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Preface

Many problems involving multiphase flow and heat transfer and multi-component mass transfer 

arises in a number of scientific and engineering disciplines and is important in the petroleum extraction 

and transport. Examples include the reservoir roc^ of an oil field always contains several immiscible 

fluids in its pores. Zaturaska et.al [١] discussed the ^ow of viscous fluid driven along a channel b^ 

suction at porous walls. King and Cox'[2] performed an asymptotic analysis of the steady-state and time- 

dependent laminar ؛lows in a porous channel, ^ome theoretical and experimental worl  ̂ on stratified 

laminar flow of two immiscible fluids in a horizontal pipe as discussed by authors [3]-[6]. Chamkha [7] 

studied analytical solutions for ^ow of immiscible fluids in pores and non-porous pهrك lel plates. Later 

on, Malashetty et al. [8]-[10] analyzed the MHD two-fluid convective flow and heat transfer in composite 

porous medium. Recently, Umavathi [11] presented an oscillatory flow of unsteady convective ^uid in an 

in^nite vertical stratum. Very recently, Umavathi et al. [12] discussed the problem of unsteady oscillatory 

flow and heat transfer in a horizontal composite porous medium channel.

Motivated by these facts our aim in this dissertation is to study the MHD oscillatory flow in a 

composite porous medium channel. In chapter 1 basic definitions and ^ow equations are given. Chapter 2 

contains the detail review of the work done by Umavathi et al. [12]. Chapter 3 is carried out an extension 

of the work by [12] by incorporating a constant magnetic field. The governing ^ow equations are solved 

analytically using the ^  elocity and؛̂ rturbation method. The elfect of various parameters on the؛

temperature profiles are analyzed through graphs and discussed.
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Chapter 1

Preliminaries
This chapter deals with some basic definitions and flow eسو tiه ns. The basic idea of 

perturbation method is also included.

1.1 Basic Definitions

1.1.1 Fluitl

?l^ids are the substances that can flow from one point to another. Liquids and gases are 

classified as fluids because they can flow, ^n  important property of fluids is that they possess 

only bull، modulus and no young’s Modulus and modulus of rigidity, fluids play a ^ery important 

role in many fields of our daily life. .

1.1.2 Fluid Flow

^o^in^ fluids have §reat importance. In order to find the behavior of fluids in motion, we 

consider their flow through the pipes. When a fluid is in motion, its flow can takes flow in 

two ways; either steady (laminar) or unsteady (turbulent)

1.1.3 Density

The ratio of mass to the volume is ،^lled density of a fluid. The density م  of a small element of 

any material is the mass حm of the element divided by its volume حvر according to density there 

are two main types of fluids; compressible and !^-compressible fluids.

p ~ A m l A v ا.ل)  ر



1.1.4 Pressure

The pressure/7 on a pJanar surface is defined as the compressive normaJ force applied by the fluid 

to the surface, divided by the area of that surface, A. Mathematically, it is given by

P==FN/A (1.2)

1.1.5 Internal £ n e r ^  Enthalpy, an^ Specific Heats of a Perfect Ruid

In the model known as a calorically perfect fluid, which we use throughout this text, the specific 

heats are assumed to be constants. In this model the internal energy change and the

enthalpy change, لآم - A؛, are related to temperature change T j—T^hy the equations

آ-أ أ،ة-امء=سم(ة )
h ,-h ,= c p { T ,-T ,)  (1.3)

The ratio of specific heats occurs so often in gas flow problems that it is given a special symbol

/ = ق (ل-4)

Since the specific heats are constants for a calorically perfect fluid, the ratio of specific heats is 

also a constant.

1.1.6 Viscosity

When one layer of flowing fluid moves relative to another layer, an opposing force comes . 

into play. This internal fiction between two layers ofa fluid in relative motion is known as fluid 

f ٨■ء ti ه٨  or viscosity. In other words, the pro^؛r^  of fluids due to which they oppose relative 

motion between their d i^ .rent layers is called viscosity؛

M = (1-5)

1.1.7 Coefficient of Viscosity

Coefficient of Viscosi^ ofa liquid is defined as the tangential force per unit area required to 

maintain a unit relative velocity between its two layers, its unit distance apart. Its unit in SI is

kgm



1.2 Types of Flow
A fluid can be classified into different types which are described below

1.2.1 Ideal Fluids

An incompressible fl^id having no viscosity is called an ideal fluid.

1.2.2 Laminar Flow

The flow î  said to be laminar, if every' particle that passes a particular point, moves along exactly 

the same path, as followed by particles which passed that points earlier.

1.2.3 Steady Flow

A flow in which the fluid properties does not de^€!^d on time ifp is any fluid property then
d p /d t  = 0  (1.6)

1.2.4 Unsteady Flow

A flow which is not steady is called unsteady flow. i.e.

d p /d t ^ O ر?م1) 

1.2.5 In-Compressib!e Fluids

In ^ a t  many ca^s of the flow of liquids (and also of ^̂؟ es) their density may be supposed 

invariable, i.e. constant throughout the volume of the fluid and throughout its motion. In other 

words, there is no noticeable compression or expansion of the fluid in such cases. We then speak 

of in-compressible flow.

Compressible Fluids خ.1.2

If the density is variable, i,e. not constant throughout the volume of the fluid and throughout its 

motion, then the flow is called as compressible flow.

1.2.? Newtonian Fluids

Even among substances commonly accepted as fluids, there is a wide variation in behavior under 

stress. Fluids obeying Newton’s law of viscosi^ and for which م  has a constant value are called



Newtonian Fluids. Most common fluids fall into this category, for which shear stress is linearly 

related to velocity gradient.

1.2.8 ^©!١- Newtonian Fluids

Fluids in which the shear stress is not linearly proportional to the deformation rate of the fluid are 

called non-Newtonian Fluids, i.e, they do not possess Ne^^^on’s law of viscosity

1.2.9 Divergenceofa Vector

The divergence ofa vector is denoted by V. V and denned as

ه)«•؛(
dx^dX: dx,

(1-9)

1.2 م10 1أأ  Rivillin Erickson Tensor

Strain rate tensor or أل‘ Rivillin £ri^^on tensor is denoted by ٨  and defined

A= (gradv) + (gradv)^ 
f.du dv

and (gradv)^ =
dx
ه  dv 
dx dy

U'here, (grad ٧) =

1.3 Governing Equations

The equations used to study the flow are know-n as governing equations. The following are the 

some basic equations used in this phenomenon

1.3.1 Equation of Continuity

before defining the equation of continuity we define the law of conservation of mass, this law 
states that the mass of a control volume remains constant. The partial differential equation 

representing conservation of mass is called the continuity equation.

Its m athe^ical form is given by



+ V.pV=0
d t

For incompressible fluids 0لإ- therefore, the above equation takes the form ء

(l.IO)

(1-H)

v.v=o

d u ^ d v ^ d w _ ^  
dx dz

.e.

1.3.2 Navier-Stokes Equations

The Navier-Stokes Equations represents the law of^onse^tion of momentum i.e. 

P o ^ ( V ) = ، / /v r  + p /

= -P I م ٨ +  , /  i$ called^ e r e  T is called Cauchy stress tensor defined as 7" =

body force per unit ma£s and t is time, م  is the ^yd^ostati^ pressure, ٨ is strain rate tensor or أل 
Rivillin Erickson tensor defined as

A= (grad V) + (grad v) ٢

1.3.3 Energy Equation

The gener^ fo!^n of energy equation is

)ؤ + ^gradT ،ا ،=ل؛مآ (ء آ ء،ر 'ه ' مم + - ع(ءء ه Cl ء

.d u  .d u  .d v  , d v

f du
or,م

ج جغ
dt dyم0ءء



(1.12)

du ^ d v  
dy dxمحمح,; +

du ^ d v  
dy ex

du ^ d v  2 
dy dx 'i ‘

du

م duر
dyم تق=ب،ج+ب + ج^

dt dyPo^p

Where

Where

Cp is the specific beat at constant pressure, s  is porous medium permeability, م  is d^amic 

viscosity, وم is the fluid density and T is temperature. Where,  lfor porous medium and = كم

= 0 for clear medium

1.4 Perturbation Method
Exact solutions are rare in many branches of science like physics, motion, solid and fluid mechanics 

because of non-linear، inhomogeneous and general boundary conditions. That is why mathematicians and 

physicists use approximate solutions. These approximate solutions may be purely numerical, purely 

analytical or combination of t^'o.

In this method we assume a series solution of the form

م(تك ر ب أ + بمك (م) + مأأك2 (م (ما م كءم(ي) = ل

Where, ولا٠  Wj, ... are known Unction of y .  Equation (1.13) is called asymptotic expansion or 

perturbation of the solution in terms of the parameter ء and assume that the parameter £ is ^e^  small but
not £ero.



In many problems involving a perturbation parameter £ ر an expansion of the form 

u [ y ,s )  = Uq (م ) + £Wj ( تك (م رم + ئ/ء ) + mâ  ̂not be uniformly vهlلأ over the entire interval of

interest. Problems leading to non-uniform expansions are known to be singular perturbation or boundary 

layer problems. These are problems that have multiple length or time scales.



Chapter 2

Unsteady Oscillatory Flow and Heat Transfer in a 
Composite Porous Medium Channel

This chapter investigates the unsteady oscillatory flow and heat transfer analysis in a horizontal 

composite porous medium channel. The flow equations are modeled using the Decay^Brinkman equation. 

The viscous and Darcian dissipation terms are also included in the energy equation. The partial 

differential equa{ions are solved analytically using two-Term h a ^ o ^ c  and non-harmonic functions in 

both regions of the channel. Effect of the physical parameters on the velocity and te m p e ra s  fields are 

shown graphically. In fact, this chapter is a detail review ofthe work done hy j. c. Uliiavathi et al. [12].

2.1 Mathematical Formulation

Consider unsteady, fully developed, laminar flow of an incompressible viscous fluid through an 

infinitely long composite channel, as shown in Fig.2.1. The region -h < y  < 0 (region-!) is filled with a 

porous matrix and the region 0 < y < h  (region-II) is occupied by a clear viscous fluid. The two walls of 

the channel are held at constant different temperature ٢٣١ and ٢١٧̂ ٠  W'ith tempera^re ٢٣̂ < ٢٣  ̂ and the 

infinite plates are placed horizontally. It should be noted here that since the plates of the chapel are 

assumed to be infinite. All of the physical dependent variables except pressure will only depend on “م ” 

and “٧٠٠ Al! the thermo-physical properties ofthe porous medium are assumed to be constant. In region I, 

both the fluid and the porous matrix are assumed to be in local thecal equilibrium.



Tw,K

-«ممءء11

■ pozoui . . •

Tw.

^[ ج. ^٠١ ; Flow geometry of the problem.

dPThe flow in both regions of the channel is assumed to be driven by a constant ^res$^e gradient — ؤؤ

and temperature ^•adient AT= 7'إمإ -  .Under these assumptions, the governing equation ©Emotion and 

energy are given as:

(2.1)

(2.2)

(2.3)

ق=0 ف + ق ق
■ dx dy

ه  ^ ( y )  - d ‘v T + p /

م ب ̂( $ءل،ل7+)ج ■،v.gradT)=div +ءمم م ) ه

Where /-1,2 gives thejequations for regions 1 and n, respectively, (w,v) are the velocity component in 
thejrand^ directions, T is temperature. The velocity ^eld for the present problem is

ء)) م )لأ(ا+م م,ء. ^مب = )

Rivillin Erickson tensor defined as *1؛ is the hydrostatic pressure, A is strain rate tensor or م 

(2.4) (̂ ■(grad V) + (gradV



and (grad V) آ =

ت

du dv
dx
dv dv
dx dy

Where، (grad V) -

and (gradv)^^ =

“ ة

(gradv) =

0du
dy

A =

equation (2.3) have ؛٨ Using

du

0

0

du
dy

+ ثمم
ا 0

0 1
ء م-

(2-5)

(2.6)

for clear fluid regi©  ̂

for clear fluid region 

£or clear fluid region

dP u  
dx ^ s '

du,

ئ = م-

Now equation (2.2) and (2.3) become

( du ..
+  V:

dt ' dy

dU:

ss £0 اا0ا̂ة

ثم = م

ق ئ + قلإ ة
dt ' dyم ء ؟

The other coefficients appearing in equation (2.5) and (2ةم) 

x ~ \  for porous matrix region

مءثمم ٢٠٢ =  porous matrix region 

for porous matrix region

ص



Cp is specific heat at constant pressure ,ء is porous medium permeability, ثمم dynamic viscosity and 
is the fluid density وم

The appropriate boundary conditions are

)يمءثمم=ؤثمم ,0) = (تمأ0, )0 ,مأ( ء-(بم) = 0, أ/(ئمأ- (2.7)

(2.8) 

(2-9) 

(2.10)

(2للم)

(2.12)

(2.13)

(2-14)

(2-15)

at م = ه

at 0 = م  

7 ; ( - 7 = ( ه ; ,  T ,{h )= T ^, 0) أ )ن تأ(0= ),

•ء ٢٠

Vةتت=ء .V .
y=—y

٢٨

Introducing the non dimensional variables

•W,=WqW,* / ٧٨٧٧̂  

in equation (2,5) and (2.6) جnأsثأ

du.
dy

+ A^Ecق لإ=ء/ؤث + م ء بم

and boundary and inte^ace conditions are

ج = ه ل ه ا )ئواءء=م )م. «2(,ا) = 0, م(.„/ء) = ،ةر(,م. ا-(,اءء=  

و ) ئققء = ج ة) = 0, (,بم0) = (,بم0, ) , ا -(„ء1) = 1-بم.  at 0 = م

Where Sjj is the Kronecker delta defined by

= J
0 fo r  
fo ل r



And all the non-dimensional parameters appearing in (2.12) and (2.13) arc

C^AT
ع

a  =
0ءمحا>

p =A ,=  — = / =ه أح ل

ج ئ’ و ?٢
PqC.VPr =ء = ؤ

2.2 Solution of the Problem

The governing equations (2.12) and (2.13) subject to the boundary conditions (2.1ه ) and (2.15) 

are solved ٢٠٢ the velocity and temperature distribution in both regions using the perh^ation technique. 

For this we assume the solution of the fonn

ا) (2.ة

(2.17)

that the ،؛"(This is a valid assumption because of choice of V as defined in equation v= i?o(l+eAe 

amplitudesAD  1. ^y substituting equation (2.16) and (2.17) in equation (2.12) and (2.13), equating the 

one obtain the (,رء)قك harmonic a^d non-harmonic terms and neglecting the higher order terms of

following system of equations

Non-Periodic coefficients

(2.18)

م=م(2.19) ى)مب م ه-س و + ي

2م) ه(2. ء + مائ(ءءسمثم)ع+م
١٠du

dyم ى .ب ء ء



Periodic coefficients

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.29)

(2:30)

"ه - 'م- ه- لإ م -ي > م س م

م+2ي-ءض0,،س„ ب ء ء ؤ م + 2ؤ ب لإ م = ل و ق + ,بمممر + لإ

ه م ء ب م.م ءب م + 2ء ب م ب ح=ؤ م ب ق ق ,ل /بمره-
dy cfy dy (fy cfy

The solulion of equations (2.18) -  (2.25) using the boundary conditions can be written

CT
م- ب ء 'م م+ ب م,،ء=م

=آ+ء4ء''’ + حء ،2 م0

+2'■"^ +ء,محر'«" +ءمبم”م +ء,م”'ت' +ء,,ء"سأ +مءء . (2.28) ، ءه' , خ ماء =ء5 +ي

م ب م تي + م ب ج+ءءبم-لا + س ح-م م +م ب =ء م ب

م''"’ + م3ء'”س’ "ءب ' [ء,س5م;م+70ما5مين;م)ء+' ) +إ/

مsinسم)مبم'ء' + (مح0ءم'•■ +م) ب م ■،+ز/ء,ا مم3ممم + 7إ ثءب ن مي مب ( ء س + ي م م,ا س =م  ت/ء, (

(2.31)

بم ت+مم,مبمةممم)م +مء"س+مجتصم + مجمبم + بءءم £،^+٧ + يم س بم  ٩, مم(ء,م

(sin/Jy 2 + زأم cosJ^yبم) ٧£ + (sin F,y ,أ/ + cos/Jy ٠) م) + ^ ؛ + ''■*"ء(ءآم cos ؛؛/م + وآم sin م



ج^' + ه+م م ه+م 'م ^ ه+ م i,8مبمط)سءء + دم"'ءآحم+'محه'"ر+ت [ ( y q ,c o s F ,+ Y q+

ة جط ( ء+ج3 ل مةم ة) + م؟ك(ة2ما ةا مين ح ( + م؛ ه ء م ة م ه ةه + همم’مآ ل أ مآ ح مآ مآ"ء(ة28مآهمةمء + )
(2.32)

صكء(وامم \2& COS م ب آر7م + ة sin لآم7م) + بم4ء~مت +ةثآر'م +يء(هبم COS7 منم + آر sin+ (مبم 

يء('آر +  ̂cos متحم + وبم  sin مآحم(تآث;ء005^ة,م + 7ءبم([ محملء+  sin + ءه+ءتئ-م- م + مء )مئ

ة + ه مآئة4م) + تء9ت (2*وق ء م ة م )ممءء(مآ ه4م + ه7 مأئة4>ا+ ء م ة م(م )

It should be noted that ̂ال the constants appearing in the above solutions are defined at the end in the 

Appendix-I.



2,3 Results and Discussion
The problem of unsteady flow and heat transfer in a composite porous medium channel is 

investigated analytically. The closed form solutions are reported for small parameter £ such that 

oscillation amplitude ٤̂ ^  1. The solution of the periodic and non periodic coefficients of is 
evaluated for the various parametric conditions. The results are depicted graphically in Figs. 2.2 to 2.8

Figs. 2.2 and Fig. 2.3 display the effect of the porous medium parameter a on the velocity and 

temperature profiles, respectively, ^s the porous medium parameter a increases, the velocity and 

temperature decreases in both regions of the channel. This is expected since the porous matrix represents 

٨٨ ٧̂٨^٥١̂ >٨ ٨٨١ ^ ^n،l ^heref^re, reduce.؟ it■؟ velocity and temperature.

Fig. 2.4 depicts the effect of Prandtl number on the temperature profiles. The Prandtl number is 

the ratio of momentum di^sion to heat diffusion. It is measure of the relative importance of viscosity 

and heat conduction in a flow field. Thus, as the Prandtl number increases, the viscous force dominate 

over heat conduction and hence, the temperature decreases. This is obvious from Fig. 2.4.

Fig. 2كم represents the effect ofEckert number on the temperature profiles. Physically, the Eckert 

number represents the. effect of the viscous and porous medium dissipations. As -the Eckert number 

increases, the temperature field in the channel decreases. The magnitude of the reduction in the 

temperature field in region-!! is larger compared to that in region-L.

The effect of the viscosity ratio m on the velocity and temperature profiles is shown in Figs. 2.6 

and ^.?٠ respectively. As the viscosity ratio increases, both the velocity and temperature profiles are 

decreased. This is due to the fact that as the fluid viscosity increases, the fluid in both regions of the 

channel becomes thicker and hence the flow velocity is reduced causing the temperature distribution to 
reduce as well.

Fig. 2.8 displays the influence of the th eca l conductivity ratio k on the temperature profiles, 

increase in the thermal conductivity ratio has the tendency to cool down the thermal state in the channel. 
This is depicted in the reduction in the fluid temperature as ء increases as shown in Fig. 2,8.
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Fig. 2.8: Temperature profile for different values of the r^ .of conductivities k ؛0



2.4 Conclusions

The problem of unsteady flow of a viscous fluid through a horizontal composite channel whose 

half width is filled with a uniform layer of porous media in the present of time dependent oscillatory 

wall transpiration velocity was investigated analytically. Both the ^uid and the porous matrix were 

assumed to have constant physical properties. Separate closed form solution for each region of the 

channel were obtained taking into consideration suitable interface matching conditions. The closed form 

results were numerically evaluated and represented graphically for various values of the porous medium 

parameter, viscosity and thermal conductivity ratios, Prandtl and Eckert numbers.

It was predicted that both the velocity and temperature profiles decreased as either of the porous 

medium parameter or the viscosity ratio was increased. Furthermore, it was concluded that the 

temperature field decreased as either of the Prandtl number, £c^ert number or the thermal conductivity 

ratio increased.

It can be concluded that the flow and heat transfer aspects in a horizontal composite channel with 

permeable walls can be controlled by considering different combinations of fluids and porous media 

having different viscosities and conductivities.



Chapters

MHD Oscillatory Flow in a Composite Porous 
Medium Channel

This chapter presents the unsteady MHD oscillatory flow ofa viscous fluid in a composite porous إ
medium channel. The resultant partial differential equations governing the flow and heat transfer are إ 
solved analytically using the same technique as in chapter 2. The influence of the physical parameters on

the velocity and temperature profiles are shown graphically and discussed in detail. In fact, this chapter is إ
an extension of the work done by j. c. Umavathi et al. [12]. إ

3.1 Mathematical Formulation

in s id e r  unsteady، fiilly developed, laminar flow of an incompressible viscous fluid through an 

infinitely long composite channel, as shown in Fig. 3،1. The region -h < y  < 0 (region-1) is filled with a 

porous material and the region ٠ < م < ٨  (region-II) is occupied by a clear viscous fluid. Both the walls of 

the channel are held at constant different temperature ، ، and , with temperature ز ر < ،ء  and the 

infinite plates are placed horizontally. Here, It should be noted that since the plates of the channel are 

assumed to be infinite. All of the physical dependent variables except pressure will depend only on “ م’أ  
and All the thermo-physical properties of the porous medium are assumed to be constant. In region-!, 

both the fluid and the porous matrix are assumed to be in local thermal equilibrium
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F ig.3J: Flow geometry of the problem.

dP
The flow in both regions of the channel is assumed to be driven by a constant pressure ^■adie^t — ع  

and temperature gradient AT= -  ٣٣̂  -Under these assumptions, the governing equation of motion and 

energy are given as:

(3-1)

(3-2)

(3.3)

0= ق +ف ه
dy ءج

ء•, ه ءأ لآآ’آ-ا حذ م م(ا >ا ج

= (V.gradT;, ؤ d iv (^  gradT)+،r +ه ءء ) ه

Where /=]2م gives the equations for regions I and II, respectively, (w,v) are the velocity component in 

theX and^ directions, T is temperature. The velocity field for the present problem is

سطء ( م(ا + ) ^م)؛,و = )، /)

is the hydrostatic pressure, ،r is the electric conductivity , Bq is the total magnetic field, A  is strain م

villin Erickson tensor defined as^ 1رأ rate tensor or



(3.5)

(3.6)

(gradV)’̂ =

and (gradv)^^ =

Where, (grad V) =

A =

Using in equation (3.3) the above values we have.

0 1 
P- =0 ل

du

Now equation (3.2) and (3.3) takes the form

ص م'"ح م-ء-ب =ؤ
ز/أمح ب نسمج

dt ‘ dyPo

fd Z و١  أ م لأ
م0ءمء1ءة 'رمة

The other coefficients appearing in equation (3.5) a^d (3ةم) are as follows 

جم = ل  for porous ^natri^ region = ه  for clear fluid region



for porous matrix region X n~M  for clear fluid region

region ثوءاء ل،للااءfor porous matrix region for م = مءك 

is dynamic viscosity and ثمم ,Cp is specific heat at constant pressure , s  is porous mediuiu permeability

pQ is the fluid density

(3.7)

(3.8)

(3.9)

(3.10)

ا) (3.ا

(3.12)

The appropriate boundary conditions are

u ,{-h )  = 0 ,  0) ,»  , 0= ( تءء(ء )=M م ص لإ = ا ا ؛0,) لإ )

y - Q

؛0.) )7( =0;)t

at
dy dy ثمم

٣ ؛ه ٠ -

م = ئ Vق .

Introducing the non dimensional variables 

^sing in equation (3.5) and (3.6) one can obtain

V ,م = —م
٧٠

(3.13)

(3.14)

+ ئ(ءممتص/
du:

A^Ecق.بم ق;ق أ ، ء
8t

and bpundajy and interface conditions

ه = 0 أ ء م ء ج = )ج ,بم1) = 0, (،,«0) = („«0, „،ا) = ,م ( ) -



م ل ؛ )بم(،م•) اء م = م ر )0.اء(،م= ,بم(،ا= )ل-اك. ل-(،بم=

delta defined by ؛^€^©^٢€ is the ؟،ز Where

ء?ء /■-/ ا-.
and (2.13) are ^(ا)^. the non-dimensional parameters appearing in ال^ And

"أ - = - ج• ■٠• ي ت . ، “’ي■ ي

Where, Ec is Eckert n, ?٢ is Prandtl number and M is the magnetic parameter. إ t^her

Solution of the Problem 3.2 إ

 The governing equations (3.12) and (3.13) subject to the boundary conditions (3,14) and (3.15) are solved إ

for the velocity and temperature distribution in both regions using the perturbation technique, this we أ

assume the solution of the إ

) (3.16) إ + )'م(ءء- )ءء'“بم,0+ =)،.م>(’+ « م, (ب م

م) + ■■• (3.17) ) ,م) + ءء )محء“بم( ه+ .ىبم = م( ، (

that the (مم1+اهأءةمح ) ==This is a valid assumption because of choice of V as defined in equation v 

and (3.1?) in equation (3.12) and (3.13), equating the (3،1ة) amplitude،?^ «  1. By substituting equation 

one obtain the (/م )  harmonic and non>harmonic terms and neglecting the higher l)rder terms of أء

following system ؛©equations أ



Non-Periodic coefficients

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3:23)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

م=0 ذ+ هل«(ممءةص)ة-ب
dy

todu,

du■20

cfy dy 

du.„ du..

dy

da

0 م الأمح  
d ا /

dUiQ
dy

A 20 ض همأ
أ

dû o
dy

 ه،لأمحم
¥ ’

+ ءءبم

^dy ة
_مبممح

A ض "١  ?

dy^
„م ,

dy

A 21مأءمح غ ,,
¥ dy

م .ء ، .

^dy ء
،ااءا ■

dy

1 ^ ٩١
Pr dy^ dy

Periodic coefficients

^ v d y  dy dy dy dy

The solution of equations (3.18) -  (3.25) using the boundary conditions can be ^ t te n  as

م
a ^ M

_p
M'" " م"'س+ء’م-' مأ20=ءب

ه ء ج ه+م ء ^س م+همإبم+ م+بم,م ب ه أ+ي+م م = ؟ + بم جء م

بم+مبم'>" بم+سم هإ+ءحمبم+سم = ه



(3.30)

(3.31)

« م005حم;م + مأمم م ا'"م + ء3ء-"'م+سءء(و , = ء م  sin حم;م )
+/[(rC„cos/’^  + rqoSin/'y)^^+F2e'^-’’ + /3e'”̂ ‘

ط،م) :008مءحم + ا:مح2 5م 1ا2ا -ممم'ءلآ' + س"'مء+م(مم„

+i\_{YC,,cosF^y^YC,^smF,y)e^^^^F^e'^^+F,e'”* \̂

م”*س + آ م^'م+م آ )م ط;م+ س + مبم8م م '6ء>ر؛/(3مب ؟8سةمائ)ءء،م+ م3ء05مهم+;>مح, ,ب =  6ا(

ط;م) م;م+م23 8م ئ س م(م )س م,5مائ;م+ 'م(مبم005م;م+ب ر""ر+ "ةمآ ر"ا+ آ^'م’+ةمآ +م /

'^ و+ )و5م+م +ا([7؟3 005مءءحم+7بمبم5حمض;مم)ح+سءء(جcos 3/مآ+هو8حمط;م+

AK

(3.32)

ة+) ء ء ط ء ءه+مأ ء ءه ء 'مآ )ء’م{ 'ه.ء؛ءلا>:’+ ه؛م+ م ء م ة 'م ' ' 'ء( 'ة,م"؛ء+' ' ة”+ م ' ^ + مج ء

ا

(3,33)

مم(=,بم:ا؛س5سرم+مم،;3سأمط)م'د’+ءصم'«" + بم+'«"مإم،ء”’م
)ر[ - س+ م8حمط’ ب آ+ي م,ء0ة/م )ء'"حم(ب م+ ، s م in ء'"س(ءإم س5ءم'> + م3ه+

ه"’ء+ ^ء 'ءمج+ y أ+سئم'أك،5بمط,م)وء'ء+ج،م"م+ q , cos)

'ء’ء'تت] +ء”ا'س(وإإع cos م،م + ة5م8مبمط) + ء”س'(ج؛،,08مآئ + ه5ط/مآ) +ء'

.AJ1 the constants appearing in the above solutions, are presented at the end in the Appendix-II



3.3 Discussion and Graphical Results
The purpose of this section i$ to report the effect of various parameters involved in the flow إ

analysis on the temperature and velocity profiles. Fig. 3.2-3.8 illustrate the effects. Special emphasis is إ
§iven to the effect of ma^etic parameter M on the velocity and temperatm-e profiles. Fig. 3.2 and Fig. 3.3 إ
show the effect of the ?orous medium parameter ه  on the velocity and temperature profile, respectively in إ
presence ofthe non-zero magnetic parameter M. A comparison of these figures with their counter parts in إ
chapter 2 i.e. (Fig. 2.2 and 2.3) shows that veloci^ in case of zero magnetic parameter M is greater than إ
the velocity for non-zero magnetic parameter M. However, for the temperature profile the situation is إ
opposite. Here, the introduction of magnetic field increases the temperatxire in both the regions. أ

Fig. 3.4 a^d 3.5 illustrate the variation of ?randtl and Eckert numbers on temperature profiles إ
respectively, in the presence of magnetic field. The Fig. 3.4 shows that in the presence of magnetic field إ
temperature profile increases when Prandtl number increases. The Fig 3.5 indicates that in presence of إ
magnetic parameter M temperature increases when Eckert number increases, while in absence of M i.e إ
comparison with Fig. 2.4 and Fig. 2.5 the situation was opposite. إ

Similarly magnetic field enhances the effect of ratio of viscosities m on the veloci^^ field as can إ
be seen from Fig. 3.6, أ

Fig. 3.7 and 3.8 shows the effect of magnetic parameter M on velocity and temperature profiles 

respectively. ٨  ̂ the value of ̂  increases the velocity decreases in both the regions and the increment in 

the value of magnetic parameter M increases the temperature profile.



Fig. 3.2; Velocity profile for th& different values of the porous medium parameter a.
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Fig. 3.4: Temperature profile for the different values of the Prandtl number ?٢.

٣١٤. 3.5: Temperature profile for the different values of the Eckert number Ec

30



مآ-إ

Fig. 3.6: Velocity ٢٢© ]̂  ̂for the different values of the ratio of viscosities m.
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م, م+هب م م-و م ء،م-جل
ه, ه+ه م ح م-ة هب = ه- م ج ه

م, م م ء+مب م م م-ب =ب - م م لا م مب
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و)أ وآم ء بم(وبم “ئ)ثأبمي(ه “ةا
< ©هبمب(مبم“ه*) قم1 بم(وبمء”اة)

م„ م م ء؟إ-ب ء؟ا +همم؟ة, م3ل =م  ٩٠ =م

م37 ~“بم3هم4 م35 ~■مبمبم4هم3بم
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Appendix-II

ص=بم“^“مه؛ءت تبم=بم + مح+قبمبم, ^بم=لآآأةءع-ل,  3ا=2ء2لآم-ءأ ع

م, ب م ب م آ ء-1, مم3=ةبمءبم-ت م م+ممح 8آ=2إ ب ة + ج ب ة م = م ب ء ص ا / ^ - ه م م ل م م ء

س̂ ٢٢٠ م؛ ~ةم ا ه-؛مءم ’ ~ءممح -ربم؛ م ٩٠ “أ ءرم أإبم

ء
"ه"2م بم7 = ~2= م-عمم بم6 - ح -حب مب بم5 =ة

ئ, ئ )ء.ع ء. ء-م .- - ') ء. ق . - ح ا-ه'”■> م ح م ء’ت '- ' 

؛ء. ؛ - .ض،ه-—ء- م. ك'ه-ب ؤ إ )—و . ؟ . - ؛ ؛ م.ء'؛ ه.ء - م  ب

م■ ي-لإ ت م-ه ت.ب س آ.ه-ع؛أ.ه-م ب م م-ب ؟ب م. ،ا.ب

ه. أ ه,م.د .ه-لإ . ت س ع

(a^ -M-̂و- ^AmyCĵ {mn _ ^ ل؛قيقأثث إ ء -ئ
ح’ ه-ص + م أ-ت ا -ا أ 2m ء ’ (مواسم/

٤ (A m^C i jm r t^ -a ^  --A^ ^  _Amfi^{n^~nt^~M) ^_Am^C^{ml-m^-M _ ى,
-لآ-ص + مح ٠ ء (ثءم-ا?ها-مسم + ■مح ٠ ما?/ م-م؛ث-ص + مح و ه (ب م-لآ أ م (ب

م/2) ^ 0(ب م5 ل + بم(ءهع/2) ي 1 + ئ

-م + رمح غ^ م 2 2تء ٠ آ (إ

^ (2 v ^ m ,A ^ 2 (4 ^ m ,^ -2 /y^ ^ ء ي ح م ؛ ه ه ي ت ح ي) م ئ ئ ) ئ ي م ^ ب

م-2ملأص+مح ب م م-ماأم + مأمم *٠ (ب أ (تء"أ2 -ملآم+مح ٠ ٠ (ء2ب
ي ئ ي ه ي ت ح م ي ح ئ) ء ^م ي م ?/ ة محنجء4(ب ^ (2^ ■£ - 2ا4?^2ا,:3(4^3?^2-

ي-مءاءء+مح م-2/لآأ)ة + مح 'أ (سبمحقء/مءأح + مح ’ أر (ث (4ء2ب

ت ق ي ئ ق غ ت ج ء ' -ت?ل ي ئ ؛ ع ج س خ ي ت ي ئ ة ي
ا+قمم ٠ (4بمتء-2«/مت + مح م-2«م ئ (4ء2ب
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م?/-رأ)أ+مح (ء2ب
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Pr+^cos(<?^/2) _ ص م ب
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م -2مجص + 0ا ئ (4ء2ب

م-ج) 2بممءممته(ء2ب

^١٠ —

ء20 ~
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ء،ت-ءأء،م+مح’ (م
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m^ ء EcCjm- ء ^mEcC^m- خر _ ء ي ٠
~ءأ م" م“مة”2م و ء2ب م’ ٠ 4ء2ب أ م-2آ ?٢’ أ 4ء2ب

م - ح ء■ م ء ح■ ‘•ج م ■،٠• =^ق

؛‘•٠،’• ■ آ■ ‘”■‘•٠••، ■ س ة ا-آ - ة ه م ب ف ؤ

2 P r £ c f f l ^ / « 4 Q Q-_ ي ء ي ء ي ت ع YiEcm^ ٠ _ا ^C- _
م ’ ب - حآ? ع^م لإم ب ظ-ظ ك ما“ث ج ل-ع?ء ئ " مه لأ ء ٠٠ ب "

م-ءا وي =بحءثبم +حءهبم +تمآبم, ب م م + ^'صبم +مءمبم +ءةبم'بح +ءتبم'بح +م =ب

٠٠- 2=بم0 +ابم +بم2 +بم3 +بم4م إ =اء7 +بم5 +اغ6ء تء2 =آء1 ^ ء0

ي, م +2هبمهأء +آ ب ء23 =ءء +مآءأءحم«/+راءر +2بمآم2+2/لء2وإء +ءبمبمهأم ء2ي =2و

^٠١ ه28 ~ء ؛^٨^٠٠ 2~'أآم^23> وبمبيخءهقء“ءوبم تء7~ء ^ 2ءء4 ء5

'ء"'’ء(م20آءةمء“م2مطةل); إل29=بم5ء'~”أ+بم6ء'~”ء+بم7ء"''ء+أر8ء"''م+مأهم'ء'”+

ن ٠ ي إم + ف ( sin م - ٠١٠ أم +ء7أء (ورو سم5أ ( sin ر آ م- (ئ COS ئ "م / +ء"'

: م-ماءمحءج) 0آ ه3 '”ء+ة7ء"''م+ة8ء'ء"'م+ة.9ء"ء'”ء+ء'~ء’ء(ء م5ء"”’+ة6ء' مب =  ة

ة ء3إ هءق3اهملبم, مهل / -ج4 م)آ و cos؛ آم +ء'أء (د ( sin هء08آا -ه) سء+

(وإ008آر +مأرsinآر) أبم2 =يمكابمعآة'ء بم3 أ؟"تمبمء +تءأإهم"مآ +موإم +لأء/

(اأ cos آم +إبم sin*)؛/ +مم /

مافة ب2 ل)ي طئ + م‘ (و31همةمء6 ه م م ■ا*ة30 )ي ء (ة29 ٥٠® آ ب و+مأمء28أمأءء +لأ إ =و26ء ٩ ء?ج
تء5 ء آم5 ي آم6 ي ^7 آري9 رب20 تأري ؟■■*■3 ~م25 — م27 ~م28 ~م2ء~هم31م

ب ه6 “ ة2أ * ة28 ■ ة29 “و3ا “ء32 ب ي ١ ة6 ب ج7 ب ءة اوب9 ب ه0 ب ة22 ~لاو ء36 ~ ئاة ب ا

 ء37 ~ آهمأأم5 ب اا-لآم6 بمأمب7 بمأمتب8 +2?/وأمإأ +٩^٠ ■ا"ربم2ا ■ا"ثأربم +ماإأء22 +همآم23 ■ا'امآم4»

م4ء آ م+ة آ م2+ه م3+هآ ب ة+ة +أ8ه0+حم؛ا م6+صأأأ7+ةأأءءة8+ق"أ2ة9" لآم8ء^ة5+وآ
+7ئإإ3ا 'ا"مهم32ر تء9 ع +2/هأء/آإ +همأأءء28 ’ا'اأءء0تهم9 /

ب3! مب6و32م ء41 “ ^٠ ب " آأم_ي ٠ ج ^٠ وا ^ ب ^ ^ م ء40 ~ ولآمق2ه “١■ ؤيخق27 وه



ء4و=ء4ءا-ء44م

k.

4ا «ج>ء47 ~ء42ء ء45»ابم8 ~ء4ت إم6 ء- =،م ء

(a؛ + ء)يع -ءيع”م -ءه

ءه(سم + )مم

/أ=قء+تء—وء

م, مب = س م ءب م ب

0مءءهحم, /تآءها5

م5, ء بم8ء"كلآ4+م

ئ ك ق6__ظ ي ا

ءم50 "■ ء47 لآم5ء44» ء5أ ~ ءم48 لء6ء44»

-7ءإء“"'م^'" /بم =ج-بمبمس"لآ , /و=م7بم/
M ء آ)و  ه +ت م س

) ءوا =أءم(أراأم +آرلآم)ء م, ي+ب م-نحم-م؛م /و=م(?ة إ = م2+آ

'مبم ء+ء^ م مب ا=ة +وء, /ت ، ا=ج'”ةمما^ أ"ه, /ت =ا ة ئ ءبمل

, م م م+ث م م, ,/أ=ب مت م ؤ+ب ه = مم أ, ب و = ة ن ي بم م

ور =ذملأءحم+٩^١ ئم0~ةلم~وا’ م2ا”وام~م9م » ‘قة م *20

ئ وثبم ه /ء 17̂6̂ ، =رلؤأثثيؤئأت /' _ئ

؟ج+ةص, أأأ5 ,-؟-=؛ =
ا-غ

ر+4ع/ 1-ا

, +ه ,ص£4 =ر+هء, /إأء= ^أءم+مبم م,ص«/ و+ع:; = = ج  

, ء م م + ق ب = م مب م-بمحمبم, ب ب = ء م بم م,ه, م ب م م+م ب = مء ه  

=2صء£,«بمأربمع-مبمآآعبمتمممح ع, آم - ح م غ م جب م ت-ة ج م س ا م ب م4 =ه

= ؛م  -Imm^EcC^P^D^ —la^EcC^XC^D^y Pj = - آ م ت —حمبممممح(ب ج ه م مب مب ب ,



ي-ممبمءمحع,بمم, ج ء ص ؟, م +ءمممءمح,بمم, بم = ب م^ =ب ة خ ءي م مب مب ب

م;ص5, ءإ-2ممءمح,م م مب م =2س«ء م, ٩, - م، +2ةعبمءءأع,م إ0ء /مث =2س«ه

« ء, ع’ ممثم=ع"ممآر’ مبم = بم2بم + .ممبم ؛أئ = بم + م-„ مأ بم ^ م

^١ ~آم6~م26 ء?نمس ^١̂ ههءي ^ ^٤̂ “^٥٠ آم7 ~ء7 ^ آم6 ~ هء ^
م, ءبم+,بمءوأر+دتء-ءثم-بم,، م20=مم+ءأثم مب من وب - م كب م مبم=ةبم + قب

2=م7+بم1ء ابمهمء=مبم+ةبممم بمء,بم+وم, بم2-م6 + ءمآم م3

م ?ب ع م مب مب وب ءم1 "~مم6آءأأم2» م26 ء ء33 ء-ي36 ~ء40 "~م42> ء م25 ~م6ر

م28 ~تى5 “ا"تى7 ىب3ه “ذم! ”لنم> م2و ؛ت~ةءلآمءءءأأق(م24بم2 ء)لبمكبمب

?ء 3“~آءلآحمءءءمأث(م24بم3~م25بم2)أ ءابم”همأحظحق(بمجيةامبم) م0

=هلآأمءءت(بممج7 “ةبمكبم)ا بم2 *

ءه-ءآحبم ج = بمبم+بمبم, م ب ؟ل م,لأم م =ة+حم;ب م مب ب

ه, . ق ء م ب م ب ء م م-2ب ءت م جب م «ب ج2ءم، = ص - ء م صب و م ه-ءب = ت ج م م ء ا ة  بم

ه, ي ع م ب ح ب م ب -2ه ج س ئ ج م 0آت7م5, ج =ب ه2 ءد و -2ء م م2ب =2م7م7ءلآ'م  ج -

ح2, م ء م ب ث آ ت ا ج -2م م ت م ب ج م =2ب ج +2دمرتآثبمتتمقءمم, ج - س ا ج م  ج =2ب

م ءأ؟0مب ع م م-هة؛آلب م2ب ب إ م م م ب =2و ص, ^١ - مت مت ب ث آ مآ ف +2ء ج ع م ب ؤ م  وج = ه

ا+سء م+أ ة.ه=أ ء م م+م م.ه=ة,م م-ة,م ة=ة,ء . د, و' ة=ئ ت,

^٠ اة7 ~م7'ا‘ ام2 ب آم3ب م20 ب ب بم6 ب ء26 ب ء27 م  اة6 تء8 ب م24 ب ©
ءي?بميوبمبيمبهتمءةة2اك اة9 مء11 ̂■■؛■22 ~ا*ء28ء

2“و7اةب1» و24 ءء6اءمل1 مب6أتآث2ل ءا5هب» و3 ة2و
3همب39ء 2~هم4 ه ]اتآتةمء ■""أءملةء2» ه6 ~هم33 ترب6 ىب40 ءب42ا ة7

+ ي ؛ ظ هج هج( بم ة8 مء35 +م37 +ئم8 + ء4ا +ء43م ه = ة ه3م س ا



ه,ة31 م ب ج،ت-ل ط(م = م ي ح ج بم

ك،مر ه م إ،ب م م ي ظ ج ة ) ه م

4+ ٢١ = م1 + 4أ/7مح  mA/^ +[4mcof , ٠^ ^ ^ +4ممم, ٩ = ١^ م2 = ا(ر+4آل/م(

r^=yj?T*+{4Q)?if,

ي• "ت ء[ * ج

ي'] $[ء .= T an^■- آ ص ء صبم“ل
م رب = س’[4ء

ط + / صم, XC ' yم,تمح =و e  - ئ ف ق ظ
م24+ا25ئأم24 ج ط اأ

y c،,= /،،+ y Q م+موص, ام ا ع / مآ ص ,/+و
ج = - م.

,ء,ل=ي م^ ح ء , ءر ي ت
4و

~ء34 ب ء3لءم5

32h

,٢ -=yc,j,,؛ + ٩

م+ع;ت ب ؛ ء= ز ق,■ ل ظ ف-- مبمم = ظ
ء49 ةم,

غ5 و و + م مب م ب

مم.ء < ،= -

لمم/ها+م؟ا ت = -

ق7مق و  رص __ي
ء -

،ك.ءت ص=ه- ء.
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