ko Kp, Ky, K, } of R

Proof Simuilar to previous Lemma

2.1.16. Lemma

. [X,Y]'ﬂ' [x'yl.lf

A softset 1, € CS(Z) 1s Aﬂtk—f., (iﬁtk—kl Yof R & A, satisfies

Y ja @D AHA = AAA
() COA, c A, (1,6C c i)
uIf u+g=h = L,ux23(g)A ALHAY.

Proof: Straightforward
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2.1.17. Lemma

" - - LI sl s st
Loty € CS(Z) Then Ay isan dgpogn (Aapey’ +Aages. +Aapog. )1f and only if

U(As, @) = {x €A | Aq(v) 2 a A Y}1s Kgs (K; K K, ) of R

Proof: Straightforward

2.1.18. Lemma

. R 5i N i st : st
Let 44 € CS(Z) Thendy 1s an Aupss (Aapey Aagey +Ageg, ) 1l and only if

P - [X,Y]s' - [X,Y]"l R [X,Y]'" - [X,]"]ﬂ
AanNYusandy oo (A4, 'Adk—n; ,Aﬂk_qf yof R

Proof: Straightforward

2.1.19. Lemma

[X,YI'“
L'

- N s Ll -
Let A, € CS(Z). Then every AAL{E (AAEE::]‘ Yisan A,

Proof Proof is straightforward

2.1.20. Lemma

N - X,Y 5l - X'r F13
Let A, € CS(Z). Then every A‘L—Q; 1S an AAL—B];

Proof: Proof 1s straightforward
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2.1.21. Delination

Let 44 € CS(Z) Then

0 LBl =((A,nix)AV)UX
() LUl =L uinAnux
() /i,q o ’TB: (( ):A b is) AY)uX
(1v) 2401 = (LB AY)UX
2.1.22. Lemma

. a st i
Let 24,45 € CS(2Z) arc IIALX:] A,LX L] respectively Then

L0 €1, Ad,
Proof:
Lete §S If (L@is)(u) =¢or (AAA@AAB)(u) =X Then 4,04, € 4,04,

Otherwise (1,®45)(u)

ﬂ(a,.(gl) gJeie )) A
(ﬂ Aa(g,) P As(h ))

- \
ﬂ((AA(gJ AV)A (k) Y))

= U y ' AYYUX
u+yt. g =X7_,9,A
PR ((AA g, )AY)Ag(h)AY )

= U { AYruX
u+ L, g =L}, g,k

J

\ J

ﬂ((fu(glh YUX) A (Ag.h) U X) A

U v AvYSux
u+EE1§rh|=ET=1Q;h; ( )

In

[\(Gataih) v XD A gk U x)

=
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(ﬂ((iﬂwlhl) ﬁ Y) ﬁ (jﬂ (Q:ha) A Y))) ﬁ
< U m:l AYux
u+E|=1g:ﬂ:‘Ej=lgIhJ (ﬂ((jﬂ(glhl) ﬁ Y)) ﬁ (jg(g[hl) ﬁ Y))

=1

c 4

Uu+2{’;,§.h.=2}‘=19;h,

ThUS. jﬁéja c jA ﬁ 23

2.2. k-Regular Semirings

. - lxrylﬂ - [Y Y]Sl
In this section, we disuss k-regular semirings (K, ) in terms of Aag ;- Ak-g, and

n IX,Y]SI

Ak_.l of R.

2.2.1. Theorem

A semuring R 1s K, ff i, A iz = 4,01,, for any 1, and Ag as ):A:l_nland 13::-1-. of
R respectively

Proof: Let we suppose R 1s K, and u € R Then there exist g, h € R such that

u + ugu = uhu

Now (4,045) (w)



(ﬂ(& (g2 h (is(ht)) A

([ (%4(9.)) A CAa(n )

=1

= U AYIUX
H+EI:1 9:’!;=E;1=19;h;

2 (A (ug) A A, ) Alz))AY) UX

2 (AL whiwAyY)ux

= (44 O jﬂ)(u)

Thus, 4,04, 21, Az andby Lemma3 12 4,04, c i, A,
Hence, 4, A A, = 1,01,.
Conversely.

LetR and L be Kg,, and K, Then by Theorem, 2 1 13 Cg and €, are Cgy._p and
c-’-il—l., respectively Then by hypothesis

CaOC, =Ccz A G,

= (Cap N V) VX = (Cpr A Y) UX

=> ROL=RAL

=815,

2.2.2. Theorem

For a semiring R, following are equivalent

(1) RisK,

A, € 1,0CH1, for every Lf_.t of R

31
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() A, € 1,HCHA, for every L;‘_QI of R
Proof (i) = (u)
Let 4, be a ):f(‘_,' of R Then for any u € R there exist g,h € R such that

u+ugu = uhu

Now

('L @‘C@jﬂ) (u)

(ﬂ@.écxg,)) ) i,,(h,)) A
i=1

=1 AY)uX

Uu+221 Q|ﬁ1=z?=19;h;

(a80(g,) A ([ Auln))

n
=1

2 [((ﬂ(ﬁAGC)(ug)) A ( (,Lé(:)(uh)) A i,,(u)) A Y} ux
=1 =1

]

(ﬁ(jﬂ(g:)) A \ \
U 5 s

u zl—'l ‘I l( ( ))
gl 'GI 1 4 ‘I'A ’
J 1

- = AY uX
- (ﬂ (ZA (g:)) ﬁ
D U“"*'El'llmhﬁzj‘:l ah, “a . A A, (u)
\ (ﬂ (Aﬂ (hj)) / J
! B

ug + ugug = uhug and

5 (;’a(ugu) A L(uhu)) A
- uh + uguh = uhuh

) . A )ﬁY]UX because
{Aa(ugu) 0 A4 (uhu)} A 4, (w)
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2{A(w)AY}ux
(1t) = (1t} 1s straightforward
(itt) = (1) Let Q be any K, of R Then by Theorem 2 113 (j 15 an iﬁ(_ql of R
Now by using the given condition, we can write

(CeAYYUX € COCOC, = Lo

= Q < QCQ

Also, we know that Q€@ C _Q Q_ @ Thus Q = QCQ Therefore by Theorem

24, Ris K,
2.2.3. Theorem

For a semiring R, following are equivalent
m Ris K,

-~ =5 = = Sf a st
(ll) 4 N )‘B c AOI.{B@ A for CVETY R'Ak—ll ’ ;"Bk—.l' -

a -~ 5

(i) D Ag € 1,041,601, for every AA“ Q. Apgy -

Proof: By using previous Theorem 2 2 2, one can easily prove it
2.24. Theorem

For a semining R, the following statements are equivalent

(1) Ris K,

a o o~ o A }SI’. lx Y]Sl
(1) Ay N Az € 4,04, forcvcryl,‘k —a, and 1 Ak 1,

o oo A s [x. Y]s‘
(im) A NAp € A, OAg forevery i,.k 8 and 23



(v) A, N A, € 1,04, forevery AAk M]‘I o BLX‘;]H
) A1y S 4Oy forevery Aoy :]ﬂ and "sf E,“

(viy A, AAgNA € 4,041,041, for every AAL :]S*‘ ZB[xY]sa . ACE{ I]SI
) APy A & 1,00 orevey B A a1

[ ]Sl’ - [X Y]Sl
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Proof.(1) => (i) Let A4, Agbe any AM‘ 3, and ABk—L; respectively Since R s

K., then for any u € S there exist v, w € R such that ¥ + uvu = uwu Now,

(OAs) (W)

(ﬂcmgo A s h, ))

(ﬂm (9,) A A (n,))

= U AYuX
u+X%, giu=El., 9k,

2 (A ) A Az(vw) A dlg(wu))AYIux
DA Al WAYIUX
2 (A4 1 A5) (W)
Hence A, i A, € 1,01,
(ttr) = (1) 1s easy to prove by using Lemma 2 | 20

[ ]Sl [ ]51

(i) = (1) Let AA,A, be any A,qk R and ;‘l.nkt L By Lemma 21 19

[ ]SI
k-Q

[ ]Sl.

Aay” R, Then by hypothesis, we have 4, i Az € 1,01,

n Ap
by Lemma 2 1 22. we havc A‘A(‘:jj.ﬂ c j’ﬂ ﬁ j! Hf.‘l'lcc jﬂ@is — jﬂ ﬁ jp
Thus R 15 K,

(1) @ (v) © (v) are straightforward

Also
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st st o [XY]
(1) = (vu) Let A,, A5, Ac be any l‘,ix :] , /IBLx:] and ACLX_H respectively Since R

1s [X,, then for any u € S there exist v, w € § such that u + uvu = uwu Now

( oY) @ic)(u)
(ﬂ( )(gl))n(ﬂ (hJ)
“ER et Tt | (Y@ (e) A () Aclh)
=1 J=1
{((AAG)AB)(u)) (Ac(vu)) A Ac(wu)) } uX
o A
(ﬂ(,ucga A ig(h[)) g
LS iA=L O5hy L (4a(g,) N Aa(h,))
J=1 ’

2 {(A,u) AAuw) B A W) AYIUX
= {(EA(U) f AAH(“) ) ic(u)) N Yjux
2 (4, Ady Al

Thus AA ﬂ ;‘l )L c jAéj'éj.c

{(vti) = (wt) Straightforward

]Sl

and A, P

respectively Then

Ll =1,ACAi,
c 1,0C81,
c 1,01,
But 4,54, € 1, A i, 1s always hold for any L;‘_R[and AA,:[_LI. Hence 4,054, =

A, A dg Thenby Theorem22 1, R 1s K,
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Chapter 3

3. Generalized Ternary Ak-Ideals in Ternary Semirings

using Soft Intersectional Sets

In this chapter, we present the certain algebraic structure of Soft Intersectional ternary
k-subsemirings, Soft Intersectional ternary k-ideals 1n terms of soft umen intersection sum
and soft uron intersection preduct Next, we define [X,Y] soft Sofl Intersectional terary k-
subsemirings, [X.Y] Soft Intersectional ternary k-ideals and nvestigate some important

properties

3.1. Soft Intersectional Ternary k-Ideals

J.1.1. Definition

Let 4,.Ag € €5(Z) Then soft union-intersection sum is defined by

U (a0 A sCx) A2y ) A a0}
ut(xy+y)=lx;1y2)

(ia & il)(u} =
(M tf ucannot be expressed asu + (x; + y;) = (x; +¥3)

Yues

3.1.2. Defimtion

Let A4, A5, Ac € CS(Z) Then soft union-intersection product 1s denoted and defined

as
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o e ALy A Ak A (a9 B s () B Ao
(A.04,04)(uy = It ) G 1=1
A L4 - m n
P if ucannot be expressed as u + Z ghk = Zth}k,
=1 J=1

Yues

3.1.3. Defimtion

Let S be a ternary semuring (Ty;) and ¢ # G € S Then characterisuic soft set 1s

denoted and defined by

(U fxed
CG(")‘{q; if x €S\G

The soft set Cs € CS(Z) 15 called identity soft set and 1s denoted by €
3.1.4. Lemma

LetSbealK,_ s and F,G, H € S. Then we have
(1) GEHeC,c€y
()  C¢hiCy = Copy
(m) CF@caécn = Crou

Proof: Straightforward
3.1.5. Definition

A4 € CS(Z) 15 called soft intersectional ternary k-subsemiring of § il 1t satisfics
(1) Au+v) 2, A0 VYuveSs
() Ag(uvw) 2 L, ) Al w) Al w) vuv,w €S

() Ifu+g=h= AL{?2 L(g) ) ja(h)



~ St
Soft intersectional ternary k-subsemiring 1s represented by A4, _ o

3.1.6. Example

Let U = {0,—é,—f, — 4, —h} be a T, with the following defined operations

38

+ | o |-¢ |-f |-g |4 o | -€ g |-k

) o |-é |-f |-g |-h 0 ] 0 o o

4 |- |-f |-g |-k o é 0 é g | A

Flf g -] o |- f | o | f € | g

g1 |-h | o ]|-€ |-f c (o | 4 h| f
h|-h | o |-¢ |-f |- d | o | A Fl é |
j

Define j-A(O) = {o, —f, _ﬁ} and ja(—é) = j-A(_f) = jﬂ(_g) = ’T-A(_ﬁ) = {"'fa "ﬁ}

=~ o 5
Then Ay 18 Ay o5
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3.1.7. Definition

A4 € CS(2) 15 called soft intersectional ternary k-left 1deal ( ternary k-lateral 1deal
ternary k-right 1deal ) If it satisfies

() Au(u+v) 2 4, A 40) YuvES

() A, (uow) 2 A, (w) (Ay(uvw) 2 4,(w), A, (uvw) 2 1) Yuvwes

ufu+g=h = A, 2A0g) 0 AL,H)

Soft intersectional termary k-left 1deal ( ternary k-lateral 1deal, ternary k-right ideal )
~ 5 =~ 5L ~ Si

will be denoted by AA“‘_LL (Aa tk-La, and AA”‘_Rl) respectively

A € CS(Z) 15 called soft intersectional ternary k-ideal (L::‘_I) if s i*‘-:.::—f.l‘

~ 5l ~ 51
Aa tk-La, and A, tk—R,

3.1.8. Definition

A, € C5(Z) is called soft intersectional ternary k-quasi ideal of S 1f it satisfies

(1) Lw+v) 2L, A0 Yuve S
) Ay 2 (4, 0CHC)AUCOHABC) B (COHCHI,BCHD)) A (CH COAL)
(n) Hut+g=h = @200 4,(H)

Soft intersectional ternary k-quasi 1deal 1s represented by jﬁ:::-o
[

3.1.9. Definition



Al ::c—ss € C5(Z) 1s called soft intersectional ternary k-bi ideal of § 1f it satisfies
As(abede) 2 A,(a) B A, (c) i A,(e) Vab,cde€$S
Soft intersectional ternary k-b1 ideal 1s represented by A, ::t_ B,

It 1s obvious that 1,(0) 2 4,(u), VYu€e S

3.1.10. Lemma

s jA:L—ss of $ & usatisfies 4, @ A, € A, OB, € A,
andIf u+g=h = A,(u)24,(g) 0 1,(h)

Proof Suppose 4, 15 14:;_55 of S, then

(A4 @ AW

= {(ja(m) A iA(Pz) A j»A (g N L(Qz)}
u(py+q1)=(p2+42)

= [j-A(pl) N j,q(%) n ia (p2) A ):A(QZ)}
"t (py +a1)=(P2+42)

IN

9 {(Aalpr + q1) B Au(p, + 420}
u+(p,+4,)=(p.+4z2)

N

{ (jA (H) ]

-/ u+{p1+q1)={p21+qz)
= j.A(u)
It follows that A, @ A, € 4,

Now

(AaBAB1,) W)



(ﬂ(jﬂ (pl) A jﬂ (Q:) N /i,q (T})) A
=1

U“+E::1PIQth=E?=1pJq!rJ (ﬂ

(14 (PJ) A A4 (q;) A L(r} ))

=1

n mn
< (awarn d () iwam
w+ L%, Py =L ]2, P,4,7, j=1

=1

n n
- U (ﬂ da(u)
WAL, Peri=L]o, PyayTy

= L(U)
So 4,061,604, € A,
Conversely.
letus assume A, @ A, € 1,, 1,064,064, € A, andIflu+g=nh
= L () 2 L,(@) B L)
ThenVu,v,w €S

Lu+v) 24, L)+ v)

U ((Gap) A da(p) Adu(an) Ada(a2)
(u+v)+{p1+q1)=(p2+4q2)

= AAA(O) A jﬂ (WA Ar(v)
2 1L, AL

R )

A (uvw) 2 (AAOAA(tj):A)(uvw)

41



(ﬂ(iﬂ (p) A juq (g.) A j-,q (ﬁ)) A

=1
n

=1 B9y = ~ 2 ~ s
D (R CACALERCALIACY
=1

UmmH- I T R

2 A,(u) N A, (v) N A4 (W)
Thus, A, (u + v) 2 A, (w) A A, (v). A, (uow) 2 1,(u) A A,(v) A 44,(w) and

fu+g=h = AW 24,@ ALK vYuvweS

Hence ZA IS jﬂ::c—ss of §
3.1.11. Lemma

Ta € CS(Z) 18 Anpe, Cupecn Hagyora)OF S © I ® 4 € Ay,
If u+g=h = A, 24,(9) 0 A(h)

and COCOA, € 4, (1,0¢HCc 1,,cHI,BCc i)

Proof Suppose 4, € CS(2) 1s j‘ﬂ:::-:.. of S, then

(Aa © A)(w)

= Unspirqem gl (Aa@1) B A (p2) B Aa(qy) B A,(q2)}

| (Aa(p0) P Aa@0) B Au(2) A Aa(a2))
u+(p;+q,)={p;+492)

in

J [(id(p] +q,) 0 Aa(p; + Q2)}
u+(p+q,)=(pz:+q2)

N

J [(L (u)]
u+(py +q1)=(p2+4qz)

= La(uw)
It fO"OWS thal j.ﬂ @ AHA - AAA

Now

42
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(COHCH A,) ()

- Cp) ACg) A A,(n) A C AC A A(r)
Umz 0 pareSh e, {(ﬂ( (P) A C(a) A A4(r) (Q( (p,) AC(q,) A Ay r,}

=1

zAznd i A ZRAzZA A
Uu+):l o P =L, Py {(ﬂ( AZA 4(1)) (ﬂ( 4(T )}
Uu+£::1 prQ:T1=£?=1 Pyq;7y {( A(r )) n (D A(T}))}

m n
U ( iﬁ(plqlrr)) ﬁ (ﬂ AHA(p,'QJU))
u+):{2, p|Q[r,=Z?=lp;quj =1 7=1

m m
U A (Z p;qm) A A4 (Z P;quJ)]
L P Ti=Lie Py = -

=1

Iri

Conversely

ALu+v) 20,0 LDu+v)

U (o) B A(p2) B A(a) B 1u(42))
(u+v)+(py+q1}=(p2+qz2)

2 A0) A A4(w) B A, (v)

2 A (whA 1)

Aa(uvw) 2 (cOCH id)(uvw)
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m n

(Yewd e ahen d( @,) Acle) Al

i=1 J=1

UU+ZI’;1 M.?‘FE}LI Py

2 C(u) A C(v) A Ay(w)

2 iA(w)
3.1.12. Theorem

Let A €S Then A 1s Keogo (Keop, Koo, Keop, K g, Kep) & Cy1s

iﬂ::(-ss (j""':;c—l.;' jA:L—La[' iil[‘—ﬂvj‘»i:i—o,'ldi:c—a,) of §
Proof Suppose AisK,_ s € CS5{Z)andu,v,w€E S
Case (1) Foru,v,w € A, we have u + v,uvw € A Then
Calu+v)=Z=2ZR2Z=_C4(u) AC,{v) and
Caluvw) = Z = ZAZAZ = Cu(u) A Cu(v) ACL(W)
AsAisK, of S,sou+v=wimmplies u € Aforsomeu € Sandv,w € A
Ca(u) 2 C(¥) A Ca(w)
Case (2) For at least one, say v € W, we have C4(v) = ¢. Then
Colu+v)2 & =Cau)Bp =C,(uw) ACy(v) and
Coluvw) 2 & = Cu(w) P G A Co(w) = Cp(w) A Co (1) A Co(W)
As VEW so u+v&W and we cannot wnte u+v#w Then C,(u) 2
C,(v) A C4(w) but this contradicts our supposition
By combining both cases, we have
Colu + v) 2 Ci() A C (V). Culuvw) 2 Cu(u) A Co(v) O C4(w) and
ifu+ v =w, then Cu(u) 2 Cu(v) O Cy(w)

Conversely,
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assume that C, 1s L::{_SS and u,v,w € A Then
Colu+v)2C,WIAC(v)=ZRZ=7Zand
Courw) 2, AECWRACWY=ZAZRZ=2
Thus u + v, uvw € A,V u,v,we€ A,

Hence A 1s [, 4 of S

3.1.13. Lemma

Let Ag A5, dc € CS(Z) be Aagy g Aagy_yq and gy, respectively Then

Letu € S If (1,04,01.)(w) = ¢ or (4,04;B4:)(w) = X Then 4,04,61;
A Ag A g

Otherwise (L 0 Ag@/ic) (u)

m
(ﬂ(i{(p:) A ):B(QI) f j'C(rl)) A
Y
u+Em, P:Q':T::E?:l Pya;7y

[\l A 2a(a,) Adclr)
J=1

(ﬂ(iA(Pa) A jB(Q:) A jc(ﬁ)) A

- Uu+2{"=‘1p.q.r.=2}'=,p;q;r,

[ () A da(a,) Adetry

=

(ﬂ(id(plq[rl) A iB(prmrz) N jc(p:%r:)) N

1

i

‘EU

o

u+2";,mq|n=2“=1p q,r - o a e
I e (3a(p,a,m)) A Zalp,a,m) B Ac,qm)
J=1
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r 18 kit m w
A4 (Zp.qar.)nh( paqm)ﬁlc (Zp:qm)ﬁ
=1 =1 =1
g U Em E" m n n
R Iy T LI W T L I A o a
TN pan |Bde| ) pa DA ) piam
L j=1 1=1 1=1 J

3.1.14. Theorem

For §, the statements given below are equivalent
() SisK._g

(MMANAO=MNO, forany M, N and 0 as K,_p, K;_, and K., of S
respectively
(i, Ay Al = 1,0 1,04, for any 4,, Agand A, as jﬁ:::-nl' jﬁ:L—Lat and
1(_—:;_ L of S respectively
Proof: (1) < (i) 1s followed by Lemma3 14
() = (ur)
(L. OA01) (1)

Uu+2:‘;.g.h.k.=ij'=,g,h,k, (Q(fh(ﬂ;) Adyg(h) B Ac(k)) B (Q(Aa(.g;) A Ag(h) A Ac (k)
2 A,(uab) A Az(aub) A A-(abu)
2 A4, ) A Ag(uw) A A (w)

= (AAA n 'is n jc)(u)



Thus, A,BA;,04, 24, Al;Al, and by Lemma 3113 JO1,01, c

Hence 1,04,04, = A, A A, A A,
() = (1)

Let R, Eand L be K, g . K,.;q and K,_; Then by Theorem 3 1 12 Cg, C
and C; are Af;_p,, Ajk-1q, and Af}_;, of S respectively Then by hypothesis
Ca®COC, =CpiC AC,
= CroedL = Crnent
= ROEGL=RAERAL

=>51sK,_p
3.1.15. Theorem

For § with |, the following are equivalent
(1) $1stemary k-right weakly regular
(ny All K;_p_of S are idempotent
(M ANNO =MNO, forany M, N and O as K;_p. K;_;q and K,_, of S
respectively

(1v)AIl A5 _y, of S are fully idempotent

- -

(v) A4 ﬁis ﬁjc = A@)ﬁ.,@jc, for any A,, Agand jc as i‘::‘_ﬁ,:. igfi_m‘ and
2 5
lCtk—L, of S respectively

If § satisfies the commutative law then (1) =(1v) are equivalent to
(v1)S 1s Von-Neumann regular

Proof: (1) = (wv)
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Let 44 bea Af;_p of Sand w € S Then

A (u) = (1,04,04.)(w)

(ﬂ(iﬁ(gl) A Aa(h) i,.(k,)) g
1=1

= U n
utLZ Grhk=Lps, 950Ky (ﬂ(i‘(g’,) nA, (hj) N jﬂ(kl))

J=1

(ﬂ[jd(glhlkl)] ﬁ (j,q(h;) ﬁ jd(kt))) ﬁ

il
3 e

wrEE TR I (MY tAa(g, 8, )) A Galh) B Aa())

=1

a0 ok ) B ([ )Aah) A datk )] B
=1 =1

c 4

U m en n n
B ROY CTY D LI A EACHLEACH))
\ J=1 =1

(a0 (kb)) DALY (g,,k )] A
i=1 J=1

- <
U+EI'=‘1 g.h;kl=Ej'=, a;hk, ( ﬂ

A h) A AR ﬂ ia(h) B A,(k,))

\1=1 ;=1

=

- PAOLIC R PACYHPACH) IR I ERCHRENC
Uu+2[”=‘1g,n,k,=g?=lgmk1[ A(H)H(D alh) R AL ))O(D A(h) A Ax( ;))]

c AHA (u)
Now

Aa() A A4 () B A, () B A, () B A () B A (w)

C {A(uau) B A, (ubu) A Ay(uc,d,) B A4 (ua,u) A A (ubju) B A, (uc d,)))

c {ﬂ[ﬂ;(ua,u) A A (ubu) A A4(uc,d)} A ﬂ{i,, (ua,u) A A (ubju) B A (uc,d, )}
i=1

=1
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ﬂ As(ua,u) B A, (ubw) B A, (uc,d)} A
c U =
+X71 cu(ubu)ucd, =¥ u b d n — a - a
S HAHR RS = uey(ueye)ucydy ﬂ{ﬂ,(ua,u) N As(ubu) N A (ucd,)}
J=1

ﬂ{,i,(xl) A L) A Az} A

< U -
u+El 0y =L, XYz ~ = g
I (i) a0 A A
=1

€ (L4OL04,)(w)
z 3
€ (A )W)
~ 3 o
Hence A, =4,
() = (1)
Let w€S and A = wSS be a K,_p of S generated by w Then w € A and the

characternistic function C, of A 1s C’M’i_h of 8§ and by hypothesis

Cy = COCDC, = Cys
= 4=4*

= w € A% = (wS$§)3
= w € wSwSwSS

Thus S 15 K ry—r

(1} =)

(BB W)

U“"‘E:’;l an:kt=z?=19)h;k; =1 =1

2 A,(uab) A Ag(aub) A A, (abu)

2 A, (w) A Ay (w) A dc ()

[Gatd A Aath) Adc0e) A ([ )Chalo,) B ds(h) A Ace))
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Thus, 1,014,041, 24, ig A i,
Since S is Ky, 50 for w €S can be wrntten as u = YL, ua,ubuc,d, where
a,c.b.,d €S
Now (1, A Ay AA)w) = A,(w) A Ag(w) A dc(u)
¢ A, (uau) A Ag(ubu) A A (ucd,)

Thus (A, A A A A¢) ()

m
(Aa(ua,u) A Ap(ubu) A Ac(uc,d,)} i
=1

c i

c n
Uu+£"; uau(ubadued, =L}, ua,ulubjuuc,d i Al AA

=1 (uu =14 i) )u). J ﬂ[l‘g(uajuJ n,‘{B(u_bju) nAC(chd,)]
5=1

(0ad ALy A ez} A
=1

c

U 2:1;1 ¥ :=En=1x o - —
RIS [\tha) A0, Ae()
=1

= (’TA ijl éfic) (u)

(v) = () Let E, F and G be K;_». K;.;q and K,_, Then by Theorem 3 | 12.
Ce, Cp and C; are Ak _p., Ah_1q, and A5}, of S respectively Then by hypothesis
CuBOCECy, =Cyicy A G

= Cuonoo = Ce=manno

> MONOO =MANAD

Similarly (1) = (1) = (i) and (&) = (wt) are straightforward
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3.1.16. Lemma

Let A4, € CS(Z) Then every iB::c—L,( iﬂ::c—n,'j“::c—ml) IS an AHA::(_Q‘

Proof Proof s straightforward
3.1.17. Remark

Now we show that the converse of the Lemma 3 1 16 1s not truc in general

3.1.18. Example

Lees={(? 7 p,q,r,sez-u[O]]andA=[g g) p €2 u(0)} ThenS s

a ternary semiring under usual operations, and AisaK,_o of Sbut A isnot K;_p

K;—_1q, and K._; of S Then by Theorem 3 1 12 C,4 1san C‘Af;(_o but not
St 113 St
CArk—L, (cﬂ tk-La;’ CAtk—RI)

3.1.19. Lemma

Let A, € CS(Z). Then every 'i“‘::c—(?. 1S an AAA-:L—BI

Proofl Proof s straightforward
3.1.20. Theorem

For a T, {ollowing are equivalent

() SiskK,_,
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)

mi,ci,OcDiOcD i, forevery iAj;_Ql of S
i, € A, octoiL 0 O A, for every Li:c_st of S

Proof: (1) = (1)

Let A, be a iA:;‘_B‘ of S Then for any u € § there exist g4, g, € § such that

u+ ugau = ugru

Now

(1, OCHLOCO) (w)

(kDL ) n €tk 0 dath) 0
=1

Uu+2:‘;1 k=T g ik - . e -
ihila=Lim 055K (ﬂ(AﬂocoAA)(gJ)nc(h,)naﬂ(k,))
=1

=1

= ﬂ(L@C@iﬂ)(umu) n ﬂ(L@C@)L)(unu) A A, (1)
=1

( r(ﬁ(i,‘(ga A L(m) Al

n
Al :
ul u+Em, g k=27, g,hk - -
e e KR [CACALEACS)

=1

= Ny =1
" (f](i,‘(gl) A L(kl)) A
[=n1 N jd(u)

\;=1 Uum1u+zr=l1g[hlk[=z?=1g)‘h..‘k1 (ﬂ (ia(g;) i, (k;)) /
J=1

> (A, (ulyulyu) B A, (ulzulan) A L (umumyw) B 4, (umyum,u) 0 4, (w)

2 1w
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(112) = (1) 15 straightforward by using Lemma 31 19
(1) = (1) Let Q be any K;_o of S Then by Theorem 3112 (g 1s an CQL'(-O: of §

Now by using the given condition. we can write

= @ € QCQCQ

Also. we know that QCQCQ € CQQNQCQNQQC =@ Therefore by Theorem

224SisK,_,
3.1.21. Theorem

Fora Tg S, the following statements are equivalent

() Sis K,

- -

(W) Ay A2 B A € 1,04,04 for every jd::(—nl . j":.:c—l.u, and ’T‘-'i:c--Ql
(v) A, Ay A A, € 4,014,014, for every Li;_m , jl::(-.f.a, and ):C'::(_.l
Proof (1) = (1) Let Ay, g, dc be any Aoy o+ Anp_yq and dcyy

respectively Since Sis I, _,, then for any u € § there exist v, w € S such that

u + ugu = uhu. Now,

Ay
oy
'
—~

=
Nt

(1,840

([ \Aaton AZs(h) A 20 B () Calg)) B An(r) B Ac i)

=1 1=1

Uu+E,’21 gk =E7_, g,h ik,

2 A, (w) A Ap(ugu) B A, (uhu) A A (gku) A A (hicu)
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2 A,(uw) A dpQu) A Ac(u)
2 (A, Ay BAN(w)

(1) = () 15 straightforward
(1) = (1) Let 44,45, A; be any jﬁilc—n,'isii—mt and icilr—;., By Lemma
3116 AAA:;_R& 1S an Li;_qt Then by hypothesis. we have 4, Ady A €
A, OA,BA, Also by Lemma 3 1 13, we have
1,641,061, € 1,61, Al Hence 1,01,04: = 1, A i A A
Thus S is k-ternary regular

(1) & () e (v) are straightforward
3.2. [X,Y] Soft Intersectional k- Ternary Ideals

Here we discuss [X,Y] soft intersectional termary k-subsemiring, [X.Y] soft
mtersectional ternary k-ideals and investigate some related results

In our next discussionweusep S X CcY € Z

3.2.1. Definition

14 € CS(Z) 1s known as [X, Y] Soft intersectional ternary k — subsemiring of §

if

() Lu+)uX 2 L, A L@ AY Yuv €5
() A, (uvw) u X 2
Ay A L)AL w)AY Yuv,w € S

u)lfu+g=h = L (v X 24,(g) Al AY
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[X, Y] Soft intersectional ternary k-subseminng 1s represented by iAE:f.]ss

3.2.2. Example

Let S ={o,e, f] with defined "+ and " ™ as follows

+ o |é|f o | €| f
o |lo!l é | f o| o | o | o
é | é|o | f é o] o | o
f | f|f]|o flolo|f
o | é | f
e | o] o | o
flo]|o]|f

Define a soft sct A, of S over Z = Z¢ = {0,1,2,3, 4,5} such that 1,(0) = {1,2,3,4),

A4(6) ={0,1,2,3} and A,(f) ={1,2,3} If X ={0,1,2} and Y = {0,1,2,3). then

- - [x.y* ~ st . -
one can easily check that 4, 1s an lﬂEk—i‘S but 1t 15 not AA:J(—SS‘ since A,(0) 2 A (uw)
3.2.3. Definition

A, € CS(Z) 1s known as [X, Y] Soft intersectional ternary k- left ideal ( ternary k-right
ideal, ternary k- lateral 1deal) if
M) Lu+v)ux 2 L, A L@wdy Vuv € S

Wfu+g=h 2 L,@UX21L,@ AL, AY
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) Luvw)u X 2 L,w)AY (1, (uvw)u X 2 AL@ay., Aduww)u

. " - , S - , 7o 4 5t
X 2 A,(v) 0 Y} and will be denoted by A, E:H[ (Miﬂ;l ’ Aaii_ial)-

A soft set 4, € CS(Z) 1s called [X, Y] Soft intersectional ternary k-ideal (Lg:] f it

~ [X.Y]SI - [X'y]ﬂ - [X,Y]s'
1 Aﬂtk-L, ’Aﬁck—nl and Atk—La,

3.2.4. Definition

Let A,, Ay € €S (Z) Then

Le he(lAv)ux c(lwAY)UX, Vues

3.2.5, Defimition

LetA,, Az € CS(Z) Thend, =iz @ A, S Aigand iz € A,

Obviously, LU X21,wA Yand (4,008 YYu X2 (A, wA Y)u

X VYue§,

3.2.6. Theorem
n - + [x¥]H -
Let A, € CS(Z) Then A, 1san Au,, _ oo 1ff A, satisfies

) HKHu+g=h 24, @uXx 2@ iLMEAY
m AL,e i c i,
)  A,P1,64,c i,

Proof:



Suppose 14 € CS(Z)be an LZ'ES Letu € S Then

(A ® AW nyY)uX

U (Ao P Aa(p) A Aala) Adsla)) AT} U X
u+(p1+q:1)=(P2+42)

- ((Ga(or) B Aa(@) A V) A (a(p) Alala) V) A YU
u+(py+q1)=(pa+1qz)

[((Ay(ps + @)Y X) B (Aa(p + @) UX)AYJUX

N

Uu+(l’1+41)=@z+42)

- ((Gatps +40) 1 Ualps + ) N AV} UX
ut{p1+q1)=(p2+42)

(La@AY)UX

=
(u+(P1+91)=(P2+4q2)

=L wAYUVX
It follows that A, @ A4 © A,

Now

((,B61L,6L)w A Yjux

( (a0 B As(h) B Mm) 5
1

uXx

=

U

u+Ii%, dihk=Ef, 90k, (ﬂ(id(g‘,) A ,L(h),) n ’iA(kJ)) Ay
=1

57

X
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n

n
<|J {(ﬂ Aok ) B ([ ) Aalg k) D V}
utET, gk =Ly, 8,0k,

=1 1=1

uXx

1]

T
gU (n LAYyuX
u+Im gk =E], 950k

t=1 y=1
c (A, (w) AY)UX

Conversely

(AL u+v)AY)UX
(AL u+v)AY)UX

= (W@ Wu+v)A)UX

g ((Aa(g0) A Aa(g2) B Iah) B AuCr) AV} UX
u+(g)+hy)=(gz+h2)

2 (4,0 A L, ALENAYIUX
= (G@UuX)AL@ANAGR@AY)AYUX

> (L, ALMAYVX



Hence A, (u+ v)UX 2 A4(u) A 4,(v) A Y holds

Luvw)uX 2 1, ) A 1,(v) Al (w) A Y s analogous Thus A4 15

32.7. Theorem

Let A, € CS(Z) Then A 1san LgfL (AAAKTL , Lgﬂal) 1ff A satisfies

(l) j’A @ 2‘4 c AAA
my Hu+g=h = Lhu x 24,09 AAR) AY
(]ll) C@ j.Aéj.A c iA (iﬂ @):AC:)C c AAA,}:A@)C@E c j'.d)

Prool Omitted (same as above Theorem 32 6)

3.2.8. Theorem
Let Cb #+=A C S Then A 1s KI—SS ( ME—LI“ Kt—f_a‘! Kt—R‘l ]Kt_Ql' Kt_ﬂl)

L XY o XY o KXY sy s XY o XY
of § & Ca1s Aag_ss Aagkor, - Meic—tap kR, A rk—gy MAsic—n,) of S

Proof: Straightforward

3.2.9. Example

~ [X,Y]'“
)‘A tk—5S

59

Let S = {0,1,8,f, §} be a Ty, with the following defined addition and multiplication

+ o | 1] e | f | g CToeo 1] e f| 4
o o |21 é | f | 4 o | o | o | 0| o] o0
T 1 [ F 1] e | %1 ol 1]e f|Y
e | e | 1| é | f | ¢ ¢ | o &6 | e €| §
fFlAlelfl1]f flo | flel1]d
g|lg 1] e |f )4 glol g 9|90
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lx y]sl

Then, A = {0, §} 15 a K,_; of § One can easily show that C, 1san Gy _;

32.10. Lemma

n - - si
Let A, € CS(Z} Then 4, 15 an AAE‘:_Y: 1f and only if each nonempty subsect
U, a) ={u eS|, (u) 2any)

1s K,_; of S for each @ € U under the condition @ 2 X

Proof Let A, € C5(Z) be an Lg:l such that A,(u) 2 X for every u € S and

u,v € U(4,4, a) Then
Au+v) = L,u+v)uX

2 L)AL AY

J

afy,
which imphies u + v € U(4,, a).
Next, we letu € S and v,w € U(4,;a) Then
Lyuvw) = L, (uvw) U X
> LAY
2aiy
= yuw € U(d,, a) Similarly, we get wuv € U(dy,a) forv € Sand u € U(Ay, @)
Now, letu € S and g,h € U(A,, @) suchthatu + g = h Then

Aa(w) = Ay ux
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2 A(@) DA (W) AY
> afiY
= u € U(d,, a) Therefore, U(d,, a)1s an K,_, of S
Conversely

Let each nonempty subset U(4,, @) be an K,_; of S Then, for u,v € § there

arc

@, a; €U such that a; 2 X,a; 2 X with A,(u) = a;and ,(v) = a; Thus,

A,(w)2a2afiYand

Lw2a2aAY for a=a;Aa; 2X Hence u,v€U(Ay,a) Next u+ve

U(d,, a) foru, v € U( A4, ).
since, U(A,, @) 1s an K,_; of S Then
L@+v)= Lu+vux

D2afyY

= LwAlLWwAhY
The venfication 1s complete
Also. we have uv € U(d,, @) for u € Sand v € U(d,, @) Then
Auww)u X = A (uvw)

2aiyY
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= L)AL w)AlwAY
24 whAaeAY
> ALWAY

Similarly, we get A,(vuw) UX 2 A, (W) AY and L (wru) UX 2 A,(w) AY The

verification 1s complete
Now we let 4,(g) = a;. 4,(h) = a,andu+ g =h Then A.(g) 2 a, i a, and

A,(h) 2 a, A az obviously So g,h € UL, @y A az) Smce U(Ay, a1 B ay) s K.

then
u € U(d,, a; B az) Thus

A@UX = 1,(w)

=A@ B a(R) Y

[X, y]s.l
Hence A, 15 an AAH( p

3.2.11. Lemma
Y]Sl ]Sl.
Let A, € CS(Z) Then A4 15 an AA”( _ss (lAtk ; Yifand only f

Uldga) ={x € Al A, (w) 2 afi¥}is K,_s5 (K;_;}of S

Prool - Simnilar to previous Lemma 3 2 10
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3.2.12. Defination

Let Ay, Ap, A € CS(Z) Then

(v) LBy =((A,nip)AY)UX
(v1) A ui; =, uipAryux

(vu) Ay @ A=((La @ As)AY)UX

(vin) L0104 = (1,001 A)uX
3.2.13. Lemma

n - - - X.V 5 X,Y 51 - er 113
Let Ay, Ag, Ac € CS(Z) are AAER—.]!I , AB[tk—a]La,’ ACI[:k—.']_, respectively Then Il

o

2.04,04, c A Al AA; ;
Proof:
Let ucs I (AO04)w) = ¢ or (14B4,04c)(u) = X Then
L0108 c A A Al
Otherwise (4,OAzOAc)(w)

aiL
(ﬂ(fu(p;) Adg(q) A /Tc(n)) A

1

!

U \
IR (A LR
=1

~

(ﬂ((ja(p;) ANAAg) B A Ac(r) D Y)) A
1=1

- U ; Ay ux
WEL PN T PA (ﬂ((jzl (p,)AY))A (As(g,) AV Ade(r) A Y))
)=1



n

ﬁ (ulp,gr)uX)dda(par)ux ﬁ)
- (Ac(pg,rd v X)

= Uu+zf—ll PAN=Li-1P,9) (ﬁ ((j“‘ (p} q}rf) v X)) A (iB (pJ qul) v X) A
j=1

(iC(.p}q_,r}) U X)

uX

o

ﬁ (Ga(par ) A A Ap(pg,r)BY) ﬁ)
=1 (ic(p;qlr:) ﬁ Y)
tC

B U"HE?;l P =Ll Py (ﬁ ((j"‘ (p} quJ) A Y)) A (1’-’ (p,: q;rJ) A Y) fi

J=1 (AAC(p}quj) ﬁY)

uXx

e

ux

c (A, Az A ()

64

-

ny
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