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Preface

Many of the mathematical modeling of the practical phenorens in science and
engineering often leads to nonlinear differential equations. There are a lot of methods from the
wide range of numerical methods to approximate analytical methods [1-17] available in
literature used for the solution purpose. The important question which arises in this situation is
that. do the approximate methods enable to predict multiplicity of the solutions of nonlinear
differential equations? In other words can we predict the existence of multiple solutions of the
nonlinear differential equations and further can we obtain all branches of the solutions through
any analytical method? It is somehow difficult to answer the above question due to the reason
that, it is our conventional belief that the approximate methods usually converge to one solution

by one using initial guess.

The homotopy analysis method has been developed by Liao [18-22] to obtain series
solution of various nonlinear problems. This method has further gained remarkable
improvements and achievements by solving different nature of problems [23-43]. E. Shivanian
and 8. Abbasbandy provide predictor homotopy analysis method and its relevant several proof
in the study [44]. In another paper, S. Abbasbandy and E. Shivanian proved a novel application
of homotopy analysis method [45]. In this paper, the procedure to predict the existence of
multiplicity of solution and further calculate all branches of the solution is provided. Motivated

from the above two studies this dissertation is arranged ag follows

Chapter 1 contains some basic definitions related to the homotopy analysis method,

Adomian polynomial, Cauchy sequence and Lipschitz function.

In chapter 2, the predictor homotopy analysis method [44] is explained in detail. The
vroofs of relevant theorem are made parts of this chapter. The essence of the method is

explained by using nonlinear reaction-diffusion model and obtained two branches of the solution.

Chapter 3 covers the study related to prediction of rmultiplicity of the solutions of
nonlinear boundary value problems [45]. The core idea is implemented on three exactly solvable
problems namely nonlinear heat transfer equation [46], strongly nonlinear Bratu equation [36,
40) and nonlinear reaction-diffusion equation [48]. The existence of multiplicity of solution of all
problems can be proved very conveniently and further all branches of the solutions are

calculated by using predictor homotopy analysis method within good accuracy.
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Chapter 1

Preliminaries

In this chapter, some important definitions related to the studies in next chapters are provided

for the better understanding of the readers.

1.1 Homotopic functions

Two continuous functions from one topological space to another are called homo-topic if one
can be continuously deformed into the other, such a deformation is called a homotopy between

the two functions. More precisely, we have the following definition,

Let X,V be two topological spaces, and f,g: X — Y continuously maps. A homotopy from

[ to g is a continuous function ¥ : X[0, 1] — Y satisfying

Fla,0) = f{x) and Fz,)=g{z), foral z¢& X

i such a homotopy exists, we say that f is homotopic to g, and denote this by fxg
Exarnple
Let f,g: R — R be any two continuous, real functions. Then define a function ¥ : R[0,1] - R
by
Flo, iy = (1 - 8. fz) + ¢ glz).



Clearly, ¥ is continuous, being a composite of continuous functions. Moreover,

F(z,0) = (1~ 0).f(x) +0.9(z) = f(2)

and

Flz, 1) = (1 - 1).f(z) + Lg(z) = g(z)

Thus, F is a homotopy between f and g and f >~ g.

1.2 Homotopy Analysis Method

The homotopy analysis method (HAM) is an analytic approximation method for solving highly
nonlinear equations arising in science, finance and all branches of engineering. It was first

proposed by Dr. Shijun Liao in 1992 in his Ph.D. dissertation [18].

1.8 Motivations

Perturbation techniques are very famous and old and widely applied to obtain analytic approx-
imations of nonlinear differential equations. However, these techniques are essentially based on
small/large physical parameters {called perturbation quantity), but unfortunately there exist
many nonlinear problems with no such kind of small/large physical parameters at all. In addi-
tion. neither perturbation techniques nor the traditional non-perturbation techniques {such as
Lyapunov artificial small-parameter method, Adomian decomposition method, delta-expansion
method and so on) can provide a way to guarantee the convergence of approximation series.
Therefore, both perturbation techniques and the traditional non-perturbation methods men-

tioned above remained valid only for weakly nonlinear problems.

1.4  Advantages of the homotopy analysis method

Based on a generalized concept of the homotopy in topology, the HAM has the following ad-

vantages embedded in its framework



o The HAM is always valid,no matter whether there exist small/large physical parameters
Or not.

o The HAM provides a convenient way to control and adjust convergence region of the
approximation series solution.

o The HAM provides great freedom to choose the base functions, initial guess and linear
operator for the solutions.

As aresult, the HAM overcomes the restrictions on all other analytic approximation methods

mentioned above, and is valid for highly nonlinear problems.

1.5 Adomian Polynomial

Adomian polynorials decompose a function u{z,t) into a sum of components

?.L(ﬁ'.‘, t) W § uﬁ(:{‘,t),

Fhiz

for a nonlinear operator F as

Flulz, ) = 3 Au.

}‘L:::{}
The Adomian Polynomials Ay, for the nonlinear term F(u) can be evaluated by using the

following expression
A wiﬁi[F(ihu)} n=1{,1,2
T nl d/\n R 3 by A0 3 Ay By e
One possible set of polynomials is given by
AQ = F(ﬁ{}),

Ay = uy F'{uo),
1
Az kS UQF"(‘H-(;) + —égu%F”{ug),

frf

Ag = ugﬁ‘f(u@} “+ ulugF”(%(}) + %u%F (u(}), .



These polynomials have the property that 4, depends only on wug,us, ..., %n, and that the sum

of subscripts for the component u,, is equal to n.

1.6 Calculations of Adomian Polynomials A, for nonlinear func-
tions

The Adomian polynomials of some important functions are calculated as follows

1.6.1 Nonlinear Polynomials
Case 1: F{u) = u®
The Adomian polynomials can be obtained as follows
Ao = Flug) = 1,
A} = iy F" (u{;) = Quaul,
1

Ay = ugF'{up) + »27?;?5*“"(2;9) = Qugg + U2,

Z fre
Az = ugF {ug) + wrva F ' {ug) + g?u%F {ug) = 2upus + 2utuy, ... -

1.6.2 Nonlinear Derivative Functions
Case 1:  F(u) = (1,)*
The Adomian polynomials can be obtained as follows
Ao = Flup) = uf,
Ar = uy Fug) = Jug,uy,,
Az = uaF' {ug) + %H?F”(Hg) = g, Uy, -+ ur‘;z,

}. Frr
Ay = ugF’(u{)) + uluzF”(ug) e gu%f’ (up) = Qup us, -+ 2ui ug,,

Z i
Az = ugF (ug) 4+ wyug F" (ug) + Eﬁu?l‘" {ug) = 2upus + 2u1uz, ... -



Case 2: F{u) = u?

The Adomian polynomials can be obtained as follows

Ag = Flug) = uf_,
AI = uiF’{ug) = 3%%2‘&12,

H
Ay = ugF’(ug) + ﬁfigpﬁ(?.ée) e 3’&335 uy, + dup, 'U-?,f

}. " . "
Az = ugF (up) + uyua F" (up) + é-!ufFf (uo) = 3ul_ug, + bup,ur, up, +u5_, ... .

Case 81 F(u) = wty = § Lp(u?)

The Adomian polynomials can be obtained as foliows

A{) = F(’u(}) = Ugplip,,

H
Ay e §Lz(2ugu1) = g, U T Uoll,,

1
Ay = 5 Ly (Qugup + u) = uo,up + w1 + w2, o,

1
Ag = §Lr(2ugu3 + 2’{41&2) == U, UG b UL U T Uty b ug, U0, e -

1.6.8 Trigonometric Nonlinearity

Case 1t Flu) = sin{u)

The Adomian polynomials can be obtained as follows
Ag = sin{ug),

A; = ug cos(ug),
1,
Ay = ug cosfug) — Tkl sin{ug),

1
A3 = ug cos{ug) — uyug sinfug) — é-iu? cos{tg), - -

Case 2t F{u) = cos{u)



The Ademian polyaomials can be obtained as follows

Ag = cos{ug},
Ay = —uy sin{ug),
Ap = —ugsi L2
1 == =UD SIH(U{)) hd §~!~u1 C{}S(ﬂ.ﬂ),
. i 4.
Ag = —ugsin{ug) — vyt cos{ug) + g‘-{ui sin{ug), ... -

1.6.4 Hperbolic Nonlinearity

Case 1:  F{u} = sinh{u)

The Adomian polynomials can be obtained as follows
Ap = sinh{ug),

Ay = uy cosh{ug),

Aj = ug cosh(ug) + —uf sinh{ug),

1
2!

1
i

As = ug cosh(ug) + uyug sinh(ug) + =ud coshlug), ... .
1

3
1.6.5 Exponential Nonlinearity

Case 1t F{u} = e¥

The Adomian polynomials can be obtained as follows
Ag = e¥o,

i e
Ay = ue"?,

1
Ay = {ug -+ ﬁuf)e“‘",

1 .
Az = {ug + uyug + g—lu‘f)e'“o, -



1.6.6 Logarithmic Nonlinearity

Case 1: Flu)=In{u}, u>90

The Adomian polynomisls can be obtained as follows

A== - 2B

Case 2: Flu)=In{l+u), —-l<ugl

The Adomian polynomials can be obtained as follows

Ag =i+ ug ),

A= 1 4 g w§(1+ue)2’

U3 UyUg u:lj

1
== - o e
T4ug  (T4wug)?  3(14wug)®

Asg

1.7 Cauchy Sequence

Definition
A sequence is called a Cauchy sequence if the terms of the sequence eventually all become

arbitrarily close to one another. That is, given ¢ > 0 there exists N such that if m, n > NN then

i:am - Gn? < €

16



1.8 Lipschitz

1.8.1 Lipschitz Function

A function f such that

(@) — fly)l < Clz ~ 9]
for all =z and y, where ' is a constant independent of x and y, is called a Lipschitz function.
For example, any function with a bounded frst derivative must be Lipschitz.
1.8.2 Lipschitz Condition

A function f{x) satisfies the Lipschitz condition of order 8 at & = § if

[F(h) ~ F(0)] < Bl

for all [k} < «, where B and § are independent of h, 5 > 0, and alpha is an upper bound for sall

beta for which a finite B exists.

1.8.3 Lipschitz’s Integral

o0 1
~OE (B m e
[6 o{bz) =

where Jy{z} is the zeroth order Bessel function of the first kind.

1.8.4 Lipschitz domain

In mathematics, a Lipschitz domain {or domain with Lipschitz boundary) is a domain in Buclid-
ean space whose boundary is "sufficiently regular” in the sense that it can be thought of as
locally being the graph of a Lipschitz continuous function. The term is named after the German
matheratician Rudolf Lipschitz,

Definition

Let n € N, and let §I be an open subset of B*. Let 80 denote the boundary of {1. Then (1
Is said to have Lipschitz boundary, and is called a Lipschitz domain, if, for every point p € 01},

there exists a radius r > 0 and a map hy, : B.(p) - Q such that

11



{i} 4y is a bijection

{ii} Ry and hy ~ 1 are both Lipschitz continuous functions
{1i) hp (0N N B (p)) = Qg

(v} hp(§201 B (p)) = G,

where

B,() = {x e R = p] <}

denotes the n-dimensional open ball of radins r about p, () denotes the unit ball Bi{3), and
Qo = {{Z1, ) Tn) € Qlzn = O}
Q.+. M= {(3:1,‘.., .'Bn) & Qfxn. == G}g

1.8.5 Applications of Lipschitz domains

Many of the Sobolev embedding theorems require that the domain of study be a Lipschitz
domain. Consequently, many partial differential equations and variational problems are defined

on Lipschitz domains.

Hillam’s Theorem

If f:la.b} - la,b] (where [a,b] denotes the closed interval from a to & on the real line} satisfies

L

g Lipschitz condition with constant I(, e, if

[f(z) ~ )] < Kz -y

for all x,y in {a, b], then the iteration scheme is
Tngt = {1 = Aypn + Flzn),

where A == 1/{K + 1)}, converges to a fixed point of f.

12



Picard’s Existence Theorem

I f is a continuous function that satisfies the Lipschitz condition
[fla. 8}~ fly, )] < Liz — gl

in a surrounding of {zg,fs) € S C R* xR = {{z,t} : lz — ap] < b} —~ 5] < o}, then the
differential equation

%‘3 = flm)  alto) =

has a unique solution z(t) in the interval [t — ¢} < d, where d = min{a,b/B), min denotes the

minitum, B = sup|f{{, )|, and sup denotes the supremum.

1.9 Hilbert Space

A vector space H over the field of complex {or real) numbers, together with a complex-valued
{or real-valued) function {(z,y) defined on H x H, with the following properties:

Diz,z)ifand only fz =0

2 (zyx)=0forallze H

N (ery )= {ay+{z2), 69,26 H

4} (exy) = oz, y), 2,y € H , a a complex {or real} number

5) (w,y) = (y,2) , ;,y € H

6lifz, e H ,n=1,2,3,...,andif

lim (@n ~ &, T — &) = 0,
T s OO

then there exists an element z € H such that
lim {x ~ Ty, T ~ 2p} = 0,

Fhrb (60

the element x is called the limit of the sequence {z,)

13



7y H s an infinite-dimensional vector space.

Definition
A Hilbert space is a vector space H with an inper product < f,g > such that the norm
defined by
fl=/<Fff>

turns H into a complete metric space. If the metric defined by the norm is not complete, then
H is instead known as an inner product space.

Examples of finite-dimensional Hilbert spaces include

1. The real numbers R™ with < v,u >, the vector dot product of v and wu.

2. The complex mumbers C" with < v,u >, the vector dot product of v and the complex

conjugate of u,

An example of an infinite-dimensional Hilbert space is L?, the set of all functions f : R = R

such that the integral of f? over the whole real line is finite. In this case, the inner product is
[ a]
<fo>= [ f@o@ds.
- 6

A Hilbert space is always a Banach space, but the converse need not hold.

14



Chapter 2

Predictor homotopy analysis
method: Two points second order

boundary value problems

2.1 Introduction

Prediction of multiplicity of the solutions of nonlinear boundary value problems has alwsys
been extremely difficult job for the researchers in last five years. After it, calculation of multiple
solutions analytically is another hard job. To ease these difficulties, predictor homotopy analysis
method (PHAM) is recently developed to predict the multiplicity of solutions of two points
second order boundary value problems by E. Shivanian and S. Abbasbandy [44]. The main
objective of this chapter is to completely understand the predictor homotopy analysis method
and its applications. The proof of the basic theorems behind the predictor homotopy analysis
method is also studied which are given in [21]. To further illustrate this method, nonlinear
resction-diffusion model will be analyzed for the purpose of prediction of multiplicity of ifs

solutions and calculating all multiple solutions of it,

2.2 Description of the method

Consider a second order two point boundary value problem of the following form

15



g

v = gy, v, ), n<y<é (2.1)

subject to the boundary conditions
div(n) +dov' () =d  and )+’ (§) =c (2.2)

Introducing an unknown parameter  in the boundary condition so that problem (2.1} and (2.2)

reduced to equivalent initial value problem as follows

v(n) = fi(8),  V(n) = f2(d), and cu(€) +e'(§) =c (2.3)

where c;v{€) + cav’{€) = ¢ is the forcing condition arising from the original conditions (2.2},
and f1(8) and f2(8) satisfy dy f1{8) + da f2(8) == d. Now we apply usual HAM as follows to the

following reduced initial value problem

o

o = gly,v,v"), n<y<é (2.4)
v(n) = fi(d) and V() = fald). (2.5)

2.2.1 Zero-order deformation equation

Let © = v{y} be the solution of the problem (2.4} then a set of base functions {wi{z),1 =

0.1,2,...} can be expressed in term of solution as
0
v == v{y) = Zaiwi(:g) (2.6)
FESH

where a; are unknowns fo be calculated. Let vp{y,d) satisfies the initial conditions (2.5} be an
initial guess and let auxiliary parameterh # 0, auxiliary function H{z) s 0 and £ a second
order auxiliary linear operator. For zero-order deformation equation, we take ¢ € [0,1] as an

embedding parameter. The zeroth order deformation equation takes the following form

(1 — ) Llply, 8; q) — voly, 8)] = ¢RH (N Loy, 6;9)] (2.7

16



subject to initial conditions
u(n) = 1109}, V() = f2(5)

where {y, §; ¢ is the solution of nonlinear boundary value problem to be calculated and

2 _. . .
N Tl 8 9)f = gm‘ﬁéﬁgﬂ -/ (w(y,é;q)a dww“%j’q})

Here we have two cases.

Case 1 When ¢ = 0, Eq. (2.7) becomes

Llply, & q) — voly,6)] =0 (2.9)

which results

@y, §;0) = vply,d)

1.e. the initial guess is the solution of the eguation.

Case 2 When ¢ =1, Eq. {2.7) becomes

N ey, 6, 1)) =0 (2.10)
which is exactly the same as the original equation (2.1), provided that
ey, 6;1) = v(y, ).

Expanding w(y, §;¢) in a Taylor series as a function of ¢, we have
T 00

©(.6:0) =vo(y.6) + > vnly,d)g" (2.11)

el

17



where

1 Oply.diq)

=0,1,2,.. . 9.12
magn 0 m=0l (@12

’L’m(% 5) =

It is established in the frame of homotopy analysis method when the linear operator £, the initial
approximation voly,d}, the auxiliary parameter b 3 0, and the auxiliary function H{y) # 0 are

chosen properly, the series solution {2.11} is convergent for ¢ = 1, and thus

T 00 e £
v{y, 8} = voly,d) + Z U {y, 6 == Z Gt {y) {2.13)

Frpam] n=h

will be solution of nonlinear problem (2.4) and (2.5).

2.2.2 High-order deformation equation

We define the vector 7, = {vg{y), v1(¥), ... va(¥)}, differentiate Eq. (2.7) m times w.r.t. '¢,

and dividing it by ml, the mth-order deformation equation will take the form

Llom{y, ) = X1 (Y. )] = AH(Y) Ry (¥ a1, 3. 8), (2.14)

subject to the conditions

v{m) =0, v () = 0, (2.15)
where
3, m<l
Xon = (2.16)
1, m>]
and

L 0™ 'WN ey, d; 9)]
.~ 11 Jgm-t

I O™ N (™ v, {y, 6)9"]

- Tp{)

o M1 ag™-1

Ron{ V1., 6) =

g=0
{2.17)
We can use computer software like Mathematica or Maple to solve mth order approximate Eq.
(2.14) subject to the conditions {2.15) . Accordingly, the mth order approximate solution of

the problem (2.4} and (2.5) is given by
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M m
0(y,8) m vpr(y, 6, ) = vo(y,6) + 3 vm(y,6) = Y anwnl(y): {2.18)

FE e | trul
2.2.3 Forecasting the muitiplicity of solution

‘T'he rule of multiplicity of solutions is a method to determine the number of solutions admitted
by the boundary value problem. For this purpose, it is required to calculate the value of ¢ as
a function of A. The forcing condition ¢;v{€) + copv/{€) = ¢ plays a vitsl role in the existence of

unigue or multiple solutions. We can apply it as follows:

Consider the mth order approximation (2.18) and put it in the forcing condition (2.3) to derive

the following expression

e1Vinl€,6,B) + 0oV (€,8,8) = c. (2.19)

According to HAM, Eq. (2.18) converges at y == £ only in that range of &, without changing
4 and variating #. This shows that a horizontal range appears implicitly in the plot of ¢ as
function of & in V,,(£,8,%). The number of these horizontal plateaus, where 6{}%) becomes
constant, gives us multiplicity of the solutions. We can say that the number of horizontal
plateans in the plot of §(#) are directly counected to the existences and number of multiple

solutions. Let us now discuss the importance of f-curve in relation to Taylor's series,

2.3 Theorem 2.1

Suppose the specifics vaines for § and A, obtained from rule of multiplicity of solutions, as long

as in the series {2.18), Le.
K

V}c(yb g, &) = Z V;s(y! 5)
k=1

1§



K goes to infinity, the Vi (y,§, 5) tends to exact solution of the problems {2.1) and (2.2}, i.e
vly )

Proof Let

K
s(y,9) = vo(y,8) + Y Vilw, ) (2.20)
FE]

be the convergent series. From the Eq. {2.14), we have

B R |
RH (g, 8} (T ke, 1. 6) = Zﬁ {’%(%53 - Zﬁe‘”kui(% 5)}

k=1

oF Aoy k1
= L[ LZU;; ¥, 6 Zzﬁ A s(y; }
e} fum]
Fo
multiplying Z with in the the brackets
k=]
$00 00
-2 |F 0= 35 3 et
tmn} kssid
a8 Z is a lnear operator, so it will multiply term by term as follows
LS
00 B +o0
=L {ka(y,é) - (Z 5;-) ka(y,é)]
Fesl kel [
taking ka(y, 4} as common, we obtan
kel

=L K(l - Zm) ka(y,é)}
fm] Kul

o0
=L [(1 o Zﬁi) s(y,é)}
im=)

20
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which gives, sincefi £ 0, H{y, ) # 0,

b= o
o=l o, Y B=1 (221)
- qe=l
and

Lifly. o)l =0 , fly,é)=0 (2.22)

this implies that

Zﬁk(?ﬁk 1,y,6) =0
kw

But we also have

LR +oo &
Y R(Ther,y:8) = DY cideni(y,9)
k=l kol dum
Or "
(Z Q’s) Z‘gk y:
fmml kel

using the Egs. {2.20 — 2,22}, we have

e +oo
Z Rk(?k-ml v Yy 5) = Z(Sk(yﬁ '5)
Raz] kuz]}

50 the Adomian polynomial in this case while setting ¢ = 0

_ Z i 8"N @(y,& )l —0

¢=0

Commonly, $(y,d; g} does not satisfy the original nonlinear Eq. {2.1). So, Let

e(y,8,q) = N[®{y,8:9)]

be the residual error as

e{y, 8,q) =0

21



So, from above, the Maclaurin’s series of the residual error £{y,d;¢) about ¢ is given as

gi@kﬁiy,é;q)

2 5‘°N 8;9)]
K! B¢k Z !
=1

qu=t

for ¢ =1,

R 3= )
1 3&(y,;q)
e{y,6,1) = § e e Sl
= K Jg

qul

hence, we obtain the exact solution of the original equation when g = 1. Thus the series
00
‘?Jg}(y, 5) + Z?‘}k(ykg}
k]

converges to the original Eq. (2.1). Which is required to prove.

2.4 Theorem 2.2

Suppose that f{A) be a continuous function onto interval [¢, d] and all derivativesof g : [¢,d] — R

exist and have a common F so that

max g“‘}(x)[ <P for all k. (2.23)
wcle,d

Furthermore, assume that F,,(y, o) be the Taylor polynomial of degree m for g(y) about some
o € {a,b), say o = f{Hh), then ¥¢ > 0 and 8 € (¢, d) there exist N € N and interval (a,b) so
that

vhe {a,b) and m>N:ig(f)~ f},l(ﬁ,f{fi))[ < e

Proof Let v € {e.d] be the point at which we want fo calculate the error. We assume that

v > ¢ and let

o) = ot —o) - Ty - oWy - =W gmgy (a2g)

22



then for y € {c,d}, there exists §'(y) and

s (y) (7 I"y_}wmg(mw—i)( )

Now, assume a function of the form

Vi) = sly) - (“’jy)w o(a),

then

Via) = V(y}=

+1
From the differentiability of s{y) and ( ﬁ)m , we get V{y) is differentiable on any subinterval

of {c,d). Then there exists %, € {e,7) such that

V' (1) =

which results

(y =0, )™ (v~

Ty 0 ) (o) =0

Since y # 7., , then

s{ar) = %g(mm(%)

From Eq. (2.24), we get

¥
s{a) = g(v) = Fuly,0) = -%-w—;lfmg(m“}(m 7., € (o, y).

Since we have chosen v as an arbitrary, then

\ r 1 - (yma)"‘”“i’"l {rn+1)
Wy Elad], aclediigly) ~ Falya) = S——teg™ V), g, € (o).

{m+ 1}

Suppose that § € {(¢,d) and ¢ > 0, let & € (¢, ) then there exists N such that

(/6 — a}m«kl

SN LM &
m 2 m+l <P

23
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then from Eqgs. (2.23) and (2.25}, we get

1908) = Fu(,00] = T gimene ) < £ pae (2.26)

{m+ 1)
Thus, we have proved

Vi€ (e,d), a€{e,Bhe>0, IN=VYm>N {f(B) ~F.(8.a) <e.

Since f{A) is continuous function onto interval ic, d} then there exists interval {a,6) such that

flla,b)} = (¢, 8). Hence (2.26) can be rewritten as
VE G (C;d)} ﬁE{a,b),€>U, Bh}‘mvﬂan: Eg(ﬁ)“Fﬂl(gfg(ﬁ))i <E

and the proof is completed.

2.5 Theorem 2.3

Lied
Suppose that (&) be a continuous function onto interval [/, &'} and Fi,.(y,v) = Zﬁ cr () (y=-y)¥

oz
be the Taylor polynomial of degree m for gly) about some v € (¢, d'), say a = f(h). Moreover,
assume that ’

Vke N,ve ld,d], ye[c,d]:lyw')f}gE% . (2.27)

Then for ¢ > 0 and 8 € (o, d], there exist N € N and interval {a,b) so that
Vi€ (a,b) and m 2 N :ig(f) - Fn(f, fB))i <€ (2.28)
Proof From the statement {2.27), it implies that there exist 0 < ¢ < 1 such that
VEe Nyyeld d], veled: oy -7 < dle(r)] (2.29)
We are to prove the statement {2.28), for this we will show that for a fixed f ¢ [/, d'},
Fu(Bm)ve(d,d)
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is convergent first we prove that {F,.(8,v)}rw, i6 Cauchy sequence in the Hilbert space R.

So, {2.29) gives us
| Fn1(8.7) = Fn(By7) U= lemsr (D O =) IS Bleam LT B -1 17

S Glemat (B =) "< S @™ e (B - I

now, for every m,n € N, m > n > ¢, we have

“ Fm(ﬁ:?) - Fm(ﬁ:'?) ZJ

:H (-F'!h‘-(ﬁt ’V} - Fm-»-l(e“g: 7)) . (Enwl(ﬁ: ’}') . »qu‘Z(B! 7)) Rt (R&.+1(6; 7) - Fn(ﬁy 'Y}) “
Sl By} = Fet ) N+ 1 Eoca(8,7) = Fna (B,7) ||+ | Fuga (B,7) — Fu(B,9) ||
S eI B =) 1 +e™ eI B =N 7+ + 6 e I (B - I

3 i ¢m-—n e .
=T el | =) I

Thus, we have

lim || Frn{8,7) — Fa(8,7) =0

T, R

and hence { Fo, (8. 9)15 o is convergent. Or we can say that F,,,(8,~) is the Taylor polynomial
of glyjat y = 3.
Thus V ¢ > 0, there exists N € N such that

Vm 2 N: [g(f)— Fn(B)l <«

from {c, d'} we arbitrarily choose -, so for each £ > 0 there exist N € N and interval (a,b) so
that

Vi€ (a,b) and m2 N :|g(f) ~ Fu(B, f{B)] < ¢

This proves the theorem.



2.6 Analysis of Convergence

2.7 Theorem 2.4

Let 0 < 4 < 1 and the solution components vo{y, &), v1{y, 6}, v2{y, §},... obtained by {2.14}

satisfy the following condition

e €N, Vi2to: Jua{y, ) IS8 1wy d) |l

00
then the series solution Z v (y, 8} is convergent.
foml)

Proof Let us assume a sequence {Sy}73 of the following form,

S = voly, 4)
Sl S ’L’(}(y,d) “+ Ul(y! 5)
Sy = vp{y, §) + vi{y, 8) + valy, 9)

Sy == 'ifa(y, ‘5) + U}(y‘ ‘5) ot Uu(y’ 5) /

We would like to show that {$,}1%% is a Cauchy sequence in the Hilbert space R. So let us

assume that

I Suer = Su ll=l verr (1:6) 11 a | valy, 8
LB 01 (3.0 1< S BT L, (9, 8) |

You,u e Nau>v >y, we have

1 Su=Su i € HSu = Sumt) + (St = Suz) + 0 + (Sog1 — S} ]
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S H (Su e Su—-I) + (Suwl - Suw2) IR (Sv—é—l - Sv) 15

< 3 g (5, )| -+ B¥ 07 gy (3, )] + o+ B77HF g (3, 9)]]

1 - ﬁu-—v

T B e 9 (230)

but 0 < 4 < 1, so we have

Jm 115, =5, =0

Thus, {S.}]% is a Cauchy sequence in the Hilbert space R which means the series solution

{2.18} is convergent. hence proved.

2.8 Theorem 2.5

00
Assume that the series solution Zv;(y,é) defined in {2.18}, is convergent to the solution v(y).
1=0
If the truncated series p
VK(% 8,k) = Z Yy (ys é)
10

is used as an approximation to the solution v{y) of the problem (2.4)—{2.3), then the maximum

absolute truncated error is estimated as,

o) = Ve 5 W1 < 77585 (w0

Proof From the expression (2.30), we have

1 — B?R-—K )
S e G (3, 8

|§Sm““SKF§ = 1-3

form > K.

As m ~+ o0 then Sy, — v{y) and g Q. So,

o) = Vic | < 72585 e 0.)]

The above two theorems 2.3 and 2.4 show that horizontal plateaus oceur in fi-curve where the
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series solution (2.18) converges which means Vi (y, §, B) is convergent. Hence proof is complete.

2.9 Theorem 2.6

Consider the boundary value problem (2.1) — {2.2) and suppose that the conditions of the
convergence theorem hold for the initial value problem (2.4} — {2.5) and more, the conditions

of the Theorem 2.4 hold for the series

H
Ax(y, 8, k) = > ap(y,d)
Kz}

if the number of M horizonfal plateaus occur in the plane of {#i,8) where the Eq.(2.19) is plotted
implicitly, then the problem (2.1} — (2.2} admits the number of X multiple solutions in terms

of the basis functions (2.6).

Proof Let M in the plane (A, §) be number of horizontal plateaus such as

81(h1),89{h2), - SarlFing)

where (R;,6;) , ¢ = 1,2,..., M are proper ordered pair which chosen from {#,§). We conclude
+oo

from theorem 2.4 and by unigueness of the Taylor's series that all the series Zuk(y,(?@, (B:)),
Kl

i==1,2, ..., M converge. Assume that

ey

s1(y) =3 ar(y,61(M))

LM
+ 00

sa(y) =Y _ ak (y, 62(a))

ke

smy) = Z ar(y, Sar{fine})

kol J
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KA

T4-J479G

ALEIRIVH vy -

We would like to prove that the above series are the solutions of the problem (2.1) —{2.2).

this, we assume that
+00

5i(y) = Zak(% di(hi})

b}

by high order-deformation equation (3.14) — {3.18), we obtain

ey o0
R H{y) Z Ri(W ety y, 6: (1)) = Z Llap(y, 8:(7)) — xatte—1(y, 6:(Fa))]
k=0 e

400
= L0 law(y, 6:(h)) — xprwer (v, 8:(Bi))]}
k=0

= L{a(y, 6:(f))} + L{aaly, 8:(R)) — ar(y, 6:(A:))}
+ L{asly, 0:(5)) — aoly, d: (i )}
+ o Lia(y, §illa)) — aj1 (y, 6: (A} + .

= {sz @j(yv 5;‘(&5))} = f-{(}} = £)
o
£ is Lipschitz in the above equations because £ = 5‘1—% also

I £{a~0) li=]l La~Lb = [ig(y, a,a") — 9(y, 5, )]

<llotwa ) +lowb )| 2V < Lla=bl, L=

As we know that f; # 0 and H{y) # 0 are non-zero, then

R ]
Zﬁk(“ﬁk—b ¥, 0:{fig )} =0

kez:()
thus f
o= 1 FNibly,6,(h:);p)] =01 el kel
] apF = 2 G BpFT =9
kwl p pzf} k==t 7 p=0
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Consider the residual of the original equation (2.1} as
Ry, 5:(h:);p) = N8, 6:(hiy )]
Now,we are to prove that R{y, §;(%);p) = 0, this implies
N@(z,8;(5;);p)] =0,

but we also know that ®(y, 8:(A:):1) = s;{z). The Taylor's series of R{y, d:{f;);p) takes the

form

+oc k

1 "Ry, &),
Ry, slfakip) = )73 (yap,,( )sip) i

k=0 sl

which results .
X1 O Ry, 5 (B,
Ry, 6i{hip) = ) o] (ya }k( ) p)‘
kwh £ |p:==0

_ R 1Ny, ihi)ip)
~ k Op*

pe=l

hence the proof is completed.

2.10 Nonlinear reaction-diffusion model

To illustrate the method, we here consider the problem of nonlinear reaction diffusion model as

foilows

v %7 — .64 = 0, {2.31)

with boundary conditions

v{0)=0, w{l)=1 {2.32)

where the primes denote differentiation w.r.t. 'z, where 0 < = < I and v is the dimensionless

concentration of the reactant. The above problem (2.31) and (2.32) can be reduced to an initial
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value problem to introduce 4 as follows:

¥ o0 - 064 =D (2.33)
subject to the conditions
{0y =0 and w{0) =4, (2.34)
with additional forcing condition
o(1) = 1. {2.35)

In which § is an unknown parameter 10 be determined. Now, we apply HAM on (2.33) and

(2.34) as follows. For this, choose the set of base functions
{2% [k =0,1,2,..}, (2.36)

We choose H{z) = 1 as auxiliary function, vs{z) = § as initial guess satisfy the above conditions,

and choose auxiliary linear operator £ as second order operator as follows

ol v ‘
Lip(z, v q)] = m@(% 2’Y g) (2.37)

which satisfy the properiy
)C[Cl 4 (22;1:; zz {, (238)

The mth-order deformation equation for M > 1 becomes
-C{Um($> 5) - memwi(x; 5)} = ﬁf?'m(?m—vl + &y 5) (239)

From (2.17) and (2.37),we have
W ]

BT, 0, 6) = Y vy (@) — 0.64(1 = x,)- (2.40)

j=o
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when m = 1 and 7 = 0, we have
Ro( V. 3,8) = vy (z)ug(z),

where

uo(@) = foo ()",

Which now has becomes the original equation {2.41) as
Ro=1v"v™ ~0.64,

and u,{z) is found by ancther additional Adomian polynomial as follows

_ 1 0%z, y; )7

o) _ 1O e P
T - n! 8qﬂ’ -

gt il dgn

0.5y o

, (2.41)
gul(}

0.3 L
2.2y *‘
¥} WP T \g PEI TS ﬁ.. ks
w2 w5 - I —0.5 4.0

A

Fig.2.1: Graph of & as a function of £
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which for different values of n = 0,1,2, ... implies that

wo(z) = [ (@)™, wla) = %E%%? (2.42)

0.00375[v () 0.75va(x)

e TN E A ) (2:49)

The conditions for the higher-order deformation equation (2.41) becomes v, (0) = 0, v,,(0) =
0.Starting from vo{x, §) = § we, successively, can find the functions v, (2, 8) form = 1,2,8,..The

mith-order approximate HAM solution can be expressed as

M
Var(2,6,8) = > vm(z,6). (2.44)
=0

Thus, when v{1) = 1, Eq. (2.19) takes the following form
T}(I) _ VM(].,é, ﬁ) me ] (245)

By using symbolic software Mathematica, we computed upto M = 25th order approximate
solution, The solution is later used in forcing condition {2.45) and drew the graph of § as a
function of £ a shown in figure {(2.1}. It is seen that two horizontal lines namely ¢ = 0.1836
in A-range[1.3,0.4] and § = 0.5330 in A-range [1.7,0.3] occur. Thus there exist two solutions
for the problem (2.31) and (2.32). It is concluded that Predictor Homotopy analysis method

provides convenient way to caleulate dual solutions satisfying the exact dual solutions of the

original problem.

2.11 Conclusion

In this paper we have shown how to predict the existence of unigue or multiple solutions of
the problems. For this, a new parameter ¢ is introduced to the problem. An additional forcing
condition and fi play vital role in the prediction of multiplicity. In the plot of ¢ as function
of /i existence of multiple solutions can be calculated corresponding to the horizontal ranges

appearing in the graph.
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Chapter 3

Prediction of multiplicity of
solutions of nonlinear boundary

value problems

Caomputing the solution of nonlinear boundary value problems analytically have been a difficult
Jjob for the researchers. Since the last two decades homotopy analysis method is being considered
to be the best tool for this purpose as compared to other tools [3,4]). This is due to its many
advantages and freedom embedded in the solution procedure of HAM. Till to date many types
of boundary value problems in science and engineering namely viscous flow of non-newtonian
fluids [23], the KdV-type equation [26,47], nonlinear heat transfer [46, 49, problem related to
shallow water equations have been solved successfully by employing this method [30].

On the other hands, researchers have used many numerical methods time to time which
are quite useful for this purpose. Few of them are Euler method, Runge-Kutta explicit and
implicit methods, different multistep methods, Taylor series method, Hybrid methods, family
of finite difference methods [1,2] and spectral methods [29, 30] etc.. Many other methods are
also there to give approximate solutions analytically like for example perturbation methods
[3.6], the artificial small parameter method [4], the §-expansion method [5], the Adomian
decomposition method [7}, the variation iteration method [8] and so on. These methods do

not give us a convenient way to control and adjust the convergence region and rate of given

34



approximate solution which are guaranteed in the framework of homotopy analysis method
through an auxiliary parameter called convergence control parameter A.

By using above cited analytical methods, it is observed that the prediction or forecasting of
multiplicity or solutions of the nonlinear boundary value problems is very much difficuls task
by using these above cited analytical methods. Since we assume that approximate method
usually converge to one solution by one initial guess is the exactly means the convergence.
The convergence control parameter fi embedded in homotopy analysis method has found a key
role in forecasting the rultiplicity of the solutions of nonlinear problemns investigated in [44].
Moreover, homotopy analysis method provides a convenient way to further control the multiple

solutions (if exists) of the problems will be revisited in this chapter.

3.1 Description of the method

Let us consider the following nonlinear differential equation

Npy)=0 ye (3.1)

subject to the boundary condition
dv .
B ('U, *5;;) = (3, yel (3.2)

where N is nonlinear operator, B is boundary operator and I' is boundary of the domain §2.
The key step of the procedure is that the boundary value problems (3.1} and {3.2) be replaced
by an equivalent problem in such a way that the condition {3.2) must involves an unknown

parameter like § as follows

B (i),é, g%) w={), and v{fl=v ye&l (3.3)

where v (7} = v is the forcing condition, which comes from condition (3.2). Now applying the

HAM on the problem (3.1} subject to the boundary conditions (3.3)
Npyl=0, yeq (3.4)
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W0, 2)=0, yer (3.5)

3.1.1 Zero-order deformation equation

We assume that all the solutions v = v ()} of problem (3.4) can be expressed by the set of base

functions {w; (¥}, = 0,1,2,...} such that
+o0
v = (y) == Zanwn ), (36)
n=0

where a,, are unknown coefficients to be determined. We let vg (y,6) be an initial guess of v (y)

that satisfies conditions (3.5). The general zero-order deformation equation takes the following

form
(1 =)Ly, 6:9) —voly, 8)) = ghH(YN lply, & 0)] (3.7
% (onsia). s 2820) —o yer 68)

where A # 0 be the convergence-controller parameter, H{x) s 0 be an auxiliary function, and £
be an auxiliary linear operator and ¢ (3, 6; ¢) is to be determined. Here ge{0, 1] as an embedding

parameter, in which two cases occur:

Case 1 When ¢ = 0, (3.7} leads us to

Llp(y, §;0) ~ vy, 6)] =0 (3.9)

which implies

‘ro(?‘! & (}) == ?‘]{)(y! 5)

Case 2 When ¢ = 1, (3.7} takes the form

N oy, d:9)] =0, (3.10)
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which is the same nonlinear boundary value problem given in Eq. (3.1) such that p{y,6;1) =

v{y,§). Now expanding ¢{y,d;¢) in & Taylor series to the embedding parameter ¢ as follows

Prps e

oy, 89) = w(y,6) + D> vnly, 6" (3.11)

e}

where
RN

- . 12
T ma= 31,2, (3.12)

‘i’m(?}: 5) =

it is well known in frame of HAM, after choosing auxiliary linear operator £, suitable initial
guess vg{y, 4}, auxiliary parameter % # 0 , and auxillary function H(y) # 0, the series given in

Faq. {3.11) converges for ¢ == 1, Hence

TR 00 Temmr O
v(y, 8) = w0 + D va(y6) = D Gewnly) (3.13)
=1 yeewl}

is one of solutions of (3.4) and (3.3).

3.1.2 High-order deformation equation

After properly choosing the initial guess function we(y, ¢}, the linear operator £ and auxiliary
function H{y), we can caleulate v, (y, 0} in Eq. (3.13} with the help of the high-order deforma-
tion equations as follows. Note importantly that the value of convergence control parameter ki
will be chosen later. We first define the vector ¥, = {ve(y), v1{y}, ..., v {y)} then differentiat-
ing Eq. (3.7) m-times with respect to g, divide it by m! and setting ¢ = 0, with (3.8). We get

rnth-order deformation equation in the following form

ﬁ[vm ('{‘}, é) “ X Um—1 (?ﬂ 5)} = BH (y)Rm(“i?m——I Y. 5} (3}-4)
with boundary conditions

& diply, 4,
g=l
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where

G, <1
Xm = ‘ "= (326}
I, m>1

and
1 0™ [ply, 6:9))
- g

Rwa(??ﬂahl:y=5) = ™

g

L N IS vy, 6)g"]
my — 31 6(}.7!&-—«1

(3.17)

g0

The mth-order deformation Eq. (3.14) with boundary condition {3.13) can easily be solved
with the aid of any computer symbolic software ke Mathematica or Maple. After starting
from woly,d), we can calculate the functious ve(y, ¢) for m = 1,2,3,..from Eqgs. {3.14) and
(3.15) successively. Thus, the mih-order approximate solution of the problems (3.4} and {3.5)

has the following form

A m'
(Y, 6) = vpe(y, 8,8) = vo(y,6) + D vm(y,6) = Y anwa(y). (3.18)
e =]

3.1.3 Forecasting the multiple solutions

The rule of multiplicity is a procedure to know the number of solutions admitted by the bound-
ary value problem (3.1). Uptill now we have chosen the initial guess vy(y, ¢),the linear operator
£ and auxiliary function H{y} # 0 properly such that the series solutions (3.18) converges. But
still we are to find out § and £ in the series (3.18). The existence of unique or multiple solution
depends on whether the forcing condition (v {8} = ~y) as given in Eq. (3.3) admits unique or
multiple solutions for formally introduced parameter 6. This stage is called rule of muitiplicity
of solutions. In simple words the criterion 18 order $0 know the existence of unique or muliiple
solutions of the boundary value problem is called rule of multiplicity of solutions. The rule of
so called multiplicity of solutions is applied as follows: Consider the mth-order approximate

solution (3.18) and set {3.3) in it to derive the following equation

v(f) = Vin(B,8,0) = 7. (3.19)
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It is noted that the above Eq. {3.19) has two unknown parameters namely ¢ and convergence
controlling auxiliary parameter % in (3.18) the series solution (2.18).Since it is clear from the
frame of HAM that the series solution (3.18) is convergent for y = # for the values of % only
in that range of h.However § will not change with the value of A Thus, implicitly, we get the
unique or multiplicity of the sclutions when a unique or multiple horizontal plateaus occur in
the plot of & as function of /i in the convergence range of the series v(#). Now we are going to
test or check the multiplicity of solutions by applying HAM on three different cases as given

below.

3.2 Nonlinear Heat transfer problem

3.2.1 Eqguation and exact solutions

Let us consider a straight fin of uniform cross-section area A and length L. At temperature
1., the surface of fin is placed in a convective environment at temperature 7,. It is further
assurned that the local heat transfer coefficient h exhibit a power-law-type dependence along

fin on the local temperature difference between the fin and the ambient fluid as
hom (T T, (3.20)

where the exponent n depends on the heat transfer mode, 7 be the local temperature on the
fin surface and ¢ be dimensional constant. The value of n varies in the range between —4 and

5. For one dimensional steady state heat conduction equation in dimensionless form is

T %, (3.21)
and
b= ;; :1; (3.22)
can be written as
gz—i- 2 =, (3.23)
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& can be calculated from fin tip, Tp be temperature of fin base, and ¥ be convective-conductive

parameter of fin and is defined as

P i
(W PLANY aPL? W) 2
h“(ﬁﬁﬂ “(mq@“%>)'

In the above expression & be the conductivity of the fin, £ be the periphery of fin cross-section

and hythe heat transfer coefficient at fin base. It is assumed that fin tip Is insulated and the

boundary conditions of the problem (3.23) are
db ,
=@ =0, §(1)=1 (3.24)

We can show that for —1 < n < 5, the Egs.(3.23) and (3.24) admits unit solution, for -2 < n <
—1 it has both unit and dual solutions, but only dual solutions for —4 < n < —2. Therefore

for our purpose we assume 7 = —3 so that Eq. {3.23) is transformed as

after using the transformation é—i«g = y, we get

8 dy dydf dy
pr il ik 7 3 (3.26)

Now, Eq. {3.25) takes the form

dy 202 _
v =0

which is separable type first-order ordinary differential equation, which may be written in the
following form

ydy — $2672dg =,

Applying the integral operation, we get

[ydy - @2/9“%{;@,
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we abtain

by using transformation gg = 4, we get

1/doN o,
g =z 3.27
2(91::;) + 448 <, (3.27}

where ¢ is constant of integration. Now Eq. (3.27) after using the first boundary condition
{3.24}, retrieves as

VAB(0)) T =,
where #{0) = § is the temperature on fin tip at = = 0. The value of constant ¢ is obtained as

¢ = %51 (3.28)

Thus

1 /d8N\°? )
> 5261 w251
2(d$) R W d

which is again a separable equation, After separating the variables again, we have
(d8)? = 22671 — 71 )(de)2.

Taking the square root on both sides , we get

d = i ;.
V26T -7
After replacing 4 by 7, we get
dr

dz = (3.29)
26 — 1)

and taking the integration of above expression by using Mathematica, we get
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7 o 2,/0(8 ~8) + 6 (m log(6) + 2log (Z gy f 1 g) + Icg(ﬁ))
T = m
» 3
G R = 2,/28
(3.30)
10
B 0.5, 0830017
0.8
a.6
S :
]
E
]
a.4 t
A {08, 6.348%61) :
:
0.2 X
[
E
[
#_fmax) = 0.691611 :
0.0 — e

0.6 01 62 03 04 05 06 07
4

Fig.1: Graph of § as a functions of .
The expression of the parameter § can be obtained after using the boundary condition #{1) == 1

from {3.30} as given below

@

23 /64

In Fig. 1, ¢ as a function of 4 has been plotted from Eq. (3.31). In this figure, we can see that

@¢1m5+5@mgz+vdm5y~mg&)mlA (3.31)

there exist two ¢ against 1@ for 0 < ¢ € ¥ = 0.591611. So we can say that dual solutions
oceur, i.e. these values of § = 0.348961 and § = (.830017 have been used to draw the exact

dual solutions of Egs. (3.25) subject to the boundary condition {3.25) as shown in Fig. A,
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for ¥ = 0.5, we get & = (.348961 and § = 0.830017 as mentioned by points 4 and B in Fig.l

respectively.

3.2.2 Forecasting the dual solutions by using HAM

The boundary value problem Eq. {3.25) subject to the boundary condition (3.24) and forcing
condition for ¥ = (.5 are
d*6

E’;ﬁ - 0.259W2 =}, (332)

df
=0 =0, 80)=4, (3.33)

with additional forcing condition 8{1} == 1, where ¢ is the temperature of the fin tip that we
will determine later on. So, we apply HAM onr the problems {3.32) and (3.33) as follows. we

firat assume a set of base functions
(2% 1k=0,1,2,..}. (3.34)

After choosing the initial guess #g{z) = 2% + § satisfying the boundary conditions (3.33). Let

H{z) =1 and £ be a second order operator defined as

Fp(x, 8 p)

ﬁ[(p(ﬂ:, a}?)} - B2 '

(3.35)

kY

Fig. A : Exact dual functions of heat transfer £q.(3.25) subject to conditions (3,24)

43



which satisfies

Lley + cpm] = 0. (3.36)

The mth-order deformation Eq. (3.14) after two subsequent integrations for M 2 1 takes the

following form
g4 & .
{?m_(;l,‘, (5} i :rﬂa,gfnw--l(m: 5) -+ ﬁ‘/ / an,( 9 srpeds Ty 5)d7d8 + 1 + C2E, (3'3?)
0 Ji

where from Bqgs, {3.17} and {3.32) implies that

et |

Ron{ € opey,7,8) = Zem (@) Ze(x)aj _s{@) = 0.25(1 = x,,,). (3.38)

(R

Form =1, i=0and j =9, we have
Ri(T1_1,7,6) = 0, _y_o(2)00(x)80_o(x) — 0.25(1 ~ 0),

or

Ri(6g,7,8) = 6 (2)(f0(2))? — 0.25.

After dividing the above equation by {(fp{2))?, we have
Ry (o, 7,6) = 83 (x) — 0.25(6(2))~?

which is almost the same as original equation. The mith-order boundary conditions are used to

calculate the integration constants ¢; and ¢g are as follows
0(0)=0, 4 (0)=0 (3.39)

and thus ciand ep become zero. In this way, we get the functions 6,{0,§) from Eq. (3.37) for

m = 1,23, ... to get mih-order approximate solution.

(2,6,h) = ng(x 8). (3.40)

rrpe{}
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After using additional forcing condition 8,,{1) = 1, Eq. {3.19) becomes

8(1) ~ Oy (l,8.8) = L. (3.41)

The wth-order solution (M = 35} has been calculated by using symbolic software Mathematica.
The obtained solution is used in Eq. (3.41) and drawn the parameter are of § as a function of
convergence-controller parameter £ as shown in Fig. 2. The admissible range of /i is noted as
i~1.1.—0.1.. Tt is seen that two Shorizontal ranges namely § = (.3489 in the fi-range [0.95,0.3]
and § = 0.8300 in the A-range [0.45,0.25] has been plotted in Fig. 2. Thus, the HAM provides

dual solutions satisfying the exact solutions completely.

P20 SN A A S A M S S A S S I P S S B

4.8¥F -
w H6 u
0.4k .

/¥ AP TP TP WP SR T

w 1O w .8 .6 —b6.4 w2
#

Fig.2 : graph of § as a function of A

3.2.3 Two branches of solution

The rule of multiplicity is a procedure to determine the number of solutions admitted by the

boundary value problem. As pointed by points A and B in Fig. 1, we now are going to
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determine the dual solution for § = 0.3485 and ¢ = 0.8300 explicitly and then we will compare
it with the exact solutions (3.30) Both the lower branch and upper branch of solutions are

determined simultaneously with various ¢ and £ only by Eq. (3.40) as shown in Fig. 2.

L&

g ——

0.8

fLo6F

0.4k

0.0 8.2 0.4 4.6 0.8 L4

X
Fig.3 : Convergence of approximate lower solutions towards the exact one: Os{x) — dot-

dashed, Og(x} — dashed and O1{z) ~ dotted; and the exact lower solution - solid line

The approximate HAM solutions given by Eq. {3.40) on various values of m i.e. ©3(z,0.3489, —0.6)
- dotdashed line, ©3(x, 0.3489, —0.6}- dashed line and ©5(x, 0.3489, ~0.6) - dotted line where
8 = 0.3489 and A = —0.6 are compared to the exact lower branch solution () as shown with
solid line in Fig.3,and given by Eq. (3.30) for § = 0.348961 and ¢ = (.5 as plotted by point
Aof Fig. 1. Similarly, in Fig. 4, the approximate HAM solutions given by Fq.(3.40) on var-
tous values of m ie. ©3(2,0.8300, —0.4)- dotdashed line, O5{x,0.8300, ~0.4)- dashed line and
oz, 0.8300, -0.4} - dotted line where § = 0.8300 and A = 0.4 are compared to the exact
upper branch solution #{x} as shown with solid line given by Eq. (3.30) for § = 0.830017 and

i = 1.5 as shown by point B of Fig, 1.

46



Lok ]

Fig.4 : Convergence of approximate upper solutions towards the exact one: 93{z) — dot-

dashed, ©5{x) — dashed and ©yo{x) — dotted; and the exact upper solution - solid line

We need not to use more than one auxiliary Hnear operator, one initial approximation guess,
and one auxiliary function used for convergence to dual solution. As we increase the order M

the approximate solutions ©ps(x) approaches the exact solution.

"’ »‘M«
0.3} -~ :
oER
LS 3
1
-
0.2r L
#.8ky » N 2 " n
[:2] &2 ¥4 e &8 LG

x

Fig.5 : Comparison of approximate dual solutions(©ss{z, 0.8300, ~0.4) - black bold dots
and ©45{x, 0.3480, —0.6} — black bold dots) with the exact dual solutions - solid line
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In Fig. 5 comparison of approximate dual HAM solutions ©{x) of order M = 33 is shown by
dotted lines with the exact dual solutions plotted with solid lines. We finally come to conclude
that the HAM provides dual solutions which exactly match the exact solutions.

3.3 Strongly nonlinear Bratu equation

3.3.1 Equation and the exact solutions

The famous Bratu problem subject to the boundary conditions are as follows

¥ A =0, z€(01) (3.42)

and

@(G) - 1?(1) = . (343)

The exact solution of the above problem using reduction of order is as follows

al
v{z) - lo : 3.44
S [2/\{:08212{“5‘2-(2:+b)} (3.44)
We Introduce the boundary conditions to calculate two arbitrary constants a,b such that from
condition {3.43), we have b= ~1 and a is
? 9% cogh? {2
o? = 2) cosh ( 4) (3.45)

let us consider that

4oy = g,

50 expression (3.45) takes the following form
A= 8a o cosh™ ¢

and solution (3.44) becomes
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cosh a
= s B 3.46
vl(e) zmﬁmmpaw%ﬂ (3.46)

Where o satisfies '
(3.47)

X

Fig. B : Exact dual functions of Bratu Eq. (3.42) given by Eq. (3.46)

This is the major task we need to accomplish. Actually we are to converge the approximate
dual solutions using HAM to the Upper and Lower Branches of the exact dual solutions as given
in the graph above, The dependence of ¢ as function of X is shown in Fig. 6. It is noted that
there is no solution for A > Apax, only one solution for the case A = A, and dual solutions
for A < Agax. Lot us consider the value of A = 3 for discussion. We noted that two points C
and D namely o = 0.84338 and o = 1.64414 exist against A = 3, here two solutions exist for

A = 3. Differentiating (3.46) w.r.t. "2’ and setting z = 0, we get

v (0) = dortanha (3.48)

In Fig. 7 we have plotted v'(0} as function of a from Eq. {3.48). Thus we have dual solutions
as pointed (E,G) ie. v'(0) = 2.3196 for the first solution and v (0) = 6.1034 for the second

solution,
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E: (2.84338, 2.31%6)

v'{9)

E
1
1
1
i
1
H
1
]
1
1
1
1
1
I}

a6 4.5 14 L3

@

Fig.7 : graph of v'(0) as function of o given in expression (3.48)

50



3.3.2 Forecasting the dual solutions by using HAM
Assuming A = 3, we can reduce two-point boundary value problem given in Egs. (3.42) and
{3.43} to an initial value problem as follows

v 436V =0, z€{0,1) (3.49)

v(0) =0, v (0)=4, (3.50)

with an additional forcing condition

v(1) = 0. {3.51}

We can transform the above problems (3.49 — 3.51) equivalently to new ones by assuming
fla) = e, (3.52)

taking log on both sides, we get

v(@) = ~ loglf(z)]

Taking the derivative of above expression w.r.t, '2’, we get

vz} = L=

T f=y

again differentiating above expression w.r.t. 'z’, we get

iy - @R~ 1) 1'@)
=T ey

F@f (@)~ [f @) -3f(z)=0, z€(0,1) (3.53)

From Eq. {3.52)
7 @) = @

s0, boundary conditions {3.50} now takes the following form
FO=1, f(0) ==, {3.54)
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with additional forcing condition by Eq. (3.52) is
) =1 (8.55)

Now, We apply HAM on the problems (3.53) — (3.55) to determine the parameter <. For this,

we first take the set of base functions
{2* | k=0,1,2,..}, (3.56)

and choose the auxiliary function H{z) = 1, fo(z) = v2 + 1 as initial guess of solution f{x},

and £ to be second order Huear operator of the form

8%, 3
Llglz,vip)} = wﬁw} (3.57)
which satisfies
Lley + coz] = 0. (3.58)

After two consecutive integrations for M > 1 by using equation (3.14), we arrive at

Jl, ) = Xpp frmn—1(2,7) + ﬁ/ [ Rm(?mﬂz,ﬁ Ydrds + ¢ + c% (3.59)
0 Jh
where
rp— 1 fre—1
Rm( fo—1.7s ’Y Lfm Iwg(x)fj z) Z fm ihj(f)f} ) 3fm“1(x)‘ (360}
Fmil3

For m = 1 and § = 0, we have

Ry(Fom) = fo @) ol(2) = o(@)]? = 3fo()

which is almost the same as original equation (3.53). After using the mth-order boundary
conditions

Fn(0) =0,  f{0)=0, (3.61)
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the values of unknown constants c; and ¢; become zero. Finally, the mth-order approximate

solution can be obtained from

h%
F(, v B) = ) fn(2,7)- (3.62)

=i}

Applying the forcing condition f(1) = 1, Eq. (3.18) becomes

M = 401k order solution have been computed using Mathematica. Expression (3.40) at M = 40,
in which v as a function of convergence-controller parameter i in the A-range {2, 0] hes been
plotted in Fig. 8. We can identify two y-plateaus Le. v = —~6.1034 or § = (6.1034) in the
fi-range {—0.6, ~0.4] and v = —2.3196 or (§ = 2.3196) in the A-range {—0.8, ~0.3]. Here exist
two solutions for A = 3 ie. v'(z) = § = —y = 2.3196 for the first solution and v'(z) = § =
~ = 6,10.34 for the second solution as shown in Figs. 6 and 7. Thus, we finally conclude that

the HAM provides dual solutions satisfying the exact results,

3.3.3 Two branches of solution

To determine the dual solutions for § = 2.3196 and § = 6.1034 explicitly as mentioned with
point pairs C and D of Fig. 6. The mth-order approximate solution by HAM by Eqs. {3.52)
and (3.62) is given as

Var{z, 8, h) = —loglFu(z, v, )L (3.64)

Both the lower branch and upper branch of solutions are determined simultaneously with various
¢ and & only by Eq. (8.64).Here again, we need not to use more than one auxiliary linear
operator, one initial approximation guess, and one auxiliary function used to convergence to

dual solutions.
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Fig.8 : The graph of v as function of A

In Fig. 9 the approximate HAM solutions given by Eq. (3.64) on various values of m ie.
Vs{z,2.3196, ~0.5)- dotdashed line, Vy(x, 2.3106, ~0.5)- dashed line and Vig{x,2.3196, -0.5)- ‘
dotted line where ¢ = 2.3196 and £ = —0.5 are compared to the exact lower $ranch solution
v{z) shown by solid line given by Eq. {3.46) for « == {1.84338 as mentioned by point C in Fig.
8.

0.6 0.2 0.4 .6 0.8 1.4

X

Fig 9 Convergence of approximate lower solutions towards the exact one: Vi{(z) — dot-

dashed, Vg(z) — dashed and Vig{x) — dotted; and the exact lower solution - sclid line
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Fig.10 : Convergence of approximate upper solutions towards the exact one: Vir{z) — dot-

dashed, Vog{r) ~ dashed and Vag(z) — dotted; and the exact upper solution - solid line

Similarly, in Fig. 10 the approximate HAM solutions on different values of m lLe. Viz{x, 6.1034,

~ (0.5} « dotcdashed line, Vao(x,6.1034, ~0.5) ~ dashed line and Vag{x, 6.1034, ~0.5) - dotted
line where ¢ = 6.1034 and % = —0.5 are compared to the exact upper branch solution v{x)
shown by solid line given by Eq. (3.46) for v = 1.64414 as mentioned by point D in Fig. 6. It
is observed that as we increase the order M the approximate solutions ©{x) approaches the

exact solution.

> Lo}

o5t

x

Fig.11 : Comparison of approximate dual solutions{Vag(z, 2.3196, —(.5) — black bold dots
and Vig{z, 6.1034, ~0.5) — black bold dots) with the exact dual solutions - solid line
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In Fig. 11, the comparison of dual solutions obtained by homotopy analysis method of order
M = 20 and M = 30 and the exact solution is presented. In this figure; solid line represents the
exact solution and dot represent the solutions calculated by HAM. Hence, we finally conclude

that the HAM provides us dual solutions in a convenient way accurately.

3.4 Nonlinear reaction-diffusion model

3.4.1 Equation and the exact solutions

Let us consider here a special case of that problem of nonlinear reaction-diffusion model which
iz already discussed in previous chapter, when the model has —0.73 for reaction-order and G.8
{or Thiele modulus, as follows

v v — 064 =0, (3.65)

with boundary conditions

d0) =0, o)=Ll (3.66)

The primes denote differentiation w.ort. ’2°, where § < o € 1 and v is the dimensionless
concentration of the reactant. Egs. (3.65) and {3.66) satisfy the following solutions for different

values of v(xz). the upper solution takes the form

L o 2 1
9965307 = 2 f’/2 9 0.1836\ 4 56 (.18368\ ¢ 38 /(.81358 + 16 (.1836 0.1836\ # v
\( v ] v Y Y

{3.67)

in which the lower solution takes the form

1 b an & 1
05,8891 — 2\/2 s (0.5330) 3 (5 iy (0.5330)« L [0B30 (0.5350) ) (0‘5330) 5

o V U v

(3.68)

the above two solutions are plotted in Fig.C. as given below. From the lower and upper branch

solution from Eqgs. (3.67) and {3.68) respectively, one can find

v(0) = 0.1836 (3.69)
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and

w(0) = 0.5330

Lo

0.8

n 6

0.4

0.2

Fig.C: The graph of Exact dual functions of diffusion reaction

3.4.2 Yorecasting the dual solutions by using HAM

Consider the following problem

p 2?7 084 =0

subject to the boundary conditions
v {0) =0, o(0)=34,

with additional forcing condition

v{i) =1
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Where ¢ is an embedded parameter to be determined. Now, we apply HAM on (3.71) and

{3.72) as follows. For this we first take a set of base functions
(¥ 1k =0,1,2,.}, (3.74)

We choose auxiliary function H(z) = 1, initial guess vo{a)} = §, and choose linear operator £

of second order as follows

Folz,;
Lle{x,vip)] = mi’oéx; p), (3.75)
which satisfles the property
Lley 4 eqw) = 0. (3.76)

The mth-order deformation equation becomes, M > 1

ﬁ%@m(:«’:s ‘5) = X Vel (559 5)} h hRm(?m——h T, 5) {3'77)

in which -
mt(?mml;maé) = Z v:x»»}-»j(x)uj(:c) "" {]64(2 """ Xm)! (378)

gy

which is different from the fraditional problem. When m = 1 and j = 0, we have
Ro{ Vo, , 8) = v (2)up(z),

where

up{x) = [vg(x)]0 78

Which now has becomes the original equation (3.63)

H
Ry = v v%™ - 0.64,

and u,{x) is found by anocther additional Adomian polynomial as follows

ey = L@l L og™ v (e, )¢ (3.79)

! Ogt gmo T g 4=0
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which for different values of n = 0,1, 2, ... implies that

ug(z) = fug(@)]*™®, (3.80}
uy{z) = %2%%%, {3.81}

With initial conditions, the high-order deformation equation (3.77) becomes
U (0) == 0, 1,{0) =90, (3.83)

starting from vz, ) = . We, successively, can find the functions v, (%, 8} for m = 1,2,3, ...

and mth-order approximate sclution

M
Vie(z,8,8) = > vmlz.8). (3.84)

yrpee{}

0‘6‘_,,‘--,..........,../‘—,,:

0.5% -

b3t .
0.2y =
N J \. MY 3 ]
w2} wi ¥ -~ 1.8 ) &4

#

Fig.12: The graph of § as function of & by using 25th order HAM solution
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Thus, when v{1} = 1, Fq. (3.84) takes the following form

We compute the solutions upto 25th-order of approximation by using symbolic software Math-
ematica. Then using Eq. {3.85), § as function of # is drawn in Fig. 12 for the A-range {-2,0].
Two §-plateaus namely § = 0.1836 in A-range[1.3,0.4] and & = 0.5330 in A-range {1.7,0.3] can

be seen in the Figure, which clearly exhibits the reasons for the existence of dual solutions.

3.4.3 Two branches of solution

In Fig. 13, the approximate HAM solutions given by BEq. (2.84) on various values of m e,
Vs{z,0.1836, —0.8)- dotdashed line, Vs{x,0.1836, 0.8}~ dashed line and V7{xz,0.1836, ~0.8} -
dotted line where § = {.1836 and /i = —~0.8 are compared {o the exact lower branch solution

v{x) shown by solid line given by Eq. (2.67),

| N A A M A S S M M S A A A A S

Fig.13 : Convergence of approximate lower solutions towards the exact one:r Va{x) — dot-

dashed, Vi(x) — dashed and Vy{z)} — dotted; and the exact lower solution - solid line

Similarly, in Fig. 14 the approximate HAM solutions on different values of m L.e. V{2, 3.5330, —1}
= (0,5330 - dotdashed line, Vi{z, 0.5330, —1}- dashed line and V4(zx, 0.5330, —1) - dotted line
where § == 0.5330 and /i = —lare compared to the exact upper branch solution v{z) shown by

solid line given by Eq. (3.68). As we increase the order M the approximate solutions Op{z)
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approaches the exact solution. In Fig. 15 comparison of approximate dusl HAM solutions

Var(z) of order M = 15 with the exact solutions presented.

4.9
4.8
w7
4.6
0.5 4
0,4...:...:...:...1...1':
4.4 .2 (/% § 4.6 7.8 1.0
X

Fig.14 : Convergence of approximate upper solutions towards the exact one: Vp(e) — dot-

dashed, Vi (z) — dashed and Va{x} — dotted; and the exact upper solution - solid line

The dotted line shows the approximate, while the solid line gives exact dual solutions as shown
in Fig. 15. We finally conclude that the HAM provides dual solutions satisfying the exact

solutions exactly.

x

Fig.15 : Comparison of appraximate dual solutions{Vis{z, 0.1836, —0.8) — black boid dots
and Vis(2,0.5330, ~1) — black bold dots) with the exact dual solutions - solid line
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3.5 Conclusions

Without loss of generality it really is a very difficult task to forecast the multiplicity of solu-
tions for a given nonlinear boundary value problem. So, perhaps for the first time, the rule
of multiplicity of solutions have introduced for this purpose. We successfully revisited the ap-
plicability of this procedure by its applications to different important boundary value problems
from the field of science and engineering which admit multiple solutions. Here the dual solu-
tions of nonlinear equations such as nonlinear heat transfer equation, strongly nonlinear Bratu
equation and nonlinear reaction-diffusion model in porous catalysts have been predicted and
calculated by using homtopy analysis method. It is importantly mentioned that, we need not
to use more than one initial guess, one auxiliary function, one auxiliary linear operator to find

all the branches of the solutions.
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