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Abstract

T he la-\t tu'cntv-hve vears have wltxcssed tLc growth ol onc 01 the Dr{)st elo

gani and esotellc bramhes ol appLcd l athL'mdtl(\ Alqcbr.lrc rodrng theori

Claude Shalnon s 1q{8 prper .{ trlathematx.rl Therrrr Ol Comrrunrr.rrx,r

galc rht :dca of codrlg theorr-, A Survc\ ol Euor-(ontrl,l Codcs, br P G lrar

rell ( the UDrvcrsrt\ ol Iicnt Crcat Bntarn) rs au o\ccllent (omptlotlon .rrd

condersatron of numcrous rerults on errr)r-cotr.ctlIlg (odo\

Ir algebrarc codlng theor\ lc arc marnlr concerncd rrrth dc\eloplng nrcthods

for deter trng and correctrng errorc thdt tvplcalh oacur durlrg transxls\lon

of nlforrnatroD oYcl a rolsl channel TLe rrr.un .r.rnr of llus drssprratx[ r\ to

study the.rlgel>rarc.odes o\er \1d-r-PIus algeLra corrrmonlv knorrr a^s troprc.rl

Lnear algebra Thc stlld)' oI thrs drssertatron c\,Iruncs the drffcrL{.e\ l)et\cell

appro.rche\ adoptcd br algehrac rodes over 6nrte 6eIl anrl \l.rx Plrrs algchra

In trlax,Plur algebra rve rvork \\'rth the I\IN Plus jernrnug roBdhcr 1\rtlr t$o

lllary r..rperatrons maxrnlrn and plus

Thr\ drs*rtatlolr ( onsrsts ol thc thrlrc Chdpters

Chapter 01 rs tntroductorl rht(h contarns somL ba-:x dcfinrtrons and rcLrterl

rcsrrlts ofLne.rr algebra and \Iax Plus; gcbra rhrch le rrrll usc rn Lrrer Chap-

Chaptcr 02 rs tltcratLLrc reYrcw, wLrch "r\ es br refly roncePts of algo|tr. r r odes

o\er fiDtte hcld Frnrte fields .rre used rI1 con\trultron of codcs ald tLel rhr
stud! o1 tl)eu propertres In thrs Ch.rptcL (e rcvre\ the Irrrear rodcs tlual

rodes axd thc gercraror trrdtrrces o\er hltte hcld $c $rll rlso rerrc\ tL(



ABSTNACT

coDcept of Rccd-llullcr codcs o\.cr algcbratL codes b,, usmg thc cxanrplcs

Chapter 0J provrdes alr rntroductlon to the lUax-Plus algebra ald crplarn

ho\ lt caD b{r u\ed to analyze the behavror of thc algelrralc codcs and Recd-

l\Iuller codes orcr trlo.,Plus algebta Frnally we u'rll anrlvze tltat hou rve cau

rclatc rdeals $rth codcs rn ltlax-P]us algebra
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CHAPTER I PRE IT'INARIES

Definition 112 4 group (C *) u sad. Lo be abeLzan group tJu*b:b*a
Ior aLLa, b eG

Example 1 1.3 1 The Integers Jonn a group urld.er the operalton ol aJ

dthon Thc Red Jumber:: and LhL Camplu Nrmbrrs are graups u d(r

addtlon and. thelr nalt zcto clements JaTm a group undo multtpltcaln

2 The set o.l rutn-zero Rat\onal N mbers Jorm a group Lnler lhc opcraLxon

oJ multtphcalton

3 The set o[n-by-n on sngulur nnlnr lotm o grolp Ltld(r nuttw tuuht-

Definltion 1.1 4. A non-tmpty subsel H oJ a qoup G Ls a subgroup tl

I ee H.

2 IJ a, b e H , Lh.n a a b € H ,

3 l.lo€H lhcna \ ell

Defiurtion 11.5, A nng 6 u eel R tagtthcr utfh tuo btruu1 opcrutor\ r a d

, satblymg the .folloung ondntans

1 Arld,n11p asroctalllal! For alla,h.ce n (a+1.,) +c=,,r(br.)

2 Addttrue LotanuLatuktV fiir ullu,Le n, a+L=b+o.,

9 AddtLxu? dentdy There entls an clcment (l e R \uch lhal lor all a e R,

0+a:d+0:,r

4 ,ldd 1rc nuersr For clery o e R tlftre ?n\tt u e R \LLh lltot

.r+( .I) :( n)+u:u

5 llultlpllLlrttDc assoctuttl\ty For ulla,b ce R,

(a+b),,c=a!(b*4



CHAPTER 1 PNE'I-\fINANIES

b Left and nghl d*lnLutzutg For all a,b,c e R

a * (b+ c) : (a*b) + (o*c) ond (b + t\* o: (, * o) * (r * {r)

Rrng nuv also s,rtrsfl vauous propertres

I Nlultrphcatrve LommutatrYrt] For all ub€R a*b:r*o(arlnc
satrsfylng thrs propcrtl'ls tcrmcd a commutatrvc ring)

2 Nlultrphc.rtrvc rdcntrtt' Therc exrst. dn clcm(nt 1 e ,A such th,rt for all

o+0 e n 1ra: a*7 - a (a nng s.rtrsfvurg thrs propcrtv rs ternred n

rrng with idcntity)

Dcfinitron L7.6, A seflnnng $ a sel togLLh.t u,LLh luo butory ofrotors

(5,+,*l satl{unq Lhe lollonnq @tdtltotts

1 AddtLne assocnttttlg Far ullo,b c€ S, (o+b) +r:o+ (b+c)

2 Ad.dxlite commutattlnty For alL a, b € S, a + b : b + a,

3 l{ultqluutue o:so(tattL,tty For alla,b c€ S, (a*L)*r:a*(r*.)

4 Left and ngltl dttlnbulluty For alL a.b t e S

a*(0+c) = la+b)-(a*c) ond (b +.) * n = (r*a) +(.+o)

Exarnple 1.1.7. 7 Z C lR Q are tomntutnllte nnqs undu tht nppta\t

de ad&I1on and nullryltcaLron

2 The set oJ all2 x 2 rp,al nlatnces Jonns u nng und.er the wual nLutn:t

add\tlon and tnullqlrcat t on

? 10 + b\/2 o b e Z) $ L conlnl.utal&t? tng totd.er u\lnL ntld rcil utd

scalat tultrylLallon

Definitron 1 r.8. I,el (R. +, *) be n ntLlJ nnd P hL \ubret al R utt|r h r nt Ll

a nn! undcr + and *, the ue call P a stbt zng oJ R



CHAPTER ] I'REI- I,t I/N A R /E,S

Dcnnition 11.9 --l sursel I olanng Rrc called a LeIt Ld.eal{tL$ an

addtttt't sultgroup o.l Rand.JoralLre Rando€l ue ho.L'era€ I SnulrLy,

an addrtue *Lbgroup I olR, I rc called a nght rd,eal t! lor allo € I ondt e R,

u €I An .ddllt+- sul)gttup I olR*calledutl.d,eul ( t *nkt't andrryht

Ld,tul

Example 1.1,10. The :ero deal 101 and the u,lLok nng R oft eum e, oJ

luo stded deals tn aryJ nng R

Deflnition 7L.ll. Anns(F + *) n caLLed. o ldrl d(fF\{O} *) * u torrtnn-

Example 1 1.12. I The mtzondl nurnbere Q llLt rrat numltrsR utd lht

cornpler nunhers C. art eranple+ ol Jtelds

2 Fln*e fields (ulio dtlled Galo6 fi.eld.s) trr luld, utth funtelq nu.nq

3 Zp:0,1. ,p-7, uhzn p $ a pnme, o a Jteld, undu addhon and

nul Ltpll cltl fi n m odulo p

Definition 7.1.1,3. LetF be u feLa. A seL\t oJ &nt rulkrt utots t; u

Vector space rl fitr any b, r tue \t anLl lor ung o 3 e F anrl ttfin u stulor

nuLhth(alrc F x 7 J l' then the lollou,tng nnon\ ure \nfi\rtcd

1 l'ts an arld,thue o.behan group,

2L\ueV

3 dlu+t) : a11 + au,

4 \a + ,l)u = au+ Ju,

5 a(,3u) : (d.t)u,



CHAPTER ] PN EI I-\1J\'-4 RIE.S

Examplc 1.1 14 r l' : -11,,, ,,(F) = ulL m-blt n nutLnL?s unlh enlnp\ 1n

F. uhere the opcralton oJ addlzon and scalur nulltphtulrun art lelnel

by

[a,,]+ [6,,i : {o,, + r,,1

o[a,,] : loo,,l

t) V :Ft = lQ.1,ar, 4j all n-tupLes ul|h entnt)r nF uthere the oper

atto ol ad.d rcn und scular mulltplttolxo at? dchncd l)tl

(:,, rr..rj, ,2")+(9r lt 9:t , U^) :( xt + l)t x ) r !2 .r^+a-)

o(11 12,.r3. , r,):(arr,nr,r orj, ..rr,)

Dcfrnition 1.1.15, LelY be u rcttor ;puce I rLon (mptU suh\LtL ol \' ^
cnLLed, r stbspace olV {U tr tt\?U t ue(lot tpu(c orerE Lndpr thc ,anp

Theorcm 1,1.16 L?t \,' bL a r)ectot stace arul F lte afield AsubsetL ofY

ts u su,bspact { and only {

1 For anu tu,o redot' i ! e U, u - r rs a/so rn l'

! Fot ary1 a €lF u€Lr LurcaleotnLt

Comhtnltg lhes? tlo ondttton\ u'c harc U ts u *rh*1ue tl ann only rl

atut+a2u2 e Ll

Examplc 1.1 77. Clun the LcLtot rpue l', l/rt .rutrrTrrrtr l' utul {0} att etch

cdLed u lnr\al 
'ubspuce

DeEnrtion 1.1 18. 7h. ucctors m a subsct f = {rb.?1, t,,,11 oJawttor
sruc Y are saul. to be ltneo,rly depcnd,ent, LI lhere tr^ts sLolar\ not .Llt ,eto

otL'1+ o)uz + axT\+, drll :0

ll'huc zeto dtrtote tlrc zcro tettor



CHAPTERl PRELIMIN,{R]ES

Dcfinition 17.19 The Le(tor\ tn sel lt' : {r'o,rr

hnearlg rndependent t lhe cquahon

6

t,, ) orr satd ro bt

0l L! + a2L2 + al?-3+ ,dr|r:{)

Lan ot ! l)e sutrsfied by u":0 Jor r :0,1 2. n Thts trnpltt" thut o wtlot

tn lhe \et n h( npre\enled a\ I Lnear conbtnalton a! th( ftmaln? g 1p(lar\

Definition l.l.2o. Lct V denolc a tectar tpace und L = {ut u) u,,} n

subsct o! l' ll'e saq llnl L'ts a spanntng set of l'ot lhll L'span; l't.f[or

evry L'cctor ! tn l' 1 Lon Le wllten as n Imcut .omhlnatnn ol lhe n'tott il
U

spon(tr) = {Xi=oqu,lc. € Ro,rdl, € t )

Dcfinition 11.21 L?t V he a rcclor tporc A ltnearLy uttltp ldtnl 'ynnntq
setlorV$calledabasts

Defrnltron 1.L.22. The dlmeflslon ol a ector space 1 rs tlt( cardnalzly lhut

b, the wnber oJ lector s ol a bas$ oJ l' ouer s base lield

1.1.1 Polynomial ring

Let a bc a hcld thc polynorrral p(.r) ro .r orer ;r ficld F r. deJrrrcd ,u arr

expressrons ol the form

p(r): po+pJ +p)r')+ -p,r",
$'herc the Loefhocnts p, e F Uvc wrll denore tho sct ol.Lll suLh c\prcssrons hr

Fir] Ifp(r) = po+pt:r+p.!rz+ +p"r"dnd g(,) = q6+q1r+qrr)+ +q,,,t"'

wlih nr > n are.rnv lwo polvnomrals ovcr lF,lnd wc dcline thclr sunr as

p(r) +q(r)=p0+go+(pr+grh+ + \p,,+ (t,,)r" +g,..1-r"'r+ q,,,r"'

Then thrs addrtron turns F[z] rnro arr abelan goup

Now rf $e define the multrphc.rtron ofp{r) and 4(r) a-s

p\r)q(t):coa 1rp a * c-t'"



CHAPTER ] PNELT\'/-\INIES

Bhcrc ., : I,-j+r prqr Thcn undcr th$ mnltrphcalron F[rl rs a commuialr!c

semlgroup

It rs not hard to rcn[ that

and

p(?){q(r) + r(r)} : p\r)qG) + plr)rlr)

{p(r) + s(r))rlr) = p(r)r(/) + ,/lr l,lr)

P(')q(r) = 
'/(r)P(" 

)

for all p(-r).q(r).r(r) e F'[:] Thus, \csct tLat 1Fl.,l r..r,orrrnruratrr. rrrrg

called the poll nomral nng oYer F

If i\c deine scale i)rrrltrplrcatron F x FIr] r f[r] .rs

q(t) =uPn+uu, +,tPzt2 + + (rp'ir"

toracFandp(r)€Flr] 't'hen Flrl bccorucsarcrtor sp.rcc ovcr F

1.2 Max-plus Algebra

In tlrs sectroD \yc rrll lntroduce thc b.src defiotttoDs of \I.ur-Plus algcL:ra

whrch rs comnronll kno\n.Ls troplcal hne.rr ,rlgcbra scmr \eLtor spaccs and

seurr srrbsp.rccs rrhrch we *rll nse rn Chnptcr 0J Frr\t (,1 .rll sc \rll rltsrrtss

about partrallv ordered sets

Dcnnrtron 12l Lct S k o scl A partlal ordcnn,t oJ S b a LnrurU txLatnn

< sottslyutg lhc loLlowng anutn'

1 For iLl r. S. r < t ln:fi.nlnty ).

2 ,lr3u ondy!t, Lhcnz=y (antlsynt Ltry)

t tl r ! s ond y <. thtn r <. (trt,l\ntuq)



CHAI'TER I I'REIII'I-\ANIES

TlLe scl (5, !) * called parLullu ordcrcd *t

Definitron 122. LelR belhe sel ol real nmrbers t'or a b€ R'= Ru{ ]c}

aeb=mat{a b}

u3l':c+l'

Th? lnple ordered palred (R', O 3) 6 callcd lllar-l'lu: aLqebra

As R rs a p.rrtralll'ordered set so lf S rs any partrallr ordcred set tl)en \e

LaD (lenne the operatlon ol nraf,.rnlum and plus orr S .Ls $011 \(trt lf S \atr\ll

the lollo$rng a-\lor s

I Addrtloll ls cornrnulatl\c

2 Addrtlon and multrphcatron rs assocr^trvc

3 \lultlpllcatron drstnbute5 under dddrtron

1 Thcrc c).rsts an addrtr\c )dcntrt\'.

5 No Mdlll\c r n! crscs

Thcn (S,0 8) rs a sernrnng (wc mat call rt scmr hrld)

Example 1.2 3 LetZr= lO l,\ Then tk rchtn|LZ, un 5 B

0<0. 1<1 0<I

$ lhe parllall! ordercd sel, and undet odhlrcn altd tnullrylrcalnn * lc!rud hy

0 00

Lt can be cos U sec lhal 22 E

Norv S. rve rnean sernrrrng

lust hke ve(tor spa(e o\'er IF

tropr(.Ll hne.!r al8eLra S

5aTtlt11trg

ha! rng both addrtr!c 
^nd 

rnultrpL..rtr\ e rdeni It)e:

Frrst \\'e !\rll defrrc tlu's.rrrr \'({tor sp.r(c o\or

010 r



CHAPTER I PRE'I]I1]N{RIES

1.2.1 Semi Vector spaces

Deffnrtion 1.2 4. Let (\- A) bc a scmt group azl (S +, ,,) bc a stmt fittu arul

deJine a scalar muLtrpLtcotron ,9 x y -+ l'
o^s lor all s € S r e t/ sr, €l' Then \'* caLLed u senn t'edor:pote t!

1 a\u+lr) = ftu + ot)

2 (a o l)u: ou+ lu

3 (o e J)u: o(Bz)

Examplc 12.5 Let S be a semtfield Constder S": {(rr rr ,r")r, € S}

Lel lL : lrt.r2, t.) and t = \fr,4 .r',,) bc tu,a LeLtors .lddzttan und

scalur multtplrcalton art dtjmcd a:

u+r=(rr x2 ,r,)r \r't tt ,r:,):trr-'.ri J.r+r; r,,-ri.)

trr=t(:r.rz. ,J") = (rE.rl lArr, l'jr,)

Nou Jor senr petlar spuces we hate

L a(u l r) :o[(rr r, ,J,,) + (ri ]', .i)l

=o(1r +ri r,l;r!. r" :r;)
:[o r ( rr +" rl), o a (r? -r r,r). ,ft(r" i rl),
:[(r 3I, +., -a]i,o O,r 6 o s I: ., er" ro r ril
:(o8rr a@x2, ,oAr.,,) +(a!ri orr;, ,osri1
:o(c1,r, i,,) + o(r r/ r)/, a"t)

:a1l + aLl
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2. \a). a a2)u

:(ar o oz)(rr rz r,,)

:[(ar 4 
"2) 

*.r (ar on)) 9rr, .(a1 snz)r")

=l(or 3rr or?r:. or !r.) +({rr6.rr.r2!12 a"Z r"))

:o1(:1, 12, r,) + a2(r1 .r2 r")

=dru + d,u

3. (or €, a2)?r

=(o, il ",)(r,.,:, r.)

=llat Z a, : "rr (or , Lrr ) 8 rr \L\ 1 d)) .) a,,)

:lq ta (Lr2 e< rr) .lr \(.rrSrr), or l(or9r,,)]
:[ar(o::err.or e.rz ar - r,,)]

=o1[o1(:1 rr. ,,)]

=or (arr)

So, tl * a safiLN-aector space

1.2.2 Semisubspace

Definition 12.6. Let \; bc a sefitt T,ector space A subtLl U ol\'$ calk.d

a Setnt, rubspace oJY tJU ts irlf o semt t\(lar \?t(( un&r lh? \ tL(

Thcorem 1.2.7 L(l \ be a semt lec\or :pacc und S be u semt liL,l 1 suL'et

Ll o/V rs ,r semr subspace tl

1 For tny tu,orc.torsn !€tT u+vraLsotnl'

2 For anya €S, u €L au]"Jnol tn L'

Definrtion 1,.2.8. A rl],onrc polynomzol t tt unu,anott poLynonnaL n ulnch

ltu leadLng caefrclent (thc nonzero coefiaenl oJ hryhest degree) b eqtaL to 1
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1.2.3 Ideals of a Max-Plus algebra

In thN sectrun \r'e \rll drscuss a spccral tYpe r..rl srrbsots ol 5 Lallcd tdeal. ot -S

Dcfinrtron 7 2.9. Let S be u llotPlus ulgcbru, thul tr ua,nt ry A L!ft

deal I oJ S b a non-emplu suhsel oJ S sltLh lhal

I (/,e) ,r a subsemxltroup (S.6), lhaf $.a+b€l lotallo b€1,

2 s6u€IJotall beS unda€ I

Srmzlarlg, a nghl ieal I oJ S E d non-emply subeel ol S such lhat

i (/ S) ]J a subsemuroup (S +), that Is air€l loralLa b€l

2 aG.s€I lordLseS andae I

IfI *bolht(ft and. r,ght deal oJ S,thenI rcco.lltdutooe cdorstntpLuutL

rleul oJ S Here mult|pll.catrcn ts conmuldh|? so ewrg kft ultd u aleo a nghl

deaL

Propositron 7 2 lO lnter\(cton ol ant toll?(lnn o[ de 'oJSrrut dn

PntoJ Lct {1, i € A} bc collectron ol rdcals rD 9 r\\ U- € /, torall?€A+

0+ €n,Erl, Let r.y€n,€ 1,.+ r u€1, for all I € A .t cach,1, rs an rdeal

+ rog € 1, for all r € A

.+tCtU€i,etl,

Srmrlarlv,

Js€r€1"forall s e s and for all r€A

+sSr€a,€.,f,

Thus. we gcL thDt a,€^1, rs a rdeal Hoxevcr, unron ot t\ro rdedls nced not to

bo an rdcal C
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Propositron 12.11 II lt afld 12 be anu tuo deals of a :etnnt4 S Then

11 + /, = {r1 3 r, 1r € 1r r2 € 12\ rs abo an deal ol S

Prool As 0a € /r /2 So.

o,r s0* = 0r, € /r + 1:

Lcr o = rr 3 ?z 0:,i e r! 6 /r + 12, rhcD

(l +, = (,r 3 rr) + (ri + r:)

srncc addrtron ls conmutatr\'e so !rc havc

12

T

tr

a+6- \,r +,i)+(r- 1 i.) e lt - l-

Lct i € S'dnd o : rr Or, € 1L +,lr Thcn

sSa:sA(?rC,ir) = s3.r G !.,r rr€1r+/l

Proposition 12 12 II I und J ore deals ol S thcn

1J={Oa,3l, a,e 1 and b,e ll
lnna

* an deal ol S

/'rool As01 e/J Sr-,

0+20+=0'elJ

r,et o = @r,-. a. .) 6, l, = @r,,,,. ai :r 11 € /J, rhc,,

a,I b= (Eo,.:'r,j O a',ib',.t)
lrrk ln'k

Lct s€Sand " = @n*,, Sb,€.IJ Thcn

sra:ss(Oo,sb,) : O(sso,)'.b,. t l
ltnt. Jtn .

Clcarll

It e lltr



Chapter 2

Algebraic Codes Over Finite

Field

ln thls cllapter, s'c xrll explarn basrc dehnrtron.rnd rcsr ts uostl\ takcn fronr

[t] [Z] rnrl [tO] ln thc hrst se(Lron of tlns (hnptpr \(' $rll ,hsruss Lnc.u (ode

and generator mat \ of hnear codcs In thc ne\t \e(trorr Ne srll drscLrss dllal

codcs and the pantl check matrl\ of llnear code In Lrter se(tl(Ils $.e Rrll

drscuss Reed lilullcr codes and Troprcal algebra

2.1 Linear Code

In thrs sectloD $c Nrll studl hnear codes and related results

Definrtion 2 L.1 A \ubsel C uJF" ts culhl u hnear cod,e, r.! C u ttu sub-

spuce olF" (tltaL ts, C 6 Lloscd wlder eddllto uttrl stahr rnult4lta.lnn) -1

lLnerrr corh oJ ltmtnsnn A contaln\ ptusely 2\ rttdttotds Rrttut t'ltan lnt
tng u eodcutonl tn lhp Jonn oJ n-ttple u,e ttlL uge lhe nototton atn) ." k,
a codat'ord Thus u code C u bnear { lor aLL ant, o", btbz b" e ( and

a(ap2 u")+B(bft, b,1) : @o1+ 3ht)bh + )h)) (ao,,+ 11,,, )

belongs to C

13
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Dcffnition 2,1 2. A b1nary hnear cod,e C ol lenglh n Lc a 'et ol l)tnary

n-tnples such thot Lhe componentutse modulo 2 s.urn ol any lto codtuonls *
@ntaxned m C

Examplc2 7.3 ThesdC: {000,011},., abtnary lncor todt \lncLthL s1ltt

o[ any two codeworuls hes \n lhls sel

000+000:000 € C

0(X) + 011 :011 € C

011 + 011 :000 € c

Examplc 2 14. Canculer Zx then lhc s?l

c: {0000 0111 1011 1110 0222 2022,2220]i

ts nol a hnear Lode sln.c n! Luo codeuords hcs ut tfus stl

ol1t +2022 = 2fi0 e c

Definition 2.\.5, The Hamtntng ilNstance bclu)een tut' codttt'otds d(t'y)

* lhe nuntbu o! plates vL whttlL tltr co,leuords r unl v ltfltr

Dcfinrtion 2]-6. The rnzrLTmurn Hannnung dzstance oJ a corle C rc tlte

nl.ninum d$lanLe ltetween any tuo cod,cwotds n the Lode

d\C): ntttt{d(tY) ltlY t !€C}

A lrnea-r code can be represented L1' (n.k,l) \';hcre Ir )\ tlte lenglh ol lh:

aod., lhai Is, the number of the brbs ur an]' codewold L rs the drrrrensron o/

Llte code C ar.<l <) $ thc nilrrrrlum drslcnce of ihe corle C

Example 2.1.7. '|'lle s.t IOOO lll]1 u a bunra ltnear c,'dc sntce lht \un oJ

tng two cod,euonls hesm th,s sel Note thal thls zso(3 13)-rodc hecau* lht

codewo s hate length 3, hmennon o! totle u l, and lhe nmununt l*turut

beluteen carleuonls * 3
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Example 2 1 E T[e scl [000 1I1] u a Dratrl hncrtr rorle *ur th€ rn ol

an! lluo @deuardr lles n lhA 'el Notc lh.l l/ns rr n (3 1 j) 'a& bentn lhe

codp@or(k ha!,e length J, dnrcnston aJ code Lr I nltd thc nxnmun dlslnnft

L(laetn LolcaorLls ^ 3

Example 219 'lhe.el C = {00 11 22 33 1'l} ri o brcar ''adt stnct tlr

sun ol uny luo codeu,ortLs hes it llu-r set NILL Lhul llu\ 6 o \2 ! 2)'tade ot't

Z; betause lh,e codeu,orrls hore le glh2, dnucnstott ol rctu b ), (a\ the Lotutotd

m C t' a nnlhple ol r1)ond th? mtnrml,l dlrtnn(t hclu'cen rodct'on]: r )

Theorcm 2.1.10 Let C tu u lneu codc Thcn ttu lnLar tonbututton '[ anq

set ol t od? ofll' n C s o codtuord trr C

Proo/ Srnce C rs .r sul.rspare of F so Ir1 dchnrtlol) of suLslr.l(c $c lrn\c

u+L € C for rll u \ In Candoz eCfor allr e C.Lnrl o €r,F" !

2.7.L Generator matrix

Ltnear codes are uscd ln pr,tctrcc ldrgely duc t<-r thc srnrple elrcodrng procrdures

tacrlrtatcd bl thcrr hncartty -A. k x n mdtrlx G rs a gcll(rntor llldlrlx for sollr'

hncarcodcC A ltncar codc ls gcncrated b\ al xnBcncrdt(x nratrr:*C rscallcd

a(rr k)codc AIr (n k)codc\!rthdrstanccdrss. (l loLo.rn (rr t d)t'rrlr lhc

gencrator m<ttn\ Cr = l/r BllssardtobcnStauLudlonn \\'hcrelrrsthc

f, x I rdcntrt] nr.ltrrr artd B r\.r I-x (n - k) m.rtrr\ .rlrd rht'rrxlc C gcneratcd

br'G rs called a tllttelnotll colc Not all ltltc.rr codes Irn\..r 8cl)cl;rtor II)nlll\

rr st rdard fortrt For exuoplc tLe Lnear codc C: {000 100 00I l{ll} lrirs

slx generitor matrlces

Go=
/r o o\ /0,, r\" {,;;,/"'=i,,,J

", roo''l " ('")\r u r/ \r u 0/
None of tlrese xr.rtrrccs arc rr stardard lorrr)

/, o ,, \l,,,,/
/, 

,,)

\u o '/
(ln =
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Definrtion 2.1,11. .l gencrahrlg itotnr C lu n Ll (at codt C ol bLoeA

lenglh b arL m-b!J-n malra C (!or somc nt) ututse rou,spoct s C

Theorem 2.1 12. Let C be u (n,k)-codt orerF Lcl G a qeneralor maltt

oJ C Then

c={uG r€Ft}

Proof Lel G be the generdtor matnx o[ an (n k)-codc orrr F ih('n lhc ro\\s

o[ C lorms basrs for C so er'erv E € C rs a Lncar combrnatx,r: rrl t]u ros s ol C

tLat rs

t:utct+u2G2+ *urGa

\\'hcrc u1 u2 ur e F and Ct,Gu, C^ arc thc ross ol C Consrdct thc

'".161 
1: [u1, u2 Lr] € F^

t =utc\ + u2G2 + u/. Ga

=lu, u7, u,]

Ct

+

CI

[, , olc= I I

Ir o r l

15r. 6.: {uG

4G

u e F*) !

Th(11 tt tt(1.rmt.r

ol Lcnqth k .ts

\j 2) Lo& llrr(

!1 tl Lct u' take

Example 2 7.13 Lel C b? ltu g?nenlor malrd ol tod? C

lhe codeuords ol a ltnear code C bg encoitrxl Lh? nu tsaqt

g.lteralor natnr L' ol 2 >.3 lhen ut tteel lo gLrtLtolt LhL

k = 2 so Lhe posstlle patrs ol length 2 ar lA Al. ll 0, !0 I
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oru_[00]

dt'L:[1 0]

ol u=[0 1]

,t ?,: [l tl

Ir r ol
uc =[o 0] | l

[1 0 1]

=io o ol

[, ,,, I,,c=lrot 
1,,, r 

1

:[1 l0l

Ir r ol
uc=fo 1] | |

Lr u 1l

=t1 o 1l

, f , , ol
uc =[t t] I'lr o r]

=[o 1 1]

Code generdd Jrotn thts ge tnltoi ntn! utth lou odtuorls Lt

c = {000 110 r01 011}

Example 2 114. Lel G be Llte generatot nlatlu oJ ede C fhen n,Jcrtrutcs

the r odeu,or&s ol a hnear code C by rntodtng the ntessay oJ Lnqth k t,, lhe

lolLoutnq qtrnrator matri B ol2 x 3 lhpn oe nectl ta generak the (3 )t rolr

Here h = 2 so the po'\xble putrs o! lensllt 2 oucr ft are [0 Al 11 0i. [a tl lj
1l [2 a], [a ,. [2 4 [1 2], [2 ]l Let us take

f , , ol6= |

,() l) r]
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Then

[001G: 1000] [10]c: 11201 l01lc: [001]

lrll(r: lr21l I02lG: 10021 [20]G = [:1rr]

122)c : 12121 l12lc : 1122) I21lG = [211]

Thb, lhc concspondtnq codc ts

{000 001 120 121 002,:10 2r2 122 211i

Remark2l15 If Crsan(n,k) hnear codo lheD gencrator matnx G rsolor.ler

t x n and C tlc hnear (n L) (ode ls thc ro\ spd(c ol rts gerrcrator n).rtn\ G

2.2 Dual code

In thrs se(tron sc wrll dr:al lrth dualtv The notron of dual codes rs orre of the

mo\t lntcrestrDg toplcs rn (odrng thcon Hoqcr'cr lt ls.llso oltcn (onfil\llg

at hrst rcad The Loncept ofdual code.\ htrs bocn $rdc)1'studrod and the Lost

codcs arc, rndecd, sclf dual codes

Definition 2.2.1 The tltal tode Cr oJ an (n.A) C b th ln,ttk) .ale h?)n!

thp orthogonal spuce oJ C wlh respccl to a speafied u tpt prodlct

C1 : {relF" ry:o Io, ntt ueC}

Exarnple 2 2 2. Let C : {000,011} l5 l}.t) u& und

(z))3:{000, 100 0r0.001 1ro,t01 011 tI1}

As Cr: {t e F,, r y:0\ ycC}

[000] [000] :10 0+1 o+0 ol :0

[011] [000] :[0 0+1 0+r 0] :0

{(xjol llool :[o ]+10+o ol :0
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[011] [100] :[0 1+1 0+1 0] :0

[000] [0r0] :[0 0+1 1+0 0] :0

[0lI] [010] : [0 0+ I i+ I 0] :1

[000] [001] :[0 0+1 0+0 1] :0

l0lll [001] :10 0+1 0+l ll =l

[000] [110] : l0 1+ ] 1+ 0 0l = 0

[011] 11101 : [0 1+ 1 1+ 1 0] : I

[000] [101] :[0 1+1 0+0 1] :0

[011] [101] :[0 1+r 0+1 u:1

[000] [011] :[0 0+l 1+0 ]l =u

[011] [011] :J0 0+1 1+1 1l :0

[000] [111] :10 1+0 1+0 1l :0

[0rrl [1Il] : I0 1+ l 1+ r 1l = 0

cr : {ooo. too ou.1I}

A\ h?ren =3, k:l son k:)lho,lt\. dlmpn\ton ofdw ta& 1' 2 So lhL

dual cod.e r (,9 2) cade

Proposition 2.2 3. For any code C, lhc duaL cotle C- t: a hnear tode

We get that

u 0: 0 for all ueC

0€C-
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Lct u r'€ C_ then bl defiDltlou ofdual (ode u .:0an(l r . ' 0lol e\(ll

ce C If ol,€.E Then

for cveN c € C bhrs rmphes that ou + /Jr, € Ca Thus, Ca rs hnear tr

Proposrtion 2.2.4 U C u an \n k) lmeur @d. thtn CL * un ln n - k\ rorL

Prool Supposc drmensron of C rs I If rl : (ur u,, rr") € t'OC'L therr

uu= utul+u)ur+ +u,,u. = 0 rmpll that each u.,:0 Thns ue h.I,e

cnca: {o}

Srnte C and Ca arc hnear so *c havc

(orr + Jr') r -a(u c) + 30 ( )

:o(0) + J(0)

:0

n: drm(I-) : drmC t drmCl drmCnCr =A+drmC -U

=drmCr = n ,t

Gr =lottl

tr

notwk 225 lI G N a Bencr.rtor matrrx of C ther the rrull :pace oI G rs C'
rlr.ri rs v rCC.Ct- - 0,,r.qur\dlcn'ly rC- .U

Examplc226. lclC:{000 0111 bc tJ,1)codtThrnC- = {00tJ 100 Ull I1l}
be dual (J,2) cod.e and C $ th. gcnerator matnt ol lhe Lodt C lhat t

c : [0111

thcn V re C-

or , : [0001
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=to11l

=tl

Tlrt-' trurnple ?rores lhe uborc teuutrk

Corollary 2.2 7. Ltt C be a h.near codr Tlrcn\Ct)':C

Prool Thc relatron betwcen C and Cr rs symmctrrc that rs the dual code of

Ca rs C Lct r € C thus z u:0 V, € aa that rs, rf

6rr:l01rl

Gr =[011]

0

l

1

Gtr

1 = ft1 t, q,) and y : ly1 y2 y^)

o/ r: [0111

ar r: l1l ll

'lheD

ry:rth+xzlJz+
:yt tl+ 92 .L2 q" r" ( xrultrphcatr\c rs rorrrnrtAl r\P I



rf r p : 0 then ! r : 0 V r e C a.nd y € Cr thaL rs, rf y € C1 thell r € C so

C g lct)' As Ca rs a subspacc of lF" wrth drmensron n ,t rf drrn C Is k

Hence (C1)r has drmensron n (n k) : t Thus drm ((') : A-: dr?n(C.t)a

'I.hus C: (Ca)l !

Remark 228 . A llne.f codc C rs self orthogonal rf c\er] \ector rr C ls

ortLogondl to ilsell and to ever) otlcr ve(tor rn C ihat rs C c Cr

. A Luear code C rs sclf dual rI C : C1

2.2.L Patity check matrix

In thls sectlon \e rvrll drsruss parltr- .hcck matrlx, a ((,de calr rrot oxh be

dchned bl the gencrator nlairx G but also b]' ihe pautt clc.k Datux H

Howcvcr, the tlvo matlrce! car be dcrrvLd from cach other A gcDerdlor xratrrx

for Cr rs called a parrty che(k matr)x for C If C rs an (n kltode then a parrtl

<hcck rnatrx for C urll be an n kxnn.Ltrlx IfH rs apanll chcck xratL\

lor C \re can rccoYer the vectors of C frorn H bc(au\c the\ must bc orthogonrl

to e\cr! ro!\'of H (L srs \e(tors of C1) fhe palrtv cheLL m.rth n St,trdord

Jonn:F H:IP ]^.t)

Deffnition 2 2 9. Let C be (n,k) code and Let H be the gtn?rutot m,lnt oJ thr

dual utdc Ct Then H rc called panty check rnatna of lhe cod,c C

Exampte 2.2 70. Let C : (000 0ll) ?s (J.2)-corle und

CHAPTER 2 .4,LGEBR.A,IC CODES OV'I'R FINITE FIELD 22

(Z))r: (000 100 010,001 tr0 r0r 011 111)

thLn tLs dLal LodL beconcs

c = {000 I{x),01r Ilr}

Ana tuo uecton on Cr lorm basts

Ir o ul

[,, , 
']
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lr, ol lu,,l
al:o ue rodd tal'e H - | lotH-l IirrrllrrrlL]L]

Note that the parlt]'checL matrx of a code C rs nol unlquc

Rennrk 2 2 1l . If C rs the generator matnx ot thc rode C then G rs thr.

parrty chcck Natnx of the dual code C1 because (C_)a : C

. Thedual of an(n lJLoder\an(n n-I) code so thr.y).urt\ (hc.k rnatr\

ot an (n t) code rs an (n - i) x n \tatnx Il nlose rous lornr a h.rsrs

for C1

. A parrt\ circck rnatrx corxpletclt detclnnues the c,)de

Theorcn 2.2.12. Let C bt un (n L) corlt orr l' und let H tu a pur tu t h?t L

rnalr tt ol C 'fhtn

C:{tEC LHr :O: H trl

Proo/ As we hare seer that rf G rs a Bencrator malrr-\ of C then thc nrrll space

of G rs C1 Norv H rs a Bcnelator nratnx of Ca arxl hence the mrll sp.rce of H

r\ (Cl)a =C Hence.r € C rfif1zr =0or cqunalcnLl] lHr :0 !

Examplc 2.2 13. L.t C : {000 011} be a hnaar ait ani

(zr)3: (000,100 010.001,110 101 01r 111]

111){000, 100 011

l

Tl*n rts dual code zs Cr :
Ir o o

LeL us talt II = I

lo r I
at r : [0001

[:::l: l7 :[000]

=[0 0]
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rHr:[01r]

={0 0l

Ir o ul-
1,,,1

Theorem 2.2.14 Let C be an ln,L) code Lct C ond H bt gLnLtdor nlnr

and panty checl mn1,nt ol C respettruely 'fhen

GHr =0-HGl

Conursely, snppose Gu akx n malnt oJ ranl k arul Il r a (n-l-) x n

maltolmnk(,zL),suththatCHa:0 Thenll u o panly chrtl ntolnt oJ

thc code C { and, only tJ C ts Lh( g(neralol maLnt ol C

Pror.,/ As b1'prevrous thcorcm V r € C

t.H- = 0

Herc rn partrcular, G.Ha : O Y t: 1,2, ,l' \\'hcre each C, rs a ros of

gcncrJtor nratru and hence Gll :0 thkrng transpose, rve ger l/G :0
1b prorc second part of thc tircorcm. Iet G bc k x n rndl Dx of r ank k, .rnd II n arr

(n-I)tn m.\tnxof r.ukn t- erth G,rlr:(l Suppore H r\ap^nt\ LLccl

nr.rtnx of C Then d, H' : 0 V r : 1,2 I HrnccGl G2 (:LaC

Srnce rank of G rs k. G1.G2, G[ arc ]rnearb rndeperdent and hcncc lornr

a basls of C ( drm C = I) Thrs provcs that G ls a Beretator tnat \ of ('

Now suppose thdt G ls d g€nerator matn:\ o[ C Then C rs the parrtl check

nralrr-x oI the dual (ode C1 and bv prccedrng thcorenr V y € CL yGa =

Gyr : 0 SuppL,se G1Ir : 0 rhen by rakrng transpose H(:1 : O,ll,G- -
0Vr=1.2 n-k lle e 111 ll2 l/r € Cr Srnrc ranL of II rs rr -1,
Ht Hz IIa are hnearll'rndcpendent arrd form ba-srs for C'( drur t'' =
r k) Thrs pro\cs that H N the gencrator matn\ lor thc du.rl c0de C1 and

hence H ls the par)t] check tnatrL\ for C !
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Example 2.2.15 ln pret'rous cmmple C : {000,011} r., \3 7) rcdl thetr

d,ual ol C *

1.1 6 = [011]

c- : {000, 100.0r1, 111}

$ lhe generalor motnr ol the cad. C

Ir o o]H=t I

lo r r l
check mahw oJ codt C Then

- [, o ul-6rl =lolrl I I

lo 11l

ts lhe pant|

=10 0l

Dcffnition 2 2.16. Let C be an \n k)-code tl C has a canontcal generator

tnotnz G : [11 ,4] , then tt : [ ,4- I^ a) u the canonrcal panly rheck

nntnt ol C Cottrcrsel!. { H : lB I"-\) r a punLLl tlrctL ntatnt o! C. thcn

G : IIk -B ) * a generator ntatru oJ C

Example 2.2 17. ,et

C :[0000,1000] be $,1) code

(Zr)r:{0000,1000.0100 0010 0001 I100 1010 1001

0101,00rr.0r10,1110 r 101, 1011,0111, l11l )

cr:{0000.0100 0010.000r u101.0u1r 0r10 0rr1}

be \1,3) code

iu r r r I

l:1 ,]

bc lhe panly check matnt By perJomung elenrentary rc1! opemtrcn\ ue Lt L
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o l o ol
0 0 r 0l
n o I 1.1

0100
0 010
0 00r

.4LGEBRIIC CODES OVDR FINITD FIELD

Iu r o o

I ,, , , n

In o, '
lty fu Rt

hy R2- R1

by fu tl,

H'=lB rl
c':V, B )

:11 0001

\\rhere G' rs the generator matnx oI codc C

2.2.2 Cyclic and Constacyclic codes

Let lF bc a finrtc hled A codc C of lcngth n ovcr lF rs callerl Const.rcvclrr rI for

earh o € lF and todcxord (qr,rr, c- r) € C, thc.lcckn (o.,, r.c{. ,".:)
rs agan a codeword rn C A constacycll( codc ls Lalled cYcLc rf o = I

Exarnple 2.2 18. Consder the cod.e C : {00.17,22,3j,1.1} oter Z5 Then C

Ns clcLi. bul nol coitstocucltr os lor d :2, (21) e ('
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2.3 Reed-Muller Codes

Retd-lvluller codes are among tho oldest Lnown r<.rdes aud L.le lound t rderpread

apphcatrons Reed Muller codcs wcrc forrnuldted by I S Rced and D E Nlullcr

rn 195,1 Thcse codcs wele urlhally grven as brrrary codos. but modcrn gcncr-

alzatrons to q dry codcs exrst \\'e rvrll restrr<t our rnvcstr8dtrcn to thc Lrrdly

c:Lse Onc o[ the lntercstlng thlngs aLout thesc code\ $ that there ffe se\crai

$ays to descnbe thern and wc shall look dt one ol thcse

For cach posrtrrc urtcger m aDd cach rntcger l !\rth 0 < r ( rn thero rs an r'r

ordcr Reed-lIuller Code B(r m) \\e start our definrtron br consrderrng the

1'r order c.1se (r: l)

Deffnitron 2.3.1. Tlft (first order) reed mullet Lodes llll m) ure bnnry (odcs

deJined lor all tntegers m / I recuruuely by

i ri(r 1) ={00,01 r0,11}:zr,.

2 For rt > t n(t.rr) : {u.u).(u.u+l) r€n(I,ru-t) Ltnd t = dlll

Example 2 3 2. To fnd R(l 2) code ut hat'e by dcfnttton

1i(1,2):{(u.u),(?,.u+7)l uhere u € fi(l 1) nere r:7,n:2
os €(1,1):{00.01 10 11}

then R\l 2):{0000.0101. 1010 111r 0011 0110 10u1 r1{t0)

Example 2.3.3 Io fnd Rll 3) tade, w hak ht dtf. tttotl

P(1,J):{(L.u),(u,u +t)) uher( r€R(l 2) hert r=1,tn:3
as l?(1 l):{00,01 l0 11},

ll(1,2) :(0000.0101 10r0 1111.00t1.01r1 1011)

lh?n R(1,3):t0000U000,{1101010I,10101010,I1I111I1,(X)110011,10011U01 11001100,

00001111. 01011010, 10r00101. 11110000, 001u100, 01101001 100r0t 10,

r1000011)
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2.3.1 rth order Reed Muller code

Thc zcroth order Rs:d \luller code R(0 rn) rs dchncd to bl the rcpctrtrou (ode

{0,1} of lcrgth 2- For any , > 2, the rth order Recd \Iul['r codc R(r Dr) rs

defined rccursrvclv bv

2.3.2 Example

To firrd R(2,3) code sr ncpd R(2 2) and 11(r.2)

R(2 3) :{(,, u +1) 1t € R(2 2) | € t1l1 2)l

R(1.2) :{0000,0101.10r0 1r1r,0011,0r10 101r}

R\2.2):{zi}

n(2 2) ={0000.0001 0010,0011 0100 0101 0110 0111

1000,1001,1010 1011 1100,1101 1110, 1111]
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v:0000

00000000

00010001

001000r0

001100r 1

01000100

01010r0r

01r00r 1{)

01110111

10001000

10011001

10101010

10111011

11001100

I1011101

11101110

I11111 I 1

v:01o1

00000101

00010100

00100r11

00110110

0r000001

010r0000

0r 100011

01 110010

10001101

10011100

10101111

10111110

11001001

r r01r000

11101011

I I11l0I0

v:1010

000010r0

00011011

00101000

00111001

01001110

010r1111

01101100

0111 110I

r0000010

100r0011

10100000

10110001

11000110

1101011 I

1110010t)

1l I10I0l

v:I111
0000111r

0001t 110

00101101

0011110t)

01001011

01011010

01I010(JI

01I1I000

100001r 1

10010110

1010010r

10110100

11U0U0I I

11010010

1110U001

11r r0000

j
T
t.-
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v:0011

00000011

000100r0

0010000r

00110000

0r00011r

01010r 10

01100101

01110100

10001011

10011010

t00l r0r0

10111000

11001111

1i011110

1I101101

11111100

v:0110

00000110

00010111

00100100

00110101

0r00001u

01010011

01100000

0I ll0{l0I

10001110

r0011111

10011111

10111101

11001010

1t 011011

r 1101000

111r 1001

v:1001

0000100r

0001100u

0010r011

00I1i010

01001101

01011100

01101 L 11

0llI1t10

10000001

10010000

10010000

10110001

11000101

11010100

11100111

11r 10r 10

v=1100

00001r00

uo{J 11101

00101r 11

00110011

01000r 11

010r0111

011{)0111

011 I rJt 11

10001011

10011011

i001 1011

1011101I

11u01111

11011111

11101111

11i 1111I



Chapter 3

Algebraic Codes Over Max Plus

Algebra

In thr! chaptcr u'e wrll dscuss some algebrarc codcs orer \Ia.r. Plu: .rlgel,r.r

In the hrct seclron $c wlll deal wrth hnear codes ar)d gencrator nrntux Iu

next scctlon we wrll rheck dual codes aDd panti che(k rnatn\ Further nrorc

rre rvrll drscuss Recd l\luller codes over Nla"x-Plus In the last sectron. \re \nll

rel.Lted rdeals and pollnomrals over NIax Plus algebra u'rth algebrar<' codcs

Recall thal a trla-x-Plus algebra rs a senu nng cqurppcd Nrth nr.Nxr)unl

and plus as the two buarv opcratlons Lcr a and b be dn} two cl( rD(.ntj

opcratron maxlourfl(lmp[cd b] thc ma)i opcrator +)and plus lrn4rltcd b] thc

plus operator ,) for these scalcrs are defined as

oOb: ntar{a b}

aZb=o+l)

No\ we rvrll dehre algebrarc codes for thesc t\o \lan Plus.rlgcbr.rs

31
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3.1 Linear Code

In thN sechon rve wrll dehne some basrc dehnrtlo s arrd exarnpl.' ol Incar

codes ovcr NIa"x Plus algebra

Definition 3.1L. A utde C oJ lcnglh n t h.near d Jor eoeh u r e C and

o 3€ S

or+Jt,€C

1'hat rc,C s a h.near senr srbspace oJ S IJ code C n a subspate ol rlurLen*on

t r/rrn C r culled an \r,k)-tttde

Examplc 3.1.2. Conader 21 unh oOl.t : a b 'l'lrcn Lhc selC: {000.100,110)

* a Ltnear .od? As the lroprcal snm oJ any tuo codeuord m

r00+I00=1e1 0'}0 0e0:mar{l,t} nzar{0 o} nra:{o0}=til0

100+110:1{'1 0'}l 0+0=ma.{I.1} morl0 1} mar{0,0} 111)

l10rI10:la1 lGl o+0=rnur{l,1} ,(,r{1,1} ,,a.{0 0}=110

Example 31.3. ConsrderR': nU{--} and the \et C: {(1 l+1.1 +

\) \ € R') 'fhen kr an! \x,2+ x.J+x) (r.l +o'.3+or) €Cand

o, /, € lR'

o(\.2 + x,3 + \) + iJ(r,2 + ,,,3 +.r)

=(os\+J..o, oS(2+\) eJe(2+J) a.i (3 + \)r ,i a (3 + "-,))

: (mar{a+X J+*,} nra:{o+2+X,,J+2+r} nar{o+3+1 i+.1 rri)

moe{o+1.J1o}:611

mor{a +2+ \.d+ 2+,J} :0 +2r \

,lor{d +3+ \ J+3+r} : u + J+ \

J2
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7 :1ttct + u2G2 + *rrGr

: Iur,uz, "r)

Gr

Gt

Gt

=u9

C={ug r€st}

Tht.s, ue gel tidro(\ 2+ \ 3+\) + B(d 2 + d,3 +,rl e C r{r nce I rs a

hncar catle ater R'

3.1.1 Generator Matrix

In thls scctron rlc wlll d[cuss generator matrl} of a blrrar] hncar c(,de C over

NIax-Plus algebra

Definition 3.1 4. A gcnenltuTg motnt: Q lor o hnear 
"uleC 

ol hhrk lenglh

n $ an n by n malnx g (lor son. m) wtu'se rou spacc rC

Theorem 3 15. LeIC be an (r k) code a\,o S Ltt q h? a getLeralar naln:l

oJC Then

C={u9 lue $}

Prool Lct Q be thc generator m.r.!n\ of an 1r, t)-codc orcr S, rvhose rotr< ol I
lorlr basls for C So "r'".v, € C rs a hnear combrndlron oi the ro\\ oi I rhai

r:LtGt+u2G)+ +u\GL

u'here z1 z2 u1 e S and G1 G2 Cr are the rows of I
Consrdcr the rcctor u : [ur zz . u6l e Sk

1'h,rs

a
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Examplc 3.1.6 Constdcr Zz u\Lh a8b: ab Let g bL the nalnr thal

generale corleN 'l'hcn, LL generate\ thc cod.euotds (i u lmeu cadr,C L! enodng

lhe rnessag e ol lenglh k -4 s g?neraLot motn) Ls o[ | x. 3 tl@ t u,e rc ed I o !] 
( net ul L

the l3.l) co& Herel":l so the posstble pats oJLensth2 utt l0l, lll LL

ll

o: f r o r I

..lt u : [0]

ric = I0l

:[081

=t

,]

0sIl
[,,
0*0

oool

/1 u=[1]

u z 9::11 $ll
:[1 a1 ]r0

:lr01l

The code generalcd lron ths g?nerator matnt ts t = {00U . 101}

Example 3,1.7, The hnear codeC: {\g,2+g,3+g) geR') b gencrated

by (0,2.3) as lor uny g eR'

e(0,2.3) = (9 A0.9A2,eAJ):ls s+2.s+ 3)

Thus, tlte tnllru Jar th,\ cudc Ls

Example 3 1 8. I/ ure

tl
lr) 2 rl
a malnr

E-ooz
0 -.< -::

u,]
1"rl

t:t-
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For thc cod,. gerlerdled by Lhts matnz constdet

I o ,rc ,x r ltt
Iprrl l-". o )o ""1tt

[-- -- 0 --]
: hN0'I]ue ccrDr@-co !E-co FL &0er€-..
p8-c<+u3-ro6* 30 /r82$r,tr rod - A -cc]
:ly t, u p+2)

35

Thu:,

* (1, 3) lneor codc generalecl by Lhe Eren malnx

Remark 3I I .{s basrs lor a subspace rs not un]que so se h.l!c mote th.rn one

m.rinces for :L .ode

3.2 Dual Code

Irr tlns scctroD, \!e \rll dcfirc dual code of C oYet rr,.rx plus and gr,,es sorle

exanples ol dual codes over ll.ux-Plus algcbra

Defrnition 3.21. LetC be an (r,k)-tod.e oler S Then the dual cod,e oJC *
delinul to be

RemIrL 3 22

CcCl

C': {r. g suchthatraa=O*lorullte C)

. A Lnedr code C rs selt orthogon.rl orer trIar Plus that rs

{lr L ", p+2) /r. r', J € R')

tode C rs self dual orcr IIa-r Plus rf C = Cl
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Ci : {9 e Zl such thot r C y : 0 fot ull r e l']i

Iro0l o [00{r] : [1 !oaoaoG l o] = o

11101 I [000] : [1 80o1a0+o..ol 0

J1001 al10ol :llera0u 0G0 0:1

[110] r[100] =11 !1+130 ]0.r01 :1

Ir00l o [010] : [1 e0s,0@ l @ l) o 0] : o

11101 o[010] :[1a0ela13o.ol =1

lr00l ,[001] =11 aoaoe0e0r 1l =o

11101 ol00ll :tta0s1r0+0cll =0

ll00l .[110] : U,l 1+0s l: us0l =1

Ir10l o [110] : I1 o 14r i 2I +0O01 :1

[100] r lrol] =[1 z1$oa0a0!1r:1

[110] r[10r] =[1 sl ']r a0s0z 1l :1

[loo] o lolll :[1 a0+0,2 I Go. I_: o

lllol - [o1l] =[L)oal\-1aor.:1-t

ll00l o [11r] : [1a1,10a1'!1€ I =I

{1101 o [111] : [1o 1a l z 1+ 0.11 :]
Then Ct : {000 001}

36

Exarnplc 3.2 3 relC= {100 ).10} be a cotle oterZ, BqclwLrnsthelroptaL

zr: (000 100,010,00r,1r0 r01.011,111) ns,
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Example 3.2 4. LcLt- looo 110.101.011,111) * a(3 2) @dt: orcr'L2

Checlang Lhe lropraL product m

(A)1 : {000. I00,010,001. 110, 10r.011 111}

V = {ae \z)3 suchthat r u=o jot au r et}

l7

By

llr0l -, [(]001 :[1 D061?0 i0: o] -0

[011] o [000] : I0a0B1a0a l e0l =0

[101] o [000] : 11a0@0a0c laol =0

[111] o 10001 :[1 a0s 1a0! 1a0] :n

llr0l .)lr00l : [la1slri04 0c 0] =1

{0111 q11661 : [0a1d,1a0,]0o!1l =0

lr01l e[100i : [r a1o0s0]1.01 =1

[1i1] !11001 :[1 a1e1a0$16,01 =]

lll0l o[0r0] :[1 a0\r,181'r0a0] :1

{01U o [010] : [0 2106 r s r { 1€ 0] :1

11011 .[010] :Ua04,0al,r1a{rl :0

[111] cl010l :[1 a0+1ar6160, = r

[110] rl001l : [r s0 i-1s0+0s0, =0

[011] ![001] : [1a0+ r a0+0€ 0l :0

lr01l o [001] =[1 s0'n0s0.1r 1 : ]

[l1l] --) [(x)l] =[1 80a120:1t 1] =1

Ll10l e[110] :[1aoara0s0 0] :0

lo11lo[110] : [0a1Dls 1;1!o] :1



CHAPTER J ..{LGEB,R.1.IC CODES OYER II.I-X PI-IIS

Example 3.2.5. Consuler Lhe (-1.2) ade

33

Il01l ol110l =[1 z1o0s r,!1arol =1

[111] rr [110] : [1 & 1$ ] o 1d. 1ar 0l = I

11101 o[101] :il a1@1a0s0.rl :1

10111 O[101] : I0a 1e 1n0+ l r0l =0

lr0ll o[101] : [ralo0?0+1.1] =1

[11r ] o[101] : [ls1o1s0+1a r] =1

Il10l r[011] =11 a0e1x14 0e1l =1

Iolrl . [0r1] : los0+ re1+larl =1

Uoll o loru = flo.o+o a 1+ r,-i 1] : 1

11111 ol011l :[1 a0@ 1a 1&1a rt :1

[110] o [111] :[ta1o11i1']0a11 =t

[011] r[1r1] : [0a1;Ia1+ts]i =1

ll0rl o ul]l :[re1a021"1el] =1

[111] ., [111] :Jr"1]181.]1.. 1l =1

Ih"n CL : {ooo} rs a (3 o) roae

{(u,.;, u, +2, oc)

lJ fu b c,tl) eli, then

\a b ( dlaltr u' z+2 t\l='.'

=ae u,OrS rOc&(u'+ 2)(I)d€ cc = -cc

That $

mor(a ti u',6 a r.( s (u' + 2). -.c) : -.c
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Thus,

o S i, : 1) E z : LA lL^ + 2) : .x

ll'e lel thot

Ir=6=c= :.

Hen,e CL : {1 oo, -m, -rc, d) d e R'} ralrcir ts a (1, 1) Ltne,ar code

Propositron 3,2.6. For u.odec thc (hlal totic Cr * htu

ProoJ As O,e C. :0o q'e get th.rt Cr ts non-cmptl' If r,.: e C-, tler
u' a . : 0a and : ,l c : 0e for everv r e C Thu.

,olr,+i.) -t
: ou, O. + d:,1 .

: o0+ + /r{)- = 0-r

39

tr

Rem,ark J2i If u'e CflCl, then

u z ={)++r':{)-

thdt rs

CnCr: {oo}

Ilowever, frorn pcrvrous cxar[plcs lt r5 clear that

C+Cl 1S"

Lemma 3.2 8. LcL C bc an (r,k) codc unth gcn(mtor tnotflt uml I be lht

malnt ulnch Ls gcnuulot olt Then Jor u,enrr € g t hokls lht r etr tJ

and onlu tf lgr = 0 : qrr

ProoJ Lel Q be dny Berrorator rnatrrx 'fLeD here ur partr.ul.lr rgr_ : 0

wherc ! rs r o.,,' of gencrat or rnatrrx and herrce rST = 0 llt t,rkmg trdDspose

qrr:o !
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Example 3.2.9. I,"l C : {000 O01l be an lJ 1)-code and Cr : {000 100 010, 110}

beadual ,odr L"t E-lO O tl be o otnrrotor norrtr ot '3 1'-,od C

tt x = [1001

9,'

:[0

..1i , : [010]

9tr

=[0

71 1: [1t0]

[, ]

=lrullrl
L,l

aIs0a0ot60l
mar{o,0, 0} = 0

[,,
I: o o rll r

lo
80S0eI€l(i
,ror{0,0 0} :0

lr I
er=l,,,ll1l

L,l
=[0aie0LrE1n0]

= rlru {0.0 0} = 0

For the Lod.€ generated bu nntn!

Ir, u ul
I n ,, ,, , I

lo , o u]

Example 3 2 10.

Thc duaL code ll (0000.00IU)



CIIAPTEIL 3 ALGEBRAIC CODES O\IER,\/-.I-Y ]'I LIS 1l

3.2.1 The Parity-Check Matrix

hr thr\ sectrur \\e I!rll de6ne pantl' (heck rnatux ovcr \l.ur Plus Further \'r

w:l) grvc somc examplcs of pdrrty check matr:x orcr \l.r-r Plus

Definrtion 3 2.11, A panty (heck mutrn lor C rs an l- x n l,r.olnr ']1 \uLh

tho.t t e CL tJ and onLg { r71r = t)

Example 3.2.12. I€l C = {000,001} rs (3.1) codr 1'hcn Lht dual oJE t
c- : {000.100,010. 110}

Panty chccl matro u oJ an k x n matnx lhaL b 2\3 Hence un can lul,t

l, o ol [o r ol11 I I or 11 _l 
i

lo I ol [tu tr]

Example 3 213. Cotutder lhe 1.1, 2) code

{(r y,r+2 rc) :,yeR'}

The duaL code r" Cr : {(-cc -co. oc d) d e'R-l 'l'hrLs ltu ponly

checl malnccs urz oJ lhe Jorm

,=l-- o. - a]

Theorem 3 2.14 Lelt be a bnear (r,k) codc olerS and Lel 11 he.tpar u

chccl" matnr ol C Thcn

C = {r €,Y 1r =o= Htr}

Proo/ \\'e have secn that rfg rs matrx that generate C then the r)ull tpace .)1

I r" Cr N""' fl N d generdtor rnatrrx ol Cr and hemc thc null :p.rce o1 ?l

Hcncc r e C dand only rf?l ol rr:0 or equr\,rlrtlr tFtHr :o tr

Examplc 3.2 t5 LcLl,: {000 001} be a lnear 13 l)-Latu utLLt'c duul odt
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Ca : (oo0 100,010 110)

Let

.tl :

be tlt g(ileralar inatTlr ol rluol Lode

C

47 1 = [001]

12

bc the k x r rnatrrx Eor C and

,flr : [001]

:10!re0€0'!1a0
:[o o

Q11r = O ='119t

s=

C*

r4-r€,01

9Hr are,,f tho f'r rn

[rool
[, , ,]

f,,l
lo'l
lo tt 

.1

u8u+08

ol

Theorem 3 2 76. Lct C be an \r,k) codc Lct Q be lhe mahlr lhat qc cralc

code C and'\l u Lhe panly check matftr olc Thcn

cL

G2

Ht

bc tLc I x r p.rnty (heck mdtr)x for C 'flcn the t(.rm' ln

G, -- l/, As C, e C and l/, € Cr ue get that

G,a Ht -- O,b



Ior al) r andT Thus g?l"rsazcromatnx Hcncc ?lQr - lQ\1r1r:\) C

Example 3 21-7. LetC: {0000,0010 00u1.0011} Le an 11,2)-cote whote

CHAPTER 3 ALGEtsRAIC CODES OVDII \I A-\ PL 
' 

IS 13

j uhose gentrator malnt r

10
0l
00
00

l, u r ,rln-1,,, 
",]

and, thtal cod.e oJ I ts t- : {000, l0{J0 0100. 1100

,- [' o o o]

"- [o , o d

e*,= l' o ' ol

lo r) o rl

lo ul
-tt

L, ,l

Remtk 3 218 o II 9 rs a k x r matux of the code C then ?l rs d gener.rtot

mntrrx of C1 whose rorvs form a ba-srs of C1

. Let C be an (r,t) code. rf C has a canonrcal gencnrtor matrrx Q : [I1

,1] then ?l : lA- 1,, 1l rs thc canourcal pant\ .hcLk ruatnr of I
ConvcrsclY rf ?l = IB 1" t) $ a pa t) cheLk rr.rtrrr of C thcn 9' = ,/t
6r] rs a matrrr. whrch rs Senerator of C

Example 3.2.19 l-et C: (0000 0010 0001 0011) tu u 11, 2) hneur tode anLl

c' = {000, 1000.0100. 1100} l,e rrs dud code Then

[r,roolH. I I

lu t o ol
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$ lhe panl! ch?ck mah't:t, Lhal b precltcl! a canonrnL gen?tatot malnj

{.1

V/hcre Q' u the qen.rutor malrl

:[Br 12)

lon,ol:tt
Loooll

11'

3.2-2 lth Order Reed Muller Code

The zerolh order Reed l\luller code 7a(0, r) rs defined to be the rcpetrtron code

{0.1} of lcngth 2r For anl'l > 2, the lth ordcr Recd \luller code?(l l) rs

dehned rccursrvely b1

r R(r r) = lzlr nr:l
2 aft, R(L,t) = {(r.r @9) r e k(l t -r) a eR(l -'t t -l) tlt> t

Examplc 3.2 20 lo findR\2,3) rcde ue nced R12,2) und Rll,2)

7t(2 J) :{(, t @ u) r €R(2,2),a eft\l.2)

7.(1, 2) :[0000,0101, r0r0, 1111.0011.0110. 1011)

k\2,',2):lzi|

ra(2,2) :{0000,0001 0010.0011,0100 0101,ul10 0111 1000

1001,1010 1011 1100 1101 1110, 1111)
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y=0000

00000000

00010001

00100010

00110011

01000100

01010101

011401 10

01 I 1t) 111

10001000

140110t)1

10101010

1011 1011

1 1A0 t l At)

1 141 1 101

1 I 101 110

I 1111111

u:0101
4000014I

0a010101

001001 11

0011a111

01040101

41010141

0110011 I

01110111

1000 t 101

10011101

10101 I 1 I

1011 1 11 1

I l AL)t 101

I 101 1101

la1111

11 111 11 1

a:1010
00001010

0001 101 I

001a 1010

40111011

01001110

0101 1 11 1

011t)1114

411 111 1 1

100014 r 0

14411011

1A 101014

101 1 101 1

I 1001110

11011111

I 11011 t 0

i111l1iI

Y:1111
00001111

00011111

0010111 1

0011 1111

a1001111

01011111

011011 1 1

011 111 I I

t 00411 I 1

t00t11t1

10101 I I I

10111111

I 1001 11 1

I1011111

11141111

t11t1 t

g:0011

00000011

a00t00t 1

00t 40011

001 104 t 1

0100011 1

01010111

a 11001 I I

011101 t1

104010t1

1AU 110 I 1

10101011

101 1 1011

11041111

11u11111

11101 I 1 I

11111) I I

u:0110
aa,aal1a

00010111

001001 1t)

0a 1101 11

01004110

a 10101 1 I

110411 10

011 10 t 11

1000111a

1()011 I 11

1U141110

101 11 1 11

1t a0l t1u

I 1011 111

11t01I10

111 111 I 1

y= 101 1

0t)441011

0t)41 11 I I

00101010

40111011

010411 11

01411111

t)1 101 11 1

01r11t11

10001011

10a110t 1

10 t 0101 1

1A11tU1l

I t 00t 111

I 101 I 111

11 14111t

t 1 1111t I

3.3 Ideals in Max-Plus algebra and related codes

Let S Lt, a ltlar-Plus algebra, tlar rs prccrrolr a scrlrrurg Therr se harr tr,r

types of substlu(tucs rn 5, thc \ubsemrnng and rdcals A n()rr clrrpt\ subsrt

--1 of S rs subscnuung rf o1 @ a2 and a1 sl o, € ,.1 ftrr all ur. rrz € -{ -l bc(omc\

an rdc.J lf thc \econd condrtlon rs true for all ar € S dlld (r2 e -l

If ,4 rs a subsemrrrng and C(4) rs theset ol all codcs ot lerrgth n orer 4 'Ihen

C(-4) berng a subset of .9'' lsacodeover,9 If .:ordr a, andr:brb2 1,.
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arc codcwords rn c(,{) Thon

r+y:ap2 a,,+bth b,,

= (a, o b, )(o, 3 br) (4" o b')

=mar{a1 b1}mat {o2.b7} r,a,{n, /,,,} € C(,1)

becausc rrr,.rr{o., },} € ,,1

Now r[, o € S and: = arnr o, € C(A) Then

ot = o(upt on)

= (o S a1)(a S a2) (oGa,,)dCl '1)

bcc.rusc a 6 o, d ,.1 rn gcncral

Hoq'cvcr rf ,1 lsanrdcal lhcn o C, a, € ,4 and uc gcl thdt or € C(;)

From the abo\c drscussron wc ha\e the followtng rcsult

Proposrtron 33.1. U.ll.Jandcalns lhen C(,1) ui a hnear ct r oL'cr S

No\' *c wrll oD backward (lrrcctron that ls Is tt possrl)lc th,lt thc sL\ ol

code\\ords brLs rn a codc prc\ldc us an rdcal ln -q For tl)at \\c h.r\c t))r

follorr rng rcsu)t

Proposition 3.3 2. IJN * a cucllc hnear (od,e ol,er S thet llt sel lx ol code'

uotL btts Ls an dal n S

Proo/ Lt't us assume that C rs a c\clrc Lncar codc as

0r,0.r 0. € c

+0s€/s

That ls /c rs non-emptl Lct r,y € Ix th^t l\ r an(l y arc brts tn s<.rtne

codel,ord0 = nra: r o" anct [ = 1.,16: r/ 6" Nou ll r.rnd, areat

thc samc pla.e rn these codeword then by addrrrg thcm rc gct that r I q.r brt

16
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If r and p a-ro not at the samc plaae, then to bnng thcnr at the \anro place we

car applr cvchc shr{1. on b Thus b1'Mdurg a ard b'we 8ct rg,v a brt rr d+b'

l'hus $cgetthatroy€/C
Now for Lr € ,t and {r : alo2 r a" e C

o({11a2 r o,) : (aga1)(a8ar) (o8r) (".Jo,) e C

\\'e gct that oEr N a brt rn aa 'l'hus, n6.r € 1C Hencc 13 rs.rn rdcal rn

sf
If.4 arrd 6 Le any tNo rdeals ltr ,9 Ther) \e LDo$ tldt lher surrr

,t7

rs also an rdeal

Propositron 3,3 3. ry J utul T lr antl luo ulenl\ n S Th(u

A+6=fu'tL oe A,be Bl

t(J + T) :C\J) +Wr)

ProoJ lft e C("7+7) The"

r0r e l,)(J, o lr) (J, o l,)

: br) r,) + lt.t) 1,,) € C(J) + Cl'r)

\\'e gcl that

Sr rlarh.

C\J +T) e C\J ) +C(T)

C\J)+Cff)eCU+T)

tr

If "7 alrd 7 Le aln. two rdeaLs rx S Ther we know thdt tLeu rDtersectron

and producl arc also ax rdeals l\lth J'f e JelT
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Proposrtion 3.3.4. IJ J andT bc any tu,o ulcals tn 5 lhen

ctJ)r) =ttJ)aclrJ

c(r'r) . c\r ar) = c(.zr [l ctrr

Proposition 33.5 IJC aul t' be any lu'tt cycltc lnear tolr oL'et S Tltn

Ix-y = Ixt Ix'

lcnc E Icn1c,

hool \f r € 1c+c, therr rrsal)rt tnsonrcco,letordtnC+C' that r\ I:n Ea'

rrherc a b.r brt ln some codc\r'ord ln C and a'l\ a lltt tn s,rrlto todelc,rd rl C'

ln othcr words a € ,/c and o' € /x, Thus r€ 16-16, Srrrrlrrll' Ix-lx'l li-x'

If r € ,lgqa,, that rs -r ts a btt rn some codeu'ord

, € CNC,

=ueCandueC'
'fhus z e lgfl1g

Howcvcr, rf .z € /6 ['11x, thcnr e /g and r €./c, tL,]t rs r rs a l:tt tlsome

codeword a e C and codcword L,€ C' It uot ue.es"arr thatu l;eC[lC' Hence

rc6r e rc [-l 16

tr

Example 3.3 6. Let N = {000 100} nna C' = (000 010} b? nnu t1t'o trytt(

hnear code', our S IJ

CnC'= {ooo}

'|'lrcn l2nr;, = (0) Nou y' /g = {0. l} oad /g, = ftl 1] thcn

/c fl1c, = io, I)

l3

lcnc C /c0/c,
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