
Characterizations of Ternary Semirings by
their Soft Intersectional Ideals

By

Asim Zamir

Department of Mathematics and Statistics
Faculty of Basic and Applied Sciences

International Islamic University, Islamabad,
Pakistan.

20t6

CEI'TRAL
ulnAlY



Tfi-t68t'i 
t

Accaslicll llo --=:=

N\9
\rLrrV

h9" ()

\n-n'')it" 
" 

'''

.^ 
($o 

, .,-.,.".\\c 
.' '

ynn,a.*x .^r.L, 
,."''

^-" ' 9Y*'
L"\'-



Characterizations of Ternary Semirings by
their Soft Intersectional Ideals

By

Asim Zamir

Supervised bY

Dr. Tahir Mahmoo

Department of Mathematics and Statistics

Faculty of Basic and Applied Sciences

International Islamic University, Islamabad,
Pakistan.

2016



Characterizations of Ternary Semirings by
their Soft Intersectional Ideals

By

Asim Zamir

A Diss. olion
Submill.d m lhc Porlial Fulrt m. oflhc

Rcquir.m.nls fot lha D.gtc. of
MASTER OF SCIENCE

In
MATEEMATICS

Supervised bY

Dr. Tahir Mahmood

Department of Mathematics and Statistics
Faculty of Basic and Applied Sciences

International Islamic University, Islamabad,
Pakistan.

2016



Certificate

Characterizations of Ternary Semirings by
their Soft Intersectional Ideals

By

Asim Zamir

A D SSERTATION SUBMITTED N THE PARTAL FULFILLMENT OF THE REOUIBEMENTS FOR

THE DEGREE oF rrlE IIIASIER OF SCIENCE In MAIHEMATICS

We accept thrs drsserlahon as conformtng to the requrred standard

$AL/
Dr lvlunrr Ahmed

(External Examrner)

.-'\Jg \ e\r
Dr \thrr Mahmood

(Supervrsor)

Department of Mathematics and Statistics
Faculty of Basic and Applied Sciences

International Islamic Universitr. lslamabad,
Pakistan.

2016

F\ ',\ )<2 /-r
Prof Dr M Arshad Zra
(Charrma n)

or iayyir Mehmood
(lnternal Examrner)



DECLAMTION

I hereby, declare, that thrs thesls n.lther as a whole nor as apart thereof has been copled out

from any source It ls further declared that I have prepared thts thesls enhrely on the basls of

my personal efforts made under the slncerc guldance of my klnd superflsor No portlon of lhe

work presented ln thls thesls, has been submlttcd ln the support of any apphcaBon for any

dcgree or quahficahon ofthls or any other lnsutute of l.amlng

Asim Zrmir

MS Mathematrcs

Rcg No 174-FBAS,&1SMA-/S-14

Department of Mrthcmahcs and Statlstlcs

Faculty ofBasrc and Apphcd Sclenccs

I ematlonal Islamrc Unlverslty, lslamabd. Pakrstan



Dedicated
ts

my
looingParcrcts

Anit My Frtends

An il re sp e ctfal t e a chers.



Acknowledgements

All prarses to almrghty "AL[IH' The creator of the unrverse, who blessed me wlth the

knowledge and enabled me to complete thts drssertahon All respects to Holy ProPhct

MUHAMMAD (P.B.U.[D, who ls thc last mess.nger, whose hfe rs a perfect model for the whole

humanrty

I expr.ss my deep sense of gratltude to my superusor Dr' Tahu Mihmood (assrstant professor

llU, Islamabad) for hts thought provolong unnrtng and panenr gurdance dunng the course oI

thrsworklndeed,lcouldnotcompletemytheslswlthouthlslnsplnngsuggesrrons'

.ncouragement, actlve pamclpabon and gutdance at everystage ofmy research work

I pay my thank to whole faculty of my dcpartment I also feel much pleasure rn aclarowledgrnB

nrce company ofmy frrends ln unrversrty

I also thank especrally to Usman Tariq and my research fellows Mollsin AI Khan and Azhar

Rauf Khan who support and encourage me dlrectly or lndlrectly durlng my research work

My deepest sense oflndebtedness goes to my b'loved parents who always pray for me

Words are not adequate to cxpress the love and supPort of my parents for thelr constant

encouragemcnt and moral support durlng my whole educahonal llfe and parttcularly ln my

research work



SEucture of the Thesis

The thesrs rs organrzed chapter wrsa as follows'

Chrptcr 1:

Thls chaptcr ls rntroductory and scts up the back$ound for thc problcms talen n the thcsls It

ovcrvlcws rdeals rn Semrtngs, k-ldcals m Scmlrmgs, ldctls ln Tcrnary Scmrnngs, L-rdcals rn

Temar) Semrnngs, Soft Scts, Soft-Unlon-lntcrscctlon Sum, Soft-Unlon-Intcrscctlon Product- Sofl

lntcrscchonal k-ldcals In Scmtnngs and rclatcd rcsults rrc dlscusscd

Chrplcr 2:

Thls chapter contams thc dtscusston of thc [X,Y] Sofl Intcrsccnon k_subscmlrlngs, [X,Y] Sofl

Intcrscctronal k-rdcals Inthc last sechon ofthe cheplar. \!c mvcshgatc some Important rcsults oIL_

rcgular scmlrmgs ln tcrms of [X,Y] Soft Intcrscctlonal k_ldcals

Ch.ptcr 3:

ln thls chaptct. wc lntroduce Soi lnterscctron.l k'tcmary subscmlllngs, Soft ]ntersectlonal k-ternary

Idcals ln the last sccnon of thc chaptcr, wc rntroducc [X,Y] Sofl Intersectlonal L-tcmary

subsemlrngs. [X,Yl Soft lntcrseclton L'tcmary ldeals, k-rcgular tcmlry semrrrngs and mosl

conccmrng resulls erc tnveshBalcd
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Preface

ln our darly lrfe, wc have to lacc the unccnatn slluauons but ll'\\e mcasurc the

parameters of uncerlalnty sctcntrfically thcn wc can telc dcclslons comparatrvcly tn a

better way Thcre cxlst drffercnt lypcs and dtffcrent handhng mcthods for

uncenarntrcs Accordrng to sclcntlfic mcthod. ll ls a blB challcnge for us to deal wlth

unccnarntrcs The uscs ofautomata thcory' rouBh thcory' fu72) thcor) and probabllll)

thcory ln the domatn of cconomtcs, cnglnecrlng. Informatlon sclencc and medlcal

sclcncc arc dcscflbcd

Thc proccss of dcvcloplng thc ncw tcchnlques to dcal uncenarntres ls raprdll

growrng by drffcrent rcscarchcs In thrs rcgard Molodtsov [23] dcfined the soft scl

thcory to dcal parttcular typc of unccnalntlcs Thc algebralc structures by t-rstng sofi

scts rs cxlcnslvcly uslng to cleboratc thc practlcal tmphcatron of unccrlarnttes tn a

wrdc rangc of sctcntrfic ficlds lncludrng mcntloncd abovc l'hat s wh) man!

researchcrs takrng kcen tntcrcst ln varlous fields ofalgebra and broadlnB lts llmrts b)

usrng sofl sct thcory Some lnltlal and baslc operatlons on soft sets dclincd by l) K

Malr [22], M I AI [2] and Sczgrn and Atagun [24] playcd the rmportant role rn thc

furthcr progress tn thts ficld Scc [1.4]
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In 1934 Vandrvcr [26] first mtroduced thc conccPt of scmrrmg lnfact

scmrrlng rs the gcncrahzatron ofrlng Duftaa.ndKar[12]madcroscarchtn2003about

thc concepl of temary scm[lng, rcgular tcrnary semlrlng and L'regular tcmary

semrnng and thctr meJor propedlcs The rcsearch about thc quasl_ldcals dnd bFldcals

of tcmary scmr-group rs madc by Drxrt and Dcwan [5] S Kar [16] made rcscarch

about thc propcrtrcs of quasr-rdcal and bl'ldcal ln tcmar) scml.lng M K Dubey [6]

dcfines k-quasr rdcals and k- bt tdeals rn temary semlnngs and lnvcsllga(ed somc

relatcd propcrtrcs

Soft rdcals rn Soft scmrnng wcrc defined by F Fcng ct al [14] l'urthcr, X

MaandJ Zhan[19] definc (M.N)-soft unron rdcals rn (M.N )-soft unron subscm rrlngs

ll Mahmood and U Tanq [20] further drscussed (X,Y)-soft rntcrsectron subseml.rngs

rn tcrms of (X.Y)-soft rntcrsectlon br tdcals and (X,Y)_soft lnterscctlon quasr rdcals

Aftcr that son rntcrsectlonal trmary scmlnngs in tcrms of soft lntcrsechonal tcmary

rdcals was drscusscd by T Mahmood et. al [21]

ln our work wc drscusscd soft mtcrscctional scts ln temary scmrrlngs by uslng

tcmary k-ldeals We definc sofl unton-tntcrscctlon sum and soft unron-lnterscctlon

product Wc rntroducc thc concept of soft lntrrsectlonal ternary k-subscmlrlngs, sofl

rntcrsectlonal tcmary k-rdcals. sofl lntcrscctional temar) k-quast rdcals and soft

lnterscctronal tcrnary k-bl ldcals oftcmary scmrrtng Furthcrmorc. we charactcrlze k-

rcgular tcmary scmrrmgs by ustng soft lnlcrscchonal temary k-bl ldeals and \oft

intersectronal tcmary k-quasl rdeals Frnclly, wc dtscuss [X,Y] soft tntcrscctronal

tcmary k-subscmlflngs, IX,Y] soft lntcrsccttonal temary k-tdcals rn tcrnaD semlrlngs



Chapter I

1. Preliminaries

In thls chaptcr, wc wlll dlscuss thc conccmcd dcfinltlons wlth e)(amples and somc

rmportant rcsults that arc uscd In ncxt chapters For undefincd terms and nottons \{e

rcfer to [4, 6,l3, 16.21.23.26)

l.l. Semirings

1.1.1. Definition

A non-cmpty sct R togcthcr wlth two blnary opcrahons " + " and " " ls sald to bc

semlrrng lf tt satlsfics thc followrng condtttons

0) (R, +) rs a semrgrouP

0r) (R, )rs a semtgrouP

(rrr) " " drstrlbutcs ovcr " + " from both srdcs

Thcn wc can w tc (R, +, ) or slmply R ls a semlrrng

1.1.2. Ex.mPl.

No (thc sct of all non ncgatlvc mtcgcrs) undcr the blnary oPeratlons of

ordrnary addtllon and ordmary multipllcatlon ls a semlrrng



1.1..3. Dclinitlod

R ls callcd commutatlvc lf" " ls commutatlve ln R,

t.1.4. DclinitioD

An clcmcnt 0€ R,satlsfyrng 0 I = I 0 = 0 and 0+l = I+0- I vl €R' rs callcd

zero (or obsorblng clemcnt) ofR

1.1.5. Dcfinitioo

An clement 1 € R, satlsfylng the condltlon 1. I = l' 1 = I V I € R rs called rdcntrty of

the semlnng R

1.1.6. Delinttion

A subsct A + O ofa scmlrlng R ls callcd e subsemrnng of R If 
'4 

ttsclfls a sem[lng

undcr thc opcmtlons lnhcrltcd from R

1.1.7. Thcorcm

A subsct,4 + (D of a scmrrlng R ls called a subscmltlng ofR lf we havc I + m e '4

Md l.m E A,v l,m e A.



1.1.8. Remrrk

From now to onward, elsc or otherwlsc statcd. for l, m € R, tnstead ofwrltlng I. m we

wrll wnte lm

1.1.9. Erzmplcs

I All flngs arc scmr ngs wlth subrlngs as subsemlrlngs

2 Thc set R ofall n x n matrlccs wtth cntnes from non-nc8allvc rcal numbcrs

ls a semlrrng wlth usual brnary operatrons ofaddltlon " + " and multlPllcatlon

" " ofmatrlces

3 Thc set ofwholc numbcrs as wcll as the set of non-ncgahvc raoonal numbers

arc commutahvc scmirrngs undcr usual addrtron and multlpllcatlon ofreal

numbers Thc sot ofwholc numbcrs ts a subscmtrrng ofthc sct ofnon-

ncgatrvcr ratlonel numbers

l.l.l0. D.fidition

For /,8 g R. We dcfne

A+ B ={L+m LEA,meB)nnd

r)
or=JI rfi,t,EA,mteBl

[r,art. )



l.l.l1. DeliDition

An elemcnt I E R rs callcd mulhpllcatlvely rdcmpotcnt rfll = 12 = l.

1.1.12. Dcfitrition

R rs sard to bc mulhpllvahvely ldempotcnl Ifeach elcmcnt ofR ls multlpllvahvely

rdcmpotcnt

1.1.13. DcnDi6on ll5l

lf O + I E R satrsfyrng thc l + / E I and RI E I (/R E I), thcn I rs called left (rrght)

rdcal ofR IfI rs both lcft and rrght ldeal ofR, thcn rt rs sard to bc rdcal (or rwo-srdcd

rdcal) of R

l.l.14. Dcfinrtrn

LetRbcascmrflngandO+BgR ThenB rs callcd br-rdeal of R rfB rs

sr,rbsemrrrng ofR and sattsfymg BRB g B

1.1.15. Er.mple

Lc,R-- [(: ),(S il,G 3),C D,(3 :),(: i)]bcasem':r'lngunder

lhc addltron and multrplrcatlon ofmalnccs



rh*R,-{(3 3),(6 3)} -dB,={(3 !),(3 3)} a,erhcbF,dearsorR

l.l.l6. Dclinition

LctR bcascmrrrng If O + Q e R sahsfyrng Q +Q I Q and RQ hQR q 0. then 0

rs called quast-tdcal of R. whcrc n dcnotcs the lntcrscctlon ofscts

1.1.17. Ex.mplc

Let R = {(: l)l o, t, r, a e z0} b" a scm,r,ng rnder thc addrtron and multrphcatron

ofmatrrces

lh* 01 ={(6 3) l'.2'1 -d 0, = {(3 
o')1,,'"l arc thc quasr-rdcals or R

l.l.lE. Dcfinttion

A scmflng R ts callcd Von-Ncumann rcgular tf wc for any a € R therc cllst x € R

such that aro = a or wc havc 4 € oRo for all 4 E R

1.1.19. Definition [25]

A semrnng R rs called left (flght) wcakly rcgular tf wc havc q. E RaRa (a € aRaRt

for all o€R



1.1.20. Rem.rks

Clcarly, rf R rs commutatrve, then R rs (nght or left) wcakl) rcgular rfand only rf R rs

Von-Neumann regular

l.l.2l. Thcorcm [251

A scminng R rs Von-Ncumann rcgllar rf and only rffor any nght rdeal ,4 and lcfl

tdcal B of R. Ad B = AB

1.2. Ternary Semirings

1.2.1. Dcfinitron U2l

A non-empty sct.t togcthcr wlth a bilary opcratlon ofaddrtron " + " and temary

mulhplicanon" " rcspectrvely, ls sard to bc a tcmary scmrrng rf (S, +) rs a

commutatlvc

scmrgroup sahsfylng thc followlng condltrons

(r) (abc)de = a (bcd)e = ab(cd.e)

(ll) (a + b)cd. = acd. + bcd.

(rr) a(b + c)d = dbd. + acd

(rv) ab(c + d) = abc + abd Va,b,c,d,e E S

Ternary semrrtng ts rcprcscntcd by Tjr Wc can scc thal any scmlflng can be rcduced

to a Tr Ho*evcr, a Ts, does not ncccssarrly rcducc to a scmrnng b) thls c\ample

Wc conslder f thc sct ofall negatlvc rntcgers under usual addthon and

mulhpllcatron. wc sce that f rs an addrtrvc scmrgroup whrch rs closed underthc
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temary mulrrphcatlon but rs not closcd undcr thc bmary multtpllcatlon Moreo!er. f

ls a tcmary scmlflng but tt ts not a scmlrlng undcr usual addltlon and multlpllcatlon

1.2.2. Remarks

From now to onward. clsc or otherwlsc statcd, S wlll dcnoted temary scml'lng

1.2.3. Dcfinition [13]

An addrtrvc semtgroup U ofS rs called a tcmary subsemrrrng ofS rffior all

u.l,u2,u3 € U thcn u1u2u3 E U

1.2.4 Dcfitrrtion u2l

A Tsr S rs sald to bc commutatlve lf

abc=b.tc-bca v o,b,c e S

1,2,5. DGfinrtlorl

LetSbeaTr Iftherc cxrst an clement 0 € Ssuchthat

0) O+x=x

(tt) oxY = x|Y = xYO = O

V .x,/ E S, then "0" ts callcd thc zcro clcmcnt of thc temar) semlrlng

S

1.2.6. Example

ln a Ts, Z, the set ofall lntcgcrs '0'ls called the zero o[Z bccausc for

?[],ya,b e Z
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(r) 0+@=a

(r) 0ab = alb = abl = 0

1.2.7. Dcfinition [21

Tr wrth I mcans l1x = lx1 = x77 = I VI € S.

1.2.t. Dclinition l2l

An elcmcnt I € S rs callcd multlphcatrvcly rdcmpotcnt If lll = 13 : I

1.2.9. Dcfinition !21

An clement I E S rs callcd addrtrvely rdcrnpotcnt rfl + I = I

1.2.10. Dclinition I3l

An addnrvc subscmrgroup I ofS rs callcd lcft (nght, laterel) rdcals of S

rfsls2r € I(rs1s2 €l,s1ls2 E I)Vs1,s2 € Sandl € / If/ rsaleft.rrghtand

latcral rdealofS, thcn ,l ls callcd an rdcal ofS

1.2.11. DcfiDition u6l

An addrtrve subscmrgrcup Q ofa Ts S rs called a quasr-rdeal ofS rf

oss a (sQs +.rsoss) n sso E Q
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1.2.12. DcnnitioD [6]

LctsbeaTrrardO + B e S Then B Is callcd a br-rdeal of S rf B rs subsemrgroup o l-

S and satrsfyrng BSBSB g B.

1.2.13. Dcfinition [2]

A Ts rs callcd regular rf for any 4 € S, ] t E S such that such that 4 = @xa or

a E asava e S

1.2.14. Thcorcm U2l

A TI. rs regular rffor an) flght rdcal A and lefl rdeal B. and latcral

ldcalc,AiB6c = ABc

1.2.15. Dcnn(ion u3l

S rs callcd wcekly lcft ( nght, lateral) r.gular rf wc have

t € s(r)3(i € (r.r)3s, r € sslslslss), v I € s

1.2.16. Dcfinition [61

For O + K q S, thc k-closurc ofK ,s denoted and dcfined as

k = {uESlu+ g = h for some g, h e K}.

1.2.17. Definition 16l

A temary subsemrrrng (lcft rdcal, rtght rdcal, latcral ldcal. Ideal, quasr rdcal. bt-tdeal)

K of.5 rs calhd temary k-subsemrnng ( kJeft rdeal, k-rrght tdcal. k-latcral ldeal. k'

rdcal, k-quasr rdcal. k-br rdeal) ofS. respcchvcly. rfu +9 = h rmplrcs u € S and

g,h,€ K, rt wrll bc rcprescntcd by Kr-rs(Kt-r,, K6-,1,, K6 ro, K1-1, Ks-g,. K6-6,)

resPectrvcly
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1.2.18. Dcfinition l6l

AT' ls sard to bc k-rcgular rfforcachu € Sthcrccxlstg,lt E S such that

u + ugu = lhu It wlll bc reprcscntcd by Kr-r

1.2.19. Thcorcn [61

ATr,ls k-rcgular rfand only rfE n F n 6 = ,F6. for any E. F and G as Kr-p,,

Kr-ao, and K.-1, of S rcspcctlvely

1.2.20. Thmrcm [0]

Thc followmg condrtons ln a T5r arc cqulvalcnt

(r) S rs Kr-/

(r) For cvcry Kr-s, B of5. B = BSBSB

(rr)fore\cry K1-q, 0 ofS. Q = 0S0S0

Proof: Sfalghtforward

1.3. Soft Intersectionel k-lderls in Semirings

1.3.1. DcfiDition [2]l

lfZ bc thc lnrtlal unrvcrsal set. E rsaselofParamclcrsandr4,B,C, CE

R



1,4

An ordcred set i, = tG,;r(r)) ueE,iA(u) e P(z)J over Z. rs known m a sofl

scl.wherci/' E - P(Z)suchrha!ir(u) = a Iu c A, Lrscallcdapproxrmatc

function

Noto lhat. thc collectron ofall soft setJ ovcr Z wrll bc denotcd b) CS (Z)

1.3.2. Dctuitiotr [31

Thc upper rnclusron scl of i,A fot d + O and ,4 e R rs denoted and defincd as

U(i^,a) = {x e A I ia(u) 2 a)

1.3.3. Dclinrtion [91

For i^,i, e CS(Z)

O i^ e i, f ia(u) e ir(u),v u e R

trl i,tu ia = ir,, whcre ir,s(u) = i,(u) u i,(u). v u e R

(trt)\i i1 = i^5, wherc i^6r(u) = i^(u) 6 i, (u). v u e ,q

1.J.4. Dcfinition J20l

Lcr iA,iB e CS(Z) Thcn soft unron-intcrsectron sum rs defined by

( ll li,{rr) 
^ 

i,(r,) 
^;,u/,) 

d i,b,,) I().e ),)ru)-{ !.J,,r,,.y,' a,o,r
(o tf u connot be crpress.d orir+(.!r+yr)=(r:+y,)



1.f,.5. Dcfinition [201

15

denotcd and dellncd as

1)
n([ li,(s,) 

^,r,ti,)) 
I

l=t )

^ ,*in,n,r,=fr,o,u,

Lct, i^,i, e cs(z) Thcn soft unron-rntcrscctron

/ [^

I U'.r.,-. r,=,,,,,1'flir'(i,Oi,)(") = { -'='- -'-'-' '\ '='
I
I o tl u (onnot b.
t

product rs

) 6 i,(h,))

Vu e R

1.3.6. Dcfinition l20l

Let R be a scmrnng and ++6sR Thcn chamctcflstrc soft set rs denoted and

dcfincd by

I Z f xeG
Lc\r/ - lO r/r € R\6

l'he soft set Cr € CS(Z) rs callcd rdentrty soft scr and rs dcnoted by C

1.3.7. Lcmme [91

Lel R bc a scmlrrng and G,H e R Thcn we havc

(D Ge HeCc!CH

(r r) C66C, = Co;,

( rrr) CaOCH = eeH

1.3.8, Dcfinrtron [201

i^ e CS(Z) rs called soft rnlcrsectronal k,subsemrrrng of R rf rr salrsfics
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0) ir(u + r) 2 iA(u) i iAO) v u,i, E R

0D iA(uv) ) iA(t) d iA(!) vu,v e R

(rr) lf u+ g = 7 + ia(u) -- ia?) d iA(h)

Soft rnlcrseclronal k-subscmlrlng rs rcprcsent"d by ili'-r"

1.3.9. Dcfinitron [20]

i^ e CS(z) rs callcd soft rnterscchonal kJcft rdcal ( k-rntcflor rdcal. k-flght tdcal ) lf

rt satrsfics

(') i^(u + ,) )- iA(11) i iA(e) v u,v E R

(', it@v) = it@) [it(uv) > i^(u),i^(ut:w) -'- i^(v)) v u,v E R

(''r) lfu+ g = 11 ) ia(u) = iAk)6 i^(h)

Soft rntcrscctlonal klcft rdcal ( k-rntcnor rdcal, k+rght ldeal ) ts rcprcscnled by

i ri- 
", 

11 
^li -,,, 

ana 1,1'-*,) ."sp"ct,,"ly

A sofl set .i,, E 6.5(2) rs called soft rntcrsectronal k-rdeal 1i,1i' r1 ,f ,t rs i,1it-r, and

1^L*,

l.f.l0. D.finition [20]

i^ e CSlZl rs callcd soft lntcrsectronal k-quasr rdeal of R rI n satrsfies

(r) ;,{(u+ u) 21^(u)6iA?r) vu,12E R

(u) i,t = (i,r Oc ) n (a O i^)

(ur) tflt+s=h- i^(u)) ia?)d iA(h)



17

Sofr rnrcrsectronal l-quasr rdcal rs rcprcscntca uy i,1i'-0,

l.J.l l. D.Iinitron I20l

e i"it-r, e CS(Z) rs called solt rntcrscclronal k-br rdcal of R rf n satrsfies

i^(ww) ) i^(u) 6 i^(w) v u,u,w € R

Soft rntcrsectronal k-br rdcal rs rcprcscntcd by 1,111-r,.

It rs obvrous thar ir(0) I i,r(u), vu€ R.
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Chapter 2

2. Generalized k-ideals in Semirings using Soft

Intersectional Sets

ln thrs chapter. wc rcvrcw thc papcr ofT Mahmood and U Tanq [20] contarns the

study of [X.Y] soft tntersecttonal l{-tdcals ln scmtnng utth tn\esttgatton ofthe relatcd

results

2.1, [X,Y] soft lntcrscchonrl k-rd.els

Hcrc wc drscuss [X.Y] soft mtcrscctronal k-subscmllng, [X,Y] soft rnrcrsectronal k-

rdcals. [X.Y] soft tntcrsectronal k-quasl rdcals, [X,Y] soft rntcrscctronal k-br rdcals.

[X,Y] soft lntersechonal k-lnte or ldcals and lnvcsbgate somc related results In our

ncxtdrscussron we use + e X c Y e Z

2.1.1. DelinitioD

i^ e CSlZ'1rs callcd [X, )z] Soft rnterscctronal k-subscmrrrng of R lf

O) lA(u+o)ux = irlu;6 iA@)6y vu,pe R

(rr) i^(uu) v x f ;r(u) n i^(!) dy v!,!e R

(rn) If u+g=h + i^1u'S u X ) iAG) i iA(h) iy

[X, y] Soft rntcrscctronal k-subscmrrrng rs rcpresented by ir[lf
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i^ e CS(Z) rs callcd [X, Y] Soft rntersectronal l'- lcft rdeal (k-rrght rdeal) ri

(t) iA@+o)ux 2;r(u) n i^@)iY vu'veR

0, i,t(ur) u x ) 1A(i6Y (iA(ulr) u x )- iA(t)6Y)

('lr) Ifu+s=h + ir(u)u x )i^(g) i' i^(h) dY

[X,f] soft mtcrscchonal k- lefi rdeal (k-rrght rdcal) rs rcprcsented U, irllll''

o^!l!]i't

Asoflscti, e cs(z') tscdtt d ia::-|"' ,r u ",^[l]'' u,wett ".i,iillP orR

2.1.2. Dcfinrtion

2.1.3. Dcfinition

;,r € CS(Z) rs callcd soft tnlcrscctronal k-quasr rdcal ofR rf I satrsfics

(rv) i^1u+v'1ux f ir(u) n 1A@)iY vu'veR

(v) i^1u1 u x = (i, Oc )(u) n (c O i,t)(u) n v

(vr) ltu+ g =h + ir1ulu X 
= 

i^1g1 n ir(rr) n l',

Soft mtcrsectronal k-quasr rdc.l rs rcprescntc dby i^l::;:'

2.1.4. Dclinrtion

,l irlii!' e cs(Z) rs callcd soft rnterscctronal k-br ldcal ofR rfrt satrsfics

i^(uvw) v x ) 1^(u) 6 iA@) i Y. V u,v,w E R
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Soft rntersectronal k-b, ,a.at rs ocnorea by i^l'-!l'

2.1.5. Dcfinrhon

e irl]]if' e C5(Z) rs callcd soft rntcrscctroral k-rnlerror rdeal of S rf rt sausfies

i^(uvw) v x )- la(v) i Y.

Soft rntcrscchonal k-lntenor rdeul ,. d"noted by i^[-vr]"'

2.1.6. Dcfinition

V u,v,w e R

Ler i1,i, e CS(z) Thcn i^e ire (i,{(u) n v) u x E(iB (u) ff r)u x

Vu €R

2.1.7. Dcfinition

Lct i1,i, e cs (Z) Thcn i^ = i, o i^ e isand ite i^

obvrously. i,(0)uxrir(u)n v and(iA(o)6 Y)u x2(iA(u)dY)u x

Vu E R

2.1.8. Thcorcm

Ler i^ E cs(z). t hen irrs en ir[j'.f rff i,1 sarrsfies

O) lfu+s =h: it (u) u X )-i^(d d iA(J.-)iY

(rr) i^@ i^c i^
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(rrr) IAOIA e la

Prool

Supposc,l,r c CS(Z) bc an ,li_.! Ltr u E R Thcn

(i,{ O ir)(u)n),)ux

ll {(i,r(e,)nirk,)ni^\h)diA(h?t)iY)ux\J u+&1+hr)=(gz+[z)

=ll [ (i^(s) d i^(h,) nY) n ]ux
Uu+rgr+rrrr-s. rru r ( 6ak) a J'alh) i Y)) dY )

.ll {((i^(s, +h,) u*ln l,,
L,,1,, s, *a,1=1e..r,,l ( l)^k2 + h2) u x) i, Y )

= I I {((i^G, + tr,)) n (i, (s2 + h) nv) iYlu x
vr+(r1+h1)=Lo, +rt,)

=l I ()^@)dY)ux
Vu+(s! +h1)=&r+hr)

= (iA(u) i y) u x

It follows that ir @ i, q i,r

Now

((;,6;,1rul n r) ,x

= LJ,*rr,,,n,=ri=,,,,, 
{<[^),,rr,r 

a it'1,) n ([i i,(s,) n i,.10,;, o "]"
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. fJ,*rir,,,o,=r1,,,^, {,1 
r*,n,, o 

1-'1 
i 
^s, 

ul a r}' x

s U,*r=,,,o,=ri=,,,^, {t1 1 t'' o'} "

q (;^ (u) nDux

Convcrsclv

(;,{ (u + u) n D u x

2(7^(u+v)aY)ux

: ((i,{ @ ;,r)(u + u) n v) u x

ll l\ia7) i iAG) n,i,{(hl) n i,4(h,)) n v} ux
v(u+(o! +n1)=Lq?+h,J

2 (( i^(0) n ia(u) i iA(u))6Y)v x

= (((.ir(o) u x) n (ir(u) fi v) 6 (.ir(u) 6 r) n r) u x

= 
(i^(u) 6 i^(v) i v) u x

Hencc i,(u + u) ux 2 l,(u) n i,{(u) n r holds

i^(uvw) v x r i"(u) n i^@) i i^(-) 6 )'rs analogous rrrrs i,. " irlli!'
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2.1.9. Thcorcm

Lct iA E CS(Z) Thcn ,l,ars an i,1il.' (,lr;-;' ) rff,1, satrsfies

at iAe. iAe ia

0, aoii s ir (;/Oa e ir)

(rrD lf u+g=11 + irlu; u X )- ia(J) n;,{(h) nr

Proof : Strar ghtforward

2.1.10. Thcorcm

Lcr i, c cs(z) Then ,l;rs an ir[-'r' rffi, sattsfies

1,y i^g i^e i^

O,) i^6i^ e i^

(rr) i^6a1i^ e i^

(,v) tfu+g=h + irlu;u x - ia?) n i,{(h) nv

Proof: Strar ght for\r ard

2.l.l l. Thcorcm

Lcr i,{ € cs(z) then ),1 rs an i,1jj-o' rffi" sarrslics

o iA(f^ ).A e ia

(,') (i.{Oa) n (aoi,) s ir

(r") Itu+g=11 +irlu;u Xti s) 6 iA@) iv
Prooft Strarghtforward
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2.1.12. Thcorcm

Lct i,r € cs(z) Thcn irrs an i,11"-]j r[Tirsatrsfics

O ia@ iAe iA

(,,) ,/.al)Aa L AA

(rr) cOirOc s i,(

(rv) If u+g=7 + i,1u; u X ) iAG) i i^(h) dY

Proof: Stlarghtforward

2.1.13 Theorem

Lcr ++A q R Then A rs Kss (Kr,, K,d,, KRr,K,,KQ,,KB,) c+ C/ rs Crj:-:l'

o^Y:',t,".c^Y:')],'.c^Il:li'c^f :','",r^r,r,',rl|i',''l.r*

Proof: Stralghtforward

2.1.14. L.mm.

Ld iA e cS(Z) tt", i,, ,s un i[1f]"' ,fand only rfeach noncmpty subset

U(i1,a) = {u € S lir(u) l a n Y}

ls Kr ofR for cach @ -c U unde. thc condltlon a f X

Proof:

Ld )AeCS(Z) bc an,l;i_,' such that trr(u)lX for evcry ueR andu,ve

U (it; u). Thcn
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i^1u + v'1 = i^1u+v';ux

) ia(u)diA(u)iY

) (tiY

whrchrmphcsu+u e U(i1, a)

Next, we lctu E R andr,, € U(,l,a,a) Thcn

i^(uv1 = i^1vv1 u Y

2 iA(v) i Y

) ddY

+ uv e U(iA,d) Srmrlarly. l*e gct uu E IJ(\, a) for o e RandueU(\,a)

Now, lct u E S oad 9, h e U(i;, a) such that u + g = h Thcn

i^1tt1 = i^1r1 u )(

2 lAk) i iAo) d Y

2 dn,Y

- u e Il (iA, d) Thcreforc. U(i;, a) rs an K7 of R

Convcrscly

Let clch noncmpty subsct U(ia,d) be an K1 of R 'l-hen. for u,, € R thcre are

d7,dze U such that Er)X,dz)X wrth irlu) =arandi(v) =a2 Thus,

iA(11))a)ae,Yand
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i^1vl=a=adY for a=atdo22X Hcncc u,u€U(;,r,a) Next u+r€

lJ (i^, a) foc u, v e U ()^, a) ,

srncc, U(i, a) ts an Kr ofR Thcn

iAfu+v)ux = i^(u + o)

2 a6Y

= qr^, aziY

= iA(u)6iA(v)dY.

Thc vcflficahon ls complctc

Also,wchavcuu e lJ ()1, a) for u € Rand, € u(i1,a) Then

i^(ut) u X = i^(uu)

2 diY

= a1^l, a2aY

= i^(u)di^(u)^,i^(*)6Y

)lA(u)^,a6v

)- i^(u) n.Y.

Srmrlarly, wc g.t i^(vuw) u x 2 iA(u) d I and i^1wvr1u x 
= 

)^1w) ny The

venficahon rs complclc

Now wc lct ir(g) = or, i^(h) = q2andu+ g = h Then i/(S) ) d!ddzand
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irlh; 
= 

cr fi a, obvrously So g,h e U(it,ariq) Srncc U(ir,41fi a2) rs K, ,.

rhcn

u e U(i1;a1d o2) Thus

i^1u1 v x = i^1u1

) o.-n' dziY

= iA@) a ia(ir.) d Y

tt"n"" i, o on ir!!fl"

2.1.15. Lemmr

Let iA e cs(z) n'"n;, ,, 
^" 

i,jfl!f'( 
^^'i-\' 

,i^'l-[,' ,e^'l-f") ,rona onryr",.r,

noncmpty strbsct U(ir, d) = {u e S I ia(u) 2 a n y} rs Ks(Ks, Kq, K1) of R

Proof Simrlar to prevtous Lcmma

2.1.16. Lcmme

A sort sct i, e cs(z) ts iA::;:):,' 6AflI|,') orn o.i, .u,,.n",

(t) ia@ iae iA

0D co,ii,4 s i,r (iroc q i/)

(rr)lf u + g = h - )^(u) u X ) iA(s) n ir(t) d y.

Proof: Stralghtforward
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2.1.17. Lcmm.

Ler iA e cs(z) rr,"n i, o - i,[-ff' 1 i^v',f ,i^ll..!" , i^,ti-fr') ,rana ontyr

U(\,a) = {t e Al ia(u) r a n y} rs Kss (K,,K6,Kq,) of R

Proof: Stralghdorward

2,1,18. Lcmm.

. txftt . lx,yF . tx.,,Fr ; [x.rl,rLd 7A eCS(Z) Thcn,l; rs an )^i_'r', I )ii'-',' ,^^i.i, ,)^'r_d, ) rl and onl) rf

I lx.vl, . lx.vl . [x.r]i . l.{.Ylri
,1,4 h / rs an,l,ai_r! \ )^'*_r', )^*. i,, 

^Ah_;t 
) ol R

Proof: Strarghtforward

2.1.19. L.mm.

" lx.Yl , lx.4a I lx.Yl'r
Ler ,{/ e LJ(2.r, r ncn evcD /trr .1, I At1_r, ) rs an ,i,(r_Q,

Proof Proof rs slrarghtforward

2.1.20. Lemme

Lcr i,a € cs(z). Then c "r,, i^[-il,' ,, .n i"]l-tr'

Proof: Proof ls strelghtforward
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2.1.21- Dcnnztion

Let iA e CS(Z) Th.n

O) ia^.is = ( i.,, n is) n y) ux

(r') i^v ip = ((i^ u ir) n r) u x

Qr) i, cl ir=(i^o ir)n'Y)ux

(rv) i^6i, = (( i^6i,) ^ Y) u x

2.1.22. Lcmmz

Ler i1,i, e cs1zl an i^f;[' . i,[.1]" .",n""t,,"ty tt"n

i^Oi, s \d i,
Proof:

Lct€s rf (i,i6i,)(u) = 6 or (i,@i,)(u) =x lhen i^6iu e i^i,i,
othcrwrse 1i,,@ir)(u)

[((!'i"''^"'"')^) I
''f[ (n'.r,,^ ^,*,,) ) I

[/(0,,r,*,, 
o v) n(r,(h,) 

^ 
v))^)

' i[(n,ur,,,, ^,t, 
o,^,a,t o,,))

[((l,,ir,^,,,-, ^ 
(Isce,h,) ux) 6)^)

l[ (n,,,.r,,,,,-,, 0,,,*,n,,,,,) 
J

T

r-L
F-

UXA,J

^']

= [J,.r8,,,n,=rt,,,

= [_J,*rir,,,,,,=:t,,,

q 
Li"*rp,,,n,=ri=,g,r, uX
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c [J,*rE,c,n,=ri-,c,r,

' U,-r=,,,,.=r, ,,,",{(

/([1,,i",n,,0,, 
o ci,r,,r,, o r,,)a) 

- |

[ (n,,,^",,,, 0,,)^(i,(s,h,)^ v)) )' l 
r

;, (i r,r,) o ;, (f ,,^,) o\
)i ', 'I'" 

" 
In,

)^(Ln,o,)n;,()r,r, ) J
\r=r ,/ \/=1 / / )

E (i, n i,)(u)

rlus. i^6i, s i,, fi i,

2.2. k-RcgulerScminngs

In thrs scction. wc drsuss k-rcgular scmrnngs (Kr) ,, t.... of,i^jl-fl"'. ,l^l*-lf' ,na

;,li:il'' 
"rn

2.2.1. Thcorem

A scmrrng R rs K, rff,ir h i6 = ir,6iu for a11y i^and iu as i"i'_r,anA iri'-r, of

R rcspcchvely

Proof: Let we supposc R ls Kr and u € R Thcn there cxlst g, h E R such thal

u+1tgu=uhu

Now (irOir)(u)
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=U
^ 
r)r,[((l'i*'' o 

"'*'')01,.'r,,,^,-,r,,,,, 
l[,1 1r,,,1; o,rrn,l, 

,J

r (ir(u9) n i,((uh) n irlrr;1 n r; UX

) ((i^(u) i i"(u) i Y) u x

= Q^ n 
^E)(u)

Thus,,ir@is 
= 

i, h is and by Lcmma312 i^6i, e i^d i,

Hence, iA.. iD = iAOiB.

Convcrscly.

Lct R and L bc KR,, and K1, Thcn by Thcorcm,2113 C, and C, are C rjrt-r,and

e1l'_., rcspcctrvcly Thcn by hypothesrs

cRO?L = cR6 eL

+ (CpOr n Y) vX = (eR^16 Y) ux

+ ROr=Rnr

+SrsK.

2.2.2. "fh.orcm

For a semrrrng R, followrng arc equrvalcnt

0) RrsK,

(rr) i^e i^6c.6i^ for evcry i1l'-r, of R
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(r,r) i" q ilOcOil fo. cve.y

Proof (r) =+ (u)

Lct i1 be a i;'-r, ot n

u+ugu=uhu

l1il-o,or a

Thcn for anv u € R therc e\lst such thatg,h E R

^)^") ,,.

UX^l

(i.,0coi,)(")

r r [((l'tu"*'"0tfl;,.tn';)
U,.:ii,s,n,-rr=, g,^, 

l[,;.1,r,o"te,) ^ 
([-1.r,(4))

= 
[({1,,,,.u',,',,) 

o (n,',.0,,,,n,) o',,',)

n('*.,=,,,,,', ^ {(,ffi1;}) 
^

, (,.".,=., ^,,,, " {(,ffi";l} 
^")

uhug andl
= uhuh l

)^ )
i^1u|)

u) 6 i^(uhu)
6 v) u x b.."rr. lug 

+ ugug =

I t uh + ugun
-[( (T^t"o

( \ ti. (u.q r., ) 6 i,(unu)) fi
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r {ir(u) n vJ u x

([) - (r,l) rs strarghtforward

(i4) - (r) Lct 0 bc any Kq, of R Then by l'heorem 2 l l 3 C0 rs 
"n 

,ii[-Q, ot R

Now b1 usrng the grven condltlon. wc can wntc

(caiY)uxecadc.Oco=5*

..+ Q e Qc.Q

Also, we krow that oCQ q C0 n 0c = Q Thus 0 = QGQ Thercfore by Thcorem

24,RrsK.

2.2,3. Thcorcm

For a scmrflng R, followrng arc equrvalent

(r) R is Kr

(r) i^i, i" s i^6ir1i^ fo, 
"u"ry 

i^ll-r, , i""l-, .

(rr) i^i i" e i^6ir6i^ ro. 
"u..y 

i,,i'-,, , iri'-, .

Proof: By uslng prc!rous Thcorcm 2 2 2, onc can caslly prove rl

2.2.4. ThGorcm

For a semrflng R, the followrng statcmcnts arc cqrnvalent

(D RrsKr

(,) i^d i, e i,O), ro,....1 i"lfff' *a i,f'rt,"

(rr) i^fi i, e i^6i, tot nuy 1^Il;']"' ^a lr!!;'r"'
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{r\) i^di,e )^@i, r",",.ry ir}fir'-airjjlir'

(v) i^i), e i^@i, ror.*ry ir|l-'rf'-a irllfr'

(v,) iA i iu i ic e i,aOi;6i6 for c"cq i^'i:-1,,", ) ;l-7,'' *d i.l'-lr"

(vrr1 i^ h i, 6 ,[. s ia6i,6i6 for e,e,y i^ti;'],' , i,I[-l],' ^"a 
nr[-"r),"

Proof.(t) +(rr) Lctir,irbeany i^l-\' una ir[-'r)," ,cspeclrvol] srnceRrs

Kr, then for any u €.S thcrc cust 
",w 

€ R such that u + uru = uwu Now.

(iAOi,)(u)

r {(7,4(u) n iB(ru) n ie(wu))iy)vx

) {ia(u) i iB(u) 6 v} u x

2 (lAn, i;(u)

Llcnce i^i i, = i1@is

0r, = (1, rs casy to provc by usrng Lemma 2 I 20

(r, + (, t"t i^,i, t" uny ir[!]" 
^"d 

i"Il,x-t:' By Lemma 2 I te

irf]rl rs an ,ie!]o' Thcn by hypothesrs. we have i,a ff i6 e ir6i, also

by Lemma 2 I 22, *c havc i^6i, e ir hi, ftenccir6ir:i^di,
Thus R rs K,

(t) <+ (l?) <+ (u) arc srrarghtforward
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Srnce R

UX

') 
.,

lyQ) + (urr) Lct i^, i, ,i, r, 
"oy 

i^tl.f," , iujfil ' u"a i.l'-ll"' ,".p..t,,"

ls K,, thcn for any u € .S therc eust u, r, E S such that u + ulru = uwu N

(i,6i.6i.)(u)

, , [((0,r,.r,,,,,,, 
n r[ii.tn,,)n)^

= LJ,+:ii,g,r,,-rr=,s,^,i[ 
,;.1,r,.r,,1e,I n r|;.1a1; /

: {((;^o;,lt"l) n (i.1,,;) n i.1,,,)) n r} u x

= r r l(1{q't"' ^,,''o'')o',l0,.,,,'lo- LJ..ri:,s,,,,-:1,s,^,ll( 
,n,r,,r,, 

^i,(D) )"**' )'
r {(i,(uu) n i,(u,r) n ic(u)) n vl u x

= 
(i,(u) n i,(u) n ic(u)) fi vi u x

) (ia d iB d i)(u)

rhus i,a d i,, 6 ,is e i^6ir6i,
(ur.) + (?r) Strar8htforward

. tx ytrr ^ txylsr(ur) - (r) Lct l^. A, bc any A^'u.*:, and lir'_r', rcspccrr\ely lhcn

i^d i" = i^V's6 i,
c i,.6c6j'

e i^@),

nut ir@is e i,a 6 i; rs always hold for any i;l'-r,and irl'-.,. nen.. ir@i, =

ir di, Thcn by Theorcm 2 2 l, R rs K,
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Chapter 3

3, Generalized Ternary f-Ideals in Ternary Semirings

using Soft Intersectional Sets

ln this chaptor, wc prcsent thc ccrtaln algcbrarc structure of Soft Intcrscchonal tcmary

k-subscmlnngs, Soft lntcrscctronal tcrnary k-rdcals ln rcrms of soft unron lntersectron sum

and so0 unron rntcrscctron product Nc\l. ne dcfinc [X,Y] sofi Soll Interseclronal tcmar] L-

subscmrnngs, [X.Y] Soft Inrcrscctronal tcmary k-rdcals and mvcslrgale som€ lmportdnt

Propcrtrcs

3.1. Soft Intersectional Ternrry k-lderls

3.1.1. Dcfinition

Ld lA,iB E CS(Z) Thcn soft unron-rntcrsectron sum rs defincd by

Vu € S

3.1.2. D.fiIlrtton

Let i^,ir,i, e CS(Z) Then soft unron-rnreBcctron product rs dcnotcd and dcfincd

as

.,^,.,, ( ll U,(r,)^i,a{r,)^irg/,)^i,ui,)J(,(. tt, 1r)(u, = I vu+(.,+,,r=r!,.y,
(o 4 u ton..ot b..xpr.sscd as u - lx\ + y,) - lx, + yz)
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Lct S be a tcmary semrnng (Ts,) and O + 6 e.t Thcn characteflstrc soft set rs

denotcd and dcfincd by

I U LTXEI,c.Ix't = I -to r/xE5\6

3,1.3. Dclinltlon

Thc soft sct Cs € CS(Z) rs callcd rdcntrty sofl sct and ls dcnoted by C

3.1.{. Lcmm.

Let S bc a Kr-ss and F,6, F/ q 5. Then wc havc

0) 6qHeecEeH

(rr) C66C, = Co6,n

0'r) CeOCcOCu = Crca

Proof: Strarghtforward

3.1.5. Dcfinition

iA E CS(Z) rs callcd soft lntcrscchonal temary k-subscmrrlng of .t lI rt sallsfics

(r) ir(u+r) 2 iA(u)6ia@) vu,ues

('r) iA(uua/) )- ia(u) d ia@) d A^OD v u,v,w E s

(rn) tfu+g=h = ia1t) 2 ia?)i i^(h)



Soft rntcrscchonal tcmary k-subscmrnng rs reprcscnted by ir:;-ss

3.1.6. Examplc

ysl U = @,-b,-'f,-b, -f,) bc a T,, wrth thc followrng defincd operattons

Define i^(o) = lo,-i,-h) and i^(-a) = i^(-f) = i^(-o = iAeD = {-'f ,-h}

rhen i,. rs i;ji-,,

+ -s -h

-9 .h

-9 .h

-9 .h o

-i -i -h

-h -h -s

-i -h

c h

h

o i h

-d h I

i h

0 -9 -h

.h -!

-s -i -h

.h -h -9
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3.1.7. Dc{inition

iA e CS(Z) rs callcd soft rntcrscctional tcmary kJeft tdcal ( ternary k-latcral ldcal

tcmery k-flght rdcal ) If rt satlsfies

0) i^(u+r) ) ia(u) i ia(v) vu,u Es

(rt iA(uvw) = iA@) (i^(u1rw) 2 ia(1r,iA(uvw) ) iA(v)) v u,l),w e s

(nr)lfu+s =h + 1^(u) ) ia(.9)6 Aa@)

Soft rnterscctronal tcmary kJcft rdcal ( tcmary k-latcral tdcal, tcmar] k-n8ht rdcal )

wrll be dcnoted by ilf]-",ti^1,| ,",and i;fl-r,) respcctrvcly

i^ecs(z) rs callcd soft rntcrscctronal temary k-rdcal lirii-,) ,f,r " irii-r,-

i^i)*-,", ana i^ij*-,,

3.1.8. Dcfinitron

i^ e CSlzl is called soft rntcrsectronal tcmary k-quasr rdcal of S rf n satrsl'les

0) i,l(u+r) 2 iA(u) d iA(v) vu,u€5

(ll) i,{ 2 (i^ Oa O a) n ((a O i,{6a) O (aoa0,ir0aoa)) n (aO aoi/)

(ru) Ifu+ g = 1 + i^1u) -' i^1g1d i^1h)

Soft rntcrscctronal tcmary k-quasr rdcal rs rcprcsented b1 irll-0.

3.1.9. Dcfinilion
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a irli rr e Cs(Z) rs called soft rntersectronal tcmary k-br rdcal of S lf rt satrsfics

i^@bcae) 2 ia?) 6 iAk) i iA@) v a,b, c,d,e e s

Soft rnte.scchonalternary k-br rdcal rs rcprcscntcd uy i,,fi-r.

It rs obvrous thar,l,((0) r i,i(u), vu € s

3.1.10. Lcmma

,l) rs ,l)li-r, of S <+ n satrsfies ); 0 i^ e i^, )^@i^@i^ e i^

Andlfu+s=n=> it(u) -- i^(d 6 i^(h)

Proof Suppose i,a rs irii-r, of S, thcn

(i,{ O ir)(u)

= t I {(i,(pr)ni,(p,)nilq,\di^(q,\}v t+lDt+a,)=(o,+a1)

= I I li^(p,) i, i^(q,) d i^(p,) i, i^(s)j
v u+(D,+o,\=tD"+o,)

. I I lti;u,, + o,) i, i^(v, + o,))v u+(p,+4r)=(r,+4,)

. I I {(i,(,)Jv u+(r, +cr)=G,?+q,)

= itfu)

It follows lhat i, @ i^ e ia

(i^6i^@i^)1u1



= U,,tt,oo,,,=ti=,0,0,, t

,rr ft l) n

n i,G,))

[(1r;.r,,r

i)1",.,',

E L-J,.rir,,,o,n=rr,,,.,,, 
{,L-.),,,,*n;; 

o r1-l i^t,,rr;}

t 
LJ,-rE, r,o,r=rt,,,.,', {t{--l ! t"'}

e i,,1u;

so i"6,1^6i^ e f^

Convcrsely.

41

fi ir(q,) 6

) n i,(c,)

lctusassumei, g i^e 1^, iAOlAOi^ e iazndlf u+ g =h

+ i^1u1 -- i^1g1 6 i^1tt1

Then V u, r,w € S

ir(u + r,) 2 (i, O i,)(u + u)

= t I [(iro,)ai^(p,)ni^1q,1i,)^tqSlv (u+ul+(D! +o! )= {r, +o, )

r ir(o) n i,(u) a ;r(u)

= i,(u) fi i,(u)

iAOww') ) (i16ia@i1)(uvw)
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=U

) ia(u) 
^ 

ia(v) 
^ 

iA(w)

Thus. i,{(u + u) > i^(u) d i^(v). i^1rvw\ > i^1u}i' i^(u) d i,a (w) and

lfu+9=1- iA(u) ) i^(g) i iA(h) vu,v,w e S

Hence i,1 rs i,all-r. ofS

3.1.1l. Lcmme

i^e cse),'i"ii-., ri"fi-",. i,li-.., r or s ,+ i, 6 i,e i,.

lf u+ g = tv - iA(t). i^(g)d ia@)

and c6cOi; E Ir tirOcOc s i,. c6i,6c s i" r

Proof Supposc i, e cs(z) rs irii-., ofs, rlren

(;r o ;r)(u)

= uu+(P1+cl)=(p'+cz){ 6A@) i iA(p) i i,,(q') h i,{ (q.)}

= I I [i,(p,) 6 i.(q, ) i i, (p)'n )^(q,)l
v u+(Dt +4! )={r:+4, )

[([ir;,.t''r 
n i,.'''r n i'ra;) n

uvw'Ei,tr<"'=ti='cr,', 

I r|ri"tr,; n i,.(q,) 
^,i,(l)

s [J,*.,,*q,r=o,*c,r

' [J,*r,*.,,=r.*0.,

= i^(u)

It follows that;,r @ iA e ia

Now

{{i^(o, + c) i' i^(o, + o)}

ft'i..("))



= [J,*r:i,,,0,'=:1,,,0,',

= U,,:e,,,0,,,=rr,,,",,,{r)o o' o i^1',v a 1)1' a z a ;^o,t}

= U,,rr, **.=rr=,,,.,,, {,1,'l 
ro,, o,l r"6)}

c

ir(o) n i,(u)nir(u)

= i^1u1d i^1v1

u+LL,p,cr,=Eilptctl

t+fl!, p,q,r Fl';=, p ,q,r ,

e la(u)

Converselv

;r(u+r) l1i, I ir;1u+u;

a(q,) h ir(n)) n c(q,)

43

(aOaO i,)(u)

^ rr,rr)n r0rc(p,)
{,n.r,^

;^G,n,r))\
{,[i,,",0,n,,

Ir(["',")^

n(l 
I

,(i,",)l

=ll k)A@)diaJ.).,i^(q,)i,)^GztJv(r+v)+(p, +q1 )=(pr+q2)

l

i^(uvw) 2 (c6c6 ir)(uuw)
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= 1J,.5p,,,,n=:;,,,.,', {tfltot''' 
o ot''r n;,.rnl a rfltc(r') n c(q') n;,.ta1]

2 c(x) n c(r) n ir(w)

-- i^(r)

3.1.12. Theorcm

Lct 0+A E S Then A rs K,-,, (K,-r,,, Kr-ra,, Kr-R,, K'-a,, Kt-a,) c+ C1 rs

i^ii-,, rr"ii-.,. ,,il-,.,. i;l-,,, i,il-0,, i.ii-,, r or s

Proof Supposc A rs Kr-ss € CS(Z) and u, u, w E S

Casc ( I ) For u, u, w € ,4, we have u + 
", 

urw € A Thcn

C^(u + v) = Z = Z d Z = ea(u) 6 CAk) znd

Cluvw) = 2 = ZiziZ = cA@)dea@).|e^(t)

As /4 rs Kr-ss ofs, so u + u = w rmplcs u€,4 forsomcu€.sandv,w E A

C^(u) 2 C1@) i, C^(w)

Case (2) For at lcasl onc, say u g I/y, \,!c havc Cr(u) = $.'l'hcn

eA(u + v) 2 Q = Ce(u) ff 0 = er(u) n C^(r) and

e^(uvw) ) 0 = Cr(u) 6 0 6 cr(w) = C/(u)i ct@)i ct@)

As vgw so u+ugly and wc cannot wflle L+o+w Thct Ca(u) 2

Cr(r) n Cr(w) but thrs contradrcts our supposrtron

By combrnrng both cascs. wc havc

cA(u + v) ) cA@) 6 ea@). ca(uvw) 2 eA(u) 6 c^(v) d e 
^(w) 

znd

rf u + o = w, thcn Ce(u) 2 Ca@) 6 CA(AI)

Convcrscly,
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assumc that C,. rs irll-r, and u, u, w e ,4 Thcn

eA@ + !) 2 eA(u) i C1(v) = z 6 2 = 2 vn4

cA(uvw) ) cA(u)deA@)i et@) - zi'26,2 =z

Thus u + ,, uuw e A,V u,v,w e A,

Hencc A rs K1 ,, ofS

J.l.lJ. Lcmma

ter i^,)r,ia E cs(z) bc ir:i-R,. irii-.", una i6:;-r, rcspccrrvcl) Ihen

i^Ol,Oi, e lAi, LB i ic
Proof:

([i,rr,, 0 r,", n ;.r.;) nJ

tflri,(r,) n,i,(c,) n i,o,, 
)

n

f 
(0'tt" n i'tq'r 

^ 
i'('' ))

*Lr, p,q,,,_Li -, p n r, 
[ 0 {rfr,l) o r, f q ) d i, 1r,1

f([iri'o'n'nr 
ni'r''n nr n

u, LL, P A,' iri., P n fi 
I 0 (;^{r,,r,,, )) n ;,{r, n.,,, )

,.t,r,.,r)oi

n )16,q,r,l 
)

Lct u e S rf (,i16ieO ir)(u) - g or (i^@i,6i,)(u) = x rrcn i^6i,6i, e

lai iB i ic

ottrcrwrsc (ir6ir6ir)(u)

= U 
" 
*tt,o,oo,=>i=, 0,0,,,

=u"

.=u
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_ [," 
(t,,,,,)0,, (i,,,,.)0,.(i,,,,,)o

e LJ.*:r, p,c,.,=xr,,,,, 

i, (i r"r) o r, (i,, o,r) o r, (L,,, r)
e 1i^di,6i.;1u1

Thus.,ll@i6@i. e i^d i" i,1,

3.1.14. Thcorcm

For.S, thc sratcments grvcn below arc cqurvalcnl

(r) S rs Kr-r

0r)Mfi rv6O = MN), for any M, N and O as K!-R,, Kj-1o, and K,-1, of S

resPectrvelY

(rrr)i1 6i6 hi. =i"5i,6i., for zny i1, isand i6 as i^i)-^,, i6ilr-.r,, ua

i6fl-., of S respcctr"cly

Proof: (l) (= (lr) rs follo,rcd by Lcmma 3 I 4

(r) + (rr)

(i,6i,6i.)(r.,)

= U,*rp,,,n,*,=rt,,,^,", {,1,,tr,' 
o ;,1r',; n;.1t,11 n 1[l1i^(e,) n ;'1r',) n )'1*,;;]

-- ia(uab) d ll?ub) d ic@bu)

= 
i, (u) 6 ir(u) h i.(u)

= (ian, iR 6 i)(u)
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Thus. i16i16i6 -i^dirdic and b) Lcmma 3ll3 i^6)rdi, e

iAd is 6 ic

Hcncc i;6i;6i6 = i^6L6i,
(rtt) + (D

Ler R, E and L bc Kr-R,. Kr-1o, and K1-1, l'hcn by ]-hcorem 1 I l2 eR,eE

and e, *c lily-r,, iil-6, and ifl-r, of S rcspcctrvely Then b) hyporhcsrs

erdeEO?L= eRdcEdcL

- utoEol - eRnEnr

+ ROEO,=R6EffT

+ S rs K1-p

3.1.15. Thcorem

For S wuh I , the followrng arc equ rvalcnl

(r) S rs lemary k'flghl wcakl) reBular

(ll) AII Kr-R, ofS arc rdcmpo(ent

(Ir)MnN nO = MN0. for any M, N end O rs Kr-R,. K!-ra, and K.-r, of s

respectrvcl)

(rv)All iil-1, ofS ere fully rdempotcnt

(v) i,a fi ie d i, = i^6ir6ir, for any i;, i6 and i6 as i"li-r, ;rii-.", *a

,tc!r_t, ot 5 rcspcclrvcl)

IfS satrsfics thc commulatrvc law thcn (r) =(rv) are equrvalcnt lo

(vr).5 rs Von-Neumann regular

Proof: (.) - (rv)



48

ThcnLct i; bc a ifL-r, of S and w e 5

i3(u) = (iroi^O;r)(u)

= U,*:li, s,/,,t,=tL, g,t,rr

= [J,*:li,s,n,i,=:1, c,n,*,

I r;,rf o,n,u,rl n;^tI(g,r,,t,tl n ]
s LJ" 2'1'''n'*' =:l='',",-' 

l, 1-1 
r, *1, o i, (k,)) 

^ 
( A-," ( 4 ) n ;" 1u, 1 r 

J

-ll- \J,*lii, c,n,r,=11-, e,n,r,

. l.J,-:i1,,,n,*,=:r=,,,,,-, {',,r 
0 , 

[i',(h,) 
n i,(k,)) 0 , 1-'1',1n,1 

o'^1u,;t]

-c i^ (")

i^1t 1 i i^1ul d i^1u) 6 i.1 (u) n ;,. (u) n i^ (u)

n

\
[ [};,(q,t n ;^tt,l 

^ 
i,(k,) ] 

^lt I I

tflti,(e,) n i,(4) n r^(t,))
l=l

itr,t;)

n i,4 (rr))

[(lt',*,^,*,,10

I t[lrtr^tr,n,o,lr

1;,1f6,r,,*;; n 1|i,(h,) 
^,i..(k,))l 

n
r=1 l=1

1i,1f (s,r,,t,) n 1 [-l iAO) 
^ 

ia(k])))
t=l l=l

e 1i^1na,u1 6 i^1ut u) 6 ir 1uc, d, ) 6 i,, ( uatu) i )A(ubtu)

e 1[l[i,1uo,r.1 n i,(ub,u) 6 ii,r(uc,a,)] 6 ['l{i,, {,.,o, u; n
i=l t=r

(;^1r,,y n

n (ir (h/)

Now

6 )a(uc,q))

i^1ub,u1 d i^(r,tc, d,))



t U.rrr,*,**,r, c d,=ri.1ud P(nb tn)!c td )

6 i^bD a iao )) 6

)di^(y)dia?))

s (;,6i,r oi^xu)

e (,1,-)(u)

Hcnce l,a- = 1r

(tr) =+ (D

Ler w€S and,4 =wSS bc a K,-a, of S gcncratcd by w l'hcn w€A and the

charactcflstrc firnctron C,a of/ rs C,afl-", of S and by hypolhcsrs

ea=eAdeadea=e^'

-w€,43=(w55)3
+ w E wSwSr.ySS

fhus S rs Kr,.-,

(irOi,Oic)(u)

49

n[ii(uo,,.) n i,(ub,u) 6 ,i,(uc,d,)] 6

I l{,lr(ua,u) 
n r,,Ju4 u) n )1Qc,d1))

[flr,.u,,
u +D\ x,v,z,-Li-l x t,'z'|' 

nr,,,,
su

= l.-J,.2;i,,,,,*,=:i,,,^,-, 
{r[-ltirr,r ^ 

i,(h' ) 
^ 

ic(r(,)) 
^ 

([-lri,te,l a ;,tr,,) n ;.tt,l]

) iA(uab) d )RGub) d Lc@bu)

2 i,(u) n i, (u) n i.(u)
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= (iad ir l i)(11)

Thns. i16ip0,16 ) ia6 iB6 ic

Srnce S rs Kl',-, so for weS can bc \\flttcn as u = !11=, ua,ub,uc,d, *here

abc,,budt e s

Now (i, 6 i; n ic)(u) = ir(u) n is(u) n ic(u)

I ia(ta,u) 6 ir(ub,u) n ic(uc,d,)

Thus (i, 6 ,i6 fi i6)(u)

.u
IA[i^t,o,rl n irrrb,u) i i6(uc,d,,t.] d
ll l'
,,=r

1

r+rti, ua,u(rb,u)uc,dr=ri=,!atu(ubr)"cFt 

| fl,U 
".,, 

o ,,, ub,u) d i6(uc,d,)l

= U 
" 
*ry,,,, 

",--ri=,,,, 
n,

= (i.{0i,Oic)(x)

+ i^6 i, d i, e i^6irdi,

iaiis6ic = i^6ir6i,
(u) - (rrr) Lct E, F and G be Kr-A,. Kr-ra, and K.-r, Thcn b) Thcorem 3 I 12.

cE,e F ^nd 
cc arc iil-i,, iii,-r", and ifj,-r, of S rcspcctNcl) lhen b) hypothcsrs

cuocrdeo=c,6cndeo

- vlro/voo - vE:Mni/no

- M6NO1 = MdN 60

Srmrlarly (r) - ([) + (xr) and (r) + (ur) arc srrarghtforward

lltr"(x,)
I=1

[-lti,t',

n i,(Ji ) n ic(z,)) n

)6 i,O/) a ic@))
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f,.1.16. L.mmr

Ldi^ecs(z) rhcn evcry i,ii-,,1 i^ii-^,, i^li ..,1 " 
u" i^ii-.,

Proof Proof rs stralghtforward

3-1.17. Rcmrrk

3.1.20. Thcorcm

For a T"", followrng are cqurvalent

(r) S rs K1-,

Now wc show that thc convcrse ofthc Lcmma 3 I 16 ls nol truc ln gcncral

3.1.18. Exrmplc

L"ts = [(l 
q,) 

n,t,,,sez-vlo]]a^ar=[(r 3) pEz-ut0)] rh.ns,.

a tcmary semlnng under usual opcraltons. and A ts a K.-g, of S but A ls not Kr-fl,,

K.-1o, and Kr-1, ofS Then by Thcorcm 3 I 12 C,1 rs an C^fi-r, bur not

e A;i - L, (c 
^:L 

-,,,, e 
^;L R,)

3.1.19. Lcmmr

Lct i, e CS(Z). Thcn 
"r".y 

irii-., ,t - irii-r,

Proof Proof rs strarghtforward
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Qli^ei^ o a O i, O a O i, for cvcry irii-,, of S

cOa OaOi,{ for evcry irll-,, ofS( r.),t, I 4r L)

Proof: (t) - (ta)

ut i^ae u i^i)o-u, of s Thcn for any u € S there cxrst 91,92 € s such that

u+ugtu=ugzu

Now

(i,OaoirOaoi/) (u)

n iA(kl(i,t6aOi

[,4
,.r11,r,, -,-tI .r,^,-, 

l([l
=U

n ;,(u)

2 ((iA@1fl1211) d iA(u\nlru)) 6 i1(umrumru) 6, i^(umrum,u) n i,{ (u)

r=I

)^
n ('**'*"'" - 

"'"^'"' {18;il::l}

,, (r.-,.,=, "^,r,,,,,-,{tfl';:Hi;})

(i,6c6i,)(s,) n c(h,) n ,i,(k,)

,;(e,) n c(tr,)

r flti,6c6i,)t,-"1 n [11i, OcOi,; r unu) n i^(n)

= 
i^1uy
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(..1) = (lr) rs strarghtforward b) usrng Lcmma 3 ) l9

(u) =+ (r) Let Q bc any Kr-o,ofs ThcnbyThcorcmlll?CorsanCoii-o,ois

Now by usrng thc grvcn condrtton. wc can wrttc

ca s caOCOCaOcOCq = C1caca

- Q e QC.QCQ

Also. wc know that QCQCo e 400 n oAQ n 004 = 0 I'herelore b) 'fheorem

224SrsKr-,

3.1.21. Thc-orcm

For a 1, S. thc followrng statcments arc cqurvalcnt

(r) S rs Kr-,

1g \ d is i i6 e i,6i16i6 for cvcry i^i'u-l,, ir',1*-r,,"na i6il-.,

lrrr;i, 6 i, 6i6 e i,aOir@i6 forcvcry i^il*'-r, , iri'r- r., una ir'rl,-r,

( rv )ir n i, n ,lc e ir@i16i6 for ocri irii-r, . irii--, ana i.ji-0,

tv) i,{ n ir n ,lc -c i/Oiroi. for.uc.y i^fi- 
", 

, .i;ii-,", .na i6ii-r,

Proof (r) - (rrr; Let ir,ir,i6 be any iril-r, . ,rlj,--, und i6ii-,,

rcspcctrvely Srnce S rs K.-,, thcn for any u € .t thcre exrst ,, w € S such that

u + ugu = uhu. Now,

(i,6i,6i.r(,)

= U,rre,,,nn,=rt,,,^,",{t{it'"''' ni'(h') 
^ 

ic(k')) n ([-lttt")o 
''n'' 

o 

"u"']
= 

i,.(u) 6 ir(ugu) 6 7r1uhu1 d irlsrul 6 ir1u,u)
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)- iA(u) 6 iB(u) d ic(u)

r (;r n is n ic)(u)

(llr) + (ll) ls stralghtforward

(r.) - (r) Lct i^,ir,i, b, 
^"y 

i^)i,-.r,, i,il,-,". und ia'i,-,, B) Lemma

3l 16;,r;;-R, ,r un irii-., Thcn by hypothesrs. we haue i,4 nis nic q

i^6iuilc Also by Lemma 3 I 13. we havc

i^6i,6ic e i16 \ d i6.Hcncc ia6,i,'Oic = iti' i,6 i,

Thus S is k-tcmary rcgular

(l) <+ (lr) e (u) arc strarghtforward

3.2. lX,Y) Soft Intersectional k- Ternary Ideals

Here wc drscuss [X,Y] soft rntcrcechonal tcmary k-subsemrrrng, [X.Y] soft

mtcrscctronal temary k-ldcals md rnvcstrgatc somc relatcd rcsults

In our next drscussron we $c b g x c Y E Z

3.2.1. Dcfinition

i^ e CS(Z) rs known as lX,Yf Soft Lntersecttonol ternqry k - subsemLrlng o[ S

rf

0) 2A(u+o)ux -- iA(u) 6 ia(o) d Y vu,! E s

(D iA(uvw) v x )

i^(u) d i^@) 6 i^(w) iY vu,v,w e s

Ori)lfr+g:h - ia(u) u x ) iab) 6 iA(h) AY
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[x, f] Soft rnterscctronal tcmary k-subscmrnng rs rcprescntcd by irlX]l;

3.2.2. Ex.mplc

Lct S = {o,;,rl wrth dcfincd -+" and " " as follows

o a

o o o o

o o

Definc a sofl sct i; of S over Z = Ze = [0, 1, 2, 3,4,5J such that ,i,.(0) : U, 2,3,4].

iAG) = 10,1,2,3j and i^1j1 = {r,2,3) tf x -- [0, 1, 2J and v = {0, 1,2,3). thcn

one can easrty chcck thu, i, * ,n i,,ll]lr' but rt rs not i,1fl-rr. sr nc, i^101 I i^1u1

3.2.3. Dcfinition

i^ e CS1Z1 rs known as [X,I] Soft rntersectronal tcmary k- lcft rdcal ( ternary k-nght

rdcal. tcmary k- latcral rdeal) rf

(1) iA(u+u)ux r i,r(u) n ia(1r) d Y vu,r€s

(ll)Ifu+s =h - lA(u) u X -- iA@) i iA(h) 6 Y

+ o

o o

o

o

o

o o o o

o o o

o o
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(''D i,{(uvw) u X ) i^(w) 6Y { iA(uow) v x ) i^(u)iY. i^(u:lw) tt

x r jr(r) n y) and wrll bc dcnotcd b1 i^','*") ,;^,'r!'1,, i^',i"r'),t.

A soft sct i, 6 CS(z) rs called [X,I] Soft rntersecrronul r..nary t -,acat tirllll'' t ,f rt

: I,(.vf'. tx.vf' .r [x,vl''
tS Att*-t, ,l,tr*,t, an0 A1.r-ro,

3.2.4. Dcfinition

Lct i^,i, e CS (Z) Then

i^e iu.t (i1(u) h r)u x e (il(1t)n,Y)Ux, vu € s

3.2.5, Dcfitrrtron

LetiA,is E CS(Z) Then i; =irei^e i"andise i^

obvrousty. iA@)u x ) iA(u)d Y and (ia@) i v) u x r ('l,t(u) n D u

X Vu€ S,

3.2.6. Thcorcm

Let iA e cs(z) Thcn ,i,1 rsen i,,lill, rff i,a satrsfics

0) lftt+g=1 +i, 1u;u x =Lk) 6;r(n) n Y

(u) i^g i^e i^

(rr) i^6i^61^ e i^

Proof:
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Suppose.i" e cs(z)be an i^t:::'s Letu € s rhcn

(i.O i^)(u)nv)ux

t..
)

[ 
(0t''''' o"'n'r ai,.tr';) n

!t't,s,ht.=ti=1e,ht,l,;'1,rtr,, 
o u,o,)n ir(ki )) 

^ 
y

= l l {(i,(p1) n ir(p,) n ,i/ (q) d i^tq)l i Yl u x
\Ju+(pr+qrl=(,2+qr)

=ll [(ir@,) ni,{(q,)n v) i (it@)i' it@)i, r)) n v} ux
vu+(pr +q1)=(p2+q2)

.ll {11i,1p, r q,;ux) 6 (iAiu2+q)ux),'Ylux
v u+(Dt+01)=\pt+q,J

= I I [((i,4fur + q1)) n (i,t @2 + q) iY ) iY] u x
\Ju+rr,+q,)=(p,+c2)

=l I (i,(u)nv)ux
V(u+(pr+qr)=Uo,+qr)

= (ir(u) n y) u x

It follows that;r O i,{ I ir

Now

((i^6i,oi,)r,l nv) ,x

=U
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=u !+r:2,s,n,k fLi=$,h,k,{tn',.*'o'u'" 
o t hr'n'n' u'' o'}

UX

Converscly

=ll [(i"tg,)fii,(,a,)fii,(h,)ni^(h,))6v] ux
\,.u+Lo, +h,l=(,2+hz)

f (( i.(o) n i^(u) n l^(u)) n v) u x

= (((ii(o) ux) n (i.(u) h D 6 (i,(u) 6 )')) n v) ux

g 
[J,*:=,,,n,*,=:l=,,,,,-,{tj 1'"' o'} "

s (i, (r.,) nDux

6,a(! + v)iY) u X

)-(ia(u+v)iY)ux

= ((i,r 0 i^)(u + r,) dv) v x

: (i, (u) n ir(u) 6 v) u x
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Hcncei,.(u+")ux r i,r(u) n irlu; d rlotas

iA(ul;w)u x I i^1u1 n i^(v) 6 i^(w) 6 Y rs analogous Th,, 'i^ " irll']l:

3.2.7, Thcorcm

Let iA e cs(z) n.n i,1 rs un i,,llll" 1i^!il],, i,lil)'",r ,mi *u'n*

0) irO irs i,
(l') tf lt+g=h + i,,1u; u x ) ia@) n ir(h) nv

(rrr) cO ir6i^ l:i^ (i^6 i^6c e i,,,i^6c6c s ir)

Proof Omrttcd (same as above Thcorem 3 2 6 )

3.2.8. Thcorcm

L..xb + A e S ThenArs K!-ss (Kr-r-,.K1-ro,, Kt-p,,K6 q,'Kj-8,)

.r s ,- c^ * i^fillj 6^,vr:):,' . i^fr'!:;,.11ii.f,'i^ti!;,'il:r:l,t 'r 
s

Proof: Strarghtforwad

3,2.9. Etrmpl.

Let S = (o,7,6, i , i] be a Ts, wrth the followrng dcfincd addttron and mulhPlrcatron

&

+ o 1 e o

o o 1 e i t
1 1 i 1 1

e e 1 e 6

1

s s 1 e i o

1 e i i
o o o o o

1 o 1 e lt

o e e s

o i 1 I

i o g s s o
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Then, /4 = (o, !i) rs a Kr-, of-t One can casrly sholl lhat C,4 ls an C,( ll]]''

3.2.10. Lcmma

Ld iA e cs(z) rn"n i^ ,, un irll]]" rf and only rfcach noncmptv subsct

U(\,a) = [u € s ll^(u) r a n Y]

rs Kr-1 of S for cach a g U under lhc condltlon a 2 X

^ ^ Ix Ylrl
Proof Lcti.€cs(Z) bc an i,,lill 

.sr.,ct 
that ir(u) f x foreverl t€Sand

u,v e u(i^, a) Then

i^(u + v') = ia(u+v)ux

f i,t(u) n i,{(u) n r

2 qiY,

whrch rmphcsu + u e U(i1,a),

Ncxt, wc let u € S and !,w E Il (ia; d) Thcr

it(uvw) = )^7aur1 u Y

f ir (r) n v

2 daY

+ vuw e U (L, q) Srmrlarly, wc get wu1, E U (iA, a) lor v e S and u E U (1a' d)

Now, lctu€sandg,he U( ir, a) such that u + g = h Then

i^1q = j^1u'1 u )(
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2 iAk) i ia(h) i Y

) qiY

1u E U(AA,a) Thcrcforc. U(i,4,a) rs an Kj-1 of S

Con!crsely

Lct cech noncmpty subset U(i,a, a) bc an Kr-/ of S Thcn, for u,v €.S thcrc

arc

qt,dze lJ such that qr2X,o22X wrlh ir(u) = qiand)^O) =42 Thus.

i^(u)2q2q.dY^Dd

i^1v1 =a=adY for a=ot.toz)X Hcncc u,v€ U(i,.4) Ncxl ir+u€

I) (i1, a) for u, v e lJ ( i1, a) ,

srnce, U(i1, a) rs an Kr-, ofS Thcn

i^1,r+ o1= i^1u+v)vX

I anY

= a1., a2dY

= ia(u) i iA@)i Y

Thc veuficatron rs complctc

Also. we havc uu € U(i,(, a) for u € S and v e U(i^,d) Then

i^7uvw\ u x = i^(uvw)

) a6Y
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= ar6 (t2iY

= ia(t) d iA(4 i 1A@) i Y

2iA(u)^,adY

I i,. (u) n v

Srmrlarly, wc cct iA@uw) u x 2 1a(") n y and ia(wv1l)u x f ,i^(w) ny Thc

venficatron ls complctc

Now\lclctirk) = a1. iA(h) = o2ondu+ g =l rhcn ie(g) zaria2and

iA(h))c16az obvrously so g,heU(i,ari'a) Srncc U(i,a, a1 6ar) rs Kr-11.

thrn

u e IJ(i^,ayi' a) Thus

i^1u1u x - i^1u1

2 qte, d2iY

= iA@) i la(h) i Y

u"n". i, ,. - i,rjl]]''

J.2.1l. Lcmme

Ld la E cs(z) n." i.. * 
"" 

i"lll, r i,$l]"1 ,r"na onry ,i

U(i;a) = {x e AliA(u) I a a v} rs Kr-ss (Kt /) ofS

Proof- Srmllarto prevrous Lcmma 3 2 l0
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3.2.12. Dcfin.tion

Lct i1, is, i: € cs(Z) Thcn

(v)

(vr)

(vu)

(vm) i^Oi,Oi, = ( iroiBOi6) n Y) u x

J.2.13. Lcmm.

Lct i1,,is,is e cs(z) arc i^Ij!1,

i^6i,6ic e i^i iB-. ic

Proof:

Lct u€S If

i^6i,6i, e iAd i, i ic

otherwrse (i,{OisOic)(u)

iAiiD =((iani,)dY)u x

i^ui,=1qi^u;s)nDux

iA e) iB:((iA @ 1,)e'v)ux

. i,|1I,, i,I!r!)i,' -'pcct,vcIy rhcn

(i,6i,6iJ(") = 4 or (i,@i,6i.)1u) = x Thcn

= U,*:8, p,q,,,=rl=, p,q,.,

^,]".

,)o

r)))

lj)

(,i

,(

Y

(,

n

i, i,

t.

.,)

',)

Qt

(l

,)

tc

i(.

(li,',*,0',,0,

(n,,,,,r,,0'',

^Dn(1,(q,)nD6(

6 v) 6 (2s(q,) 6 Y) a

n

(n)[/(0,,4,,.,
- lJ*:;:,r,o,n=rr rrrl[(g,0,,,,, lcq
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)^,)

((fl tt;'r',n,''1"';l'iJ';l 
"' "' ^) 

^)

[, [ 
{tt {,,n,',) " 4 ) ; rt,;;t;,,w 

s "'t ^ )'

)"

')o

([,,,.,)^'([,,,,',)^,. (i,,,,',)^1 
]

(1.r',; ^'11,,,,.,) ^,.(i,,,,n) J 

^'i

/A ttl,(p,q,',) a vr a 1i,(p,q,r,) 6 rl
\!=] 9,s,q,r,16'v'1

.l IV u+Lltp,q,r,=ri=fif It

uX

G 
Uu+rii.p,q,',=xl=,p,c,'/

,1 ((r, 
(r,e,',) a ,)) a (;" (r,r,.,) n

1=l ]c(pfiIt) ?iY)

UX

i^

1^

UX

e 1i,, fi i, 6 i.)(u)

Thus, ,i,a @ie 626 e i^ i' i, i' i,

= U,.r=,",r,' =rr,r,r, 
{(
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