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Preface

Ludrrg PrJndll Jll a (;crmdn llurd d\lrdmrsl 8r\c thc concef,l ol lhc boundrr.Y Ia)cr

lh.or\ In 190-l llc proposcd lhJl lhc flo!\ ol arcal fluldaroundoblccl\(lc 5ohd bodrc\) could bc

dr!rdeLllnto rso reSrons JlhlnreSron(orla)cr)nedrtothcobjcct!.tllcdlh,rbound.rrlla)cr\\here

thc ellcct,, ol \ rscous forccs arc rmponanl andanouterlcglon\[hcrelhccllccl\of\lscosllymay

bc neglcctcd Ihc srmplcsl c\amplc of thc aPphcatron oI lhc boundar] laycr rs effordcd by thc

flow along r !cry thln flat plalc Hlsloncall) lhls N,ls thc ll.sl c\anlplc rllustrallng thc rppllcallon

ol Prandtl's boundary l.rrcr thcory Blrstus [2] drscusscd lhls problcm ln dclar! In hrs doclor's

rhcsrs rl Coctlrnlcn rn l90l'l Thc boundrry laycr probl.ms arc modclcd through \:rrrcr Stolcs

cqnrrron\ Thc ro\ cmrng partral drfferenltrl cqualrons rrc \ol\ cd drrectlr or bl tranrfonnlng them

lnlo somc !on!cnrcnl form\ fhc oblrlncd dlllcrenllJl cquallons arc solved b) l$o dlflirent

Jppro,rrhc\. lh. lirsl onc Is anrlyltcrl and olh.r onc ls numcrl!al appro.l!h Dunng lhc \lud) ofthe

boundJq l,rler. ofltnl) \c dcJl $tth \uch corrplrcatcd p(rblcn5 $ho.c cract sohrlron ts rcry

hrrd lo lind Thcrelorc approrrm.rte mcthods suth as panurbrtloll lncthod\ numcn'rl nrclhods

and rnlcgral methods arc alwa)s ofour Inrcrest l]ccausc of lcss llm(.rllons ln gcomL'tr] ind

boundar) condrtlons, lhc rntcgral mclhods rrc approPrralc.lnd \Lrll.rblc lo oblarn thc drrc(l

ln.rl)1rcal solutron

Thcsc rnleBrdl mcthuds are b.rscd on thc momcnlum tntcgral equatton dcrclopcd b1 Ih

\ on !.JrDrJn l l l rn l92l Io \ol\c lhc l\\o dlnlcDslonal boundarl lalcrcquatlon\ K Pohlhauscn

lJllnlroduccdnnrnlcgralmcthodknorrn.rsPohlhur.rse-nnrcthodaftcrhl\n.rme fhls nlclhod bn\cd

on lhc monlcnlum rntcgral equ.rtrLx.rnd qurflrc lorm ol \elo!ll\ prolil( sJ\ lound lo gr\c good

rcsuhs rn non rclJrlcd llo\ bul ct\c lcs\ \.r1,\fuclorl rctult tn rctancd rcglon als lir!l notl(cd b)

Schub.lucr rn hrs c\pcnmcnlrl slud-\ ol llo\ pasl aD clllptr!.tl c) llndcr Soon aflcr lhc nppro\lmJlc

mcrhod of Karman and )\fillrkrn [5] ln$htchthcboundrr]lJ\cr\asdrudcdlnlolnncr.rndoutcr

rcgrons \\ rlh s.paralc solutrons \\asappl,cdloSchubaucr'scllrpscrrlthrcasonablcsucccss []r]an

Th$, tc\ I6] rnrroduced and rnlcgral method ln *hrch he u\ed somc surlabl. corrclahons bet\rccn

boundJr) la)cr parameter\ rn\te,ld ofvclocrtv prolilc N Curle [9] u\cd qurntlc vcloclly Profilc 10

modrl) thr KJmrJn-Pohlhnusen nrelhod ,\ltcnrpls u€rc subscqucntl) nl.rd. lo sccurc tnlpro\cd

.rccurre\ o, Krmrtn-Pohlh.iu'cn m(lhod b] .ts\unlrng.r nlrrc.rdcqu.rt. li)nn ol lhc \elo!rl)



profiles by q'al,, 0l, Mangtcr u ll and l-rmman[2] Yuan ll rnd t-c\\ ll.lluscde\pon.nlral

tunctron hke lrmmansUll vclocrl) prolilc torlsranskrrll5lrnlroducedanc\!mclhodrn\hrlh

hc mullrphcd lhc momcnlum rntc{ralcqu.tron b} .r smrll !analron of!clo(rly rnd lhcn lnlcgraltng

Ihc cqualron rcro\\ thc boundar! laler thlckncss Iuo_Parameter rnlcBral mcthod\ were

rntrodLrecd by Sulk)n \\'rcchardl and IIead [ 6- l8l Sakradrr Ilg] ProPo\ed an rntcgral method to

ln!c\lrgalcrhcboundrrllrlcrbchd\roroncontlnuoussolldsurln!c\ Thc \on Karman-Pohlhru\cn

mclhod \\r\ nlodrllcd lo.rlcounl lbr \u!lron dnd rntcLllon b) Io\ ll0l Thl\ ncthod gl!cs

acceptable \alues oflhc lran\tcr coelficlenl for hcal. m,rss and motrunlum trdnsfcr for mosl ol thc

\alucs consrdcred

Inlhlsthesrs a bncf rnlroduclron lo tnlcgral mcthods rnd lhclr hlsloncrl background hrs

bccn drscu\sed Drffcrcnt forms ofrnlcgrrl mcthods tn lhc per\pcLll!c of lherr apphcallons ha\c

bccn prc\enled ,\l\o rnlcgral melhod parlrcularl) method ol Th\\arlcs I\ ulllllcd lo obtarn lhe

solulron ofthc non-srmrl,rr flo\,, \ past a llat nlrte rnd sphcrc Il rs rmporlJnl lo nolc thrl lhc solullon

obtarDcd Irorn JlorcrDcrrtroned mcthod rBrccs \\ cll $ llh olhcr mcthods Sn.j!ldll) ln thc cJI!ulallon

ol \cp,rr.rlron polnt rn tlolr.r(h s reurded llor lhc perlcnlaSc crror rr almost l""and tn thc c.tsc

ofrctardcd llo\v past a sphcrc rt rs 5uu \\hrch sho\r the !.llldll) ol prc\cnl lnlcgral mcthod

Thr\ drsscnatron rs dr\ rdcd rnlo lhrec chxptcrs ChaPlcr I conlrlns lhc dcfinrllon and basr(

concepts relalcd lo boundar) Ia)er and Integral mclhods ln LhJplcr 2 some promlncnl and

c\ten\r\ely uscd rnlcgral melhods harc been rc\tcrvcd ln chiptcr I lhc .l\ell-lnoNn lnlegrrl

lnclhod. naorrl) McthodofTh\\arles,hasbccnutlllTedlnlhcdelcmlrn.rlronollheflo$separallon

ol llo\\ anh s rctJ(cd lloq and flo$ scparallon ot er a spherc
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Chrptcr 1

Introduction and Basic Dcfinitions

l.l lntroduction

By the and ofnrnelccnth cenlury, lhere wcrc two maJor grouPs ofrcsearchcrs ln fluld mcchrnrcs

Frrst group ofrcscarchers was cngaged wlth lnvrscld lluld flow whllc thc othcr group was studylng

hydrauhcs Hydrodynamtcs, though m.thematrcally clcgant. was unablc to Prcdlct drag

c\pcncnccd by bodrcs movrng rn flulds Thrs ts known as D'Alcmben s paradox On lhc olhcr

hand, thc solutron of practtcat problcms offcrcd by hydraullcs wcrc bascd on marnly cmprrrcal

data Ludwrg Prandlt chenged lhls sltuatlon by glllng lhc conccPt of boundary laycr In august

1904, Prandll prescnted hrs rcvolutlonary concept of boundary laycr through hls papcr cnlrlled

"L)ber FtusstgLetsbewgung ber seh Kletner Rebung bcforc a group of mathemalrcrans and

sclcnrrsts, gatlcred al thc thlrd lnlcmauonal congcss of Matlemallcs held In Hcldclberg ln 1905'

ihc papcr prcscnrcd by Ludwl8 Prandtl, was publlshed m lhc procecdrngs ofcongrcss

Wth lhc hclp oflhls thcory, Prandtl succecdcd to prove that thc flow about a solld body can be

catagonzcd rn lo two rcglons a lhln laycr In the nclghborhood ofthc body (boundary laycr) wherc

the cffccts ofvrscous forccs arc tmponant and filctlon plays an esscntlal parl and thc remalnlng

rcgron outsrdc the laycr, lvhcrc fncllon may bc negleclcd I e thc flow can bc consldercd as rnr rsctd

outsrdc the boundary laycr, whllc \rscotrs cffects stay collfined !rlthrn lhc boundary layer Thus

Prandll pornled out rhe lmponanl and sr8nlficrnt role of vlscous forces' no matlcr how sm'rll thcy

are. rn the dclennlnahon oflhc flow Boundary layer can dcvelop on the obJccts ol drlfercnl

shapcs An rnlinrtcly long flat plate along whlch a vlscous lncomprcsslblc nuld flo$s ls thc

slmplcst geomclry on whlch boundary layer ls dcvelopcd Ncar lhe Ieadrng edgc ofplatc the flow

rn the boundary laycr cxhlbl(s all chaiaclcflstlcs oflamlnar flo\1 Thc boundary Iaycr thrckness al

lhc leadrng cdge Is zcro and l( Srows conlrnuously lowards lhc rear cnd ofthc plalc Whcn thc

prcssurc rncrcascs orsurfacc ls hlghlycurvcd the boundary layer structurc would be more comPlc\

In such casc lhc boundary layer may dctach froh the surface a Phcnomenon Llo\'\'n as scparatron

and thc stmphficd form ofNavlcr Stokcs equltlons no longcr aPpLes



Mathcmancally, the boundary Iaycr problcfts arc modcled through Na\ lcr Slokes equaltons Thc

govcmrng partlal dtffercntlal cquatlons arc solvcd dlrcctly or by transformlng them rnto

drffcrcntlal cqualtons Thus drffcrcntlal cquatrons arc Iackled by two dlffcrcnl approachcs thc first

onc rs the analylrcal and othcr onc ls numencal approach Durlng the study ofboundary layer'

oftcnly onc deals wlth such compllcalcd problcms that thcrr e\acl solulron ls vcry dlflicull lo tlnd

Thcrcforc. thc approxlmalc mclhods such as serles soluhon mclhod. numcrlcal mclhods and

lntegral mcthods ctc arc al$'ays ofour lntercst Becausc ofless llmltatlons ln terrns of Scomctry

and boundary cond(lons, thc rnlcgrat methods are apProprlatc and sultablc lechnlquc lo obt'ln thc

dlrcct analytrcal solutlon It can also bc appllcd lo bolh Iamlnar and turbulcnce flo* sltualrons l_hc

rnlcgral methods caslly provlde accuratc answcr (not cxact) for complex Probl'ms Thc boundary

leycr cqualrons are usually lntcgra(cd ovcr thc boundary laycr thlckncss by assumlnB a Prolilc for

vcloclry, lcmperalurc, .nd conccntmtlon, as nccdcd Thc bctlcr lhc approxtmate shapc for tht

vclocrry and tcmperaturc, lhc bencr thc predrctron of drag force and hcat lransfer (fnctron

coeflicrcnt or hcat transfcr cocfficlenl)

Thls drssertatlon conststs of thtce chaplcrs Frrst chrpter contatns thc bJslc dcfinltlons ln sccond

chaptcr wc havc rcvlcwcd somc Promlncnl lntegral mcthods wllh thctr rdvantages and

dlsadvantages In chaptcr thrce wc havc used lhc wcll_known tntcgral method' Mcthod of

Thwarres. to rnvesttgatc thc flow scparalton ln Howenh's rctaflcd flow aDd flow scparatlon o!cr a

sphcre

'l.2 Basics Dclinitions

1.2.1 FIuid

A fluld rs a substancc ihat contlnuously dcfonns undcr an applled shcar slress' no n)atlcr ho$

small that shcar strcss may bc In slmplc words fluld ts a contlnuous subslance whosc molccules

movc frcety pasl one anolhcrznd thal has thc tcndcncy lo assumc thc shape ofrls contalncr' a

[qurd or a gas

1.2.2 Fluid Mechanics

Flurd mcchamcs rs lhc brmch ofaPphcd mcchanlcs whrch ls conccmcd wrlh thc study of

behavlor offlurds (hqurds or gasscsl at rcst or ln motton Fluld mcchanrcs rs fu(hcr dt!rdcd rnto

three brrnches



I Fluld Slal)cs

r Flurd Ktncmallcs

nr Flurd Dynamtcs

1.2.2.1 Fluid Statics

!'lurd slatrcs ls lhc branch offluld mcchanlcs uhlch dcals $lth the sludy offluld beha\ror al rcst

1,2.2.2 FluidKincmatics

Flurd krnemalrcs rs rhe branch of fluld mcchanrcs whlch deals \\'llh the study of flurd movcmcnts

wrthoul consldenng the forccs and cncrgres ln lhem

1.2.2.3 Fluid Dynamics

Fluld dynamrcs rs the branch ofFlurd mcchanrcs whlch dcals wlth !he study ofmotloD offltrlds

or thrt ofbodrcs ln contacl wlth flulds

1.2.3 Flow

A fluld cononuously dcforms when dlffcrent forccs acl upon Il lfthe dcformallon conllnuou\l)

rncreascs wrlhout l,mtlatton. thcn thls phcnomcnon ls rcfcrred as flow

1.2.4 Dcformation

Thc rclatrvc change rn posttlon or lcngth ofthc fluld panlclc ls callcd dcformatron

1.3 Physicel Propcrtics of Fluid

1.3.1 Dcnsity

The densrty ofa substancc ts a measurc of tnass per unll \olumc The slrnbol mosl ollen uscd lor

dcnslty rs "p" and read as rho Malhcmatlcally. thc dcnsrly 'p'3l aDy Pornt P may be dcfined a5

o: llm l-ll

whcrc 6v ls lhc \olumc clcmcnt around P and 6m ls thc mass ofthc fluld lfthc dcnslty oflhc

flurd !ancs thcn thc dcnsrty at a pornt rs grvcn by

6m
p = dl'n:, 

(;t).

whcrc 6v rs the small !olumc over whtch the substencc can be consldcrcd as conllnuum



1.3.2 Strcss

Thc forcc per untl arca oflhc surfacc on whlch lls act ls called strcss h ls dcsrgnatcd by 'o

Mathcmatrcally, the strcss at any polnt ofthc fluld ls Slvcn by

"'llq(fl'
wherc AF rs thc fotcc acttng on an clemcnt ofsurface arca AS encloslng lhe polnl P Therc are

two componenls of strcss

l Normal Strcss,

r Tangcntral Slress

1.3.2.1 Normrl Strcss

Thc component ofslrcss normal to thc surfacc al poml P ls sald to be lhc normal slress

1.3,2.2 TangcntialStrcss

The component ofstrcss tangcnt 1o lhc surfacc at potnt P rs refcrred as (angcnllal strcss

1.3.3 Prcssure

Thc amounl of forcc actlng per unlt erca Is known rs pressure It ls dcnolcd by P and

mathcmallcally rt rs formulatcd as

i

whcrc i rs thc normal forcc and A ls thc arca ofthc surfacc pascal (Pa) rs thc untl ofprcssurc ln

SI

1.3.4 Viscosity

Ttc vtscosrty ofa flutd ts r measurc oflts rcststancc to deformatron t c rcslstlng to a shcarlnB (or

tangcntral) whcn the flutd ls ln motlon Il dcscnbcs the,ntcmal frlcllon ofmovlng flurd It l\

deslgnatcd by thc symbol F. Mathcnlallcally ll ls glvcn as

r Sh.arsd.sr
t =a"E=i;;;i;;;;;;;



1.3.5 Tempereturc

Thc mcasure oftnlcnslty olhclr ls rcfcrred as tcmpcralurc oflhc body Hcat always traYcl from

hrghcr tcmperaturc to thc lower lcmpcraturc Scvcral scalcs and unrts arc c\lst for mcasunng

tcmperaturc The mosl common arc gr!en bclow

r Celstus (oC),

r Fahrenhert ('F).
rr Kclvrn (K)

1.3.6 Kinematic viscosity

Thc raoo ofthe absolute vrscoslly I lo the dcnslty p ls lnown as klncmatlcs \rscoslly of lhc

flurd It rs dcnotcd by v Malhcrnallcally rs defincd as

u =;'

1.4 Types of Fluid

Thc flurd rs classtfied rnto followrng t,?cs

l Comprcsslble Flurd

rr lncomprcssrblc Flurd

rrr lnvrscrd Flurd

rv Idcal Flurd

v Rcal Flurd

1.4.1 Compressiblc Fluid

A fluld rn whrch thc dcnslly p vancs slgnlficanlly wrth In ihe flo$ field when ll rs subleclcd to

hlgh prcssure gradlcnt, ls called comprcsslblc lluld Cascs arc consldcred as comprcsstblc llu'd

1.4.2 Incompressiblc Fluid

A fluld rn whtch thc dcnslty p rcmalns constanl rs known as tncomprcssrble nurd Il c'rn also be

slaled as rfa Iluld requtrcs a largc \anallon ln prcssurc lo produce somc apprcclablc larlallon ln

dcnsrty such fluld ts calted lncomprcssrble flurd Atl hqulds are oflcn refcrrcd as tncomprcsslblc

flurds



1.4.3 Inviscid Fluid

AfluldwhtchlsassumcdlohavcnovlscosltyFlscallcdlnvlsc,df.luldwlthzcrovlscosllythc

fluld offcrs no lntcmal rcslstencc to changc ln shapc I e dcformatron No nafural fluld ls lnvlscld

all fluld posscss a ccrtatn dcgree ofvtscoslty. bul ln many cases' for example wlth walcr and alr'

the vlsco\rty ls very small and to lhc rcasonablc dcprcc ofaccuracy be kcatcd as Invlscrd flurd

1.4.4 Ideel Fluid

A flurd whrch Is bolh lnvlscrd and lncompressrble ls callcd en ldcal (or pcrfcct) [lurd

1.4.5 Rcal Fluid

A real flurd rs one whlch has finrte vrscosrty and lhus can exerl a tangenllal (or sheannB) slrcs\

on a surfacc wtth whlch 11 ls ln contacl

1.5 Clrssificrtion of FIuid

Fluld can bc classtficd lnto followlnB tq'o groups

r Nc\r'tontan Fluld

n Non-Ncwtonlan Fluld

1.5.1 Ncttonian Fluid

Ncwlonlan flutd ts a flutd whlch sallsfics thc Ncwton's Ia!l of vrscosrly tn such lypc of fluld thc

shear srress rs ltncarly proportlonal lo thc !cloctly gradrcnl

1.5.2 Non-Ncwtonien Fluid

A flurd whrch docs not satlsfy thc Ncwlon's law ofvlscoslty rs known as non-Ncwlonran lluld ln

thrs casc,lhe shcar strcss Is non_llncarly proporllonrl lo the vcloclly gradrcnl Malhcmallc.llly 11 rs

dcscnbcd as

r=k(- )'.oy
(1 1)

wherc k lndrcelcs lhc conststcncy lndcx whlch dcscrtbcs lhc conslstcncy offluld and n lndlcates

thc flow bchzvlor Indcx whrch dcscrlbcs a measure ofhow flurd dlffcr from a Ncwtonr'n Iluld

For L = I and 7r = 1 equallon (1 1) rcduccs to thc Nes'1on's la* of\rscoslty

All



1.6 Types ofFlorv

Thcrc arc dlffcrcnt t)?cs offlow whrch arc drscusscd bclow

1.6.1 Comprcssible Flow

The flow ofa comprcssrblc lluld (l c lbrwhlch the dcnslty does not rcfirln constant) rs Inown

as compresslblc flow

1.6.2 Incompressible Flow

Thc flow ofan rncomprcssrblc flurd 0 c for rvhrch thc dcnsrty remarns unchanged throughout lhc

flurd) ls rcfcrrcd as rncomprcsslblc flow

1.6.3 Uniform Flow

A flow rs sald to be umform whcn the velocrty vcclor as Nell as olhcr hydrodynamrc Parametcrs

rematn unchangcd from polnt lo polnt ln the fluld For a unlfoml [lo\t. thc vcloclry ls a hrnLtron

of tlmc only, whlch can bc cxprcssed ln Eulcnan dcscnptlon as

v = v(t)

1.6.4 Non-Uniform Flow

A flow ln whlch the fluld propcrtles (vcloclty. densrty, prcssure ctc ) change from polnl to potnt

rs refcrrcd as non-untform flow

1.6.5 Steady Flow

A flow rn whrch the vcloclly vcctor aDd other flurd propc(les at e\ery polnt ln a flutd docs not

changc wrth hmc so that lhc florv paftem depend on tlme change rs callcd stcady flow' I c

4, , = oat' '

1.6.6 Unstcedy Flow

A flow rn whrch flu1d propcrtlcs and condltlons al any polnt In fluld chaDgc wlth tlme ts knoun

as unstcady [low, r c

rl+0Ar' '



1.6.7 Leminar Flow

Thc flow of a flurd whcn cach Partrclc of thc fluld fotlows a smooth Palh, paths whrch ncYcr

rnlcrfcre wllh one another Oncrcsultoflamlnarflowlslhatthcvclocltyoflheflurdtsconstantar

any pornl rn thc flurd Thc flow of alr on alr craft wlng ls an example of lamlnar flol,

1.6.8 Turbulent Flow

A flow ln whlch thc flutd partrclc mo\ cs ln rrrcgular manncr rn all dlrccllon Is known 'r lurbulcnl

flow In turbulcnt flow lhc spccd ofthe fluld al a polnt rs contlnuously undcrgornB chanBcs rn bolh

dlrcchon and m.gnlludc Thc blood flow rn arlcrres and orl transpon ln prpellncs arc common

cxamplcs of turbulent flow

1.6.9 ldeal Flow

The flo* ofrdealiluld (t e ln!lscld rnd Incomprcsslblc fluld) ls called rdeal flow

1.6.10 Intcrnal Flow

A flow for $hrch the flurd rs confincd by a surface Is callcd Intema) flow The flow ln r plPc rs

an cxamplc of rntcmal flow

1.6.11 Extcrnal Flow

An cxtcmal flow rs a flow whlch occurs ovcr thc bodtcs lmmersed tn an unboundcd fluld Thc

flow ovcr arrforls, shrp hulls and overturblne bladcs arc cxamplcs ofc\tcmal flow

1.6.12 Irrotational Flow

Such t)?c of flow rn whrch thc llurd parllcles do nol rolatc aboul thclr own axes ls known as

lrrotahonal flow Thc condltlon for an lrrotallonel flow ts

vxi=0

1.6.13 Rotational Flow

A flow rn lvh,ch (hc flu,d partlcles rolalc about thclr own axcs ls called rotztlonal flow The

condrtron for rotaltonal llow ls

vxV+0



1.6.14 One-, Two -, end Thrce-Dimensionrl Flows

A flow can be classrficd as one-. two_, and lhrce- dtmcnsronal flow dcpcndrng on the number of

space coordrnalas A flow Is sald to bc onc_drmcnsronal flow rfthc fluld properltcs 
're 

dcpendlng

onlyon onc spece coordlnale The flow across a ducl lsan cxamPlc ofonc'dlmenslonal flo* A

flo!,J ln $,hrch thc flow paramcters vary ln rhe dlrcctlon ofllow and rn onc dlrcctlon at rlghl angles

to rhls dlrectlon ls called two dlmenstonal now Thc nou ber\rcen lwo non-parallel nat plates ts

consrdcrcd rs iwo drmenslonal flow A flow ln wh,ch lhc vcloclly field and othcr hydrodlnamlc

propcrllcs arc functlons of lhrec spacc coordlnates and for tlme ls rcfcrrcd as thrcc drmenslonal

now Thc flow ofarr on lhc wlng ofan alrptanc ls an examplc ofthrec drmenstonrl flow

1.7 Basic Definitions uscd in lntcgral Mcthods

1.7.1 Boundary Laycr Thickncss

Bound y layer lhlckness ls lhe dlsrancc from the surlacc to the polnt on noniral dlrecllon wherc

the fluld vcloclty u cquals 99% oflhe frec slream vclocll) lt ls deslSnaled by 6 Mathcnrallcally

lt can bc grven as

o = Y(!=o i9u"'

Whcrc Us denotc thc frce slrcam veloclty

1.7.2 Displaccmcrlt Thickncss

ll rs defincd as thc dlstancc by whrch thc e\temal Polcnrral flow ls dlsplaccd oulwards due to lhe

dccreasc rn the vcloclty ln thc boundary layer It Is dcnolcd by dD Mathematrcally' rt ls

cxPrcsscd rs

Srncc at y = 6, u - Us thcreforc thc lnlcgrrnd vanrshcs I c zcro fory > 6

1.7.3 Momcntum Thickncss

Momcnr Thrcklcss ls tle dlslance from thc swfacc such thal momcntum flux concspondtng to

frec strcam vcloclty through lhls dlstancc ls cqual to thc loss ln monrentum due lhe formulatlon of

o, = i (' - L),, - I"' I -;),'



boundary Iayer Il rcprescnts (hc reducllon ln momentum, llrsdcnotcdbydm Mathematlcally' 'l
rs rcprescntcd as

16ut u\ f-ut u\
d" = j" A(1 - u.)dY 

- )" u,\1 - u)at

Srnccaty = 6, u - 4. thcrcfore the lntcBrand lszcrofory > d

1.7.4 Shapc Frctor

Shapc fector rs thc ratlo ofdrsplaccmcnt thrckness and momenlum lhlckncss Il ls dcnotcd by H

and mathcmatrcally formulatcd as

6^

It dcscflbcs lhe narurc offlow

1.7.5 Skin Friction

The fflctron bcl$'ccn a movrnB nuld and lts cnclosrn8 surfacc rs known as skrn frrctron

1.7.6 Skin Friction Cocfficicnt

Skrn fnctron coelTiclcnt ls dcfincd as

' 
)ouz

Vy'hcrc r. :Wall shcar srrcss, p=Dcnslty ofthe flurd and U-= Frce sucam veloc!ly

1.7.7 Boundary LlYcr SeParation

A phenomcnon tn whrch lhc fluld laycr suddcnly detachcs from the body rs known as separatron

It occurs duc lo thc prcscnce ofsufficlcnl advcrsc prcssure gradlent wlthrn the boundary Iayer Thc

pornt al whrch flow lcaves lhc surfacc rs callcd separahon Pornl At thls pornl lhc shear strc\s or

lic veloclty gradrcnt normal to thc wall,ls zero I e

0u
r^ = r(- )"=o = 0oy-

l0



1.8 Alternrtive Forms of Displecement Thickncss arld Momentum

Thickness

Srncc wc know that thc drsplaccmcnt th,ckncss and momcnlum lhlckncss arc formulatcd as

dD= | {l-.' ldv.

d^= lo u,lt- q)dy.

Dcfinlng the non-drmenstonal dlstancc from thc wall as

4= lory= 46.

duc to whrch

dv = 6dn

at Y = O,n = 0 andzl Y = 6,rl = 1

Thcreforc. thc dlspl.ccmcnt lhlckncss and the momentum lhlckncss dcfined abovc' are modl'icd

as bclow

rcspcctrvely

a,= t l"'l _[)an,

rl u , u \
o. =oJ" n (r - nldn

ll



Chepter 2

Revicw of Some Prominent Intcgrel Methods

2.1 Litcrature Rcvien

Aflcr thc rcvoluhonary concept of the boundary taycr' Srven by Ludwrg Prandtl [l] tn 1904'

Blasrus [2] was thc first who succccdcd lo obtaln thc cxprcsston for the boundary layer lhlckncss

6(.t) and wall shcer strcss r-(r) It was found that the veloclty profiles were slmllar when ploltcd

non-drmcnsronally rs f uctsusI It was not posslblc to oblaln a closcd form solutron for thc

veloclly profilc, a numencal solullon was necdcd

ThccloscdformsolulronforlamrnarboundarylayerscanbeobtarncdbyuslngapPro\lmalc

mcthods Thc charactcnstlcs and propcrtles of lurbulcnt boundary Iaycr can also bc delcrrnrncd

by thc same approxlmalc mcthods In lhls chapter we *rll dlsclrss somc promrnent approxrmalc

mcthods (lnlc$al Mclhods) whlch wrlt makc us ablc to calculalc thc boundlry layer lhrcLncss of

lamrnar and turbulenl boundary layer as a funcxon ofdrslance along thc $all Thc cquatrons $h)ch

aJc obtar ncd by lntcgratt n g thc momcntum equrtlon icross the boundary l 
' 
ycr th rckncss ( lromy =

O to y = 6) arc vcry useful and slmplc whlch lmm.dlaiely provldc the dcsrred rcsults llowcvcr'

lhe proccss tnvolves somc furlher manlpulatlons and consrrucllon of somc new frrncttons rn ordcr

to makc thc rcsulllng malhematlcs compact Thc buslncss ofmakrng all such effo(s r\ usually

namcd as the lnte8f,al methods Thc lntcgral methods arc used to calculalc lhc boundary laycr

paramctcrs approxlmrtcly Thesc nlcthods. oltenly arc used when the equallons ofmollorl arc nol

sauslled cvcrywhcre ln tle fluld bul only across the boundary laycr thlclness Thcsc lnlcgral

mcthods are bascd on lhc momcnlum lnlcgral cquatlon Slvcn by Karman [3] ln l92l

ln 1921. Pohlhausen [4] rntroduced an lntcgral mcthod for the solutlon of tuo drmenslonal

boundary laycr cquallons along wlth the prcssr'lrc gradtcnt Thlslnclhodrvasbasedonron Kannan

momcnrum rntegral cquallon Thls mclhod glvcs satrsfactory rcsults for favorablc prcssure

gradrenl trhllc for thc advcrsc Prcssure gradlcnt lt Slvcs lcss satlsfactory rcsulls To come o\cr thc

shon comrnBs of Pohlhauscn melhod, Karman and MllhkaD [5] dcvcloped J new nrcthod

(approxrmatc) by uslnt von Mlses transformahons

t2



Bryan Thwartcs [6] lntroduccd an approxlmalc mcthod, In whrch lnstcad ofusrng polynomral lrkc

Pohlhausen, hc used lhe rclarron bclwecn rrro paramcrcr" d. (f) -J 6- (di) Thrs
' \ dv, y_o " \ dv', ,-a

method gr\cs morc satrsfaclory rcsulls than lhc Pohlhauscn method To rmpro!c the Pohlhauscn

mcthod whrch Is based on 4rh dcgrcc polynonrral Schhchtrng and UIrrch [7] dcvclopcd z rnelhod

whrch rs bascd on 6s rjegrec pol)'nomral Thc maln ad\'antage of thrs melhod was th'l the hlghcr

dcnvarron of lhc \'cloclly profilcs wlth rcspccl to dlst.ncc along thc \!all arc obtalncd w(h thc

morc dcgree of nrccty as compared to thc fourth ordcr polynomlal Wcrl [8] has apphcd method

[7] to comprcsstblc flows wlth zcro hcal transfcr Curlc [9] modrficd thc Karman-Pohlhauscn

method by uslng a qulnttc vctoclty profilc whlch satlsficd an addrtronal boundary condrlron dt thc

wall

Walz uO] approxlmaled lhc one-pammeter vclocrty Prollles used by Harlrce, ln lractronal

cxponcnts To oblatD more accuratc rcsulls dlffcrcnt mcthods, slnnlarly lo Pohlhausen mcthod-

havc becn proposed usrng thc vcloclly profilcs whlch satlsfied the more boundary condtlrons than

thc Pohlhausen quartlc profilc ManglcrIll]usedaone_paramelcrfamrlyofprofilcsandcomparc

hrs rcsults wrth cxacl results He uscd the follow,ng veloclly profile

(1 - I)' (1 + ar4 + ar4'?) 12 1)

Trmmar n2l Introduccd a mcrhod bascd on momcnlum rnlcgBl cquatlon $hlch sanslics morc

boundary condrtrons than Pohlhauscn's and Manglcr's veloclty profilcs Ile uscd thc polynomlal

ofthc form

)drt -.xp(-4'?) (b + d\z + ) ' (2 2)

wfrere n = | Morcovcr, thc cxponenllal l_unclrons llkc Tlmman s vclocrty profiles has also bccn

uscd by Yuan u3l and Lew [14] Lorrsransku [15] modrficd thc Kamran-Pohlhausen mclhod bv

first mulhplytng thc momcntum cquatlon by a small vanirtlon ofveloclty and thcn lnlegrrtrng the

cquatron across lhe boundlry laycr thlclncss sulton [16] uscd thc mclhod whrch conhlns Iwo-

pdamctcrs Hc uscd thts mcthod to thc casc ofa flat platc wrlh zcro prcssurc gradrcnt Wteghardt

I7l also dcvclopcd. rwo-pzramclcr rntegral mcthod andutlllzcd ll for thc drffcrent cases Ilcad

u8l proposcd a t*o-pariuncter mcthod whrch satlsficd the momcnlum and cncrgy 
'quatron

t3
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togclhcr w,th thc condltrons a( lhe lvall and al the outcr edgc oflhc boundary laycr An rnteg'al

method for thc movtng conllnuous flal surfacc w.s devclopcd by Sakradls [19] Thls mclhod 
's

bascd on the drffcrcnt vclocrty profilcs and sallsficd the surt.bl. boundary cond'nons Fox []0]

dcvclopcd an ,nlegral mcthod for lhc czlculatlon ofthc boundary layer o!er the movrng conllnuous

flat surfacc wrth rnject,on and suctlon Thrs mcthod rs modrficd form oflhe Karman-Pohlhauscn

mcthod for thc rn;cctron and suclton

ln thls scchon wc wtll dtscuss somc promlncnl aad mlst prcfcncd lntegral mcthods to calculate

thc boundary laycr Thc followlng lntcgral mcthods wlll be dlscussed

t Karman-PohlhausenMcthod
2 Altcmalrve Polynomlal Forms

3 T,mman's Mclhod
4 Mcthod ofThw.rtcs

Slnce all these mclhods dcPcnd upon von'Karman momcntum rntegral equatlon Thereforc' lirst

wc wlll devclop thc rnomenlum Integral cquatlon for lncomprcsslble steady lwo dlmcnstonal

flow end a symmetnc flow

2.2 von-Karman Momcntum Intcgral Equation

Thc boundary laycr cqualrons for Incompresslblc, steady and lwo dlmcnsronal flow are gtvcn as

Momentum Equatlon

du Au lAP d2u
u 

ox 
+ v dv= -;a-'" ay.''

Conhnurty Equatron

au 0D

-+-=0 
\24)

dr tsv

Su[cct to rhc follo*rri boundary condtrtons

u=v=oaty=o,\ (2s)
u = U(x) atYacn)

To find thc rnomcnlum lntcgral equallon wc lntcgmte momcntum cquatron from y = 0 lo y = d

wllh respec( to Y

[",u]r, * l" 'u o" = J"' 'u]0, 
* l" "fi^' Q6)

whcrc

l4



AU lAP
" dx- Pdx

Evaluatn8 lhc rntegrats lnvolved ln cquatlon (2 6) Las( term on tha R H S rcads as

ti a2, rnl,!lar=-f l2?)
Jo dY' P

whcre ro = Ir(t),=o

The sccond lcrm ofthc L H S ofcquatron (2 6) can bc wnllcn as

-5,-.6a

J"'io, = 1""fit"-uyar, (28)

Whrch upon rntcgrallon by pans takcs lhc form

rE at 16 av1 2du= - I t, - U)l:ay tze)
)o dy Jo ol

Srncc from conlrnurty cquatlon wc have

0o 0u

tu0t
Thcrcforc, substrtutrng In cquatlon (2 9). wc havc

fu ,u] ou = ft ,, - u',u! o, tz 10)
)o dy Jo ox

By rnvokrng cqualron (2 7) and (2 10) rn cquatron(z 6)' wc obtarn

*1" l"'i7-11,,\,,#Lo-i),'=7 (2I1)

Equatron (2 11) c.n bc wntrcn as

A - dU ro rr17\
;lu'6^l + u 'd;6D = - '

16u, u\
d^= l"i(-i)at (2t3)

rd , u\
6, = J" (1 -;)d/ (214)

Drvrdrng Equahon (212)by Uz on both srdcs to 8cl

l5



Llrttr r,ldu^^ = 'o (2 ts)
U2dxt" "^r ' U 0x-" pU2

Equenon (2 15) can be exprcsscd as

d,. . 12+H'," dU ro (2 16)
t(d^) + (l-lon dr= "U
Thc abovc cquaoon srmphfics to

!,^ ,-,, - u\6^du = 
1o \z)7)'"'U dx PUz

whcrc H ls called the shapc faclor and defincd as

u - 
6o

Thus Equalron (2 17) Is krown as lhe monlcnrum rntegml cqualton for Incomprcssrble stcad)

and two drmcnslonal flow

2.3 von-Karman Momentum Intcgral Equation for Axisymmetric Florv

Thc boundary laycr cquatlons for lncomprcssrblc' stcady and two drmenslonal axrsymmct c

flow arc grven as

Momentum Equanon

du 0u _ I dP ..02u (2 I B)n--+V- = - -:- + y:-..;,
()x 0y P ox oY'

Contrnurty Equatton

d(ru) d(ru) (Z 19)- +-=U,

Suqccr to the follort,ng boundary condltlons

u=v=0ar/=0,1 (220)
| = U(x) aty - @)

To oblarn thc Momcnrum lntcgral form rntegrate the cquatron (2 18) from y = 0 to y = 6 !+rlh

respecr lo y Thcreforc, we havc

l,u 
,ufir, n 

f"o "* o, = l' ,ulo, - [" "fiot Q21)

Ev.luatrng the rntegrats lnvolved ln cquatron (2 21) Lasl term on thc R H S reads es

l6



l" d'u InI v-cLv = --)o dl' P

whcrc

ro = Ir(6)y=o

Thc second tcrm ofthc L H S can be wnltcn as

ft ,ulon = fo u!@- r)or. t2z3\
Jo dy Jo ot

Upon lnlcgrairon by pa(s ofcquatlon (2 23) wc oblaln

fo u'!ou = - ft o - au] o, tzzq)
)o df )o of

Srnce fiom conttnulty cquallon, we have

_dv _ 0u .u_dr eZS)
0y dx r0x

Thcrcforc, substrlutrng (2 25) rn (2 2i). wc havc

16 it 16 du (6 udrI ,"Jav = | tu-ut?ay+ | t"'u1:|av t226)
Jo dy Jo ox )s

By rn\olrrng equatron (2 22) and (Z 26) rI1 equatron(z 21)' \\c obtarn

d . "- _ -.dU - dr ,i. to lZ27)
;;LU' 6^l + u 

dxhD 
+ A;u' bm ='

Wlcre 6^ and 6p are dcfined rn equalron (2 l3) & (2 I4) rcspeclrvcly

Drvrdrng Equalron (2 27) by U2 on both srdes to 8el

ld.,-.ldu- d," ro_ (228')
* *lu'6^t + i-6;do 

+ dro^ = ;F
Equrtron (2 28) cm bc cxprcsscd as

d. .- - /2 +1J1- dU 1dr " ro (2 29)
dr(6.)+ \ u ld- d,+;d,o^= pu'
Equatron (2 29) can be wntlcn

d ...6-dU . 6^dr ro (2 30)
7;16^) 

+ (2 + H)i dx 
+ ; d,= ifr

whcre H rs caltcd sh.pe factor and defincd as

t2 22)

)1



6DH=-d-

Thus, Equat,on (2 30) Is lhe momcntum lnrcSrat cqlallon lor thc lncomprcssrblc stcady and two

drmensronal axrs),mmctrlc fl ow

2.4 Kerman-Pohlhauscn Mcthod

In l92l Pohlhar-rsen [4] lntroduced an lnteSral method for thc solutlon of t]c bou'dary laycr

equatrons Thrs mcthodbascd on momcntum lntcgral cqlallon dcvel oPc d by ! on-Karman [3] Thrs

method was the first gcncral mclhod and had so many sppllcatrons ln fte drfferent branchcs of

flurd dynamlcs Tlts method docsn't sol!c thc boundry Iayer equahons cvcrywhcrc tn thc lluld

but at thc boundary ofboundrry laycr ln hls mcthod he assumcd thc veloclty profile rn lhc Iorm

(2 31)

For thc assumed vcloclty profilc' thc skln fnctlon. momcnrum thlckncss and dlsPlacemcnt

rhlckncss arc dcfined as follows

f'(0).
(2 32)

(2 33)

(2 34)

i= I\r) n=i

pU2 U6

1

9:t - | ,,, - rrr.
o)

I6"t+= l(1 - t )da,0)

The boundary condttton to be satlsficd arc

l2t do
2rv=0. u=0. u==+= -pUU',. o.y ax

-l dD
Or 

--= 
UU',pdx

d1u

d'v

- .. au ntu aruzt Y=6. "=U.; * u> 'u

Thcsc boundary condltlons are translormcd to lhc form

(2 3s)

t8

t2 36)



/(o) = o,

f(1) = f'(1)
(z 37)

whcrc thc pflmc denotcs thc drffercnnanon wrt 4 and o=*'*=+u' Thc'n numbcrof

unknown coemclcnts lnvolved ln assumed vcloclty profile can be delcrmrncd by n ol the

boundary cond(lons (2 17) and thc olhcr unknown faclor 6 can be found by thc momentum

rntegral equetlon lf first thrcc boundary condltlons at y = 0 arc consldercd thcn the sLln fnctlon'

momcntum thlckncss and dlsplaccmcnl lhlckncss arc thc funcllon of '{ only Therclorc thc

subslrtulron of(2lt) lnto momcntum lntegral cquallon rcsults ln thc followrng form

di= u-'u(t) + u" n G)z',

*1rnr7=91=j Thc funchons M(A)&N(A) arc the untvcrsal functtons and dcpcnd uPon

whlch ofthc boundary condrnons of (2 35) & (2 36) are satrsficd

Therc arc two ma.;or shorlcomlngs ofPohlhausen mcthod dcscnbcd aborc

I Thc first cntlclsm ts rhe chorce lhat whlch boundary condrlrons shall bc srtlsficd and lact

ls that at y = 6 thc outcr boundary condltrons arc satlsficd Pohlhauscn assumcd a quanlc

vcloctly profilc whlch satlsficd thc firsl two boundary condltrons of (2 35) al lhc r,l all and

firstthrccboundarycondltlonsol(236)arcsatlsficdallhcedgcofthcboundarylayerBy

usrng lhcsc lssumptlons onc lcads to a mcthod whlch, whcn appllcs to thc reglon for \Ihlch

lhc prcssulc ls dccrcaslnS, glvcs accuratc results bul l1 glvcs lcss szttsfaclory results whcn

scparatton rs approechcd To solve thls problem Curlc [9] rn 1958 u\cd a qulntlc vcloclly

profilc whlch satlsficd an addillonal boundary condll'on el the wall to oblaln thc acLurale

rcsuhs rn thc rcglon of the down_stream of thc prcssurc mlnlmum' so that thc Prcdlctcd

scparatton rs 6 pcrcent too hlgh than thc cxacl flowc\cr' lhc melhod farls ncar thc

stagnatlon pornt Earller, Schllchtlng and Ulnch [7] assumcd a srxlh dcgrcc polynomlal

whlch satlsficd onc morc boundary condltlons at lhe cdge oithc boundary laycr Thls

mcthod Slvcs Somc bettcr results ncar lo scparatlon. say l5 Pcrcent cror ln the scpJratlon

dlstancc Bul thls mcthod falls ncar to a stagnatlon_polnt

2 Thc sccond shoncomlng of thrs melhod ls lhc second dertvat'vc offrec strcam lclocrly U

lc U". whlch appears ln lhc final cquallon grvcn by(2 3E) Now rf wcarc succcedcd to

f"(o)=-rt' /"'(0) =o l
= f"(1) = f"'(1) = --0)

(2 38)
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oblaln U fiom cxpenmcntal rcsults' but rn many cases tt wtll bc vcry hard to obtaln thc

sccond dcrlvatlvc ofrhc frcc strcam vcloclly U To ovcrcomc thls Problcm Hol\lcrn and

Bohlcn [30] n)odlfied lhc Pohlhausen mclhod so thdt U" does not appcar rn rhc linal

cquatton They uscd a paramctq m' dcfined by

7n = "-!!- = 1\12 4 \2 39 )
rYd

Conscquently. thc momcnom lntcgral cquluon glvcn ln cquatlon (2 17) rs wrrttcn as folloNs

,-6^ =!td6^ *uiu,h -o+\ t24o)
uIJ v-"' dx v \ d^)

Thc equahon (2 40) funhcr can bc rc-wnncn as

UdL=;;J'il+n(2+H), Q41)

r ='*o- . u =6n 6h 
'

rLt C ^=1"
Thc cquatron (2 4l ) can also be srmpLficd as

(2 42)

(2 43)

L=zlt-m(H+2)\

Srnccwcknowthallhcsklnfnctlont*.momcntumthlckncssd-,dlsplaccmentlhrckncss6'arc

thc funcrron of ,4' Thcrcfore. from cquatton (2 42) and Q a3) wc can observc tlat the functlons

l,H,Larcth.functronsofmThcrcfore,byusrngcqualron(239)rnloequatron(243)lvcwrll

obtarn thc first ordcr equallon for m .s follows.

(2 44)

,f.(+)='

d ,m,
a,\iV ) -

L(m)

20



Thc functron L(m) rs Incarly approrrmatcd by Tanr rn l94l so ihal the cquatron (244) can bc

rntcgrated numencally Thc llncar approxrmatron grvcn by Tanl has bccn uscd by many olher

aurhors, nolably thc Thwertes [6]

2.5 Altcrnative Polynomial Forms

ln lg44 Manglcr U ll uscd r morc complrcated vclocrly Profile than lhc Pohlhauscn's !clocrty

profilc He proposed a vclocrty profile ofth. form

i=ffr>= 1- (1 - rl)' (1+ al+ a.42) (2 4s)

Thc assumcd vclocrty prolile sarlsfics 'n' numbcr of boundary condrtlons of lhc form (2 37)

al4 = 1 lfa2 r s cons tdcrcd to be zcro-onl y thc firsl two boundary condr tron s / ( 0) = 0' t"Q) =

-,4 ara used If a2 ls kcpt non'zeio, thcn thc thlrd boundary condltlon f"'(0) = 0 rs uscd By

thcsc boundary condtltons lhc unknown coefficlents cl &42' lnvolved tn assumed lcloctty

profilc. arc delcrmtncd and hencc lhc funclrons l(m),H(m) and L(m) are obtarned

Thc momcnlum lntcgral cquallon cm bc sohcd ln slmllar way as In Pohlhauscn mcthod The

solutlon obulned by thc allcmallvc Polylomral forms depcnds upon lhc valuc of'n' end on clthcr

oz ls kept zcro or non-zcro Manglcr concluded that thc polynomlal grvcn In cquatlon (2 45) wrth

n = 12, o2 + O glvcs bcner appro\lmatron ncar a Iczdlng_cdgc stagnalron pornt The Pohlhauscn

qua(lc profilc, srmtlar to vctoclty Profile dcfined by Mangler wrth n = 3' 42 = 0 has a Yery httlc

lcss accurrcy Pohlhausen qua(rc Profile glves much accuratc results oflhc boundary laycr wl(h

zcro prcssurc gladlenl Bul ll glves more accuratc approxlmallon whcn n = 4' az * 0 are uscd ln

equatron (245) Thrs lattcr form ofv.locrly profilc was suggcstcd by Schhchtrng and Ulrrch

whlch lills nclr lhc lerdlng edgc strgnallon Polnt

2.6 Timman's Method

ln 1949 a ncw mcthod was proposcd by Trmman [12] t6 calcularc thc lamrnarboundary Iaycr Hc

assumed a vcloclty profilc ofthc form

exp(-42)(a + c42 + )d I - .xp(-4'z) (b + dn2 + ), (2 46)ull
U J,
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wherc 4 = Z To obtaln lhc valuc ofunknown cocfficlcnts (4, b, c, d) only thc boundar) condrllons

ar lhc wall wctc consrdcrcd Subslrtutrng (2 37) In cqu.tron (2 46), one gcls

(2 47)

I -t 1 r
/(o)=t-t-rVz|\a+2. ),

U
f"(0)=2@-a)=-i6'/=-A,

/"'(0)=2(c-a)=0.
u62 ldo /u' lda\)

t,",(0) = r2(zd -b) =l-at;;+a\Z-;a/l

Inrtlally first threc condltlons of(2 37) wcrc consrdcred b1 Tlmman and thcsc bouDdar) !oDdrtlons

dctermrnc o.b.c asafunchonof,4,trhendlskcplzcro I rom cquatron (2 46) wc can oblaLn thc

momcnrum thrckncss f, lhc dlsplaccmant lhlckncss f and the skrn fnctron 
-a 

as a functlon of

Aandalsomlsafuncrtonof.4Thcrcfore'wccangctthcrunctlonsl,HondLdcfinedlncquallon

(2 42) and (2 4l) as a functron of m from thc momcntum lntcSral cquetron reductng to d1c lbml

(244) Tlmman observcd thar thc obrarned solullon ylelded much sallsfaclory rcPrcscnlatlon of

now near to a slagnauon Polnl, but not qurte accuralc ln the rcglon ofrctrrdcd flow' as aPphcJllon

,\ l
to thc Howanh s flow I u = u0 (1 -;) I 

showcd

Accordlngly.hcproposcdrhallhecondlllon2d-b=0shor_rldbeuscdlnslcadofd=0rnthc

rcglons ofad\crsc pressure gradlcnts Thls assumptton was madc to salrsf) the complrcatcd founh

condrlrondefincdrn(247)althcporntwhcrcscparalronoccurs$'hcn/""(0):0rlfollouslrom

rhrrd and founh condrrron of (247) thatb=2d=-'4.\olhrtlhefunclronsl'Hand/-Lanbc

calculalcd

2.7 Method of Thwaitcs

In 1949 Bryan Thwartcs [6] proposed a new rnlegral mclhod to calculatc thc boundary laycr

thrckncssandrhcsklnfnclronwlthoulassumlngvelocrtyprofilcs'aslhcmcthodsprc\lously

descnbed all do By su(abty correlallnB lhc boundary laycr characlcnstlcs l'H ond L a'1d shape

p3rarneter m \!c czn find lhc shapc Paramctcr m as a t-unctlon ol r by numcncal lnt'gratldl ol

cquatron (244) Then sc can find thc momcnlum lhrckncss 6n from cquatron (2 13)'the

drsplaccmcnt thrckncss 6D and walt shcer stress r* fiom cquatlon (242) Slncc the drfferenl sct

of functrons H (m), i(m) and l(m) are agrccd wlth cach acculate soluilon ofthc lamlnar boundary
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layer ln stmrlar manncr an unamb,guous sct of functlons correspond to an approxlm'tc mclhod

usrng a s,nglc-paramclcr femlly ofprofilcs From herc wc conclude thal an approxlmatc m'lhod

grvcs bettcr approxtmatron rfand only rfthc valucs ofrhe funchons l, H nnd I ofapprorrmato and

cxacl solutron aic very close lo czch olhcr

B Thwartcs uscd a stmllar approach to calculatc thc lamlnar boundery laycr Hc cxrmlncd and

comparcd lhc sct of functrons H(m),1(m) and t(m) of 'll 
known cxact and approxrmrlc solutron

of thc laflrnar boundary layer cquahons Ilc found that for thc pos(l!' valuc of m' lhc solutlons

wrth rcspccl lo H(In) and l(rn) ere vcry closc to each other For lhc negahve valuc of m thc

soluttons dtffer consrdcrably from cach other. such thal the values of m corrcspondrnS to thc

boundarylayer separatton, that ls thc valucs for whlch l(m)=0' .t!hlch wcrc obtalncd ranerng from

m=-0068tom=-0 157 Lucllly, al that lrme (wo most rmporl'ntand wcllknown solullons'

Howrrth s solutlon and Hanrcc's solullon ofschubaucr's cxpcrrmcntel rcsulls wcre a\allablc to

Thwaltes Thesc solutrons wcre vcry closc to cach othcr. and thc valucs of H(m) and /(m) chose

by Thwattcs wcrc also qu(e closc to these solullons

Fordlffercntsolutlons,thcvalucsofL(m)defincdlncquallon(243)wcrcmuchcloscras

comparcd to H(m) and l(m), for both poslnvc and nc8alrvc \alue ofm Thwaltcs found thal the

functlon ,(m) was llncar and approxlmaied as follows

(2 48)L(n)=045-6n1

Hc chosc thesc coefficlcnts as thcsc wcrc thc bcst agrccmcnl wlth thc avallablc solulrons al thal

nmc By usrn8 cquatron (2 48) rn equahon (2 44) we 8ct

* = 
0-4?, l'u,a,," u" Jo

Havrng lhus ob(arncd 6i, cqualron (2 42) rcduccs lo

(2 4e)

(2 s0)

E.rlcr, thc funclron L(m) lves cxPrcsscd Js a hn'ar functlon by wal/ [10] and Tanr l28l but

Thwartes approxtmatlon ls consldcrcd more acccpkblc becausc hls apprcxlmatlon rs nol bascd on

astnglcsoltrttonCurleandSkarr[29]modrficdthcThwa(csmethodbysugseslln8\ome

do = d-H(m)..)
uU, I

1. = i:t(n) )
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rmprovcmcnts to Thwaltcs filnctrons Thwartcs obta,ncd thc values of I/(m) by findlng thc ratro

ofcxact dD to cxact 6m Curlc and Skan [29] proPoscd thal lhc valuc ofH(m) would be detcrmrned

by consrdcflng the ratto ofcxact 6D lo thc apProxrmalc 6- By aPplylnB slmrlar argument io l(m)'

Curlc and Skan [29] modlficd lhc Thwaltcs funcllons In lhc reglon ncar scptatlon u hcrc thcse

functrons drffcr constdcrably for rndlvldual solullons
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Cheptcr 3

Calculation of the Boundary Layer Sepemtion over a Spherc through Intcgrrl

Method

3.1 lntroduction

Thc problem of scparatton of flow rs onc of the mosl lmPortant Phcnomcnon lo be e\Plored

rntenstvcly, to find thc solutlon of thls problem Vrscoslty ls lhe mosl rmporlant faclor In lhc

classlcal conccpt offlow separatlon, thcrcforc. oftcn tt ts gtven as "boundary laycr flow scparalron"

or "boundary layer scParatlon" ndverse pressure Eradlcnt ls thc sufficlent condltron for the

boundary laycr separatton Flow scparalron occurs when thc boundary lcycr trevcls Icr enough

aBarnsl an rd!ersc pressurc gradlent thal the spccd ofthc boundary Iaycr rclatl!e to the oblccl Iclls

almosttozcroThcfluldflowbccomesdclachcdfromlhesurfaccoflheobjcclandlnstcadlakcs

thc forms olcddles and vonlccs Thc polnl ofsepar'rton may bc defincd as thc hmll betwccn lhc

forward and rcvcrse flow rn thc layer vcry closc lo thc wall 
' 
c al the potnt ofscparalron

Thrs mcans that thc shear strcss al the wall ,s zcro, I e ,

Fig l.l vclocity pronlc iIl e boundary hycr ln thc vicinlt] of seprrrtron'

,dur
\dyl,=o

llow s.paraton Pornt
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Fig.3.2 Vclocity Profilcs in 2 boundary laycr subiectcd to a pr'ssure risc

Thc vclocrty profites cxhrbrllng thc scpararon phcnomcnon arc shown dragrammatrcally rn Flgs

3t&32

Thc problem ofboundary laycr separatron ls as old rs lhat oflhe concept of boundar\ laver

Ludwrg Prandtlwas lhc firsl onc who llvesllgated thc 0ow scparatlon beforc hc staned hr\ sorL

on thc rcvolutronary theory of thc boundary laycr Dunng hls work at lhc "Marchotd l ahrtl

[ugsburg-Nurnberg" lN'lAN), hc obscNcd lhal thc compulcd prcssurc *as not same as obtalncd

ln actual drffuser Hc workcd for lhrcc ycars to lnvcsltgale how and why thc flow separatron and

prcssurc Iosses wcre occurred Frnally, hc was succeedcd lo solvc lhrs problcm by Slvrng hls ncw

conccpt ofboundary laycr Il] Ludwlg Prandtl [21]provrded the crpeflmcntal cvldenccs 10 show

thal the nse rn prcssurc tn thc dtrcctlon ofthc flow I c poslllve (or adversc) prcssure gladlcnl along

thc flow path, ts the neccssary condltlon for the boundary layer scparatlon Thls arBumcnt ls \dhd

for both compresslblc and Incomprcssrblc flows FottrnScr [22] rn\csxgalcd that ihe 3d\cr\e

prcssurc Sradrcnt and vlscostly arc lhc fwo necessary condllrons responslblc lor lhc boundary

layer separatlon Schhchllng [23] proposed that thc Incrcasc rn Prcssurc rn lhc drrccllon o[lhc flow

and thc prcsence of thc wall fnctlon arc lwo rmponant laclors duc to $hlch flow scParatcs lrom

26



thc wall Conlcr and w,llrng [24] obtarncd thc scpamtlon of flo\r oYer a Plate by uslng thc \erlcs

method For thrs problem lhcy uscd thc follolvrng tcloctly dlstnbutlon

u.(r) = Lo(1 -;)", (x>o)

Meksyn [25] cxplarned thc role of vtscoslty ln the boundary layq separatron Schubaucr and

Spangcnbcrg [26] statcd that rhc scparahon of flow occurs due to th' rclatlon of the prcssure

gEdlcnl llong thc wall lo thc vcloclty Sradlcnt along the normal dlstancc to thc t{'rll I}ccruse of

rhe grcat tmponance of boundary laycr scparatlon Sclcntlsts havc studled th's phcnomcnon'

exlcnsrvely In lhrs chaptcr we havc uscd rntcgral mcthod (Mclhod ofThwallcs) lo find lhc flow

separairon tn Howarth's retarlcd flow and flow scparatton ovcr a sphcrc

3.2 Mcthod of Thrvritcs for thc Celculation of thc Boundary Laycr

Scparation in Holverth's Rctartcd Flow.

Ilowanh [2?] and Tanr [28] cxplarncd a funhcr famrly ofsolutrons olthe boundary laycr cquatrons

Thcse solutlons rclatc lo lhc followlng polcntral flow

U(x) = Uo(l - 7;)'. (n = | '2'3 )
(3 1)

whrch, ctcarly, rcprcscnts a gcneralrzcd form ofthe tlow alonB a flat platc and becomcs Idcnl'cal

wlthltwhenwcputa=0llowanhstudlcdthcslmplcslcasewllhn=l.lhatlsequatlon(31)

rs cxpresscd ln lhc form of U(r) = Uo(1 - 91) 11 can bc lnferrcd as reprcscnung thc polenllal

flow alonS a flal plalc whlch s12ns al I = 0 and whrch ad.Jorlrs lo aDother Infinrtc Nall Jl nght

anglcs to rt al r = I

3.2.1 Mrthcmaticrl Modcling

Tbe problcm slatemcnl for Howarth's flow rs glvcn as

du Ou l AD d2uu_+ U_ = __-_ + v_:_,dx dY P ox oY'

du dv

-+-=0dx dY

Subjcct to thc followtnt boundary condlllons

(3 2)

(3 3)
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u=v=0aty=0, )t ax\ I (34)
u=t)lx)=uoll- uo) 

aty -.,,l

3.3 Integral solution (Mcthod ofThwaitcs) ofthc problem'

ln 1949 Bryan Thwattes [6] lntroduced a method to sollc thc boundary layer equatlons wllhout

assumrng vclocrty proliles Hc irsed some sultablc corretahon bctwcen boundary layer

charactcflstrcs H,i,a and thc shape paEmeter m Thc momcnlum lnlcgral cquatton for lwo

drmcnsronal boundary layer flow ln lcrms of shape factor H and momentum thlckness 6'' rs

cxpresscd as

d /. \ , (H + 2) 
^ 

dU _ ro (35)
i;\otu)+ u- on a; - -

The above equatlon can be rc_ wnlten as

a ti ' v /d.r-\ (3 6)
dj-(6n) = -(H + z)6^ u 

* u\a) 
"="

Usrng (3 4) rn (3 2) wc gct

/ dru\utr'+tv-t =o (37)
\ dt.l y=o

To solvc cquatlon (3 5) wc are requrred to Lno*

/dt\ /a'?u \l-l ano l 
--l\dyt y=o \oY't y--o

Thwdtes [6] consrdcrcd elt lhe Lnown exact and approxln]ale solutrons rvallable al lhrt trnrc lbr

thc boundary laycr cquahons and dcfined by

,dur U ldzv\ U(fi),-.=f"''"0\*),."= u^ (38)

where l(m) and m arc dlmenslonlcss furctlons or Paramclers Thesc forms are choscn lD ordcr lo

cnsurc thrt I lnd rn depcnd only on the shaPc oflhe velocrty Profile end do nol dcpcnd uPon the

boundary laycr thrckness By usrng cquatron (3 8) ln (3 7) wc gcl



uu'+vf;m=o

Thls cquatlon funher can bc e\presscd as

61u',

(3 e)

(3 10)
v

Substrtuung cquatron (3 8) and (3 9) rn cquatron(3 5), wc get

u6- d:r; (6i) = [2 + H(rn)]m + zl(m),

or

II d: :(di) = 2lz + H(m))m - zt(m)
Vr vAx
|..
[' Thc abovc cqualron can bc srmplrficd as

:!
i litogl = r(-), (l1I)
i vax

L(m) = 21lld + z)lm + ztln) (3 12)

Thwaltcs plottcd L(7n) versrls m and found that thc rclelton was llncar He suggestcd'

L(m)=045+6m

By usln8 thls valuc rn cquatron (3 11) wc obtaln

Itd
-;(d*)=0as+0rn

Thrs equatron can bc slmPllfied as

d U,a (a*t * e"- a'^ = o qs - f3 13)
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whlch rs hnear rn dn and can bc cxpressed as

d-i {u"01; = g.45rr' (3 14)

By rntcgratlng cquatton (3 14) wc obtaln

O4Sv ( -i! 
-| 

u,dx. (315)--- u6 J
0

whcrc the conslanr of lntcgratlon ls zcro becausc 6n = 0 al r = 0 ID terms of dlmenslonless

quentlllcs equalron (3 15) crn bc erpresscd rs

0 45v tE! 
- 

t u'-dx' (3 16)-"'- u'" )

/ r\ / a x\
u= u(x) = u.(t-a4) = uo\t - %),

whrch can also be cxPressed as

L=u.=rr-r.)
uo

Byusrngthc abovevaluc of U' ln cquatron (3 16) wc harc

6h = :4s+ [ [(, - ,')l' a'',
[\ I -r rl-J

whlch upon lntcgratlon rcduccs lo

6i=0o7sv[(r-x')-u-1]

Srncc Thwaltcs s cnlcrlon ofseparatton ts

6'^u'

Due 1o whlch we havc

m = -0 075[(1 - r')-6 - 1]

l0

Srncc

(3 17)

(3 18)

(3 1e)



From thc Newton's l.w ofvlscoslty. wc havc

/du\
- _,,t_l
'* - F \avl

whrch ln vlew ofcqualron (3 8) lakcs thc form

Ury=/.1(m)

Thwarrcs suggcsled correlatlons lor l(m) andH(m) He proposcd thc correlatlon for lhc shcar

functron as follows

'AIfm)=:I:a'(m+009)062II

,la,rc kno* th"t aaparatlon occuls whcrc lhe cffccts ofvlscoslly arc vanlshcd and shcar slrcss ls

zero. so

'Al(m) = 
ji:-IL - fm + 0 09)062 = 0,
!U

(7n+oo9)06'z-0'

m=-009

By usrng tle valuc ofm In cqualron(3 19), wc havc

-o 07s[(1 - r')-' - l] = -0 09,

x's.p = O 123 (3 20)

3.3.1 Rcsults and Discussion

ln thrs sccuon we have tmplementcd thc melhod of Th\rallcs to dclclTnrne thc scpdralron of

Howa(h s retartcd flow The scParatlon occurs at r' = 0 123 Il c'rn be obsencd thal our

appro\rmahon ls qu(c close to the Howanh's result $hlcll ts x' = O 120' due lo whrch $c can

clarm thal our rcsult ls acccplablc Thc larlous propcrtlcs o[ thc boundary laycr for sev'ral

posllrons oft' are dcscrlbed ln Tablc 3 I
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Tabl. 3.1: v.lues ofdrfferent boundary Iaycr paramcters corrcspond to dlffcrcnt valucs of r

d. H (m) 6D l(n) t_
u \av

0 0125

0 0250

0 0375

0 0500

0 062s

0 0750

0 0875

0 1000

01125

0 1170

0 0059

0 0123

0 0193

0 02?0

0 0355

0 0447

0 054q

0 0661

0 0785

0 0832

00?67

0 1109

01390

0 1644

01883

0 2115

0 2343

0 257't

0 2801

0 288s

26330 0 2019

2660s 
] 

02es1

) 69a19 O 37 45

,rrr, I o nry

27873 o 5249

,tr,, I oeo,,

29472 0 6906

301?s'l 07s14

3z?62 l, o 9178

33757 o 9738

0 2077

02004

01889

01760

01514

0 7444

0 1240

0 0982

0 0604

0 0403

27

18

13

10

08

06

05

03

02

011

0 0855

0 0899

0 2947

0 2997

3 4543

3 s453

1 0159

1 062

0 0228

00

180

135

107

085

068

053

038

0 215

0139

0 0??

000

01170

01200

01230(r'..e)

l

L
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3.4 Method ofThwaites to Investigate thc Boundery Le)'er Scparetion over

Non-Flrt Surface

ln rhrs scctlon wc wrll apply the mclhod of Thwallcs lo the non_flat surface. lhc sPhcrc to

dctcrmrne thc boundary laycr scparatlon and as wel! as the \alues of oiher boundary laver

pararncters

3.4.1 Mrthematical Modcling

Lcr us assumc a slcady two'dtmenstonal flow past an axlsymmctnc body Thc coordrnatcs (x'y)

are choscn rn such a manncr that r coordlnalc ls mcas\rred ln thc strcam wlsc dlrecuon (ln lhc

drcctlon offluld flow) and y coordlnale rs lakcn normal to fic surfacc ofthe body l-lgurc 31

shows the physrcel coordtnates, dlrectron of free strcam rcloclty and the Ilow lay out

vl

Fig 3.3. Phystcrl modcl end coordinlte systcm

Thc boundary taycr cqu.tlons for lhc stcady lwo-dlmcns'onal a\ts)'rnnlctnc flow are

d1t du LaD dzu
u-+v-=_--+v-.=,dx dy P ox oY'

A(ru) a?v)
at A\)

(3 21)

t3 22)

ll



whcrc u, u arc rcprcsenltng the fluld vcloclly comPoncnts ln the r - dlrectlon and / -dlrccllons

rcspecrvcly,vlsthcklncmatlcvlscosllycocmclcntandr(r)lstherzdrloftheconlourofthcbody

takcn at nghr angles to lhc axls

The bound y condrlrons for thls problcm rcad as

u=v=Oaty=o, (323)

u = U(x), r, = 0 asy+ co (324)

3.5 lntcgral solution (Method of Thrvaites) of thc problcm

To use method of Thwallcs wc wlll assume the momcnlum Intcllral cquallon ln terms of shape

f2ctor H and momcntum thlckness d- descnbed ln cquatlon (2 30). whlch can bc *rrlton a\

d 6- du 6^ dr a /4) (3 2s)
i6^) - -(z+ H)i d,-;E' u\ai"="

Now rn vrcw of (3 23) cquatron (3 21) becomcs

/ d2u\o=uu'+l'l-ll (326)
\ d\t' I

To find thc soluuon ofcquatrons(3 25) *" n..o ro tlo* (1) ""'l 
('*) - Thc lalucs

\t)Yt y=o \ oY'/ y=O

of lhcse parameters. sug8cslcd by Thwaltcs. arc Slven m cqurllon(3 8) By putttng

cqualron (3 8) and (3 9) rn cquatron (3 25), wc gct

du6^drv
*ro^, = r, + utff-ift+ uo^tt,i, Q27)

Muhrptyng equanon (32Dbyy!! on bolh srdcs, we oburn

,6- , 
,u_) =e+ H)n-\kd,' u-*t(^)

v dx'"" r ax Y

Thrs cquatron can bc c\Prcsscd as

l d .6Adr U

; d.Gh\ = 2l(2 + H)m + t(m)) - - r dx v
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u d 62- dr u

; d,Gil = L{n) - 2: 
dx -'

whcrc

L(m) =zlQ+ H)nt+ l(m))

(3 28)

Bryan Thwaltes plottcd L(m) vcrsus m and found that thc rclatron was Ilnear Hc chosc to put

L(m)=045+6m

By usrng lhts value rn cquanon (3 28) wc 8cl

u tt 6!dr Ularnit = o4s+6m-24+ - 1329)
vdr' " r dx v

ln vlew ofequatlon (3 10) the abovc cquallon can bc wlrltcn as

u d ..- - ./ 6!u'\ 
"6idr 

u

; d,$il 
_- o4s+6(- v / - r; d, ;,

whrch funhcr srmphfics to

d / U' ldr\ . v

fita;l*(or* 2:;)6k=o4sn (330)

Equanon (3 30) rs a firsl order llneardlfferentlalequallon Upon fu(her manlpulalron cquatlon

(3 30) rcduccs to

d!*ta|u"r'l=o4svusr? (331)

Thc rnlegratlon ofcquatron (3 31) yrclds

045v r' - -6z = !-1 I Ulrrd.x t332). u-r. Jo

In tcrms ofdrmcnsronlcss quantlhes cquatlon (3 32) can bc wnttcn as

0 45v ft -s ,6h=:=l A'r'/di (333)
Ui')o
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Now wc are rcady to aPply thc mcrhod ofThwallcs to thc casc of sphcrc Wc know thai rn lhc

casc of spherc of radtus R. kepl at resl ln frec slrcam vcloclty U, lhe ldcal potcntlal vclocll) rs

grven by

3x
U (x) = 1U6sLn *,

U(r) =:stni

Thc schematrc oflhc above cquetlon can bc sccn

grvcn by

I
r(r) = Rsrn-,

or

7(x) = 51';

u

,"i

.,i

Fig 3,4. Frcc strcrm valocily of nuid

(3 34)

rn Flg 3 4 Thc r(r) ln the case ofsphcrc rs

(3 3s)

103 55 0

l\-. , ",. 
f

'\-/
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By pu(rng cquatron (3 34) and (3 35) rn equahon (3 33), wc obtarn

- 2 045v li -6l = : "-:+ J srn'; di 13 36)
J Sln'x Jo

To find the scParatlon polnl wc $lll usc Thwlltcs crltcrlon ofseplratlon whtch ts gtven as

6:.u

By rnrokrng ralucs of 6i, and 7' rn abovc cquatron, wc gct

045v tz -- -fi=- cosx I sln'xdx, (337)
stn'x )o

Whrch uPon lntegrallon Slvcs

045v t16 - ,- 3 .- 1 ,-l
- = - ri cos;[3S - cost + cosrr - Eros'x 

t lcos x]

n slnti = o +s [*1!.or; -.ot'r +.rr'; -f .o,"; + ]t"t'] (33s)

Slncc wc know that ln lamrnar llow, scParttlon occurs when m = -0 09 Thcreforc by uslnS

lhrs valuc rn abovc cquatton. wc 8cl

-o 09 srn" = o +s 
[:sI -rt - ,os'i t cosi -l.o-'"; r ]to'";]

Thrs equatlon further slmPhfics to

! cos.i - 7 cos6i + ttcos'r - scos'zl +fcost + 1= o (339)
7

Nolc that cquaron (3 39) ls a polynomrat equatlon ln lerns ofcos; and findrng thc scparatton

pornl " is.p rs equtvalcnt to findlng lhc roots ofthrs equatron We utlllzc thc 
'hmous 

Brsectlon

Method to find that

r,.p = 18074 = 103 500 (3 40)
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lor..rrlflor 6ar!.8

Eo.],tn Lt\cr -

Frg J.5 Flow scpar.lion ovcr a sphcrc

3.5.1 Rcsults and Discussion

Wc have applted Thwaltcs mclhod lo thc axlally symmctrrc body' lvhlch ls a sphcrc lhe

scp:lIatron occurs at 103 560 (scc Flg I 5) In complrlson to thc Blaslus scrlcs solulroD;s'p =

109 60 , thc prcscnt resulr. obulncd by Thwaltes melhod rs qulte acccptablc Thc comParrson

ofour rcsult wlth othcr rcsults whlch arc avallablc tn Irterarure ts grvcn rn Table 3 2

Tablc 3.2: Compartson ol calculalcd scparallon polnl wllh \anous mclhods

CS Mcthod I Smrth-ctutlcr Scncs Mcthod

t09 60103 560 107 50
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The boundary laycr paramctcrs for dtffcrcnt values oft arc calculalcd by Thwaltcs

corrclatron formulae and tabulated ln Tablc 3 3

Trblc 3.3: Velues ofdrffcrcnt boundary Iaycr paramelers correspond lo drffercnl values of ;

6D l(m) I1

o

160

163

166

169

172

175

1. ??

1?9

180

1802

1805

1 807

18074r:,.,t

0 0064

0 0139

0 0226

0 0320

0 0441

0 0575

0 0676

0 0789

0 0851

0 0863

0 0882

0 0895

0 0898

0 3426

0 3953

0 4110

0 4277

0 4446

0 4637

0 47?4

0 4919

0 4996

0 5011

0 5035

0 5051

0 5054

2 6352

2 6679

2 7105

27683

2 8501

29739

3 0983

3 2851

3 4184

3 4497

3 5003

3 5366

? s447

10083

10572

| 1142

11823

12671

| 3789

| 4791

16161

170? 7

1?287

17623

17862

1?917

0 2099

01978

01835

01665

0 1456

01185

0 0942

0 0587

0 0310

0 0239

0 0116

0 0022

0 000
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