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PREFACE

Fixed point theorems deal with the assurance that a mapping 7" on a set X has one or more fixed
points, i.e., the functional equation x = Tx has one or more solutions. A large variety of the problems
of analysis and applied mathematics relate to finding solutions of nonlinear functional equations which
can be formulated in terms of finding the fixed point of a noniinear mappings. In fact, fixed point
theorems are extremely substantial tools for proving the existence and uniqueness of the solutions to
various mathematical models (differential, integral and partial differential equations and variational
inequalities etc.) existing phenomena arising in broad spectrum of fields, such as steady state tem-
perature distribution, chemical equations, neutron transport theory, economic theories, functional
analysis, epidemics, biomedical research and flow of fluids etc.

The Banach fixed point theorem is commonly known as Banach contraction principle, which states
that if X is a complete metric space and T a single-valued contraction self mapping on X', then T has
a unique fixed point in X. This theorem looks simple but plays a fundamental role in the field of fixed
point theory and has become even more important hecause being based on iteration, it can be easily
implemented on a computer. Subsequently many authors generalized the Banach fixed point theorem
in different way (see[1-20,22-61]) and the references therein. .

Following the Banach contraction principle Nadler [47] introduced the concept of set valued con-
tractions and established that a set valued contraction possesses a fixed point in a complete metric
space.

Jachymski et al. [31] established a result which generalized the Banach centraction principle for
graphs, Beg et al. [14],[15] extended some results of [31] by defining G-contraction for multi-valued
mappings. Kirk et al. [5] proved some remarks which was based on the idea of a metric transform
and extended Nadler's theorem.

In 2000, Branciari [18] introduced the concept of gemeralized metric spaces, where the trian-
gle inequality is replaced by the inequality d{x,y) < d{x,u) + d(u,v) + d(v,y) for all pairwise
distinet points z,y,u,v € X. Various fixed point results were established on such spaces, see
(13];[201,[33),(34],[43],(44],]45],[46],{58],(60]) and the references therein.

In 2012 Wardowski [61] introduced a new type of contraction called F-contraction and prove a
new fixed point theotem concerning F-contraction. _

Secelean [57) showed that the condition (F2) in definition of F-contraction introduced by War-
dowski [61] can be replaced by condition (F27} or (F2), Piri et al. [50] described a large class of func-
tions by replacing condition {F3') instead of the condition (¥3} in the definition of F-contraction in-
troduced by Wardowski [61). Cosentino et al. [19] presented some fixed point results for F-contraction
of Hardy-Rogers-type for single-valued mappings on complete metric spaces, Sgroi et al. [56] eatab-




lished fixed point theorems for multi-valued F-contractions of Hardy-Rogers-type for multi-valued
mappings on complete metric spaces.

More recently Hussain et. al. [25], introduced a-GF-contractions and obtained fixed point results
in metric spaces and partially ordered metric spaces. They also established Suzuki type results for
such GF-contractions.

The thesis is divided into four chapters.

Chapter 1, is essentially an introduction, where we fix notations and terminologies to be used. It is
a survey aimed at recalling some basic definitions and facts. While some of the classical and recent
results about fixed point existence are also presented in this chapter.

Chapter 2, deals with some new fixed point theorems concerning metric transforms for uniform local
multivalued graph contractions in complete metric spaces with a graph.

Chapter 3, is devoted to the study of Hardy-Rogers-Type fixed point theorems for generalized F-
contractions in complete metric spaces.

Chapter 4, concerned with the study of fixed point results of generalized contractions on generalized
metric space to extend the idea of Jleli et al. [33],[34].




Chapter 1

Preliminaries

The aim of this chapter is to present basic concepts and to explain the terminology used through
out this dissertation. Some previously known results are given without proof in order to keep the
chapter with reasonable length. Section 1.1 deals with some basic concepts. In section 1.2, we present
the notion of Hausdorff metric on the family of non-empty closed bounded subsets of a metric space.
Section 1.3 concerns with the concept of metric transform and fixed point results concerning metric
transforms, In section 1.4 the terminology of graphs and related notions are given. In section 1.5 we
present the concept of generalized metric space which is a generalization of metric space and recall
some fixed point theorems on generalized meiric spaces in t.he related literature. In section 1.6 the

notion of F-contraction and fixed point theorems concerning F-contractions.

1.1 Some basic concepts

Throughout the thesis we shall denote by R the set of all real numbers, by R the set of all positive
real numbers, by N the set of all positive integers. For a nonempty set X, we shall denote by N{X)
the class of all nonempty subsets of X, by CL{X) the class of all nonempty closed subsets of X, by

B(X) the class of all non empty bounded subsets of X, by C'B(X) the class of all nonemnpty closed




and bounded subsets of X.
Definition1.1.1 [39] Let (X,d) be a metric space. A point x € X is said to be a fixed point of
mapping T': X - X ifx =T2.
In 1922, Banach gave the following useful definition of contraction.
Theorem 1.1.2 [16] Let (X,d) be a complete metric space and T : X — X be a contraction
mapping {i.e Vr,y € X, d(Tz,Ty) < kd (z,y), where k& € (0,1)), then T has a unique fixed point.
Definition 1.1.3 85| Let T: X — X and a: X x X — [0, 400). We say that T is a-admissible if
o, v € X, alz,y)} > 1 implies that o(Tw, Ty} > 1.
Definition 1.1.4 54| Let T : X — X and &,n: X x X — [0, +00) two functions. We say that T'is a-
admissible mapping with respect to g if 2,y € X, a(z,y) > n(x, v) implies that Tz, Ty) = 9(Tz, Ty).
If n(x,¥) = 1, then above Definition reduces to Definition 1.1.3. If a(z,y) = 1, then T is called an
n-subadmissible mapping,.
Definition 1.1.5 [28] Let (X, d) be a metric space. Let T: X — X and a,n: X x X — [0, 400) be
two functions, We say that T is @ — 5-continuous mapping on (X, d) if for given & € X, and sequence

{x,} with

Tp — T 85N — 00, ®{Tn, Tni1) 2 N Ln, Znp1) foralln e N = T, — T,

Definition 1.1.6 [29] Let (X,d) be a metric space, T : X — CL(X) be a given closed-valued
multifunction and a : X x X — [0, +-00). We say that T is called ov.-admissible whenever oz, y) > 1
implies that o, (T, Ty) > 1.

Definition 1.1.7 {30} Let T : X — CL{X)} be a multifunction, a,5 : X x X — [0, +) be two

functions where 7 is bounded. We say that T is a,-admissible mapping with respect to n if oz, y) >




n{z,y} implies a.(Tx, Ty) > n.(Tx,Ty), z,¥ € X, where a.(4, B) = inf {a(x,y): x € A, y € B}
and 7,{4, B) = sup {n(z,y) : x € 4, y € B}.

If 5z, y) = 1 for all 2,y € X, then this Definition reduces to Definition 1.1.6. In the case
afe,y) =1for all z,y € X, T is called #,-subadmissible mapping,
Definition 1.1.8 [2] Let (X, d) be a metric space. Let T: X — CL(X) and o : X x X — [0, 400) be
two functions. We say that T is a-continuous multivalued mapping on (CL(X), H) if for given x € X,
and sequence {z,} with nli_rpmd(:cm:r) =0, a(Zn, Tni1) > 1foralln e N =— nimmH(Txn, Tx)=0.

Theorem 1.1.9 [22] Let (X, d) be a metric space and T : X — X be a self mapping. Assume that
d(Tx, Ty) < diz,y), holds for all z,y € X with & # .

Then T has a unique fixed point in X
Definition 1.1.10 [8] Let X be a non-empty set, T be a self- mapping on X, and &, 8 : X — [0, 00)

he two mappings. We say that T is a cyclic {(a, 8)-admissible mapping if
zeX, alg)21l=8Ta)=1,

and

zeX, Alx)z2l=a(Tz)21

1.2 Hausdorff metric

Hausdorff metric is a measure of the resemblance of two sets {of geometric points). Let (X,d) be
a metric space. For z € X and A, B C X, we denote p(A,B) = supD{x, B) and D(x, A} =
2EA

inf {d(x,y) : y € A}, Let H be the Hausdorff metric induced by the metric d on X, that is

H(A,B) =max{p(A,B),p(B,A)}, for AL BcCEB(X).



A point & € X is said to be a fixed point of mapping T: X - CB(X) ifz € Tz,
Definition 1.2.1 [47] A mapping T': X — CB(X) is called a multivalued contraction mapping if

there exists a number & € (0,1) such that
H(Tz,Ty) < kd(z,y), T,y € X.

Theorem 1.2.2 [47] Let (X, d) be a complete metric space and suppose T : X — CB(X) be a
multivalued contraction mapping. Then T has a fixed point.
Definition 1.2.3 [47] A metric space (X,d) is called a e-chainable metric space for some ¢ > 0 if

given z,y € X, there is n € N and a sequence (;);_ such that
xo=2, Tp=yvand d(x;—y,5;) <€ fori=12,...,n

We shall require the following well known facts due to definition of H.
Lemma 1.2.4 [47] Let A, B € CB{X) with a € A. If € > 0 then there exists an element b € B such
that d(a,b) € H(A,B)+¢
Lemma 1.2.5 [6] Let {4,} be a sequence in CB{X) and limmH(An,A) =0for A € CB(X). If
Iy € Anand lim d(zn,z) =0, then z € A.
T S0
One cxample of a metric on CB{X) which is metrically equivalent to the Hausdorff metric H is

the metric H+. Which was introduced in [36]. The metric H* is defined by setting
HY(A,B) = %(p(A,B) + (B, A)), for A,BecCB(X).

Definition 1.2.6 [37] Let (X, d) be a metric space. A multivalued mapping T : X — CB(X) is

called H*- type multivalued weak contractive if



(1) there exists k € (0,1} such that

H*Y(Tz,Ty) < k max {d(:ﬂ,y) yd(z, Tz),d(y, Ty}, d(x.Ty) +d (v, T:c}}

2

for all =,y € X,

(2} if for every z in X, y in Tz, € > 0, there exists z in Ty such that
dly,7) « HHTy, Tx) + <.

Theorem 1.2.7 [37] Let {X,d) be a complete metric space and T : X — CB(X) an H*-type

multivalued weak contractive mapping. Then T has a fixed point.

1.3 Metric transform

Blumenthal [12],[13] introduced the concept of metric transforms.

Definition 1.3.1 Astrictly increasing concave function ¢ : [0,00} — R for which ¢(0) = 0 is called a
metric transform.

Remark [12] If (X,d) is a metric space and if p (z,y) = ¢(d(z,7)) for each z,7 € X, where ¢ is a
metric transform, then (X, p) is also & metric space.

Definition 1.3.2 [47] A mapping T : X — CB(X) is said to be an (¢, k)-uniform local multivalued

contraction{where ¢ > 0 and & € (0, 1)) if for
e,y € X, dlz,y) < e= H{Tz,Ty)} € kd(=, y).

Recently Kirk et al. [5] proved some remarks which was based on the idea of a metric transform and

extended Nadler’s theorem as follows.




Theorem 1.3.3 [5] Let (X, d} be a metric space and T' : X — CB(X). Suppose there exists a metric
transform ¢ on X and % € (0, 1) such that the following conditions hold:
a) for each x,y € X,

H(H(Tz,Ty)) < kd(z,y),

b) there exists ¢ € {0, 1) such that for ¢ > 0 sufficiently small,
kt < @let).

Then for ¢ > 0 sufficiently small, T is an {¢, ¢)-uniform local multivalued contraction on (X, d).
Theorem 1.3.4 [5] Let {X,d) be a complete and connected metric space. f T : X —» C'B(X) is an

{€, k)-uniform local multivalued contraction, then T has a fixed point.

1.4 Metric spaces endowed with a graph

Consider a directed graph G such that the set of its vertices coincides with X (i.e, V(G) = X) and the
set of its edge E(G) = {(z,y) € X x X,x # y} .We assume that G has no parallel edge and weighted
graph by assigning to each edge the distance between the vertices. For details about definitions in
graph theory, see([21]). We can identify G as (V(G), E(G)). G~! denotes the conversion of a graph
G, the graph obtained from G by reversing the direction of its edges. E-‘ denotes the undirected graph
obtained from G by ignoring the direction of edge of G. We consider G as a directed graph for which

the set of its edges is symmetric, thus we have
E(G) = E(G)U E(G™Y).

Definition 1.4.1 A subgraph of a graph G is a graph H such that V(H) C V(G) and E(H) C E(QG)

and for any edge (x,vy) € E(H), 2,y € V(H). The number of edge in & constituting the path is called



the iength of the path.
Definition 1.4.2 A graph G is connected if there is a path between any two vertices of G, If a
graph (G is not connected, then it is ealled disconnected. Moreover, & is weakly connected if G is
connected. Assume that G is such that E(G) is symmetric and « is a vertex in G, then the subgraph
(i, consisting of all edges and vertices, which are contained in some path in G beginning at z, is called
the component of G containing z. In this case the equivalence class [z]» defined on V(G) by the rule
R(uRv if there is a path from % to v) is such that V(G;) = [2];.
Definition 1.4.3 Let x and y be vertices in a graph G. A path in G from x to y of length
n{n € NU {0}) is a sequence {z;);_, of n + 1 vertices such that g = z, 2, =y and (z;_1,2;} € E{G)
fori=1,2,..,n

Jachymski proved the following well known Banach contraction principle for graphs.
Theorem 1.4.4 [31] We say that a mapping T : X -» X is a Banach G-contraction or simply

G-contraction if T preserves edges of G, i.e.,

Ve .y € X{(x,y) € B(G) = (T(2), T(y)) € E(G))

and T decreases weights of edges of 7 in the following way:

3k € (0,1),V2 ,y € X((=z,y) € E(G) = d(T(2}, T(y)) < kd(z,1)).

Definition 1.4.5 [31] A mapping T : X — X is called G-continuous, if given z € X and sequence
{rn}s

Zn — zasn — o0 and (Tn, Ta41) € B(G) for alln € N imply Tz, — Tz.

Property A [31]: For any sequence {Zn),qp in X, if £n, — 2 and (2, Tn41) € B(G) for n € N, then

(Tn.7) € E(G).




Property B [32): For any sequence (Z,), .y in X, if 7, — z and (2, 2o41) € E(G) for n € N, then
there is a subsequence (g, ),en With (@x,, %) € E(G) forn e N.

Beg et al. [14],[15] obtained sufficient condition for the existence of a fixed point of a multivalued
graph contraction mapping and common fixed points for multivalued graph contractive mappings in
mettic spaces endowed with a graph G.

Definition 1.4.6 [14] The mapping T : X — CB(X) is said to be a graph contraction{G-contraction)

if there exists a k € (0,1) such that
H(Tz,Ty) < kd(z,y) for all (z,y) € E(G),
and if u € Tz and v € Ty are such that
dlu,v) S kd(z,y) + o foreach a >0

then (u, v) € E(G).
Theorem 1.4.7 [14] Let (X, d) be a complete metric space and suppose that the triple (X,d, G) has
the property A. Let T: X — X be a G-contraction and Xr = {z € X : (,Tz) € E(G)}. Then the
following statements hold:

iforany o € X7, T | [a:]& has a fixed point,

2.if X7 # 8 and G is weakly connected, then T has a fixed point,

3if X' =U {[m]a 1z € XT}, thenT | X’ has a fixed point,

4.if T C E(G) then T has a fixed point,

5.Fiz (T) # @ if and only if X1 # 0.
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1.5 Generalized metric space

Definition 1.5.1 [18] Let X be a non-empty set and d : X x X — [0, 00) be a mapping such that
for all z,y € X and all distinct points u,v € X, each of them different from z and g, one has
() d{z,y}=0+= =z =y,
(i) d(r,y) =d(y,z),
{iii} d (z,y) < d{z,u) + d{e,v) +d{v,3).

Then {X,d) is called a generalized mettic space(or for short g.m.s).
Definition 1.5.2 Let {X,d) be a g.m.s, {xn} be a sequence in X and z € X, we say that {z,} is
convergent to r if and only if d{z,, ) — 0 as n ~— co. We denote this by z, — =.
Definition 1.5.3 Let (X,d) be a g.m.s and {z,} be a sequence in X, We say that {z,} is Cauchy
sequence if and only if 4 (2, ) — 0 as 7, M — co.
Definition 1.5.4 Let {X,d) be a g.m.s. We say that (X, d) is complete if and only if every Cauchy
sequence in X converges to some element in X.
Lemma 1.5.5 (3] Let (X, d) be a g.m.s and {z, } be a Cauchy sequence in (X, d) such that d (z,, 7} —
0 as n — oo for some x* € X. Then d(z,,y) — d(2,y) asn — oo for all ¥ € X. In particular,
{xn} does not converge to v if y # .
Lemma 1.5.6 [35] Let (X,d) be a g.m.s and {z,,} be a Cauchy sequence in (X, d) and z,y € X.
Suppose that there exists a positive integer N such that
{i) =, &£ 2, for all n,m > N,
(it) xn, and x are distinct points in X for all n > N;
(iii) #, and y are distinct points in X for all n > N;
(i) lim_d(@n,2) = lim d(zn,y)

Then we have = = y.

11




We denote by © the set of functions ¢ : {0, 00) — {1, 0o} satisfying the following conditions:
(©1) ¢ is non-decreasing,
{92} for each sequence {t.} C {0, ), n@wﬂ(tn) =1 if and only if nhlr)%mtﬂ = (F,
(©3) there exists 7 € (0,1) and £ € (0, oo] such that ifg+ﬂ%.ﬂ =4

Theorem 1.5.7 [33] Let (X,d) be a complete g.m.s and T : X —+ X be a given mapping. Suppose

that there exist § € € and k € (0,1) such that
ryeX, d(T2,Ty)+#0=0(d(T2,Ty)) < [8(d(z,9))]"

Then T has a unique fixed point,
Example 1.5.8 [33] The following functions 8 : (0, 00) — (1, 0o) are elements of € :
(1) 0(t) = e,
(2) 8(t) = V%",
(3) 8(t)=2— 2arctan (), 0<vy<1,¢t>0.
Theorem 1.5.9 (34] Let (X, d) be a complete g.m.s and T : X — X be a given mapping. Suppose

that therc exist & € O is continuous and & € (0, 1) such that
.y € X, d(Tz,Ty)# 0= 0(d(TsTy)) <[0(M (z,0))]",

where

M (z,y) = max{d(z,y) .d(x,Tx),d(y,Ty)} -

Then T has a unique fixed point.

12




1.6 F-contractions

Definition 1.6.1 [61] Let (X,d) be a metric space. A mapping T : X — X is said to be an

F-contraction if there exists 7 > O such that
v,y € X, d(Tz,Ty) >0 = r+ F(d(T2,Ty)) < F(d(z,y)), (L1)

where F : R — R is a mapping satisfying the following conditions:
(F1) F is strictly increasing, i.e. for all z,y € R such that z < y, F(z) < F(y);
{F2) For each sequence {a,}32; of positive numbers, nll'ngo ay = 0 if and only if ‘}EEOF(aﬂ) = —00;
(F3) There exists k € (0,1) such that Qlil‘g+a"F(a) =0.

We denote by F, the set of all functions satisfying the conditions (F1)-(F3).
Example 1.6.2 [61] Let F : R* — R be given by the formula F(a) = In a. It is clear that F’ satisfied
(F1)-(F3} ({F3) for any % € (0, 1). Each mapping T : X — X satisfying {1.1) is an F-contraction such
that

Tz, Ty) < e Td{z,y), forall z,y € X, Tz # Ty.

It is clear that for z,y € X such that Tx = Ty the inequality d{Tz, Ty) < e~"d(x, y), also holds, i.e.
T is a Banach contraction.
Example 1.6.3 [61] If F{r) =Inr 4 r, » > 0 then F satisfies (F1)-(F3) and the condition (1.1) is of

the form

d{Tx, Ty)

HTETN-4ES) < o7 forall 2,y € X, Te # Ty.
d(-'l:a y)

Remark 1.6.4 [61] From (F1) and (1.1} it is easy to conclude that every F-contraction is necessarily
confinueus.

Theorem 1.6.5 [61] Let (X, d) be a complete metric space and let T : X — X be an F- contraction.

13




Then T has a unique fixed point * € X and for every z € X the sequence {T"x}nen converges to

Definition 1.6.6 (19) Let (X, d) be a metric space. a mapping T : X — X is called an F-contraction

of Hardy-Rogers-type if there exists ' € F and r > 0 such that
7+ F (d(Tx, Ty)) < F (kd{(2,y) + Bd (v, Tx) + vd (y, Ty) + éd (=, Ty) + Ld(y, T'x)), (1.2)

for all 7,y € X with d(Tx,Ty) > 0, where ,8,v, 6, L >0,k +8+v+2d=1and v# 1.
Theorem 1.6.7 [19] Let (X, d)} be a complete metric space and let T": X — X . Assume there exists

F & F and 7 > 0 such that T is an F-contraction of Hardy-Rogers-type, that is
T+ F(d(Tz Ty)) < F(kd (x,y) + 6d (z,Tx) + vd (y,Ty) + 6d(z,Ty) + Ld(y, Tz}},

for all &,y € X with ¢ (Tx,Ty) > 0, where 8, 3,7,6, L >0, s+ 8+7v+26=1and v# 1. Then T
has a fixed point. Moreover, if & +§ + L < 1, then the fixed point of T is unique.

Theorem 1.6.8 [36] Let (X,d) be a complete metric space and let T : X — CB(X). Assume there
exists F' € F and 7 > 0 such that

(1.3)

20+ F(H(Tz,Ty)) < F (
od (z, Ty) + Ld(y, T'x)

kd {(x,y) + Bd (2, Tz} + vd (v, Ty) + )

for all 2,y € X with Tz # Ty, where k,8,7,3,L >0, s+ 8+ +26 =1 and v # 1. Then T has a
fixed point.

Hussain et al. [26] introduced a family of functions as follows.

Let Az denotes the set of all functions ¢ : RY* — R¥ satisfying:
(G) for all t,t5,t5,8, € BT with £,15¢3t, = O there exists 7 > 0 such that

Gty 2,83, 800 = T.
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Example 1.6.9 [25] If G(t;,ta, 13, t4) = Te*™in{titastsita} where v € R* and 7 > 0, then G € Ag.
Definition 1.6.10 [25] Let (X,d} be a metric space and T be a self mapping on X. Also suppose
that a,9: X x X — {0, +00) be two functions. We say that T is a--G F-contraction if for 2,y € X,

with iz, Tz} < oz, y) and 4T, Ty) > 0 we have
Gld(z,Tz),d(y, Ty), dlz, Ty),d(y, Tz)) + F (d(Tx, Ty)) < F (d(=z,v)), (1.4)

where G € Ag and F € F.
On the other hand Secelean [57] proved the following lemma.
Lemma 1.6.11 [57] Let F : R* — R be an increasing map and {e,},, be a sequence of positive
real numnbers, Then the following assertions hold:
(a) if ﬂEElmF () = —oo then ﬂli_r’nmaﬂ =0
(b) if inf F' = —oo and JOm ap =0, then nlil.an(a“) = —00,
By proving Lemma 1.6.11, Secelean [57] showed that the condition (£2) in Definition 1.6.1 can be
replaced by an equivalent but a more simple condition,
(F2Vinf F = —o0
or, also, by
(F2") there exists a sequence {a,},_, of positive real numbers such that Jim F (an) = —00.
Recently Piri [50] replaced the following condition instead of the condition (F3) in Defintion 1.6.1.
(F3) F is continuous on {0, 00).
We denote by A x the set of all functions satisfying the conditions (F1), (F2') and (F3').
For p 2 1, F(a) = —Jp satisfies in (F1} and (F2) but it does not apply in {F'3) while satisfy
vonditions {F1}, (F2) and {F3'}. Therefore Ax € F. Again, fora > 1,f € (0, ;};), F{a)= m-,

where [a] denotes the integral part of a, satisfies the condition {F1)} and {F2) but it does not satisfy

15



(F3'), while it satisfies the condition (F3) for any k € (1,1). Therefore F £ Az. Also, if we take
F(a)=Ina, then F € F and F € Ax. Therefore, ArN F £ .
Theorem 1.6.12 [50] Let T be a self-mapping of a complete metric space X into itself. Suppose

F € Ar and there exists 7 > [} such that

Va,y € X, d(Tx,Ty) >0 = 7 + F(d(Tz,Ty)) < F (d(z,y)).

Then T has a unique fixed point x* € X and for every # € X the sequence {T"z}32, converges to

*

T,
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Chapter 2

Fixed point in metric spaces with a

graph

Jachymski et al. {31] established a result which generalized the Banach contraction principle for
graphs, Beg et al. [14],[15] extended results of Jachymski et al. [31] by defining G-contraction for
multi-vatued mappings. Kirk et al. [5] proved some remarks which was based on the idea of a metric
transform and extended Nadler’s theorem.

In this chapter, we extend some results of Kirk et al.[5] on a metric space endowed with a graph.

2.1 Fixed point results on a metric space with a graph

In this section we introduce the notion of an uniform local multivalued graph contractions on a metric
space endowed with a directed graph G. we also prove some new fixed point theorems concerning
metric transforms for such contractions.
We start this section with the definition of an (¢, k)-uniform local multivalued graph contraction.
Definition 2.1.1 Let (X,d) be a metric space with a graph G, a mapping T : X — CB(X) is

said to be an (¢, k)-uniform local multivalued graph contraction (where € > 0 and k € (0,1)) if for
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every [x.y) € E(G),

dz,y) < e = H{Tz,Ty) < kd(z,y),

and if u € T« and v € Ty are such that
d{u,v) < kd{z,y) + o for each o > 0.

Then (u,v} € E(J).

Theorem 2.1.2 Let { X, d) be a complete metric space with graph G such that G is weakly connected,
the triple (X,d, G) has the property 4 and T : X —s CB(X) be an (g, ¥)-uniform local multivalued
graph contraction on {X,d) and Xr ={z2 € X : (x,T2z) € E(G) } #@. Then T has fixed point.
Proof. Let x5 € X7, then there exists x1 € Txp such that (xg,x;) € E{G). Since T is an
(¢, k)—uniform local multivalued graph contraction on (X, 4), so there exists € > 0, k € (0,1) and for
d{zg, %)) < €, we have

H(Txo.,TQ?:) ~.'<,‘ kd(i\'}o,xl).

Using Lemma 1.2.4, we have x» € T such that

d(i‘],ﬂ'.‘g) L4 H(TIQ,TSL‘])-l-k

< kd(zo,x1) + k.

Again because of T is an (¢, k)—uniform local multivalued graph contraction, (z(,22) € E(G),
dix1,x2) < €, we have

H(Tﬂ:l,Tirz) g kd.(:rl, 132).
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Lemma 1.2 4 gives the existence of an £3 € T'xs such that,

d(ﬂ'-‘za 3‘3)

I~

H(Tzy,Tmo) + k*

€ kd(z,x2) + k¥

[FAY

k2d(zq,x1) + 2k%.
Continuing in this manner, we have z,,4; € Tz, such that {(z,,zn41) € E{G), d(25,%np1) <€, and
d (B ns1) < K (20, 21) + k™.

Now for m > n,

AT, Tm) £ d(Tn, Tns1) + d(@nt1, Traz) F evrervvns +d (Bmo1, Tm)

m—1 m—1
d{xg, x1) Z K + Z ik®,

1A

Thus {x,} is a Cauchy sequence in X and X is complete, so {xy} converges to a point & in X. Now,

we prove i is fixed point of T. By using property A, we deduce
(rn.2) €E(G) forne N,

Now since T is an(e, k)-uniform local multivalued graph contraction, for n € N, d(2,,2) < ¢, we

have,

H(Tzp, Tx) < kd(za, z).

Since @p41 € T, and 2, — x. Therefore by Lemma 1.2.5, € Tx. Next as (2,2} € E(G) for
n € N, (G is weakly connected, we infer that (zg, 2y,%2, ... T, Z) iSapathin Gand soz € X = [:CO]E:'

Now we present simple condition in terms of metric transforms which implies that a mapping
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T : X — C'B(X) is an (e, k)-uniform local multivalued graph contraction on (X, d). Notice that if ¢
is taken to be the identity mapping, the following result reduces to the definition of an (¢, k)-uniform
local multivalued graph contraction.

Theorem 2.1.3 Let (X, d) be a metric space and endowed with graph G and T': X — CB{X). Set
Xr={ze€ X :(z2,Tz) € E{G)} # 0. Suppose there exists a metric transform ¢ on X and k € (0,1)
such that the following conditions hold:

a) for each (z,y) € E(G),

¢(H(T$1Ty)) £ kd{"z# y)&

b} there exists ¢ € {0,1) such that for ¢ >» 0 sufficiently small,
kt < ¢let),
¢) forue T and v € Ty if
d(u,v) < kd(x,¥) + ¢ for each a > 0.

Then {u.v) € E{G).
Then, for ¢ > 0 sufficiently small, T is an (¢, ¢}-uniform local multivalued graph contraction on (X, d).

Proof, Let x € X7, then there exisis y € Tz such that (r,y) € E{G), from (a) we observe that
o(H (T2, Ty)) < kd(x,y).
Suppose there exists ¢ € (0,1}, such that for ¢ sufficiently small,we have form (b)

kt < ¢ (ct).
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Then for d{iz,y) sufficiently small,
O(H(Tz,Ty)) < kd(a,v) < dled(z,9)).
Since ¢ is strictly inereasing. This implies that
H{Tz,Ty) g cd{z,y).

Thus from condition (¢} and previous inequality, for ¢ > 0 sufficiently small, T is an (¢, ¢)-uniform
local multivalued graph contraction on (X, d).

Theorem 2.1.4 If, in addition to the assumptions of theorem 2.1.3, X is complete, G is weakly
connected and the triple (X, d, G) has the property A, then T has a fixed point.

Example 2.1.5 Consider X = {0, 1,1} = V(&) to be a subset of R with the usual metric defined as
d(z,y) = |z — y|, so that (X, d) is a complete metric space and E(G) = {(1,3),(0,3)} is such that

ACE(@ andlet T: X — CB(X) defined as

{0} if &=0
T(=) =14 {03} if x=1
{z} if z=

Also consider a metric transform

t
o) = g tED.00).

Since 1 € X is such that there exists 3 € T'(1) with (1,3) € E(G), then Xz # 0. We see that for

each (z,y) € E(G), ¢ (H (Tz,Ty)) < kd(z,y) . Indeed, if (2,3) = (1, ), we have

(o () -a(E)-p3)-}

2




This implies

¢ (H (T(1)1T (%))) =¢ (%) = 0.66d (1, %) < kd (1, %) , where k = 0.66.

Next if (z,y) = (0, ), we have

s(ror(E))-n(o-fo3)) -

| =

This implies

i) (H (T((}),T (%))) =¢ (%) = 0.66d (0, %) < kd (0. %) , where k = 0.66.

Thus the condition (a) is satisfied. Let k € (0,1) and select ¢ € (k,1). Then

ot

T H € c— k&
Thet oy pip< 0 sk < =t< X
k “ 14t T it+a - ¢k

kt<glet) =t <

Since ¢ > k, then condition (b} is also satisfied. It is easy to check that condition (c) is satisfied.
Therefore all assumptions of Theorem 2.1.4 are satisfied and clearly 0 and 1 are fixed point of T\
Remark 2.1.6 If we assume G is such that F{(G) = X x X, then clearly Theorem 2.1.4 gives Kirk’s
result [5]( Theorem 1.3.4).

We now introduce the concept of H¥-type multivalued weak graph contraction mappings in metric
space endowed with a graph G.
Definition 2.1.7 Let {X,d) be a metric space with graph G. A multivalued mapping T : X —
CB(X) is called H*-type multivalued weak graph contraction if

(1) there exists k € (0,1) such that

H*(Tz, Ty) < kmex {d (@,0), (2, T2), d(. Ty), 22T AT
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for all (z,v) € E(G),

(2) if for every z in X, y in Tz, ¢ > 0 there exists # in T'y such thet

d{y,?) € H* {(Ty,Tx) +¢, then (y,2) € E(G)

Theorem 2.1.8 Let (X, d)} be a complete metric space with graph & such that G is weakly connected,
the triple (X, d, G) has the property 4 and T': X — CB(X) be an H*-type multivalued weak graph

contraction mapping,

Xr=1{zecX:(z,u) € E(G) for some v € T'x} # B.

Then T has a fixed point.
Proof. Let ¢ > 0 he given, let 29 € Xr. Fix an element z; € Tz such that {2y, 21) € E(G). Since

T is H*-type multivalued weak graph contraction, we have

Tw1) +d(zy, T
H+(T$0,T3«“1)-<-kms‘x{d(xoaxl)vd(ﬂ’o,Txo)ad(mlaT-'ﬂl)ad(xu Shal ‘””0)},

2

We can select &2 € Tz such that

dx, 22} € HY(Txo,Taq) + e

< kmax {d(wﬁv"’l)sd(memu),d(ml,Txl) , d (o, T1) + d (21, Tx) } +e

2

2

d(l‘g,.’l‘,‘l) ;—d(ml,mz)} te

= kma.x{d(a:g,ml},d(a:o,xlj ,d(ml,mg),M} +e€

1

k max {d(«"royﬁ?l)ad(wmivﬂad(xhxz),

= kmax{d(2o,z1),d (@1, 22)} + ¢
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If max {d{=p, 1), d(z1,22)} = d {21, %2}, then it is a contradiction. Therefore

max {d{zg, 21}, d (x1,22}} = d (29, %1),

which implies,

d(z1,20) < kd{zg, 1) + €.

This implies {£1,22) € E(G), we have

d(z1, Twe) + d(za, T
H Ty, Ta;) < kmax{d(xl,xz)'d(xx,m),d(xz,m), (21, T'wa) + d (22 “’}

2

= kd (Il, 232) .
Similarly there exists x5 € T'wy such that

d{zz,z3) € HY (Tay,Taz)+e

< kd(xy,x) +e

IA

k*d{zo, ) +¢.

Continuing in this way, we have x,,1 € T'x, such that (@, 2n+1) € E(G),

@ Tns1) € K"d{mo,z1) +e forallne N,

Set €= (k% — k™)d{zo, z1). Then from previous inequality it follows that

d(@sTna1) € Ad(zo,31) + (K~ K")d(zo, 1)

= k¥d(wo,x1).
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Which implies

d{an, 1) < k2 d(wo, 71).

It is clear that {z,} is bounded. In deed, for any n € N, we have

i=n

> d(xi,@ig1)

=0

(1 TS IS BN SR k’%) d(x0,21)

AN

(0, Tn}

IA

< (1 + kT + k7 kb4 ) d(zo, 1)

1
= d(xo, .
T (@0, 21) < ¢

Thus {z,} is a Cauchy sequence in X. since X is complete, there exists € X such that nlimm:rn =g.
Now we prove that z is a fixed point of the mapping T. Assume that d{z,Tz) > 0. By using
the property A and the fact of T being a H*-type multivalued weak graph contraction, we have

(zn,2) € E(GY,

1
3 {p(Tin, Tx) + p(T2, Tap)y = HYTw,,Tx)

1A

% maxc {d(xmx),d(a:men),d(x, Tm),d(x“’Tx) +d(:t,T:c,.)}

2

IA

T T e

it follows that

%nlim inf {p(T2,,Tx)+ p(Te, Tz,)} < kd(r, Trx).

Since ﬂlim inf d(x, 41, ) = 0 exists, and

diz,Tr) = % (d(z,T2) +d(T2,2)) < = (0(Txn, Tx) + p (T2, T24)) + d(Tnt1. Z),

[ =18
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it foliows that

r ... N
d(z,Tz) < En'l_lglm inf (p(Tzn, Tx) + p(T2,T2,)) + nh_n:lmlnf d(Znt1,2)

€ kd(z,Tz)+ nlim d(znt1,%) = kd (2, Tx) <d(z,Tx),

a contradiction. This implies that d(x, Tz} = 0 and Tz is closed. Hence = € Tz. Next as (z,,7) €
E(G) for n € N, G is weakly connected, we infer that (xo,Z1,T2,.....,Tn, ) is a path in G and so
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Chapter 3

Hardy-Rogers-Type fixed point
theorems for generalized

F-contractions

In 2012, Wardowski [61] introduced a new type of contraction called F-contraction and prove a new
fixed point theorem concerning F-contraction, Piri et al. [30] desctibed a large class of functions by
replacing condition (F3') instead of the condition (F3) in the definition of F-contraction introduced
by Wardowski (61]. Cosentino et al. [19] presented some fixed point results for F-contraction of
Hardy-Rogers-type for single-valued mappings on complete metric spaces. Sgroi et al. [56] established
fixed point theorems for multi-valued F-contractions of Hardy-Rogers-type for multi-valued mappings
on complete metric spaces. More recently Hussain et. al.[25], introduced a-n-GF-contractions and
obtained fixed point results in metric spaces and partially ordered metric spaces. They also established
Suzuki type results for such GF-contractions.

The aim of this chapter is to extend the concept of F-contraction into an o-n-G'F-contraction
of Hardy-Rogers-type for single-valued, multi-valued mappings. We salso establish some new Hardy-

Rogers-Type fixed point results for a-n-GF-contraction, multi-valued a-n-GF-contraction in complete

27




metric spaces.

3.1 Hardy-Rogers-Type fixed point results for a=GF-Contractions

In this section we establish fixed point theorems for a-n-GF-contraction of Hardy-Rogers-type for
single-valued mappings in a complete metric space. We start this section with the definition of a-n-
G F-contraction of Hardy-Rogers-type.

Definition 3.1.1 Let (X,d) be a metric space and T be a self mapping on X. Also suppose that
a,n: X x X — [0,400) be two functions. We say that T is an a-5-GF-contraction of Hardy~Roger‘s-

type if for z,y € X, with n(z, Tz) < afx,y) and d(T'z, Ty) > 0, we have

G (d(z, Tx),d(y, Ty), d{z, Ty), d(y, Tx)) + F (d{Tx,Ty)) (3.1)

< Fed{z,w)+ fd(z,T2)+¥d(y, Ty) +0d (2, Ty) + Ld (y, T1)) ,

where G € Ag, FEAr, K,8,7,0, L >0, k+8+v+26=1and v#£ 1.
Theorem 3.1.2: Let {X,d) be a complete metric space. Let T' be a self mapping satisfying the
following assertions:

(i} T is an a-admissible mapping with respect to =;

(ii) T is an a-n-GF-contraction of Hardy-Rogers-type;

(iii) there exists xg € X such that a{xq, Tzo) > n(xg, Txok

(iv) T is a — n-continuous.

Then T has a fixed point in X. Moreover, T has & unique fixed point when a(z,y) 2= n(z,z) for
all z,y € Fiz(T)and Kk + 6+ L < 1.

proof. Let zyp € X, such that a(xg, Tzg) = n(wp, Txg). For g € X, we construct a sequence

{@n 352, such that z; = Txo, T2 = Tz1 = T2z Continuing this process, ,4) = T, = Ty, for
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all n € N. Now since, T is an a-admissible mapping with respect to i then a{xa, 1) = aze, T2q) 2

n{zg, Ty} = n{xg, #,). By continuing in this process we have,

Han—1,Tn-1) = ﬂ(xn—hzn) < o{zy-1,xp), forall ne N. (3.2)

If there exists ng € N such that d{ay,, Tz, )} = 0, then 2, is fixed point of T' and, there is nothing

to prove. So, we assume that

Tp # Bpp1 O d(T2n_y,T2,) >0, forallneN. (3.3)
Since, T is an a-n-G F-contraction of Hardy-Rogers-type, we have
A En_1,Ton-1),d(xn, TT,},
G (Tn-2 1),4d( "\ 4 P (T, Trn))
d(m'n—l 4 Tl?n)s d(xﬂ, Txn—l)
< ﬁd-(xn—hmn) + ﬁd (xn—lyTxn—l} + '}"d (xn-:TIn) +
J-, B 6d(xn—1aTxn)+ Ld(xnsTxn—l)
o>
g
=1 which implies
N
=
,__E : G(d(zn—ly xﬂ.] y d(:’nﬂn Tnt1 )s d(xnul ) $ﬂ+1)s 0) (3‘4)
7 +F (d(Txp_1,Tzn))
< pf F4@ae1,@0) + B (2n-1, Tzno1) + 7 (3, Ton) +
- dd{zp_1, Txn) + Ld (25, T20_1)

Now since, d(2,_1, %0 ).d(Zn, 2ng1).0(Ln_1, Tr+1)-0 = 0, so from (&) there exists 7 > 0 such that,

G(d(xﬂ—la xﬂ)s d(:"‘“ﬂsxn-l-l )s d(:cﬂ——lv $¢+1), 0) =T.



From (3.4), we deduce that

T4+ F(d{Txn-1.T20))

< F 5 (En—1, Tn) + Bd {(@n-1,TTn-1) + vd{2n, T@‘n) +
- dd (zne1, Tn} + Ld (Xn, T2n—1)

This implies

Fd{Tzn_1,T2n))

F ( K (Tre1, Tn) + B {(Zn-1,TTn-1) + ¥d (T, TTn) + ) -

1A

0d (Tp-1,TTn) + Ld (X0, TTp-1)

- F kd (xn—ls:cn) +18d(xn—lamn) +7d(xmxn+l)+ _
dd(xn—1,2n+1) + Ld (@0, %n)

F wd (Xn_1, %) + Bd (Tn1, 20) + 7T, 2pi1) + .
0d (2y—1, 20 ) + 64 (T, Tni1)

= F((x+B+68)d(@n-1,22) + (v + 8) d(@n,2n41)) — 7
and hence
F(d(Tzp-1,Tan)) < F{{r+ B +08)d(zr-1,20) + (v + §) d(Zn, 2as1))-
Since F is strictly increasing, we get
d{Tap-1,Try) <(k+B+8)d{mn_1,20) + (v + ) d(Tn) Tni1).
This implies

(1—v—8)d{Tan-1,Tan) <(k+8+8)d(zn_1,%,), foralln € N.
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From « + 8+~ + 26 = 1 and v # 1, we deduce that 1 — v~ 6 > 0 and so

A(Txy1,T,) < wd(mn_l,mn) =d(Xn_1.20), foralln e N.
C-v-3)
Consequently
F(d{Tzn_1,Tzn)) < F{d{zy—1,2s)) — T (3.5)

Continuing this process, we get

F{d{(Txn_1,Tcn}}

IA

Fld(@a-1,%a)}) — 7
= F(d(Txn-BaTxn—l)) -7
5 F(d(ﬁ'n_g,xn_l)) —2r

= F(d(Tzn-3,Tonz)) — 27

A

F (d(-’cn ~3 In-z)) —3r

A

F(d(zg,21)} — n7.

This implies that

Fd(Ten-1,T2n)} < F(d(2o,21)) — 1T (3.6)

And so lim F(d(T2,_1,T,)}) = —oo, which together with (¥2') and Lemma 1.6.11 gives that
lim d(z,,Tz,)=0. (3.7)

=00

Now . we claim that {z,}7—, is a Cauchy sequence. Arguing by contradiction, we have that there
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oo
=1

exists € > 0 and sequence {p{n)},—, and {g(n)}=; of natural numbers such that

p(n) > q(n) > n, dzpnyr Ten)) = & ATpin)=1, Tom))} < & foralln € N.

So, we have

£ < d(:):p(n),:rq(n)) < d(Tp(n)s Tp(n)—1) + &(@p(n)-1: Zgin)}

< d(Zpn) s Tpny-1) +€

i

@ p(n) -1 TTp(n)-1) + €.
Letting n — oo in (3.9) and using (3.7), we obtain
n!_i_r_?md(mp(ﬂ},xq(n)) =
Also, from (3.7) there exists a natural number n, € N such that
A iy T pimy) < i and (2 (ny> T qiny) < E, for all n > ny.
Next, we claim that
A(Txp(ny, Tyny) = ACpmy1, Lom)+1) > 0, for all n > n;.

Arguing by contradiction, there exists m > n; such that

&(Zp(m)+1> Tg(my+1) = 0.

32

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)




It follows from (3.8), (3.11) and (3.13) that

£ = d(xp(m]a -'":q(mj) < d(xp(m)rxp(m)+1) +d(zp(m)+la$q(m))
< d('rp{m) 1 :'f"p(m}+1) + d(xp(m)+1s mq(m)+1) -+ d(xq(m)-{-la xq(m))
= d(@pm): TZpim) ) + HTp(m)+11 Taimy+1) + AT gimy> TZo(m))
€

£
< :1'+0+Z.

This contradiction establishes the relation (3.12). Hence, it follows from {3.12) and (3.1) that

G ( d {Zp(n)> TZp(n)) +d (Zg(n)s T%4(my) »
d (xp(n)aT%(n)) ,d (‘“q{n)’Tmptn))

) + F (d{Txp(n), T2e(my))

P ( K0 (Zp(n)s Zgmy) + B (Zp(n)s TTp(ny) + ¥ (£qen)s Tq(m)) + )
k]
8d (2yinys TTq(n)) + LA (24(a), Tpiny)

for all n > ny. Now since, 0.d (Z4(n), TZqin)) -& (€pnys TZq(n)) - (Zg(n)s TZpimy) = 0, 50 from (G) there

exists 7 > 0 such that,

G(0,d (€4, TT4(n)) » @ (Epir) TTg(m)} > & (Tta)s TZpimy)) = 7-

Therefore,

74 F (d (T2 Tqwm))) (3.14)

< F ( Kl (@p(n) s Ta(m) ) + B2 (Tp(nys TZpmy ) + 70 (o) Tq(rmy) +
6 (p(r), TZqm)) + L (Tq(rys T2p(m))

By using (F37), (3.7), (3.10) and (3.14), we have

T+ F(e)<F((s+d+L)e) = Fie}.

oo
n=l

This contradiction show that {z,},., is a Cauchy sequence. By completeness of (X,d), {z.}
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converges to some point z in X. Since T is an o~n-continuous &nd (-1, Tn) < &(Zn_1,%y), for all
n € N, then a4+ = Tap, — T2 as n — oo. That is, £ = Tz, Hence = is a fixed point of T. Let

x,y € Fiz (T) where r # y, then from

G{d(z,Tx),d(y,Ty),d(z, Ty) ,d (%, T2)) + F (d(T=>,Ty))

[Fa

F(rd(2,y) + Bd(2,Tz) + vd (y, Ty) + éd(z, Ty) + Ld{y, Tx))

Flle+5+L)d(x,y)

we get,

T4+ F(d(z,)) < F{(c+06+Lyd(z,y),

which is a contradiction, if k +d + L <1 and hence z = y.
Theorem 3.1.3 Let (X, d) be a complete metric space, Let T be a self mapping on X satisfying the
follewing assertions:

(i} T is an o-admissible mapping with respect to #;

(ii) T is an a-1-G F-contraction of Hardy-Rogers-Type;

(ili} there exists xp € X such that a(xg, Tzp) > n(xe, T2e);

(tv) if {=n} iz & sequence in X such that a(x,, Tny1) 2 T, Tag1) with T, — 2 a8 1 — o0 then
either

0(T2y,2) > (T2, T22,) or &(T 2n, ) 2 (T2, T 2,),

holds for all » € N.

Then T has a fixed point in X. Moreover, T" has a unique fixed point when a{z,y) > f(z,x) for

alz,y e Fix(T)and x +5+ L < 1.
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proof. As similar lines of the Theorem 3.1.2, we can conclude that

&(Tn, Tnt1) 2 {Tns Tass) a0 Tn — T 851 — 0O

where Tx,, = £p41. By (iv), either

a(Tz,, z) = 0(Tx,, T?z,) or a(szmm) > ‘q(T'za:m Tsa:n),

holds for all n € N. This implies

aTrnt1.2) 2 W Tart, Tasz) OF &(Zrya, 2) 2 NTas2, Tays).

Then there exists a subsequence {z,, } of {z,} such that

ﬂ(xnk:Tmnk) = ’?(Enk, xnk+1) < a(mnn ,I)

and from (3.1), we deduce that

G(d(zp,, T, ), d(2,T2), d(Z0, , T2),d(x, T2y, ) + F (d(T2n, . TT))

< F(5d(Tn,, @) + Bd(20,, Tn, ) +7d (2, Tx) + 6d (2., , Tx) + Ld(2, T2, })-

This implies
d Tyt d R &
F(d(Tzn,,T2)) < F wd (T, ) + B (Tnzy Tnpr1) + . (3.15)
vd{z, Tz} + éd (wn,, Tx) + Ld{x, ¥n,+1)
From (F1) we have
dizn,11.T2) < (3.16)

Kd (T, » T) + B0 (Lny, Try+1) + ¥d (X, T2) + 6d (2, , Tx) + Ld(T, T5pq1).
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By taking the limit as & — oo in (3.16), we cbtain

d(z, Tz} < (y+ 8§) d(z,Tz) < d(z,Tx), (3.17)

Which implies d(z,Tz) = 0, thus z is a fixed point of T. Uniqueness follows similarly as in theorem
3.1.2.
Theorem 3.1.4 Let (X, d) be a complete metric space and T be a continuous selfmapping on X. If

for z,y € X with d(z, Tz} < d(z,y) and d(Tz, Ty) > 0, we have

G(d(z, Tz),d(y, Ty), d(z, Ty), d(y, Tw)) + F (d(Tx, Ty})

< F(sd{x,y) + Bd(z,Ta) +vd(y, Ty) + éd (x, Ty) + Ld(y, Tx)),

where G e Ag, FEAr £, 8,76, L20, k+8+y+2=1,k+6+L <land7# 1. ThenT hasa

unique fixed point.

proof. Let us define a,7: X x X — [0, +00) by

a(x,y) = d(z,y) and n(z,y) = d(z,y) for all 2,y € X.

Now, since d{z, ¥} < diz,y) for all 2,y € X, so a(z,y) > n{x,y) for all x,y € X. That is, conditions
(1} and (iii} of Theorem 3.1.2 hold true. Since T is continuous, so T is a-n-continuous. Let n{r,Tr) <

a(z,y) and d{Tz, Ty) > 0, we have d{x, Tx) < d{z,y} with d{Tz, Ty) > 0, then

Gld(z, Tz),d(y, Ty), d(z, Ty), d(y, Tw)) + F (T, Ty))
< F(sd(z,y) + 8d(z,Ta) +d (y, Ty} + éd(z, Ty} + Ld(y, Tz}).
That is, T" is an a-y-GF-contraction of Hardy-Rogers-type. Hence, all conditions of Theorem 3.1.2
satisfied and T has a unique fixed point.
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Corollary 3.1.5 Let (X,d) be a complete metric space and T be a continnous selfmapping on X. If

for x,y € X with d(z, Tz) £ d(a,y) and d{Tx, Ty) > 0, we have

T+ F(d(Tz,Ty)) < F (rd(z,y) + Bd (2, Tx) + vd (y, Ty) + éd (2, Ty) + Ld(y, Tz}),

where 7 > 0, £,8,7%,8,L >0, s+ B+7+20=1, 6+ 0+L<1,v#1and FE€ Ar. Then T has a
unique fixed point.
Corollary 3.1.6 Let (X, d) be a complete metric space and ' be a continuous selfmapping on X. If

for z,y € X with d(z, Tz) < d{z,y) and 4(T=, Ty) > 0, we have

e MMz T2).dly Ty d(x T T2} | P (T, Ty))

< F((rd{z,y)+ Bd(z,Tx) + vd(y, Ty} + §d (2, Ty) + Ld(y. T=))

where 7 > 0, 5, 3,7, 0, Lv > 0 k+ B +y+25=1, ki +d+L<1,y# land F € Ar. Then T hes a
unique fixed point.

Example 3.1.7 Let S, = w, n €N X ={5:neN} and d(z,y) = |a —y|. Then
(X,d) is a complete metric space, Define the mapping T : X — X by, T(51) = $; and T(S,,) =

Sn—1s for all n > land a(z,y) = 1, n{z,y) = %! G(:1$t2vt35t4} = 7 where 7 = % > 0. Since

ﬂ}il’nmﬂcés’ﬁl—%f—ln = nli_'_{lmsg,:]—f = g:;_:};;%:_‘g;:g = 1, T is not Banach contraction. Clearly

a(81,T(51)) > 5(81,T(%)) and T is an o-rj-continuons, Let a{Sg,Sn) = (S, Sn) forall m,n € N,
then a{T'5,,,T8,.) > n(TS,,,TS,}. That is, T is an a-admissible mapping with respect to 5. On
the other hand taking F{r) = =L + r € A, we obtain the result that T is an a-7-GF-contraction
of Hardy-Rogers-type with k = § = %, N = %, 3= % and L = % To see this, let us consider the

following calculation. We conclude the following three cases:

Case 1:
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for every m € N,m > n =1, we have

T{(Sm)=T(S1) = |$1=-T(Sn)|=|Sm-1—81|=2x34+3x4+_..+(m-1)m,
[Sn—51] = 2x3+3x44+..+mm+1),
|8m — T (Sm}l = |Sm — Sm-1| =m(m+1}),
IS1-T(S)| = [S1—-8)=0.

Since m > 1 and

We have

<

<

-1
2x3+..+(m-1)m

-1
L@ x3+.tmm+1))+imm+1)+ ’
HEx3+.+mm+1)+ S 2x3+. +(m—-1)m)

1
T 2x3+3x4+..+(m-1)

m+[2x3+3x4+...+(m—l)m]

1
I: 1@x3++mm+ D)} +imm+1)+ ]

=T 2] ~]

H@x3+ . tmm+ 1))+ 52x3+.. +{m-1)m)
2x3+83x4+..+(m—1Im]
1
32x34 . 4+mm+1))+imm+1)+
15E@x3+ . tm(m+ 1))+ 5 2x3+..+{m—1)m)

32x3+ . +mm+1)) + im(m+ 1)+
F2x3+..+tmm+1P+5(2x3+...+(m~1)m) ‘
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So, we get

1
T TS Ty T E S =TS

b3 =1

1
< - +
1180 — 81l + 318 —~ T (Sm)| + 2181 = T (S1)] + 35 1Sm — T(S1)| + 15 181 — T (Sm)

1 1 1 1 7

Case 2:
for 1 £ m < n, similar to case 1.
Case 3:

for m > n > 1, we have

IT(Sm) = T(Sn)| = nx(+D+m+1)(n+2)+.t(m-1)m,
ISm = Sal = (141 (n+2)+(n+2)(n+3)+... +m(m+1),
1S =T (Sw)| = |Sm = Sm-tl =m(m+1),
190 ~T(Sa)| = |Sn—Snct]=n(n+1),
1S = T(Sw)l = |Sm = Sucy] = (24 1) +.. 4+ m(m+1),

180 =T (Sm)| = |Sn=~Sme1|=m+1){(R+2)+..4 (m—1)m.

Since m > n > 1, and

-1
nx{n+)+nR+1)n+2)+.. +{m-1)m
-1
Hm+)(r+2)+.+mm+ 1))+ 3mm+D+grn+ 1)+
s+ +  +m-1m+ S+ n+D+. +(m=1)m)
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Therefore

7 1
2 nx (n+1}+(n+1)(n+2)+...+(m—1)-m+

Rxe+)+r+D)(n+2)+...+(m—1)m|

1

<5 - +
2 Hin+D)(n42) +.dmm+1))+imm+ 1)+ in(n+1)+
S+ + +m-m)+ S ({(r+1)(n+2)+..+(m-1)m)
rxr+D+@m+Dn+2)+ .. +(m~1)m]
< - L +
i+ m+ )+ tmm+ )+ imm+ ) +in(n+ 1)+
s+ 4+ +m-1m)+5(r+1)n+2)+ ..+ (m-1)m)
i+ )+ 2+ +mm+ 1))+ Imm+1)+
e+ + LD+ +(m-Dm)+ L ({(r+1)(n+2) +.. +{m —1)m) '
So, we get
7 1
2T T Gm T B T (5m) = T (5w
1
<

- +
315m = Sl + § 1Sm — T (Sm)l + § 1Sa = T (S| + 5 [Sem = T (S)| + F |Sn — T (Sp)|

1 1 1 1 7
5 19m = Sul + 515 = T (Su)l + 5152 = T (S0 + 515 = T (Sl + 15150 (S -
Therefore

g+ FA{d(T (Sm). T (5n)))

1 1 1 1 7
F (gd(Sm., §u) + 3¢ (ST (Sm)) + 50 (S, T (Sa)) + T3S, T (S)) + 5 l(Sn, T(sm))) .

for all m, n € N. Hence all condition of Theorem 3.1.2 are satisfied, T has a unique fixed point (here,

51 is fixed point of T').
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3.2 Hardy-Rogers-Type fixed point results for multivalued a-GF-Contractions

We start this section with the following definitions.
Definition 3.2.1 Let (X, d) be a metric space, T : X — CB{X) be a given multifunction and
a: X x X — [0,+00). We say that T is called a,-admissible whenever a(z,y) > 1 implies that
oy (Tx, Ty) = 1.
Definition 3.2.2 Let T': X — CB{X} be a multifunction, a,% : X x X — [0, +0c} be two functions
where 7 is bounded. We say that T is a,-admissibie mapping with respect to n if a(z,y) 2 n{z,9)
implies o, (Tz,Ty) = n,(T=,Ty), =,y € X, where a,(A,B) = inf {a{z,y):2 € A, y€ B} and
1.(A,B) =sup{n(z,y) :x € A, y € B}.

If n{z,y) =1 for all &,y € X, then this Definition reduces to Definition 3.2.1.
Definition 3.2.3 Let (X.d) be a metric space. Let T: X — CB(X) and a,9: X x X — [0,400)
be two functions. We say that T is a — sj-continuous multivalued mapping on (CB(X}, H} if for
given ¢ € X, and sequence {r,} with ﬂlil_'{lmd(mmx) = 0 and &(Tn,Tnrt) = P{Cn,Zpy1) for all
neN= uli_n_]wH(T:rme) =0.
Definition 3.2.4 Let (X, d) be a metric spaceand T:X — C'B (X). Also suppose that a,5 : X %X —
[0, +c0) be two functions. We say that T is a multivalued a-n-GF-contraction of Hardy-Rogers-type

if for 2,y € X, with n{z,¥) < a{z,y) and Tz # Ty we have

2G (d(z, Tz),d(y, Ty}, d(z, Ty),d(y, Tx)) + F (H(Tz, Ty)) (3.18)

< F(kd(z,y)+ pd(z, Tx) +vd{y, Ty} + éd (2, Ty) + Ld (y,Tx)),

where G € Ag, FeF, &, 08,70, L 20, k+8+~4+2d=1and v# 1.
Theorem 3.2.5 Let (X, d) be a complete metric space. Let T : X — CB (X satisfying the following

assertions:
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(i) T is an o, -admissible mapping with respect to #;
(i) T is a multivalued o-n-GF-contraction of Hardy-Rogers-type;
(iii} there exists gy € X and @, € T'xy such that a{zy, 21) 2 n(ze, 21);
(iv) T is a — n-continucus multivalued mapping.
Then T has a fixed point in X,
proof. Let vy € X, and 21 € T¢ such that a(zg,2() > n(zg,21). Since T is an o,-admissible

mapping with respect to 1, so we have
a, {Tzo, Tz1) = 1. (Tx0, TT1). (3.19)

If &y € Txy, then x; is a fixed point of T and thus, we have nothing to prove. So, we assume that
x) € Tep, then Txg # Txy. Since F is continuous from the right, there exists a real number A > 1

such that

F(hH (T2, Tx1)) < F(H(Tz0,T1))+

G d(xzo, Txe), d{z1, T'z1),
dwo, Tz1), d(w1, Txo) |

Now from d{zy, Tx1) < hlF (T2y,711), we deduce that there exists 2 € T'xy such that
d(xl,i‘z) = hH (Tﬁo, T.‘L'l] .
Consequently, we obtain

F(d(.’tl, Za }) S F(hH(Tl‘o, T.T] ))

< F{H(Tz¢,T21)) +

c d(zo, Tx0}, d(x1,Tx1),
d(xﬂi Tﬂ:]),d(ﬂ:l, Txo) '
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Which implies
G ( d(wo, T.‘L‘Q), d(.‘l‘l, Tﬂ?l),

) + F(d(xy,%2))
d(xg, Tzy), d(21, T2p)

[

o ( Az, T0), d(z1, T1),

) + F(H(Tz0, Tx1)) +
d(ﬂ:g,T&?l), d(:cl, T:Bo)

d(-’ﬂo, TxU)T d(xl 7 Txl )?
d{zg, Tz1), {21, T20}

P

F
dd{zo, Tx1) + Ld (21, Txp)

d(.‘{.‘g N Tiﬂo) y d(:E]_, Tl}'l), )

( kd (2o, 21) + Bd (20, To) + vd (21, T2 ) + ) N
( d(:l.‘[),T:Cl),d(ml,Tx{})

we get

Pe. d(:“:o,ﬂ:]),d(m],xz),
d{.’L‘u, :'52)1 d(xl} xl)

F M(I01$1}+ﬁd(l'o,TEQ)+"rd(9.‘1,T.’.t!1)+
6d (2g,Tx;) + Ld (21, Txg)

) + F(d(Ih:’EQ})

This implies

G(d(fcu,x]), d(:!:],xz), d(xo, 3’.‘2), 0) + F (a’(:c],mg))

P ( kd (g, 21) + Bd (o, Tg) + ¥d {21, Ty) + )

1A

bd [Q’.‘o,Tl‘l) + Ld (II!T'TO)

Now since, d{xg, ©1).d{x1,x2}.d(x0,22).0 = 0, so from (G) there exists © > 0 such that,

Gd(zo, x1), A1, %2), d{20,22),0) = 7.

(3.20}




Therefore from {3.2(}) we deduce that

T+ F(d (ﬂ:ls IQ))

F Kd($0a$1) + Bd (w0, Tag) + vd (1, Tx1) +
d{zo, Ta1) + Ld{z1,Txq)

1A

F

[A

xd (930):51) + ﬁd ("":0) :701) + '7d (zl! :"”2) +
éd {xp, x2)

IA
|

kd (2o, 21} + Bd (29, 21) + ¥d (21, T2) +
8d (2o, ®1) + 8d (21, 22)

IA

F((s+84+8)yd(zg, @1} + (7 +9)d(x1,22)) .
From (F1), we deduce
d(z1,x2) < (6+ B+ 8 d(we,z1) + {7+ 8) d(z1,22) .
This implies
(1—y—-8)d{zy,za) <(k+8+8)d{zo,21).
From & + B+ +2d=1 and v # 1, we deduce that 1 —«y — 4 > 0 and so

(k+58+78)

d(x1,72) < md(ﬂfo,ml) =d (2o, 21).

Consequently

F(d(.‘r],xz)) S F(d(xu,xl)) —

Note that 21 # xo(since 71 ¢ Ta;1). Also, since an(Txo,Tx1) = n,{T2o,T21), 21 € Tg and x3 € T'xy,

then azq,22) > (21, 23). So a.(Try,Txa} > 7,(Tz:,Txa). Again since F is continuous from the




right, there exists a real number A > 1 such that

F(hH (T24,T23)) < F(H(Tx,Tx2))+

G d($1,TI1), d($23 T;B'Z)s
der, Tea),d(zs, Tor) |

Now from d{z3,Tx3) < hH (Tx;,Tx3), we deduce that there exists 3 € T2, such that

d(Ig,.‘.‘C3) S hH (Ta?],Tatz) B

Consequently, we obtain

F(d(.’tg, 133]) 5 F(hH(TII, Ta:z))

< FH(Tz,,Tz)) +

G d(thwl )s d(l‘z, Tx?)r
d(z1, Txs), dlz2, Ty} |

Which implies

oG d(x1, Ty}, d(x2, Twe),
d(z,, Ts), d(za, T1)

) + F(d(x2,z3))

1A

20 ( d(ﬂ:l, T.’L‘l), d(.’..."g, Tﬁ[!g),

) + F(H(Tz,,Tx2)) +
d(z1,Txy),d(x2,T31)

o d{z1,Tx1), d(2e, TT0),
d(z1,Tx2), d{x2, T21)

nd(xl,x3)+,3d(m1,T:r1) +7d(:r2,T2?2]+ +
éd (z1, Txs) + Ld (22, Tx;)

d
. ( d(ay, Tar), d(a, Tra), )

dizy,Trs),d{xe, Ty)
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we get

G ( d(ﬂ'—'], xﬁ)s d(-’32a :33)7

d{xy, 23), d(zz, 22)

) + F(d(.‘tz,:ra))

1A

F sd (x1,22) + Bd (1, Txy) + vd (22, T2a) +
od (21, Tx2) + Ld (w2, Ta1)

This implies

Gld{z1, 22), dlwz, 23), d(y, 23}, 0) + F (d(x3,23))

F kd (21, 29) + Bd (21, Txy) + vd (22, Tx2) +
8d(zy, Tz} + Ld (22, T'y) '

1A

Now since, d(x, 22).d{z2, 23).d{z1,23).0 = 0, so from () there exists T > 0 such that,
G(d{z1, 22}, d(z2, 23}, d(z1, 23),0) = 7.
Therefore from (3.21) we deduce that
T+ F (d(z2,23))

F wd (x1,%2) + Bd (21, Te1) + vd (%3, Tw2) +
Jd (IL,TEQ) + Ld (:Cz,Tﬂ?l)

1A

i~

F )‘Cd(.'r],.r2)+ﬁd(m1,w2)+7d(fzﬂ,$3)+
od (21,x3)

[FaN

P kd (21, 22) + Bd (x4, 2o} + vd (T2, 23) +
dd (1, 22) + 6d (22, 23)

F{le+p8+8)d(x,z) + (v +8)d(z2,23)) .

[Fa

From (F1), we deduce

d(ﬁz,l‘a) < (K, + 8 +6}d(3:1,w2) + ("]( +5)d($2,.‘l‘3} .

(3.21)




This implies

(1—-’}'— 5)(1(.’.02,1?3) < (m+8+5)d(m1,m2).
From&+8+7+25=1and v # 1, we deduce that 1 — v — § > 0 and so

(k48 +96)

< md (21, 22) = d{21,22).

d(z3,23)

Consequently

F(d(xg,23)) € F(d(xy,22)) — 7.

Continuing in this way, we can define a sequence {x,} C X such that z,, € Tz, T4y € T2y,

T (Txn- 1 Tmn) < &, (Txn—lr Tz,)

and

F (d(-’cn,wn+] )) S F(d(wn—-lnmﬂ)) -7,

for all n € N, By (3.23), we have

Fd(Tn, Tat1)) < F(ATn-1,Za)) =T

E F(d(:ﬂn—-?swn—l)) — 27 S e S F(d(mO)xl)) - nr
for all n € N. Taking limit as n — oo in (3.24), we deduce
lim F(d(zn,Tn41)) = —00.
=00

By using (F2), we have

lim (Q’.‘n, £n+1) =10

T — o
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(3.25)




Now from (F3), there exists 0 < k < 1 such that
nE.nm [ {Zn, :L‘n+1)]k Fld(zn,Znt1)) = 0.
By (3‘24)1 we ha‘u’e

(s o)) F(d (@n, Tnt1)) = 8 (20, Tnpr)" F (d(0,21)

< —n7[d (@, 2a41)]" <0.
Letting » — co in (3.27) and applying (3.25) and (3.26), we have,

lim nl|d (2, Zng1)]" = 0.

(3.26)

(3.27)

(3.28)

It follows from (3.28) that there exists n, € N such that n(d (T, Tng1))® <1 for all n > ny, this

implies

1
d(Zn,Tnt1) € —3

nk’

For all m > n > nj by using (3.29) and the triangle inequality, we have

d(xnvxm) g d(wruzn-ﬂ,) +d (-Tn+1: $ﬂ+2) + ... +d(9:m—1:$m)

< Zd(mmmnﬂ) < Zé
1=

i=n

L =]
Since the series Z —1}— is convergent, taking limit as n — oo in (3.30), we get
13

i=n

lim d{zn,om) =10
n,AT— 00

(3.29)

(3.30)

This shows that {z,} is a Cauchy sequence. From the completeness of X, there exists * € X such

that lim d{z,,2) =0. As 0, (T2n1,T2,) € (T2, Tx,) for all n € N, we have Ly Tntl) <
00
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a2y, 2ni1) for all n € N. By o-n-continuity of the multivalued mapping 7', we get

lim H(T®,,Tx) = 0.

0

Now we obtain

d(z,Tz) = nlil.lmd(x"“‘Tw) < n@mH(Twn, Tz)=0.

Therefore, € Tz and hence T has a fixed point.
Theorem 3.2.6 Let (X, d) be a complete metric space. Let T:X — CB (X) satisfying the following
assertions:

(i} T is an a,-admissible mapping with respect to #;

(ii) T is a multivalued a-n-GF-contraction of Hardy-Rogers-Type;

(ifi) there exists zo € X and z; € Txg such that a(zg, z,) > n{xe, 21 );

{iv) if {x,} iz a sequence in X such that a{E,, Zat1) 2 HTh, T4 ) with &, ~+ 2 a5 7 — 00 then
either

@u(T2n, 2) 2 0.(T2n, T22,) of @, (T2, 2) 2 0, (T2, T32,)

holds for alln € M.
Then T has a fixed point in X,

proof. As similar lines of the Theorem 3.2.5, we can conclude that

(T, Tny1) 2 NETr, Lni1) 80d T, — T 28 R — 00,

Since, by {iv), either

T2, 2) 2 0, (T2n, T 22) O a0(T2%, 7) 2 0, {T%20, T32,),
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holds for all n € N. Since z,4) € Ty, 50 we have

a(3n+1,$) = n($n+‘l; xn-l-?) or G($n+g,$) z ’T(In+2; $n+3)-

Then there exists a subsequence {z,, } of {z,} and 2, 41 € Tx,, such that

'!}'(Q’-'m‘ ?mﬂrl-l) < a(x“k’ z)

and so from (3.18) we deduce that

- ( Wm,, T, ), dlz, T2,

) + F{H(Tz,,,Tr))
d(zn,, Tx), d(x, T2y, )

< g kd (Tp,, &) + Bd(Tn,, TTn,) +vd (z, T2) +
- 84 (n,, T, ) + Ld (z,Tn,)

Which implies

- d(zp, , Txn, ), d(x, Tx),
& Tp,, Tx), d{(5, T, )

) + F(d{@ny41,T7))

< 2 ( d{@n,, Tn, ), dlz, Tx),

+ F(H(Tzp,,Tx))
d(.’L‘nk,T:E),d(xj Txnk) )

F kd (2, ,2) + Bd (20, , Txn, ) +vd (2, Tx) +
§d{zy,,T2) + Ld(2, Tz, }

dd (2, ,Tx) + Ld(z, 20, +1)

We gat

27 + Fd{z Tz)<F
( T+ 14 )) ( 5d (Inp Tz) + Ld[x,ifnﬁl)

F ( KA (T, o &) + Bd (T s Tny+1) +vd (2, Tx) + )

KA (T, ,Z) + Bd (Zn,, Lo, 41} + ¥d {(x,TT) +




Since F is strictly increasing, we have

dap, 41, T2) < {3.31)

kd{zy,, ) + Bd(zn,, Cay+1) + vd (2, Tx) + 8d(2a,, Tx) + Ld(z, 20, 41)-
By taking the limit as k¥ — oo in (3.31), as ¥ + é < 1 we obtain
d(z,Tx) < (v + &) d(z,Tz) < d(z,Tx). {3.32)

Which implies d (2, Tz) = 0. Thus = € Tz, implies x is a fixed point of T.
Corollary 3.2.7 Let {X,d) be a complete metric space and T : X — CB(X) be a continuous

multivalued mapping. If for #,y € X with d(x, Tr) < d{(=x,y) and Tx # Ty, we have
27 + F (H{Tz,Ty)) < F (xd{x,y) + Bd (%, Tx) + vd (y, Ty} + éd{=,Ty) + Ld(y, Tz},

where 7 > 0, £, 8,7, 0. L> 0, s+ 8+v+20=1and y# Ll and F € F. Then T has a fixed point in

X.
Corollary 3.2.8 Let {X,d) be a complete metric space and T : X — CB(X) be a continuous

multivalued mapping. If for z,y € X with d(x, Tz) < d(=2,y) and Tz # T'y, we have

Ve m'm{d(x,Tz),d(y,Ty),d(a:,Ty) 'd{B‘:T"‘)} + F (H(Tm} Ty))

< F(xd(z, ) + Bd{z, Tz} + vd(y,Ty) + 8d{z, Ty) + Ld(y, Tx)},

where 7 > 0, k, 8,4,8, L,v 20,k + 8+v+25=1,¥# 1and F € F. Then T has a fixed point in X.
Example 3.2.9 Let X = [0,1], T : X — CB(X) be defined as Tz = [0, §] and d be the usual metric
on X. Define &, : X x X —- [0,00), G : R*' — Rt and F: Rt — Rby oz, 3) = 1, 9(z,9) = 1,

G {ty,ta,t3,t4) = 7 where 7 = In (s/:l) and F(¢) =1In(f) + ¢t € F for all £ >> 0. It is easy to check that
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conditions (i), (iii} and (iv)of Theorem 3.2.5 hold. Now for all £,y € X , Tz # Ty, we obtain

2G (d(=, Tx), d(y, Ty),d{z, Ty), d(y, Tz)) + F(H(Tz,Ty)}
= 2r+ F(H(T=,Ty))
= In(4) + n(H(T=, Ty)) + H{T=,Ty)

1 1
= In(4) + In(5]y —al) + 5y

A

3 3
In(4) +In(5ly - al) + 51y — 2]

1A

In4) +1n(3) + In(Cly — al) + Iy~ o

= W(tle-vl+ sl +oly—al) + (Sl vl + 3l —al+ Syl
R UL i gt TRl 4

+5ak-35)+

iA

1 1 T 1 Y 1 ¥
o (be-oi+ 3 o oY k-
“(2|I yi+4|x 5l EIY 2|+16$ 2|

(st gle=51 a4 gl 8- b 3)
F

(rd(z,y) + Bd(z,Tx) + vd{y, Ty) + 8d(x, Ty) + Ld(y, Tx))} .

Hence T is a multivalued a-17-G' F-contraction of Hardy-Rogers-Type with x = %, A= %, y=3,0= %

wi=

and Z = 32 (that is, condition (if) of Theorem 3.2.5 holds). Therefore all conditions of Theorems 3.2.5

are satisfied and T has a fixed point
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Chapter 4

Fixed points of generalized
contractions in generalized metric

spaces

Very recently Jleli et al. [33],[34] established new fixed point theorems in the setting of Branciari
metric spaces.

In this chapter, we extend the results given in [33],[34] by using the concept of cyclic (w, f)-
admissible mappings obtained in [8]. As an application, we apply our main results for proving fixed

point theorems involving a cyclic mapping.

4.1 Fixed point results of generalized contractions with cyclic(a, 5)-

admissible mapping in generalized metric spaces

Now, we state and prove our main results in this section.
Theorem 4.1.1 Let (X, d} be a complete gm.s, T : X — X be a given map and let o, 5 : X —

[0, 00} be two mappings. Suppose that the following conditions hold:
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(1) there exists 8 € @ and &k € (0, 1) such that

sy € X, d(Te,Ty) £0 = a(@)B(y).8(d (T=,Ty)) < (6= )],

(2) there exists zo € X such that a{xq) > 1, 8(x¢) = 1 and 8(Txe) > 1,
{3) T is a cyclic (o, 8}-admissible mapping,
{4)one of the following conditions holds:

(4.1) T is continucus,

{4.2) if {z.} is a sequence in X such that 8(x,) > 1 foralln € N and x, — z 88 n — oo, then
Blx)>1.
Then T has a fixed point. Furthermore, if a(z) > land §{(xz) = 1 for every fixed point x € X, then
T has a unique fixed point.
Proof. Let zg € X be such that a(xe) > 1, 8{ze) = 1 and 8{Tx¢) = 1. We define the iterative
sequence {z,)} in X by the rule @, = Tza_3 = T"ap for all n € N. Obviously, if there exists
ng € N for which T?z¢ = Tt x4 then Tz, shall be a fixed point of T. Thus, we suppose that

& (T, T™*1wg) > 0 for every n € N. Now from conditions {2) and (3), we get that

a(zg)21= B(z1)=F(Txo) 2 1

and

Bixg) > 1= a(r))=a{Tx) =1

By a similar way, we get

a(T™zo) > 1 and B(TTxp) = 1 for all n € N.
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Which implies

o (T zg} B{T™zg) > 1 for all n € N,

also

o (T"1z) B (T™H2p) > 1foralln € N.

From condition (1) and inequality (4.1), then for every n € N, we write

/] (d, (T“xu, Tm+1$0))

< (T 'xo) BTz} 8 (d (T"xo, T" o)) .

IA

oo < [0 (o, Tw))]*" .

bA

Thus we have

1< 6 (d(T"2, TP a20)) < [84d(0, T2o))]* for all m € N.

Letting n — oo, we obtain

n&mwe (¢ {T"20, T"20)) =1,
that together with (O2) gives as
ﬂ@wd (T"xg,T""’lmo) =0.
From condition {03), there exist r € (0,1) and £ € (0, o] such that

g (d (TPao, T zo}) — 1 ¢

nh—n-loo [d (T“IQ,T"+1:B[])]r

%3

[3 (d (Tn_lmg, Tna:g))]k < [9 (d [Tn_"}a‘o, Tn_l.’vg))] ¥

(4.1)

4.2)

(4.3)

(4.4)

{4.5)




Suppose that € < co. In this case, let B = % > 0. From the definition of the limit, there exists np € N

such that

8 (d (T"z0, T 10)) — 1
[d (T“a:g, Tn+12‘0)]r

— ¢ < B foralln >n,.

This implies
g (d (’.Imxo,qm+1$o)) -1
[d (Trzo, T 3p))"

>{—-B=EB foralla > n.

Then

n[d (T"20, T xg)]" < An [8 (d (T™ao, T 2q)) — 1] for all n > ny,

where A = 4. Suppose now that £ = oo, Let B > 0 be an arbitrary positive number.

definition of the limit, there exists ng € N such that

8 (d (Tz0, T 120)) - 1
[d (T™zq, Tntly, )]r

2 B foralrn>mny.
Which implies

n[d (T"z0, T" o))" < An [8 (d (T"w0, 7"+ 30)) — 1] for all n 2> ny,
where 4 = %. Thus, in all cases, there exist A > 0 and ng € N such that

n [d (T o, T" ' 30)]" < An [6 (d (T"x0, 7™ 20)) — 1] for all n 2> np.
By using (4.4), we get

n[d (T 0, T"Hap)]” < An ([e (d(z, Txo)))*" — 1) for all m > ng.

a6

From the

(4.6)




Letting n — co in the inequality (4.6), we obtain

lim n[d (T"mo,T“‘”m.';)]r =0.

R— 00
Thus, there exists ny € N such that

S

d (T"zq, T"t'zg) £ — forall n > ny. 47

n
Now, we will prove that T has a periodic point. Suppose that it is not the case, then Tz # T™xq

for all n,m € N such that n # m. Using condition (1) and inequality (4.2), we get

g (d (Tnﬂ:n, Tn+2$0))

< a(T™ 'ap) 8 (T 2o) 8 (d(TMze, T o)) .

1A

[0/(d (T a0, T 20))]* < [0 (d (T 20, T"0))]* (4.8)

. < [6{d (@0, T%0))]" .

1A

Letting 1 — oo in the above inequality, we obtain
1nli_I'llm@ (d (Tn.'l?o, Tﬂ+2$o)) =1L (4.9)

By using (©2), we have

lim d (7", T xg) = 0.

Nt D

Similarly from (B3} there exists ne € N such that

1
n

d (Tni'o, Tﬁ-za?o) S

for all n > ng. (4.10)

Rl
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Let A = max {ng,n1}. we consider two cases.

Case 1: If m > 2 is odd, then writing mm = 2L + 1, L > 1, using (4.7}, for all n > h, we obtain

d (Tn o, Tm-"m.?:o)

IA

d (T“mo, Tn+1:1;‘o) +d [Tn+1£0, Tﬂ+2$0)

oo+ & (T g THRLA 150

1 1
———tt——
{(n+1)* (n+2L)*

IA

1A
n»-!'-'

.

_l_

o
I
A

Case 2: If m > 2 is even, then writing m = 2L, L > 2, using (4.7) and (4.10), for all n > h, we have

d (Tn In, Tm+m$0)

A

d (T2, T" 2xg) + & (T 2, T 2¢)
$o 4 d (Tu+2L_JSL‘0, Tn+‘2Lmo)

1 1
+ +

_— e —————
(n+2)% (n+2L—-1)*

N

A
IMB :-esb—l -
E:I—-l Ll

o
[
E

Thus, combining all cases, we have

o0
d (T %o, T ") < E il forallm > h, m e N.
r

i=n
oo

Since the series Z ,_l{ is convergent (since L > 1), we deduce that {T™x} is a Cauchy sequence. From

i=n

the completeness of X, there z € X such that T"zy — 2 asn — oo (that is, ﬂ@md (T™xg, 2) = 0).

Now, we assume that T is continuous. Hence, we have

2= lim T™lgy = lim T (T"a) =T (nummrﬂx,,) — T

kL3

Next, we will assume that condition (4.2) holds. Hence §(z) > 1. we can suppose that T™+1zy # Tz
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for all n {or for n large enough). Using condition (1), we have

8 (d (T2, T2))

tA

o (T"zp) B(2) .8 (d (T 2y, T2))

< 8T 20, 2"

Which implies

6(d(T™20,T2)) < [T w0, )"

In [6 (d{T" 12, T2)}]

In

kI [0 (d (T, 2))] < In[8 (d(T™x0, 2))].

This implies from {©1) that

d (T, Tz) < d(T™x0,2)

Letting n — oo in the above inequality, we get 7" t1zy — T2. From Lemma 1.5.6, we obtain
z = Tz, which is a contradiction with the assumption: T does not have a periodic point, Thus T has

a periodic point, say » of period g¢. Suppose that the set of fixed points of T is empty. Then we have

g>1andd(z,Tz} > 0.

By using condition (1) and inequality (4.1), we get

8(d(z,T2))

8(d(T9,T1%12)) < a(T9712) B(T92).0 (d (T92, 791 2))

< [0{d(%T))" <o(d(zTz),

which is a contradiction. Thus the set of fixed points of T is non-empty (that is, T has at least one fixed

point ). Now we suppase that z,4 € X are two fixed points of T such that d(z,u) = d(Tz, Tu) > 0.
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From the hypothesis, we find that a(z) > 1 and 8(z) > 1. Using condition (1), we obtain

f(d(z,u)) = 8(d(T2,Tu)) <a(2)B(2).80(d(TzTu))

[0z w)]* <0(d(zu),

[

it is a contradiction. Therefore T has a unique fixed point.

Example 4.1.2 Let X = {0,1,2,3,4}. Define d: X x X — R as follows

d{z,z}) = 0,foralxeX,

d(1,2)

I
B
—
g
[=
et

I
ol

d(2,3) = d(3,2)=4(1,3)=d{(3,1) =1,

diz,y) = |z—-1, otherwise.

It is clear that (X,d) is a complete g.m.s, but it is not metric space because d does not satisfy triangle

inequality on X. Indeed,

3=d(1,2)>d(1,3)+d(3,2)=1+1=2.

Let T : X — X be the mapping defined by

2 if 0,1,2,3
T ()= ze }
if r=4.
Define
1 if 2 €{0,1,2,3},
a(x) = ,
0 otherwise.
and
1 ifzec{0,1,2,3},
mm={ (0,1,2,3)
0 otherwise.
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Also define & : {0, 00) — (1,00) by

8(t) =Vt

It is not difficult to show that § € © and T is a cyclic {(«, 5)-admissible mapping. We shall prove
that the hypotheses of Theorem 4.1.1 are satisfied by T. Now if {x,} is a sequence in X such that
B(zn) > 1 and z, ~— x 88 n — oc. Therefore, z, € {0,1,2,3}. Hence z € {0,1,2,3}, that is

B{z) > 1. Next for 2 € {0,1,2,3},5 = 4, we have

a(z)8{4).0{d(T(2),T(4))) = o«(z)B(4).6(d(2,0))

1A

[6 (=, )]*

for all k € (0,1}. So the hypotheses of Theorem 4.1.1 hold and hence, T has a unique fixed point.
But the result of Jleli et al. [33] (the hypotheses of Theorem 1.5.7) can not applied to T. In deed, for

z =2,y =4, we get

0{d(T(2),T(4)) 6(d(2,0))=6{(2)

o ¢ 7] e,

for all k € (0, 1),

Since a metric space is & generalized metric space, we can obtain the following result from Theorem
4.1.1.
Corollary 4.1.3 Let (X,d) be a complete metric space, T : X — X be a given map and let
a,8: X — [0,00) be two mappings. Suppose that the following conditions hold:

(1) there exists # € © and & € (0,1) such that
z,y € X, d(Tz,Ty) # 0= o (2) B (y) #(d(Tx, Ty)) < [F(d(z, )},
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(2) there exists T¢ € X such that a{zy) = 1, 8 (z0) = 1 and 8 (Tzo) = 1,
(3) T is a eyclic (o, B}-admissible mapping,
{4)one of the following conditions holds:

(4.1} T is continuous,

(4.2) if {xn} is & sequence in X such that 8(z,) > 1 forall n € N and x, — z as n — o0, then
By =1
Then T has a fixed point. Furthermore, if a(x) > land 8 (x) = 1 for every fixed point & € X, then
T has a unique fixed point.
Example 4.1.4 Let X =[0,1]Jand d: X x X — Rgiven by d(z,y) = |r—y| forall r,y € X. It is
easy to show that (X, d) is a complete metric space. Let T : X — X be the mapping defined by

1 ifze 0,1
T(r)= ] fzelbh
0 if z=1

and @, : X — {0,000} be given by

1 ifre 0,1
MM=Mﬂ={ o
0 otherwise
Also define 8: {0,00) — (1, ) by
6(t) =ev".

It is not difficult to show that # € © and T is a cyclic (a, 8)-admissible mapping. We shall prove that
the hypotheses of Theotem 4.1.1 (or Corollary 4.1.3) are satisfied by T. Moreover, the result of Jleli

et al. [33] can not applied to 7. Now if {,} is a sequence in X such that §{z,) > l and 2, — z as
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n — oo. Therefore, z,, € [0,1). Hence z € [0, 1), that is 8 (z) > 1. Next for £ € [0,1),y = 1, we have

a(@F) 8ET (@), T)) = a(mm(l).e(d(%m))

IA

[8 (d(x, 1))]*, for all k € (0,1).

So the hypotheses of Theorem 4.1.1 (or Corollary 4.1.3) hold and hence, T has a fixed point. But the

hypotheses of Theorem 1.5.7 can not applied to . In deed, for z = %, y=1, we get

e () 70) - o(e(3) ()

V¥ ¢ [eﬂ]" = [e(

()]

for all & € (0,1).
Corollary 4.1.5 [33] Let (X, d) be a complete g.m.s and T : X — X be a given map. Suppose that

there exists # € O and & € (0,1) such that

T,y € X, d(x,y) # 0=>6(d(Tz, Ty) < (¢ (d(z.0))]".

Then T has a unique fixed point.

Proof. Setting a{2) =1 and #(z) =1 for all x € X in Theorem 4.1.1, we get this result.
Theorem 4.1.6 Let (X, d) be a complete gm.s, T : X — X be a given map and let .8 X —
[0, 20} be two mappings. Suppose that the following conditions hold:

(1) there exists # € © is continuous and % € (0, 1) such that

r,y € X, d(T2,Ty) # 0= a(2) 4 () 8 (d (T, Ty)) < [0 (R(z.y))]",
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where

d{z, Tz)d(y, Ty)

R{x,y)} = max{d{z,y},d{z,Tx),d{y, Ty), 1+ dix,y)

b

(2) there exists zy € X such that a{xs) > 1, #(z0) 2 1 and 8(Txo) 2 1,
(3) T is a cyclic {«, #)-admissible mapping,
(4)one of the following conditions holds:

{4.1) T is continuous,

(4.2) if {x,} is a sequence in X such that 8 (z,)} > 1foralln € Nand x, — x asn — o0, then
B{x) = 1.
Then T has a fixed point. Furthermore, if a{z) > land S (z) > 1 for every fixed point 2 € X, then
T has a unique fixed point.
Proof. Let 2y € X be such that a(x) 2 1 and A(zy) > 1 and 8(Txp) > 1. We define the
iterative sequence {z,} in X by the rule £, = Tra_1 = Tz for all n € N. Obviously, if there exists
ng € N for which Tz = T™0F 1y, then T™xg shall be a fixed point of 7. Thus, we suppose that

a (T"xp, T+ zp) > 0, for every n € N. Now from (2) and {3}, we get that

a (@)} 2 1 == 8 (21) = B(Txo) 2 1

and

Blze) 21=a(x)) =0(Tx) > 1.

By a similar way, we get

(T xg) 2 1and 5 (T7xg) 2 1 foralln e N.




Which implies

a [T"_lxo) B{T xp) = 1foralln e N, {4.11)

also

o (T tag) B (T ap) > 1forallne N (4.12)

From condition (1} and inequality (4.11), then for every n € N, we write

8 (d {T" 20, T 2y))

< a(T% tag) B{T mo) 0 (d (T™zo, T 20)) .

k
Tn_liﬁ(], Tn..’li'g) ,d (T‘_l.'ro, T‘T""la:o) ,
d{T"zg, TT xy), d(T™ Lo, TT™ ™ 20 )d{T " 20, TT " 20)

1+a(I 7 Tzo,T720)

(T 9, T o) ,d (T" w0, T 25) , })]k
== [6 (max {d (T" 2o, T"x0) , d (T"z0, T" 24) } )] k. (4.13)

1A

4T 20,7 20 )d(T" 26,7 20)
1+d{T™ 125, Tmzq)

If there exists n € N such that max {d (T™ Yx, T"z9) ,d (T2, T"*'2¢) } = d (T"z9, T™'2), then

inequality (4.13) turns into
6 (d (T"z0, T" '20)) < [0 (d (T"z0, T+ 20))]",

this implies

In (6 (d (T"20, T™'20))] < kln [8{d(T"20, T a0}))] ,

that is a contradiction with & € {0,1). Therefore max {d (T" 1o, T"z0) ,d (T"zo, T 2g}} =
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d{(T"1zy, T zg) for all n € N. Thus, from (4.13), we have
8 (d (T2, T"zo)) < [0(d (T 20, T"20)))]" for all n € N.

Which implies

6 (d (T"20, T"*120)) < [0{d (T Y20, T"0))]"
< [0(d (T 200, T 120))] < . < [0 ({0, Tzo))]*" .
Thus we have
1 € 8 (d{T"x, T 20)) < [0 (d(zq, Tao))]*" for sll n € N. (4.14)
Letting n —» oo, we obtain
rn]jmmﬁi (d (T"‘xg,T"'“n:o)) =1, (4.15)

that together with (62) gives as

lim d{(T"xg, T"*'20) = 0.

N—tO0

From condition (©3), there exist r € (0,1) and £ € (0, 20] such that

lim 7] (d (T":co, T“+1I0)) -1

— =£.
n—oo  [d{T"ze, T iag)]

Suppose that £ < o, In this case, let B = £ > 0. From the definition of the limit, there exists no € N

such that

i (d (Tn;'b'o, T"+1.To)) -1
[d{Trzg, T™H120)]

- < B forall n>np.

This implies

] (d (Tn.'L'o, T“"’I:co]) -1
[d{T"ze, TP Hxy))"

>f{~B=2E8 foraln > ng.
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Then

n [d (T, T’"Ha:o)] "< An [9 (d (T"‘a:o,T“+1xg)) - 1] for all » > ny,

where A = . Suppose now that £ = oo, Let B > 0 be an arbitrary positive number.

definition of the limit, there exists ng € N such that

8 (d (T, Tt 1xq)) — 1
[d (Do, T 2)]"

> B for all n > ng.
Which implies

n [d (Th2g, T zo)]" < An [0 (d (T, T 2p)) — 1] for all n > ny,
where A = —é-. Thus, in all cases, there exist A > 0 and ny € N such that

n [d (T™2g, T 20)]" < An [6 (d(T"xo, T 2g)} — 1] for all n > ng.
By using (4.14), we get

n[d (T"a:g,T”““a:u)]r < An ([6' (d(mo,Ta:o)]]k“ - 1) for all n > ng.
Letting 1 — oc in the inequality (4.16), we obtain
nli_rinmn [d (T"=o, f;""""‘lxﬂ)]1r =0,

Thus, there exists ny € N such that

L

d(T“:co,T""'l:cg] < — forall n 2 n;.
nr

From the

(4.16)

(4.17)

Now, we will prove that T has a periodic point. Suppose that it is not the case, then T"xy # I™xq
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for all n,m € N such that n ¥ m. Using condition (1) and inequality (4.12}, we get

8 (d (Tn:co,T”+2xu))

< a(T" ley) B(T™ 1) .6 (d (T"..ﬂ:o,T"‘+2mo)) .

A

] k

¢ | max 4 (T"1zg, T"* 120}, d (T2, TT" o) ,
&7 a0, TT™ Lwo ) d(T"H g0, TT"H!

1 d (T"H ey, TT™ a0}, ( Ol-l-d(T"fci):ro(,T""'liz) =)

_ k
o | max d (T"Lla‘:(], T"'+13'.70) ,d (Tn_l.?:o, Tn:u“o) N

- A(T" 20, T @0 )a( T+ 2o, T +21
] d (T g, T™+20) ( fid(;c;)l z(o‘T“Hozc} o)

&
_ !9 (max{ d (T Ve, T ap) , d (T 120, T"Z0) })] . (4.18)

d (T““:ro, T"+2Io)

Since 8 is non-decreasing, we obtain from (4.18)

8 (d (T 20, T 1)) .6 (d (T 20, T"20)) , }] k. (4.19)

6 (d{T"20, T" ?24)) < |max
(d{T"20 o)) l { ¢ (¢ (T 1xg, T™+220))

Let I be the set of n € N such that

t, = max {6 {d (T ee, T zp)) , 8 (d (T g, T"2)),8 {d' (T“+1xo,T“+2:c0))}

= G(d(T"  ao, T ).
If |/} < oo then there N € N such that for all n > N,

max {8 {d (T" 1zg, T"*120)) , 8 (d (T, T"20)},0{(d (T 20, T 20} ) }

= max {6 (d (T Ly, Tx¢}} , 8 (¢ (T 2, T™*224))} .
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In this case, we get from (4.19)

—
(TN

B (d (T"mo,CI"‘+2a:g))

[

[mex {8 (d (T 20, T"z0)) .8 (d (T™* 29, T"*?20)) }]*

for all n > N. Letting # — co in the above inequality and using {4.15), we obtain
lim 8 {d (T2, T™*?x0)) = 1.

If |7} = oo, we can find a subsequence of {u,}, then we denote also by {u,}, such that

uy =9 (d (Tm'l:rg,T“"'lsco)) for n large enough.

In this case, we obtain from (4.19)

1 < 6{d(T 2, T 2xg)) < [0 (d (T 1zg, T ag))]"

[

[6 (@ (T %20, T"0))]* < . < [8(d (0, T?20})]""
for n large. Letting n — oc in the above inequality, we obtain

im0 (d{T"20, T 22)} = 1. (4.20)
Then in all cases, (4.20) holds, Using (4.20) and the property (©2), we have

‘_‘Eﬂmd (Tnxo’gm+2z0) =0.

Similarly from (©3) there exists ny € N such that

d (T"2g, T 229) < ll for all n > na, {(4.21)

nr
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Let h = max {ng,n1}. we consider two cases,

Case 1: If m > 2 is odd, then writing m = 2L + 1, L > 1, using (4.17), for all n > h, we obtain

d (T o, T ™20) < d{T"z0, T" 'x0) +d (T xo, T o)

Fo 4 d (Tn+2L.T0,Tn+2L+1m(])

1 1
— bt
(n+1)? (n+2L)"

Fa

IA
™3 3]~
T =

+

ey
[l
=

Case 2: If m > 2 Is even, then writing m = 2L, L > 2, using (4.17) and (4.21), for all n > h, we have

d(T 20, T ™wg) < d (T 20, T a0) +d (T"* 20, T"+320)

+o + d (Tﬂ+2[’_1$0, Tﬂ+2ng)

1 1 1

< S+——tt————
n¥ (n+2)7 (n+2L —1)*
— 1

< >
= tr

Thus, combining all cases, we have
— 1
d [T”a:o,T”"'mmo) < Z =T foraln>h,meN,

o
Since the series Z < is convergent {since 1 > 1), we deduce that {T"z¢} is & Cauchy sequence.
T

=n

From the completeness of X, there 2 € X such that T"z3 — 2 as n — oo. Now, we assume that T

is continuous. Hence, we have
2= lim T" 2= lim T(T ) = T( lim T":ro) =Tz
Tt 0 Tt 00 =00
Next, we will assume that condition (4.2) holds. Hence 5 (2} > 1. Without restriction of the generality,
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we can suppose that TRxg % » for all n (or for n large enough). Suppose that d(z,Tz) > 0, using

condition (1), we have

6 (d (1720, T2))

< a(Tzg) B(z).0 (d (T""'l:co,Tz)) .

d('P" #g, TnH :co) d{=,Tz)
d(z,Tz), T+ a(T %0, 2}

B 2k
d (Tnxo-: 2) b d (Tnml:h Tn+1x0) 1
= 41 max .
d(z,Tx)

ok
d(T"xy, z),d (T™xe, T x0) })

[Fal
¥ > 1
—

g

g
e,

Which implies

0 (4 (T 20, T)) < [ﬂ (max{ d(T"20,2) ,d (T"20,T"120) , })] |

d(z,Tz)

Letting n — oo in the above inequality, using the continuity of # and Lemma 1.5.5, we obtain
6(d(zT=) < [0 (d(=zT2))" < 8(d(zT2),

which is a contradiction. Thus we have z = T'z, which is also a contradiction with the assumption: T
does not have a periodic point. Thus T has a periodic point, say z of period ¢g. Suppose that the set

of fixed points of T' is empty. Then we have

g>1and d{z,Tz) >0
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By using condition (1} and inequality (4.11}, we get

8(d(zT2)

8 (d(T?2,T9%2)) < a (T '2) B(T%2) 6 (d (T2, T 2))

[Fa¥

[6(d(z T2 < 8(d(2,Tz)),

which is a contradiction. Thus the set of fixed points of T is non-empty (that is, T has at least one fixed
point ). Now we suppose that z,u € X are two fixed points of T such that d (z,u) = d(Tz.Tu) > 0.

From the hypothesis, we find that o {2z) > 1 and 8(z) > 1. Using condition (1}, we obtain

9(d(zu))

8(d(T=,Tu)) < a(z) B () B(d (T, Tu)

I

[6{d(z,w)]* < 8(d ()},

it is a contradiction. Therefore T has a unique fixed point.

Also we can obtain the following corollaries from Theorem 4.1.6.
Corollary 4.1.7 Let {X,d) be a complete metric space, T : X — X be a given map and let
@, 5: X — [0,00) be two mappings. Suppose that the following conditions hold:

{1} there exists & € © is continuous and % € {0, 1) such that
x,y € X, d(T2,Ty) # 0= a(z) 8 (3) 0(d(T2,Ty)) < [6 (R(z, 1))}",

where

(&, Tz)d(y, Ty)

Bz, y) = max{d{x,y),d{z,Tx),d(y, Ty), d 1+ d(z.y)

b,

(2) there exists xp € X such that a(xp) > 1, 8{z¢) > 1 and #(Txp) > 1,

(3) T is a ¢yclic (¢, B)-admissible mapping,
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(4)one of the following conditions holds:

(4.1} T is continuous,

(4.2) if {z,,} is a sequence in X such that 8 (2,) > 1for alln € N and x, — & asn — 00, then
BSlx) = 1.
Then T has a fixed point. Furthermore, if a {z) > land 8 (x) > 1 for every fixed point x € X, then
T has a unique fixed point,
Corollary 4.1.8 Let (X,d) be a complete gm.s and T : X — X be a given mapping. Suppose that

there exist 8 € O is continuous and & € (0,1) such that
zy€X, d(Tz,Ty)#0=>0(d{TeTy) <[ (B(=y),

where

R (z,y) = max {d (z,y),d (2, T}, d (v, Ty), %ﬂ} '

Then T has a unique fixed point.
Proof. Setting « (z) =1 and 8{x) = 1 for all £ € X in Theorem 4.1.6, we get this result.
Corollary 4.1.9 [34] Let (X, d) be a complete g.m.s and T ‘X —Xhea given mapping. Suppose

that there exist # € @ is continuous and & € (0,1} such that
z,y € X, d(Tz,Ty) #0=>0(d(Tz,Ty)) < [0 (M (z,1)I",

where

M{z,y) = max{d(x,y),d{z,Tx),d(y,Ty)}.

Then T has a unique fixed point.




4.2 Some cyclic contractions via cyclic (o, 3)-admissible map-

ping

In 2003, Kirk et al. [4] introduced the concept of cyclic mappings and cyclic contractions as follows.
Definition 4.2.1 [4] Let A and B be nonempty subsets of a metric space {(X,d). A mapping T :
AUB — AUB is called cyclic if T(A) C B and T(B) C A.
Definition 4.2.2 [4] Let A and B be nonempty subsets of a metric space (X,d). A mapping T :
AU B — AR is called a cyclic contraction if there exists k& € (0,1) such that d(Tz, Ty) < kd(z,y)
forall z € A and y € B.

Notice that although a Banach-contraction is continuous, a eyclic contraction need not to be. This
is one of the important gains of fixed point results for cyclic mappings, see ([9], [10], [11], [41], [42],
48}, [49], [51], [52], (53], [59]).

In this section, we apply Theorem 4.1.1 for proving fixed point theorems involving a cyclic mapping
in generalized metric spaces.
Definition 4.2.3 Let A and B be nonempty subsets of & g.m.s (X,d). A mapping T : AUB — AUB
is called cyclic if T(A) € B and T(B) € 4.
Theorem 4.2.4 Let A and B be two closed subsets of a complete g.m.s (X, d) such that ANB £ 0

and T: AUB — AUBR be a cyclic mapping and 6 € ©. Assume that
6(d(Tz, Ty)) < {6 (d(z )",

for all x € A and y € B, where k € (0,1). Then T has a unique fixed point in AN B.

Proof. Define mappings a, #: X — [0,00) by

a(:r)———{ 1, freAd and,B(:r):{ 1, ifxreB

0, otherwise 0, otherwise
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For z € A and y € B, we get

o () B (y).8(d (T, Ty)) < (8 (d(= )"

Therefore condition (1) of Theorem 4.1.1 holds. It is easy to see that T is a cyclic {o, §)-admissible
mapping. Since AN B # B, there exists g € AN B such that a(xo) > 1, 8(@e) > Land §(Txo) = 1.
Next, we show that condition (4.2) in Theorem 4.1.1 holds. Let {2,} be a sequence in X such that
S{z,) » 1foralln € N and z, — & as n — o0, then 2, € B for all n € N. Therefore r € B.
Which implies 8 (z} > 1. Now, the conditions (1), {2), (3), and (4.2} of Theorem 4.1.1 hold. So, T
has a unique fixed point in AU B, say z. If z € A, then z = Tz € B. Similarly, if z € B, then we have

z € A. Thercfore z € AN B,
Corollary 4.2.5 Let A and B be two closed subsets of a complete metric space (X, d) such that ANB

#Pand T: AUB — AU B be a cyclic mapping and § £ ©, Assume that
8(d(Tz,Ty)) < [6 (dle, v,

for all x € A and y € B, where k € {0,1). Then T has a unique fixed point in AN B.
Example 4.2.6 Let X = R endowed with the usual metric d{z,y) = |t —y| for all z,y¥ € X and
T: AUB — AU B be defined by Tx = —§ where A = [-1,0] and B = [0,1]. Also define

& : (0,00} — (1,00) by 8(f}) = €*. Then T has & unique fixed point. Indeed, for all x € A and all

y¥ € B, we have

0(d(Te,Ty)) = eTo~Tol = =57 = [,gl:-»—m]é
< [elm—yl]k, where k € [%,1)

= [0(d(=m))*.
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Therefore, the conditions of Theorem 4.2.4 {or Corollary 4.2.5)hold with k € [%, 1)and T has a unique
fixed point (here, z = 0 is & unique fixed point of T).

Similarly, we can prove the following theorem.
Theorem 4.2.7 Let A and B be two closed subsets of a complete g.m.s (X,d) such that ANB # 0,

T:AUB — AU B be a cyclic mapping and 8 € O is continuous. Assumne that

6(d(Tz, Ty)) < [0 (R(z,1))]*;

d(z, To)d(y, T)

R(z,y) = max{d(z, y), d(z, ), dy, Ty), = e =

b

for all z € A and y € B, where k € (0,1). Then T has a unique fixed point in AN B.
Corollary 4.2.8 Let A and B be two closed subsets of a complete metric space (X, d) such that ANB
#0.T:4J)B — AU B be a cyclic mapping and # € € is continuous. Assume that

8(d(Tz,Ty)) < [8 (R(z,y)))";

(=, Tx)d(y, Ty)

R(m, y) = max{d(m, y),d({lf., T'T)r d(ya Ty)'l ¢ 1 + d(m,y) }’

forall x € A and y € B, where k € (0,1). Then T has a unique fixed point in AN B.
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