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Prefuce

Zadeh introduced the idea of fuzzy sets I I 8] in I 965, whose basic component is only a

degree of membership for dealing with uncertainty but the problem that rose in fuzzy

is that sometimes it is harder to define a membership grade for the elements of a set.

To overcome this problem L. A. Zadeh, made an extension of the concept of a fuzzy

set by an interval-valued fuzzy set (IVFS) [19], i.e., a fuzzy set with an interval-

valued membership function. In traditional fuzzy logic, to represent, e.g., the expert's

degree of certainty in different statements, numbers from the interval [0, l] is used. It

is often difficult for an expert to exactly quantiff his or her certainty; therefore,

instead of real number, it is more adequate to represent this degree of certainty by an

interval or even by a fuzzy set. Interval-valued fuzzy sets have been actively used in

real life applications, for example, in medical diagnosis, in thyroidian pathology, also

in medicine etc.

The concept of Intuitionistic fuzzy sets (lFS) was introduced in 1986 by K. T.

Atanassov [7], which is the generalization of fuzzy sets. Whose basic components are

grade of membership and grade of non-membership, with condition that sum of both

grade of membership and grade of non-membership do not exceed one.

In 1999 Molodtsov [4] firstly offered the concept of soft set. This kind of theory is a

gfobal mathematical tool to handle uncertaino fuzzy, not clearly defined objects. But

this theory is different from conventional devices to deal with uncertainties, such as

the idea of probability, fuzzy sets, IFS. It has been proved that this theory gives us

enough capability for applications in different domains, i.e. measurement theory,

Riemann integration, game theory, function smoothness, etc.



J

F. Adam and N. Hassan u,2 7 presented the idea of multi Q-fuzzy sets, multi Q-

parameterized soft sets and defined some basic properties and operation such as

complement, equality, union, intersection. F. Adam and N. Hassan also introduced Q-

fuzzy soft set [3], defined some basic definitions and gave some basic operations' S'

Broumi [8] established the notion of Q- intuitionistic fuzzy set (Q-IFS) by combining

Q-fuzzy sets and intuitionistic fuzzy sets, Q-intuitionistic fuzzy soft set (Q-IFSS) by

the combination of Q-intuitionistic fuzzy sets and soft sets' He defined some basic

properties with illustrative examples. Broumi also defined some basic operation for

Q-IFS and QJFSS [9].

The concept of neutrosophic set was introduced by Smarandache in 1999 [15]' That

refers to all of the classical sets, conventional fuzzy set,IFS and IVFS' Neutrosophic

set is an essential part of neutrosophy which deals with nature and scope of

neutralities, along with their interactions with various notions. Neuffosophic set

handle indeterminate data whereas fuzzy set theory, and IFS theory failed when the

relation are indeterminate. Wang et al. [17] established another enhancement of

neutrosophic set which is Single Valued Neutrosophic set (SMr{S)' Also Wang et al'

u6l presented the idea of interval neutrosophic sets (INSs). It is characteized by an

interval membership degree, interval indeterminacy degree and interval non-

membership degee.

In this thesis we have introduced the concept of Q-SVNS and defined operations such

as union, intersection, complement, etc. We also defined Multi Q-SVNS, and Q-

S\rNSS its operations, and proved some results. Also we have presented the concept

of Q-INS, Multi Q-NS, Q-INSS and gave some properties and proved important

results.
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Structure of Thesis

Chapter 1:

This chapter is introductory. we have taken definitions from different papers and

books that will help us in later chapters, It overviews soft sets, Q-fuzzy soft sets'

SMrlSs, and INSs.

Chapter 2:

This chapter contains the concept of Q-SMrlS, multi Q-SV|{S, some basic results and

related properties. The idea of Q-SMrISS is defined as well. Some properties and

operations of Q-SVNSS are also discussed'

Chapter 3:

This chapter contains the concept of Q-INS, multi Q-INS, some basic results and

related properties.The idea of Q- INSS is defined as well' We also defined some

properties and operations of Q- INSS'



Chupter I

Preliminaries

In this chapter we recall some basic definitions and notions. These definitions will

help us in later chapters. For undefined terms and notions we refer to ([1], [2]' [3],

ll4l, [l6], [17]).

1.1. Soft Sets

In this section we recall soft sets, their basic operations and results.

1.1.1. Delinition[141

Let Xbe a universal set, E be the set ofparameters and A c E.A pair (F,A) is called

a soft set overX, where F is a Mapping given by

Fz A + P(X)

where P(X) denotes Power set of X.

t.L.Z. Definition[l2]

For two soft sets (F, A) and (G,B) over a common universe X, we say that (F, A) is a

soft subset of (G, B) if

i. A cB

ii. V e € A, F(e)and G(e) are identical approximations'

Wewrite, (F,A) c(G,B).



1.1.3. Definition[12]

Two soft sets (F,/) ond (G,B) over a corlmon universe X are said to be soft equal

if (F, ^4) is a soft subset of (G, B) and (G , B) is a soft subset of (F, ^A).

1.1.4. Definitionfl2]

Let E = {e1,€2, ....,€nl be a set of parameters. The NOT set of E denoted by 1E is

defined by 'lE 
= ft €r,l ez, ....,1en}

where 1ei = not ei, V I

1.1.5. Definition[2]

The complement ofa soft set (F,A) is denoted by (F,A)c = (F',1^A), where

Fc:1A + P (X) is a mapping given by

Fc (o): X - F.0 a),V a E1A.

Let us denote Fc to be the soft complement function of F. clearly (F')" is the same

as F and (( F,.4)")" = (F,A).

1.1.6. Delinition[21

A soft set (F, /) over X is said to be a Null soft set denoted by 0, if V € e A,

F(e) = @(tuillset).

1.1.7. Delinition[l21

A soft set (F,A)over X is said to be absolute soft set denoted by l, if v e e A,

F(e) - Y

Clearly A" = 0 and 0" = A.



1.1.8. Definition[121

If (F,A) and (6, B) are two soft sets, then "(F, A) AND (G,B)" denoted by (F,.4) A

(G,B) is defined by (F,.4) A (G, B) = (H,A x B), where

H (x,9) = F (oc) nc G),v (x,P) e A x B'

1.1.9. Definition[12]

If (F,/) and (G,B) are two soft sets then "(F,A) OR (G,B) "denoted by (F,A) v

(G,B) is defined by (F,A) v (G, B) = (o,A x B), where

o (q,F): F (x) u G (p), v(q,F) e Ax B.

1.1.10. Definition[12]

Union of two soft sets (F,A) and (G, B) over the common universe x is the soft set

(H,C),where C = A u BandY e EC,

(F(e) ifeeA-B
H(e)-l ctrl ifeeB-A

[r(r)uG(e) tf eeAoB

we wrire (F,A) u (G,B) - (H'C).

1.1.11. Definition[12]

Intersection of two soft sets 
SF,l) 

and (G,B) over a common universe X is the soft

set(H, C), whereC = A fiBandve eC,H(e) - F(e) n C(e)

wewrite (F,A) n (G,B) = (H,C).



l.l.l2. Proposition [121

Let (F,A) be the soft set over X, then

i. (F,A) u (F,A) - (F,A)

ii. (F,A) n (F,A) = (F,A)

iii. (F,A) v O = (F,A) where 0 is the mill soft set

iv. (F,A) fiQ = 0

v. (F,A)u A -- Awhere Aisthe absolute soft set

vi. (F,A) nA -- (F,A)

1.1.13. Proposition[12]

If (F, /), (G , B) and (H, C) are three soft sets over X, then

i. (r,A) u ({C,r) u (FI,C)) = ((r,,4) u (G,B)) u (H,C)

ii. (F,A) n ((c,B)n(H,C)) = ((F,A) n (G,B))n (H,C)

iii. (F,A) u ((G,B)n(H,C)) = ((r,A) u (6,8))n((F,A)u(H,C))

iv. (F,A)n ((6,8) u (H,C)) - (1r,a) n (c,B)) u ((r, D 
^(H,C))

1.2. Q-fuzzy Soft Sets

In this section we recall multi Q-fuzzy set, Q-fuzzy soft sets and their basic operations

along with results.

1.2.1. Definition[11

Let I be a unit interval [0,U, k be a positive integer, X be universal set and Q be a

non-empty set. A multi Q-fuzzy set Ag in x and Q is a set of ordered sequences,

Aq:{(u,q),p{u,q):u e X,q e Q}, where lt1 X x Q ' Ik' The function
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pt(u,q), pz(u, q),,.. , Fx, @, q) is called the membership function of multi Q-fuzzy set

Aq and p{u, q)* Fz (u,q) +...+ Lh, (u,q)) S l, k is called the dimension of Ao' The

set of all multi Q-fuzzy sets of dimension k in x and Q is denotedby MkQF(X)'

1.2,2. Definition[2]

Let X be a universal set, E be a set of parameters, and Q be a non-empty set' Let

MK QF,0) denote the power set of all multi Q-fiiz.zy subsets of x with dimension k =

1. Let A c E .A pair (fo, n)is called a Q-fitzzy soft set (in short QF - S set) over X,

where Fq is a maPPing given bY

FqzA + MKQF(X)

Here a Q-fiizzy soft set can be represented by the set of ordered pairs.

(ro,a) = t(x ex,Fe@) e ukQr(x))]

Note that the set of all Q-fitzzy soft set over X will be denoted bV ofs (X)'

1.2.3. ExamPle

Let X -- {tt1,tt2,'tt3,u4,us}be a universal set, Q = {p,q,r}be a non-empty set' and

E = {€t,€2te3,e4,es} be a set of parameters'

If

A={er,ez,es}cE,

rq@) - 1((ur,R) ,0.4),((ur,Q),0'1), ((ur,r)' 0'8))

Fo@r)

- {({rr,n),0.3),((ur,e),0.1),((ur,r),0'1)) ,((ur,P)'0)'((u+'q)'0'5)'((u+'r)'o'z)}

F o @ ) - {((ur, r), 0.9), ((ur, Q),0. 3), ((ur, r), 0'4)},

then
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(ro,e) = 11er,{((u r,p),0.4),((ur, {), o.t), ((ur,r),0.8),

(e2,{((h,p),0.3),((ur,{),0.1),((ur,r),0.1),((ur,P),0),((u+,g),0.5),((u+,r),0'z)

,

1er, {((ur, R),0.9), ((ur,Q),0.1), ((ur, r),0.4))}

isaQF-Ssel

1,2.4. Definition[2|

Let(Fa,A) e grslx). tf Fq(x) = 0 for all x e A,

then

(po,l) is called a null QF - S set denoted by (0,,4).

1.2.5. Definition[21

Let(Fa,A) e grslx;.If rq(x) = x for allx e A,

then

(fo,n) is called an absolute 0f - S set denoted by (X,A).

1.2.6. Defrnition[21

Let (Fo,A),(no,g ) e grslx). Then we say that (Fa,A) is a QF - S subset of

(no,g ) denoted ay (ro,e) . (ao, B),if A c B and rq @) c Hq (x) for all

xeA.

1.2.7. Proposition[2]

Let(Fa,A),(tto,B ) e qrs(x).rhen

i. (ro,e) c (x,E)
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ii. (O,A) c (Fa,A)

iii. (rr,e). (ao,B)and (tto,a ). (co,c)ttren (ro,e) c (co,c)

1.2.8. Delinition[2]

Let (Fo,A),(no,a ) e prslx). Then (re,A) and (no,n ) are equal, written as

(po,e ) = (ro,a ) irana only if

(ro,n) c (ro,a ) *d (no,a) c (ro,a ) .

1.2.9. Proposition[2]

Let (Fa,A),(no,B),(Go,c ) e grslx;.lr (ro,a ) - (no,s ) and (Hq, B) :

(co,c ).

-,Ihen(Fo,A; = 1co,c).

1.2.10. Definition[2]

Let(Fa,A) e qfSlX) Then, the complement of Qf - S set denoted Uy (fo,a )c is

defined by (ro,a )' = (r8,1/) where

F$: ,1A + QF(x)

is the mapping given bv F8 @) - Q-fiizzy complement for every e e1A.

l.2.ll. Proposition [2]

l.et(ro,t) e qrslx) Then

i. ((Fa,A)t)t - (Fo,A)

ii. (o,A)c = (u,E)

iii. (11,8)c = (Q,A)
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1.3. Single Valued Neutrosophic Sets

In this section we recall SVNSs and operations.

1.3.1. Definition[171

Let X be a space of points (objects), with a generic element in X denoted by x. A

single valued neutrosophic set (SVNS) A in X is characterized by truth-membership

function Ia, indeterminacy membership function lA and falsity-membership

function Fa.

For each point x in X, Ta(x), Ie(x),Fa(r) e [0,1].

1.3.2. Example[71

Assume that X = {X1,X2,X3}, where

rlis capability,x2 is trustworthiness and x3 is price.

The values of x1, xz,and x3 are in [0,1].

They are obtained from the questionnaire of some domain experts, their option could

be a degfee of "good ssrvice", a degree of indeterminacy and a degree of 'opoor

service''. .A is a SVI{S of X defined by

A =1 0.3,0.4,0.5 ) f xr+< 0.5,0.2,0.3 ) / x2* I 0.7 .,0.2,0.2 ) f x3

B is a SVNIS ofX defined by

B =1 0.6,0.1,0.1 ) / x1*1 0.3,0.2,0.6 ) /x2*1 0.4,0.L,0.5 ) / x3
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1.3.3. Delinition[17]

The complement of a SVI{S / is denoted

by c(A) and is defined by

r7@) = Fa(x)

I7(x)-r-te@)

F7@) =Te(x)

for all x in X.

1.3.4. Example

Let ^A 
be the SMIIS defined in Example 1.3.2 then,

v =.< 0.5,0.6,0.3 ) / x1* 1 0.3,0.8,0.5 ) / x2*1 0.2.'0.8'0.7 ) f x3

1.3.5. Deflnition[71

A SVIIS,,I is contained in the other SMrIS B,A c B, if and only if

Tek) sTs(x)

Ie@) 2 In@)

Fa@) 2 Fr(x)

for all x in X.

For example, let A and B be the SMt[Ss defined in Example 1.3.2.
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Then,.A is not contained in B and B is not contained in .4.

1.3.6. Definition[71

TwoSMrlSs^AandB areequal,writtenasA = B, ifandonlyif.A c B andB cA.

1.3.7. Definitionfl7|

The union of two SMrlSs A andB is a SVNIS C, written as C = AU B, whose truth-

membership, indeterminacy membership and falsity-membership functions are related

to those of A and B by

Tc@) = max(Ta(x),Ta@))

I s(x) = min(Ll(x),Ia (r))

Fc@) - min(FA(x), Fs (r))

For all x in X.

1.3.8. Example

Let.A and B be the SMrlSs defined in Example 1.3.2.

Then, Au B:( 0.6,0.4,0.2>/xr* < 0.5,0.2,0.3 >/xz t (0.7,0.2,0.2>/4.
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1.3.9. Definition[171

The intersection of two SMrlSs A andB is a SVNS C, written as C = A n B, whose

truth-membership, indeterminacy-membership and falsity-membership functions are

related to those of A and B by

T c@) = min(Te(x), Tr (x))

I6(x) = max(fix),Ia(x))

F c(x) = mat(Fo(x), ra (x))

For all x inX.

1.3.10. Example

Let / and B be the SMtlSs defined in Example 1.3.2.

Then, AnB = ( 0.3,0.1,0.5 )/xft < 0.3,0.2,0.6)/xz* <0'4,0'1,0'5 )/xz'

!.4. Interval NeutrosoPhic Sets

In this section we recall some basic definitions of INSs.

1,4.1. Definition[161

Let X be a space of points (objects), with a generic element in X denoted by x' An

interval neutrosophic set (INS) A in X is characternedby truth-membership function

I,a, indeterminacy membership function Ia and falsity-membership function Fa. For

each point x inX,Te(x),ln(x), F,4(x) c [0,1].
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1.4.2. Example

Assume that X = {x1,x2,xz}, xt is capability, .r2 is trustworthiness and x3 is price.

The values of x1,x2and 13 are in [0,1]. They are obtained from the questionnaire of

some domain experts, their option could be degree of good, degree of indeterminacy

and degree of poor. A is an INS of X defined by

A = 1[0.2,0.4], [0.3,0.5], [0.3,0'5] )/ 4*1[0.5,0.7], [0,0.2], [0.2,0.3] )/ x2*

< [0.5,0.8], [0.2,0.3], [0.2,0.3] )/ xs.

B in an INS of X defined by

B =1[0.5,0.7], [0.1,0.3], [0.1,0.3] ) / x1*1 [0.2,0.3], 10.2,0.41, [0.5,0.8] ) / x2*

< [0.4,0.6], [0,0.u, [0.3,0.4] )/ xs.

1.4.3. Definition[51

An INS I is empty if and only if its

inf T1@) - suqTn(x) = g,

inf I{x) = suqle(x) = 1

andinf Fs(x) = sWFt (r) = 1, f or all x in X'

1.4.4. Definition[161

An INS A is contained in the other INS B, A c B,if andonly if

inf Te@) Sinf Ta@),sttpT6(x) S sttpTa(x),
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inf I{x) 2 tnf Is(x) , supla(x) > supls(x),

inf F1@) 2 FB(x) ,sttpFl(x)> snpFs(x),

forallxinX.

1.4.5. Definition[16]

TwolNSs,4andBareequal,writtenasA = B,ifandonlyif.A c BandB c A.

1.4.6. Definition[161

The complement of an INS A is denoted by 7 and is defined by

T7|l) = Fe(x)

Inf I7@) - 1- Suptek)

SuptT(z)=f-Infte@)

F{x) =Te(x)

for all x in X.

1.4.7. Example

Let,4 be the INS defined in Example 1.4.2.Then,

7 : 1[0.3,0.5], [0.5,0.7], [0.2,0.4] ) / x1*1 [0.2,0.3], [0.8,1.0], [0'5,0'7] ) / x2*

< [0.2,0.3], [0.7,0.8], [0.6,0.8] )/ xz.
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1.4.8. Definition[16]

The Intersection oftwo INSs'.,l{ and B" is a set C where C = A i B,

Where h,i, h *"realated to "A and B" bY

tnf tbh) = Min(t"1ro1r1,mfrr@))

sup h(x) = M in(SttPro(x), suPh@))

rnf h@) = Max(r"141x1,r"fG@)

sup h@) = Matc(supi(x),supG@))

tnf h@) = Max(tqro1*1,tnfi1x1)

SrrP P, (r) = M at (SuP f n(i, SuPE f*l'l

For all x in X.

1.4.9. Example

Let.A and B be the INSs defined in Example 1.4.2. Then,

A n B =( [0.2,0.4],[0.3,0.5],[0.3,0.5] )/4*1[0.2,0'3], [0'2,0'41,[0'5,0'8]

)/ xz+ < [0.4,0.6], [0.2,0.31, [0.3,0.4] )/ xs.

1.4.10. Definition[161

The Union of two INSs "A artd B" is a set C, where C = Au B,

Where Tn,i,Fn are related to"A and B" by

rnf k@) = Max(tqn1r1,rnf$k))

Srrp i @) -- M atc (Sttph@), snph G))
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rnf h@) = Min(r"141r1,mfGk))

sup i @) = M in(suqi@), supG @))

tnf h@) = Min(tn1rn1r1,ryrr@1)

sup h @) = tuI in(suv rn?), sttP h @))

For all x inX.

1.4.11. Example

Let A and B be the INSs defined in Example 1.4.2.

Then,

A u B = < [0.5,0.7], [0.1,0.3], [0.1,0.3] )/xt*< [0.5,0'7], [0,0'2], [0'2,0'3]

> l xZ + < [0.6,0.8], [0,0.1], 10.2'0.31 > l xs

1.4.12. Definition[61

The cartesian product of two INSs ^A defined on universe X1 and B defined on

universe X2 is an interval neutosophic set C, written as C = A x B,

whose, truth-membershipf,', indeterminacy-membershiplr, -d falsity-membership

functions f, ** related to those of A and B by

rnf r6@,y1 - QnfT6o(x) + InfT ro(i) - InfTaolx).tnfT roU)

sup h(@, y1 - gupl eo(x) + supF ro(i) - SupT 41x1. supT, o(t)

Inf ls(x,y) - InfTao@),Sup7ro(l)
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SupT 6(x, y1 - (Supl ,o(x), SupT ro (r))

Inf F r(x, y) - (lnfF no(x), InfF ra O))

Sup F s (x, y) = M in(supF no7x1, sttpF, 
oU))

forallxin Xy yin X2.

1.4.13. Example

Let / and B be the INSs defined in Example 1.4.2. Then,

A x B =< [0.5,0.82],[0.03,0.15],[0.03,0.15] >

/xt * [0.6,0.79], [0,0.08], [0.1,0.24] )/xz * < [0.76,0.92], [0,0.03], [0.03,0.12] >

/xs.
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Chupter 2

Q-Single Valued Neutrosophic Soft Set

In this chapterwe define basic definitions of Q-SMrlSs, Multi Q-SMtlSs' Q-SMtlSSs'

their operations and results.

2.1. Q-single Valued Neutrosophic Sets

In this section we define Q-SMrlSs, multi Q-SVNSs, definitions, operations and

properties.

2.1.1. Definition

LetX be a universal set andQ +0. A 0 -svNIS No in xand Qis an object of the

form

No - {(6,4),Bn(0,4),np(6,0),ie(O,4): 0 e x,6 e Q}'

Where lrto:XxQ+ [0,1], vno:XxQ- [0'1]'ipo: XxQ -r [0'1] ' are

respectively truth-membership, indeterminacy-membership and falsity membership

functions for every
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0 e x ondfr e Q and satisfy the condition O < iro(6,4) +vr1o(0,0) +

iro(0,fi) < 3.

2,1.2. Example

Let X = {pt,pt,ps]1 and Q = {fr,A},then Q -SVNS No is defined below,

No = {< (pr,fr),(0.4,0.3,0.5),(pt,A),(0.2,0.4,0.6),(p2,tt), (0.6,0'1',0'3),

(p r, 0), (0.7,0.2,0.1), (p z, fi), ( 0. 3, 0. 6, 0. 4), (p z, 0), ( 0' 5, 0' 4, 0' 6) > )'

2.1.3. Definition.

Let X be a universal set, Q +Qand Nq be a Q -SMrlS. The complement of Nqis

denoted and defined as follows

r.r5 = {(6,4),ino(0,4),1 - i,po(0,fi),trfro(e, o):0 e x,fr e Q}

2.1.4, Delinition

Let Aq and Ngbe two 0 -SVNIS. Then the union and intersection is denoted and

defined by

Aq u N q - 1(0, a), matc (1t 7o(0, il), lrro (6, a)), min(v ao (0, o), 
"iro 

(0' a))'

min(i1o(O, o),ipo(0, a)1 z 0 e x,fr e Ql

Aq n N, = 1(0, a.), min(140(0, fi), rno (0, a) ), matc(i 4(0, a), vpo ( 0, o)),

max(i4(6, a), i,qo (0, a);1
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2.1.5. Definition

Let Aq and Nq be fwo Q -SMrlSs over two non-empty universal sets G and

H respectively and Q be any non-empty set. Then the product of Aq and Ng is

denoted by Ae x No and defined as

Ao x No = {< ((e, b),fr),t ao*ffe((e,b), i),i:**'ta((e, b),fr1,i10rfla((e' b)'a)

>:AeG,beH,ieQ\

where lraq* nq((e ,b),a) - minfi1o (0,a),rno(b,0)]

nno, no ((0, b), a)=max {u no(0,a),'Na (b, 0)}

inc, nq (te,r),a) = max ltao(6,a),'ieoqa'a;)

For all0,b inG andfi'e Q

2.1,6. Definition

Let Aq a Q -single valued neutrosophic subset in a set G, the strongest Q -single

valued

neutrosophic relation on G, that is a Q -single valued neutrosophic relation on Aq is

H given by

t, ((0, U), O) = min{ttAa(6, a), lrro ( b' fr)}

n, ((0, b), a) - mox{v Ac(O, a), rxo ( b, a)}

i, ((0,b), 0) = max[iuo(e, o),,ieoqa, a)]
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For all 0,b in G ondfi e Q.

2.1.7. Delinition

Let Xbe a non-empty set and Q be any non-empty set, t be any positive integer and I

be a unit interval [0,1] .A multi Q -SVI{S AO in X and Q is a set of ordered

sequences

Ao = {(6, il), t, i(0, a7, t,(0, o), 4(0, a): 0 e x, tL e Q f or ott i = 1'2 " " t}

Where lti:X xQ - lK, i1:Xx Q + I*,)'i'X x Q + lK'for allj = L'2'""1

and are respectively truth-membership, indeterminacy-membership and falsity

membershiP functions for each

0 e X and fi€ Q and satisfy the condition

a 3 h(O,a) + t,(O,a) + i,(0 'a) < z' 1or att i = L'2' "' 't

The tunctions py(O, a),i,,(O,a),1i(0,fr) f or all i = t'2' "' 'l

are called the "truth-membership , indeterminacy-membership and falsity-

membership" functions respectively of the multi Q -SVNS Aa 
'

I is called the dimension of the Q -SU\fS Aq. The set of all 0 -SVNS is denoted by

zkQSVN(X).

2.1.8. ExamPle

LetX =tpt,pz,?3) be auniversal set and Q =$,vlbeanon-empty set and I = 2

be a positive integer. If Aq: X x Q + I2'Then the set
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Ao - {< ((pr, o), (0.2,0.3,0.6), (0'6,0'2,0'r))' ((pr' 0)' (0'5'0'1'0'3)' (0'4'0'4'0'5))'

((p2,fr),(0.4,0.3,0.5), (0.6,0.1,0 .3)),((p2,0),(oJ,0'2'0'7)'(o'2'0'4'0'8)) >)

is a multi 0 -SVNIS in X and Q.

2.1.9. Remark

Note that if i,r($,a) = 0 a*d lt(ff.,a) = 0 then multi Q -SU\1S reduces to multi

Q -fuzzy set.

2.1.10. Definition

Let Aq be a Q -SVNIS. The the complement of Aq is denoted and defined as follows

Afi = {(6,A),1,i(0,t),L -ni(o,tt),1ti(O,a):0 e x andtt e Q'f or alt i =

1,2, "',1\

2.1.11. Definition

Let Aq and Aq and Bq be two Q -SMrlSs, and I be a positive integer such that

R:{(6, a),u,(0,a),t,(O,o),1"i:0 ex ondfreQ for atli =!'2""'l} and

n=1(0,o), ii(6,o),i,1@,$,iq(0,fi):0 ex endaeQ for atti =L'2""'t\

Then we define the following basic operations for 0 -SMtlSs'

i. A c B if f iti(O,fr) = ;t1@,a)'q(0 'a) 
>- i4 (0 'a) 

ana 4(0 'a) >

$(6 'a)

f or all i = L'2' "' 'l'
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ii. A = B iff itj(0,fr) = tj (0,o),t,(O,t) = t|@,a) ana 4(0'a) -

)t1@,a) f or all i = t,2, "',1'

iii. Au B - 1(0,4),maxQi;(O,o),

tti(0,o)1,min (rii(0, a), t:(0, a)) , min(i;(0' a)' i:;@ 
'a)11

iv. An B - 1(0,4),min(P;(0,0),

i$ (0, a11,rn ax ('ri (0, a), iq (0' a))' max (i; ( 0' a)' tq (A' a)11

2.2. Q-Single Valued Neutrosophic Soft Sets

In this ssction we introduce the concept of Q -sM'lSSs by combining soft sets and

Q - S\rNS. We also define some basic operations and properties of 0 - SVNSSs.

2,2.1 Definition

Let xbe a universal set, 0 be any non-empty set and E be the set of parameters' Let

ztQSVN(x) denote the set of all multi Q -single valued neutrosophic subsets of

Xwith dimensionl = 1 Let K cE Apair(Fg'K) is called 0- SVNSS over X

where Fg is a maPPing given

FqzK + ztQSVN(x)

A Q -SVNSS can be represented by the set of ordered pairs

(Fo, K) - 10,r0(0)' 6 e x, Fa(O) e ztQSV N (x)l
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2.2.2 Example

LetX ={pr,Pz,Pr,p+} be a universal set, E ={kr,k2,ks,ka} and g={fi"'9}be a

non-empty set. If K = {kt,kr,kr} c E,

Fq,(kr) = [((r,r,0), (0.3,0.4,0.6)), ((pr,0), (0.2,0.3,0.5)), ((pr,ft),(0.6,0.2,0'4))]

Fa,,(kr) = {((pr,o), (0.5,0.3,0.a)),((pr, r), (0'4,0'1,9'7)), ((pr'fi)'(0'8'0'1'0'2))}

Fq,(ka) - {((pr,0), (0.9,0.1,0.1)),((pr,0), (0.8,0.2,0.9)), ((?r,0),(0.4,0'3,0'6))}

Then

(Fo,I0

= {(kr, ((pr,0), (0.3,0.4,0.6)), ((pr,0), (0.2,0.3,9'5)), ((pr,f') '(0'6'0'2'0'4))'

kr,((pt,fr), (0.5,0.3,0.a)), ((pr, r), (0'4,0'1 ,o'l)), ((pr' a)' (0'8'0'1'0'2))'

ks, (1,r,ii), (0.9,0.1,0.1)),((pr,o), (0.8,0.2,0'3)), ((pr,')' (0'4'0'3'0'6)))

is a Q -SVNSS.

2.2.3 Definition

Let(Fq,I0eQsyNss(x).IfFa(e)-0fora|l?.eKthen(Fo,K)iscalledanull

Q -SVNSS denoted bY (0,K).

2.2.4 ExamPle

LetX,E andQ be defined in ExampleZ3'Zthen

(0, x1 = t(kr, ((Pr, o), (0, 1, 1)), ((p r, o),(0,1,1)), ((pr' fr')'(0'1'1) )' k2'
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((p r, fr.),10, 1, t I ), ((p r, o), 1 0, 1, 1 ; ), ((p r, fr), 1 0, t, 1 ; ),

k r, ((p r, a), 10, 1, 1 ; ), ((p r, o), 10, 1, 1; ), ((p s, 0), (0, 1, 1 ) ) ]

2.2.5 Delinition

Let (Fe,K) € OS[NSS(X), If Fo(O) =Xfor all 6eK then (Fe,K)is called

absolute Q -.SIN.SS denoted by (X,K).

2.2.6 Example

Let X,E and Q be defined in Example?.3.Z then

(x, K) = { (kr, ((pt, fi),(1,0,0) ), ((p r, O),( 1,0,0) ), ((pr, fr),( 1,0,0) ),

kr, ((pr, fr),(1,0,0)), ((gr, o),(1,0,0)), ((pr, a), (1,0,0)),

k r, ((p t, o), ( 1, 0, 0) ), ((p r, o), ( 1, 0, o ) ), ((p z, 0), ( 1, 0, 0) ) )

2.2.7 Definition

Let (F|,K),(GQ,L) € QSyNS(X).Then (Fo,K) is Q -SM{SS subset of (Gq,L) ,

denotedby(Fq,K) c(Ge,L)itK c tand Fe@)cGq(O) forall 0 ex.

2.2.8 Delinition

Let (Fq,IQ € 0sl/Ns(x),Then the complement of Q- svt{ss set is written as

(Fo,K)'and is defined by (Fq,K)c = (F8,-K) where

F$z-K--r QSIzNS(X)
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is the mapping given by F6(e) 0 -single valued neutrosophic complement for each

eEK.

2.2.9 ProPosition

Let (Fq,IQ e QSYNS(X), Then

i. ((Fo,K)c)c = (Fq,K)

ii. (O,K)c =(x,E)

iii. (X,E)c = (0'E)

Proof

o
m
Fi.
..O

I LetkeKthen

F (Fo,K) = Fa(k) = {(Puo)'(ttto,*,(P"0 )'i'oto(P''fr)'i'o<*>@''o)) "fi 
e Q'pr

ex].

(F e, K)c= (Fo (k)) c = [tPr, 
a)', (i"0,*, tr'' a)', L - i' c@@ t' 

fr)' ir q&) 
(p" a))]

((Fa, K)c)c = 
{11,'' 

o)' (tttoo, tr" o)' t -(' - 
"oo' 

(r'' a))' i"on' (P'' o))}

((Fo, l<) c) c{t 
r, o)' (lt"o,*, (r" o)' i p 

o1v1(? 
r' fr)' ip o<*'t@'' 

a))}

((Fo,K)c)c = (Fa,K)

ii.

Let (Q,K) = (Fq,K)
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Then for all k e K

Fa (rc) = {(prtt),(l'ro,u, {Rr' a)'i' q,t(p'' i)' ipot*' (Pr' o))' i e Q' p L e x}

= {(pr,O), (0,1,1) : fi e Q,P1e X}

(q,K)c=(Fo,K)' = (Fa(k))c = t(pr,0),(1'1- 1'0):o eQ'p'exj

= {(pr,0), (1,0,0): fi e Q,h e X}

= (X,E)

iii.

Let (X,E) = (Fq,E)

Then for all k E K

\

Fe(lc) = t(pr,o), (r"0,*r@''o)'iro,*r(P t'fr)'ira<*>(p''0)) fi e Q'p1e x\

= [(pr,0), (1,0,0):O e Q,PL e X]

(x,E)c= (Fo,E)c = (Fo(k))c = t(p1'o)' (0'1 - 0'1):0 € Q'p1e x\

= {(pt,fr),(0,1,1): fi e Q'PL e X}

= (O,E)

2.2.10 Definition'

Let (Fa,K) and(Gq,L)e QSyNS(x)'Then the union

(Fo,K)and(Gq,L) is the Q -SVt\rSS '(Mo'N) 
written

(Mo,N) where N = K U L forall t € N and

of

as

two 0 -SVNSSS

(Fo,K) U (Gq,l) =
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( Fo(t) ifteK-L
(Mo,N)=l co(l) ifteL-K\ v 

[rr(l)ucq(l) if t eK^L

2,2.11 ExamPle.

Let X = {pupz,?.3} be a universal set' E = {o1'oz'atl be a set of parameters and

Q = [0] be a non-empty set' Let N = {ar' az} c E'and 7[ = {a2'o3}

(Fo, N) = [(ar, ((pr, o), (0. 1,0.2,0'3 )), or' ((p'', i)'(0'3'0'4'0'5)) ]

and

(G o, M) - {o2, ((pr' t)'(0.2,0'3,0' 5))' o3, ((Ps', o)' (0'7'0'8'0'9))}

then

(Ko,L) =

t(or, ((pr,a), (0.1,0.2,0. 3)),or,((pr,f'),(0'3'0'3'0'5))'o'' ((pe' 0)' (0'7'0'8'0'9)))

2.2,12 Definition'

Let(Fq,K)ond(Gq,I)€QsyNss(x).Thentheintersectionoft'wo0_SVNSSs'

(Fo,K) ffid(Gq,L)is the 0- SvNss (Ma'N) written as (Fe'K) n(Gq'L)=

(Mo,N) where lV = K o L forall I e N and

(Mc,/v) = {e,min(r"o(0, a), ior(O,t)) 'max("0(0' 
a)"'ioo (0' a))'

** (),ro(0,o), ioo(0' a))' 0 e x'tt e Q arld i = L'z' "" U
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2.2.13 ExamPle

Let X ={Pt,Pz,P3,p4'ps} be a universal set' E =tat'a21a3'a4'as} be a set of

parameters and Q - {tt, 0, w}be a non-empty set' Let N = tot' as' &+} c E' and M =

{o1,a2,as}

(Fo, N)

= {(ar, ((pr, o), (0.3,0.4,0.5)), ((pr, o), (0'5,0'3'0'4))' ((p" *)' (0'6'0'1'0'2)))

(a3,((pbtt)' (0.2,0.3,0.+)), (1,r, 0),(0.4,0.2,g.3)),((pr,w), (o'6,0'2'0'4))' ((p','a)' (0'7'0'L'0'2))'

((pr, f), (0.8,0.2,0.2)), ((pr, w), (0.2,0.4,0.6)))), (a+,{((pz'fi)' (0'6'0'2'0'f))' ((pz' 
')' 

(0'4'0'2'0'5)

, ((P r,w), (o'5,0'4'o'4)))'

and

(Go,M) =

[(or, ((pr,0), (0.4,0.3,0.s)), ((pr, 
')' 

(0'3'0'3'g'4))' ((p'' w)' (0'4'0'2'0'3)))'

(e2,((pz'fr)' (0.4,0.5,0 .z)),(@2,0)' (0'7'0'1'0'1))' ((pz' w)' (0'6'0'2'0'3))'

(ar,t((pr,0), (0'4,0'3,0'5)' (pr' O)'(O'2'O'2'0'4)'Q4'w)' (0'4'0'1'0'4))

, ((pr, 0), (0.6,0.1,g.2)), ((pr' w)' (0'7'0'2'0'3))]'

Then

{Ko,L)

= {(ar, [(@r,0), (0.3,0.4,0.5)), ((pr,0), (0'3'0'3'0'+))'((p" w)' (0'4'0'2'0'3))])'

a3, ((pr,o), (0.2,0.3,0.5)), (1,r, o),(0.2,0.2,g.4)), ((p,,w),(0.4,0.2,0.4)),(p,,t,),(0.7,0.2,0.2),

(P r, 0), (O .6,0.2,0'2), (? z' w)' (0' 2' 0' 4' 0' 6) ) ))
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2.2.14 ProPosition.

Let (Fq, K), (Ma, N) and (Ge, L) e 0SyNSS(X)' Then

i. (Fo,K) u (O,K) = (Fq'K)

ii. (Fq,K) u (X,K) = (X'K)

iii. (Fo,K) u (Fo,K) = (Fa,K)

iv. (Fo,K) u (Ga,t) = (Gq'L) u (Fa,IO

v. (Fq,K) u ((Ga,t) u (Mo,N)) = ((Go'l) u (Fa'IO)) u (Mo',N)

Proof

i.

We have

(Fo,K) = t(pufi),(r.0,*,trr,a) 'irro(P''frf 
ieor*r(Pr'o))' fr e Q'p' e x

(O,K) = {(Pt,fr),(0,1,1) z a' e Q'P1E x}

(Fo,K) u (o,K)

= {(p r, tt), m* (u, or*r(rr, 
o), 0), mtu Q r e 1*1(P t' fr)' 

l)' min(i'o t*' {r'' a)' r 
) }

=t(pr,O), (rro,*r@r,O),Tipo,*,(P t,tl)'irao;t ("'6)) =fr 
e Q'p1e X

=(Fe,K)

ii.

Let

(X,K) = (Gs,K) then
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(Fo,K)= t(p1,4), Qiror*.,(nr,fr),iros1(?t,a),irq&)(pr,0)) 
:fr e Q'h e x)

(Go,L) = {(pr,0), (1,0,0) z fi e Q,h e X}

(Fo,K)U (Ga,K)

= t(pr,fi),max (t rrr*r(or,t),1),min (iror*r(pr,t'),0)'min(i'.,*,(p"a)'o))

:{(p.,O), (1,0,0): fi e Q,h e X}

:(Ge,K) = (X,K)

Let

(F o, K)= t(p1, o), (r"0,*, {rr' a) i' a<*t(p'' 
fr)' i'0,*, (p" o))' fr e Q' p' e x

(Fo,K) U (Fq,K) =

{p1, 0, max (t r orrr(p r, 
o), ir os(P t, 

o) 
), 

min (,,lro,*, (p,' fr)' i' o,*, {R'' a) )'

*in (i"01*; @r,o),irorrr(pr,t)) ' 
a e Q,pr E xl =

{(p r, fr),(tt.o,*, (pr' fr)' i' c&t@'' 
fr)' i' o<*>(p'' 

a)) : fr e Q' p 1 e x \

=(Fa,K)

iv.

(Fo, K) = t(Pr, o), (l'ro,*, (p,' o)' i"ot*r (P'' fr)' i' ok\("' o)) z fi e Q' p' e x\

(Go,L) = [(pr,0),(t oo,*,(0, tt),1'6orur(or,0),ioq1.1( p,q)zi e g'ple x\

Iil.
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- {(pt,f),max( furrr*r(Pr,o), (i60,*, (P''fr)'

it y 
o r*r(p r, 

fr) ) m in(ripo, o1(P t, fr), Q c qk1(p t' fr)' 
"0,*l 

(p" 0) )

(min(1t e r r*.,(P t, 
fr), (7 o ast(? r, 

fr), i u rr*r(P r' 
fr)l'a e Q' p' e x\

=(Fq,K) u ((Gc, f) u (Ma,N))

2.2.15 ProPosition

Let (Fp,K),(Me,N) and (Go,L) € QSyNSS(X)' Then

i. (Fo,K) n(o,K) = (0,K)

ii. (Fa,K) n (X,K) = (Fq,K)

iii. (Fo,K) n (Fo,K) - (Fq'K)

iv. (Fo,K) n (Ga,i) = (Gq't) n (Fa,/0

v. (Fq,K)n ((60, L) n (Ma,N)) = ((Ga'L) n (Fa' K)) n (Mo' N)

Proof

i.

We have

(Fo,K) = t(Pr,0), (rro,*,(pr,a),i.qr*l(p' 'fr)'i'q$t@''o)) 
:fi e Q'p1e X

(o,K) = t(Pt,fr),(0,1,1) " 
fr' e Q'pt€ xxFa'K) n (0'K)

- {(pr,tt),mrn(iror*1(ar,0),0) ,max(f",,*,(p"o) 'L) 'maxQ'o'*''(P''fr)'1)}

:t(xr,O), (0,1,1): fi e Q,h e X\

: (0,K)

ii.
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Let

(x,K) - (Go,[) then

(F o, K)= t(Pr, 8), (pro,*, ( pt'fr)' i F a&)(p''fr)' 
i' o,o'(P''al)' a e Q' h e x\

(Go,L) = {(Pr,0), (1,0,0) : fi e Q,P1 e X}

(Fo,K) n (Ga,L)

= t(?ufr),min(tr.q1*y (pr,fi),r),max(f".,*,(p''o)'0)'max (i'o,r'(p''fr)'0))

={(pr,0),(rro,*r(p,' fi)'i'oe{P''fr)'i'ow'|V.''a)) zfi' e Q'h e x\

= (Fq,K)

iii.

Let

(Fo,K) = t(pr,fi), (t 
"o,nrfur,a),'irq1*;(pr 

,fi)'i,a<*t(P''o)) tfr e Q'p1e X\

(Fo, K) n (Fo, K) = {(1t 1, A), (min 
Q1', orrr(O,' 

fr)' F"0,., (P" A))'

*in!rol*1(pr,fr),ieo,*r{Rr,a)) ,mtn(ipor*r(p''fr)'i'*,n,(P"o))'freQ'r,ex}

- :t@r,o), (p"0,*, (pr,fr),iraet(Pt,fr),ir.,,,,(Pr,O)) t a 
' Q'h e X\

=(Fo,K)

iv.

(Fc,K) = t(?t'fi)'(u'or*1@''fr)'irq&1(pt'fr)'i'at*t(p''a)) 
zfi e Q'Pt' e xl
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(Go,L) = {(Pufr),(3oo.o,tor' fr)'ie q@@vtt)'trco<xt(pt'a)) 
:i e g'pLe xl

(Fo, K) n (Gq, L) = {Q4, fi'), minl i' r orur(P 
r' fr)' i' e rr*r(P'' 

fr)l' max

li, ot*t(p ", 
fr), ioor*l (P., o) ),

Tnatc Qtrqe;)(pt,fr),Ae qrrr(?t,O)l,i e Q'p, e Xl

(Fq,K) n (Go, L) = {(p1,fr),rninlieor*r(Pr,fr)'It"o,.,(Pt 'fi)l'max

li 6 or*r(p t, 
fr), i"o,*l (Pr, o) ),

max li6 or*r(p t, tt), lr o,*, 
(Pr, 0) ), i e Q, p, e xl

=(Ge,L) n (Fa, K)

v.

(Fq, K) = {(p1, a), (lrro,*, (pr, a ),i e rr*r(Pt' 
fr)' i' c,*)@'' 

a)) : tt e Q' p' e X\

(Go,L) = {(pr,o), (rron,t"' fi)'io*n^@vfi)'trcoq'tiu,''o') zit e Q'h e xl

(Fa, K) n ( Go, t) = [@1, o), minl i, r or*r(? 
t, fr)', i' e orrr(P 

t' ft)l' max

(i/Fa (r) 
(p1, a), i o q,@(P r, fr)|,

mat ltrra<*t(pt,fr),lec,.r(Pr,O))'O 
e Q'p' e Xl

and (Mq,N) = t(pr,o),(lrro,*r( pt,fr),iuq(*r(P''fi)'i'0,*rtr"a)) :fr e Q'p' e x\

((Fo,K) u (Go, L)) u (Ma,N) = [(pr' fr)'minl(i'ror*',(Pt'tt)'i'e o'*'(Pt"fi)l'

it u o r*r(p 
r, fr)), marc ( ( (i 

"e 
rur 

(p r, fr)' i c a<*>(Pr' 
0) )' i u o r*',(p'' fr))
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matc li e or*r(p t, 
O), 7 a os1(P t, 

fr), )'u qn,l(p r,, fr)l' fi e Q' h e XI

=,{(pr,fr),minlfu ror*r(pt,fr),(fueor*r(pt,fr),

i, y 
r r*r(p r, 

o) ) max ( (nr, 
<*)(p r, 

fi), (i e o<r>(P t, tt)' 
i u o <o(P" 

0) )

matclT p 
e&) 

(Pr, ii), (7 o owt(P r, 
fr), i u orrr(P r' 

fr)l' fr E Q' p 1 E Xl

=(Fq,K) n ((Go,r) n (Ma,N))

2,2.16 ProPosition

Let (Fo,K) ond(Gq,t) € 0SyNSS(X)'Then

i. ( (Fq,K) u (Go, L))c=(Fq,K)c n(Go'L)c

ii. ( (Fo,K) n (Ga,[))c=(FQ,K)C u (Go'L)c

Proof

i.

Let

(Fo,K) = t(Pr,fi), (t'rorrr(l''f')'f'ot*l(P' 'fi')'iposl(p''a)) 
zfr e Q'p1e x\

(Go,L) = {(pr,0)' (,00,*,{"' fr)'iooo@t'it)'ica<"'trp"0)) zft e Q'p' e xl

(Fo, K) u (Ga, I,) -- {(p * i), maxl I r os.br' 
0)' *oo,*, ( p L' fi)l'

m inli e o r*r(1t t, 
fr), i e o&)(P t, 

fr)|,

minlle orrrQt'i), lcqn*y(pl, a)), o e Q,p1 € xl
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( (Fo, K) u (Ga, I)) c - {(p t, fr), min(i, 
orn 

(p t' tt)' i c a<xt 
(p" 0) )'

max lL - min(ipos1(Pt,fr),ie q@1(Pr,tt))'maxl irrrr*r(Pt'fr)'i'aor*r(?t'fr)) ' 
fi e Q'pr e

x)..........(1)

Now

(Fe,K)' = t(Pt,tt),(iro,*,(p"a)' 1 - f"o,*r(p"o) 'ltro.*'(Pt'fr)) ' 
a e Q'h e x\

(Go,L)'= [(pr,2), (ioo,*,{rr,0),1 - ioqr*t(pr'f)'fue or*r(P''fr1) ' 
a t Q'p' e xl

(Fo,K)" n (Go, L)" =t(pr,o), @'n(iror*.,(pr'fr)')'ea1*;(Pr' 
o))'max(L -

iroror(pr,&),1 - ie or*r(Pt,fr))) '**1i'ror*r(Pt'fr)'i'ror*.,@''o))'zo 
e Q'h e xl

= {(x1, u), mrn(iro,*, (P r, ft), le o@(Pr' 
0) )'

max lr - min(iprr,,(pr,tt),ie qe,1(Pt,o)),maxl itror*r(P''fr)'i'e or*r(P''fi)l

,tt e Q,Pt e X)........."'(2)

From Equation (1) and (2)

((Fo,K) u (Gc, L))c=(Fq,K)'n (Go'L)'

ll.

\
(F e, K)= t(pr, 0), (i, or*r(n'' 

t')' i' or*t(fl '' 
fr)' lF a$)(p'' D ) 

: fr e Q' h e x \

(Ge,L) = {(pr,o), (l oo,*r(pr, fr),ie c@(p''il)'icor*>(p''a)) 
zfr e Q'h e X\
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(F e, K) n ( G o, I ) - {(p r, fr), tnin( lt r o<r>(P t' ft)' lt e qG)(P'' O))'

mffiQ e qo)(P t, fr)' i e o <*>(P'' 
o) )'

motclie or*r(1tt, 
fr), ie 

a<nt(p1, 
0)):0 e Q, h e x\

((Fo, K) n (6a, l)) c - l(p r, fr), max (i, or*r(p'' 
{')' i' c tut(p" 

0) )'

| - m ax((i p r rr.,(p t, 
fi), i e or*r(P r, 

fr)), min( lt r orrr(?'' 
f)' i c rsl(P'' o) ) : o e Q' p L c x

) ....... ...(1)

Now

(Fo,K)'=t(?.tt),(i"0,*r(rr,o),1- iror*t(Pr'fr)'ltro*r(Pt'i))'a e Q'ptex\

(Ge,L)'= t(pr,o), (ioo,*,(rr,0),1 - i6rr*r(Pt'fi)'lte os1(P''o)) ' 
tL e Q'h e x\

(F o, K)' u (Ga, L) c = {(p r, fr), mu (i, ar*t(P,' 
fr)' ia qG) 

(pt' 0) )'

rnin(l- i"o,*l(P, ,o),1 - ioor*r(Pr'fi))'min(1trrr*r(Pt'o)' ie 
's1(Pt'tt)): 

o €

Q,h e x\

- {(p t, fr), max (i r or*r(? r, 
fr), i o ot*t 

(pt, o) )'

l- mm((ieo,*,(Pr,o),f err*r(Pr,fi))'min(ltrosl(P'''fr)'lte o'r'(Pt'fr)):tt 
e Q'p' e x

)..........(2)

From Equation (l) and (2)

((Fo, K) n (Go, t))c :(Fq, K)" v (Go' L)c
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2.2.17 ProPosition.

Let (Fq,K),(Mo,N) and (Go,L) € QSVNSS(X)' Then

i. (Fo,K)n ((Go, L) v (Mo,N)) = ((Fa'K) n (Go'')) u ((Fq'K)) n

(Mo,Iv))

ii. (Fa,K)u ((Go, L) 
^ 

(Ma,N)) = ((Fo,K) u (Gc't)) n ((Fo'K) u

(Mo'N)

Proof

i.

(Fq,K) = {(pt,0),(pro,*,( pt,fr),irqe)(pr,fr),iro,.,tr''a)) ttt e Q'p' e x}

(Gq,L1.= {1pr,0), (t orr*r(nr,fi),i6or*r(Pr,tt),iea<*>(p''a)) 
ztt e Q'h E x}

(G o, L) u (Me, N) - {(p r, fi), max ( it 6 orrr(p t' 
fr)' lt u arrr(P'' 

O) )'

m in (i 6 o r*r(1t t, 
fr), i u e t*t(P t, 

fr) ),

min ( i 6; o r*r(p t, 
fr), i u q(*1(P t, fi) ), fr e Q, p L e x )

(Fo,K) n ((6a,1) u (Mq,N)) -

{(yt 1, fr), min(lt, 
o <rt(P r, 

fi), max ( ltcq 1ky 
(Pr' {i)' lt u o r*r(P'' fr)) )'

min(ieorrr(p1,&)min(ieqe1(pr,$)'iMa@(pL'fr)))'

min(irorn(p1,o)pin(i6q@1(pr,fr),iuor*',(P''fr)))' 
fi e Q'Pt e x]"""" ""(1) )

ii.

(Fq,K)n (Go, L) = {Qt1,O),min( 1tprs1(Pt'fr)'poqoo(p[fr))' trt@c

(i F a $)(p t, tt), i e o <*>(P r, 
o) ),
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mwc (ierr*r(pr,fr),ioor*r(Pr,a)), it e Q,P1e xj

(Fo, K)) n (Ma,N) = {(P t, fi), min( 1te or*r(P t' fi)' ttu q@(p tu fi) )'

mox (i p 
orrr(P r, 

fi), i u q@1(P r, fr) )'

max (ipor*.,(pr,fr),i"os1(?t,fi)),fi e Q,h e x]

(Fo,K) n (Go,t) u (Fa,K)) n (Mq,N) =

{(pr,fr),motc(min( ltro,*>(pt,fr),lte as1(Pr,fr)'min(lt'a<*t@t'fr)'ltuq,,'fur'0))))'

min( max (i, 
o <*t(p r, fr), i, q &)(p r, 

fr), max (f 
'0,*, 

(p'' o)' i u q s1(P''o) ) )'

min(max (irrr*>(pr,fr),iorr*r(Pr,fi)),max (i'rrn(P''fr)'i'or*r(P''fi)))' fi e

Q,h e x]

= { (p1, O), mtn(i r o <xt(p 1, fi), m ax ( i e o sr(P t' t)' 1t v o rrr(P u fr)) )'

m i n (i e o rrr(p 1, t) m i n (ic 
q 1*y 

(p r, 0)' i u e @(p'' fr)) )'

min ( i r or*r(yt 
1, fi) pin( i 6 qs1(p r, fr), iu 

or*r(P t' 
fi)Y' o e Q' p t € x) " " " " " " (2)

from equation (l) and (2)

(Fo,K)n ((60,t) v (Mo,N)) = ((Fo,K) n (Go't)) u ((Fo'I0) n (Mo'N))

(Fe,K)u ((Gq,t) n (Mo,N)) = ((Fo,K) u (Go'L)) n ((Fo'K) u (Ma 'N)

(Fo,K)= t(pr,o), (urolur(vr,t'),ira<,(?''fr)'i'or*r(P''o))' 
fr e Q'h e x)

(Ge,L) = {(p*fr),(t oor*.,(1r,fr),ioa<*t@t,fr)'ico<*t@"a)) 
tfr e Q'h e x}
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(Go,L) n (Me,N) = {(pr, fi),mtn( 1t6q,1(pt,fr),ttuorrr(Pr'i))'

m ax (i 6 or*r(1t t, 
O), i u o &)(P t, fr) ),

max1i" or*r(pr, 
fr), iu otrr(Pt,ti), fr e Q, pt e x )

(Fo,K) u ((Go,L) n (Me,N)) =

{(p1,fi),max(irrr*.,(pt,fr),min(1t6or*.,(Pr,fr),ltuqno(pr,fr)))'

matc(iyor*.,(p1,O)snax(ieq,.1(pr,fi),i*oro(pr'A)))'

max(l e, rr*r(p 1, A),mm( ico,*r (Pr, 0), in 
os1(P r, 

il)))' tt E Q' P t € x) " " " " "' ( l )

(F o, K) u ( Go, L) = {(14, fr), max ( it r cs1(P r, 
fr)' lt e qw.(p'' fr) )' min

(i, 
or*r(p r, 

fr), i c a @(p t, 
fr) ),

min (iy 
or*r(pr, 

fr), io qs1(Pt,fr)), fi e Q,h e x ]

(Fo,K)) n (Me,N) = {(pr, &),motc( tt"o,*,(Pr'0) 'ltuor*r(Pt'fr))'

min (i p 
orrr(P r, 

fr), i u or*r(P t, 
fi) ),

min (ie 
or*r(pr, 

o), i, or*r(Pr,ti), 
fr e Q, PL e x l

(Fe,K)u (Ga,L) n (Fo,I0) u (Mo,N) =

{Qt1,o),min(max(trpq.*1(pr,fr),tteqk1(pt,fr),max(ltronor(P''o)'ttuos(?t'fi))))'

muc(min{irorrr(pt,fr),icorn(Pt,tt),min(!rou>(?r'fr)'iuarr>(P1'0))))'

matc(min(iror*r(pr,fr),ioorn(Pr,tt)),min(irorr',(p,'fr)'ivorr',(Pt'o)))'a 
€Q'pt

ex\
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= {(p r, fr), matc (lt F o rx1(P t, fr), min ( tt e o r*t@ t, fr), lt u q 1y1(p r, 
fr))'

max(ieorn(pt,fi)nax(ierrn(Pr.,tt),iror*r(pr,t'))),

max( ie 
or*r(p1, 

f),max(ie rr*r(Pr, 
fi), i* rs1(P r,0))), 0 E Q, p r € x) " " " " " " (2)

From equation (1) and (2)

(Fo,K)u ((Ga,L) n (Me,N)) = ((Fo,K) u (60,1)) n ((ro,K) u (Mo,N)

2.2.1E Definition

Let (Fq, K),(My,N) and (Go,L) e QSyIVSS(X)' Then the "AND" operation of two

Q - SMrtSSs (Fo,K)and(Gq,L)is the 0 - svNsS denoted by (Fo,K) n (Go'L)

and is defined bY

(Fo,K) n (Gq,L) = (MQ,K x L)

where Mo(y,6) = Fe(y) n ca(d) for all y e K, 6 e L is the intersection of two 0 -

SMI{SSs.

2.2.19 Definition

Let(Fq,K),(Mo,N)and(Go,L)eQSyNS(X)'Thenthe"OR"operationoftrivoQ-

SMrlSSs (fo,I0 and(Gq,L)is the Q - SVNSS denoted bv (Fo'K)V (Ga,L) and is

defined by

(Fq,K)V(Go,L)) = (Ma,K x L)

where Mo(yd)=ro(r)ucq(d) for all yeK'6eL is the union of two

Q -SVNSSS.
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Chopter 3

O- Interval Neutrosophic Soft Sets

In this chapter we define basic definitions of Q-INSs, Multi Q-INSs, Q-INSSs' their

operations and results.

3.1. Q- Interval Neutrosophic Sets

In this section we introduce the concept of Q-Interval Neutrosophic Sets' Multi Q-

Interval Neutrosophic Sets and operations'

3.1.1. Definition

LetXbe a universal set and Q be any non-empty set. A Q -INS NO in X and Q is an

object of the form

Nq - {(d,tL),trR(d,i),rip(d''t)'iR('i'i): ri e x'lD e Q}

Where IrRo:X x Q t [0,1], rixo:X x Q + [0'1]'ipo: X x Q -r [0'1]'and are

respectively truth-membership, indeterminacy-membership and falsity membership

functions for each

d e X,i € 0 and satisfY the condition
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0 < IrRo(d,ri) + nxo(d,d) + ioo(d,t) < 3.

3.1.2. Example

LetX = {qt,Qz,Qz} nd Q = {i,D,Then Q - INS Nq is defined below, Np =

{(qr,tL), ([0.1,0.2], [0.3,0.4], [0.4,0.7]), (tr,!),([0.2,0.3], [0.3,0.4], [0'5,0'6]),

(qr, i),( [0.1,0.3], [0.4,0.6], [0.7,0.8])

(qr,A,([0.1,0.4], [0.1,0.6], [0.7,0.9]), (qs,t), ([0.3,0.7], [0'7,0'8], [0'2,0'4]), (qr'y-)'

([0.1,0.5], [0.2,0.6], [0.5,0.7])] is Q- INS.

Now we define some basic operations for Q - INS'

3.1.3. Definition

Let Xbe a non-empty set and Q be any non-empty set, and NO be a Q - INS. The

complement of Nq is denoted and defined as follows

N[ = {ta,ri),ipo(d,ri),P,t/flq(d, 
ri): d e x,n e Q}

Where p = llnf lpg (d, ri), SuP lpc (d, d)l

and lnf /p(d,ri) - L - SuPIpo(d, i)

Sup lp5(d,t) = 1 - lnflpo(d,i)

ForalldeX,neQ.

3.1.4. Example
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If we consider example 3.1.2 then

N6 = {(qr,i), ([0.4,0.7!,[0.6,0.71, [0.1,0.2]), (qr,y),([0.5,0.6], [0.6,0.7], [0.2,0'3]),

(qz,i),([0.7,0.8], [0.4,0.6], [0.1,0.3]), (qr,y),([0.7,0.9], [0.4,0.9], [0'1,0'4]),

(qz,t),([0.2,0.4], [0.7,0.8], [0.2,0.3]), (Qr,l,([0.1,0.5], [0.2,0.6], [0.5,0.7])]

3.1.5. Definition

A Q-INS /{ is contained in the other Q-INS B, / c B, if and only if

inf Ta(d,i) < lnf TBQd,i) ,sttpTa(d,i) 3 sWTB(d'i)'

inf l{d,il >- inf /B(d,i) ,snpla(d,i) 2 sttp IB(d'?))'

inf F{d,i) > inf FB(d,i) ,sttp F1(d',i) > sW Fa(4t)

forall deX,neQ.

3.1.6. Example

LetX = {q1,q2} and Q - {d}, and

A - {(t,i), {[o.r,o.z1 ,10.4,0.71,[o.z,o.e]), (qr,'i),([o'z,o'+], [0'+,0'5]' [0'5'0'7])]

B = t(q1,t[) ,(10.2,0.41,[0.2,0.3], [0.1,0.21), (qz,i),([0'4,0'6]' [0'1'0'2]' [0'3'0'5])]'

Then / c B.

3.1.7. Delinition

The Union of two Q-INSs Aq and Bg is a set C written as Ag U Bq'

where h,G,E *" related to Ag and Bo bY
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mf hg,i) = Matc(t"1Too1a,i),tnf Tro{a,tD)

Sup 4 7a, l) - M atc (SupT nr7d, i1, SupT 
" Sa, 

l))

tnS 7 r(d, i) = M in (tn17 no1;,,i), Infl 
B a(', til)

Sup 7, 7d, i) = M in(Supl no(d, i), Sw| 
B a(d, 

il))

tnl F r7d, i) = M in (tnlF oog, i), InfF, 
o(d, 

n))

sup F, 1'd, i) = M in(SnpF no(d, i), SupF, 
o(d, 

t))

Forall deX,neQ.

3.1.8. Example

Let X = {Qr,e2,qs} and Q - {ti,rr}, and

/ = {(q*i), {[o.r,o.z1 ,10.4,0.71,[o.z,o.e]), (q,i),([o.z,o.+], [0.+,0.6], [0.5,0.7])]

tr = {(qr,ri) ,(10.2,0.71,[0.2,0.3], [0.1,0.2]), (qz,i),([0.4,0.6], [0.1,0.2], [0.3,0.5])]

Then

C = {(qr,il),(10.2,0.71, [0.2,0.3], [0.1,0.2]), (qr,l),([0.4,0.6], [0.1,0.2], [0.3,0.5])]

3.1.9. Definition

The intersection of two Q-INSs Ag and Bg is a set C written as .Ag n Bg,

Where h,i,f, *"related to Aq and Beby

m1 ryqa, t) : M in (tnYT ooqa, i), InfT, o(d,,i))

stry 4 g, *) - M tn(SnpT orqd, :}1, SnpfBa (d, n))

m1 7 r(a,t) = M ax (tn17 nog,i), lnfl Ba(',,il)
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sup 7 6 (d, i) - M ar (supl 4qd, i), supT 
B a(d, 

i))

tnl F rQd, i) = M ax (tn1F ooqa, l), InfF, 
o(d, 

n))

Sup F r(d, i) = M ax(SupF no1d, i),SupF, 
o(d, 

n))

ForalldeX,teQ.

3.1.10. Example

LetX = {etq2,q3} and Q = {ri,g}, and

A = t(q,ir),11o.r,o.zl ,lo.4,o.Tl,[o.z,o.a]), (q,i),([0.2,0.4], [0.+,0.6], [0.5,0.7])]

a = {(gr,ri), ([0.2,0.7], [0.2,0.3], [0.1,0.2]), (qr,l),([0.4,0.6], [0.1,0.2], [0.3,0'5])]

Then

C = {(qt,i), ([0.1,0.2] ,10.4,0.71,[0.7,0.8]), (qz,i),([0.2,0.4], [0.4,0.5], [0'5,0'7])]

3.1.11. Ilefinition

Let Aq and Bq be fwo Q-INSs over two non empty Universal sets G & H andQ+O,

Their Cartesian product is a set C = A x B ,whose h,i,fi ate related to those of

Aq and Boby

rnf hKd,n),y) -- (rnpnog, i) + rnfT ,oU)) - mff *(d, i). rnfT ,oU)

sup 4((d,ri), y) = Q*T no(d, t) + supT rr(t)) - sunT 
^o 

(d, d). xqT, o0)

tnf 7 c ((d, tt), y) = tn17 nr7d, 11, sup], o(l)

sup 7, (7a, at), y) - (supl no(d, 11, supI, oU))

."')\
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sup F, 7d, tt) = M in(SwF ao (ri, i), SuPF, 
oU))

Where y = (b,i).

3.1.12. Example

LetG = {qr,qr,qs},H = {pa},Q = [t]

Tlwn C = Ax B = [(qr,q.), (qr,qr)]

G x Q ={(q1,r)), (qz,i)}, H x Q -t(p3,i)

Define

yeo:Xx0+ [0,1], i6o:XxQ* [0,1],.ioo:XxQ + [0,1]

ltno:Xx Q -+ [0,1], iso:Xx Q - 10,\l,iso:X x Q+ [0,1]

By

Ite q(Qr,i) = [0. 1,0 .21, i e o(p r,rL) = [0.3,0 .4), ie o(pr,ri) = [0. 5,0.8]

tte o(pz,i) - [0.3,0.5] ,ioo(pr,t) = [0.6,0.7] ,ioo(pr,i) - [0.1,0.5]

ttuq(pz,tt) - [0.3,0.4] ,iro(ps,i) = [0.1,0.3],iro(pr,t) = [0.1,0.4]

Now

Gq = {(Qtd), [0.1,0.2], [0.3,0.4], [0.5,0.8], (qz,l),[0.3,0.5],10.6,0.71, [0.1,0.5]]

H q = {(k,i), [0.3,0.4], [0. 1,0.3], 10.L,0.41] then

GgxHq=

{(qt, qs), l), 10.37,0.48], [0.09,0. 1 2], [0.0 5,0.3 2],

((qr, qr), i), [0. s t,o.z], [0. 1 8,0.2 1], [0.0 1,0.02] ],

is Cartesian product of Aq and Bq.
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3.1.13. Delinition

LetXbe Universal setand Q * O,l > Z+ and I - [0,U, A Multi Q -lnterval

Neutrosophic set /g in X and Q is a set of ordered sequences

Aq = {(d,l), tti(d,lt),\Qi,i), 4(d,ri): ri € x,lt e Q Y i = L,2,..,l}

Where &Ro:XxQ+Il, vgo:XxQ-+ Il,ipo:XxQ-> It and are respectively

"truth-membership", "indeterminacy-membership" and "falsity membership"

functions for each

d e x,n e Q and satisfy the condition 0 S tt1(d,it) * i1(d,n) + ir(d, t) < 3.

3.1.14. Example

LetX = {Qr,Qz,1sl1be auniversal setand Q = {i,E be anon-emptyset andl =2

be a positive integer. If Aq: x x Q + Iz,Then the set

Ae = t< ((qr,,')), [0.1,0.2], [0.3,0.4], [0.4,0.5], [0.5,0.6], [0.7,0.8], [0.1,0'2]),

((qz,it),[0.1,0.3], [0.1,0.3], [0.1,0.3], [0.3,0.6], [0.4,0.5], [0.5,0.6], [0.7,0'8]) >]

is a multi 0 - INS in X and Q.

3.2. Q-Interval Neutrosophic Soft Sets

In this section we intoduce the concept of Q-Interval Neutrosophic soft Sets, their

operations and results.
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3.2,1. Definition

Let X be a universal set, Q be any non-empty set and E be the set of parameters. Let

ZTQINS(X) denote the set of all multi Q -interval neufiosophic subsets of X with

dimensionl = 1 Let K cE Apair (Fe,K) iscalled0- INSSoverXwhereFgisa

mapping given

Fq:K + ZTINS(X) suchthat (ro(a)) - 0 if d e, K

A Q -INSS can be represented by the set of ordered pairs

(Fo, K) = {d, Fa(d) : d e x,ro(d) e ztQINS(x)}

3.2.2. Example

Let X = {Qr,ez, ezlbe a universal se! Q - U,y}be a non-empty set,

and E - {b,b,b}, tet K = fb,b,kr} c E

re(&) = t(q1,t), [0.1,0.3], [0.4,0.5], [0.5,0.6], (qr,i),10.2,0.4),[0,4,0.6], [0.6,0.8]]

ro(b) = {(gz,ri), [0.1,0.4], [0.4,0.5], [0.6,0.7], (qr,y),[0.3,0.4], [0.4,0'9], {0.2,0.71}

roGr) = {(gr,z),[0.1,0.2], [0.3,0.5], [0.6,0.9], (qr,y),[0.1,0'4], [0.5,0.6], [0.3,0.8]]

(Fe,K) =

{&t,(qr,ti, [0.1,0.3], [0.4,0.5], [0.5,0.6], (qr,y),10.2,A.41,[0.4,0.6], [0.6,0.8],

b,(qr,tt),[0.1,0.4], [0.4,0.5], [0.5,0.7], (tr,l,[0.3,0.4], [0.4,0.9], la.2,0.7),

Lr,(er,r),[0.1,0.2], [0.3,0.5], [0.6,0.9], (qr,d,[0.1,0.4], [0.5,0.6], [0.3,0.8]]

is a Q-INSS.
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3.2.3. Delinition

Let (F1,IQ c QINSS(X), If fa(d) = X for all ri e E then (Fe,K)is called absolute

0 - INSS denoted by (X,K).

3.2.4. Example

Let X, E and Q be defined in the above example 3.3.2 then

(X,K) = {b,(gt,ri), [1,1], [0,0], [0,0],&,(qr,i),[1,1], [0,0], [0,0]] is absolute Q -
INSS.

3.2.5. Dellnition

Let (Fq,/0 € QINSS(X),If Fa(d) = 0 forall d e E then (Fs,K) is calledNull Q -

INSS denoted by (X,K).

3.2.6. Example

Let X,E and Q be defined in the above example 3.3.2 then

(X,K) = {!t,(qr,ri), [0,0], [0,0],lL,L7,b,(qr,l),[0,0], [0,0], U,1]] is Null a -

INSS.

3.2.7. Definition

Let (Fq,K),(Go,t) € QINS.S(X).Then (Fo,K) is 0 -interval neutrosophic soft

subset of (Gq,l) , denoted by (Fq, K) c (Go,L) if I( c L and Fa@) c Gq(d) for all

deK.
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3.2.8. Example

LetX = {Qt,q2}and Q = {ri}, and = {U,UI.LetK = &1}, L:{b,b},clearly

KcL

(Fe,K) = {&, (qr,tr),([0.1,0.2], [0.5,0.7], [0.7,0.8])]

(Ge,L) = {(ql,t), ([0.2,0.4], [0.4,0.3], [0.1,0.2]), (qr,tt),([0.4,0.6], [0.1'0.2], [0.3,0.5])]

So

ro(d) c cq(d)

3.2,9. Proposition

Let (Fq, K),(Ga,L),(Mo,N) € QINSS(X). Then

i. (Fo,K) c (Gq,E)

ii. (0,f1 c (Gq,L)

iii. (Fa,K) c (Gq,L) and (Go,L) c (Mo,N) then (Fo'K) c (Mq,N).

iv. If (Fa,K) = (Go,L) and (6q, L):(Mq,N)then(Fo,K) = (Ma,N)

3.2.10. Definition

Let (F,,IQ € QIIVSS(X), Then the complement of Q -interval valued neutrosophic

soft set is denoted by (Fo, K)c und is defined by (Fo, K)' = (F8, -K) where

F$z-K-+ QIN.s.s(x)

is the mapping given by f6(d) Q -single valued neutrosophic complement for each

deK.
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3.2.11. Proposition

Let (Fq,IQ € QINS.S(X), Then

i. ((Fo,K)rc = (Fe,K)

ii. (0,x1c:(x,E)

iii. (X, E)c = (0,8)

Proof

i.

Letk e Kthen

(Fo,K)= ro(0 = {(qr,ri), (t rorrrtlr,t),iros1(er,,r}),iror*,(qr,il)) :i e Q,q1

ex}

(Fo,K) =

&(&):t(qt,it),rtrq@1(gr,d),[ infieor*r(q1,i),suqipo&1l,irq@(Qt,i):ieQ,q1e

x\

(Fo,K)'= (Fo(D)c

- {{er, t), (i"0,*, ( er,i),[r - suqrpol*, ({r, i), 1

- infieorrr(qr,,i)l ,iros1(et,o))'o e g,q, e x\

((Fc, K)c)c - {(or,tt) , tt o,*, 
({r, ri) [, - (, - inf ierrr.,(qr, ,i)) , 1

- (r - supirq@t(er,n))l ,irorrr(qr,i): d e Q,q, e xj

:{(rr,r}),Ireo,*r({r,ri),[ infieor*r(q1,tt),suqipo,or({r,ri)l , iror*r(Qr,i): r) €

Q,qt e x\
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( (Fq, K) c) c={{{r, r)), 
Qi 

r rr*r(t r, l), t r or*r(et, i), 7 r rsl(qr, n) )}

((Fo,K)c)c = (Fq,K)

ll.

Let (0,K) = (Fo,K)

Than for all k e K

Fa&) = t(gr,ti), (urrrrr(tr,d,irorrr(tt,a),irrs1(or,d) zu e Q,h e x\

= {(qr,u), [0,0], [1,11, [1,U z i E Q,{r e X}

(o,K1c= (Fe,K)c = (rq(k))c = {(gr,g), [1,1], [0,0], [0,0]: ri e q,q, e x]

-- (x,E)

iii.

Let (X,E) = (Fq,E)

Theq for all k e K

ra(k) = {(q1,d), (rro,*r(cr,,i),irorrr(qr,i),iro<*t(qr,i)) zl e Q,x, e x)

= t(q1,t), [1,1], [0,0], [0,0]: rt e Q,h e X]

(x,E1c: $a:,ilc - (Fa(k))c = {(q1,it), [0,0], [1,1], [1,1]: ri e Q,qle x]

= (0,8)
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3.2.12. Definition

Let (Fo,K) and (Gq,L) € Q//V.SS(X) .Then the union of two

QINSSS (Fo,K) and (Gq,L) is the Q -single valued neutrosophic soft set (Mq,N)

writtenas (Fg,K)U(Ga,L) = (M7,IV)where N = K ULforalle€ Nand

1 Fq(e) ifeeK-L
(uo,w;={ Gq@) tfeeL-K

(rq(e)vGq(e) if e eKnL

3.2,13. Example

Let X = {qt,qz,gs} be a universal se! E = {b,sz,az} Ue a set of parameters and

0 = {t} be anon-empty set. Let N = {g,gr} . E, and M - {b,%}. E

(Fo,N) =

t(gr,t((q.,i), [0.1,0.2], [0.3,0.4], [0.a,0.5]),92 ,(qr,l),[0.3,0.4], [0.5,0.6], [0.7,0.8])

and

(Go,M) =

{(gr,((qr,n), [0.1,0.3], [0.7,0.8], [0.8,0.91) ,(gs (h,tt), [0.1,0.2], [0.3,0.5], [0.4,0.5]

))

Then

(Ko,L) = {(gr, {((qr, ri), [0.1,0.2], [0.3,0.4], [0.4,0.5]),

gz,(qt,i),[0.3,0.4], [0.5,0.5], [0.7,0.8],g, ((gr,ri), [0.1,0.2], [0.3,0.5], t0.5,0.61)]
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3.2.14. Delinition

Let (Fo,K) and (Gq,L) e Q/NSS(X) .Then the intersection of two Q/lVSSs

(Fo,K) and (Gg,L) is the Q -interval neutosophic soft set (Mq,/V) written as

(Fo,K) n (Go, L) = (Me,N) where N = K a I forall e C N and

(M e, N ) - 1e, min( tt r o(d, tt), itc a(d, i) ), rno(ri, o(d, i), i c o(d, d) ),

,r*(i"o1a,i),ica(d,ri)) : a e x,i e Q)

3.2.15, Example

Let X = {et,ez,et} be a universal set, E = {gr,gr,gr} b. a set of parameters and

0 = {ri} be a non-empty set. Let N = {!L1,b,} . f ,and M - {gr,g} c E, L:N\M

(Fo,/V) =

{(rr,{((qr,t), [0.1,0.2], [0.3,0.4], [0.a,0.5]),92,(qz,i),[0.3,0.4], [0.5,0.6], [0.7,0.8])

and

(Go,M) =

{(g,((qr,n), [0.1,0.3], [0.7,0.8], [0.8,0.9]) ,(gs(qr,tt),10.L,0.21,[0.3,0.5], [0.4,0.5])

)

Then

(Ko, L) = { b, (qz,i),[0.1,0.3], [0.7,0.8], [0.8,0.9]]

3.2.16. Proposition

Let (Fq,A,(Mo,N) and (Gq,L) e QINS.S(X). Then



i. (Fe,K) U (O,K) = (Fa,K)

ii. (Fe,K) U (X,K) = (X,K)

iii. (Fa, K) u (Fa,K) - (Fa,K)

iv. (Fq, K) v (Ga,L) = (Ge,L) u (Fq,IQ

v. (Fo,K) v ((Ga,L) u (Ma,iV)) = ((Fo,K) u (Go,r))) u (Mo,N).

Proof

i.

We have

/\
(Fo,K) = {(q1,i), (lrro,*,({r,ri),tro,*,({r,i),Lrow(qr,n)):i e Q,h e X

(0,K) = {(q1,i), [0,0], [1,1], [1,1]) : t € Q, h e X]

(Fo,K) u (O,K)

- {(qL,i),max (ttrorrr(et,i),t0,01) ,min (iror*, ({., ri), t1,11) ,mn (irrr*1(Qt,i),t1,11)}

vhere

*o, (t roru, ({r, r}), t0,01) = fmax(ttpqkl(Qr,i),0),max(1tpq'1(er,t), 0)I

*in(ororr.,(qt,t0,t1,1l) - [min(ipo,*,({r,ri), l),min(ipo,.,(Qr,ri),1)l

mn (i r 
o r*, 

(q t, il), t 1, 1 I ) - fmin(i p o rrr(Q r, 
i), 1), min (i p o s1(Q r,t), 1 ) l

t\
={(h,ri), (r"0,*, ( qt,i),iFan, (er,i), irq@1(Qr,ri)) : ri e Q , q, e x}

=(Fo,K)

ii.

Let(X,K) = (Gq,K) then
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(Fo,K) = {(gr,t), Q7rrrr.,(tr,i),vrosr(Qr,il),irrrrr(Qr,n)) 
:i e Q,% e Xl

(Go,L) = [(gr,ri), ([1,1], [0,0], [0,0]) : i e Q,h e X]

(Fo,K) u (Ga,K)

-- {(qr,i),mar (trro,*,(9r,ri), t1,U) ,min(iror*r(pr,tt),t0,0]) ,mn(irorrr(er,i),t0,0])}

where

max (tt r o s, 
({r, i), t 1, U ) = [max (tt r rr*.,(e r, 

i), L), max G r r*r(e r,t), 1 ) ]

mn ('l r o,*, 
({r, t), t0, 0] ) - lmin(i po,*, ({r, ri), 0), min(i po,*, (Qr, t), 0) I

mn (i r oru, 
({r, r}), t0,0] ) - lmin(i po,*, ({r, t), 0), min(i p q@1(e r,n), 0) l

:[(qr,r),[1,1], U,U, [o,o]: ,) e Q,q, e x]

:(Ge,K) - (X,K)

iii.

Let

(Fo,K)= {(q1,ri), Q\rorrr(lr,t),iror*r(4t,i),trror,(qr,n)) 
zi. e Q,h e X}

(Fo,K) U (Fq,K) =

{(x1, i), max (t r orrr(l r, 
i), tt r q@)(qr, t)),

mrn(t,rrrrr(Qr,i),ir0,.,(er,,l)) ,mn(irorrr(Qri),iror*t(qr,tl)' a, e Q,qt e x\

where
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^* (u,orn (Qr,i), iro,o, (e r, a))

= [max(inl (iror*r(euit),inf(ltrow,({r,i)),max(sup(p rorrr(Qr,i),sup(Frs1*,(qr,ri))]

min (*, or*.,(e t, tt), i r o,*, {er,,i) )

- [min(inf (iror*r(Qr,l), rnf(vpo,*, (q1,i)),min(sup(ieor*; ({r, i), sup(ripo,*, ((r, i))]

mm (i, orrrtqt, l), i r o*t 
(q., ri) )

= [min(in(ipo,*,({r,ri),inr(i"0,.,{q.,ri))),min(sup(ipo1*,({.,r}),sup(iror*r(Qr,d))]

= {(qr,n),(p"ou,( qr,i),iro<xr(er,i),iro,*,{cr,ri)) :l e Q,h e x}

:(Fo,K)

iv.

(Fe,K) = {(qr,t),(pro,*,( qL,i),iFa@)(qr,i),iro,*,{er,r:)) :i e Q,x1e x}

(Go,L) = {(q.,r}), (t oor*r(lr,i),ioowt(Qt,i),ieo<, (qr,,t)) :i e Q,% e X}

(F o, K) v (G a, L) - {(qt, i), max( tt r r<x>(q t, tt), lt c as) 
(qr, i)),

min(i e o rrr(e r, 
i), i e os1 

(qr, d) ),

min(Ae orrr(et,it), ic 
rsl 

(gr, r))), i e Q, h e X\

where

matc ( il r owr(t, 
i), i, o o,*, 

(cr,,))/=

fmax(int(it"o,*,(c,t)),inf (ieor*,(er,,l)) ,max(sup @ror*r(r,i)),trrphoo,u,(or,,i)))l
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min( i p orrr(er,,)), i,oo,*, (q' i)/=

lmin(inf (vro1*y(e,ri),inf (i6orrr(t,i)1,mtn(sup(ieor*,(q,i)),*p(tca(ft)(q1,ri)))I

min( le orrr(q, i), iro,*, (er,,i)/-

fmin(inf (i"0,*,(cr,,i), inf(trcq1*y( t,i)),min(sup(ipo,*, (t*i),sup1roo,*,(q, r));;1

(F o, K) v (G e, L) = {(q r, tt), max ( t o q@(Q r, l), tt r o rrr(e u i)),

min(t 6 o r*r(qL, i)i F a@(qr, i) ),

mln(i6 orrr(qt, tt), i p 
o<*, 

({r, d)), il. e Q, h e X I

where

max ( tt c o rrr(e u i), i r or*r(e r, 
t) ) =

[mar(inf(1roo,*r(e,t)),inf Ororrr(er,ri))), max(snp(itoo,*,(cr,,i)),sw(irror*,(c,t)))]'

min(i6orrr({r, d)frol*; (qr, t))= minli6or*r(cr,,)), i'"0,*, (q' i))=

lmin(inf (nco,*1 (c' i)), inf(i,po,*, (e ,, ri))), min(sup(i,co6; (e r, ,i)), sup(i'po,*, (ar, ,l)))I

minl lp or*r(t, i), i, or*, 
(qr,,i) ) -

lmin(inf (ico1*y(cr,,i)), inf(ieo,*,(tr,,n))), min(sup(i e qe,1(Q,i);,suR(iro,u,(qyi)))I

:(Ge,L) U (Fa,K)

v.

(Fo,K) = t(q1,i), (irorrr(or,l),iros1(er,i),ieok)(qr,t)) :i e Q,% e xl

(Go,L) = {(qr,t), (uoorrr(lr,i),ieq&)(qr,l),icq@1(qr,r:)) zi e Q,h e Xl
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(F o, K) v (G o, L) = {(q r, i), max ( 1t, o r*r(Q r, it), lt e o ror(e r, i) ),

min(i e orrr(qt, i), * c a @(q r, i) ),

min(ir rr*r(qt, i), ie o<rr(er,l) ), i e Q, h e X ]

where

max ( fu r or*t(q * 
i), i, o o,*, 

(cr, ri)/=

fmax(inf (it"o,*,(e,i)),inf Aeorrr(qr,,n)) ,max(sup 0rrr*r(rr,,n)),sup(1rro,*,(ar,,l)))l

min( i p or*r(0, it), i o r,*, 
(qr,,i))=

lmin(inf (nro1*, (c, i) , inf (i 6 or*r(e ,, 
,i);, min(sup (i,po,*, (q, i)), sup (i'60,*, (cr, ,,i))))

min( Ip or*r(c' i), ino,*, (q, i),

lrnin(inf(iro1.y(er,,i),inf(i6or*r(l'i)),min(sup(ieor*r(qr,,i),sup(i6o,o,(sr,,n)))l

and

(Me,N)= {(q1,t), (t uorrr(Qr,i),i*o<*t(Qt,i),iuew) (qr,ti)) :i e Q,h e x}

((Fo, K) u (Ga, f )) u (Ma, N) - {(qr, lD, maxl( lt, o<*t(qt, i), ltc a(*r(Qt, 
i)1,

It*rr*r(Qr,l))mtn(npos(Qr,l),ieor*r(Qt,il)l,iro@(qr,i)),

minli, orrr(qr, il), ie o<rt(qr, t ), i, o,*, 
({r, ri) }, I e Q, % e Xl

where

nuc (( lt r os(e t i), tt e rrrr(e r, 
i) ),

ttuor*r(lt,i))=lmax(inf (ttpo<*.t(qr,i),(tteor*r(Qr,l))),

inf (puo<*>(q1,1)),matc((sryQtrorrr(qt,i),lte orrr(Qr,tr)), sW(ttuq@1(qr, n)))]
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min( ( i r os.,(e t, i), i t o r*r(q r, lr) ),

i * 
o s (e t, i)) - lmin (in f (i e r rrr(q L, i), i c a k (Q r,, i) ),

inf(riyo,o,( q1,i)),min(sry(irorrr(qr,i),ie q*r(er,il)),sup( iuo<o(?r, n)))I

min( ( i, 
orrr(e r, 

i), i o o r*r(q r, l) ),

i * orr,(q r, 
t ) ) = [min ( inf (i r rr*r(q L, i), i G a@)(q r, 

i) ),

rnf6lro,*, { q1,i)),min(srp(i"0,*, (qr,i),irqrn (Qr,lD),sup( iuo<*>(er, n)))I

= {(qr, i),maxl iror*r(Qt:d,),(lte ,rrr(er,i),

iuorrr(gt,l))minlieorrr(er,i),(iooe>(qr,l),i*or*r(qt,ft)l

minli, 
orrr(qt, 

i), (i, 
or*r(qr, 

i), i, os(er, i) ), i e Q, q, e xl

where

max ( tt r a<*, 
(Qr, rt), (tt c rr*r(er i) ),

i u o rr.,(Q r, tt)) - lmo,x (in f (tt r o s1(q r, i), i nf ( (/60,*, ( 
Q t t)),

(i u o s1(Q r, i))), max (sttp (F r,s(q 1, l), sup ((tt e o 6(Q t, i), i * o rr, 
(er, t) ) ) l

min( ( i, 
or*r(q r, 

l), ( (f oot*r (qr, t),

i u q$1(cl r,rt)) = fmin(in f (i r,s(Q r, n), in f (Q 60,*, ({r, t),

(i * q @(q r, i)), min(sup( (,iro1.y ({r, i), i e o s (h, i)), s ttP (i u o s1 
( qr, ?)) ) l

min( ( tr r rrrr(q r, l), ( (ioor*l ( qL, i),

i * rs(Q r,ri) ) ) = [ntin(inf (( ir rr*r(e r, 
i), (i o o@(qr, t) ) ),

inf(iuorrr(q1,i))),min(sup(( iros(Qr,i),(ie orrr(Q1,1)),sup( irorrr(qr,i)))l

=(Fq, K) v ((Ga, L) u (Ma,N))
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3.3.16. Proposition

Let (Fq, K),(Ma,N) and (Gq,L) € QINSS(X). Then

1. (&, K) n (O,K) = (0,K)

ii. (Fe,K) n (X,K) = (Fo,K)

iii. (Fo,K) n (Fo,K) - (Fq,K)

iv. (Fo,K) n (Ga,L) = (Ge,L) n (Fo,K)

v. (Fo,K) o ((Go,L) n (Ma,tV)) = ((Go,L) n (Fo,r0) n (Me,N).

Proof

i.

We have

(Fo, K) = {(pr, i), (lr"o,*, ({r, r) ), i r orr.,(er, 
i), ir rr*r(er,,i)), i e Q, h € X

(0,X1 = {(q1,i), ([0,0], [1,1], [1,1]): i e Q, h e X]

(Fo,K) n (0,K)

= {(xr, il),min(1r".,.,({r,r)), [0,0]) ,mq)c(f".,*,(gr,,i), t1,1]) ,max(iror*r(Qr,t), [1,1])]

where

min (tr r o s, 
({r, r}), t0, 0l ) = lmin (lt r c *r(Q r, i), 0), min (1t p q k)(q r,n), 0) I

^* (i 
" o ror(q r, il),t 1, U ) = fmax (i po,*, ({r, ri), L), max (i p q&1(e r,n), 1 ) I

** 0, orrr(q", 
i),t1, 1l ) = fmax (ip,n*; (Qr, ri), L), max (i po,*, ({r, i), 1) I

={(qr, ri), ([0,0], [1,1], [1,1]):i e Q,h e X



: (0,K1.

ii.

Let(X,K) -- (Gq,L) then

/\
(Fo,K) = {(q1,t), (Irro,*,({r,ri),iros1(Qt,i),Lr^<o(Qr,n)):i e Q,% e X

(Go,L) = {(q1,d), ([1,1], [0,0], [0,0]) z i e Q,h e X]

(Fo,K) n (Ga,L)

= {(gr, i),min(urrr*r(tr,i), t1,11) ,ma)c(,,iro,*,({r,n), [0,0]) ,max(iror*r(Q.,,,n), t0,0])]

where

mn (u, 
us, 

({r, i), t1, 1] ) - Win(p ra1*y ({r, i), L), min(1t e o,*, 
({r, i), 1)1

** (i r rr*r(qr, ri), t0,01 ) - ftnax (i po,u, ({r, i), 0), max(i po,*, (Qr, i), 0)l

*o* 0, orrr(q r, 
i),t0,01 ) - [max (i po1*, ({r, t), 0), max (i po,*, ({r, i), 0) J

:{(qr,d),(p"',*r( qr,i),ipo<rr(er,ii,iro,.,{er,ri)) :i e Q,h e x\

= (Fa,K).

Iil.

Let

/\
(Fo,K) = {(q1, i), (Ir"o,*, ({r, ri),irqe1(Qr,i),Lro<*>(qr,n) )zi e Q, h e Xl
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(Fo,K) o (Fq,K) =

{(q 1, i), mtn (u, o rr|vr t, i), lt r q&1 
(qr, ri) 

),

mrn(r,rorrr(qt,i),irq,*,(cr,ri)),min(ipo,*r(qr,i),iro,n,(qr,g) Q,xLeiqte

x,i e Q|

:{(qr,d),(p"0,*,( Qr,i),iro<xt(qr,i),iro,*,(ar"i)) :i e Q'h e x)

=(Fo,K).

iv.

(Fe,K)= t(q1,i), QJ'rorrr(or'i)'i,or,(Q'"))'i'ar*r(q''n)) 
:i e Q'h e x)

(Go,L) = t(xr,u),(lroo,*,(Cr, i),irq@(qt,i),ieo&) (qr,ti)):ri e Q' r,-eX]

(Fo,K) n (Go, L) = {(qt,l),min( ltpor*r(h,l),ltcrrrr(Qr'i))'

max (i p 
rrrr(Q r, tt), 

i e o rrr(Q r, 
i) ),

max (ieorrr(Q",i),icorr',(Qr,it)),i e Q,h e Xj

where

min( lteorrr(qr,i),lte o,*, 
({r, r))/=

lmin(inf(1t"0,*,({r,ri) ,inf (ieq.*t (q.,ri))) ,min(sup(1t"0,*,(Q"t) 'suP(icqk1(qt'n)))l

max( ipor*1(Qt,i),ie o,*, 
({r, ri))=

lmax(inf(ipo,*,(Qr,ri), inf(voo<*>(q1,i))),max(sup(i"ot*l(q''ri)'sup(ri6o,*,(qr'n)))I
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muc( iF ak (er, lt), ieo,*, ({r, i))=

lmafiinf (iro,u, (Qr, t) , inf (i6or*r(qr,,i))),max(sttp(ipo,*, ({r, d), tub(Arorrr(qr, i)))I

(F o, K) n (G a, L) - {(q r, i), min( tt c e@(qt, i), lt r qk1(qr, i) ),

(i, 
e @(Q r, 

i), i r rr*r(q r, 
t ) ),

max (i6oror(qr,i),iror*r(er,l)),tr e Q,q, e x]

where

min ( 1t 6 orrr(q t, 
i), i e or*r(Q r, i) ) =

lmfnQnf (1tco.*r({r,ri) ,inf (Fro&t (qr,t))),min(sup(1t60,*,({r'd)' zup(ttro<n't(qr'n)))l

max (i 6 orr.,(g1, 
i) iFq (k) 

(q r, i) ) -

fmur(inf(i,co,nr({r,t),inf(vrao,t(qr,i))),max(sup(i60,*r({r't)'sW(iroro',(Qr't)))]

max( ieor*r(Qt,i), iro,*, ({., r}))=

lmax(inf(ioo,*,(qr,i),inf(ieorrr(g.,ri))),max(sup(i60,*r({"t)' 
st4(ieo<o({r'ri)))I

=(Ge,[) n (Fo,K)

v.

(Fo, K) = [(qr, r]), (lrro,*, (lr,,t ),*, e@)(qr,t'), 
i, 

o<n>(qr' 
d)) z i e Q' h e X ]

(Go,L) = {(qr,ri), (t'oorrr(lr',i)'ieck)(q"'l)'ioq&t (qt"'))) :i e Q'h e x}

(Fo, K) n (Ga, l) = {(qr, i), min( t+ e o<*t(Qt, 
i), lto qk1(q v i) )' max

(i, 
e@(Q r, i), i o o*r(qr, i) ),

max (ipor*r(Qr,,i),ioor*r(Qr,i)),i e Q,h e X]
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where

min( ltporrr(qt,i), lte o.*, 
({t, t))=

fmin(inf(ltrorrr(er,tt),inf(ieos1(qr,n))),min(nryQtrq&1(Qr,it),sW(lteo,*,(et,i)))l

max ( i p 
or*r(er, 

tt), i e o,*, 
(Qr, ri))=

fmax(inf(ipo,*,({r,ri), inf(i6orn(q1,i))),max(sw(vror*r(qr,i),suP(ico<ul(qr,t)))l

max( iporrr(er,i), ioo,*, ({r, i))=

lmax(inf(iro,*,({r,r}),inf(i6or*r(qr,t))),max(sttp(ipor*r(Qr,i),sub(Lee,o({r't)))l

and (Mq,N) = t(qr,n),(pron,( ql,i),iMa(*r(Qr,i)'iro,*,{e"t)) zi e Q'h e x}

((Fo, K) n (Go, I)) n (Mo, il) - {(qt, i), min(( ttr o<,(qt, i), lte qtrr(Qt, i) ),

lt u or*r(Qt, 
i)), mu ( (v r os1(8 t,i)' irqr*l ({ t' i) )' i',,*t (qt' ti) )'

max ( i e rr*r(q r, 
i), i o or*r(Q r, 

i)), i, q&1(Q r, tD ), it e Q, q1 e x ]

where

min( ( i, or*r(Q r, 
i), tt e or*r(Q r, 

i) ),

iuorrrQet,l)) - [min( tnf (rrqn.)(qt,i), Fe o<*t(qt,l)),

inf (Fuo<*t(q1,i))),min(sup(ttrar*r(Qt,i),ltco,*, ({r, ri) ),sup( r'Mo(r) (q1' t)))l

moax ( ( i r r rrr(q r, 
l), i o o r*r(q r, 

i) ),

i u q &1(e t,t) ) = lmax (in f (i, o r*r(q r, 
i), i o o r*r(q r, 

l) L

inf (iyor*r(q1,tt))),max(sup(vpo,*, (qt,i),icos1(Qt,i)),sup( irot*,(q"'))))I
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max ( ( i r rrrr(qr, 
t ), i o orrr(q r, 

i) ),

iroror(qr,l,))-lmax(inf (ieor*r(qr,i),ioor*r(Qt,i)),

rnf (irrrrr(q1,i))),max(sup(ieos1(Qr,l.),ico,*,({r,t)), sw(iro(r)(q1,i)))I

= t(qr, i), min( 1t po,n, ({r, ri), (i c r rrr(Q r tt),

F u o s.,(Q t, n)) m ox fi ro,*, ({r, ri), (i o o <rt(q r, 
i), i u r r*r(q r, 

i) )

m m( i e or*r(q,, 
i), (i r rrn 

(q r, i)' i, orrr(q,' 
i) )' i e Q' qL e x ]

where

min(trt e orrr(qr, 
ri), (tt e orrr(Q t i)),

Ituosr(Qt,t)) =

lmin(inf (tt"o,*r({r,ri),inf ((tteo<*t(qt,i),

(i u o *r(h,n) ) ), min ( s uP G r c@)(q t, 
l), sttp ((i c o ro',(Q r' i)' i u,s(Q'' n) ) ) l

matc (( i r rr*r(qr, 
t ), ((toqr*r (qr, i),

i*or*r(qr,i))=lmax(inf (irorrr(qr,l,),inf ((i6rrr',(Qr'i)'

i*rrrr(qr,i))),mar(suP(ieorrt(q1,i),sup((iror*l({r't)' irot*l(qr'n))))l

matc ( ( i, 
o r*r(q r, 

i), (i o o rr.,(q r, 
i),

i, oo.(er.,n) )) = lmax (in f ( i, oro.,(qr, 
t ), inf ((i6 r,*, 

(Qr' r))'

irrrrr(qr.,lr))),mar(sup(iro<*t(q1,i),xry((troor*r(qr,i), irorrr(q''i))))l

=(Fa, K) n ((Ga, L) n (Mq,N))



3.3.17. Proposition

Let (Fo,K) and (Gq,t) E QINSS(X). Then

i. ( (ro,K) v (Ga,L))c:(Fo,K)c n (Ga,L)c

ii. ((Fo,K) n (Go, L))c:(Fq,K1c v 7Go,L1c

Proof

i.

Let

(Fo, K) = {(qr, ri), (lrro,*, (er, t ), i, ok)(qr, i), i, o*t(Qr, i)) : t e Q, h e X)

(Go,L) = {(gr,t), (uoor*r(er,i),iookt(Qr,i),ico<, (qr'i)) :i e Q'h e x\

(F e, K) u (Go, L) = {(q t, tt), matc( lt r or*r(Q t, 
i), tt c rr*r(Q r, 

i)),

min(i e orr(qt, i), i a o<o, 
(Qr, ri)),

min(i, or*r(qt,i), ie 
o<*t(gr, 

i)), i e Q, % e Xl

where

max ( 1t p r rrr(e t, l), i e rr*r(Q t, i) ) =

[max(inf(pro,*,({r,ri)),inf(icq,*,(er,r})),max(sttp(iros1(Qr,n)),stry(iro,u,(er'a)))]

min( i p 
or*r(q r, 

i), i, 
or*r(q r, 

i) ) =

lmin(inf (nro,*, ({r, d), inf(v60,*,( Qr,i)),min(sup(i'pqk1(Qr,ri)), sup(ri6o,*, ({r, d)))l

min( ie rr*r(qr, i), io 
o,*, 

({r, ri)/ =

lmin(inf (iro,*, ({r, r}), inf(ica(r) ( q1,i)) ,mtn(suq(iro<*, (Qr, ti), sup('ioo,*, ((r, t)))I

72
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( (Fo, K) v (G a, L))c - {(q r, i), mM (i, 
o<*t(Q t, 

i), i e c k) 
(qt, t) ),

*n({V - sw irrr*r(qr,i), 1 - infieor*r(qr, tt)l), ([' - swie o<r(Qr'i)'L -

infi6r.rr(qr,,r)l)) ,min(ttrorn,(Qr,i),Fcosr(Qr,1))), i E Q,qt e x\" """"(l)

Now

(Fo,K)c =

{(qr,ri), (iror*r(qr,i), t[r - sWiee')(qr,t),1 -

lnf i v or*r(qr, 
ti)l), p"o,*, (xr' r))) : i e Q' h e x)

(Ge,L)'-

t(qr,t), (iror*r(qr,i), C[r - suqi6or*r(qr,t),1 -

inf i 6 rrrr(qr, 
ri)l), l oo,*, ({r, rL)) t i e Q, h e X}

(F e, K)' n (G o, L)c = t (q1, i), ((^r"<i, o6r(Qr, 
i), ico,*, (Qr, ri) ), max (11 -

strpirqkt(er,t), f infieor*r(Qr,i),ltro,o,{er,ti)]),([' - supi6orrr(qr'i)'7 -

infi,6rr*r(qr,o)])) ,maxQltprr*r(Qt,i),lteo,n,({r,d)):n e Q,8t e x\""""(2)

where

min ( i e rror(q r, 
i), io 

o,*, 
({., ri)) =

lmin(inf (i"0,*, ({r, t), inf(ico(r) ( h,i)),min(sup(i"0.*, ({r, t), sup('t6o,n, (q,' d)))l

matc ( p r ok (et, i), i eo,u, ({r, r))/ =

fmax(inf (1tro,*, ({r, r)), infQi6o,n, ( q1,i)),max(sw(iro<ot(qr,i),suPQrcorrr (qr' n)))]
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From Equation (1) and (2)

((ro, K) v (G e, L))c :(Fo,K)" n (G o, L)"

ii.

(Fo, K) = {(q1, t), (t r or*r{lr, i), iror*l ((,, i), ir o*>(qr, n)) : i e Q, h e X}

(Go,L) = {(qr,d), (t rorrr(lr,i),ieo&)(qr,i),ieo<*t (qr,tr)) zi e Q,% e xl

(F o, K) n ( 6q, L) = {(q t, i), mln( i r orrr(Qr, 
i), trrco,*, ({r, ri) ),

*N, 
or*r(q L, i), i c a @) 

(qr, ri) ),

maxlie orrr(qt,lt), iee&, ({r, t)), i e Q, h e X\

where

min( lterrrr(qt,lt), ttce,*, ({r, ri)/=

fmin(inf(p.0,*,(Qr,r)),inf(;i60,*,({r,t))),min(sup(prq&1(Qt,t),sup(160,*,(er,t)))l

max( iporrr(Qr,fiD,ie o,*, 
(Qr, ri))=

lmax(inf (irrs1(Qt,i),inf(v60,*, (qr,i))),m,ax(stry(npoe)(qt,ri),sup(ri6o(k)(q1,d)))l

matc ( i e rrr.,(Q r, 
i), i o orrr(Q r, 

i) ) =

lmax(inf (irrrrr(qr,i), infliro,*, (gr, i))), max(sttp(iro,n, ({r, ri), suf lioo,*, (qr, n)))l

( (Fo, K) n (Ge, L))c = {(q 1, tt), matc (i, 
or*.,(q r, 

i), i"o,*, (qr,,))),

mm (fl - sup irrr*r(qr,i),1 - infierrr.,(qr,ti)]),([l - supi6orrr(qr,i),L -

infi6or*r(qr,i)l) ,min(ttrrsl(Qr,i),t rorn(qr,i)), i e Q,er e X|...........(l)
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ma"x (i F a{k\(q r, 
i), i, 

o,*, 
({r, rt) ) =

where

max ( ie 
orr.,(qr, 

lr), io q1o, 
({r, t)/=

Lmox(inf (i"',*r(Q,,,i), inf(ioo,*,( q1,i))),max(sw(irocrr(er,i),sw(ice@(?r,t)))l

mtn( lterr*r(qbi), lte o,*, 
({r, ri)/:

lmax(inf (ttror*r(1r,i), inffti6o,*,( q1,i)),min(sq(iroro,({r, t), suPfttcor, ({r, d))I

Now

(Fq,K1c =

[(qr, ri), (iro,*, (nr, o), t[r - suqieor*r(qr, i), 1 -

infveor*r(qr,,i)l),l ro,*r(rr,ri)) :i e Q,h e X\

(Go,L)'" -

{(qr,d), (ioo,*,(er,ri), ([1 - suqieor*r(qr.,i),L -

infv6orrr(qr,ri)l),poo,*,(er,,t)) :i e Q,h e Xl

(F e, K)' v (G o, L)c = {(g1, i), (max (i, orrr(e r, 
l), i oo,*, (n., li) ), min(|\ -

sryiro*r(Qt,i),L-infieorrr(qt,i),tteo,*,(er,t)]),([r- sWicq@)(qr,d),1-

infi6rrr.,(qr,,ri1]);,min(irrsr(et,r,i),lrcq1jy(gr,ri)): i e Q,h e Xl ......'.. (2)

where

min( 1t e orrr(q t i), tt e o rrr(et, lt) ) 
:

lmax(inf (ltrosl(Qt,i),inf(/60,n,({r,r})), min(sup(1trq,1(Qr,ri),sup(tri60,u,(er,i)))1
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ma.x ( lF 
aw)(qr, 

l), io 
o,*, 

(Qr, t))=

lmax(inf (iFak)(ql,i), inf(1c01*y ( q1,i))),max(sry(irq@, ({r, d), sup(i".,*, (9r, t)))I

From Equation (1) and (2)

((Fa, K) n (G r, L))c :(Fo, K)' v (G r, L)c

3.3.18. Proposition

Let (Fq, K),(Ma,N) and (Gq,L) e QIM(X). Then

i. (Fo,K) u ((Go, L) n (Ma,N)) = ((Fo,I0 u (Go,t)) n ((ro,ro u (Ma,N)

ii. (Fo,K) n ((Go,L)v (Ma,N)) = ((ra,K) n (Go,t)) u ((ro,I0) n (Mo,tY))

Proof

i.

(Fq, K)= {(q1, t), (t,or*r(lr,lr),iros1(Qr,i), irr,'r>(er, t)) : i e Q, % e X\

(Gq,L) = {(gr,r}), (t'oor*r(lr,i),foer*l({ ,,i)'ieo<*>(q."0)): ri e Q' h e x}

(Mo,N)= t(q1,i), (l'ro,n,(er, l'),i*o<*t(Qr,i)'iuo<xt (q."'i)) zi e Q'h e xl

(Fo,K) u (Gq,L) =

{(q1,i),mox(t ror*r(lr,i),ttaoro{er,ri)) ,^rn(ororrr(qt,i),ie o,*,{er,ti)),

mrn (i, or*.,(Q r, il), ieo,*, {er, t) 
) 
}

where
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max ( lt r q @(q t, i), i e or*.,(e r, ir) ) =

fmax(infQtra(r.)(q1,d)),inf (ttcor*.,(h,l))),max(sttpQtrorrr(er,i)),sup(trrco<rl(qr,n)))]

mtn( i e o r*r(qt, i), i e qrrr(e t, l) ) =

fmin(inf Qporrr(er,i),inf(rri6o,*r(gr, t)), min(sup(irposl(Qr,i), sW (noo,ol (qr,r))))l

min( ie rr*r(qr, t ), io 
e,*, 

(gr, d)/=

lmin(inf (irorrr(Qt,i), rnf6.lro,*,{ q1,l)),min(sw(irorrr(qt,i)),sttp (iro,u,(qr, r))))l

(Fo,K) u (Gq,L) =

{(qr, t), (** (urorrr(lr,i), iuor*',(Q1,i)) ,mrn(iros1(Qr,i),i*o&t(Qr,'))),\ . . .
\ min(irorrr(h,l),iuq(*,({r,d)) I

Q,qt e xl

where

max ( ltr q@(qy i), tr u o,*, 
(Qr, t)/=

lmax (in f (tt r o rr, 
(e r, l)), rn i (tt u e s(Q t, tt)), max (sW (p r o rr, 

(Qr, t) ),

sw Guq&,(er,i)))l

min( i p orrr(qt, l), i u qr*r(eu i) ) =

fmin(inf Qpor*r(gr,,i)),inf (iyrrur(Qr,i)),min(sup(ipo,*,(8r,i)), sup (iuqn.,(Ar,d)))]

min( i e o rur(q r,, 
i), i, 

o rrr(e r, 
i) ) =

tmin(inf(iro,*,({r,i),mi q"ror*r(er,i)),min(xry(irorrr(er,n)),sup (iro,o,(gr,r))))I

((Fe,K) v (Ga,L)) n ((Fq, A u (Mo,N)) =



78

={

(qr,i),mtuQnax((irosr(er,i),1te orur(Q1,i),rhax(ltrorur(Qr','l) ' 1tuoru,(Q'' o)))'

max ((mtn(rro,J n r, O ), i s orur(Q 
t' n))' min (i' o rur(q'' 

i)' i v 

"u'(Qr' 

r)) ) )'

max((mtn(i"o,u, (nr, o 1, i6orur(Qr,n)) 'mn (i"o,o, (q'' if iv^u't(Qr' n))))

........(1)

mtn(max ( i r o rur(Q 
r, i), i c o 61(Q r, 

i)' m ax ( i' o rur(Q'" 
i)' (tt u o'u'(Q r' 

i) ) =

lmin(tnf (min( ltporur(Qr,U), ltcq1v1(qf i)'min( irorur(Q''i)' (p'otul(Qr't)))' 
)

min(sup(mtn( iro<*>(q1,i),ltces,1(q1,i)'mtn( irrr*1(Qt'i)'(iuoro(ar't)))]

max (min( i F o @)(q r, i), i 6 o rur(Q 
r, i), mtn( i r q Q,1(Q t'ri)' 

('Ma (k) 
( 

Q t' i) ) =

lmaxQnf (mtn(iprrur(qr,i),ie orur(Qr;i)'min( 
ip'orur(Qr'i)' (vvo1u;(Qr' t)))'

max(sup(min(iprrur(Qr,i),ioe&)(qf i)'mtn(iporur(Qt D)'(iMa&)(q''t)))]

max (min ( i, o rur(q r, 
i), i o r r*r(Q 1, i)' min ( i p o rrr(Q t'ri)' 

(iM 
a (k) 

( q t' i) ) =

pn ax (tn f (min ( i e r rur(q r, 
i), i, 

oror(Q 
r' it)' min ( tr p' o rur(Q'' 

i)' (i' 
o <u' 

( 4'' d) ) )'

max(sup(min( ieorur(qr,i),ioo,u,(Q,'i)' min( ieorur(q''i)'(i'otu'(qt"))))]

(Ge,L) O (Mq,N)=

{

(qyi),mt.n(t4rorn(er.i),1tvorur(Q1,i)),max('oo,u,(n''o)'inao,*'(Qr'o))'max(i6o'u'(Q''i)'7

)
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where

mtn(i 6 orur(q t, 
i), i u 

e1u, 
({r, r)))

= lrnin(tnf (ica&)(qt,i)),inf (ivoror(Qr,n))'mtn(sup(i6rrur(Qt'i))'sup ("otu'(q'"))))l

max (i6 
oru, 

(Qr, t), i, orur(qr, 
i)) =

lmax(tnf (ioorur(et,i),inf 7i*orur(Qt,i)),max(sup(i'e*)(qr't))' 
sw (iuo<x)(q1'd)))l

max(A5orur(Qr,i), i*',u, (Qr, t))

: ftnax(inf lioor*r(Qr,i)),inf livoru',(h,i))'max(sup(i6orur(Q"d))' 
sw (iuaro(q''dr)))l

(Fe,K) u ((Go,L) n (Ma,N)) =

{ (qr,i), max(1teoru,(Qr,d), mtn(1t6orur(q''d/)'ltuorur(Qr/D))'min(ipo'u'(Q''i)'

^o* (t,, oru., 
(qr, t), fro,o, (qr, t)),

mtn (i e r rur(q 
r, i), *o* 1i o o ru, 

( 
Q r, i)' i u o ru',(Q 

t' i)) \

:t

(q ,i),minQnax((iro1r1(%,i),1tcorn(Qr'i)'max(rto,u,(Q'' 
l'l1'1'*..n'(Q'"')))'

m ax ((min(r".,*, ( o r,, ), i 6 o rur(Q r, 
n))'m i n (i r o r*r(Q'' 

i)' i M a @)(q t' 
i)))'

m ax ((min (i, o rur(e 
r, i1, i 6 o rur(Q t, 

n))' mm 7i' o rur(h' 
.i1' )' v o.u'(Q t' 

d) ) ) )

........ (2)

where

mtn (m ax ( lt r o r,,(Q r, 
i), i c o s1(Q r, 

i), max ( i r o rur(Q t' i)' (lt' q @1 
(Q'' i) ) =
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lmin (in f (min( lt e o<o{q r, 
i), lt c q 1r1(q 1, i), mtn ( i r o s',(Q t't)' (Ir, q rur 

(9 r' t) ) )'

mtn(sup(min( ltre.n)(q1,i), Pcq&1(qr,i),min( lteorur(qr,i) ' 
(fro,u, (t'' d)))l

max (min( i, 
os1(Q r, 

i), i o o w>(Q 1, i), min( i, q ,.1(Q r,t), (trq 
r*r 

( q t i) ) =

lmax(inf (min(iporur(qr,i),ico,o,({r,i), mtn(iporrr(qr,i),(iroru,(q,'t))))'

max(sup(min( iporor(qr,i),!oe.,)(q1,i),min( iro*l(Qt,i),(iuo<u>(q'' n)))]

m ax (min ( i, 
o r*.,(q r, 

i), i o r r*, 
(Q 1, i), min ( i, o ru, 

(Q r, i), (i * q @) 
(Q r' i) ) =

lmax(inf (min( ieoror(qr,i),irrrur(Qr,i),min( ieorur(qr,i),(irorur(q,'li)))'

max(sup(min( ieorur(qr,i),ioor*r(qr,i),min( irrsl(Qr,i),(i*a<ut(?r' n)))l

From Equation (l) and (2)

(Fe,K) u ((6q, L) i (Ma,N)) = ((Fo,K) v (Gq,t)) n ((Fa,K) u (M0 'N)'

ii.

As

(Fe,K) = {(qt,n),(p"0,*,( qr,i)'ipa<*r(Q''i)'i'osr(Q''til)' a' e Q'q' e x\

(Ge,L)= t(qr,d),(l'oo,u,( Qt,i)'icqk1(Qr'i)'ioorur(Q'":))' i e Q'h e x\

(Me,N) = {(qr,n),(pro,*,( q,'i)'i,orn(q''i)'i'or*r(Q'" o))' i e Q'% e x}

(Gq,L) u (Mq,N) =

{(qr, t), max (1t6 
orur(Qr, 

i), tt M a@(q t, 
i)),

mtn(isorur(qr,i),irorur(qr)i),mm(i6orrr(Qr,i),irqk1(Qr'n)):t eQ'q'e X\
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where

mcnc (lt e q1x1(q r, i), tt u otnl 
(qr,,L) )

- lmax(inf ((tteosr(Qr,i),tt*qr,(q1,i)).,max(sttp}tcor*',(Qr"i)'ttuosl(Q''i))))l

(Fq,K) n ((Go, L) u (Ma,N)) = {(qr,i),

/min(fii.q,*,({r,t}),mu(lteor*r(4t,1),ltua<*>(qr,t))),max(tcorrl(q,'i)'min(v60,*,(n"O))'\,O,

\ max(ipo,*, (qr, i), mrn(ioo,*, ( qt,ll), iuo<*, ({,' t)) )

Q, qt € X)................(l)

where

min((1t p 
o r*, 

({r, ri), motc (p e o o,r(Q r, 
i), i uo,*, ( { r, r)) ) ) =

lmin(inf ((tt o,*,({r, t) ,TLM(ie q@1(qt,i)), ttuo,nr(Qr' d)'

min(sup( (uro,*, tn,, i), max ((1tc 
o,*, 

({ r, ri), i u o sl(Q r'li) ) ) 1

masc ((v p 
or*y 

({r, i), max (i sq1*, ({r, i), i n o<,(Q.' 
t) ) ) =

lmax (in f ((i"o 
<*l 

( g r, i ), max (i 6 o,*, 
(Q r, t) )' ri u o s1(Q t i)'

max (sup( (rro,*, tc., i), max ((i o orrr(q r, 
i), i n o k)(q,' t) ) I I t

m atc ((i e o rrl(e t, 
i), max (i o o@)(q t, 

i), i u qG) 
(qr' t) ) ) -

lmax (in f ((i"0,*, (q r,,L ), max (i s o,*, 
({r,'L) )' i u o r*r(Q t' i)'

max (snp( (iro o, te r, i), max ((icq 
1p, 

({r, i), i u o r*r(q''ti) ) ) 1

(Fo, K) n (G o, L) = {(qt, t), minl i r or*r(h' 
i)' tte o*r(Q t' i)l' max

(f"or*l (gr, i), foo,*l (qt"i))'

max lie rr*r(Qr, 
tt), ico,*, ({r, r')) ), i e Q, h e Xl
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r

i

I.,
{>

where

min( lteo,ur(qt,i) ' ttco,u, ({t' d))=

fmin(tn f (1t 
o,o, 

( {r, i) ), in f (ib o rur(Q t'i) )' min (s up (tt e a<u>(Q'' 
i) )'

sup (LLco<xt (qr, n)))l

max ( i t orur(qr, 
i), i, o@(q r, 

i) ) =

lmin(inf (irq&1(Qt,i)),tnf (ioo<ot(qr,i))'max(su?(i'o&)(q''d))'sup (nootul(q'"))))"1

max( irol*.,(Qr,i),ioorur(Qr.,i))= '

lmin(inf (i"0,*,({r,i) ),inf (i6orur(Qr,i)),max(sw(i'rrur(Q''r)))' sw (ice@(q''n)))l

(Fo, K)) n (Mo,N) = t(qr, i), min( ir or*r(Qt' 
i)' (ttu 

o<rt(Qv 
i))'

max (it p 
orur(qr, 

r)), i, 
orur(q r, 

i))

max (i,p 
oror(Qr, 

i), i ro,u, (Qr, d) ), i e Q, a r e Xj

where

min( 1t p orur(qr, 
i), (tt, os1(Q,'t)) =

lmin(inf (1t 0,*,({r,ri) ),tnf (ico1u1(Qt,i)),min(suP?trast(Q''1)))' suP (Ltcetrt (q''t)))l

max( irrru.,(qr,i), (irorut(Qr, t)) =

lm ax (tn f (i, o rur(g r., 
n)), in f 7i o o ror(Q 

t, i)), m ax (s up (i' o ru, 
(q'' i))'

sup (icar*t (q1,n))l

*q( 1, 
orur(e r, i), (i * a<*t(q r, 

i)) =

lmax(inf(irorur(qr,i)),inf tr"orur(qr'di))'max(sry(i,.ow>(Qr'i)'sup (itotu'(q''t))))l
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((ro,K) n (Gq,t)) u ( (Fo,K) n (Mq,N)):

t(q., i), max (mln( lt r o rrl(Q t, 
i), 1t 6 orn 

(Q 1, i), min ( lt r o sr(Q t' i)' (tt u owt(Q u i) )'

mtn(max (i, orn 
(Q r, i), i, o wt(Q 1, i), m ax (i p o rur(Q t' i)' i M o @(q f i)) )

min (ierrur(qr'i)'i,orur(q''i)'max(ipo1u,(Q'' i)'i'o'u'(Qt'i)))' i e Q'h e x]

where

max (mtn( tt r o rur(Q t, 
i), i c orur(Q 

r, i), min ( i r o sr(Q t'd)' (l"a 
rur 

( 
Q t' i) ) =

lmax(inf (min( ltporur(qr,i),ico,u,(Qr,r)), min( ltporur(q''i)' (iuorur(Qr'i)))'

max(sup(min( lteorur(qr,r)), ltcr*r(Qr,i),mtn( i,q@1(Q''i)' (trr'otul(q''n)))]

mfn(mtn( i, os1(Q r, 
i), i, o rnt(Q 1, i), mln ( i r o rn 

(Q t'd)' (i' q (u) 
( 

Q u i) ) =

lmin(inf (mtn( iporur(qr,i),ioa<ut(q1,i) 'mtn( i'owt(Q''i)' (i'qrur(Qr' r))))'

mtn(sup(min( iporur(qr,i),ioe(u)(q1,i),mtn( i,orn(q''i)'(!Ma@(qr'n)))]

min(min( iro,u, ({r, t), i, oror(Q t, 
i), min( i, o sr(Q r,'))' (i, q (u) 

( h' i) ) =

lmin(inf (min( iror*r(qr,i),ioe(u)(q',i),min( iror*r(Q''i)'(i'o<ut(q,'i)))'

min(sup(mtn( irorur(qt,i),ica<,,t(q1,i),min( irorur(q,':D)'(i'a<o({r'd)))]

:{(q1, il),

lmin(1tror*; 
({r,,)), max(p6o,u, (qr,i), ttuo,o, (Cr, i)))' max(v60,* ',(Q''i) 'min(v6o,u, 

(n'' O"') 
, O a

I max(ieorrr (qr,i),mrn(ioo,u,( qL'i)'i'orn(q''i)) )

Q, qt € x\ ................(2)

where
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