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Preface
The combined heat ald mass transfer analysis under the chemical reactions have

great u-31 importance in many processes, therefore have recetved a

consrderable amount of attention in these days The heat and mass transfer

occurs simultaneously in the processes such as energy transfer tn a wet cooling

tower, evaporation at the surface of a water body and flow ln a desert cooler.

The chemrcal reactlon between a foreign mass and the fluid occur ln many

chemical engtneering processes. The effect of chemical reaction and mass

transfer on the flow past an mfinlte plate are studred [4-6] Also soret and

dufour effect are important for intermedtate molecular welght gases in coupled

heat and mass transfer tn brnary system. Many researchers [7-10] have

rnvestigated the soret (thermo diffusron) and dufour (drffuso thermo) effect with

chemical reaction but few work has been done in the axrsymmetrtc flow

There are only few Papers [11-t3] in which the fractlonal dtffusion ts

investigated for the axtsymmetric flow ln previous publicatrons, problems for

the solutrons to time fractional heat conduction equation rn a half-space are

studred The Laplace integral transform with respect to tlme t, the Hankel

transform with respect to the spatial coordlnate r, and the sln-cos-Foufler

transforms with respect to spattal coordlnate: are used In thls dlssertation, the

time fractlonal energy and mass concentratlon equatlons are solved by the new

technique fractronal VIM and HPTM [14-18] and the thesrs ls organized in the

following fashron.

ln Chapter I baslc definitions and laws are discussed. Chapter 2 ts the review of

a fracttonal model of a viscous fluid flow tn a ptpe Chapter 3 ls extended to

solye the equatlon of heat and mass transfer for a ftacttonal model of viscous

flurd by HPTM and fractional VIM
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Chapter 1

Basic Definitions

Thrs Chapter comprrscs uD tLc La.slc la*'s rnYolred rn tLaptor 2 dxd (lldl)tcr 3

1.1 Fluid

Flurd rs the natenal (Lqurd or gas) ttrat flows

I.2 Flow

A materlal that goes uDder deformatton \hen drficrent forces.r(t upon It lf

thc deformatror ls contrluous]]'rncredscs \\'lthout llmrt thcn thc PLcnonrenun

rs knon n as florv

1.3 Properties of Fluid

Propertrcs of flurd detcrrune the bcha! rours of tlurd ,rrLd charactcrrsnc. of the

Ilurd



CHAPTER ] B1SIC DEFINI"IONS

1.3.1 Density

DcNrty rs tIc ratro bet\Leer nrdss (rrr) aud rolunro ll') c,1 a flutd

3 r,rr,},- |

1.3.2 Viscosity

YrsLosrtv dcte nlncs the rount of res:stance of tho flLr:rl to shcar strrss and

rs denolcd b] p

1.3.3 Temperature

Tlus flurd property dctcrrlrlcs thr levol ot heat mt.nsrt\ (,f a nLrxl

1.3.4 Pressure

l>ressure of a flurd ls thc rndglutudc of for.e per unrt drcir ,)l the lluxl IDothcr

*ords rt rstheratroof tragnrtudc of forreonaflurrl tr, the arla ol thr' flurd

Lcld pcrpcndrcular to the drrcLhon of thc forco

l/: llJ2rP- 
I

1.3.5 Specific Volume

Spcr rh< r'olumc N the \olulrc ofa flultl (l ) occuptctl pcr unrt ma-\s l'n)

1.4 Classification of Fluids

1.4.1 Ideal Fluid

r\ flurd tr.rvrng zrro or neghglblo rrscoslt\ ts (.rlle(l r'Lccl fltud l'he 'xcurtcrre

ol rr h ilurd m rcai lorld I' r.rre



CHAPTER -i B-.lS']C DEF1.\] TIO\-S

IYec Convection

In frec (onvectron, the flurd motron ls drli'en b] densrl) LLflererrle\.Lssocratt'd

$1th terDperature charges generated b1 ho.rhng or coollrg Thu. thc hcat

transfcr rtself gencrates the flo1v $'lnch con\eys eDergl'a\\'a] frotrt thc Polnt .lt

whrch the transler oc(urs

Forced Convection

In fortcd corvettr<-,n, thc flrud motron ts drlvrn LY soluc c<telnal mflucnLc

ExarDplcs are the 0t,ss o[ atr t:tduccd b1'a fan. L1'the tt urd or b]'tbe ruotlon

of thc velnclc ctl

1.6.3 Radiation

In rddralron, )n tht abscn.c of rnter\eunB mcdrum thcle r\ lct ledt traxsfer

betNeen two surfa(es al drffcrent tcmperatures In the forrn of ele(tronl.rgrotI(

I.7 Mass tansfer

\l.rss tr.mslcr rs thc nct mo\enlcnt of mdsi flom onc lo(atron 1() dnothcr l\la_s\

transfer oc(urb rn mdn\ proccs.ses such ai absorPtlon eraporatlon, rlryrn8,

pre.lpltatron, membralrc frltrdtron .rnd drstrllatrol Nlass transfer rs rrsed bl

drffcrent screntrflc drs(rpllnes for d)ffercnt pro(esses dnd mechdnEllrs

1.8 Soret and Dufour Effect

\\ hcn small hght .ud largc hcavr Irroleculcs ar{ sePcrated Lllrdol a lcxrlx\aturr

gradlcnt thc roret eilcct rs rortsrdcred shrle *hen a ch"nrrcal svstcm r: rrlrder

r Lonrcntratron grddrent heat {lu\ rs (reated rt rs descnl:ed br a duL,ur ellect



CIIAPTER I ATISIC DEFj.YTTIO.\ S

1.9 Schmidt Number

li rs norFdrnrcr$ronal nunrber dchncd

drtlusrr rtl ) and nra^ss drffusrr rt)

as rhc r.ttro ol \'r\Los)t\ ilrxrrrcnturn

(r 9I)

and p rs t)rc dcnsttr

I =-YpD

*hcrc D rs the rnass drffusrvlt), ! ls thc dll)am)c \rs(oslt\

ol thc flLLtd

1.10 Prandtl Number

Thc Prandtl nurnbcr

rr)omcntulrr dr[Iusl\1t]

r\'l)erc I ls dyrtdurrc \rs(oslL\

Pr s a dtmenstonlcss nutnbcr

to thcrrn,rl drffusl!lt\

P, = 'J1:

c, rs spccrhc lx'at an,l I

drfincd .is thc ratx, ol

i1l0 1)

r\ tL(,n nl (oIrdu( tr\ rtY

1.11 Conservation Laws

1.11.1 Law of Conservation of Mass (Continuity Equa-

tion)

In naturc, mass cannot bc creatcd or dcstro]cd lt (dD bc stdtcd d_5 thc rdtc

of rncrcaso of nrass ln a rcgrolr \\' cqudls thc ratc at t\ hrch II[L$ rs (ros"lng thc

Loun,larr dll rrr thn rnrvard drrr'.tlon t c

r [ ,,av = - [ ,,uaodtl"' Jt
(1 II l)

r\'hl(h rs the lntcgral form of lat\ of (onscr\atron of nr's: shcr( ll r' a lrrod

subrcgrol of rcgrol D dA dct)ot(s thc vc.tor arc.r clcllrerrt ot rlll I Ix sttrf itc

rDtcgral rn Eq (111 l) tdn I;c changed to \oluroc nrtcSr:rl llsrrrg t1)c (;du\\



CHAPTER J A,{SIC DEFI\'ITIO-\ S

DrvcrBen(e thcorc , Eq (1 11 1) bccorrcs

do
--llpvJ odt '

rs thc (hfferentral form ot lal of conscnattorr of rl.rs' Iiq (l

knorvn .rs thc contnnniv cquntlon If (lcnslt) of lluxl 1. , ()n.ta])l

11 lt l)

ll I s.Llso

Ltr (1 I12)

(1 l1 3)

1.11.2 Law of Conservation of Momentum (Equation of

Motion)

For .r rrscous flulds, cquatlon of mot)on rn lector forlo ls

,JV. ,,,4-,t .t lt l1
"dt
V rs the rclo(rt] of flurti and T rs the Can'lIY

coordlrutc thc cquatrorrs o[ Ilrotron rn r {/ .rnd ;
*'herc, b rs thc bodl forcc,

stress tcnsor ln Ghndcrrcal

IJr, 0u t.du l, I I I (r o 'rol -.11 i 
--u:l 

-l^-,r',,,- -,, 
'ut - --lt 

r 'rl lllr
'dt Jr rJA d:l rlUr ou u: I'l.tr 

dL tot ,.,t I Il., d r,l:, ,; ii' """ 1 ;,; ''" -a,'''';" "' Irrb

io, \Ju t'c)u Jul llJ o d
,l;-,; ;;' ";,1 r1*-," ' - 10'1.u) -rl- ''l 'r i' "

,,h"." ,. u ,ud u' o." .ompoxcDts of velocltl' rn ' r/ and : dlre'tlon' respeLtr\cl]'

1.11.3 Law of Conservation of Energy

It states that the tempcrature of a fluld elt'rlrcnt charLgos ns rt rtlo\et 'rlox8

wlth the fluld bcc.iuse of heat condu'tron and hedt Produ(tlon l)\ thc \r\(ous

heatllrS

\tathcmatr(dlh, \\e (an * rrtc

ooj:rt- ro*, (1 rI8)



CIIAPTER.I IJASIC DET] \ IT1O.\S IU

Dcfinition 1 12.2 Lrouvrllc dcn!at)!c l5 as follo\s

D"lI@): ri,_", *1 I',-(, o "/({)d{ - )c < , < .r.

Definition 1.12 3 Invcrsron grvcs the fractronal dcrrvrLtr\c of f(t) ,Ls

D"/(r) = t '(s"7(")),
lf /(1) = lj thcn $'c can $ntc

D"rr = r-'(5++)= #*Srd "

1.13 Homotopy Perturbation Method

Consrdcr the fr:llo$rng cquatton

,(u) - -\ (u) /(r) = 0

\\ hcre /(r ) rs a kno\o aDal\trc fullctlon and L rs a lrrx.u \hrlt' \ rs a rrr"rn-

llnrdr opcrator

\\e (o 5truct a hornotop\ r,(r.p) O r I0 1] -+ n \\hICh \a!)slics

Hlu p) = L\u) - I-(uo) +pr(uo) + p[\'(r,) - /l' )] = 0

$hc'rc p e [0,1] rs an crnbcddrng paramcter ,\ccordrug to HP\l uc u:r'thc

crnbcddrng paramcter p as a slrrall paranl(tcr. dn(l assullx that t)x solutlorl of

dbo\c c(lu,ltlon cin bc \rrlttcn ds a powcr scrlG lr1 /,

u=ut)+v0+v*2 + :D"/

l.l4 Laplace TYansform Method

Th( Laplacc tr.rnsforln of a functton /(l) rs defincd as

tll{lrl -l{sr - l"-, "'t,,,a' rl lt l,

(lut to thc unrqucncss of Lapla(c transform th(r lnYcrsc Lnplt(' tr'lnsfollrr '/- I

carr Lc dchne<l :rs



CHAPTER I B,4SIC DEFIN]TTONS

L 'J\.): Itt)

11

1.15 Homotopy Perturbation TYansform method

lL ls the combrndtlon of Homotopy pcrturbatron xrcthod and Lapla(c trdrlsforrn

mebhod arrl uscd to solvc \arrous tJpcs of hnear arrd rrorr ltDear sv.tcrlls of

partral d lerentlal cquatrons

1.16 Variational Iteration Method

A non-hnear problcm rs

,(u) + -v(u): e(l),

vherc I rs a llnesr opcrator. V ts a nonlurear opcrdtor, and 9(i) )s a 8r\cn

(oxttnuous lunctron Colrc(ixnlal lunctlon.rl ls 8r!cn .ls

tt
,,,,,(,r u,.(t) . / ,t1,,1r u,rrrl - .\ i", rr err.)d: t, t, I l6 l)

Jt
s hcrc \ sa g,rrnlal Lagrarrg, multrph,r

r J-l)' ,, -,,- , ,, / I rt lu l,
(,r, - 1),

llere i" rs ronsrdered ds d rcstrl(tcd \arlatloll, \r'hlch moans dii^ - 0 Conse

qucntly. the solutlon ma) be oLtarncd ar,

u(t) = hrn L'i(t)

l.I7 Flactional Variational Iteration Method

\\'e consldcl a morc gcnctal PDE as grven bclo*

,ir,+fiJul +Nlul : /(t). 0<1,0<o!1 (117 1)



CHAPTER

Coue(tronal tollows

I \t)ldr

I2

lr 1;'l)

I B.4Sl(' DBFINI"IONS

funttronal for Eq (1 17 1) rs dehned as

: u" + / 
^(t 

,)lrlu, + Plu.] +.\{',,1

.\(i r) : (-1)o(, - t)n r

Bl u$ng dehnrtrol I 12 1

obtarn thc succcsslvc

r(" )

dchrltror 1 12 2 and dcfiutrolr I

approxrrnate 5oluhons

(1 1i 3)

12JrnEq (1 17 2)



Chapter 2

FYactional model of a Viscous

fluid flow in a Pipe

L1 thls (haptcr, $c rcvtcw the prpcl of Docndra Kurnal, Jagdev Srlgh. Sunrl

KLrrrrar [19] Ilere, nc rcused a fractlonal rnodel of NarI'r Stok(\ cquatlon

fonned br a-rrsrrnmetrrc flor rn a prpe TLe cxa.t s()lutrou rs obrarned br

honrotopl pcrtutbatlon transfolnr mcthod and fractlonal vanatur'rl ltcrdtrolt

rnethod Thc effect of cmcr$ng Parameter rs shon'n L1 th' help of graphs

2.L Problem Formulation

Here. we cr-rusrder the urudrrectronal flow of .r vlsLous lirrLd rn a prpc havrng

r.rdrus R Inrtralll thc flurd rs tlo\rng bv the parabolrt \rlotrtl Tln \elo(rt\

rs maxrrnum at the centrc of a ptpe and orr the Loundatr ol the prPe flr b dt

rcst

Thc lclo(ltv pronlc for tlrc Doslrnmetnc flo$ rs grreD br

v : (0,0, u(r, l)) (2 11)

t3



CHAPTER 2 F}L,1C?ION-.T' ,\IODEL OF A T'ISCOTTS FIITID 1J

The r auchv stress tcnsor for a vtscous Ilurcl rs dcfined bv

At: \srudv ) + (sr a.lv) / (212)

tcnsor t1 rs thc vls(osrt]' and ,'1r ]s

T:-pI+pAr, whcrc

The ( oDtmurtl equatlo[ rs ldentrcslly sdtlshed r e

vv:0 1213)

The equatlon ol mottoD fol the ha( tronal vrscous lluld nl the absclcc of b<-rdr

forcc rs

4Y a 1y yly = L,1,.1
dt'" p

(l 1 l)

Emplof.rng Eq (2 I I) and Eq (2 1 2). tlrcll thc Ilromentum equdtron rn Llhn

dcrrcal coordrnate rs grvon b1

n, 
"(r::_.14,)l? o.^-t t2t.,,l,fa \ar, t ctr,l pd;

whcrc, I) < Lr < 1 ls thc fractrolal paramctcr. v rs ihe dlllaml' 1'lscoslt] ard p

rs the dcnslt\ of tLe flurd

The rnrtral and bouudary condrtrons are dehned as

IC u(r.0) = /1(r). 0Sr

')tB(.s ::(0.i I 0. .r(H.r,.-0

The non-dtmcnstonal qualtltrcs arc as follou's

L ; u ;-u t: -;iT
" r'l j.

The non drnrcnsron.ri forrlr ol the IBVP rn the presence

Bradlcut P rs as foilo\t's

whcrc. p rs Lhc pressurc, 1 ls the rdentliy

ihe {rrst Rrvrhn Eflcl{son ter)sor

4"u

SR

t>0

(216)

(l 17)

( do 
" !d\*p

\d(' € Jt )

of constant pressnr e

c1E)



CHAPTER 2 FRACTION,4L NIODEL OF A IISCOT'S iTI L']D l5

(2 19)

(2 I l0)

\\b drop the bar fio r thl'cquatlon of motlon, mltlal and houndar\

ln non-dur( n\ronahzc fornr lor srmphc:ti

2.1.1 Homotopy Perturbation Ttansform Method

Example 1. Con5rdcr thc follo\tmg trme-fra(hon.rl Na1lcr Stokos cquatlou

,({.0) : J, (€).

-(0. 
r) : 0,,{

,(r 7) =0

d"u l't" l Ju\ .
0t" \,1(, t ,)t )

subjcLt to the rnrt)al condrtron

u((,0) :1-€'?

r\ppll']xg Laplace transform on both srdcs of Eq (2 f f1) \\c 8ct

P l.lclr l,Jdl
Llui:.ri _ 

= 
- i - ;r,",r, - ial

Thc tnvcrsc Lapldcc trdnsform grl Ls

, Pt" , ,l r ,lq_" . l.,,llr,r{ /) t -t'. rr,, t)-. l:..1(. ' {r'l'l
Nos bv appll'rng IIPNI

t)

(2I ll)

\2 112)

(2 1 13)

12 I Il)

(2 115)u((

Usrng Eq (2 115) rn Eq (2 1

r) = De"L"({

1.1), ue havc

i p",,,r( ir r - (' - =!+ p( L ) !,i ! (7-, ".':+' -' i'u r) \ ['" Ldl- \-
,,)

116)* 19t'ir',,te ,r)ll)(dt\= /)l/
t2



CHAPTER 2 FR.1CT,IO-\']11 I\IODELOF,\ \ISCOLS T.TLID 16

Conrparrrrg thc cocfhcrents c,f poscrs o[ p

Pu uu((,l) = 1-(2+-JL
.t t tld,tu _ r,r,,, ll_ -r''p, r,.r{.i) t''l7L -ot 

_ aa l- rr" - r

.t t t.ld:_y, tr,-Lll 
op. ul._.rt _ r_,[." 

L d(. (,,( ll
I t tl')-a, lg:.ll o r2r rirr" u"(t rr _ r_,[] 

-,r1, ( ,,,. l-

F,>r p = 6 g,t." Inttlal solutlon and 2 = 'l grres final solrrtron f')r thc go\erlnng

cqu:rtron llcncc thc solutron for Eq (2 I 5) rs a^s follotts

,,(f r) = tu,,(€ r)

rr( lr-rl e'r-,f'' rr. 1--- 'll ld'

$hrch shows the exact solLltlon f<-rr 0 < o ! I B\ substltutrlr8 ri I rrr Eq

(21 18) tYc gct th('solutror) lor thc larrcr Stokcs rquatron 'r' grrcn lrrlo$

u((,1) = (1 - {') + (P 1)t (l I 10)

Example 2 Consldcr the follo$lng trnrefra(trol)al \d\lcr Stokcs ((luatxrlr

# = W.i*) (r 120)

sLlbJcct to thc rnltlal condltlon

rl I 2l )

(212.2)

(21 2])

u((' 0) = i

ApplYrng Laplate transforrn on both sxlcs of Eq (2 120) $cBct

r I l u IJul
t[ur( it ;-;tlrg - ia]

The rrrror'e Lapla(c trdn\forln glv{i\

.l I l.rr, l,Jl,ll
u{( r, {-r ,l;.1". 

t;<ll
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r..ow. bI' appl) urg HPtrl

utc-.tt Lp"tL,,t(.t ' .2 t !t'

UsmB Eq (2 121) rnEq (2123) $etra\e

ir,",.rq i; c r(t l l,lgj (i,',, s , t

- Lali, \ 
'|\tatr- ""{ii 

r')]lJ '2 r:'i5r

comp.lrrug tLc (ocmclents of po{crs of p

po ,,({ t) : {.
.ll lcPuo r 1.,,u4-l I /'p' ,.({,) , latl * . t./( I tr," .r'

D- u^t tt , l'.[41 .lrrll r--I'" l'""[.r1' '(;/S]l (rr{2"- rr'

pr u.ri{ t) Ltlt Lld')u, +t9!)' e- rr"
' - [",--"r(, (L/(]l il'r",ll

. lr.Jr rja Jrp u,,( , 
,r,L f,r" , r,

IICDLC thc solutlor rs

(l I l0)

-:1."3,. .o,- 3)- 1,, t)t27tu(1,1):(+ ) 
-

- 
- (."-r f/n^ . ll

2.1.2 Ftactional Variational Iteration Method

Example 1. Consrder thc trrnc-fractrondl Nauer Stokes cqudtron Eq (2 1 11)

,,uLlc(t to thc rnrtral condrtron (2 I 12)

Tho corrcctronal fun(tronal for Eq (2 1 11) 15 Blycn as

ft /ir,, d!",r -, !J_!:,, = t,\,t,x,.+, = u,,+ / )(r r){-(i ?). J,, \,i'" ,('- tdl' )
tl <,r<l

(2 128)
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lrhcr c

rr,,r :L{fitl- o<,rsr (2r2e)

So. rvc ca s'nte Eq (2 1 23) as lollorvs

,,^ ," / #(# *; iJi ,),= ,., /
(2 130)

Choosc

u0((,r) :1 (r,

TheD $'e gct

,,ir.,,:,,-/'(tri'f W -# i#-4*
:1-€'+(P r)F#r)

u,(( ,) = 1r / 5#(# .-,t 
?,t -,)*

:r-('+(P-1)(o:!

rrr,{.i, d- 1"" ,,i*'l# # if ,,),

:1-(r+(P-r)(,:1).

u"((.2):u,,, lt#(# t F IY ,)*
:1 - ('z+ (P {)(,:* 

1)

(2 131)

Thu.. thc soluiron rs .rs follows

u(€,1) : ItIn ui(€.1).

whc,e rl,,({ t) rs gn'or rn Eq (2 r 31)

Examplc 2. CoNrder the trme.(ractloxal Nalrcr Sk,kcs Eq (2 I 2u) strbJc(t
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to the rnrtral Londrtron (2 I2I)

Tho rr:rrcctxrn.rl firnctrolkrl for Eq (2 t 20) ts gtvcn a''

t' t du- u",' ,, ., l"-.,, ,,),r,
/, \{' ')l ,rr" 

(( 7r - 
-{l /" , , ,.,

0<aSl

l-l)"17-i)'-rr(i ') : :---;--I tol

So \\c c,rn \rrtc Eq 2132 as follows

t'\t.ti'||d'u" d:,^
unr-un-/" rro, \a*- ,#

0<rr<1 (213J)

I du- \
- - ----:: I L1r

10'-/

CIoo.c

uo(( /) = (

Thcn \\c get

tt\t - tt,-t lo'u. ,J')u,
u,'\ i, - uJ 

/,, 11", \.rr. di,

,-1 i"
' €fl.l+I)

I tt - rt'-t I J'u ,Jt,t' I .-tr,1 \ ,

u:r{ ir- ,r /" -- \ ,. d( (,4 )"
,,-! t" ,! t"

' (rt"-l) {3f(2o+1)
f'(l' rr" ttru, A'zut I dur).r-

d,{(t)=r,,-/,, r- \A *-aV)"
Il"Il-'It'',

t (fro ' lr (Jf(2" ' 1) {'lrJo ! lr

t' lt - r)"-t / d u"-t
u"(( r)- ti" , /" --f,- \-;*

J'r" , l,-tu,, 1\ ,

a!., : J: I
Ii"+ -- ! +(l'(o+l)

1

1,.3']<

0<o<1
(2 1J1)

I {:y\ a.
e ,\ .l

,'>

llllo - I)

(l r J5)
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Thus tilc solutron ls as follo\\'s

u(( l) : 
"ln 

u,({ l)

$hcrc u,(( l) r\ Br\cn rn Eq (2 1 35)
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05

0

-05

-r5
-2

I

(")

(lr )

Frgurc 21 (a) Ve)ocrt1 profilc lor drllcrent lalucs o[ tr lhcrt

an(l 0 < I < I (b) 3D plc,t lor \elocrtl hcld \Ith rcspltt to

a=ul .l': I O<l<Idnd0<{<l

/, 1i:01
€ ,lnd I \hcrt

o-OC
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t'rg 21 (a) sho\s thdt rnrtrall\ magnrtudc ol \clo(rtl Prohlt rrxre'l.sos 'rrr(l

.ilirr soDrc turx ur.rgrrrtutlc ol rolorrtr prohlc dctrc'rs(s L] rrrLrr'L'rr4i tln fi'lc

trou.rl p.rrarrrctirt arrd also Irg 2l(b) slxrtrs t)rc tllttt "trclotrrt lrroirL srtir

rcspe(t to \.indblcs { drrd t

22
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(3r6)

7,. rs mean Hurrlrvhcrc D rs nrass dlfiuslvrty, I" ls thernal dlffusron ratxr

tcmp(litnro 1,1 lS the rdte of (heDlr(al rcd(tron (i and t'-
Thr ron-drnx nslonal quartrtres dte Bllen by

c(0. r) = G, c(n.r): a-

\R
T _T- t:
^-T-'Dtr(ca - c-)

tr" lt'P

A,1?,

(+);
t).:;+ Du:

.,e,r(11 - T-l Sc

Dtr$o T-)
T^u(Co c-)

d"T I Id2T \,JT\ - I U'C IJC\: --l: -:-I.I),r - --IA" *\*-iot) '"\,t:' totl
,fc r /dc ldc\ ^ /dtl lJr\
,)," s \r<, - ( ,c /-''\ d( ai )

B C s T(0 t): 1 : a'(o,t) I(1 l) 0 ('11 t)

(JI7)

flsrng the aLove noD drnensronal quantrtrcs rn Eq (3 1 1) Eq (3 I 6) and drop

purg thc bar *e got thc follonlg slstem of fractronal PDE

(J 18)

lJ 19)

(J Ilu)
IC ?({ o) = r ('- c({,g)

rherc Pr rs thc prandtlc rrumbe: l)u rs tIc dufr-rrrr nunrLcr Si s tht 'rLImdt

mrriLer S. rs thc sor.t nurlber ald. rs the chennlal rcd(tton pdrdmcicr

3.1.1 Homotopy Pcrturbation TYansform method

Applvrng Laplacc translornr on Loih srdcs ol Eq (3 18) aud Eq (319)

rcspcctr\el), \\e get

t-t, 1 tt t,J'!r 
'd?),r,,(i'("_l/1.) rrrlrL rtt.t1 -s- . ,-/ lp.(at, -t ,C , \ d(j ( ,,r / I

rrc(€,,)r : +. :,[+(f . :f).'.(f - :f)- .,']
(J r 12)
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Choosc

f,(i r) =I - i' -
n)l

c,,(( t) =l - {r +

n>l

+{rr,)# r)* + (r rr"r.^ 'r,, i"" 
)

(3 I 2il

2S

?o(( r)= I (2 G({ r) =t-{'.
Than \rc obta)n thc tollo\rrDg

lr\/"
7.,{ r, I a' (\o- tD, 

)y,. - t,
c,(( r) =r (, - (] * rt. *..,, (,,)) 

f ,., f r)

?-,((,) =, -(' - (i -,^)# - 1.1r,,- l'"

c,((,r):1 -(, (f -.,r.*",,' -e'l);.i,, -.(|-,+
_r(1,{,)),1rfu.

r"(( i) =r (' - (+-r rrr# - r-rr,-il-
-"'o,,ffi

c"(€ r)=r -q,- (fi*rr.* ,r' -(.))# -.(* -rr.
'r-(')#; '(i "' r c')-1--

/J

-+
\1.
:?

* (t-,;","-' (* + ls. + 1(r
\ \JC

Thus tll('iolutlolt rs as follous

"(( 
l) = hm T (( i)

c({, r) = 
"l,m 

c"((, r)

*herc ?"(i l) and C,,(( i) rs g:r'crr rn dLo\c cquatrorr\

1312b)
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0

-2

-5

-,
-10

(c)

Frgure 3 ? Tellrpcraturc prohle for drfft'rerrt r.Jues af o 1 Dtt 'rn(l P' (a)

o:03 r:08 Pr:02 (=05and0<l<l (b) o IIJ Du-'08

h =02 €:05 arrrl 0<i<1 (() Du=06 " 03 Pr -02 { 07,rrrd

0-\r'-t \.l),,.02.D,t U6. u3{ ui,,,r,lU'r'I ''," 08

Du =06') :01 Pr:05.03t< l,rnd0<( < I

o8060102
I

(d)

=0

5

6
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o20

3o

oa02
I

(d )

(c)

Fl3ure 3 3 Concentratron profilc lor dri]erent T'alues of o. 1. S. and S. (a)

i:03, 1:03. S.:01. o = 02 and 0 < i < 1, (b) {:0J S.:05.
Sc : 0 -1. tr : 0 2 and 0 < l < 1, (c) ( = 0 3, S. : 0 -1. I : 0 6 o : 0 2 and

0 < 1< 1. (d) (:03, S.:06. I:01 Sr:01arrd 0 ! t S 1, (e) n:0 E,

S.:05, 1 :09,Sr:08. 0 < r < I drd 0 <{ < 1

=0 75
=08
-o9
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Frg J 2 (a) sirols that tenlperaturc prolile rn(reases br rucrea-srIrg thc dulour

etfer t also tlc ter perdturc profrle rr Frg .l 2 (b) rlt'r rc.scs L\ xre.rsnrg tlo

(hcn ldl reactrorl pdramct.l Flg 32 (c) rhous thdt ,Ls fiactlonnl pardnr( ter

n(r('.rses texrlrer.rturr prc,hle nrll dtrrcase .Lrrd ln Ftr, J 2 (d) ttulpcldtulc

prohk' decrc.u's Lry rncro.r-srIrg prdlrdtl nuxrLcl FlS J 2 (o) slorv: cirangc ttr

tcmpcrature $rth respect toTarrable's ( and t .urd also graph l\ siro\\mg tlat

both lnriral and boundarl condltlons arc saits6.d

Frg J 3 (a) shotys th.lt (or(e tratlon profilo rn(re.Lses bv rncrcnsllrg thc sorct

efiet t also thc (oncentr.rtroD profile rIr Frg J3 (b) dctrca:es L1 rcreasrng the

chcmr.dl rea.tron paramcttr FrB 33 (c) sho$s tl)at ds schDlldt numLcr

rncreascs colr(eDtratroD profrle wlll decrea-se and ln FIg J J (d) (ox(cntratl()n

profile decreascs b1 rrcreasrng fractronal paranrcter frg J J (e) shots chane,c

m (on(entratlon ficld rrth respect to varlablcs ( and I and also both rlntral

dxd bounda{ (ondltlons arc srtlsfied
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