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Preface

Pakistan is facing serious threat of water scarcity, which requires water rcsources

management. Water scarcity is directly linked up with climate change which includes

frequent droughts and floods in different parts of the country. Therc is high variability

w.r.t rainfall, temperaturc, and climate extremes that affect agriculturc, hydropower,

drinking water, industry, culture, and consequently the economy of Pakistan.

According to German Watch, Pakistan is at 7th position in most vulnerable to climate

change and its adverse impacts among the top ten countries in the world. Unfortunately,

it has been less developed with low adaptation infrastructure. As a rcsult. monitoring,

assessing, and forecasting of droughts using statistical techniques have gained much

attention. The drought events become mone sevene with growing water demand due to

expansion of agricultural sector. energy sector. industrial needs, and rapid growth in

population of Pakistan.

'l'hese and many other problems determine the need to plan these water-related

hazardous issues and to know about the drought phenomenon in the country. It is

important to know about the areal climatic changes based on regionalization w.r.t

drought and to determine the variability according to similar climatic characteristics.

Climatic variability over the country requires separate region-wise drought forecasting.

Droughts are quantitatively measured by constructing indices. Since a number of

drought indices are available in the literature, which may produce different projections

and therefore, the analysis may be conducted by using morc than one indices. Also.

there is need for a deep and comprehensive study based on drought characteristics such

as drought duration and severity in the country. l'heretbre. this study is designed to

investigate comprchensive drought risk assessment in Pakistan. In this era of changing

climate, it is necessary to be awane of the drought and wet conditions ofthe country for

better water planning and management. It has also significant role in agriculture and

socio-economic growth of Pakistan. This study consists of six chapters. A brief

description of each chapter is given below:

Chapter I is introductory and contains a brief background of drought and water

rcsounoes. A d*ailed literature review is includcd in the chapter. Literature contains

several methods and its applications to assess, monitor, and forecast drought risk based

on homogenous climatic regions (HCRs) and projections using various drought indices.

v
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On the basis of literature rcview, research gap is extracted, and objectives of the study

are specified. It is found that no statistical study has been conducted to identifr

homogeneous climatic regions and to assess region-wise drought risk in the case of

Pakistan. MorEover, each of the drought index proposed in the literature has some

limitations. Hence, objectives of the study are specified as (i). Quantitative

measunement of drought phenomenon for the selected metrological stations across

Pakistan, (ii). Identification of Homogeneous Climatic Regions (HCRs). (iii).

Univariate and Bivariate drought projections at regional level in Pakistan, and (iv).

Introduction of a new drought index. Lastly, some details are given about the

significance of the study, scheme of the study, selection of metrological stations. and

sounce and type ofthe data.

Chapter 2 presents the methodology to classify the areal changes of climate by

constructing indices, and to construct HCRs w.r.t drought. Climate data of precipiation

and temperature of 55 metrological stations across Pakistan are used to quantify drought

phenomena by constructing indices for statistical investigation. Drought events for the

stations are calculated using series of Reconnaissance Drought Index (RDI) and

Standardized Precipitation Index (SPI) at l2-months' time scale based on threshold

level of -0.85. The stations have different numbers of events for RDI and SPI and arp

used to calculate L-moment ratios for each metrological station of the study. Secondly,

site characteristics (latitude, longitude, elevation, mean and standard deviation of

precipiation) of stations are used to classify the metrological stations through cluster

analysis into five subjective homogenous groups. Lastly, discordancy and

heterogeneity measures ane used for possible heterogeneity of subjective groups.

Ultimately, five HCRs w.r.t RDI and SPI are identified over Pakistan. The research

work of this chapter has been published in International Journal of Climatolory;

DOI: 10.1002/joc.6214 & Theoretical and Applied Climatology; DOI:

10. I 007/s00704-020-031 09-3.

In Chapter 3, the newly constructed HCRs are considercd for futurc drought

projections based on the RDI and SPI indices in Pakistan. According to the areal

changes w.r.t drought and water resounces, the regions need separate climate

forecasting/projections for drought risk assessment. For this purpose, drought events

ane used to find the most suitable probability distributions from five 3-parameter

i



extreme value distributions using the L-moment ratio diagram and goodness of fit z-

test. The selected probability distributions arc estimated using L-moments technique

and are used to find three types of drought projections based on statistical method of
frequency analysis. Firstly, regional quantiles are calculated to cover a large arca for

drought risk assessment. These projections ane more reliable for planning at a large

level due to the maximum number of drought events from multiple sites in a region.

Secondly. at-site quantiles are obtained by multiplying the drought mean value of the

sites with regional quantile values for planning at the grass-root level using every single

sirc of the study area. These quantiles show high variability and uncertainty among the

results of the stations. The at-site quantiles have greater uncertainty compared to

regional quantiles due to the lesser number of drought events at only a single site.

Thirdly, sometimes there are vast areas with no gauging stations which need to be

investigated. Hence, ungauged site projections are obained to study the areas with no

metrological stations using quadratic regression technique. According to 90o/o error

bound and root mean squane error, regional drought projections show high similarity at

lower return periods but approximately after l0 years of rerurn periods the variability

and uncertainty increases. ilegions I and2have no significant chances of drought while

regions 3 and 4 have more chances of drought. Region 5 has a moderate drought

condition. The results of this chapter are published in Stochastic Envircnmental

Research and Risk Assessment; DoI 10.1007/s00477-020-01g79-w and

Environmental Processes; DOI : I 0.1 007/s4071 0-020-00 479-9.

In chapter 4, the drought characteristics i.e., drought duration and drought severity, are

used for a deep investigation of drought in Pakistan. Drought is a multi-faceted

relationship of several correlated random variables such as drought duration and

severity. For this pur?ose, the RDI and SPI indices are used to calculate the drought

series at l2-months moving time scales and extracted the extreme drought events along

with duration and severity using threshold level for each station. The extreme drought

events are used to construct five bivariate homogenous climatic regions (BHCR) using

drought duration and severity for more reliable drought estimates. The two variables

are strongly correlarcd. In case of correlated variabtes, conventional statistical methods

may be unreliable due to differcnt probability distributions for the variabtes. Such

conelated variables can be objectively tackled through copula function even if the

variables have different probability distributions. For this purpose. five probability

iii
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distributions arp checked, and most suitable probability distributions are selected for

duration and severity variables within the BHCRs. Similarly, three bivariate single

parameter copula functions are checked, and Gumbel-Hougaard (G-H) copula function

is selected as best fit copula function through various statistical methods for all the

BHCRs. Bivariate joint and conditional regional drought projections arc obtained

through G-H copula by joining the selected probability distributions using severity-

duration frequency (SDF) curves and numerical formulas at 1.25. 2.5. 10. 25. 50, and

100 years of rcturn periods. Forjoint drought projections. the primary i.e., Tsp & Tnuo

while secondary i.e., T16x r€turn periods are estimated where TKsN lies in between T6p

& Tnno. Conditional return periods have high projections at fixed severity (or duration)

compared to joint rEturn periods. Regional projections show that rcgions l, and 2 have

moderate, region 4 has maximum, and region 5 with fewer chances of droughts

repeating in tlre futurc. Whereas region 3 has mixed results for joint and conditional

retum periods. [n regions 3 and 5. conditional return periods have abrupt changes after

30 months. The research work presented in this chapter have been published in Anrbian

Journal of Geoscience; doi.org/I0.t007/sl25l7-021-0t6454 and journal of

Environmental Modeling and Assessment (accepted on lTih September 2022).

In chapter 5, a new drought index for measuring drought risk measurcment is

proposed. Drought is an extrcme hydrological event and prcper management is

necessary to get rid of potential future losses. Drought indices are the statistical tools

for understanding and finding drought events and for simplifying the nexus of climatic

variables. In this chapter, Standardized Copula-based Drought lndex (SCDI) is

proposed. The proposed index is based on the idea that the two aridity' indices. i.c.

[JNEP aridity index (UAI) and De-Martone aridity index (DAI) based on precipitation.

temperaturc, and potential evapotranspiration, are combined by employing Copula

methodology. Five probability distributions anc used to select best-fit distributions for

UAI as well as DAI series. Both the drought series are strongly correlated and arr

suitable to use copula function. Four copula functions arc tested to find the best fit
Copula function to join the cumulative probabilities of UAI and DAI series. The joint

series of cumulative copula function is standardized to get SCDI index for each

respective station. Research work of this chapter is has been published in the

International Journal of Environmental Science and Technologa;

httos//DOI: f 0. I 007/s13762-022-044 I l -,5.



=

Chapter 6 presents conclusion, policy suggestions, and contributions of the study.

Major contribution of the study is to classify the whole region of Pakistan into 5

homogeneous climatic regions w.r.t drought conditions using valid statistical

techniques to make region-wise forecasting of drought condition while using both

univariate as well as bivariate statistical approaches. Based on the conclusions, policy

steps are suggested for combating drought risks in each of the region in Pakistan.

According to the results. rcgions I and 2 have glaciers and rainfall with rare chances of

drought and region 3 has more variability. which may be due to fewer metrological

stations. In Region 4, there are low chances of drought occurrence on the basis of

univariate analysis, but bivariate analysis provides more rcliable results which predicts

high and frcquent chances of droughts in this rcgion. No severe thrcats of drought

occurence arc predicted in the region 5. Hence major threats of droughts are predicted

in regions 3 and 4, which consist of the stations lying in Sind and Baluchistan provinces.

Construction of dams in northern arcas to storc water, overcome deforestation, and

incentives for plantation in the regions 3 and 4 are some of the important policy

suggestions for policy makers. Lastly. a new multi-scalar Standardized Copula-based

Drought Index (SCDI) is introduced by combing two other drought indices using

precipitation, temperature. and PET data. It may be considered an important

contribution in the literature of drought analysis.

-
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Chapter-1

Introduction

l.l Bachground

Statistics is a Science that addresses the steps of collecting and improving data,

analping and modeling objectives, validating and reporting rcsults, and indicating

fallacies in case of ignoring statistical rcasoning (Weihs and lckstadt,20l8). Statistical

modeling is used for simplifying the complex interactions among factors using

mathematical networks (Pearl, 1988; Koller and F'riedman. 2009). lt is an applied

discipline to be used in engineering, environmental sciences, physical sciences, social

sciences, business, and so forth (Ramachandran and Tsokos,2020). Applied statistics

is a collection of statistical techniques and applications using collected data for the

statistical formulation, explanation, and validity of certain formulas or tests (Sachs,

2012). Hence, appropriate knowledge of statistical methods is necessary for meaningful

conclusions about any random phenomenon. Natural and social issues arc random

events and have a certain degree of uncertainty to occur. Statistical methorls are used to

quantitatively measure the unceftainty of the results which is one of the main rcasons

for data collection and analysis (Naghettini,20l7).The climatic events are not constant

and show irregular patterns and fluctuations to occur. Thereforc, weather forecasts are

undeniably uncertain (Wilks, 201l). Climatic events are random in nature and cannot

be fully predicable. but statistical inferpnce ofdata may provide sufficient information

through weather forecasting. Environmental statistics are used for planning climatology

and risk assessment using extneme climatic events due to their uncertainty ofoccurrence

(Wilks, 201l). In statistics. some common natural issues for research are related to



modeling the effect and risk assessment of climate, environment, and water rcsource

management (Hipel and Fang,2013).

Drought is a naturally happening phenomenon with damaging properties to ecosystems,

water nesources, social activities, agriculture, and causes human losses, which is least

understood and not easily controllable (Wilhite, 2012: Kis et a1.,2017). All these issues

are directly or indirectly related to Sustainable Development Goals (SDGs). 17 SDGs

of the 2030 agenda set by the United Nations coverthe dimensions of social, economic,

institutional empowerment, environmental, etc., for the well-being of humans in the

world (UN, 2022). These dimensions are assessed and planned based on datasets

relevant to each SDG which are collected using statisticat methods. Statistical methods

work precisely which contributes to the improvement of sustainability due to its

services in a better way at each stage in modeling and evaluating SDGs (lstat, 2O2l).

Drought is a slowly occurring phenomenon of climate and is defined as a percistent

precipitation shortage over a region for a definite period (Beran and Rodier 1985).

However, temperatune. potential evapotranspiration (PET). and strcamflow atso have a

strong role to characterize drought mor€ comprehensively (Vicente-serrano et al.,

2010; Zargar et al., 201l). Bryant (1991) stntistically characterized and ranked hazad

events e.g., drcughts, earthquakes, floods, tropical cyclones, and others based on

characteristics including areal extenl degree of severity, economic losses, length of

events, long-term impacts, loss of life, suddenness, social effects, and occurence of

associated hazards. Drought is ranked at the top of the hazardevents based on most of

these characteristics. It is a multivariate climatic issue that has more effects on people

and the ecosystem compared to other hazards (S0nmez et a1.,2005).



Drought planning and administration have three important steps: (l) monitoring and

timely warning, (2) dncught risk assessment, and (3) mitigation and early response to

drought affected areas (Wilhite and Svoboda, 2000). ln the first step, climate data i.e.,

rainfall, temperature, PET, and stream flow are used through drought indices for

drought monitoring. Drought indices ar€ statisticaltools for understanding and finding

drought events as well as for simplifying the multivariate relationship to manipulate

data of single or multiple climate variables (Angelidis et al., 2Ol2). An index gives a

more compnchensive understanding of drought phenomenon for decision-making,

planning, and management as compared to raw data of the variables (Hayes, 2006). The

nature and type of drought indices reveal different conditions about dryness,

abnormalities or deferred agricultural and/or hydrological effects like loss of soil

moistutp and depressed reservoir heights (Zargar et al., 201 l). These effects are mainly

due to the variables used in the development of drought indices. There are many types

of drought indices, and each has its own merits and demerits which make it diflicult to

select the best one (Mishra and Singh, 2010). A single drought index may not

reasonably quantify the severity and amount of drought effecrs (l{eim. 2002).

Thercfore, more than one dnrught indices can be used to explain maximum drought

variability of an area.

In the second step, drought risk is assessed in the form of regional projections using

statistical techniques like frcquency analysis. However, for regional projections,

homogeneous climatic regions (HCRs) ane constructed using drought events and

characteristics based on statistical methods. The HCRs arc groups of sites with similar

drought characteristics and identical probability distribution which provide a basis for

rcliable impact assessment studies (Hosking and Wallis, 1997; Mirakbari et al., 2010).

Hence, identification of HCRs for drought is an important step in devising effective



policies and combating the adverse impacts of climate change at the national level,

particularly in the arid arpas. Furthermore, statistical techniques ane used to assess and

forccast drought risk and monitor it at the local or regional level for better planning of

agriculture, and water rcsources to get rid of future losses as much as possibte. Regional

fiequency analysis (RFA) approach based on probability distributions is effectively

used for drought risk assessment and forccasting all over the world (Feng et a1.,2014;

Ganguli and Reddy, 2014: Kaluba et a1.,2017; Ullah etal.,2020b. c). Forecasting for

one site is calculated using at-site frequency anatysis. But mostly in climatic exfipme

events, there is a shortage of data at a site which minimizes validity of statistical

projections (Goyal and Gupta, 2014). Thereforc, HCRs are used to solve the problem

of small data and to obtain regionaldrought forecasting using RFA.

Drought is a multi-faceted relationship of several correlated random variables i.e..

drought duration and severity, where multivariate statistical analysis gives a betrcr

description and explains maximum variability (Mirabbasi et al., 2012). Drought

duration and severity are important variables to be used for bivariate projections and

drought risk assessment based on severity-duration frequency (SDF) curves

(Hailegeorgis et al., 2013; Chebbi et a1.,2013). Thus, muttivariate statistical analysis

may provide more information for drought assessment and forecasting. In the third step,

the outcomes in steps one and two are utilized for mitigation and early response 3o

drought affected aneas or peoples.

Drought monitoring heavily depends on rainfall, but temperature, which regulates

evapotranspiration and affects surface as well as groundwater levels, is also a crucial

factor in the presence of drought (Topcu and seckin , 2016; eaisrani et al., 2o2l).

Drought severity is increasing because of global warming and temperature is thus

4



i

regarded as a key factor in drought evaluation (Zhao and Dai 2015; Hui-Mean et al.,

2018). Global warming may also possibly incncase evapotranspiration morc than

precipitation (Trenberth et al., 20141, Vicente-Serano et al., 2014). Water vapor is

incrpascd by 7% which incrrases the total capacity of precipiation by about l-2o/ofor

warming of l.C on the globe (Guardian, 2020). Henge, warming of climarc might lead

to extended droughts, heavy rainfall. and a higher risk of flooding due to melting

glaciers that cause human fatalities, economic losses, and social issues. PET is

underestimated in arid and semi-arid areas while overestimated in humid and semi-

humid arcas using the Thomthwaite equation (Jensen et al., 1990; Van der Schrier et

al., 201 l). Therefore, it is better to define a multifactor index that uses temperature and

PET factors along with precipitation to explain more climatic variability in a region.

In this era of climate change, drought is a serious issue that affects water nesoutrces,

agriculturc, and human lives. This issue is worsening in developing counffies like

Pakistan where drought occurs more fiequently. It impacts water availability and

quality, which is directly affecting the economy and food supply of the country (Qadri

et al., 2018; Qaisrani et al., 2019). However, water management is strongly affected by

climate change which includes an increasing number of droughts and floods. There is

high climatic variability w.r.t rainfall, temperature changes, and droughts in different

parts of Pakistan. Firstly, the northeastern part consists of maximum elevated mountain

ranges of Gilgit-Baltistan, Azad Jammu, and Kashmir (AJK), and attached areas of

Khyber Pakhtoon-Khwa (KPK) with an extremely wet climate, world's 3d largest

glacierc, heavy rainfalls, and low temperature. Secondly, the southwestern part mostly

consists of Balochistan and Sindh provinces which have an extrcmely arid climate,

minimum rainfall, and maximum temperatures and are strongly affected by almost

every drought in Pakistan (Anjum etal.,2012; Sajjad etal.,20l4). Lastly, another part



consists of Punjab, and attached arcas of KPK provinces have minimum elevation and

a mixed climate with heavy rainfall in monsoon season, high temperature, and PET.

AII the above factors provide a motivation for statistical exploration about droughts

characteristics that have hit different arcas and to make future projections of drought

risks in Pakistan. Such an analysis might be hetpful in formutating policy steps for

combating worst effects of droughts and for water resources management. Before

setting the objectives of the study. a detaited literature review about drought modeling

with reference to Pakistan and other countries is given in the following section.

1.2 Literature Survey

Drought is one of the main factors of climate change including floods, wind speed,

cyclones, and otherc. Many studies conducted for various countries are available in the

literature. The studies were conducted using statistical techniques to analyze different

characteristics of droughts and to make future projections of droughts' duration and

severity at regional level in the counhies. To identify drought variability, HCRs are

constructed using site characteristics and drought events, which arc further considerpd

for univariate drought projections through a probabilistic approach of RFA. Drought is

a multifacercd relationship of several characteristics e.g., drought duration and drought

severity. It can bitterly be assessed when morc drought characteristics arc considered

for bivariate HCRs and projections. In literature, various studies were conducted for

differcnt countries using univariate and bivariate approaches to construct HCRs and for

drought projections. A brief review of the studies would be helpful for drought

modeling and futurp projections in the case of pakistan.

Rahmat et al., (2017) used SPI index for the construction of six HCRs based on cluster

analysis and modified Andrew's curue in Victoria, Australia. The HCRs werp utilized



for arrangements and predictions of drought risk assessment. Alamgir et al., (2020)

conducted a study to assess seasonal droughts through SPI index in Bangladesh using

severity-area frrquency curves. Drought projections werre computed using observed

precipiation data for the base period of 196l-2005 and compared with precipitation

data from nineteen general circulation models (GCMs) with three periods, i.e., 20lf

2039,2040-2069, and 207F2099. Hence. the study showed the percentage of areas

affected by drought with different severity categories. Sadri and Burn, (201 l) used datra

from 36 monitoring sites utilizing average monthly stneam flow to construct three HCRs

of droughts using drought duration and severity in three pnovinces of Canada. For

HCRs, Fuzzy C-Means (FCM) method and L-moments technique wer€ combined with

discordancy and heterogeneity measunes. Projections werc made at different years of

rctum periods for the regions. Nffiez et al., (201l) used expected frequencies of low

magnitudes of precipiation totals for 54 stations and observed monthly precipitation

for 126 stations with different durations to study drought in arid regions of Chile.

Probability distributions wene selected and estimated through L-moments approach for

retum periods of drought using RFA. The 3-parameter Gaucho dishibution which is a

special form of the 4-parameter Kappa distribution was used to find quantiles at

different years of return periods.

Liu et al., (2015) spatially distributed China into eight HCRs using Spatial "K" luster

Analysis by Tree Edge Removal method and Standardized Precipitation

Evapotranspiration Index (SPEI) based on rainfalland temperature data of 810 stations

ranging from 196l- 2013. The study was carried out to support water rcsounce

management and agriculturc development in China. Several studies werc conducted for

different areas of china. She et al., (2016) used daily data of rainfall during the rainy

season from 1960 to20l4 to calculate the annual maximum dry spell length (AMDSL)
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in days for 28 sites in Wei River Basin in China. K-means clustering algori0rm with L-

moments mdhod was used to construct four HCRs. The regional best-fitted probability

distributions werc selected for the constructed HCRs to calculate the quantiles of dry

spells at various rcturn periods. This areal distribution has a significant ncle in the water

nesounces management ofthe country. Feng et al.,(2014) comparcd drought and normal

series of l4 sites for a better drought risk assessment in Heihe River Basin, Northwest

China. Data of precipitation for the period of 1960-2010 were used to calcularc the

extreme drought events and normal series using SPI and L-moments method for the

selected sites. The stations were classified into three HCRs with different best-fitted

regional probability distributions. RFA was applied to estimate the regional quantiles

at the selected return periods for both the extreme drought events and normal series. [n

the rcgions, therc were noticeable areal changes in drought and normal series ofextreme

prccipiation. Zhang et al., (20t5) used the methods of FCM and multivariate L-

moments homogeneity test based on drought severity, drought duration, and its joint

effect for Pearl River basin, China. Daily climate data of 588 stations from 1960 to

2005 were analped using SPEI on a l2-months'time scalc. The bootstrap sampling

technique was used to evaluate the uncertainty using curves ofjoint probability. Five

HCRs werc constructed. Bivariate copulas were used to construct joint regional

frequency curyes, regional probability curves, and find ayerages w.r.t to drought

duration, drought severity, and recunence time among drought events. She and Xia

(2018) conducted a study to assess drought risk using SPEI in the loess Plateau in

China. Exponential and Gamma distributions werc best fitted to drought duration and

severity variables along with Gumbel-Hougaard (C-H) copula instead of Frank and

Clayton copulas. Univariate and bivariate probabilities and return periods were

calculated for the joint structurc of the variables at selected rcturn periods.
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Ghosh and Srinivasan (2016) used gridded precipitation data in the range of 1952-2007

for SPI at a 6-months' time scale in the Southem Peninsula of India and consuructed

seven HCRs w.r.t drought using k-means cluster analysis. The L-moments wene

calculated and selected Pearson Type-3 distribution (PE3) for six regions and Wakeby

distribution for one region using the goodness-of-fit test. RFA is used to find univariate

dnought quantiles at various r€turn periods in the rcgions. Ganguli and Reddy (2014)

performed a multivariate analysis of drought risk assessment based on three drought

characteristics i.e., drought severity, drought duration. and drought peak in Western

India. The drought was modeled using SPI at a 6-months' time scale over the

precipiation data ranging from 1896-2005. Trends among the SPI series were found

using Mann-Kendall test by splitting the range into three parts i.e., I 896-1931, 1932-

1966, and 1967-2005. Western Rajasthan, Saurashtra. Kutch. and Marathwada regions

are constructed. For modeling the joint structurc of drought characteristics, severat

Archimedean and elliptical classes of copulas were tested, and Student's t copula was

found most suitable using goodness of fit test and tail dependence. The conditional

probabilities, as well as joint neturn periods, were found through the selecrcd copula

function. The tri'variate frequency analysis for drought assessment was important over

one and two variables frequency analysis and more helpful under changing climate.

Modames (2009) conducted a study based on AMDSL of 37 rain gauge sites to study

the drought risk in Isfahan Province, Iran. Cluster analysis resulted in two I{CRs which

were finally satisfied as homogenous using the L-moment method with different

probability distributions. Sarhadi and Heydarizadeh (2014) used the data of daily

precipitation of 67 sircs with different lengths between 195l-2006 in lran to find the

AMDSL fordrought risk assessment. Ward's cluster method was combined with the L-

moments approach and constructed eight HCRs based on heterogeneity measure. The



best-fiued probability distributions were selected using goodness-of-fit test for the

regions and found regional projections of AMDSL for drought risk. Amirataee et al.,

(2018) used monthly rainfall data of 24 stations from l97l to 2013 acr)ss the Urmia

Lake basin, Iran. The SPI index with a one-month time scale was applied to extmct the

variables of drought severity and percentage of drought-covered arpa. Seven copula

functions from various families werc used to select the best-fit copula function using

selection criteria of AIC, BIC, and RMSE. These criteria selected Frank copula as the

best-fined copula function for the copula-based joint distribution of the severity-area

frequency curye. The joint relationship rcveals that most ofthe basin area was affected

by severe and extreme drought as well as wet behaviors with significant variabilities.

Montaseri et al., (2018) used the Gaussian copula function to compare the traditional

and a newly proposed method for the two drought characteristics i.e., duration and

severity in lran. Exponential and Gamma distributions were selected for the two

drought characteristics and calculated the joint probabilities and return periods of the

sites. Nabae i et al (2019) conducted a study over 102 stations for the drought

characteristics of drought duration, severity, and peak extracted from the SPI index in

Iran. The best-fiued probability distributions werc setected for each drought

characteristic using Kolmogorov-Smirnov test and Chi-square test. The cnoss-

validation Copula Information Critcrion was used to find tlre best-fitted copula from

the three Archimedean Copula functions for the three groups of severity-pe*, severity-

duration, and peak-duration. The selected copula functions were used to calculate the

drought projections at yarious neturn periods in the country. Bazrafshan, et al., (2020)

conducted a study to investigate the drought condition using data from 25 stations for

the arid and semi-arid regions in lran. Drought duration and severity werc used to

identifr three bivariate homogenous climatic regions. Different sets of generalized

r0



logistic, generalized extlEme value and Wakeby distributions werc chosen as the most

suitable marginal probability distributions for the three regions' Mottover' the G-H

copula was selected suitable for region I while the Gaussian copula was best fitrcd for

regions Zand3,respectively to model the joint dependence structulE and return periods

at selected years for the drought variables'

Santos et al., (2010) used rainfall data of 144 stations ranging from l9l0 to 2004 for

SPI to analyze spatial and temporal variability of drought in Portugal' The methods of

principal component analysis (PCA) and k-means cluster analysis were applied to SPI

with multiple time scales and defined three HCRs with different temporal changes of

drought. Santos et al., (2011) continued the HCRs to perform fiequency analysis of

drought risk using L-moments approach. The drought events were extracted using

annual maximum and partial duration series at a threshold level of -0'85' The drought

projections at several retum periods of annual maximum series showed better rcsults

compared to partial duration series. Almazroui et al', (2015) classified Saudi Arabia

into five HCRs using precipiUtion and temperaturp data of 27 stations fiom 1985-2010

based on PCA technique. The main Purpose was to assess economic planning'

particularly in the semi-arid and arid areas with high climatic variability' Topcu and

Seckin (2016) constructed HCRs through clustering combined with L-moment method

using eleven metrological sites in Turkey. sPI at 3',6',9- and l2-month time scales

were used resulting in two HCRS of five and six stations, respectively' The authors

noted that elevations play a key role in the construction of HCRs' Regional Frequency

Analysis was applied and was calcularcd drought quantites at various rcturn periods'

Tosunoglu and can (2016) studied meteorotogical droughts in Turkey using monthly

data from 173 rain gauge stations from 1966 to 2006. PCA method was used to

oonstruct seven HCRs w.r.t rainfall in the country. The SPI index was used to determine
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the drought characteristics of drought duration and severity that had a hig[r conplation.

Various marginal probability distributions wer€ used to find the best fit distributions

for the two variables using the Chi-squarc test' According to the test rcsults' lognormal

distribution was a better choice for duration series and generalized Parcto' Camma' and

weibull distributions for severity series. Different best-fit copula functions werc

selected out of four different copuras for modeling conditional probabilities and joint

rcturn periods for drought durations and severities in the regions'

Dixit and Jayakumar (2022) developed a multivariate drought index (MDI) using

copula functions for a morc comprthensive drought analysis of meteorclogical'

agricultural, as well as hydrological drought conditions' For MDI index' 4-variate

Archimedean copula was performed using precipitation, soil moisturc' streamflow' and

evapotranspiration data. The MDI is used to find drought severity and duration overthe

changing climate for river basin in India using 6 Global Climate Models' The results

show that precipitation with minimum and maximum temperature arc decreasing with

lower drought severity and duration according to future scenarios particularly at high

emission scenarios. Botai et al., (2020) carried out the study to investigate the joint

distribution of drought duration and severity, in the Eastern cape Province of South

Africa. SPI index with 6- and l2-month periods using the monthly data of 22 ruinfdl

stations ranging from I 968-201 8 were considered for the analysis' Five bivariate copula

functions from Elliptical and Archimedean families were used to find the best-fitted

copula function for the dependence measulp of selected variables' Gaussian and Joe

copula functions werc used for the assessment ofjoint return period of drought duration

and drought severity using dual as well as cooperative cases' The Tawn copula

functions described the dependence structure with low probability for drought durations

whereas high probability for drought severities. The joint return periods for dual cases

i
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showed longer periods over all the univariate rcturn periods of drought risk in the study

area. Azam et al., (2018) used SPI index to extract drought duration and severity les

using precipitation rccords of 70 meteorological stations in South Korca' Four HCRs

were identified while pearson type-3 and Kappa distributions were selected as marginal

probability distributions for the two drought variables' Similarly' Gaussian and Frank

copulas werp declarcd as best fitted to calculate marginal and joint retum periods for

the regions. According to Achirc et al., Qo22), meteorological droughts and

hydrological droughts are interrelated, and both are studied for planning of water

resourlces in Ouahrane Basin, Northwest Algeria' The climate data of six rainfall

stations witft one hydrometric station from 1972-2018 were used through SPI and

standardized Runofflndex (sRI) at 1,2,3,4,...,12 months timescales' conditional

retum periods were found for both Upes of droughts using copula functions' Results

show that mean severity of joint hydro-mercorological drought was 10'19' with 9

months duration, and 0.93 magnitude. Kaluba etal',(2017) used precipitation datafrom

35 stations and constructed five HCRs to calculate regional quantiles at various return

periodsofdroughtusingRFAinZambia.TheGeneralizedExtremeValuedistribution

was serected using ttre goodness of fit test o calcurate predicted values at different years

of return periods for drought. The drought has different conditions in different rcgions

of Zambia.

In the case of pakistan, some studies containing drought analysis arc available in ttre

published lircrature. Hussain et al.. (201l) constructed seven HCRs only for monsoon

season (June to September) using climate data of 57 metrologioal sites for Pakistan'

Different clustering methods werp combined with Lambert projection method to satisff

the rcgions. Xie et al., (2013) used precipitation data ranging from 1960-2007 to

calculate sPI results for the sites in Pakistan. sPI results were combined with the PcA

l3



method which categorized overall drought patterns in the country. Adnan (2017) used

SPI index for drought assessment in Sindh prcvince with a focus on the monsoon season

(July-September), using gridded precipitation data from l95l to 2010. Haroon and

Jiahua (2016) combined PCA and SPI results on a 3-months' time scale from January

to March, to find drought changes from 1960-2013 all over the country. Khan et al.,

(2021) considercd SPI and Sundardized Precipitation Temperatur€ Index (SPTI)

indices at 3-month time scales for climate data ranging from 1998-2014 in twelve

stations of Punjab province, Pakistan. Drought duration and drought severity variables

wens extracted which are strongly correlated. Several probability distributions werc

fitted, where Gamma and Weibull distributions were best fitted based on goodness of

fit tests for duration and severity variables of the stations. Similarly, several copula

functions wer€ estimated and checked where G-H copula was the most suitable for

maximum stations of the study area. This study is limited to only l2 stations in Punjab

with no joint or conditional drought projections. SheilJr et al., (2009) distriburcd

Pakistan inlo six general zones using physiographic and climatic characteristics of the

country. Whereas no statistical assessment was done using any kind of data.

Analyses of different studies are based upon different drought indices. Drought indices

are statistical measures that use single or multiple climate variables to get drought

information. Drought events ane extracted from drought indices that arp used in

constructing HCRs and projections. Hence, drought indices play a vital role in the

quantitative measunement of drought to be used in this study. Drought index to be used

for risk assessment and future projections play an important role and hence a brief

review of drought indices is imperative to present here.

Drought indices has been widely used for assessment and prediction of drought events

worldwide which has good effectiveness in managing drought risk assessment and
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m iti gation schemes (Nday i ragij e and Li, 2022), Accord i n g t o Zargar et a 1., (20 I I ), morc

than 150 drought indices have been proposed and incrcasing continuously, and also

mentioned the simple, comprehensive, and combined indices categories. AII these

drought categories are due to the variables and type of indices combined and/or adjusted

for the construction of an index. There art many types of droughts, but meteorological,

agricultural, and hydrological droughts ane common (Wilhite and Glantz. 1985).

Another important type of drought is standardized drought indices which arp used for

monitoring and assessment of drought in a rcgion. These indices anc based on proper

probability distributions and calculated at various time scales to obtain some nice

drought information e.g., drought duration, severity, intensity, peak, beginning, and

ending of drought. Standardized drought indices might be used for the evaluation of

above mentioned three types of droughts e.9., l- to 3-months' time scales are suitable

for meteorological drought, 3- to 6-months for agricultural droughts while 9-, 12- and

so on months are used for hydrological droughts to be used for water rcsounce planning

(Mishra and Singh, 2010). According to Dattra and Reddy (20221, drought can effectively

be monitorcd using multivariate drought indices like Multivariate Standardized

Drought Index (MSDI) instead of univariate drought indices. MSDI was developed by

combining precipitation with soil moisturp data through copula functions. Further,

MSDI is used to find drought duration and severity that highlighted the significance of

multivariate analysis for drought risk assessment in Marathwada Region, India. In

following we give a brief literature rcview of standardized drought indices.

McKee et al., (1993) introduced a standardized precipitation index (SPI) which can be

computed at multiple time scales using precipitation data. The index is based on

probability distribution with specific drought classifications of severity. There is an

inverse relation between drought frequency and duration with change in time scale. The
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index has some good characteristics of drought intensity. magnitude, beginning, and

ending. It is the most used index due to its simplicity and the least data requirement.

Tsakiris and Vangelis (2005) suggest that water deficit can be measured using

precipitation as the input variable and PET as the output. The logic was used and

introduced RDI index to utilize the stated input and output variables with more

comprchensive rcsults at several time scales like SPl. There are three steps in its

formation: the initial values, normalized, and standardized values, respectively. The

index can be more effectively used for hydrological and agricultural purposes and can

be comparcd directly with the LJNEP aridity index. The RDI is physically grounded,

hence it determines the accumulated deficit between the atmospherc's evaporative

rcquircment and precipitation. Vicente-senano et al., (2010) introduced the SPEI index

based on the water balance equation by subtracting the accumulated value of PET from

precipitation. Temperature data was used to calculate PET which plays the role of

temperature variability in drought analysis. The log-logistic probability distribution was

selected from several probability distributions using graphical and numerical statistical

tools. The index can be calculated at multiple time scales and considered morc

reprcsentative due to PET, particularly for agricultural purposes. Ali et al., (2017)

extended the De-Martone aridity index (DAI) to use prccipiation and temperature data

for a more robust technique of drought assessment. A new SPTI (Ali et al., 2017) has

been constructed by adjusting the DAI using temperature for monitoring drought in the

area. Further, the SPTI index has been comparcd with the existing SPI and SPEI indices

to check its results by considering 17 sites in Khyber Pakhtunkhwa prcvince, in

Pakistan. These include extremely humid and arid sites. The rcsults of SPTI have a

strong comelation with SPI and SPEI. It also performed better than SPEI in minimum

temperature areas for drought assessment. SPTI can be calculated at multiple time
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scales like other standardized indices. Palmer (1965) developed the Palmer Drought

Severity Index (PDSI) which is a standardized index with different levels of severities

from SPl, RDl, and SPEI. PDSI is based on monthly data of eight types of climarc data

including evaporanspiration, rccharge, runoff, loss, potential evapotranspiration,

potential recharge, potential runoff, and potential loss. The index is based on a large set

of data, therefore, may not be easy to use particularly in the developing countries where

the climate system is weak.

Some important points may be extracted from the above ncview of literature. Many

studies have been conducted to make drought projections based on statistical techniques

for several countries including Pakistan. Most of the studies used various statistical

techniques for the development of HCRs like PCA method, hierarchical and non-

hierarchical clustering, discordancy measure, hetercgeneity measures, L-moment

apprcach, etc. Identification of HCRs was considercd necessary to determine drought

variability in the study areas and for drought projections using a probabilistic technique

of RFA. Similarly, the studies used multivariate statistical techniques to explore

drought conditions based on drought characteristics. Multivariate L-moments method,

discordancy, and heterogeneity measures werc used for the construction of bivariate

HCRs through different copula functions. The copula models were used for joint

projections of drought in the regions. Drought analyses and future projections of the

studies provided guidelines for policymakers to make plans for water nesounces

engineering, inigation, disaster management, and many more. However, a review of

literatur€ reveals that no study has been conducted on drought analysis and future

projections in the case of Pakistan. There is no comprehensive study that constructed

univariate and/or bivariate HCRs for and future projections for drought risk assessment

acnoss the whole regions of Pakistan.
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Morcover, the existing drought indices have several limiations (Mishra and Singh

2010; Ztgar et al., 201l). For example, SPI is based only on precipitation data which

is insuflicient and explains limited drought variability (Vicente-Serrano et al., 2010;

Lee et al.. 2017). SPEI and RDI are based on precipitation and PET using Thornthwaite

equation. However, PET is underestimated in arid and semiarid areas while

overcstimated in humid and semi-humid arpas using Thornthwaite equation (Jensen et

al., 1990; Van der Schrier et al., 201 l). SPTI is based on precipitation and temperature

data and can binerly be used in low-temperature regions (Ali et a1.,2017). Whereas

PDSI may not be easily computable in many rcgions due to a large amount of daa. To

overcome or minimize these limitations, a new multi-scaler standardized drought index

may be developed using precipitation along with temperature and PET data.

1.3 Problem Statement / Research Gap in Pakistan

Currently, Pakistan has three major risks among others related to climate change and

its impacts on population i.e., l) flooding when melting glaciers, 2) high droughS in

the southeast part, and 3) agriculturc failure that causes food insecurity. All these risks

bring massive disasters including human fatalities, agriculture, and socio-economic

losses. Spatial and temporal drought and wet analyses may be used to reduce socio-

economic impacts and to improve water nesources engineering (Gocic and Trajkovic,

2013). Better water nesourtes engineering has a significant role to fulfill water needs in

Pakistan. According to German Watch, Pakistan ranks 7th among the top ten countries

in the world in terms of climate change vulnerability and negative impacts (Eckstein.

et al, 2016). In the last decades in Pakistan, rainfall-rclated events like droughts and

floods have resulted in decline of agricultural output, livestock production, and human

fatalities leading to grtater economic losses (Ashraf and Routray, 2015). Pakistan has
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severc threats and challenges of water scarcity and water nesources management

(UNDP, 2016) which also causes a severc crisis in the energy sector.

These and many other problems determine the need to plan these water-related

hazardous issues and to know the climatic variability which is crucial for beffer climate

planning, drought risk assessment. and water management in the country. It is important

to know about arcal climatic changes based on HCRs for drought. Further, the regions

need independent climate forecasting to assess the futurc climatic variability for all

arcas of the country. Pakistan has severe threats of climate change. Therpfore, these

steps will help in devising effective policies to combat adverse impacts of climate

changes and droughts management at a national level.

However, no study has been conducted to determine HCRs using drought results at

annual time scales to consider all the seasons of the year and/or statistical methods for

Pakistan. Sheiklr et al., (2009) divided Pakistan into six general climatic zones based

on physiographic and climatic features. But the study has no quantitative assessment

based on climatic data or statistical tesS. Furthermone, no study used rcliable statistical

tools to calculate regional drought projections using drought events and/or drought

characteristics all over the country. Thercfore, the present study is designed to

investigate a complete and comprehensive drought risk assessment in Pakistan by

locating HCRs and projections w.r.t drought events and characteristics i.e., drought

duration and severity. This study will be helpful for disaster management departments,

irrigation planning, policymakers, and water rcsources engineering to prepare plans for

droughts as well as water in the country. Moreover, several drought indices are

available in the literaturc but each of the existing drought indices has some limitations.

Satistical techniques may be employed to develop a new drought index in order to
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rcprcsent drought phenomenon by combining the existing indices. The index is based

on precipitation, temperatur€, and PET data. Hence, this study is planned to work in

detail on the following objectives rclated to dnrught risk assessment in Pakistan.

1.4 Objectives of the Study

This study is conducrcd:

l. To quantify drought phenomenon at the selected climatic stations over Pakistan by

constructing drought indices.

2. To divide the stations into homogenous climatic regions.

3. To make futurc projection of drought risk in the homogenous climatic regions as

well as at ungauged sites in the country.

4. To make futurp projections of drought duration and drought severity in the

constructed regions using multivariate statistical models.

5. To develop drought severity-duration-frequency (SDF) curves for various rcturn

periods.

6, To propose new standardized drought index.

1.5 Study Area and Data

Pakistan lies in South Asia with latitudes from 24oN - 38o N and longitudes from 6loE

-76"8 with a total arpa of 796,096 square kilometers. Map of geographical location

along with the neighboring countries of Pakistan is given in Fig. (l.l). Pakistan is

partitioned into four provinces of Punjab, KPK, Sindh, and Balochistan, while Northern

Areas and AJK are directly administered by the federal government. In the north, the

Himalayas, Karakorum, and Hindukush (HKH) arc three gneat mountain ranges that

join in a very complex system of mountains, separated by nanow gaps in the rivers.
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IIgrrc l. l: tttap of Pakistanwith imernational geographical loc*ions-

ClimntG of Pakisun has significant regional variations and is categorized by hot urd

dry summer in the southern part while cold and wet winter in the cxterne nortlrern part

of thc cutnry. Pakish is disributcd in four different climatic seuilms (Sheitfr ef al.,

2009). Firstly, monsoon season (June-Srytunber) with heary rainfall sources in

different pats of the cormtry from dre Arabim Sea and the Bay of Bengal (Adnan,

20lA- Sondly, vintcr season (Dacmbcr-Irfucfr) is onc of the main sources of

rainfrIl in ffre country. The Greatcr Himalayan mountains havc mosfly snourfall

comparod to xainfall. Snow and glacier melt kcep the Indus Basin Riveis i-e., Indus,

Jhclum, end Ctrcnab recurrcnt during thc whole year. Thirdly, the Pre-mmsoon p€riod
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(April-June) which is very hot and dry, particularly in Balochistan, Sindh, and Southern

parts of Punjab. Lastly, post-monsoon season (October-November) is generally very

dry and establishes the shift zone between the monsoon and winter rainfall seasons.

Different natune of climate data is used to measure drought in the world including

observed climate data, simulated/projected data from different Regional Climarc

Models (RCIO and GCM models, rcmote sensing data, and strpam flow data of river

basins. The naturc of data changes the nature of drought measurcd in a region like

metrological drought, agricultural drought, and hydrological drought. Metrological

drought reseanch is usually performed based on observed climate data of precipitation

and temperature. This study focuses on metrological drought assessment and therefore,

the observed climate data of precipitation and temperaturE are used for the selecrcd

metrological stations taken from Pakistan Meteorological Department, Ministry of

Climate, Government of Pakistan (PMD, 2018). For statistically more re liable results,

only those stations are selected in this study for which data of the climatic variables are

available for at least thirty years. On the basis of availability of data, 55 meteorological

stations are selected from all over the country given in Fig. (1.2). The information on

site characteristics. the geographical description of stations, the length of the data

rccord, and necessary statistics of the sites arc given in Appendix-A.

Missing values are the main inegularities in the time series of observed precipitation

and temperature data whene its number varies from site to site given in Appendix-A.

The station of Ormara has a murimum number of missing observations but it is used to

share some of the climatic information in the study results, due to very little number of

stations from a vast area in Balochisun province. Regression method is used for
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estimttiag missing observations in the precipitation and temperature data. The whole

layoutofthe shrdy is as follows.

Figure l. 2: M4 of sclected mctcuological stations of ffrc study area.
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Chapter 2

Construction of Homogeneous Climatic Regions

2.1 Background

Assessment of the past climate is a primary step for planning and mitigation of droughts

and water nesources management (Quesada-Montano et a1.,2018). The primary step for

drought risk assessment is to classify the study arca into HCRs with similar climatic

characteristics using valid and rclevant statistical techniques. The HCRs w.r.t droughts

refer to groups of sites with similar statistical properties that can be used for further

planning of drought and water resources management in the regions. This type of

regional distribution may be used for regional drought management and improvement

measunes. Moreover. construction of HCRs is an important practice in hydrology that

provide a basis for reliable impact assessment studies (Almazroui et al., 2015; Topgu

and Segkin,2016; GhoshandSrinivasan,2016; Rahmat et al., 2017; Kalubaet al.,

2017; Ullah et a1.,2019; Ullah et a1.,2020).

Several statistical techniques arc used for the construction of HCRs with sites of similar

drought phenomena for further investigation of drought features and mitigation

schemes within the regions. Classification of data is a statistical process for organizing

data into similar groups according to some shared characteristics for a mone objective

and reliable assessment (Timm, 2002; Hflrdle and Simar, 2019). Cluster analysis is one

such standard multivariate statistical technique that can successfully be used for

subjective homogenous classes of variables or metrological sites in hydrology. lt is

based on a criterion to classify the set of data into such classes that minimize the

variation within a class while maximizing variation between classes (Rahmat et al.,

2017). Some validity tests are used for the ultimate homogeneity of the subjective
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homogenous regions. The sites in an HCR always have an identical probability

distribution for drought magnitudes except for scaling factor (Mirakbari et al., 2010).

Pakistan consists of regions with high variability due to climatic conditions for rainfall,

temperaturc changes, and drought in different parts of the country (Adnan et al., 2017).

It requires to determine the regions of climatic similarity w.r.t. drought conditions

which is crucial for better water management in Pakistan. To the best of the author's

knowledge, Sheikh et al., (2009) is the only study that has been conducted to mention

six climatic zones on the basis of physiographic and climatic characteristics of the

countty. HoweYer, the zones werc not statistically or quantitatively assessed for

homogeneity using climatic data or tests. Therpforc. these zones need homogeneity

testing based on obserued climate data and statistical measunes. I{ence, objectives of

this chapter include testing homogeneity of these zones and identifying HCRs w.r.t.

drought conditions in Pakistan.

2.2 Material and Methods

We require some data on climate variables and suitable statistical techniques to

determine HCRs w.r.t. droughts based on RDI and SPI indices in Pakistan. Both the

drought indices arc used to find drought events for the analysis. The method of

clustering algorithm is used for subjective HCRs foltowed by the statisticat tests to

validate these subjective HCRs. These are explained in the following sub-sections.

2.2.1 Variables' Construction

The observed climate data of precipitation and temperaturc are used to construct the

necessary variables for the study results. The deails about observed data and stations

are given in sub-section 1.6 and Appendix-A. The variables in this chapter are

constructed in the form of drought series using drought indices and PET. The



Thornthwaite method is used for the calculation of PET from the average monthly

temperatune (T^"on,oC) of the sites (Thornthwaite, 1948) as follows:

PEr = ,u (iJ (-g)(r, .'*;")" (2.r)

wherr II is the heat index calculated as follows:

t2

H =t1r'-'*;''"'

where S is the possible mean monthly sunshine in hourc, d is the days of a month, a is

calculated using the following equation.

a = 6.15 * lg-7173 -t.tt * lg-s112 + L1g * l0-2H + 0.49 (2.2)

(2.3)
l=1

There alp various drought indices available in the literature, which include Palmer

Drought Severity lndex (Palmer. 1965), Effective Drought lndex (Byun and Wilhite.

1999). Reclamation Drought Index (Weghorst, 1996), etc. However. we have selected

RDI and SPI indices which arc considercd meteorological drought indices and can be

calculated for multiple time scales. SPI is a standardized drought index using

precipitation data only and was r€commended by World Meteorological Organization

(WMO) in December2009. Similarly, RDI is also a standardized drought index using

precipiation and PET data which is equally important for agricultural purposes. RDI

and SPI indices give more reliable results with 30 or more years of climate clara

(Karavitis et al., 20 I I ; Mondol et al., 201 6).

RDI is a statistical tool to measurc dry and wet magnitudes of the station by

manipulating climate data. The index is based on probability distributions and is

characterized as a meteorological drought index. It is more significant since drought is

influenced by both temperatur€ and precipitation, especially when investigating
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agricultural droughts. RDI has three stages to be computed. Firstly. the ratio between

accumulated totals of precipitation and PET for any time scale is obtained as follows:

k tk
oP) =I r,,., f\ pgr^n,h = 1 to N &k = 1,3,......

HrtH
n=7 I tl=l

(2.4)

where P*n and PETmn are precipitation and potential evapotranspiration (PET),

rcspectively, of the ntr month atmth year and N, is for the total number of years.

Secondly, the normalized RDI (RDI) is calculated as follows:

RDrff])=ff-'

where cix is the mean of the a[') series. The initial construction of RDI,, by Tsakiris

and Vangelis, (2005) assumcs that af) values follow the lognormal probability

distribution. Thirdly, standardized RDI (RD[r) is calculated as:

RDffiir ='#

(2.5)

(2.6)

where y[^) - h1a{) ), ft is the arithmetic mean of yP) and dp is its sandard

deviation.

However, after detailed analysis at several locations and time scales, it is found that

a[-) series follow lognormal and gamma distributions, but gamma probability density

function shows the best fit for most Iocations and time scales (Tsakiris et al., (2008).

Thereforc, RDI$ can be calculated using gamma probability density function as:

(2.7)

where c is shape, and p is scale parameter estimated by using the maximum likelihood

f (o[!; o, p) = v;r;,;[,|'')*' e-@P')1u,ror a[-) > 0

method as follow:

o=fi(t *
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p=-*

and A is given by:

.tl

A = rn(Er) -*I rn(o[.))

(2.e)

(2.10)
m=l

Wherc n is the number of observations of c[-). Sinrr gamma function is undefined for

zeros of a[-) series while precipitation may contain zero vatues. Therefore, zelo's

probabilities (q) are found $z/n, where z denotes the number of zeros in thea[t)

series and n denotes length of the time scale.

,(rP') = q + <t - q;e(rp)) (2. r r)

wherc O(*') is cumulative probability of incomplete gamma function defined as:

o(,p,) = #T @p,)'-',-('P') 1 u a@p,) (2.12)
0

rne n(af,)) is ttre cumulative probabilities for each uf) value to be converted to

standard normalquantiles to get RDI$ by Merabti et al., (2017) as follow:

RDI$ = l-L(rG[-'))

Where O("f);0, 1) represent the standard normal distribution (Tsakiris et al., 200E).

SPI is a simple probabilistic drought index developed by McKee et al., (1993). The

index can be found using accumulated precipitation data for various time scales like I -

, 3-, 6-. 9-, I2-months, and so on, which are suitable to understand the possible changes

in drought conditions in the arca as follow:

m = 1 to N and k = 1,3,......

k

, =Zr^n
n=l

(2.r3)
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where P,,r, is the value of precipiation of the nth month aJ mth year. Different

probability distributions like gamma distribution, exponential distribution, lognormal

distribution, and Weibulldistribution can be used to calculate SPI index (Guenang and

Kamga, 2014). However, gamma distribution is commonly used and considered the

most suitable distribution whose distribution function is given below:

f (x; u,9) = Vfuyx"-'e-*l\,forr ) o (2.rs)

where c is shape, and p scale parameters estimated based on maximum likelihood

method using the following equations.

"=fi(r*
p=:

A = ln(rJ - *I ln(r1)

I(a)= [r"-'r-'/oat
0

x

G(x) = V:r6l *a-rr-x/p 4,
0

(2.16)

(2.t7)

q(
lt1
\
^,/

r\

where f denotes mean of drought values and A is calculated by the equation:

(2.18)
t=1

Where n is the number of observations of r. While gamma function is as follows:

(2.20)

The cumulative probability (H(r)) is defined using the foilowing equation:

H(x)=q+(r-q)c(x) (2.21)

where q is the probability of zeros and G(x) is the incomplete gamma function as:

(2.22)

SPI is found as standard normal quantiles of the H(z) function by Merabti etal.,(2017)

as follows:

.sPI = 6-t(n@))
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Where 0(x;0,1) is used to represent the standard normal distribution.

The cumulative probabilities of H(r) can also be easily transformed to obtain standard

values of SPI (also can be used for RDI in the above subsection) using AbramowiE and

Stegun (1965) approximation as follow:

z=spr=_(r_ffi

where t = @and 
o < H(x)< o.s.

z=spr=+(t_ffi

where t = 
./ln 

(#) and 0.5 < H(x)< 1.0

wherp co =2 515517, c, =g 802853, cz =0 010328, dt =1.432788, dz =0 189269,

and d3 =0 001308.

SPI and RDI have identical severity levels for drought magnitudes given in Table (2.1).

'l'ahlc 2. l: Classification of RDI and SPI drought magnitudes for severity levels.

(2.24)

(2.2s)

DI value Classes

DI > +2.0 Extremely wet

+1.5 S Dl < +2.0 Severely wet

+1.0 < DI < +1.5 Moderately wet

-1.0 < DI < +1.0 Near normal

-1.5 < DI < -1.0 Moderate drought

-2.0 < DI < -7.5 Sevenc drought

DI < -2.0 Exrrcme drought

Note: The DI standsfor Drought lndex (RDI and SpI indicesl

RDI and SPI are used to quantify and monitor drought conditions of a metrological site.

This study is mainly focusing on hydrological drought risk assessment in Pakistan,
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especially in drought affected regions. Thereforc, RDI and SPI are limited to only

annual time scale for a water year (October-September) to obtain drought information.

A threshold level is used to generate extrcme drought data for statistical analysis of

exfreme events and future planning (Santos et al., 201l). Subject knowledge and

experience are necessary to identify threshold levels (Karim et al., 2017), However,

small threshold levels give week approximation which causes bias in the estimated

rctums while the large level increases variance in estimated parameters due to fewer

observations (Roth et al., 2016; Ullah et a1.,2020).ln literature, different threshold

levels arc used e.g., -0.5 by Liu et al., (2015), -0.8 by Ganguliand Reddy (2012), -0.g5

by santos et al., (201 l), whereas -l by Goyal and sharma (2016). Drought begins when

a negative magnitude of drought series hits -0.85 (Agnew, 2000). Hence in this study,

-0.85 is selected as the threshold level for the identification of drought events.

In hydrology, samples are either selected using annual maximum scries (AMS) which

considers only a single value, or partial duration series (PDS) which considerc all the

drought values that exceed the threshold level within a year. AMS is commonly used

for HCRs and RFA for droughts, floods, and wind speeds (Hassan and ping, 2012;

shahzadi et al., 2013; She et a1.,2016: Fawad et al., 20ls). Thereforc, in this study,

both drought indices are calculated at annual time scales for the selected stations. Run

theory method is used to extract drought events as well as drought characteristics

(Yevjevich. 1967). Negative signs of the events are ignored in the analysis of drought

(Santos et al.,20l l; Goyal and Gupta, 2016).

2.2.2 Cluster Analysis

It is important to introduce multivariate statistical methods in climate change analysis

(Huth and Pokorna,2005). One such multivariate statistical technique is clusteranalysis
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which is used for subjective homogenous grouping of the observations, gauging

stations, and/or climatic variables. According to Hosking and Wallis (1997) initially,

site characteristics are used for subjective HCRs through clustering methods and then

at-site statistics are utilized for testing homogeneity of the subjectivc rcgions. Site

characteristics arc the geographical information of the gauging sites e.g., latitude,

longitude, elevation, mean annual precipitation, standard deviation of the site, etc. At-

site statistics are numerical measurements obtained from data of meteorological stations

such as L-CV, L-Skewness, and L-Kurtosis. Various clustering methods are availabte

in the literaturc. However, we apply any one of the fotlowing two clustering methods.

Ward's clustering method (Ward, 1963) with Euclidean distance forthe construction of

HCRs produces good results in hydrology (Hosking and wallis, lg97). The same

combination of wards and Euclidean distance is also used by Matekinezhad et al., 201 l;

Hassan and Ping, 2012; Lyra et a1.,2014). The Euclidean distance between any two

meteorological stations i and j can be calculated as follows.

,=(8,,-.,r,) e.z6)

wherc x is any characteristic of the two sites. The ward's algorithm combined with

Euclidian distance is used to minimize the emor sum of squar€ (ESS) benveen the

objects or observations.

The k-means cluster algorithm is used as it is simpler. flexible, and has convergence

and invariance properties (Celebiand Kingravi,20l2). This algorithm combines N

sites, with q-dimensional characteristics into k groups in which the distance is

minimized between the sites in a group to its center value. The algorithm converges to
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the best solution for groups if changing sites would not further decrease the sum of

squares of enor value (Hartigan and Wong, 1979).

After clustering, the sites of subjcctive HCRs need not be geographically attached and

final. Some necessary adjustments to the sites are made for physical improvement and

homogeneity of the HCRs, if required. The L-moments statistical method ofestimation

is used to perform the Index-Flood Procedure (lFP). The IFP prccedure is used to

validate the subjective HCRs and find projections. The l,moments method and IFP

procedure ane explained in the following sub-sections.

2.2.3 L-moments Statistical Estimation Approach

ln extrcme events like floods and droughts, the probability distributions are mostly

skewed with small sample sizes containing outliers. In such cases. the conventional

methods of estimation G.g.r maximum likelihood method and method of moments, do

not give reliable estimates. The conventional estimators give biased and non-normally

distributed estimates in small and moderate samples (Wallis et al.. 1974). lhe L-

moment estimation method is an alternative system to the conventional moments and

gives more reliable and unbiased estimates for the above-referred situation. L-moments

alp linear combinations of probability-weighted moments intncduced by Hosking and

Wallis (1993). It is more robust when therc arp outliers in the data and unbiased in the

case of small samples. Let xtn3xz,n3,..3xn,nbe a sample of drought values in

ascending orderof magnitude then the firct four probability-weighted moments (PWM)

are as below:!t

o,=*trro
l=1

p,=t(Pr),,,,

(2.27)
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(2.2e)

(2.30)

wherc, X(i) are the ordered values. The four population L-moments are as follows:

1r= Fo

lz = 20t- Fo

ls = 6Fz- 6h + Fo

7+=20Fs-3002+72h- po

Hosking (1990) defined L-moment ratios for the population presented as foltows.

(2.3t)

(2.32)

(2.33)

(2.34)

L-coefficient of variation (L-CV): , = 
1r/1,

L-skewness (L-Skew): ,, = 
1r/lr,

L-kurtosis (L-Kurt): ,n = 
7n/ 

l,

(2.3s)

(2.36)

(2.37)

The sample counterparts of PWMs ane repnesented by be, b1, b2, dnd 03, L-moments

by 11. 12.13. and la while the L-moment ratios by t, ts,and ta, respectively.

2.2.4 Index-Flood Procedure

The Index-Flood Procedurp (lFP) is a combination of various statistical tests and

methods formulated by Hosking and Wallis (1997). This procedure was developed for

flood events but later it was equally used for rainfall, wind speed, and droughts

(Malekinezhad and zare-Garizi,2014; Yin et al., 2015; She et al., 2016: Topcu and

Seckin, 2016; Fawad et al., 2018). It has mainly two parts, the first to construct HCR

and the second to perform RFA using L-Moment's ratios with the following five steps:

a) Apply discordancy measunes to identify the discordant sites,

b) Apply heterogeneity measures ro the region,



c) Identify best fit probability distribution for the regions.

d) Find parameteru of the best fit probability distribution, and

e) Find quantile function for drought projections.

The first two steps are related to HCR and will be applied in this chaprcr while the

remaining steps arc used for RFA which would be explained in chapter 3.

Discoldancy Measurc (D-): It is a statistical measurc used for data scrcening that

checks the appropriateness of the data for any errorc or anomalies. The measur€ is used

for the identification of discordant site(s) in a group of sites when the statistical analysis

is performed. The discordancy measurc is based on sample L-moment ratios such as L-

CV, L-skewness, and L-kurtosis using drought magnitudes of the gauging stations.

Let us consider a group containing N sites then the D,, value for the ittr gauging site

(i = 1, 2, .,., N) is calculated using the following equation:

Dm - ir(", - [)r5-r1ut - ii) (2.38)

Where u1 is a vector of L-moment ratios i.e., u; = [trr) t{t) ,l',]t, I is the mean i.e.,

il = /V-1 EiLr ui and S is a matrix of sums of squares and cross products defined as

S = Eilr(u t - ii)(ut - i)r .

When D, value is large than critical value in Table (2.2), the station is considered

discordant.

Table 2.22 Critical values for discordancy measurcs (Hosking and Wallis, 1997).

No of sitg ln 5 6 7 8 9 t0 il t2 13 t4 zt5r region

Hetercgeneity

measurcs used

Measures.' Heterogeneity measures (H. r =1,2,3) are

to assess the degree of similarity of sites in a group. It is

statistical

based on
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observed and expected estimates of sample L-moment ratios ofthe sites in a group. For

expected estimates, we rcly on Monte Carlo simulation by generating ilstmu similar

regions from fitrcd 4-parameter Kappa probability distribution through regional L-

moment ratios. The variation is calculated as standard deviation (.S", r =1, 2, 3) using

L-moment ratios as follows:

r*) (2.3e)

,, = (tru, ((t, - f)+ (ti -,il')) lir,

', 
= (tr, (t,- 'lZ*) '

,, = (t rv, ((ti - t!)' + (tL - rn) lir,

(2.40)

(2.4t)

Where IVr is total sites in the itr region, g(i) ;s the ratios of the rth site and tn is the

regional average of ratios of all the sites of a region. The simulated regions arc assumed

to be homogeneous with an equal number of sites having the same length of rccords as

from observed values. The heterogeneity measure of sample L-moment statistics from

obserued and simulated series are calculated using the relation:

H, =ry,forr-l ,2,3. (2.42)

where p, and o, denote average and standard deviation from simulated counterparts of

observed Sr, respectively. Hosking and Wallis (1997) ctassified the vatue of H, based

on its magnitude. If H, 17 then a region is termed as acceptably homogeneous, if 1 S

H, 12 then the region is termed as possibly heterogeneous and if Hr > 2 then it is

termed as definitely heterogeneous. H1, H2, arndHsarc three different heterogeneity

measunes. wherc H1-statistic is based on L-CV, and is a morc significant measure of



L

hctuogeireity, H2-statistics is based on the sample LCV/Lskew and fl3-statistics is

bas€d m the sample L+keu/LKurt respectivety.

23 R,erultr end Dircurrionr

23.I Strtisticel Meesurements of Drought

Standalldizd serics of RDI and SPI is calculatod al a l}-month time scale using

andtanrperdurc de of 55 meteorological stations wittr diffsent lmgths

of more than thirty years. Drought indices with l2-months (annual) are considered

longer time scales to dcscribc hydrological drought and water rcsources deficieircy in a

rcgon (Mishi md Singh, 20t0; Hrom ild liahrr4 Z116). RDI is conputed basod on

precipitation and PET data and therefore, aver4ge monthly terrperature data is

converted to PET using oquation (2-l). SPI index is basd on only precipitation rccords

of thc sitcs. Thc method of ru ilrory is usod to exfirct cxfcm€ drough errents which

are less than or equal to -0.85 threshold lwel. Diagrams of a run theory are calculated

for the sclected sations of botr &ought indices. But diagram of only Islamabad station

is prcscnrcd hcrc in FI& (2.f), &lc to ftc largpr ryacc raquirod. The stations have a

diffcrcnt mrmber of extrme drought events (nnonnsol) given in Trble (2.4) for sites.

fircsc evff6 are used to calculatc sample Lmoments and Lmommts ratios callcd at-

sirc S*i*ics fs ltc sircs usd fm idcntificatim of HCR and dnought projections.

' +i s 6s I ! BE r * r e E Ss5I6 e* 5I E I I E I == *
. _ rEEIg#ffLLiElil[i.[E l.ti li * H E Ei E

Flgurc 2. 1: Crraph of Run lhcory using RDI and SPI scrics for Islaurabad Station.
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2.3.2 Construction of Homogeneous Climatic Regions

Detection of homogeneous regions is necessary for more reliable forecasting of

droughs (Saf, 2010). HCRs are detected in two steps. As an initial step, the proposed

geographical zones of Sheikh et al., (2009) arp checked using at-site statistics for

possible heterogeneity, given in Fig. (2.2). There are six climatic zones while zones I

and 5 arc internally partitioned into zones "a" and "b". The discordancy and

heterogeneity measurcs are employed using equations (2.38) and (2.42), respectively

and the rcsults are presented in Table (2.3). Both parts of zones I and 5 are checked

individually as well as combined. According to the rcsults, zone l(a and b), zone 5a,

zone 5(a and b), and zone 6 have one discordant station using the discordancy measure

based on RDI index. Hetenogeneity measurcs show that zones lb and 5a are

heterogeneous based on both RDI and SPI indices while zones l(a and b), 3, 5(a and b)

and 6 are heterogeneous based on RDI index only. A region is considercd homogenous

when it satisfies both discordancy and heterogeneity measurcs. If any of the nvo

statistical measures arc not satisfied. the region is concluded as hetencgeneous. These

statistical measurcs are considered morc robust and reliable in hydrological sciences

for the construction of HCRs all over the world (Goyal and Sharma,20l6; Ghosh and

Srinivasa, 2016: Fawad et al., 2018). Hence it is finally concluded that HCRs

constructed by Sheikh et al., (2009) are not homogeneous using climatic data.

In the next st€p, a multistage statistical procedure is used to classify the HCRs of

Pakistan. In the first stage. k-mean clustering algorithm is performed for the subjective

homogenous regions based on RDI and SPI indices using sirc characteristics i.e.,

latitude, Iongitude, elevation, mean annual precipitation, and its standard deviation of

the meteorological stations (Hosking and Wallis, 1997), Five subjective homogenous

groups are initially located which indicates that elevation has a key role in the
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construction of regions. These groups may or may not be statistically homogeneous

w.r.t RDI and SPI drought magnitudes. Adjustments are made when some sites are

added, changed, or even removed to improve the homogeneity and physical sfiuctute

of the regions (Hosking and Willias, 1997). Farsadnia et al., (2014) changed several

sites from one region to another while deleting some of the sites which created regional

heterogeneity. Therefore, in the prcsent study regions are adjusted by changing different

meteorclogical sites ftrcm one region to another due to climatic conditions and

geographical attachment. Most of the adjustments are made in the first three groups due

to maximum variability which contains elevated stations with cold climates and

different rainfal I patterns.

In the second stage, the at-site statistics i.e., L-CV, L-Skew, and L-Kurt arp used for

subsequent testing of homogeneity using discordancy and heterogeneity statistical

measures. The discordancy measure is used to check for any discordant station(s) in

any of the groups. The values of the measurcs (Dnu and D5p1) are calculated, giv0.en

in Table (2.4) which indicates that there is no discordant station in any group and

explains the critical values given in Table (2.2). Secondly, the heterogeneity measur€s

arc used to confirm the ultimate homogeneity of the adjusted regions. Hosking and

Willias (1997) suggested that Hr-statistic is the most powerfi,rt measune which has

greater power of discrimination and prefers to be used for heterogeneity as compared

to the remaining H2- and H3-statistics. Thercfore, the values of H1 (Hlqeor;and Hrtsprl)

are used to check the homogeneity of the adjusted regions, given in Table Q.4). All

values of H1 are less than I i.e., H1 < 1. Hence it is concluded that the regions are

acceptably homogenous based on RDI and SPI indices.
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Table 2.3: Discordancy and heterogeneity measures for climatic zones of Sheikh et
al.. (2009).

II1-vrlucs
No of stations

RDI SPI RDI SPI

Zone-lb

Tnne-l

(a&b)

Tnne-2

Zone-Sa

Znne_la 
Astor, Bunji, Chilas, Chitral, Dir, 

O
Darosh. Gilgit. Gupis. Skardu

-0.82 -0.28

3. t9 l.l4 gr

2.24 0.45 HrG)

0.15 0.47

0 r.6r -1.74 HrG)

0.17 -0.26

-0.79 r.r4 gr

0.36 -1.28 H

t.42 0.02 Hr(R)

2.94 -1.t5 Hr(R)

Balakot, Garhi Dupatta, Islamabad,

Jhelum, Kakul, Kotli, Lahorc, Mun€e,

Muzaffarabad, Saidu Sharif. Sialkot

Stations of Zone I (a &b)

Cherat, Dera Ismail Khan, Kohat,

Parachinar, Peshawar, Risalpur

Bahawalnagar, Bahawalpur, Faisalabad,

Khanpur, Mianwali, Multan, Raffique,

Sargodha

Chhor, Hyderabad. Jacobabad.

Nawabshah. Padidan, Rohri

Barkhan, Kalat, Khuzdar. Lasbela,

Quetta, Sibbi, Zhob

Zone-Sb Dalbandin, Nokkundi, Panjgur

Tane-S
Stations of Zone 5 (a&b)

(a& b)

Zone-6 Badin, Jiwani, Karachi, Pasni

00

t0

t0

Note: The D-site and Ht-value represent discordant sites and the first heterogeneity
measure, while the alphabets -H", 'Ht " erd "Il &)" represent the region is Homogenous,
Helerogeneous w.r.t RDI md SPI, and Heterogeneous w.r.t RDI, respectively.
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Figune 2. 2: climaticTnnaof Pakistan dcvcloped by sheilfi ct al., (200g).

The HCT, of RDI alrd SPI indiccs hgrc chrngcs in Jhclum and lasbella stations- Bofr

tlrc ddions arc in rcgion 5 w.r.t RDI indcx but in rcgions 2 wrd4, rcspcctivcty frr SPI

indffi. The Jhehm station does not chmgp ftc homogeireity of regions 2 and 5 to be

inchdcd or exchdcd but frc t sbells shtion has significant ditrercnces for the indices.

Thc HCR. of SPI is more suitable to considerthe geographical locations ofboEr the sites

while RDI is better as PET has a significant impact on climate in Sindh and Baluchi*an

pmvinacs- hsbclla strdon is conplcdy discudmt in rcgrm 4 w-r-t RDI urtile it has

a discordantvalue of 3.06 forregron 5 w.r.t SPI, hence, the station is discordant.

Therc are two possibilitics to overrcome this isrsrc. Firstly, according to Hosking and

Watlis (19971, any sud stations may be rwrovcd ftom thc snrdy. Secondly, Saf, (2010)

uscd rohst discordancy mGasurs (Dfrl tfi the discordant sites based on Lmoments

ratic. It is m altanative mcasune that is rypoxirnetcty cqual to the ctri+quarc (I3r)

distrihtion wittl 3 degrees of freedom (dD fue to t, tr, and t+ The Dt values are oqlaled
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to a fqod c.t-ofrvaln. or1ffi=r.06 insrcad of 3.fi) significance lerel, which is

squrerootofchi+quredisfiihrtiur at0-975 valuewith 3 degrees offteedom (Ncykov

d.al.,zWf[. Hence, comparing ihe Dr value of 3.06 forlasbella ro the cutrfrvaluc of

chi-square orplains thc discordancy problcnr for the SPI index in rcgion 5. Ileirce, by

'sing rohut discorducy measures thc RDI regims becune nritrble for the SPI inde L

Therefore, we can either use HCRs basd on SPI index due to betts geographical

locations or HCRs throtgh RDI indcx b*arse of robust discordanry measures.

Cmsoqucnily, thc ttcw HCRs fon Pakistan are finalized urd are grvcn in Fig O.3) and

Trble (2.4).

Rcgion Cod6 I Rqion 3

. Rcgkn I + Rcgim 4
I Rcgim 2 o Rcgion 5

Arca

Hrltr-rf,dt

ss**,rs*r,a* r^-t

+ffi
0

Grr
ctj 'd ClhIa clt *rtr

lLr.

or-I
$a

- rbrl 0---att ,

^- 
rJ*tp|,--

**.[f*
-h

E-O+.*i

+Ir-, +?+h .- Titt(Lrf,lrrrr
L+

N

"@'
s

Il* Y l-rlr+
llrh,

1,E .- i-

arrlcr H5 0
f,m

of Mct;orulodcd Strtlonr
Ftgure 2" 3: Itdry of Pabsturslrowingthe develryd HCRs.
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2.3.3 Statistical Validity of the ldentified HCRS

It is important to statistically validate the newly constructed HCRs for the climatic

condition using site characteristics and climate data. In Fig. (2.4), the scatter plot of

Mean Annual Precipitation (MAP) and elevation of the sites are performed. The plot

shows good regional clusterc of MAPs with elevation. The MAP increases with the

increase in elevation. Topgu and Segkin (2016) constructed HCRS entirely based on the

elevation of the stations. Hence, elevation plays a vital role in the development of

HCRs.

E
E

oolft

ooo

1000 1500
Elevaton(mast)

RsR5 Rt 
Rrff*r*t R3 Rl Rt

R5

#r R3 R3 R3 H'J:' -' *, Rilf

Nou: thc abhfitadon manl trnns undct fuw sco lzvtln

Figure 2. 4: Scatter plot of Mean Annual Precipitation and Elevation.

Graphical and numerical results of the regions are calculated using precipitation,

temperature, and PET data. A combined graph is constructed to compare the three

climatic variables and are shown areal changes on monthly basis for all the regions to

rcveal the seasonal variation, given in Fig. (2.5) while annual rcsults along with
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elevation arc presented in Table (2.5). A brief discussion of the regional results is as

follows:

Region I has manimum elevated mountain ranges of HKH, joining in a very complex

system with 3d largest glacier in the world. The graph shows maximum regional

rainfall, PET, and temperaturc in the monsoon season from June to September while

minimum temperature and PET fnom December to January. Region 2 lies in the eastern

part of the country with high mountains and maximum rainfall, especially during

monsoon. lt has cold arcas and PET with the least value from December to January.

Region 3 has a mixed climate with some high mountains in Balochistan. The region is

severcly drought-prone with some very dry and hyper-arid areas such as Nokkandi,

with a minimum annual regional rainfall and maximum temperatunc and PET. The

region has high regional variation in its temperatur€s. Region 4 contains the hottest and

driest part of the country which is highly drought prone. The region has the maximum

average minimum temperature and the highest amount of PET compared to other

regions. The maximum temperature and PET with least rainfall may be one of the

reasons for aridity. The region contains the most arid as well as least elevated arpas

with plain deserts and coastal lines along the Arabian Sea. Region 5 includes mostly

the parts of Punjab and KPK provinces with minimum elevation. The region is highly

agricultural land based on both irrigation and rainfall. It has moderate rainfall with

heavy rainfall in monsoon season and highest average temperaturc and PET.

Temperature and PET have significant changes in the last thrce regions (rclated to

Balochistan. Punjab, and Sindh provinces) and make "S" shape for all the regions. The

regions have high variation in their annual average minimum and maximum

temperatures. This discussion of regional results shows g€ater variation among the
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variables from humid to hlper-arid stations. The grqphical presentation and regional

rcsults fully sdisS the consfruction of homoge,mus regions-

Trbh A 5: Regimal mGur urd stmdrd deviation ofprecipitatiqr md tempera,ure.

Avorge ArnrdProcfuirdion ArnurlAvcngcTcmparfurc
Redm

Elcvetion Mcen SI! Minimum Mrrimum

R,cgiur-l 1635.t3 390.33 130.64 -220 34.95

Region-2 955.38 1205.50 147-lO 1.47 35.56

Regim-3 998.00 160.08 179.19 1.57 36.83

Rcgion4 3333 153.00 t7023 13.63 38.30

Regim-S 261.60 47.42 162.62 4.68 41.41
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IIgurc 2.5: Rcgiorrwise compadson of Precipitrtion, PET, and Temperiature.

2.4 Concludon

Homqgenous regions of &onght are used forplmning shategies to cope with thc worse

cottdition ofunter resourcs in Pakistan In this clupter, thc main objcctive is to Iocate

HCTs basd on RDI and SPI indices using rainfall urd tcmperahre data in Pakistan.

The cxisEd climatic zrrrcs arc tcstcd for homogeneity whici is not satisfied- Hence,

ncw HCTs arE constmcted using valid statistical teclmiques and measures. Cluster
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analysis is performed based on site characteristics for subjective HCRs. The L-moments

method is applied to calculate discordancy and heterogeneity measures for the ultimate

satisfaction of the HCRs. These measures confirmed the tive HCRs based on RDI as

well as SPI indices in Pakistan. The regions arc assessed using monthly and annual

rpsults based on observed climatic data which fully confirmed the climatic condition in

Pakistan. These rpsults indicate that there is high variation due to the climate in Pakistan

from humid to hyper-arid regions. Regions one and two have enough water nesounces

while regions three and four are highly drought-prone. Region five has rcasonable

rainfall in the monsoon session.
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Chapter 3

Regional Droughts' Projections

3.1 Background

Statistical techniques play a key role in future dncughts' projections for the assessment

of droughts risks. Various probability distributions ar€ employed for droughts'

projections using frequency analysis. These forccasts are helpful for the planning of

climate-rclated disasters, management of water supply and storage, and drainage

structurcs (Saf, 2010). Droughts affect large arcas with varying intensities and

thereforc, regional classification w.r.t. varying characteristics of droughts is important

for prcdiction and devising combating strategies for these types of risks. (Quesada-

Montano et al., 2018). One such strategy is the Regional Frequency Analysis (RFA)

technique which combines different sites of such characteristics for approximate

homogeneity and projections over a large anea at numerous r€tum periods. Several

studies in literature have emphasized the significance of fiequency analysis in

forccasting various climatic exEemes and preparing for better management (Santos et

al.,20ll; Topgu and Segkin,2016; Ghosh, and Srinivasan,20l6; Fawad et a1.,2018;

Khan et a1.,2019). In the previous chapter, we have identified five homogeneous

climatic regions of Pakistan using RDI and SPI indices at l2-months' time scales (Ullah

et al., 2019; Ullah et a1.,2020). Considering the five homogeneous regions, futurp

climate projections based on drought risk assessment arc done for each region. Drought

mitigation and water rcsourte planning anc rcquincd to protect against disasters from

natural hazards (Quesada-Montano et al., 2018). It is critical to forecast reliable future

fluctuations for planning these water-related hazardous situations. Therefore, the newly
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oonstu&ted nvdrrc'ns maybe consideredbpcrform comprehensive researr,h urcrt on

future drought projections in pakishn

This chaptcr has two main objectives. l) RFA method is uscd to find regional d,ought

projectionsatsclecadretunrperioasusingRDIandspl 
2) secondly, to find,ngauged

sites drought estimaEs forareas with no metuological sit6 nsing euadratic Regressiou

(QR)techniqrrc.

3.2 Mcthodotory

The IFP prrocedure is describcd in subsection 2.2.4,whic,h is rued b constuct HCR aud

b p'oject drought at selected rEfurn pfiiods. The procr&re has five s6ps, where tre
first two stepl are relaH b the coasfruction of HCRs and are discnssed in the above,

mentioned sub'section' while the last three sEp.r of the IFp procedpe are.sed to find
the estimatcs of drought proiec'tioas and are discrused in the fo[owiag sub-scctions.

Additionally, this section contains thc Ecthods to fud the at-sites projections aad

estimatcs of ,-gnrgpd spotr.

3.2-l selection of Bert-tr'it probebitity Dishibution

The selection of probability aisub.tlon is necessary for reriabre d,o.ght projections,

partioilarly at higher rfirm perioas ruing RFA method- Accolrdiqg b Hosking and

wallis (1997)two-parameterprobability distibutions are not suibblc for RFA. Firsfly,
it may prcYidc biased estimatcs of quandles at the tails. secondly, it docs not capture

the shape of tail dependence bitterly. Five 3-parameter distibrutiqrs are more suitable

for measuring rqgronal prrojections. The dishibutions are Genemalized Exfre,me value
(GEv), crcncrarized Nonnar (GNo), G€nerarized Logrstic (GLo), crencnrtized pareto

(GPA), aad pearson Tlpe-3 (pE3), givr,n in Appendir-B. Ifnone of these distib,'tions
are acceptablg then fo,r and five parameters' Irappa (KAp) and wakeby (wAK)



probability distributions are used. These are mostly required if the HCRS arc not

properly homogeneous (Hosking and Wallis, 1997; Yin et al., 2015).

There are two ways to select the best-fit probability distribution. Firstly, the graphical

approach of the Lmoment ratio diagram (L-MRD) is used to comparc the closeness of

L-skewness and L-kurtosis to regional points using five probability distributions. The

method is based on the L-moments prccedure. The theoretical curues of the selected

distributions are also plotted on the same graph to comparc the curves of the

distributions with the rcgional point. A distribution is considercd the best fit if its

theoretical curve is close to the regionalpoint of L-skewness and L-kurtosis. However,

graphical methods provide a rough idea and cannot be used as a single selection method

for best-fit distributions (Hosking and Wallis. 1997).

Secondly, the numerical method of the goodness of fit (COF) Z-test is used which is

considered morc reasonable and practical. The test is used to find the best fit parent

probability distribution for the region based on the Z-tpst using L-moments. The test

assumes that in a homogenous rcgion the data from individual sites within the region

have an identical probability distribution, given as follows:

2ttist -(rtbt -t*+ Pn)

O4
(3.1)

where 'dist' denote the candidate probability distribution, tfist ,r used for L-kurtosis

using candidate distribution while fa is the regional average of L-kurtosis.pa Calcularcs

bias between regional average of L-kurtosis and its kth simulated value using equation.

.b"
F*=*)(,l-'-4 (3.2)

Equation (3.2) finds the average difference between simulated and fitted values of L-

kurtosis. Whereas oa is given by
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(3.3)

The hypothesis of candidate probability distributions would be accepted as best fit

distribution if l2aist | < f.O+S wherc 1.645 is a two-sided z-table value at a l}Yo

value of c. If more than one distribution has less than a 1.645 value, then the one with

least I 2atst lvalue is setected as best fit.

3.2.2 Estimation and Inverse Function of Distribution

The L-moments approach discussed in sub-section2.2.3 is used to estimate the selected

best-fit distributions based on extracted drought events. L-moments approach is

appropriate due to positive skewness and outliers in drought events. Fitted probability

distributions are used to find drought projections. The inverse function is found from

regional best fit distribution and is used to calculate dimensionless quantiles which are

suitable to all the sites in the region. The inverse function is called rcgional growth

curve (8(F)) (Stedinger et al., 1993; Hosking and Wallis, 1997). Q(F) is applied to find

regional drought quantiles at selected return periods, known as regional drought

projections. The at-sitc quantiles arc found by multiplying mean of drought values of a

site with the regional drought quantile values as below:

0,(p) = tr(')a(p) (3.+1

where 0i(F) is the at-site quantile function at non-exceedance probability (0 < F < 1)

for the site i which is the complement of exceedance probability, t[') is the sample mean

of drought evcnts of the lth site called scaling factor, and 0(F) is the RGC, which

rcprcsents the quantile value for a specific retum period (T) of the normalized regional

distribution (Ngongondo et al., 201l). The non-exceedance probability (F) can be

defined in the form of rcturn periods (T) as follow:

on = #(f,o' -'n)' - r,,^u,)"



F =t-L/r (3.s)

3.2.3 Validation of Quantile Estimates

Estimated quantiles of drought always have uncertainty. To assess the accuracy of

regional drought quantiles, Monte Carlo simulations (MCS) method is utilized to

produce several similar regions with similar information as observed daa (Hosking and

Wallis, 1997). For each simulation at the given rcturn periods, the root means squarc

error (RMSE) and a90Yo confidence range of the quantiles arc calculated. In each

simutation, the quantites arc calculated for many return periods with ktr repetition of

simulated drought quantile for the [tr site at F value presented Uy QIk](Ft. Where

relative emor for the drought quantiles is computed as follows:

While the average relative error (RMSE), for the N repetitions is as below:

(3.8)

Also, the rcgional average rclative error (RMSE) of the estimated quantiles is as below:

(of*trrl - o,(F))n-E= oil

il

RR(F) = +I Ri(F)
[=1

The (l- a)100% confidence interval for quantile values is defined as:

itrlrsq(F) =ffi22

Where Lg(F) and Ug(F) denote lower and upper intervals using significance level (a).
z2

(3.7)

(3.e)

(3.10)
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3.2.4 Quantiles at ungauged sites

The meteorological stations have high variability in terms of distance and homogeneity

in Pakistan, mostly in Balochistan province. It is required to evaluate drought

conditions at these ungauged locations. The RFA method has the ability of aggregating

summaty results fiom several sites in the region. Using equation (3.4), the mean value

(11) is necessary for a drought estimate at gauged or an ungauged site in a region. The

rcgression method is used to find llfor flood estimates at ungauged sites using climatic

and physiographic variables i.e., annual average rainfall magnitude, drainage arca of

the catchment (Kumar et al., 2003; zaman et al., 2012; Hailegeorgis and Alfredsen,

2017; Khan et al., 2019). Khan et al., (2019) applied QR technique to find 11 for annual

maximum peak flow quantiles at ungauged sites, between the site's means of flood

magnitudes and average rainfall in the monsoon season in Pakistan. However, there is

no data on the catchment area for rainfall and temperature stations and have non-

identical distances from each other in Pakistan shown in Fig. (2.3). On the other hand,

there is no rainfall record at ungauged sites to be used as an explanatory variable.

The site coordinates i.e., latitude and longitude, uniquely presents a point on the globe

whercas elevation has a vital role in the construction of HCRs (Shahzadi et al., 2013;

Topgu and Segkin, 2016; Ullah et a1.,2020).Therefore, the QR model is applied using

latitude. longitude, and elevation as explanatory variables and index-drought (lr) as a

response variable. The QR model is used to explain maximum variability and measure

non-linear changes in index-drought values, given as follows:

kk

tD = a+ I Pr( site characteristics)+ ) frrtr ite characteristics)z (3.11)
t=1
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where B is the intercept, Bi nd f1ii are regrcssion coefficients white k represents the

number of explanatory variables.

3.3 Results and Discussion

3.3.1 Regional Frequency Analysis

In this chapter, five HCR developed in chapter 2 are considered for drought projections

through RDI and SPI extreme events for evaluation, which might be helptul in

droughts' risk assessment, and water resounces arangements. The conventional

fiequency analysis performed in hydrology assumes the necessary properties of

statistical data that extreme events belong to a stationary distribution and are

independent of one another. ln the case of non-stationarity due to climate change and

time-dependent processes, the retum period might not characterize a comprehensive

measurc of the probability of failure and its application could lead to false rcsults

(Cooley, 2013; Volpi et al., 2015). Checking stationarity and independence between

drought events is beyond the scope of this study because mostly drought events take a

year or several years in their occurrence. Thercfone, we assume that drought events arp

independent and suitable to apply conventional frequency analysis, where the return

period gives better results for RFA.

The selection of the best-fit probability distribution(s) has an important role in the

reliable statistical estimates for regional projections. particularly at higher return

periods (Saf, 2010). Firstly, L-MRD method for RDI and SPI events is used to match

the location and closeness of regional averages of L-skewness vercus L-kurtosis and

theoretical afliliation of the five distributions, plotted in Fig. (3.f). The lines of

distributions in all graphs show that the lines of GPA and PE3 distributions pass close

to the regional average points of both RDI and SPI. Secondly, the GoF z-test is
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calculated for the five distributions wherp various distributions are suitable compared

to critical values using SPI and RDI in the regions. But the distribution with least z-test

value is considercd best fit for a region, as presented in Table (3.1). Hence according

to z-test values, GPA and PE3 are considered the best-fit regional distributions using

SPI and RDI. The L-MRD and GOF test give identical rcsults for the regions and

drought indices. The selected rcgional probability distributions of GPA and PE3 are

estimated using exheme drought events of RDI and SPI series through the L-moments

technique. The estimated parameters of the best fit regional distributions are given in

Table (3.2).

The inverse functions i.e., (0(F)) are found using regional distributions for drought

quantiles at selected rcturn periods, which arc given in Table (3.3). Drought quantiles

alp dimensionless values that rcpresent average drought risk at non-exceedance

probability (D in the future using best-fit distributions for ttre regions. Drought

quantiles arc calculated cumulatively, indicating that drought severity grtws as the

number of return periods increases. Return period is the ayerage time between two

drought episodes, where smaller return periods have smaller quantiles while longer

retum periods have larger quantiles (Cunnane, 1988). The T-year rcturn period implies

the risk for occurring an extrcme event incrcases with a ratio of L/7 
O"ryear (Stedinger

et al., 1993; Volpi et al., 2015). Hence, drought risk cumulatively increases with a ratio

otL/feach year considering the existing climate data of the nrgions.
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Table 3. l: The GOF Z+est rcsults for the probability distributions of the regions.

Region Index
Proba bi lity d istributions

GLO GEV GNO PE3 GPA

RDI
Region-l

SPI

RDI
Rcgion-2

SPI

RDI
Region-3

SPI

RDI
Region-4

SPI

RDI
Region-5

SPI

2.97

2.7

r.98

2.83

3.29

r.69

5.72

3.92

2.43

3.27

1.95

1.95

l.6l *

2.19

2.84

l.l4

4.4

2.78

1.56*

2.35

1.7

1.54*

1.2*

t.87

2.4

0.88

4.22

2.54

l.l2*

r.86

1.2+

0.81i

0.49**

1.3*

l.&r
0.40*

3.76

2.03

0.31 **

0.gg*

-0.43**

0.02**

0.51*

0.59**

1.55**

0.25**

1.46r*

0. I 5+*

-0.66*

-0.01+*

Note The synbol f) show acceptable while (rr) the selected best-lit clgribytiotts.

Table 3. 2: Estimated parameterc for the best fitted regional probability distributions
of the regions

Estimated Parameterc
Region Index

Location Scale Shape

Region-l

Region-2

Region-3

Region-4

RDI

SPI

RDI

SPI

RDI

sPt

RDI

sPt

RDI

SPI

GPA

GPA

PE3

GPA

GPA

GPA

CPA

GPA

PE3

GPA

0.5925

0.600t

r.0000

0.60s3

0.5410

0.s890

0.5567

0.5640

1.0000

0.6070

0.5439

0.4670

0.44t9

0.4684

0.4694

0.4920

0.6032

0.59t0

0.3370

0.4612

0.3346

0.t679

2.0242

0.1866

0.0227

0.1990

0.3605

0.3570

1.5453

0.1736

Region-5
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The drought quantiles are interpreted in ttre shape of RDI. and SPI indices categories

of severity levels, given in Table (2.1). The regional drought quantiles are the

accumulated values of average future drought risk which show the chances of drought

in the regions according to the previously analyzed condition. For example, the firct

value of the RDI index for region I in Table (3.3) means that at a non-exceedance

probability of 0.500 (or 2 years of rcturn period), the average drought risk will be less

than or equal to the absolute magnitude of 0.929 in any given year if the GpA

distribution of drought events does not change. In a long sequence of years, the

expected proportion of years in which a drought event smaller than or equal to O.g2g

occurc is 0.500 using GPA as the regional best-fit probability distribution. Similarty.

the remaining drought quantile magnitudes arc interpreted accoding to the return

periods. In the first three rcgions, the performance of both the drought indices becomes

reversed as a drought index with the morimum quantiles becomes less with the incrcase

in return periods and vice versa. Similarly, the last two regions have a similar pattern

in drought quantile values with an incrcase in rcturn periods.

The estimated values always have some degree of uncertainty. The MCS process is

used to assess the accuracy of quantiles in the form of RMSE and 90o/o confidence

interval (Eror Bound) at different return periods. For this purpose, 1000 MCS are

generated through the regional best-fit probability distributions. The RMSE values

incrcase and the 90o/oenor bounds become wider and wider with the incrcase in retum

periods, given in Table (3.3). The results of 90o/o eror bounds along with quantile

values are graphed in Fig. (3.2) for both the drought indices. In the graphical

presentation of the quantiles and emor bounds. the dashed lines of the error bounds

become wider and wider w.r.t bold lines of quantile estimates. lt means that variability

and unceftainty increase with the increase in return periods. According to thc error



bounds, the uncertainty and variability start h the results of quantiles approxirnately

aftEr l0 Srears of refiun periods and increase with the increasc in the druation of return

pcriods fu all flre regiurs using both trc drought indioes.

To firdrer assess the accuracy of regional projections the RMSE values are gr4phed in

fig, (33). The RMSE valuos have significant vriability and ucertainty with

insrEasfurg rcormperiods amory therqims. The qumtilcs me considcred bcfrcr with

mininnrm values of RMSE. Fintly, region 3 has maximum variability and uncertainty

in quantile values due to vast areas with few gaugrng stations and variability in rainfall

and cler?atim rmqrds If thcrc is a lrge uea with fcw gruging strtims their thc regional

quantileswill have high variability and uncertainty, particularly at higherrcturn periods

(Hosking and Wallis, 1997). Secondly, regions I and 2 have higft variability in the

quantiles wr.t RDI md SPI indices due m high htitrdinal reas (Dai et al., 1997).

Thirdly, region 5 has more variability in the SPI index. While regions I and 5 w.r.t RDI

and both indices for regron 4 have no significmt churges witlr minimuur values of

RMSE. Consoqucntty, RDI lools bcficr for negions I & 5 md SPI for rcgions 2 &3

uftile botlr have similar results for region 4.

Figure 3. 2: Craphical Projcctiur of RItilIiE for ffrc rcgions at RDI md SPI indiccs.

RISE dRtlta R-l - - RlltiEdSPlhR-t
RrcE dSPIh R.2

- - RISEdsPlluR.3
RI|SE dsPlfqR,f

- - RrcEdRUtdR.2
RtlSE dHIER.3
RffiTE dR0IAR4
RilSE dROTcR.5
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Table 3. 3: Regional projections, RMSE, and error bounds at various return periods.

Regions T 0r(r) RMSE
es% EB (RDr) 9506 EB (SPD

As(F) RMsE
laos Uorzs lecr Urras

Region-l

Region-2

Region-3

Region-4

0.904

t.245

t.431

t.549

t.577

t.639

t.6il

0.t07

t.237

t.509

t.759

r.t39

2.0t3

2.328

0.u4

t.232

r.52t

t.7t4

r.t54

2.04t

2.201

0.902

1.27t

t.4?t

1.597

1.62t

1.700

t.734

0.tt9

t.214

1.414

0.95 t

t.299

r.5t0

t.7t2

1.77t

t.93t

2.082

0.902

r.304

t.6t7

2.t03

2.241

2.685

3.r3t

0.t99

t.324

r.6t6

2.t29

2.286

2.794

3.368

0.94t

1.320

1.547

t.751

t.ilI
1.974

2.117

0.937

r.248

t.504

2 0.929 0.0t4

5 t.269 0.0t6

t0 t.466 0.025

20 t.62t 0.049

25 t.664 0.05t

50 t.?79 0.090

t00 1.t70 0.t22

2 0.t63 0.032

5 t.267 0.020

r 0 r.575 0.056

20 t.883 0.t07

25 r.982 0. t25

50 2.290 0.tt3

100 2.599 0.245

2 0.t64

5 I.2t3

t0 r.594

20 1.901

25 t.99t

50 2.298

r00 2.594

2 0.927

5 1.293

r0 1.s00

20 t.662

25 r.705

50 t.82 r

100 1.9t2

0.027

0.029

0.04t

0.t03

0.t27

0.2t6

0.326

0.0t4

0.0t5

0.024

0.04t

0.056

0.0t5

0.1 l4

0.906 0.0 t6

1.259 0.0tt

r.492 0.029

t.700 0.059

t.76t 0.07t

r.939 0.r 15

2.09t 0.164

0.9r I 0.0tt

1.265 0.020

r.491 0.034

1.686 0.066

1.743 0.079

r.903 0.124

2.042 0.175

0.872 0.027

t.29t 0.02t

t.59r 0.046

1.877 0.099

r.966 0.t22

2.235 0.20s

2.49t 0.306

0.926 0.014

t.292 0.015

1.500 0.026

1.663 0.049

t.707 0.058

r.825 0.086

t.917 0.r r5

0.9 r5 0.0 r 7

1.228 0.012

t.449 0.032

0.t7t 0.926

r.230 1.2E9

1.451 1.545

1.625 t.814

1.673 t.902

1.795 2.167

Ltts 2.4t2

o.tfl 0.935

t.237 t.301

r.448 1.557

t.602 r.825

t.642 t.90t

t.742 2.159

r.t06 2.3t0

0.825 0.90t

1.244 1.342

I .53 I 1.6t3

r.750 2.086

r.8l r 2.220

1.974 2.670

2.102 3.t46

0.90t 0.946

1.26t l.3t?

t.4il 1.54?

t.593 t.760

1.623 r.E20

1.703 1.992

t.75t 2.135

0.885 0.939

t.209 1.250

t.403 1.512

2 0.9t7 0.0t6

5 r .230 0.0 t0

l0 t.449 0.02t

Region-5
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Teblc 3. 3: ReglonalproJectlorc, RMSE, and errcr bounds atvarlous rctum periods.

nfbrr T qn(,) nMsE
,ttt6 ED(nr,l) es% EB(SPD

As(.J) RMsEI{.ot lrrril I.rDs Urrr
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3.3.2 At-Sites and Ungauged Sites Projections

In this era of climate change, many studies in hydrology (drought, flood, wind speed,

rainfall) have used the method of return period for short- and long-term projections in

the form of quantiles using RFA as well as At-Site Frcquency Analysis (ASFA) through

IFP (Brito et a1.,2018; Das,20l8; Fawad et a1.,2018; Fawad et a1.,2019; Khan et al.,

2019; Ullah and Akbar, 2020).ln RFA the results cover a large area while in ASFA the

results arc obtained at the grass-root level for each site of the study area. At-sirc

quantiles for drought are computed at various years of return periods using equations

(3.4) for RDI and SPI indices based on regional best-fit probability distributions. There

is significant variation among the site's quantiles of the regions at a similar return

period, given in Table (3.4). The scaling factor (lr) has a vital role which creating a

differcnce from site to site for both drought indices. lf a station has many drought values

with fluctuations, then 11 is large and consequently, the at-site quantiles will be large.

Finally, QR model is used to assess futurp drought estimates at ungauged sircs using

equation 3.1l. Drought scaling factor 11 is calcularcd for RDI and SPI. The ll and at-

site quantiles from IFP at various return periods are used one by one as dependent

variables while the site characteristics (latitude, longitude, and elevation) of each site

as explanatory variables to fit QR model. The estimates using the fiued QR model are

obtained for all the selected sites of the study to check and comparc the results with at-

site quantiles using the IFP method, presented in Table (3.4). QR estimates give a good

approximation with at-site quantiles of the IFP procedure at all selected return periods

for the sites. The differcnces between quantiles are high in sites of region 3 due to

rainfall variability and a vast area with fewer stations. Fitted QR models ane as follows:
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tfiDD- 8.319 - O.t47fi,or - 0.1149[ar - 0.fim01371ft + 0.00104to? + 0.00191ta?

(3.12)

4sP'): 6.06t - 0.1251 l.oi - 0.013041ai+ 0-fin02112E. + O.ffngzlgtoli -
0-U0[0}7illa? (3.r3)

In 6e eqrutior'-e, &e site characteristics shue differently in their directims in linear and

quadratic fonns. The use of elwation is important particularly in mountainous sites as

the climate has significant change with the elerration change. The normality graphs of

RDI aod sI arc prEsmtld in Irg. €.lL u,hic} shourc a good approximation of the

rcldionstrip among the theoretical guantiles and standardizcd residuals except for a few

stations. The graph of SPI is statistically morc suiuble as comparod to the RDI ind€x.

Thc cstfunabd QR modcl is usod ftr dnought prrojcction at somc ungaugd sitcs in the

comtry. The sitc daracteristics are used in QR model and found quantiles at selected

return pcriods for RDI and SPI indices, givar in Trble (3.5) for some of the selectcd

statims in tre oountry. These cstimaEs give good matching wittr the ucal clrmges

accordingto estimates of the IFP method- The results confirm that the equation can be

used fu reliable estimates at ury ungrugcd sitc witrin the coutry or worldwide for

drougrtEicctions as fircsc sitc c,haractcristics re casily arrailablc.

rigurc 3. 4: Nonnal QQ plots forthe euadratic Regression equation.
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Table 3. 4: At-Sirc Quantiles using IFP and QR Methods for RDI and SPI at ncturn periods.

Sites
At-Site Qurntilcs (IFP Method) At-Sitc Qurntilo (QR Mcthod)

t0 25 50 r0 2s 50

Badin

1.28 l.to 2.14 2.52 2.7t

l.2E t.77 2.ll 2.50 2.76

1.37 r.t7 2.13 2.34 2.44

t.3t 1.90 2.lt 2.45 2.59

1.25 l.7t 2.04 2.47 2.7t

r.30 r.to 2.t3 2.5t 2.75

t.26 t.73 2.06 2.4t 2.79

t.29 l.to 2.13 2.5t 2.76

1.29 t.79 2.12 2.52 2.80

t.26 t.74 2.05 2.41 2.64

1.23 l.ts 2.12 2.58 2.92

t.2t 1.82 2.19 2.63 2.94

1.32 l.t2 2.14 2.49 2.72

1.27 1.74 2.03 2.36 2.57

1.26 l.7t 2.13 2.56 2.t?

t.25 1.76 2.09 2.49 2.76

1.34 r.t4 2.12 2.3t 2.53

r.36 t.tt 2.1? 2.47 2.64

t.32 r.t3 2.t4 2.49 2.72

1.26 t.73 2.02 2.34 2.55

1.32 t.85 2.18 2s4 2.78

1.24 1.72 2.03 2.37 2.s9

1.25 t.82 2.23 2.75 3.14

t.2E l.t6 2.26 2.74 3.08

r.3 r r.84 2.17 2.55 2.t0

1.73 ?.04 2.39 2.6t 2.77

1.26 1.74 2.09 2.54 2.t8

1.26 t.76 2.0t 2.46 2.72

1.30 r.t3 2.16 2.55 2.81

1.24 1.73 2.04 2.40 2.63

r.25 t.72 2.06 2.50 2.t2

t.2E 1.77 2.09 2.47 2.72

t.zt 1.77 2.t0 2.51 2.81

1.26 t.74 2.06 2.42 2.66

r.33 t.84 2.15 2.49 2.71

1.26 t.73 2.02 2.35 2.55

Bahawalnasar sPt r.3r L$ 2.t4 2.51 2.76

Bahawalpur

Balakot

Barkhan

Bunji

Cherat

Chilas

Chitral

Chhor

Dalbandin

Darosh

D-l Khan

Dir

Faisalabad

Ghari

Dupatta

Gilgit

RDt t.44 t.96 2.27 2.57 2.75

sPI 1.36 t.E8 2.23 2.64 2.90

RDt r.34 LE8 2.tt 2.47 2.64

sPI t.3l t.t2 2.lt 2.40 2.56

RDI t.29 t.73 2.04 2.43 2.72

RDr 1.29 t.73 2.04 2.43 2.72

sPI 1.29 L7t 2.ll 2.48 2.72

RDI t.35 l.gt 2.46 3.10 3.5t

sPr t.22 r.68 1.98 2.33 2.55

RDI t.37 2.03 2.53 3.17 3.64

sPr r.39 2.06 2.s4 3.r3 3.56

RDI 1.39 t.9r 2.20 2.50 2.67

sPt t.52 2.12 2.5t 2.96 3.26

RDt t.2t 1.65 l.9l 2.t7 2.31

sPr r.r7 1.62 1.92 2.27 2s0

RDI 1.49 2.03 2.34 2.66 2.84

sPI r.4t 2.05 2.44 2.87 3.1?

RDt 1.25 l.7t 1.9? 2.24 2.39

sPr l.l4 t.58 t.t7 2.21 2.44

RDr t.46 2.04 2.37 2.70 2.88

sPI t.3t t.9l 2.21 2.52 2.69

RDt t.42 2.t0 2.6t 3.27 3.76

sPI r.36 2.02 2.49 3.07 3.49

RDt t.zl t.66 l.9r 2.17 2.32

sPt t.t7 r .63 r.93 2.28 2.s I

RDt t.30 1.75 2.06 2.45 2.74

sPt r.36 t.8t 2.22 2.61 2.t7

RDI l.3l t.79 2.07 2.35 2.51

sPI 1.34 r.t7 2.21 2.61 2.Et

RDt 1.40 l.E7 2.20 2.63 2.94

sPr t.32 t.E2 2.15 2.53 2.77

RDr t.29 1.89 2.35 2.96 3.42

sPI r.4r

RDI I.4O

sPt t.30

r.95 2.30 2.70 2.96

r.9r 2.20 2.s0 2.6?

r.8r z.ts 2.53 2.79
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Table 3.4: At-Site Quantiles using IFP and QR Methods for RDI and SPI at rctum periods.

Sites

Gupis

Hyderabad

Islamabad

Jaccobabad

Jhelum

Jiwani

Kakul

Kalat

Karachi

Khanpur

Khuzdar

Kohat

Kotli

Lahore

Lasbella

Mianwali

Moin Jodoro

Multan

sPt t.zt

RDI 1.37

sPI t.4t

RDI I.I7

sPI t.2t

RDt t.t1

sPt t.24

RDt r.39

sPI t.32

RDt t.2t

sPI l.zt
RDI I.I7
sPI t.42

RDI r.t4

sPI r.r t
RDt 1.32

sPt t.32

RDI 1.23

sPI l.2t

RDI 1.24

sPI t.35

RDI I.O9

sPt t.09

RDt t.lz
sPI t.tt
RDI I.I6

sPI r.t6

RDI 1,23

sPI 1.44

RDI I.38

sPI r.33

RDI I.2O

sPI 1.23

RDI I.I9

sPt 1.20

2.36 2.60

2.51 2.69

2.59 2.t6

2.6t 3.10

2.43 2.67

2.t5 2.30

2.27 2.42

2.62 2.93

2.53 2.78

2.35 2.51

2.34 2.50

2.70 3.12

2.72 2.9t

2.64 3.03

2.65 3.0r

2.44 2.60

2.41 2.57

2.32 2.60

2.32 2.55

2.87 3.30

3.04 3.45

2.05 2.29

2.09 2.30

2.s6 2.96

2.26 2.47

2.lt 2.44

2.23 2.45

2.32 2.60

2.77 3.04

2.59 2.90

2.55 2.t0

2.20 2.35

2.25 2.40

2.25 2.51

2.3t 2.54

1.26 1.74

1.34 1.85

r.36 r.tt
l.2t t.76

1.26 1.74

1.27 t.7t

1.30 t.t2
1.27 1.74

1.27 1.75

1.37 t.95

r.36 t.95

t.27 t.1t

1.26 1.75

1.22 1.80

1.29 L8t

1.37 r.t9
1.37 r.90

1.26 1.74

1.30 r.8t

1.26 l.il
l.3l r.tt
1.27 1.77

1.25 1.73

1.27 t.75

t.27 l.7S

r.25 t.7 t

t.29 t.78

1.32 r.ts

t.34 r.88

r.26 1.75

1.25 t.74

r.35 l.t6
L36 1.89

1.25 1.73

1.28 1.79

2.05 2.40 2.63

2.13 2.4t 2.56

2.tt 2.49 2.67

2.10 2.5t 2.tt

2.05 2.40 2.63

2.12 2.53 2.t3

2.t6 2.54 2.79

2.07 2.49 2.81

2.06 2.41 2.64

2.3t 2.70 2.96

2.31 2.71 2.96

2.t2 2.53 2.t2

2.0t 2.46 2.71

2.20 2.7t 3.06

2.30 2.81 3. rt
2.t7 2.4t 2.52

2.20 2.4t 2.64

2.0t 2.48 2.78

2.14 2.52 2.76

z.lt 2.62 2.93

2.26 2.71 3.02

2.n 2.55 2.86

2.05 2.42 2.66

2.0E 2.50 2.81

2.07 2.43 2.67

2.04 2.47 2.80

2.10 2.48 2.73

2.t8 2.55 2.79

2.22 2.59 2.83

2.09 2.54 2.t6

2.06 2.43 2.68

2.t4 2.41 2.55

2.19 2.49 2.66

2.07 2.5t 2.83

2.t2 2.50 2.75

At-Site Qurntller (IFP Method) At-Site Quentilg (QR Method)

l0 25 50 l0 25 50

r.69

t.9t

r.96

l.7t

l.?6

r.63

t.72

t.87

t.E2

t.78

l.tt
1.73

1.96

t.69

1.74

r.85

r.83

1.66

1.67

1.84

2.00

1.46

r.5 r

1.64

r.63

r.55

1.60

t.66

t.99

r.t5

r.83

1.67

t.7l

1.60

1.66

2.00

2.21

2.2t

2.t3

2.0t

r.t9

2.00

2.20

2.15

2.07

2.06

2.14

2.32

2.10

2.15

2.14

2.t2

l.9s

r.97

2.29

2.46

1.72

t.78

2.03

t.92

t.83

l.E9

t.95

2.35

2.t7

2.t?

1.94

r.9t

1.89

1.96
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Table 3. 4: At-Site Quantiles using IFP and QR Methods for RDI and SPI at r€turn periods.

Sites

Munee

Muzaffarabad

NawabShatr

Nokkundi

Ormara

Panjpr

Parachinar

Passni

Peshawar

Quetta

Risalpur

Rohri

Saidu Sharif

Sargodha

Sialkot

sibbi

Skardu

Zhob

2.03 2.3t

2.52 3.rt

2.10 2.47

2.28 2.59

2.37 2.70

2.53 3.r 8

2.52 3.r I

2.57 2.92

2.t5 2.44

2.12 2.65

2.32 2.86

2.32 2.92

r.67 r.96

2.05 2.33

2.0t 2.37

1.92 2.29

t.90 2.23

r.69 t.92

2.08 2.45

1.94 2.31

2.00 236

2.12 2.41

2.t3 2.42

2.49 3.t4

t.75 2.06

l.t I 2.15

r.85 2.17

t.88 2.24

2.05 2.42

2.40 3.0r

2.62 3.23

2.04 2.32

2.03 2.40

2.12 2.41

2.13 2.52

t.2t 1.79

1.29 1.77

t.26 1.74

t.32 1.83

1.34 r.87

t.26 l.ts
1.29 r.tt
r.35 r.90

1.35 t.90

1.28 1.86

1.32 l.9t

1.25 r.80

1.24 1.77

t.35 r.9t

t.35 1.92

1.29 L7t

t.24 t.72

t.22 t.78

t.27 t.84

1.29 r.7t

t.25 1.72

t.2t l.7t

I .3 r l.t3

1.30 r.t0

t.25 t.73

1.26 1.73

t.27 1.76

1.26 1.72

l.zE 1.76

1.26 1.77

t.zt r.to

t.2t l.to

t.28 t.78

1.22 t.76

1.26 t.80

2.t5 2.59 2.89

2.10 2.50 2.?t

2.0s 2.39 2.62

2.t3 2.46 2.66

2.tt 2.52 2.72

2.2t 2.t3 3.24

2.29 2.79 3.15

2.23 2.s7 2.7t

2.24 2.59 z.tt

2.25 2.71 3.02

2.30 2.76 3.08

2.t7 2.63 2.95

2.12 2.55 2.85

2.25 2.62 2.t5

2.26 2.63 2.t7

2.12 2.54 2.t4

2.02 2.37 2.59

2.19 2.t0 3.0t

2.24 2.74 3.09

z.tt 2.52 2.82

2.02 2.36 2.58

2.n 2.50 2.77

2.16 2.53 2.77

2.t4 2.53 2.8t

2.04 2.3t 2.6r

2.07 2.51 2.83

2.08 2.45 2.70

2.05 2.48 2.t0

2.08 2.44 2.68

2.13 2.59 2.94

2.t5 2.56 2.t3

2.t3 2.52 2.77

2.12 2.5t 2.77

2.14 2.62 2.98

2.t8 2.64 2.96

At-Site Qurntiles (IFP Method) At-Site Qurntilec (QR Method)

r0 25 50 r0 25 50

.t l.
SPI

RDI

sPr

RDI

SPI

RDI

sPl

RDI

sPt

RDI

SPI

RDI

SPI

RDI

SPI

RDI

SPI

RDI

SPI

RDI

SPI

RDI

sPt

RDI

SPI

RDI

sPt

RDI

sPt

RDI

SPI

RDI

SPI

RDI

SPI

t.24

r.38

1.29

l.4l

t.47

t.3?

r.3t

L59

r.33

l.l5
1.27

t.27

1.02

1.27

1.29

1.22

t.r6

1.07

1.26

1.23

1.23

l.3 r

t.32

1.37

1.08

t. t4

t. t3

l.t 9

1.26

r.30

r.43

t.29

1.23

t.34

r.30

1.72

2.03

r.78

1.97

2.05

2.04

2.04

2.22

t.85

r.70

r.88

r.t7

1.42

1.77

1.80

t.63

t.60

t.46

1.75

r.65

t.70

l.t3

1.84

2.0t

t.49

r.53

r.56

r.60

1.74

1.93

2.12

1.77

t.72

l.t4

r.t0

2.61

3.67

2.?l

2.77

2.E8

3.6s

3.54

3.t2

2.60

3.05

3.25

3.38

2.15

2.49

2.s3

2.s6

2.45

2.05

2.70

2.59

2.59

2.57

2.5E

3.63

2.25

2.41

2.39

2.50

2.65

3.46

3.6t

2.47

2.64

2.57

2.77

68



o\\o

c\oFooN\o€\oN€l.1t4A\l'rlaFr(na+Nral\\O€r7r \ci \o co rf \o la \O .vt O \O F
6i c.i ci ci oi ci ci c.i ei ri c.i ci

Csf('rNo\.rto\Nl..) rrl^N-tOtF-c'l!!!t'laa9c!aqa-\au)
t\lNNNNNNNC{NNN

Nc.rtcorllrrdt\SS6t\;AChAF\OtNeeqq--Cee.:a-:..::Qq
c,ic.it.iNNNdNNNGlN

\O\O-FrC'l\OFF=(v,tttN(Yt(.'t-i-€ii6(|.,ai€F€F0eE
F---

€€NO\\OI\t4lodil:9956iri+N\ncFr\r9qNFio!t1c!qqc!-r"tCc!
--F

Ft \O € 6l \O ftt n tv'l C1 C !! $
Ftat1t1.'1q,.?9
li-iliiNNNNciric.ic'i

ctfF€€tv!?a
aaav)qiqlor\raia(\N(\lc{NNNNc'ieicici

l\€r.l\Oqt-gG{tpAEfrEEEEEEEqc.,i ci c.i c,i oi oi oi .i N 6l N

sf,r'rr.rq!!!!Fqdi.i€-\oplAomsItqt:\qq9oqoqt

x$G838HfrAieFid--.j\clc!c!F)c!
---

orosrNFegoEg
-.ii.ivt6+o\€n+-t\NJ6traNrnrN

t7r(rralalailcicirartrrnl\l:hUoilUrdnsi!=N-ci.ar'rr'iNdtr"tt'l'vt

Itt ra r') ra ta !a ia
il il c.i F- rrl vl c_.i (n t1 $Ib;.i+ei..iir",t',r"r''ioF\dtiiiai\or-t\l\F

(ao
N

tnNt:

lncl

\at\
lYI

6
?T

o

E E fiE$ $s gEs EE

cIt)

l1'l
GI

(3
I

r'l

ct

c
lt')

Itt
GI

e
I

rf')

N

It)

H

s

a0
A

s

xIa
0
a)

-E€
o
a)-o
I-

Ia
&
o
€)

E
6

o
!)3
t)
.5

oe
a,
L
a)
CJ
6L
6E
(J
a)

(A

0
ec
C
(r,

o
0)o
E
tr

O.
U'
Etrql

od
€
It)
!o

&q
o0
tr
at

IA€o
0)o.
c

G)

E
oo
o
at,

ql
<h
tu
(r,

E()
o0

cl
o0
tr

€
ah
0)
GI

E
U'
ru
o
trql

5
o
.=a

I

U)
tl
€,
!c
t



U

3.4 Conclusion

RFA method is used for independent drought projections in the HCRs as well as

individual metrological stations in Pakistan. The drought events arc explored from RDI

and SPI series and are used for drought projections in the form of quantiles in each

region. The L-MRD and GOF Z-test are used to find the best-fit regional probability

distributions that selected GPA probability distribution for the regions while PE3

distribution is selected for ncgions 2 and Region 3 using RDI only. The different

distributions may be due to distinct geographical and climatological conditions.

The probability distributions arc estimated through L-moments technique and alp used

to find three types of drought projections in Pakistan. Firstly, regional drought quantiles

arc calculated at selected return periods. The MCS process is used to measurc the

accuracy ofdrought quantiles by calculating and graphing RMSE and90o/oeror bounds

for the rcgions. The estimated drought projections show high similarity at lower return

periods but approximately after l0 years of neturn periods the variability and

unceftainty increase in projections. Therefore, at higher return periods the estimated

rrsults may be used with caution.

Secondly, the at-site quantiles are obained as a function of average by multiplying the

average drought value of each site by regional quantile values at the corresponding

rcturn period. The average drought of the sites has a vital role which crcating a

difference from site to site. The stations with the maximum number and/or higher

categories i.e., sever€, or extrcme drought events, have larger average drought and

consequently gave larger at-site estimates. These quantiles show high variability among

the sites of the regions and uncertainty at higher return periods. Lastly, the eR

relationship is used to estimate drought conditions at ungauged sites. The rcgions can
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be discussed according to the rcsults as follow: Regions I and 2 have approximately

low projected values of drought. Region two has high values of RMSE and 90% error

bounds due to high variability in the occurrence of rainfall amounts. Region 3 has a

minimum number of stations with large distances, therefore, the regional, as well as at-

site quantile estimates, have high estimates with maximum variability. The region has

the highest RMSE and 90o/o erncr bound values amongst the regions which show the

high uncertainty of estimates. The ungauged site drought estimates are particularly

important in this region because of vast areas with no gauging sites. It gives

approximately good results compared to the IFP procedure. Region 4 has the minimum

projected drought quantiles, RMSE. tnd9Oo/oerror bounds amongthe rcgions. Whercas

the region has the least rainfall records and maximum drought compared to other parts

of the country. It may be due to the continuously occurring less observed rainfall and

high temperature where the data series have a statistically gr€ater similarity.

Statistically, the more homogenous data sets give the smaller estimates while the more

variable data sets give the higher estimates. Regions 3 and 4 are affecrcd by almost all

droughts in the country. Region 5 has moderate drought estimates, RMSE and 90o/o

error bound values with no greater threats of droughts according to the results. Both

RDI and SPI indices have approximately identical rcsults with little changes.
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Chapter 4

Biveriate Drought Projections based on Copula Model(s)

4.1 Bachground

Drought is a multivariate phenomenon of several oorrelated variables such as drought

duration and drought severity called drought characteristics which gives a more detailed

description of the haz$d. Thercfore, drought can mone effectively be investigated

through multivariate modeling using drought characteristics. However, drought has a

stochastic nature and assumes that drought variables are statistically independent and

identically distributed (Cancelliere and Salas, 2004). But these assumptions do not

satisry due to the high conelation between drought variates. which may follow distinct

univariate probability distributions (Tosunoglu and Can, 20 1 6).

Different probability distributions may be fitted to drought characteristics. In a similar

situation, multivariate drought modeling is quite difficult. and traditional methods of

drought frequency analysis cannot precisely explain the relationship between drought

characteristics (Song and Singh, 2010; Azam, et al., 2018). Therefore, traditional

multivariate distributions like multivariate gamma, multivariate normal, etc., aIE not

possible to use for multivariate drought analysis. Copula models can effectively be used

when high comelation exists and different probability distributions arc used for the

drought chamcteristics to jointly simularc the drought variables (Cancelliere and Salas,

2}}4:Salvadoriand De Michele,20l0). lt can separately estimate the joint dependence

structure using probability distributions of the drought characteristics.

There is no such detailed study based on drought characteristics in Pakistan. Thercfore,

this study is conducted to analpe the region-wise drought conditions in more detail
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using copula models w.r.t drought duration and severity extracted from RDI and SPI

indices over the HCR in Pakistan. The major objectives of this chapter (study) include:

Firstly, RDI and SPI indices are used at l2-months'time scales to extract drought

characteristics i.e., drought duration and severity for the selected meteorological

stations all over Pakistan. Secondly, BHCRs arp constructed for the drought

characteristics. Thirdly, the copula model is used to combine the drought characteristics

for joint rcturn periods at selected years of rpturn periods. Lastly, the joint and

conditional severity-duration frequency (SDF) curves arE constructed using drought

duration and severity for the five homogenous regions.

4.2 Methodology

4.2.1 Statistical Characteristics of Drought

RDI and SPI are statistical methods which are used to find l2-months moving drought

series using monthly precipitation and PET data for selected 55 meteorological stations.

Runs Theory method may use to find drought characteristics of duration and severity

for the sites. given in Fig. (2.1). Drought Durations are the number of consecutive

months (M) of moving drought series whose RDI and SPI values arc at less than or

equal to -0.85. Drought Durations from RDI (Dno) and SPI (Dsp) arp obtained as:

M

DnDr =\t1not, < -o.Bs),
[=1

M

Dspr =) rtsnl, < -0.8s) ,

f or M = t,2,3,.-,T. (4.1)

forM =L,2,3,...,7. (4.2)
l=L

where T represent for the full length of monthly data of a metrological station and

l(RDIi < -0.85) is an indicator function denoting value I if (RDI1 < -0.85),

otherwise zero and similarly also for SPI index. Furthermore, the drought severity of
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RDI (SRD;) and SPI (Sspr) indices are the sums of drought values within each of the

above drought durations defined as follows:

Daot

sRor=-)nar,
I=1

DsPt

sspr=-Itrn
i=1

(4.3)

(4.4)

4.2.2 Dependence between Drought Characteristics

copula models have better applications in correlated variables. Let (d1,s1), (d2,s2),

.., , (dn,sr) be a random sample of n observations for drought duration and severity

variables (D, S), respectively. The conelation between these two variables can be

quantitatively measured in this study using statistical methods of Pearcon con:etation

coeflicient, Spearman rank correlation coefficient, and non-parametric Kendatl's tau

comelation coeflicient. These three measures arc tested under tlre null hypothesis of no

association. Null hypothesis of no association is rejected (acceprcd) by comparing p-

value with t5o/olevel of significance. Kendalltau correlation coefTicient is considered

more suitable in drought variables (Nelsen 2006).

4.2.3 Copula Modelling

Copula modeling has two main steps. Firstly, selection of best-fit probability

distributions forthe variables and secondly, selection and estimation of copula models.

Several possible probability distributions may be used for a set of data" but the selection

of best-fit probability distribution(s) has a key role in retiable statistical estimates of

regional projections (Saf 2010). In statistics, therc ane many distributions with various

parameters. Gamma, Weibull, and other two-parameter distributions are efficiently

used in many studies for drought duration and severity (Shiau and Modarrcs 2009:

Mirabbasi et a1.,2012l' Halwatura et a1.,2015). However, one and two-parameter



distributions do not captur€ the tail effects of extrpme events property (Hosking and

Willias, 1997; Chen and Guo, 2019). Hence, several studies used three-parameter

probability distributions for the drought duration and severity (Azam et a1.,2018;

Mortuza et al., 2019). Therefore. we consider both the ideas of literaturp and selecttwo-

parameter Gamma (GAM), Logistic (LoG), Weibull (wBL), and three-parameters

GEV and GPA probability distributions given in Appendix B. The best fitdistributions

for drought duration and severity are selected from these five distributions.

In statistical theory, different goodness of fit tess arc used for the selection of best-fit

probability distributions. Hence chi-squanc goodness-of-fit test is used to test the

candidate probability distributions. Chi-square rest statistic is as follows:

(4.s)

where 'dist' is used for the candidarc probability distribution. O1 is for the observed

frequency and E, is the expected frequency calculated as E1 = AI * p(x), where N is

the number of observations and P(xs) is the corresponding probability from the

candidate probability distribution. The selection criterion for the distribution is based

on comparing the chi-square test statistics value with its p-value at a 5o/o level of

significance. A distribution is considered the best fit if it has a minimum chi-squarc test

value with a maximum p-value.

In the second step, copula models are selected for further results of this chapter. In

mathematical statistics, the copula model was first developed by Sklar (1959) and later

developed by Nelsen (2006), which is a type of multivariate probability distribution.

The copula is a technique for modeting two or more dependent variables without

involving some complex assumptions about the marginal and joint nature of the

xzi,,=*I(ry)
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variables (Arnold et a1.,2006; Nelsen, 2006).ln this study, copula models arp used for

drought projections through drought duration and severity variables. Copula model is

used to diminish the modeling of k-dimensional distribution function F(. ). Lct D and

S be the drought duration and severity while Fa(d1), and E(si) be the selected best-fit

univariate marginal distribution function, respectively. Then the bivariate SklaCs

theorcm is exprcssed as follows:

Fa"(d,s) = C{Fa(d),[(si);0}, d,s €,R. (4.6)

where 0 is the parameter of the selected copula. lt is necessary for a copula modelthat

the variables must be uniformly distributed over the interryal [0, l]. Therefore, the

selected best fit marginal probability distribution functions Fa(d),and Fr(s1) arc used

to convert the drought duration and severity into cumulative probabilities. Furthernore,

if marginal probability distributions are continuous then C(.) is uniquety defined

(Nelsen,2006). While C(.) represents the cumulative distribution function of Elliptical,

Archimedean, and/or Extrcme Value copulas, to measure the joint dependence between

the drought duration and severity. In this study, three bivariate copula models ofa single

parameter i.e., Clayton from Archimedean, Galambos of ExtrEme Value family, and G-

H are related to both Archimedean and Extrcme value families, are used.

The inversion of Kendall's t method is used to estimate the copula parameters for the

selected functions that use the relationship between Kendall's tau (ts) and copula

parameter (0) (Nelsen,2006; Genest and Favre, 2007). For Archimedean copulas the

relationship between re and 0 is given in Appendix C. This relation is based on the

generating function of the respective copula as follows:

1

t=L*olffio,
0
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where 0(t) is the generating function and @'(t) is its derivative. While the exfieme

value copulas arc estimated through the Pickands dependence function (/(t))

(Pickands, l98l). The mathematical relations ofl(t) for the selected exfipme value

copula models aIp given in Appendix C. Similarly, the same method for extreme values

copula is performed through simulation using the bootstrap method as follows:

t=-r*nl+GPoo'(r)
0

(4.8)

(4.e)

as A'(t) is the right'hand derivative of I(t) on (0,1). The numerical measurcments are

always considered morc robust as goodness-of-fit criteria for the selection of satistical

models (Hosking and Willias,1997). Several such criteria like Log-tikelihood function,

Akaike Information Criterion (AIC) (Akaike, 1974), and Bayesian Information

Criterion (BIC) (Schwarz. 1978) are used to setect the copula models for the regions.

La f (x;0) be any function with a random sample of x1, xz,.,.,xnand parameter g,

then the likelihood function can be exprrssed as follow:

n

L(o;x) =flfl.l,,;e)
l=1

While the log-likelihood function is given by:

l(0;x) = ln(r(A;r))

The equation for AIC is expressed as follows:

AIC=2*?-2-h(f) (4.t r)

Where p is the number of parameters of the statistical model nd t,is the maximum

estimated value of the likelihood function. Lastly, the BIC for a random sample of n

observations is given as:

BIC=p*ln(n)-2.tn(f)

(4.10)
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In the case of comparing morc than one copula model, a model is considercd to bc the

best fit if it has maximum absolute values for log-likelihood function, AIC, and BIC

criteria. Similarly, the Kendall tau and Spearman rho conelation coefficients ar€

calculated for the estimated copula models to know which copula model explains

maximum depcndence forthe data. A model is considered the best fit if it has maximum

value for the Kendall tau and Spearman's rho correlation coefficients.

4.2.4 Tail Dependence of Copula Models

Tail dependence is the asymptotic dependence of events in the fitted copula model. It

is exprcssed as the probability of extrpme events that jointly occur in the lower left and

upper right or both corners ofthe scatter plots ofranked data. In case, ifthe data ofnuo

variables arp comelated with extreme events, then copula models with strong tail

dependence have particular significance (Huard et al., 2006). A copula that fails to

model tail dependence is expected to give misleading projections of extreme events and

return periods (Naz et al., 2019). In the case of drought analysis, if a fitted copula model

does not capturc the tail dependence within drought characteristics, it might give greater

uncerlainty in the estimates of drought hazard (Tosunoglu and Kisi, 2016). The lower

and upper tail dependence is defined as follows:

1,, = lim tl-'zu+cru"I- u+f[ 1-u J

l'=,,liT*ffiI

Where u is a constant value of a standard uniform variable. Tail behavior is determined

entirely by the form of copula, not by the marginal distribution. In drought

investigation, upper-tail dependence has greater significance (Azam, et al., 2018).

(4.r3)

(4.14)
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4.2.5 Return Periods of Drought Characteristics

The joint probability distribution of drought characteristics is an efficient method for

predicting and managing droughts (Shiau.2006). Bivariate cumulative distributions are

calculated through copula to measure the joint occurrence of drought duration and

severity. The non-exceedance probability ofjointly occurring drought variables is as:

P(D 
=d1,S 

S sr) = Fa"(dr,sr) = C(Fd(d),4(sJ) (4.r5)

Where C(.) denorcs the selected best-fit copula model, Fa(d), and f,(s) are the

selected best fit marginal probability distribution functions for drought duration and

severity. Another type is the joint occurrence exceedance probability that is calculated

while exceeding the specific threshold levels as follows:

P(D >di,s > si) = 1 - Fa(d)- F"(sr) + c(Fd@),rr(sr)) (4.16)

The copula model is also used to find conditional probabilities for specific drought

duration (d') and severity (s') as follows:

P(S<srlD> d')=W

p(D <dils > s'1 = 
F'td')-c-0#1)-' e'G',))

(4.t7)

(4.r8)

One objective of this study is to find the risk of extrpme drought events at various teturn

periods in the future. Frequency analysis approach is used by hydrologists and water

resources engineerc based on the return period using hydrologic extreme events (Shiau

and Shen, 2001). Drought return periods are particularly important due to suitable water

usage planning in drought conditions (Serinaldi et al., 2009: Song and Singh, 2010).

The univariate drought rtilrn periods are calculated as given by (Ganguli & Reddy,

2012; Mortuza et a1.,2019; Bazrafshan, et al., 2020):

6 E([AT),- =-L'P6Qt)
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6 E(iAT),-=-
1-Fs(sr)

(4.20)

(4.21)

(4.22)

(4.23)

here Tp and Ts denote the rcturn periods fordrought duration and severity, respectively.

EflAT) is the average inter-arrival time of drought events, calculated by the ratio of a

total number of years to the total number of droughts (Mortuza et al., 2019).

Primary and secondary rcturn periods arc the two types of joint rcturn periods of

drought events. The primary joint retum periods contain the Tep and the Taryp rcturn

periods. The T6e is under the condition D 2 di or S 2 si i.e., either drought severity or

duration exceed the specific values. While Tervp is calculated when D > d1 and S > sr

i.e., both drought severity and duration exceed the specific values (Shiau.2003).

N E(IAT) B(IAT)-l,rf P(D>d1orS:st) r-c(ra(ar,r'r(s,))

,F E(IAT) E(IAT)
'^'Nu p(D:dlands>s,) 1-Fa(d1)-F5(sr)+c(ra(a,),rr(si))

The secondary or Kendall's tau return periods are defined by Salvadori et al., (201l).

Kendall measure Kr(q) is related to the joint distribution of copula model to describe

the risk level at which joint probability for the random variables is at least q-value, at a

given probability of qe (0,1).This type of return period is well-defined, and each group

of variables conesponds to a distinct risk area within a given rcturn period as follow:

il B(IAT) B(IAT)
I K E N = t(cfr" (d-;ffi I = E&i

where K"(q) represents Kendall's distribution function for the selected theoretical

copula model ata qth probability value and defined as:

K,(q) = p(c(Fa(di), F"(s;)) < q) $.24)

The K"(g) can be found in bivariate extrcme values as follows (Ghoudi et at., 1998):

Kr(q) - q - (1 - r")g 'r tn q
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wherc r" denotes Kendall's tau of selected copula C(.). However, for two-dimensional

G-H copula model with parameter 0. the K"(q) is calculated as follows:

K,(q) - q -ry (4.26)

According to (Shiau, 2006), the conditional return periods of droughts are catculated

from copula models using the following rclations:

\/

(4.27)

(4.28)

where t;o>a, rcpresents conditional return periods of drought severity S at a given

duration D > d'and vice yersa. Conditional return periods have particular importance

in drought applications. The failure of water rEsources risk requires studying drought

events at a given threshold level of drought duration d' (or severity s').

4.3 Results and Discussion

4.3.1 Construction of BHCRs

Drought is effectively measured using drought duration and severity which are

extracted using the method of run theory (Fig. (2.1)). Both the variables arp used to find

L-moment ratios for calculating the homogeneity measures. In the first step of this

chapter, BHCRs arc delineated for the group of sites w.r.t both drought duration and

severity simultaneously (Yoo et al., 2012: Hao et al., 2017). Firstly, the k-mean

clustering algorithm is used to partition the study area into subjective homogenous

gtoups of sites. The site characteristics i.e., latitude, longitude, elevation. and the means

of drought duration, severity, and annual precipitation, ane used to perform this

algorithm. After checking for different k values, k=5 is found suitable to construct five

homogenous groups based on drought duration and severity. Subjective homogenous

E(IAT) 1rsfo:a'=Wa\*6

T-,-- , --g0ID-* 1'ulrzs' r-rr(sr) t-Fa(d1)-Fs(sr)+c(Fd(dr),rr(s,D

\tt
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groups of sites are adjusted by changing some of the sites into each other based on

geographical positioning, only if it is possible to satisfy the homogeneity.

Secondly, a discordancy measurc is used for each station to check the climate data for

erro6 and any discordant site(s) in the adjusted homogenous groups. The discordancy

measure shows that in region 4, Nawabshah station does not adjust due to greater than

3 and dropped from further analysis of the study. After the removal of Nawabshah

station, the measurc is checked again and given in Table (4.1), which satisfied the

critical values given in Table (2.2) for drought duration and severity.

Thirdly, for the ultimate checking of homogeneity, the heterogeneity measur€ is used

with three possible results given in Table (4.2). Hosking and Willias (1997) suggest

that Hl is the most powerful measurp with greater power of discrimination and is

prefened to be used for heterogeneity as compared to others. The results show that all

the regions are acceptably homogenous except region-S for SPI which is possibly

homogenous whereas acceptably homogenous w.r.t RDI and no further adjustment is

possible in the nearby sites. Hence, the region is considered homogenous for further

statisticalanalysis of the study. These three steps confirm the ultimate homogeneity of

five regions based on drought duration and scverity w.r.t RDI and SPI with the same

sites. Map ofthe geographical locations ofthe BHCRs of stations is shown in Fig. (4.1).
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Trble,l.2: Heterogeneity Measures of drought duration and severity for RDI and SPI.

RDI: Hctcrogencity Mcasure SPI: Heterogeneity Measure
Tlpe

Regim-t

Swerity

Duratim

Region-2

Severity
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Sevuity

Duatiur
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Ilgure 4. l: Bivariate HCRs ofPakistan bascd on drought duration and serrerity.
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4.3.2 Copula modeling for bivariate drought Projections

In the second step, quantiative strength between drought characteristics is measured

using Kendall's tau, Spearman's rank. and Pearson's correlation coefficients for the

BHCRs using the data from drought indices, given in Table (4.3). The measures give a

high positive correlation which means that drought characteristics ar€ strongly

correlated. Pearson correlation coefficient is better to measure linear dependence and

might not give good results when therc are outliers in the data (Naz et al., 2019). In such

cases, Kendall's tau will be a good choice to describe more variations (Klein, et al.,

201l). In such correlated variables, the bivariate copula model is more suitable for

further statistical analysis (Tosunoglu and Can, 2016).

In the third step, the selection of best-fitted probability distributions is to be selected.lt

is necessary for copula modeling and projections of hydrological events even if it does

not satisfy some of the statistical assumptions (Saf, 2010). Chi-square goodness-of-fit

test is used as a numerical measurement for the selection of best-fit probability

distributions to determine whether the candidate probability' distribution is acceptable

or not. The five probability distributions are estimated, and chi-square test with p-values

is given in Table (a.4). The results are compared according to the mentioned criteria in

section 4.4 for the selection of best-fit probability distributions. GPA distribution is

selected for both drought duration and severity of regions 1.2. and 5 and fordrought

severity in region 4 using RDI and SPI indices Weibulldistribution is selected forregion

3 using RDI index, and in region 4 forduration using RDI and SPI indices while Gamma

distribution is selected for region 3 using SPI index only. The selected probability

distributions are estimated using the maximum likelihood estimation method, given in

Table (4.5). These selected distributions are used in copula modeling in the next step.
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Table 4.3: Corelation coefficients between drought duration and severity.

Regions
RDI: Correlations SPI: Correlations

Kendall Rho Pearcon Kendall Rho Pearuon

Region I

Region 2

Region 3

Region 4

Region 5

0.907

0.90r

0.902

0.890

0.914

0.978

0.975

0.980

0.977

0.984

0.979

0.852

0.973

0.969

0.965

0.9r0

0.898

0.884

0.883

0.902

0.982 0.975

0.976 0.957

0.964 0.946

0.969 0.96r

0.979 0.973

Table 4.4: Chi-Square goodness-of-fit measunes for the five probability
distributions.

RDI: Chi-Square values SPI: Chi-Square values

Sw. (pval) Dur. (p-val) Sev. (p-val) Dur. (p-val)

Region-l

GAM

WBL

LOG

GEV

GPA

Region-2

GAM

WBL

LOG

GEV

GPA

Region-3

GAM

WBL

LOC

GEV

GPA

Region-4

GAM

WBL

LOG

r4.r6 (0.003)

7.77 (0.0s r)

80.49 (0.000)

79.r4 (0.000)

2.r0 (o.ssr)

22.7s (0.000)

r2.99 (0.005)

48.6r (0.000)

6s.36 (0.000)

2.47 (0.4E1)

7.3 r (0.026)

s.s4 (0.063)

r3.e9 (0.000)

s3.0e (0.000)

4.49 (0.106)

s.6e (0.0s8)

2.73 (0.2s6)

36.23 (0.000)

9.9r (0.0 re)

r0.3s (0.03s)

14.87 (0.000)

102.26 (0.000)

l.4s (0.694)

8.93 (0.003)

5. r2 (0.024)

2e.79 (0.000)

78.30 (0.000)

1.96 (0.37s)

2.s9 (0.274)

2.2r (0.33r)

r2.4s (0.000)

67.9s (0.000)

3.37 (0.185)

4.92 (0.027)

4.70 (0.030)

4.E2 (0.000)

r6.8r (0.00r)

il.ls (0.0r r)

s2.e7 (0 000)

7s.7r (0.000)

6.4s (0.0e2)

r 1.08 (0.004)

r r.72 (0.008)

6 r.44 (0.000)

8e.3 r (0.000)

e.os (0.02e)

l.ll (0.s7{)

1.69 (0.429)

24.63 (0.000)

88.s0 (0.000)

6.62 (0.037)

3.82 (0.r48)

1.47 (0.479)

36.37 (0.000)

E.r8 (0.08s)

5.44 (0.245)

3e.02 (0.000)

132.40 (0.000)

2.62 (0.623)

tz.ee (0.002)

e. r8 (0.0 r0)

36.28 (0.000)

e7.22 (0.000)

s.42 (0.t44)

23.s3 (0.000)

23.ss (0.000)

40.r2 (0.000)

t7s.37 (0.000)

25.70 (0.000)

8.r7 (0.004)

7.12 (0.028',)

7.r8 (0.000)

87



Table 4.4: Chi-Square goodness-of-fit measures for the five probability
distributions.

RDI: Chi-Squane vrlues SPI: Chi-Squarc values
Dist.

Sev. (pvrl) Dur. (p-val) Sev. (pval) Dur. (p-val)

3s.rs (0.000) ss.27 (0.000)GEV

GPA

Region-5

GAM

WBL

LOG

GEV

GPA

0.20 (0.e0s)

r .4 r (0.4e3)

1.22 (0.s43)

22.3s (0.000)

64.40 (0.000)

4.e3 (0.08s)

s.20 (0.074)

r4.9 r (0.002)

14.24 (0.003)

r7. r6 (0.000)

109.7r (0.000)

14.94 (0.002)

4s.46 (0.000) ss.re (0.000)

0.s2 (0.76e) s.2s (0.073)

r.r r (0.s7{) 23.53 (0.000)

t.6e 10.42e) 23.ss (0.000)

24.63 (0.000t 40.12 (0.000)

88.s0 (0.000) t75.37 (0.000)

6.62 (0.037) 2s.70 (0.000)

Table 4. 5: Parameters estimates of the best-fitted regional probability distributions of
drought duration and severity.

RDI: Est. Prrameters SPI: Est. Parameters
Type Dist. Dist.

ot @2 @3 @l @2 @3

Region-l

Sev. GPA -0.10E 5.242

Dur. GPA 0.254 4.172

Region-2

Sev. GPA 0.134 4.344

Dur. GPA 0.398 3.177

Region-3

Sev. GPA -0.078 6.371

Dur. WBL 6.437

Region-4

Sev. GPA -0.091 6.949

Dur. GPA 0.327 5.192

Region-5

Sev. WBL

Dur. WBL

8.2r 8 0.867

6.5 r 6 1.022

cPA -0.084

GPA 0.264

GPA 0. t47

cPA 0.102

cPA -0.008

WBL

cPA -0.t77

GPA 0.316

GAM

GAM

5.584 -0.296

4.494 -0.160

4.328 -0.343

3.179 -0.209

6.8t2 -0.307

6.848 t.026

7.186 -0.261

5.051 -0.21I

r 3.310 0.666

7. t 80 0.900

-0.37 r

-0.259

-0.350

-0.255

-0.337

t.00r

-0.269

-0.194

Note: @1, @2, and @3 standfor the estimated location, scale, and shape parameters of the

selected best-Jiaed probability distibutions. respectively. The dashed spaces in Table show that
lleihull and Gammo probabilitl,distibuions don't have location purarneters
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In the fourth step, Clayton, Gumbel. and Calambos copula models are initially selected

to show the joint relationship between drought duration and drought severity. For fitting

a copula model, it is required to transform the observed data of these two variables into

uniformly distributed over the interval (0.1). Therefore. the previously selected best fit

probability distributions forthe regions are used to calculate the cumulative probabilities

for each point of drought duration as well as drought severity. Copula parameters are

estimated using inversion of Kendall's r method. given in Table (a.6). tog-likelihood

function, AlC, and BIC are calculated as numerical criteria for the selection of best-fit

copula functions in each region. AIC and BIC criteria suggest that Clayon copula is a

suitable model followed by the G-H copula for modeling the relationship between

drought duration and drought severity except region 2 for RDI index only. The results

are given in Table (4.7).

Climate and water conditions become more sevene for humans as well as ecological

systems when the duration and severity of drought extend beyond certain limits (Zhmg

et a1.,2013). It is necessary to investigate and estimate such extreme drought events.

The upper-tail dependence of copula models is used to measure such a relationship

between drought characteristics. Therefore, it is better to use the copula models with

upper-tail dependence for drought analysis (Canguli and Reddy, 2014: She and Xia,

20 I 8: Azam et al.. 20 I 8). The upper-tail dependence is calculated for all copula models

given in Table (a.8). Clayton copula has a lack of measuring upper-tail dependence

while G-H copula has larger values followed by Galambos copula. Additionally, the

Kendall tau and Spearman's rho comelation coefficients for the selected copula models

are calculated and the results are given in Table (4.8). A copula model is considered the

best fit if it explains the maximum strength of the relationship between the variables.

According to the results. the G-H copula model has maximum values for all the regions



using SPI and RDI indices. Lee et al.. (2013) suggested that the G-H copula model is

appreciated that giving more drought risk information in bivariate frequency analysis.

Because of these restrictions and the above discussion. the Clayton copula is dropped

due to a lack of upper tail dependence and minimum correlation coefTicients whereas

the G-H copula model is selected as best-fit for all the regions using RDI and SPI

indices. G-H copula model is defined below:

(4.40)

Where d and s are the CDF values for drought duration and severity, respectively and 0

is the value of copula parameter estimated for the regions.

In the last step, the selected copula model is used to calculate the future drought risk at

various retum periods. According to Table (4.3), drought duration and drought severity

are highly correlated variables. Theretbre. the univariate frequency analysis may

overestimate or underestimate the risk of drought events (Salvadori, 2004).ln extreme

drought analysis, drought durations and severities have strong impacts, particularly with

longer duration and high severity, due to larger effects on water rcsounces forecasting

and high risk to the ecological and agricultural system (Azam. et al.. 2018).

Table 4. 6: Parameters estimates of the selected Copula models for the regions.

RDI: Copula Parameters SPI: Copula Parameters
Region

Clayton Gumbel Galambos Clayton Gumbel Galambos

c(d,s) = exp [-t,- tn(d)), + (- ln(s1;411/e]

Region I

Region 2

Region 3

Region 4

Region 5

r8.r64

t5.025

l7.l8l

t0.802

t7.673

8.747

7.516

6.855

8.099

8.95 r

6.799

6.140

7.372

r r.0r6 r0.306 17.062 t0. t83

r 5.693 9.009

r3.648 6.r08

9.627 6.36r

15.377 8.637

9.468

8.300

5.39r

5.652

7.922
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Table 4. 7: Estimates of loglikelihood, AIC, and BIC criteria for the Copula models.

BICf, copura

&

RDI: Selection Criteria SPI: Selection Criteria

Logik AIC Logl,ik AIC BIC

Region-l

Clayton 517.22

Gumbel 514.22

Galambos 513.55

Region-2

Clayton 540.79

Gumbel 542.15

Galambos 542.01

Region-3

Clayton 319.46

Gumbel 255.21

Galambos 253.35

Region-4

Clayton 354.92

Gumbel 348.49

Galambos 348.02

Region-5

-r032..t{ -1028.&}

-t026.43 -t022.83

-t025.t I -t021.51

-r079.58 -r075.84

-10t3.49 -t079.75

-1082.03 -1078.29

-636.92 -633.76

-s08.42 -505.26

-504.71 -50t.55

-707.84 -704.36

-694.97 -691.49

-694.05 -690.57

s35.t3 -1069.65 -1066.00

520.50 -1039.00 -1035.35

519.7.r -1037.47 -r033.82

555.58 -1109.16 -1105.42

530. r 3 -r 058.26 -1054.52

529.32 -r056.63 -r052.90

275.70 -549.4t

223.66 -445.32

221.68 441.35

348.55 -695.10

345.28 -688.55

344.44 -686.88

405.45 -808.89

379.52 -757.03

37E.64 -755.29

-546.28

442.19

-438.22

-69t.57

-685.02

-683.35

-805.44

-753.58

-75t.t4

Clayton 431.94 -861.87 -858.46

Gumbel 357.76 -713.52 -710.10

Galambos 356.39 -710.78 -707.37

Note: A copula with greater absolute volues of Loglikelihood, AIC, and BIC are
considered the most suitable according to these criteria.
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Table 4.8: Dependence measures for the selected estimated Copula models.

Copula
RDI: Measures

Tau Rho TD (L. U) Tau Rho TD (L, U)

Region- l

Clayton

Gumbel

Galambos

Region-2

Clayton

Gumbel

Galambos

Region-3

Clayton

Gumbel

Galambos

Region-4

Clayton

Gumbel

Galambos

Region-5

0.90t 0.985

0.945 0.996

0.909 0.988

0.883 0.979

0.933 0.994

0.896 0.985

0.896 0.e83

0.942 0.995

0.867 0.975

0.844 0.963

0.907 0.988

0.854 0.969

(0.963.0)

(0,0.951)

(0.0.e3s)

(0.955.0)

(0,0.953)

(0.0.e2s)

(0.e60.0)

(0,0.959)

(0,0.903)

(0.938,0)

(0,0.934)

(0,0.893)

Clayton 0.898 0.984 (0.962,0)

Gumbel 0.943 0.995 (0,0.960)

Galambos 0.876 0.978 (0.0.910)

0.895 0.983 (0.960.0)

0.941 0.995 (0,0.959)

0.902 0.986 (0,0.929)

0.887 0.98 (0.957,0)

0.936 0.994 (0,0.955)

0.88e 0.e82 (0.0.920)

0.87? 0.975 (0.950,0)

0.927 0.992 (0,0.94t)

0.836 0.962 (0.0.879)

0.828 0.es6 (0.93 r. 0)

0.896 0.984 (0,0.925)

0.843 0.965 (0,0.885)

0.885 0.98 (0.956,0)

0.935 0.994 (0,0.954)

0.881 0.98r (0.0.9r6)

Note: The TD (L, U1 represents the lower and upper tail dependence of the selected copula.

Bivariate return periods are used to explain maximum drought risk in the regions by

considering drought duration and drought severity values. Primary and secondary return

periods are the two types of bivariate joint return periods. Primary return periods of

drought are calculated for Tsp and T6pp retum periods where ToR retum periods are

more practicaland called standard return periods (Azam, et a1..2018). While secondary

or Kendall return periods (TxsN) give more reliable rcsults tbr drought risk assessment

compared to univariate and primary return periods. which would be helpful to point out

high danger arcas in the regions (Salvadori and De Michele 2010). It always occurs

between Tex and Tapp joint retum periods (i.e.. Tsp S TxsN s Tnruo) and neither over-

estimate nor under-estimate drought risk compared to primary rcturn periods.
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Similarly, conditional return periods are important for water resources engineers in

constructing hydraulic design criteria and risk assessments (Shiau, 2006; Song and

Singh, 2010a. b). Conditional return periods can be found for two scenarios. Firstly.

conditional retum periods are calculated for severity given durations using the

conditional distribution function of selected best-fit G-H copula:

c(sld; g =lexp(-{t-roor Oy +[-rog(s)]0]%X,. {#J')-'.' (4.4t)

Furthermore, the conditional G-H copula for calculating conditional return periods of

drought durations given threshold levels of drought severities are as follows:

c(dts; s) -!ery(-{t-,rr1s)t0 + t-tos(d)tolrr)(, - {#J')-'.' (4.42)

Bivariate fircquency analysis is used and estimated primary (Ton & Tnno) and secondary

(Txex) return periods for drought duration and drought severity at univariate return

periods of 1.25-.2-.5-,10-.25-.50-, and 100-years using RDI and SPI indices. The

calculated results of return periods are given in Table (4.9). Firstly, hest fit distributions

are used for the estimated quantiles of drought duration and severity of the above return

periods. The values show that region 2 has least, regions 3 and 5 have largest, while the

remaining regions I and 4 have in between quantiles of droughtduration and severity.

Secondly. the best fit regional copula models are used to find joint as well as conditional

return periods based on the estimated quantiles of drought duration and severity for the

regions. Secondary return periods are found using equation (4.32) for non-exceedance

probabilities of the return periods as q:0.20,0.50, 0.80, 0.90. 0.96. 0.98, and 0.99.

Return period is the expected inter-arrival time between drought events of a specific or

Iess magnitude (Haan, 1977. Serinaldi et al., 2009). Let us consider a pair of estimated

quantiles for drought severity (4.04\ and drought duration (3.42) at2-year return period
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using RDI index in region l. The G-H copula model is used to find joint and conditional

return periods. The Tep primary method gave 4.86 )'ears return period that either

drought severity exceeds 4.04 or drought duration exceeds 3.42 months. Similarly. the

Taxp return period is calculated that both drought severity and drought duration exceed

the values 4.04 and 3.42 respectively is 5.31 years whereas the secondary return period

(Trsu) is 5.22 years for the same values. The Tsp, TaNo, and T6sp retum periods means

that a similar drought may expectedly be repeated after 4.86, 5.31. and 5.22 years,

respectively. Conditional return periods for drought severity of ,1.04 given that the

drought duration is 3.42 is 6.05 years *hile for the drought duration 3.42 months given

that the drought severity is 4.04 is 6.74 years. The estimated values for drought severity

and drought duration using SPI are 4.21and 3.56, respectively at 2 years return period.

The joint return periods for Tsp. Tnxo. and TKsht using SPI estimated values are 4.72.

5.19, and 5.09 years respectively whereas conditional neturn periods for severity given

duration and duration given severity arc7.19 and6.77, respectively.

Similarly, in Table (4.9), the values are calculated using quantiles of drought duration

and drought severity for the regions at 1.25-,2-.5-,10-. 25-. 50-. and 100-years of return

periods. The regions have changes in joint and conditional return periods due to changes

in estimated quantiles of drought duration. drought severity, parameters of regional

probability distributions. and copula model. A region has more threats of drought if it

has smaller return periods because the drought is expected to repeat soon. According to

the rcsults, regions 3 and 5 have larger return periods but also have larger estimated

quantiles of drought duration and severity. Region 2 has the lcast rcturn periods while

regions I and 4 lie in the middle. I{owever. due to larger differences between the

estimated drought duration, drought severity. and return periods, it is difficult to
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comment on the severity ofthe regions. Therefore, for better comparison. we graphically

display the return periods through contour lines with similar axis ranges for the regions.

In bivariate frequency analysis, there may be multiple pairs of drought duration and

severity for a certain return period which may not be simplified using univariate return

periods. In SDF curve, the contour line of any retum period shows all possible pairs of

the combination of drought duration and severity. Thereforc, SDF curves using contour

lines for 1.25,2,5, I 0, 25, 50, and 100 years of return periods would best explain these

joint return periods. The SDF curaes show the distribution of durations with

corresponding severities. given in Fig. ({.2) for the regions using RDI and SPL IT is clear

from curves of T6p andTpp return periods. that there are significant changes in results

of regions, particularly at higher return periods. According to SDF curyes, the Tsp return

periods are explained by considering a pair of drought duration and severity values. For

example. in regions l, 3, and 4. a drought with a duration of 40 months or severity of 80

is expected to return in 25 years while it will take 50 and 100 years in regions 2 and 5

respectively. Similarly. rcsults for Tapp have approximately similar return periods with

more changes for the same pair ofl duration and severity. The variability between SPI

and RDI increases with the increase in return periods particularly in regions 2 and3.

Contour lines show that regions 1,3, and 4 have relatively more frequent droughts,

followed by region 2 while region 5 has rare chances of droughts. Region I has the

world's 3d largest glacier with less rainfall and more snowfall whereas snowfall is not

considered in the results and resultantly, the region shows more drought conditions. The

Tsp drought return periods have no bounds that either drought duration or severity can

exceed and are always less than T6pp return periods as the probability of jointly

occurring both variables are less compared to only one out of two variables.
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Conditional return periods for drought severity given that threshold levels of drought

durations using 10, 30, 50. and 90 percentiles are computed for the regions based on

RDI and SPI indices. The conditional SDF curues are presented in Fig. (4.3). Similarly,

conditional rcturn periods for drought duration given that threshold levels of drought

severity using 10, 30, 50, and 90 percentiles are computed and prcsented in Fig. (4.4).

These percentile levels give different values of drought duration and severity using RDI

and SPI given within each graph ofthe regions. Conditional return periods of both types

are increasing continuously with higher changes as the percentiles incrcases step by

step using RDI and SPI. The lines of conditional retum periods of drought duration

given severity at 90th percentiles for all the regions and severity given duration for

region 4 have very highly deviated graphs with higher return periods. The drought

durations have much higher conditional return periods compared to severity,

particularly for regions 3 and 5. The graph pattern in these two regions for conditional

neturn periods of duration is not smoothly increasing but there are abrupt changes after

30 months duration. Allthese results show that regions 3 and 5 have fewer chances of

drought comparcd to other regions. Both types of conditional return periods show that

region 4 has the most frequent drought compared to other regions. The figures show

greater similarity between RDI and SPI lines at smaller percentiles, but changes

increase with an increase in percentiles. Rainfall is considered the main source of water

depict or drought in a region(s). Prolonged drought nith maximum variability and

recurrently happening strong rainfall would be the key characteristics of site climatic

sensitivity, whereas consistent rainfall and small droughts are characteristics of suitable

climatic settings (Halwatura et al.. 20151.
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4,4 Conclusion

The drcught condition is rapidly improving particularly in the south-west of Pakistan.

The values of drought duration and severi$ are extracted from RDI and SPI series using

-0-85 threshold level. These vahres are used and are calculated L-moments for the

construction of five BHCT,s using the IFP procedure. The shtions in BHCRs have

ma$mum geogrqrhical attachment comprod toHCRs. Drougtrt assessmmtbasod on

droug[rt SDF curvcs is an authentic tool for optimum and reliable planning ofwater and

drought mitigation in the world. Therefore, we tsed drought SDF curv€s and calculated
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drought projections based on drought duration and severity within the BHCRs at 1.25,

2,5, 10,25,50, and 100 years ofreturn periods.

Statistical methods are used, and best-fit regional probability distributions are selected

for drought duration and severity variables. For joint distribution. Clayton. G-H, and

Galambos copula models arc checked, and G-H model is selected best fit which is

important for considering extreme drought risk assessment. The primary and secondary

retum periods are estimated for the joint natune at selected years and graphed using

contour lines. Similarly, conditional return periods have high values compared to joint

return periods because mostly drought with such a high severity (or duration) and fixed

duration (or severitl') takes a long time to occur. The selccted return periods shorrl that

drought duration and severity increase with the increase in return periods. The RDI and

SPI indices have similarities at lower and dissimilarities at higher return periods.

A region with smaller return periods of drought is expected to repeat soon. SDF curves

ofjoint rcturn periods are checked on selected return periods while conditional return

periods on selected percentiles of drought duration (or severity). The rcgions have

significant changes, particularly at higher return periods. The drought projections show

that rcgions l, 3, and 4 have morer region 2 with moderate, and region 5 with fewer

chances of droughts repeating. The Tsp drought return periods are always tess than

Tapp r€turn periods while TsBry lies in between. Similarly. the conditional return

periods have very high values compared to joint return periods. particularly for regions

3 and 5 with abrupt changes after 30 months. Joint and conditional results show that

region 3 has mixed projections while region 4 has a frequent chance of drought

repeating soon.
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Chapter 5

Proposed Standardized Copula-based Drought Index

(scDr)

5.1 Background

In previous chapters. we used SPI and RDI indices for drought risk assessment and

forecasting in Pakistan. SPI and RDI are among several other standardized drought

indices like SPEI and SPTI with one or more climate data sets i.e., precipitation,

temperature, and PET. But these indices have some limitations (Mishra and Singh,

2010; Zargar et al., 201 l). For example. SPI is based only on precipitation data which

is insufficient and explains limited drought variability (Vicente-serrano et al., 2010;

Lee et a1.,2017). SPEI and RDI are based on precipitation and PET using Thornthwaite

equation. However, PET is underestimated in arid and semiarid areas while

overestimated in humid and semi-humid areas using Thornthwaite equation (Jensen et

al.. 1990; Van der Schrier et al.. 201l). Hence this method is not suggested to be used

in low temperaturc areas (Papadopoulou et al., 2003). There are several other methods

of calculating PET such as Blaney-Criddle, Hargreaves and Penman-Monteith. which

ar€ based on multiple data sets (Vangelis et al., 2013). Therefore, Thornthwaite

equation is the only method that can easily be used in most areas. Ultimately, RDI and

SPEI may produce misleading results in such conditions. SPTI is based on precipitation

and temperature data which can bitterly be used in low temperatune areas while SPEI

is not suggested for low temperature arcas (Ali et a1.,20171.

Similarly, drought occurs due to a persistent shortage of precipitation over a region for

a definite period (Correia et al., 1994; Wilhite,2004). Aridity increases and soil
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moisture decreases due to high tcmperature through maximum evaporation from water

resources. Rainfall and temperature directly or indirectly influence PET and the natural

environment for water resources management (Hounnou and Dedehouanou, 2018).

PET has significant role in hydrologic cycle, to be used in drought modeling (Zarch et

a1.,2015). Global warming and temperature intensify drought severity (Zhao and Dai

2015: Hui-Mean et a1.,2018) and possibly increase evapotranspiration more than

precipitation (Trenberth et al., 2014: Vicente-Serrano et al.. 2014).

To overcome or minimize, the above limitations and problems. we propose a new multi-

scaler Standardized Copula-based Drought Index (SCDD which is based on both

temperature and PET along with precipitation and can be used in arid as well as humid

regions with multiple time scales if required. The copula models are multivariate

statistical functions that may solve the problem of dependence structure within

correlated variables and jointly simulate the drought variahles with different probability

distributions more objectively (Salvadori and De Michele. 2010; Khan et al., 2020; Das

et al., 2020: Ullah and Akbar 2021). Copula models have also been used in the

construction of drought indices (Kao and Govindaraju.20l0: Kavianpour et a1.,2018;

Won et al., 2020). Recently, we have used multidimensional copula modeling for

constructing micronutrients index at household level in Pakistan (Am.iad et al.. 2022).

Niemeyer (2008) gives some drought categories including comprehensive and

combined drought indices. Comprehensive drought indices use more than one type of

climate data while combined drought indices are constructed by joining existing

drought indices to develop a new drought index. The objective of this chapter is to work

on the development of a new Standardized Copula-based Drought Index (SCDI).

Firstly, copula model is used to combine the infornration of existing UAI and DAI

-
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indices which are constructed using data of three climatic variahles (precipitation.

temperature. and PE'[) to explain maximum variation. Secondly, to validate the results

of SCDI, it is compared with existing SPI and RDI using nine metrological stations

from Baluchistan province, given in Appendix-A. The data of precipitation and

temperature are used taken fncm PMD whereas PET data has been estimated using

Thornthwaite equation. Baluchistan is categorized by the mixed climate where the

including stations contain climates from hyper-arid to humid. The newly constructed

SCDI is equally important for meteorological. agricultural. and hydrological purposes.

Therefore, it may be useful for academia as well as for practitioners to get maximum

information about drought risk assessment due to maximum climate data.

5.2 Methodology

5.2.1 Aridity Drought Indices

Aridity is the reverse of humidity. which is the degree ol' lack of effective and life-

promoting moisture (American Meteorological Society.2006). The aridity indices can

be calculated for any specific location/station. For the construction of the proposed

drought index, we use two aridity indices. i.e., UNEP Aridity Index (UAI) and De-

Martone Aridity index (DAI).

The United Nations Environmental Programme (UNEP) aridity index is proposed by

LJNEP (1993). It is calculated using the ratio between precipitation (Pi) and porential

evapotranspiration (PET) and can be calculated for various time scales. as follow:

k tksr ,sr
(UAI),! = ) P, / ) eefr,fork = 1,2,3,...,12.

H'L.
i=l I l=l

(s.1)

The DAI index was proposed by De-Martonne (1925), which is used to measure the

dryness of an area. It is calculated as follows:
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k

(DAI)I = (rr/)Zr,l ,rr+ 10) , ror k = t,2,3, ...,12, (s.2)
[=1

Where P1 denotes the total precipitation (mm) and f1, is the average temperature (.C) at

the kh time scale. The index can be calculated for any month/season or year, for which

monthly values can be considered (Hrnjak et al.. 201 3). The index values decrease i.e.,

approach zero when the temperature increases.

5.2.2 Copula Modeling for SCDI

The procedure to select the most suitable probability distribution and copula model is

given in detail in chapter 4 (see sub-section 4.4). Several possible probability

distributions can be fitted to a set of data. The best-fitted marginal probability

distributions have a key role in the estimation of reliable projections of drought risk in

a region (Saf,20l0). The one and nuo-parameter distributions do not capture the ail

effect of extreme events properly (Hosking and Wallis, 1997; Chen and Guo, 2019).

llence several studies used three-parameter probability distributions for the drought

characteristics (e.g., Azam et a1..2018; Mortuza et a|.,2019). However, exponential,

gamma and other two-parameter distributions are efliciently used for drought duration

and severity (e.g., Shiau and Modames 2009: Mirabbasi et a1.,2012; Halwatura et al..

2015). Therefore, in this study. two-parameter Gamma. Logistic. and Weibull

distributions along with three-parameter Generalized Extreme value (GEV) and log-

normal distribution with three parameters (LN3) are used to select the most suitable

probability distributions for DAI and UAI variables. given in Appendix-B. The

graphical method of fitting the cumulative probability f'unctions (CDF) of the five

probability distributions along with the empirical distribution function (EDF) is used.

A distribution is considered better if it is closer to the EDF of the data. As a numerical

measure, the Shapiro-Wilk goodness of fit test (Shapiro and Wilk. 1965) is used under

t09



statistical hypothesis testing. whether the candidate probability distribution belongs to

a normally distributed population?

l/l/ - (s.3)

Where /til is the ith value of order statistics of y variable and b1 is the vector of

tabulated coefficients. The candidate probability distribution will be rejected if the

calculated value of Shapiro-Wilk test statistics is small. This value can be transformed

to the standard normal distribution (z-test) based on lognormaldistribution to calculate

the p-value. A distribution is considered the most suitable distribution if it has a

minimum value of z-test statistics with a maximum p-value.

In the second step, the copula models arc discussed. The copula model was described

by Sklar (1959). It is used to calculate the combined effect of UAI and DAI aridity

indices. The selected most suitable marginal distributions are used to calculate the

cumulative distribution function of copula models [C(.)] for any family like Elliptical,

Archimedean, and Extreme Value copulas. ln this study,. four single parameter

Gaussian, Frank. Cumbel-Hougaard (G-H), and Galambos copula models are used. The

Gaussian, Frank, and Galambos copula models belong to the bivariate Elliptical,

Archimedean, and Extreme Value families. respectively while the G-H copula is the

only function that is related to both the Archimedean and Extreme Value families.

These copula models are selected to represent the three copula families. The previously

discussed inversion of Kendall's r nrethod will be used to estimate the copula

parameters for the selected copula models that use the relationship between Kendall's

tau and copula parameter (0) (Nelsen 2006; Genest and Favre 2007). The Cramer-Von

Mises goodness of fit test (Cramer, 1928; Von Mises. 1928) is used to select the best-
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The term ?e>=O(rto -ylr)where /1q is the value of data with mean ! and

standard deviation of s while @ denotes the CDF of standard normal distribution. For

the p-value, the S, values are transform ed as Z = Sr(f .O + 0'75/n). A copula model

is considered the best fit if it has a minimum value of .S, and Ztest statistics with a

maximum p-value.

Finally. the best-fit copula model is used to find the cumulative probabilities and is

transformed to get standardized values of the SCDI index to be classified according to

the categories. For standardization the technique of Abramon itz and Stegun. ( I 948) is

fit copula model. The null hypothesis for the test is that the candidate copula model

satisfies the normality conditions and is defined as follows:

n1 rlr Z*i-hz
sn = 

-rzn+ 
) [rro - z" )
i=1

(s.4)

used as follow:

scDr=-(o*ffi)
and

o = 
F(s(J,whereo 

< c(.) < o.s

Similarly

scDt=+(o+ffi)
and

o = 
@.whereo.s 

< c(.) < 1

(s.s)

(s.6)

(s.7)

lll
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Where the given values of constants orc cs = 2.515517, or = 0.802853. drld a2 =

0.010328 while b1 =1.432788, bz=0.985269. and bs = 0.001308, and C(.)

represent the cumulative probabilities of copula model for the station, respectively. This

standardization technique is already utilized by McKee et al., (1993); Tsakiris and

Vangelis, (2005); Vicente-Serrano et al.. (2010); Ali et al.. (2017).

5.3 Results

5.3.1 Construction of SCDI Drought Index

In the construction of SCDI. precipitation, temperature, and PET data are used.

Precipitation and temperatur€ data are observed records from the climate while PET is

measured using temperature data and latitude of the station based on the Thornthwaite

equation. However, PET is not dependent on any single variable such as temperature

but is rather based on several other climatic conditions of the area. To check the

structure of temperature and PET data. two stations are selected from Balochistan

province, first is Quetta which is considered humid and cold while the next is Noukundi

which is hyper-arid. The comparison is made at 3-. 6-, 9-. and l2-months'time scales.

The graph clearly shows that the movement of temperature and PET is not similar but

there are significant changes in the overall pattern of the records of both climate data

given in Fig. (5.1). This means that both the variables have their importance and role

in the climatic assessment of any area. The effect of PET is different in different parts

of the regions. It has smaller values over the cold station of Quetta which shanes less

part in drought while in the arid station of Noukundi it is very high with greater

variabilities. Therefore, it is bener to use both temperatune and PET data to develop

such a drought index which is based on multi types of climate data to explain maximum

variability to measure drought conditions more accurately in any part of the world.
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To completely validate the results of the SCDI, nine stations in Baluchistan province

are selected. The selected stations include humid stations as well as arid stations

according to the climatic conditions. In the first stage. the three variables anc

transformed using equations (5.1) and (5.2) to find UAI and DAI indices of interest.

These indices can be calculated for any time scale. However, in this study. 3-, 6-,9-

and l2-months'time scales are used to check the results of the SCDI. For 3-months'

time scale. the values of precipitation. temperature. and PET are added for any thrce

consecutive months and are used to calculate DAI and UA. The same idea of

accumulative values is repeated for 6-. 9-. and l2-months' time scales.

In the second stage. best-fit probability distributions are obtained for UAI and DAI

variables by plotting CDFs of the five probability distributions along with the EDF of

the transformed variables given only for the Quetta station (Fig. (5.2)) to save space.

CDF of distributions has approximately similar and better fitting with the EDF of data.

For a more robust selection of probability distribution. the Shapiro-Wilk goodness of

fit test is used, given in Table (5.1). According to the criterion of goodness of fit test,

the small values show that the nullhypothesis of normality is probably not suitable. To

further investigate, the Shapiro-Wilk test results are transfornted to calculate the z- and

p-values. The smaller z-values with greater p-values are considered the most acceptable

probability distribution. The results show that GEV is the most acceptable probability

distribution to be used for both variables in the construction of the SCDI index.
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In the third stage, the Gaussian, Frank, G-H, and Galambos copula models arc used

to show the joint relationship between UAI and DAI variables. For fitting a copula

model, it is required to transform these two variables into uniformly distributed over

the interval (0.1). The previously selected GEV distribution is used to calculate the

cumulative probabilities at each point of the variables. Copula parameters are estimated

using the inversion of Kendall's r method, given in Table (5.2). The Cramer-Von Mises

(Sr) goodness of fit test is used to select the best fit copula model. A copula model with

a smaller .S. value and larger p-values is considered the best fit. According to the results

in Table (5.2), different copula models are suitable for different stations in the study

area. However, for Nokkundi station both Gaussian and Galambos copula models are

best-fit and anyone can be used for the results. This means that no specific but multiple

copula models may be checked for a suitable selection to calculate this drought index.

Then selected copula model is used to combine the uniformly distributed values of

CDFs through the GEV probability distributions for the variables UAI and DAI.

Table 5.2: Results of Cramer Van Mises (Sr,) goodness of fit test (parameter

esti mates/Sr, -test/p-val ue).

Stations Gaussian Copula Gumbel Copula Frank Copula Galambos Copula

garktan 0.9710.03/0.06 6.1410.03/0.01 3t.7710.0210.609 5.3910.0110.23

Dalbandin 0.99/0.01/0.70 7.3710.0210.08 36.3410.01/0.65 6.6410.0110.22

Jiwani

Kalat

0.99/0.0r/0.61 29.1t/0.01/0.84 107.510.0t10.75 28.4610.0110.74

0.99/0.0r/0.95 11.40/0.03/0.07 109.3/0.0t/0.90 6.0710.0610.02

Nokkundi o.99l0.ollo,79 17.4110.0110.60 69.80/0.01/0.71 16.6610.0110.79

ormara 0.99/0.02/0.07 9.7210.03/0.01 45.7110.0210.17 8.97l0.0u0.73

Quetra 0.99/0.01/0.82 1s.36/0.01/0.s7 63.31/0.01/0.57 t4.6410.0110.76

sibbi 0.9910.0210.31 8. t310.02t0.09 36.3v0.02t0.22 7.42t0.0110.54

Zhob 0.9910.0210.55 13.2710.0210.43 56.19/0.0210.50 r2.55/0.0u0.t1

Note: The bold values indicate the best-til copula modelfor the stations.
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In the linal stage, a joint series of CDF values for the copula model is obtained and

standardized using equations (5.4) and (5.6). These standardized values are classified

according to the levels given in Table (5.3), which are the required levels for the SCDI

index to be used for drought risk assessment anywhere in the world. The index can be

obtained for any time scale as is used in this study for 3-, 6-. 9- and l2-months'time

scales.

Table 5.3: Classification of standardized RDI, SCDI, and SPI values, where DI
denotes drought index.

SPI, RDI & SCDI value Category

2.0 < DI

l.5sDI<2.0

1.0<DI< 1.5

-1.0<DI<1.0

-t.5<DI<-1.0
-2.0< DI s-1.5

DI < -2.0

Extremely wet

Severely wet

Moderately wet

Near normal

Moderately drought

Severely drought

Extremely drought

U
5.3.2 Comparison of SCDI with SPI and RDI

ln this section, the SCDI is compared with the standardized forms of RDI and SPI. Both

drought indices are also based on proper probability distribution. The drought series are

calculated using RDI, SCDI, and SPI indices at 3-. 6-. 9-. and l2-month time scales for

Nokkundi and Quetta stations and graphed given in Fig. (5.a). The three drought indices

have a very good approximation of each other and validate the results of the proposed

SCDI. The graph also shows changes between SCDI and RDI which means that

temperature with PET has a significant effect on drought assessment in any region

particularly at arid stations like Nokkundi where the changes in both are more

highlighted shown in Fig. (5.2).
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The strength of the relationship between SCDI with SPI and RDI series is compared for

four-time scales. ln Table (5.4), values show a very strong correlation coeflicient for

the stations which indicates that SCDI is highly compatible with SPI and RDI.

Furthermorc, the percentages of drought explained by each category ane calculated for

SCDI, SPI. and RDI. given in Table (5.5). In Barkhan sration, SCDI has larger

percentages for 9- and l2 monthsr time scales in mild drought category. for 3-. 9-, and

l2-months in moderate drought category, for 6-months in severe drought category, and

equal values in maximum remaining time scales and categories for the three indices.

Similarly, percentages for other stations are given which indicate that in maximum

cases SCDI explained maximum drought variability or has equal values compared to

SPI and RDl. The wet percentages also have similar values in each category that are

not included. Hence, it indicates the importance of SCDI in drought risk assessment.

Table 5. 4: Correlation coeflicients of SCDI with SPI and RDI at 3-, 6-, 9-, and 12-
months' time scales.

SPI time scrles RDI time scales
Stations

t2t2

Barkhan

Dalbandin

Jiwani

Kalat

Nokkundi

Ormara

Quetta

sibbi

Zhob

0.958 0.982 0.992

0.880 0.992 0.978

0.993 0.992 0.9e8

0.9t3 0.990 0.992

0.966 0.986 0.967

0.930 0.990 0.967

0.984 0.980 0.988

0.964 0.993 0.994

0.990 0.992 0.99t

0.983

0.974

0.998

0.968

0.999

0.980

0.989

0.99t

0.992

0.958

0.884

0.992

0.909

0.95 r

0.918

0.990

0.965

0.988

0.994 0.994 0.987

0.996 0.982 0.98r

0.994 0.998 0.998

0.985 0.993 0.969

0.988 0.971 0.999

0.988 0.952 0.987

0.994 0.998 0.997

0.994 0.996 0.995

0.998 0.997 0.996

t22
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5.4 Conclusion

Drought indices are statistical tools that distinguish drought levels by using one or more

climate variables to calculate a single quantitative value. It is a common perception that

precipiution is responsible for drought occurrence in a region, but drought can be more

comprehensively explained if some additional climate variables like temperature and

PET can be used. The existing standardized drought indices have some limitations and

need to develop a drought index that is based on maximum climate data to explain

maximum drought variability. Therefore, the new multi-scaler proposed SCDI index

has temperature and PET along with precipitation and can be used in arid as well as

humid regions to explain maximum climate variability.

Nine stations in Baluchistan province are used to vatidate the results of the newly

constructed SCDI which include arid and humid stations. Precipiation. temperature, and

PET data sets are used to find the series of UAI and DAI at multiple time scales. Five

probability distributions are checked to find the best fit distributions for UAI and DAI

series. The qualitative and quantitative results show that GEV is the best fit distribution

in most cases and is recommended to be used. In the next step, four copula models are

used to select the best-fit copula model. but the result based on Cramer-Von Mises test

selects different best fit copula models for the stations. Later. the joint cumulative

probabilities of selected copula models are transformed to get standardized values of the

SCDI.

The results of SCDI ane compared with SPI and RDI which reveal a high comelation

among the outputs and shows greater changes in the arid area while similarity in humid

areas compared to SPI and RDI. The SCDI has some advantages. Firstly, the whole

mathematical process is possible for the estimation and development of the index and



its values. It is to be noted that the index has more flexibility the user can use any suitable

probability distributions and copula model to apply this proposed SCDI index.

Secondly. the index can be used for metrological, agricultural, and hydrological

purposes due to the used climatic variables and multiple time scales from l-12 months.
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Chapter 6

Conclusions and Recommendations

6.1 Summary of the study

Statistical techniques are playing a significant role in the analysis of l7 SDGs of agenda

2030 set by United Nations. Statistical methods work precisely wherc multiple

techniques might be used to check the quality of data and modeling to achieve the main

purpose of any SDG. Several SDGs are linked up with the phenomenon of drought. For

example, SDGs I and 2 arc "No poverty" and "Zero hunger" which are related to

agriculture, food security, and similar other industries. Agricultural output and drought

are inversely linked up with each other. Similarly. SDGs 6 and 7 are "Clean water and

Sanitation" and "Affordable and Clean Energy". respectively. which are related to water

resources management and the environment of a drought-prone area. Drought strongly

affects water resources which are related to clean water and hydropower generation.

SDG l3 is "Climate Action" related to temperature increase due to Greenhouse gases

and lake of water resources whereas temperature is a major indicator of drought.

Consequently, drought affects directly or indirectly several SDGs. Droughts are

naturally happening phenomena with damaging properties to ecosystems, social

activities. and agriculture. Bryant ( I 99 I ) statistically characterized and ranke d 17 hazard

events wherc drought is ranked at the top of the hazardous events. In recent years'

drought has been happening frequently and its effects are severe with variability on

hydro-meteorological variables due to climate change. Therefore, monitoring,

assessing, and forecasting drought using statistical techniques have gained much

attention. Hence, this study has been designed to conduct a statistical analysis of drought
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phenomenon thrcatening a developing country, Pakistan. A summary of the work is as

follows.

Chapter I explains a brief background of drought and water resources. The statistical

significance for drought risk assessment according to the objectives of the study is given

in detail. A detailed literature review is included in the chapter. Literature contains

several methods and their applications to assess, monitor, and forccast drought risk

based on homogenous climatic regions (HCRs) and projections using drought indices.

Pakistan has high variability w.r.t rainfall, temperature, climatic extnemes, and drought

condition which need independent drought projections. However, in the light of

literature review, classification of HCRs w.r.t. drought conditions and drought

projections using drought events and/or drought characteristics have never been done in

the case of Pakistan. Hence, objectives ofthe study are specified in the light ofthe above

research gap. Locating HCRs. future drought projections based on univariate as well as

bivariate probability modeling, and development of a new drought index are set as the

important objectives of this study. Lastly. some details are given about the significance

of the study in Pakistan. and the sounce and type of the data. The following chapters

have been designed ro achieve the specified objectives of this study.

In chapter 2, the first two objectives of the study are achieved. As a first objective,

drought events for the stations are calculated using the Reconnaissance Drought Index

(RDI) and Standardized Precipitation Index (SPI) series. The climate data of monthly

total precipitation and average temperature for 55 metrological stations from all over

Pakistan are used to quantify numerical results for statistical investigation. The only

criterion to select a metrological station for this study is that a station must contain at

least thirty years of observed climate data for statistical inference using SpI and RDI



indices. SPI and RDI are standardized drought indices that give useful results such as

duration. severity, intensity, peak. start. and end times of a drought event. SPI is based

on only precipitation data while RDI is calculated using precipitation and estimated PET

using Thornthwaite method. Both the indices are calculated at a l2-months' time scale

(October-September) to extract drought events for meteorological stations. The stations

have different number of events due to different climate data. A threshold level of -0.85

is used i.e., any drought value less than or equal to -0.85 is considered a drought event.

Second objective of the study is to identify HCRs u.r.t drought for Pakistan. Site

characteristics (latitude, longitude, elevation, mean and standard deviation of

precipitation) of stations are used to classify the metrological stations through cluster

analysis into five subjective homogenous groups. Lastly, discordancy and heterogeneity

measures are used for possible heterogeneity of subjective groups. Ultimately, five HCR

w.r.t RDI and SPI are classified over whole area of Pakistan.

The HCRs are considered for regional drought projections to achieve third objective of

the study in chapter 3. Drought events are used to find most suitable probability

distributions from five 3-parameter extreme value distributions using L-moment ratio

diagram and goodness of fit z-test. The selected probability distributions are estimated

through the L-moments method and used for three types of drought projections at

selected return periods. Three types of drought projections are obtained using Frequency

Analysis at the selected return periods. Firstly, regionat quantiles are calculated to cover

a large area for drought risk assessment. These projections are more reliable for planning

at a large level due to the maximum number of drought events from multiple sites in a

region. Secondly, at-site quantiles are obtained by multiplying the drought mean value

of the site with regional quantile values for planning at the grass-root level using every



single site of the study area. These quantiles show high variability and uncertainty

among the results of the stations. The at-site quantiles have grcater uncertainty

compared to regional quantiles due to the lesser number of drought events at only a

single site. Thirdly, sometimes there are vast areas with no gauging stations which need

to be investigated. Hence, ungauged site projections are obtained to study the arpas with

no metrological stations.

Univariate drought analysis is extended to bivariate drought analysis because drought is

a multi'faceted relationship of several correlated random variables such as drought

duration and severity. Drought duration and severity are the two important drought

characteristics used to denote the length and sum of monthly drought values for a

drought event. Climate and water conditions become more sevene when drought

duration and severity become larger and larger. Hence it is used to further explain any

drought event for detailed planning of water resounces in a region. The drought events

of duration and severity ane extracted from RDI and SPI series at l2-months moving

time scales using -0.85 threshold level for a deep investigation of drought in Pakistan.

ln chapter 4 which contain the results of fourth and fifth objectives of this study, these

drought characteristics are used to provide a comprehensive understanding of drought

conditions and is deeply investigated the drought risk in Pakistan. L-moments rpsults

are calculated forthe construction of bivariate homogenous climatic regions (BHCRs)

using the IFP procedure. Firstly. five BHCRs are constructed using drought duration

and severity. The five BHCRs represent the same areas with more attached regional

similarities compared to five univariate HCRs. Note that for both HCRs and BHCRs,

regions I and2 consist of Gilgit-Baltistan. AJK. and attached areas of KPK. region 3

has Balochistan province, region 4 comprises Sindh province, while region 5 comprises

Punjab and attached areas of KPK provinces. However, BHCRs have some differences
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in metrological sations from univariate HCRs. The best fit probability distributions are

found for drought duration and severity out of five distributions using the chi-square

goodness of fit statistical test to be used for drought projections in the BHCRs.

Secondly, three types ofjoint return periods (Ton, Teuo & Txeu) and conditional neturn

periods are calculated based on drought duration and severity for future drought risk

assessment. A region with return periods of smaller drought duration and severity is

expected to repeat soon and show morc chances of drought in a region. The regions have

significant changes. particularly at higher neturn periods. In primary joint rcturn periods

Tapp is always greater than Tsp while the secondary joint return period i.e., TKSN lies

in benveen the primary joint return periods. Similarly, the conditional return periods

have high values compared to joint return periods because mostly drought with such a

high severity (or duration) given that a fixed duration (or severity) takes a long time to

occur. The values for the selected rcturn periods show that drought duration and severity

increase with the increase in return periods. RDI and SPI have similarities at lower and

dissimilarities at higher neturn periods because as time increases the impact of

temperature and PET also increases. All types ofjoint and conditional results have their

importance according to the situation. We used SDF curves for joint and conditional

drought projections based on drought duration and severity within the BHCRs at

selected return periods.

In previous chapters, SPI and RDI indices are considered for drought risk assessment

and forecasting in Pakistan. There are several standardized indices like SPI, SPEI. SPTI.

and RDI with one or morc climate data sets i.e.. precipitation, temperature. and PET.

But these indices have some limitations. As SPI is based only on precipitation which

explains limited drought variability. SPEI and RDI are based on precipitation and PET



where PET is underestimated in arid and semiarid areas. overestimated in humid and

semi-humid areas while it cannot be estimated where zero temperature using the

Thomthwaite equation. SPTI is based on precipitation and temperature data and can

bitterly be used in low-temperature regions. However, temperature and PET variables

play important role in drought occurrence along with precipitation. Aridity increases

and soil moisture decreases due to high temperature through maximum evaporation

from water nesources.

To overcome or minimize above limitations and problems, in chapter 5 which

comprises the results of sixth objective of this study, we propose a new multi-scaler

Standardized Copula-based Drought Index (SCDI). SCDI is based on temperature and

PET along with precipitation and can bitterly be used in arid as well as humid rcgions

with multiple time scales if required. The results of two existing aridity indices i.e.,

LJNEP aridity index (UAI) and De-Martone aridity index (DAl) are combined using ttre

copula model. The SCDI explains more drought variation and is equally important for

meteorological, agricultural, and hydrological purposcs due to thc nature of variables

used and multiple time scales.

Chapter 6 presents a summary, conclusion and policy implementation, and future work

of this Ph.D. dissertation.

6.2 Conclusion and Policy Implementation

This study has divided Pakistan into five Homogeneous Climatic Regions w.r.t drought

conditions. Region I has maximum elevated mountain ranges of HKH. and KPK joins

in a very complex system with 3d largest glacier in the world. The region has its

maximum rainfall, PET. and temperature in monsoon season (June-september) with

some high elevated humid stations of Balochistan. Similarly. it has approximately low
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projected values of drought, moderate RMSE. tnd90o/o error bounds which increases

with an increase in rcturn periods. The at-site and ungauged site projections have similar

results within the region. It has some fluctuations in quantiles w.r.t SPI and RDI.

Similarly. joint and conditional return periods show frequent chance of drought in

selected years of return periods. However, this region has less rainfatl and more snowfalt

whereas snowfall is not considered in the results and resultantly, the region shows more

severe drought conditions. But according to the observed rainfall and snowfall, ttre

region has enough water nesources with no frequent chances of drought.

Region 2 has high elevated stations of AJK lies in the eastem part of the country which

receives maximum rainfall among the regions, particularly in the monsoon season and

minimum temperature and PET. It has high projected vatues of drought. RMSE, and

90o/oerror bounds due to high variability in the occurrcnce of rainfall amounts compared

to rcgion l. The at-site and ungauged site projections don't have significant variations

within the region. Whereas the joint and conditional regional projections show low to

moderate chances of drought to be repeated at selected years of return periods.

Region 3 has a mixed climate with some high mountains and deserts in Balochistan. It

is severely drought-prone with some very dry and hyper-arid areas such as Nokkandi,

with a minimum annual regional rainfatt and maximum temperature and PET. The

region has a minimum number of stations with large distances, therefore, regional, as

well as at-site quantiles, have high estimates with maximum variability. It has the

highest RMSE and 90o/o emor bound values amongst the regions which shows high

uncertainty of estimates. The ungauged site drought estimates are particularly important

in this region because of vast areas with limited gauging sites. It gives approximately

appropriate results compared to the IFP procedure. Similarly, this region has frequent



chances of drought using joint projections while fewer chances using conditional noturn

periods compared to the other regions. Therefore, the region has a mixed condition of

drought projections in the future at selected return periods. lt may be due to the smaller

number of metrological stations including humid and arid stations with larger distances.

Region 4 consists of the driest and least elevated part of the Sindh province which is

highly drought prone. It has maximum temperature and PET compared to the other

regions with least average regional rainfall. The least rainfall is one of the main rcasons

for aridity in the region. Unexpectedly, the region has minimum projected drought

quantiles, RMSE, and 90o/o eror bounds among the regions. It may be due to

consistently occurring less observed rainfall and high temperature with no significant

variability. The main rcason is that there is consistently a verv small amount of annual

rainfall in the region with a small value of standard deviation which consequently gives

small values of quantile due to data homogeneity. At-site and ungauged site projections

have greater similarities within the region. However. the region has the most frequent

chances of drought using joint and conditional projections at selected years of return

periods which is the actual shape of drought due to least amount of observed rainfall and

maximum temperature. Hence it shows the importance of extending the univariate

results to bivariate analysis to explain more drought variability within the regions.

Region 5 includes mostly the parts of Punjab and KPK provinces with minimum

elevation. It is a highly agricultural region based on both irrigation and rainfall. It has

moderate average regional rainfalldue to heavy monsoon rains and maximum regional

temperature and PET. The region has moderate drought estimates. RMSE, and 90o/o

error bounds. At-site and ungauged site projections have similar projections. Similarly.
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the joint and conditional return periods show rare chances of drought comparcd to other

regions in the study area.

Consequently, regions I and 2 which consists of Gilgit-Baltistan, AJK, and attached

areas of KPK. have maximum rainfall in different months of the year and variability in

results. Both the regions have high water nesources and cold climates with rare chances

of drought in near future. Region 3 which contains stations of Balochistan province, has

the maximum variability in all kinds of projections which satisfies the actual condition

of the region. However, one of the main rcasons is that this region has a large area with

fewer meteorological stations. Strangely the quantiles of region 4 which comprise of

Sindh province, are small but the bivariate projections show the most firquent chances

of drought in the region which is the actual shape of the area. Trcnd in observed data

shows a decrease in rainfall and increase in temperature which increases the chances of

drought in regions 3 and 4. respectively. These two regions arE strongty affected by

almost every drought in the country. Region 5 which comprises of Punjab province and

attached areas of KPK province, has no severe threat of drought. The first two regions

have a grcater deviation in RDI and SPI results while approximately identical results

with little changes in the last three regions. lt has been noted that rising temperaturc is

accompanied with an increase of PET in the regions.

Following ane some of the policy suggestions for the government. non-governmental

organizations (NGOs), and public to be adapted for better drought mitigation and water

planning in Pakistan. Firstly, Pakistan has significant water resounces in the form of

world's 3d targest glaciers and maximum rainfatl, particularly in monsoon season.

However, due to a lack of water resounces management, most of the water is wasted

reaching the Arabian Sea. The water from melting glaciers and rainfall in humid as welt



as arid regions of the country should be stored in small, medium, or large dams. It will

help at local and regional level in the development of agriculture for food security,

increase in energy sector, drinking water for humans and animals, problems of aridity,

and many more particularly in the arid regions of Balochistan and Sindh provinces.

Secondly, the country has a very less covered area with trces and unfortunately,

deforestation is common. Removing deforestation and planting trees have a vital role in

climate change, increase in rainfall, and mitigation of droughts in the county. The

regions need planting of evergreen tnees to overcome the problem of aridity particularly,

in regions 3 & 4 which has less rainfall, maximum temperatune, and wide deserts.

Thirdly, the country has frequent droughts and water scarcity but unfortunately, it has

been less developed for adaptation infrastructure like cemented canals. irrigation only

when needed, etc. The Government as well as the public should use different adaptation

measures to cope with the worst consequences of climate change w.r.t droughts and

water resources management.

This study has numerous contributions for drought planning and management w.r.t

Pakistan as well as existing literature worldwide. Firstly. to identify areal climatic

variability the study classifies Pakistan into five univariate HCRs. However, to explain

maximum drought variability. drought characteristics are used to construct five bivariate

HCRs for Pakistan. Secondly, these univariate and bivariate HCRs are used to find

regional drought projections for a joint conclusion of this study. For a more

comprehensive drought risk assessment of the study area and a better drought planning,

several types of univariate projections like regional. at-site. and ungauged sites atong

with several types of bivariate drought projections Iike primary joint. secondary joint,

and conditional return periods of duration and severity are calculated. Thirdly, a new

approach based on applications of regression approach is introduced for estimating
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drought projections at ungauged sites which is important for a more reliable drought risk

assessment of the study arca. Fourthly, policy guidelines are suggested for drought prone

areas of Balochistan and Sind where drought occurrence risks are high in coming years.

Lastly, a new multi-scalar Standardized Copula-based Drought lndex (SCDI) is

developed using precipitation, temperature. and PET data that explain more drought

variability due to more climate daa.

6.3 Future Work

The following futurE works ane recommended:

'r Climate observations of precipitation and temperature play a significant role to

investigate drought risk using a maximum number of meteorological stations fnrm

the study area. However, in this study, some meteorological stations were dropped

due to less than 30 years of climate data. It will be beffer to adjust ttrese

meteorological stations using any other suitable method for drought risk assessment

in Pakistan.

temperature data. However, this study area can further be analyzed using different

climate variables like streamflow data. daily climate data of precipitation. and

temperature.

drought risk assessments in the country.

of various climatic variables and/or results of existing drought indices.
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Appendix-A

Name. record length, site characteristics, and descriptive statistics of Meterological Stations.

S# Station
Record Missing Site characteristics

Nots. Longitude Latitude Elevation MAP IVIATLength

I Astore

2 Badin

3 Bahawalnagar

4 Bahawalpur

5 Balakot

6 Barkhan

7 Bunji

8 Cherat

9 Chilas

l0 Chitral

I I Chhor

l2 Dalbandin

l3 Darosh

14 D-l Khan

15 Dir

l6 Faisalabad

l7 Ghari Dupatta

l8 Gilgit

l9 Gupis

20 Hyderabad

2l Islamabad

22 Jaccobabad

23 Jhelum

24 Jiuani

25 Kakul

26 Kalat

27 Karachi

28 Khanpur

29 Khuzdar

30 Kohat

3l Kotli

t954-2013

l93t-20t6

t963-20t6

r933-20t6

1970-2016

1969-2016

t953-20t6

t 93l -20r 6

r 953-20t 6

I 964-20 I 6

r95 r-20 t6

t93r-2016

t 93 r-2016

l93t-2016

1967-20t6

193t-2016

r955-20r6

t95t-20t6

t980-20t6

t93 t-20 r6

t95t-20t6

t93 r-20r6

1974-2016

I 954-20 r 6

1952-20t6

r93 r -20r 6

r93 r-20t6

t952-2016

1975-2016

t 95l -20 t6

1952-2016

75.00

69.00

73.25

7t.75

73.25

69.75

74.75

72.00

74.00

71.75

69.25

61.5

71.75

7t.00

71.75

73.00

73.50

74.25

73.50

68.50

73.00

68.50

73.75

61.75

73.?5

66.50

67.25

70.75

66.75

7r.50

74.00

35.25

24.75

30.00

29.50

34.50

30.00

3s.75

33.75

35.75

35.75

25.50

29.00

35.50

3t.75

35.25

3 r.50

34.00

36.00

36.25

25.50

33.75

28.25

33.00

25.2-s

34.25

29.00

24.75

28.75

27.75

33.50

33.50

0

il
8

l9

I

t8

3

26

t0

8

t4

37

0

0

0

4

I

0

27

?

2

5

0

35

0

23

7

l3

36

0

1

2t67

ll
t6t

il6
980

1097

1372

r 30r

r 2s0

r 500

5

848

1464

173

t369

183

8t2

t459

2155

40

543

55

'ra',

-s6

r 308

20t5

2t

87

t23t

5r0

6t3

456.0 9.7

230.8 26.9

238.2 25.6

t62.5 25.7

1475.9 18.6

418.4 21.7

155.9 17.7

627.5 17.6

188.4 20.2

4 r6.8 r6.0

228.4 26.5

82.4 22.s

538 t7.4

2t5 24.4

t24t.2 r5.5

364.8 24.2

1440.2 19.2

r 38.2 r 5.9

213.5 12.4

r71.8 27.6

145.4 2r.6

|9.2 27.6

900.6 23.7

n2.6 25.7

1207.8 17.2

r80 r3.8

203 26.3

124.8 2s.4

268.2 22.0

532.8 23.3

1209.2 22.0
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Name, record length, site characteristics. and descriptive statistics of Meterological Stations.

S# Station
Record Missing Site characteristics

Length Nots. Longitude Latitude Elevation MAP MAT

32 Lalrore 193l-2016 2

33 Lasbella t980-20t 5 t7

34 Mianwali 1959-2016 3

35 Mohin Jodoro 1979-2016 29

36 Multan

37 Munee

52 Sialkot

53 Sibbi

54 Skardu

55 Zhob

r950-20r6 3

t9s9-2016 t4

r 96r -20r6 r 35

t933-20r6 55

l93 t-20t6 4

1946-2016 3

t95t-20t6 l2

l95r-20r6 6

r93l-20r6 3

t93l-20t6 30

1952-2016 2

t96t-20t6 3l

601.8 24.5

160.9 27.1

505.2 24.2

99.1 26.1

202.6 25.4

1658 12.9

t428.9 20.s

r55.3 26.8

36.8 24.8

86.7 23.9

t25.4 26.6

108.6 22.3

883.9 t4.9

ilo ?5.6

425 23.2

230.8 16.l

637.9 22.2

105.4 27.0

974.4 r9.l

461.2 24.3

934.3 23.3

154.2 27.2

225.5 I1.6

278.1 t9.3

74.50

66.00

71.50

68.00

7t.50

73.50

74.00

68.25

62.75

64.50

68.25

64.00

70.00

63.50

7 r.50

67.00

72.00

69.00

72.25

72.75

74.50

68.00

75.75

69.50

31.50

26.25

32.50

25.25

30.25

33.75

34.25

26.25

2E.75

25.50

26.75

?7.00

33.75

25.50

34.00

30.25

34.00

27.75

34.75

32.00

32.50

29.50

35.25

31.25

2t5

2t9

2t0

52

t22

2167

70r

37

682

7

46

980

t725

4

359

r600

308

66

961

t87

251

r33

2209

t405

38 Muzaffarabad 1955-2016 0

39 Nawabshah 1955-2016 l3

40 Nokkundi 196l-2016 4

4l Ormara

42 Padidan

43 Panjgur

44 Parachinar l93l-2016 12

45 Passni t93r-20t6 26

+6 Peshawar 1948-2016 0

17 Quetta

48 Risalpur

49 Rohri

50 Saidu Sharif 1974-2016 8

5l Sargodha 1957-2016 3

Note. MAP stunds for Mean Annual Precipitation and MAT stands for Mean Annual

Temperature of observed Annual precipitation and Annual Temperature records.
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Appendix-B

Gamma Distribution

Parameterc: Shape (a), Scale (p)

Rangeofxis:0(x(o.
Probabi lity density function

*a-tr-xlpf(x)=V@
CDF

l(B,x/a)
r (xr = liE)
Weibull Distribution

Parameters: Shape (a), Scale (p)

Rangeofxis:0(x(o.
Probability density function

rzt9gr9-rs-G)
f(x)='T
Logistic Distribution

Parameters: Location (e). Scale (a)

Range ofx is: -o S r S o.

Probability density function

_F-g\
e\altr-\ _

' \-' - 
o (r * ,-(ry, ))'

CDF

3-parameters lognormal distribution

Parameterc: Location (e), Scale (a). Shape (k)

Range of x is: -or, < xSela/kif k > 0; -o (x < @ if k= 0; e* a/k<a 5 o if
k<0.
Probabi lity density function

f(x)=# u={-o-'ros(r-u(=J),' 
|.(T),

ifk+0
ifk-o



l'

CDF

F(x) = o(y), where O is the standard normal CDF.

Generalized Logistic Distribution

Parameters: Location (e). Scale (a). Shape (k)

Range ofx: -o < x 3 t t a/kifk > 0; -o < x <o ifk = 0; e + a/k <x 3o ifk <

0.

Probability density function

f(x)=#,
CDF

F(r)=(1+e-r;-t
Generalized Extreme Values Distribution

Parameterc: Location (e), Scale (a), Shape (k)

Range ofx: -o < x 3 e t a/kifk > O; -o < x <o ifk = 0; e + a/k <x 3o iflc <

0.

o-lr-k)Y-e-Yf(x)=-

CDF

F(x) = s-e't

Generalized Pareto Distribution

Parameters: Location (e), Scale (a). Shape (k)

Rangeofr is: e I x I e * a/kifk > 0;e S x < oifk S 0.

tt-\ -,-(.-k)v ^. -l-*-'ros 
(r - - (T)) ' if k + 0

Itx) =Ty = 1u ((=J, tfk=o
CDF

F(x)=l-e-Y
Generalized Normal Distribution

Parameterc: Location (a), Scale (a). Shape (k)

Range ofr: -oSx < e*a/k if k > 0: -o <rS o if k = 0: e +a/k SrSoif k <

0.

. =[-u-'ros 
(r - o (=. )),, 

[(=,),

.=[-o-'ros(r-o(T)),, 
[(=,),

ifk+0
ifk-o

ifk+0
ifk=0
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i

i

f(x)=#
0 is the standard normal pdf.

CDF

F(x) = o(y), where o is the standard normal CDF.

Pearcon Tlpe-3 Distribution

Parameters: Location (e). Scale (a). Shape (k)

Leta=i"p --f,ol*l,and;r = e-2a/k
Ifk > 0 than rangof.r is# < r < m and

f (t\ - 
@-P)d'te'(:-tt)lF

t \-, Bdt(a)
F(r)=#

.={-o-'ros(r-o(f)),' l.(T),

ifk+0
ifk-0

Ifk = 0 than distribution is normal. the range ofx is -o ( x ( o and

f (x) = o(T) F(x)=*(T)
Ifk < 0 than rangofr is -o < r < p and

f(x)=W F(r) = , -'t'iffi'

Appendix C

Selected Copula functions with generator function. Pickands dependence function,

parametric space, and upper-tails dependence measure.

C(uyu2) oG) L1?,,, rs

(ri'+ u;o - L)

$e(-L,o),but d # 0 |tt-'- rl N. A
1o 0

s+2

-l^nl,

*@,,_, ] 
,"f*r-rlN'A

de(-o, o), but0 * 0

1

*ft. D{o) o

-u
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C(u1,u2) 0(t)

erpl-{1-tnurlo

(-ln(t))o

N.A

A(r)

te(0,1)

{t'
+(1

1

- r)d),

1

- [t-'
+(1

I

- r)-o)-,

2

- 2'lo

z-Llo

+ (-lnurloflol

de(1,o)

d-1
0

- -l r - hu r)- o + (- tnu 
"1-ol 

I I o

Galambos L1u2€ t\

de(0,o)

*The Debye function Dr(f) is used for positive integer r. D"(r9) = # t *0,

Note: UTD denotes the upper-tail dependence measures while N. A is used that the

function is not for not applicable for the copula function.
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