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Preface 

Fixed point theory is one of the famous and traditional theories in mathematics and has 

a broad set of applications. It is concerned with the result which states that under certain 

conditions a self map I' on a set X admits one or more fixed points like functional equation 

a = Fa has one or more solutions. Fixed point theory started almost immidiately after the 

classical analysis began its rapid development. A large variety of the problems of analysis 

and applied mathematics relate to finding solutions of nonlinear functional equations which 

can be formulated in terms of finding the fixed points of a nonlinear mappings. In fact, fixed 

point theorems are extremely substantial tools for proving the existence and uniqueness of 

the solutions to various mathematical models (diferential, integral and partial diferential 

equations and variational inequalities etc), exhibiting phenomena arising in broad spec- 

trum of fields, such as steady state temperature distribution, chemical equations, neutron 

transport theory, economic theories, financial analysis, epidemics, biomedical research and 

flow of fluids etc. They are also used to study the problems of optimal control related to 

these systems. Thus fixed point theory started as purely analytical theory. This field of 

mathematics can be divided into three major areas which are Metric fixed Point Theory, 

Topological Fixed Point Theory and Discrete Fixed point Theory. Classical and major re- 

sults in these areas are Brouwer's Fixed Point Theorem, Banach Fixed Point Theorem and 

Tarski's Fixed Point Theorem. 

A self mapping r on a metric space X is said to be a Banach contraction mapping 

if d(ra,I'b) < pd(a, b) holds for all a, b E X where 0 < p < 1. This theorem plays a 

fundamental role in the field of fixed point theory and has become even more important 

because being based on iteration, it can be easily implemented on a computer. This principle 

has many applications and it has been extended by several authors. Taking this process 

much further Kannan, Chaterjea and Hardy Roger proved other fixed point theorems with 

better contractions, which also have many applications in fixed point theory. There has also 

been a lot of activity in different weakly contractive mappings, which are generalization of 

the existing contractive conditions. 

Recently, many results appeared related to fixed point theorem in complete metric spaces 



endowed with a partial ordering 5.  Ran and Reurings [30] proved an analogue of Banach's 

fixed point theorem in metric space endowed with a partial order and gave applications to 

matrix equations. In this way, they weakened the usual contractive condition. Subsequently, 

Nieto et. al. [37] extended the result in [30] for nondecreasing mappings and applied it to 

obtain a unique solution for a 1st order ordinary differential equation with periodic boundary 

conditions. Indeed, they all deal with a monotone mappings (either order-preserving or 

order-reversing) mapping and such that for some a0 E X, either a0 5 rao or rao 5 ao, 

where r is a self-map on metric space. To obtain unique solution an additional restriction 

that each pair of elements has a lower bound and an upper bound. Instead of monotone 

mapping, one can take dominated mapping, which is introduced in [2,3,4]. The dominated 

mapping which satisfies the condition Fa 5 a occurs very naturally in several practical 

problems. For example if a denotes the total quantity of wheat produced over a certain 

period of time and r (a )  gives the quantity of wheat consumed over the same period in a 

certain village, then we must have Fa 5 a. 

In 1963, Ghaler generalized the idea of metric space and introduce 2-metric space which 

followed by a number of papers dealing with this generalized space. A plenty of material is 

available in other generalized metric spaces, such as, semi metric spaces, Quasi semi metric 

spaces and D-metric spaces. Fixed points results of mappings satisfying certain contractive 

conditions on the entire domain has b%n at the centre of vigorous research activity, for 

example (see [2, 3, 51). Thereafter, many work related to fixed point problems have also 

been considered in G - metric spaces (see [7, 8, 10, 131). Z. Mustafa and Sims introduced 

the concept of G - metric Space in [12]. G - metric Spaces have applications in theoretical 

computer science. Aydi [26] used the idea of partial metric space and partial order and 

gave some fixed point theorems for contractive condition on ordered partial metric spaces. 

Recently, Karapinar et. al. [28] introduced the concept of (@, Q) contractive G - metric 

space. Azam et. al. [I, 5, 71 proved a significant result concerning the existence of fixed 

points of a mapping satisfying a contractive condition on closed ball of a complete metric 

space. Arshad et. al. [2] have submitted a paper related to fixed points of a pair of 

Banach type mappings on a closed ball in ordered partial metric spaces. For the last few 



decades, there has also been a lot of activity in weakly contractive type mappings and several 

well-known fixed point theorems have been extended by a number of authors in different 

directions (see, for example, [6, 10, 13, 15, 16, 17, 18, 20, 21, 22, 24, 25, 27, 30, 34, 35, 361). 

Chapter-1, is devoted for some essential and basic definitions and propositions, some 

classical fixed point results and their related examples. 

Chapter-2, consist of modified Banach fixed point results for locally contractive m a p  

pings in G - metric spaces, which are proved by Erdal Karanpinar [39] for globally con- 

tractive mapping in G - metric spaces. 

Chapter-3, is devoted for common fixed point results for locally contractive double 

mappings in G - metric like spaces. 



CHAPTER I 

INTRODUCTION 

The purpose of this chapter is to present basic definitions and concepts about G-metric 

spaces, some classical fmed point results and to explain the terminology used through out 

this thesis. Some previously known results are given without proof. Section 1.1 is about 

basic concepts, Section 1.2 is concerned with the introduction of G - metric space and 

concept of closed ball. Section 1.3 deals with some classical fixed point results in G - metric 

spaces for single self dominated mappings and about error bounds. 

1.1 Basic Concepts 

Definition 1 [33] Let ( X ,  d )  be a metric space. A point a € X is said to be a fixed point 

of m a p p i n g I ' : X + X  i f a = I ' a .  

Definition 2 [4] Let ( X ,  5 )  be a partial ordered set. Then elements a ,  b E X are called 

comparable elements if either a 5 b or b 5 a holds. 

Definition 3 [4] Let ( X ,  5 )  be a partially ordered set. A self mapping I' on X is called 

dominated i f  I'a 5 a for each a E X .  

Definition 4 [38] Let ( X ,  5 )  be a partially ordered set. A self mapping I? on X is called 

dominating if a 5 Fa for each a E X .  

Definition 5 [37] If ( X ,  5 )  is a partially ordered set and I? : X + X we say that I? is 

monotone non - decreasing i f  for a ,  b E X ,  

a 5 b * I ' a s I ' b .  

This definition coincides with the notion of a non decreasing function in the 

case where X = R and 5 represents the usual total order in R." 



1.2 G-metric Space 

Definition 6 [I21 Let X be a nonempty set, and let G : X x X x X + [0, co), be a function 

satisfying the following properties: 

(GI) G(a, b, c) = 0 if a = b = c, 

(G2) 0 < G(a, a, b); V a, b E X, with a # b, 

(G3) G(a, a, b) < G(a, b, c), V a, b, c E X with b # c, 

(G4) G(a,b,c) = G(a,c,b) = G(b,a,c) = G(b,c,a) = G(c,a,b) = G(c,b,a), (symmetry 

in all three variables), 

(G5) G(a, b, c) 2 G(a, d, d) + G(d, b, c), for all a, b, c, d E X, (rectangle ineguality), 

then the function G is called a Generalized Metric, more specifically a G - metric 

on X and the pair (X, G) is a G - metric space. It is known that the function G(x ,  y, z )  

on G - metric space X is jointly continuous in all three of its variables, and G(a, b, c) = 0 

if and only if a = b = c. 

Definition 7 (171 Let X be a nonempty set and let Gd : X x X x X -+ [0, co) be a function 

satisfying the following axioms: 

(i) ~f Gd(a, b,c) = Gd(a,c,b) = Gd(b,a,c) = Gd(b,c,a,) = Gd(c,a,b) = Gd(c,b,a) = 0, 

then a = b = c, 

(ii) Gd(a, b, c) 5 Gd(a, a, d) + Gd(d, b, c) for all a, b, c, d E X (rectangle inequality). 

Then the pair (X, Gd) is called the dislocated quasi Gd - metric space. It  is clear 

that if 

Gd(a, b, c) = Gd(b, c, a) = Gd(c, a, b) = + . . = 0 then from (i) a = b = c. But if a = b = c 

then Gd(a, b, c) may not be 0. It is observed that if Gd(a, b, c) = Gd(b, c, a) = Gd(c, a, b) for 

all a, b, c E X, then (X, Gd) becomes a Gd - metric like space. 

Example 8 Let X = R be a non empty set and G : X x X x X + [O,oo) be a function 

defined by 

G(a, b, c) = d(a, b) + d(b, c) + d(a, c), 



Va, b, c E X where d : X x X  --+ [0, oo) is usual metric. Then clearly G : X x  X x X  + [0, 00) 

is G - metric Like Space. 

Definition 9 [23] Let A G-metric space ( X ,  G )  is said to be G - complete i f  every G- 

Cauchy sequence i n  ( X ,  G )  is G-convergent in X .  

Definition 10 [23] Let ( X ,  G )  be a G-metric space then for a0 E X ,  r > 0 ,  the G - ball 

with centre a0 and radius r 2 0 is, 

Definition 11 [28] Let I? and A be self maps of set X .  If b = Fa = Aa for some a E X ,  

then a is called a coincidence point of I? and A and b is called point of coincidence 

of I' and A. 

Note that i f  a = b then b E X becomes common fixed point o f  self mappings I? and A. 

Definition 12 [16] Two self mappings I? and A are said to be weakly compatible if 

they commute at coincidence point. 

Proposition 13 [12] Let ( X ,  G )  be a G-metric space, then the following are equivalent: 

(1)  {a,) is G convergent t o  a ,  

(2 )  G(an,an,a)  + 0 as n + W, 

(3) G(an,  a ,  a )  + 0 as n -t 00, 

(4 )  G(an,am,a)  -t 0 as m n + 00. 

Proposition 14 (231 Let ( X ,  G )  be a G-metric space. Then the function G ( a ,  b, c) is 

jointly continuous i n  all three variables. 

Proposition 15 [23] Let ( X ,  G )  be a G-metric Like space, then the following are equiva- 

lent: 

(1 )  T h e  sequence {a,) is Gd - cauchy, 

(2 )  For E > 0,there exists k E N such that Gd(an,  a,, a )  < E, for all n, m 2 k. 



Definition 16 1231 Let ( X ,  G )  be a G-metric Like space and let {a,) be a sequence of points 

in  X .  A point a i n  X is said to be the limit of the sequence {a,) if lim Gd(a, a,, a,) = 
m,n+oo 

0 ,  and one says that sequence {a,) is G - convergent to a. Thus, i f  a, -+ a i n  a G-metric 

space ( X ,  G ) ,  then for any E > 0,  there exists n, rn E N such that Gd(a ,  a,, a,) < E, for all 

n, m 2 N. a E X be a non empty set. 

Definition 17 Let ( X ,  G d )  be a G - metric Like space then, 

( i )  A sequence {a,) in ( X ,  G d )  is called Cauchy Sequence i f  for all E > 0,  there exists 

no E N such that m,n, 2 2 no, Gd(an, a,, al) < E , Gd(a,, an, al) < E ,  and Gd(a1, a,,a,) < 

E .  

(ii) A sequence {a,) in G-metric Like space (for short Gd converges) t o  a i f  lim Gd(an, a,, a )  = 
n+w 

lim Gd(a ,  a,, a,) = 0. In this case a is called a Gd - limit of {a,). 
n-00 

(iii) ( X ,  G d )  is complete if every Cauchy Sequence in  i t  is Gd - convergent. 

Lemma 18 [39] Let ( X ,  G )  be a G-metric space then Va,  b E X 

G(a ,  a,  b) 5 2G(a, b, b). 

Definition 19 [d l ]  Let ( X ,  G )  be a G-metric space then it is symmetric G-metric space 

if Va, b E X 

G(a ,  b, b) = G(b, a,  a) .  

1.3 Some Classical Fixed Point Results on Closed Ball 

This section deals with some fixed point results on a closed ball for ordered complete metric 

spaces. 

Theorem 20 [33] Let ( X , d )  be a complete rnet7.i~ space, S : X + X be a mapping, 

r > 0 and a0 be an arbitrary point in  X .  Suppose there exists k E [O,1) with 

d(Sa,  Sb) 5 kd(a, b), 

V a,  b E Y = B ( a o , r )  and 

d(a0, Sao) < ( 1  - k)r ,  

then there exists a unique point a* i n  B(ao,  r ) ,  such that, a* = Sa*. 



Theorem 21 [8] Let ( X ,  5, dq) be an ordered complete dislocated quasi metric space, S : 

X + X be a dominated map and a0 be an  arbitmry point in X .  Suppose there exists 

< E [O,1) with 

dq(Sa,  Sb) I &,(a, b), Va,  b E B(ao,  r )  

and dq(ao, Sao)  5 ( 1  - I ) r .  

If, for a nonincreasing sequence {a,) + u implies that u 5 a,. Then there exists a point 

a* in  B ( a o ,  r )  such that a* = Sa* and dq(a*, a*) = 0. Moreover, if for any two points a ,  b 

in  B(ao ,  r )  there exists a point c E B(ao,  r )  such that c 5 a and c 5 b, that is, every pair of 

elements i n  B ( a o ,  r )  has a lower bound, then, the point a* is unique. 

Theorem 22 [8] Let ( X ,  5 ,  dq) be an ordered complete dislocated quasi metric space, S : 

X + X be a dominated map and a0 be an  arbitmry point in X .  Suppose there exists 

k E [ O , & )  with 

dq(Sa, Sb) i I M a ,  S a )  + dq(b, Sb)l,  

for all comparable elements a ,  b in  B(ao,  r )  and 

where B = -&. If for a nonincreasing sequence {a,) + u implies that u 5 a,. Then them 

exists a point a* in  B(ao,  r )  such that a* = Sa* and $(a*, a*) = 0. Moreover, i f  for any 

two points a ,  b i n  B(ao,  r )  there exists a point c E B(ao,  r )  such that c 5 a and c 5 b,and 

then, the point a* is unique. 

Theorem 23 [9] Let ( X ,  5, d,) be an ordered complete dislocated quasi metric space, a0 E 

X ,  r > 0 and S ,  T : X + X be a two dominated mappings. Suppose there exists x, y, 

z E [O,1) with x + 2y + 22 < 1 such that 



for all compareable elements a, b E B(ao,  r )  and 

where X = w. If for a non increasing sequence {a,) in  B(aO,  r ) .  a, -- u implies that 

u 5 a, then there exist a point a* in  B(ao, r )  such that dl(a*, a*) = 0 and a* = Sa* = Ta*. 

Theorem 24 (401 Let ( X ,  G )  be a complete G - metric space and let : X --t X be a 

mapping satisfying te following condition Va, b, c E X 

where ( E [O, 1) .  Then I? has a unique jixed point a* E X such that Fa* = a*. 

Theorem 25 [39] Let ( X ,  G )  be a complete G - metric space and let r : X --t X be a 

mapping satisfying te following condition Va, b, c E X ,  

and 

where ( E [0, i ) . ~ h e n  3 unique a* E X such that Fa* = a*. 



CHAPTER I1 

MODIFIED BANACH THEOREM IN G-METRIC SPACE 

Karapinar et al. [39] have proved Banach fixed point theorem for globally contractive 

mappings in G - metric spaces. In this chapter we will prove modified Banach theorem for 

locally contractive dominated mappings in G - metric spaces and the related examples are 

given to verify the results. 

2.1 Modified Banach Fixed Point Theowrn 

Theorem 26 Suppose for a G - metric spac ( X ,  G )  i f  a defined dominated mapping : 

X - X satisfies, 

G ( r a ,  rb ,  r c )  < t W ( a ,  b, c)  (2-1) 

Va, ao, b, c E &(aO, r )  C X and r > 0,  where t E [0, &) and 

And 

G(a0, a l p l )  5 (1  - p)r (2.3) 

where p E { F ,  T = A} and p E [O,  1) .  Then 3 unique a E Bo(ao, r )  such that r a  = a. 

Proof. Consider a picard sequence {a,) with initial guess a0 E X such that a,+l # a,, 

a,+l = r a n ,  Vn E N (2.4) 

From (2.3) it is clear that 



Then a1 E BG(ao, r ) .  Now consider the relation 

From (2.2), 

In first case if W(ao, al,al) = G(a1, a2,a2) then, 

It is contradiction because a1 # a2. In second case if W(ao, al,al) = G(al, al,az) then, 

It is again contradiction because a1 # ag. In third case if W(ao, al,al) = G(ao, al,al) then, 



It is true for ( E [O, i). In fourth case if W(ao, al,al) = G(ao, a2,a2) then, 

It is again true for T = and 0 5 T < 1. Hence 

Now by rectangular property, 

Hence a2 E BG(ao, r). Now let ag,aq,.........,ai E &(aO, r)  , by mathematical induction general 

inequality can be obtain far all even i E N as follows, 

Now consider the relation 

From (2.2), 



It is contradiction because ai # ai+l. In second case if W (ai-1, ai,ai) = G(ai, a i , ~ i + ~ )  then, 

By symmetry of G - metric space, as G(ai, ~ i + ~ , a i + ~ )  = G(a;+l,ai, ai+l) then, 

It is again contradiction because ai # ai+l. In third case if W(ai-1, ai,ai) = G(ai-1, ai+l,ai+l) 

then, 

It is true for T = & E (0,l). In fourth case if W(ai-i, ai,ai) = G ( U ~ - ~ ,  ai,ai) then, 



It is true for 5 E [0, a). Hence in general from relations (2.6) and (2.7), 

G(ai, ai+l,ai+l) 5 pG(ai-1, ai,ai) 

where p E {t, T = A}. Therefore from relations (2.5), relation (2.8) gives, 

Now from rectangular property, 

Hence ai+l E BG(aO, T). Therefore picard sequence {a,) E BG(ao, T), Vn E N U (0). Now 

to show that picard sequence {a,} is Cauchy sequence consider for m, n E N such that for 

n < m, 

G(a,, a,, a,) I (1 + p + p2 + ..... + pm-n-l)pn~(ao, a p i )  



As p E [0, I), then pn --t 0 if n --t co. Hence pnr --t 0 if n + co. So for any Z E R however 

small, 3 k E R such that from (2.11), 

G(an, am, a,) 5 pnr = Z, when m, n > k 

Therefore picard sequence {a,) is Cauchy sequence in close ball BG(ao, r). As close ball 

BG(ao, r )  is close subset of set X, then the sequence {an) is convergent in close ball B ~ ( a o ,  r )  

and the point of convergence is a E BG(ao,r). Hence a, -, a as n -, w. In general it is 

clear that, 

LimG(an, a, a) = LimG(a, an, an) = 0 
n-+m n d o o  

(2.12) 

To check a E BG(ao, r )  is either fixed point of l? : X + X or not consider, 

From (2.2), 



For every selection of W (an, a, a) from (2.14) and applying limit n + oo on (2.13) gives, 

Hence a E BG(ao, r )  is fixed point of r : X + X. For uniqueness of fixed point consider 

a, b E BG(ao, r) are two distint fixed point of r : X + X. So consider the relation, 

From (2.16) every choice of W(a, b, b), relation (2.15) gives, 

It is contradiction to our assumption (.: a # b). So our suposition is wrong. Hence fixed 

point of : X -+ X is unique. rn 

Example 27 If for a set X = [O, 21, a mapping G : X x X x X --, [0, oo), Va, b, c E X 

defined by, 

G(a,b,c) = a + b + c  (2.17) 

then (X, G) is symmetric and complete G - metric like space. Let mapping I' : X -+ X are 

defined by, 

i f a a [ O , l ]  
r a =  { 

a + i  i f a a  (1,2] 



Obviously I? dominated mapping inside of [ O , l ]  but not dominated outside of [O, 11. Let 

ao= f a n d r = !  suchthatBc(ao,r )  = [ 0 , 1 ] .  A l s o l e t p E { < =  $,T= = f} C [0,1) 

such that, 
1 16 

for p = -, ( 1  - p ) r  = - 
3 9 

and 

Also as 

Clearly 

To show contractive condition is locally contractive, for first case let a ,  b, c E [O, 11 then, 

a b c  
G ( r a ,  rb ,  r e )  = G ( ~ ,  s,  -& 

Also let 

If a,b,c E [ O , l ] ,  then 

Clearly above inequalities shows that maximum value for W ( a ,  b, c )  is 

W ( a ,  b,c) = a + b+ c 



From (2.20) and (2.21), 

Hence contractive condition is locally satisfied o n  Bc(ao, r )  = [O, 11. For the second case if 

a,  b, c  E (1,2] then, 

Also let 

If Q a,  b,c E (1,2] then 

Clearly above inequalities shows that max imum values for W ( a ,  b, c )  are, 

1 1 
W ( a , b , c )  = 2 a + b + -  and W(a ,b ,c )  = 2 a + c + ~  

2  

Now as 



Hence contractive condition is failed outside of BG(ao,r )  = [ O ,  11. Therefore jked point of 

I' : X --+ X exists and is 0 E BG(ao,  r )  such that r 0  = 0.  

In above theorem, interval for contractive condition can be extended to [0,1) as shown 

by following corollary. 

Corollary 28 Suppose for a G - metric  spac ( X ,  G )  if a defined mapping r : X + X 

satisfies, 

G ( r a ,  r b ,  r c )  5 t W ( a ,  b, c )  (2.23) 

Vao,  a ,  b, c E BG(ao,  r )  X and r > 0 ,  where ( E [O,1) and 

And 
I 

G(ao, a p l )  I ( 1  - p)r (2.25) 

where p E {C, 'T = &} and p E [O, 1) .  Then 3 unique a E BG(ao, r )  such that Fa = a. 

2.2 Error Bounds 

In this section errors approximations and their related example are discused. 

Corollary 29 (Iteration, E m r  Bounds) From Theorem 26, iterative sequence (2.4), 

with arbitrary a0 E BG(ao,  r )  C_ X ,  converges to unique fixed point a E BG(a0,  r )  of domi- 

nated mapping r : X -+ X .  Error estimates are the prior estimate 

and the posterior estimate 



Proof. As from relation (2.10) of theorem 1, 

1 - p-" 
G(an, am, am) 5 pn( ) G ( ~ o ,  a l ,ad  

1-P  

As sequence {a,) is convergent to a E BG(ao,r) C X ,  then by taking m -+ oo gives 

a, + oo and pm-, + 0. Therefore above relatioin leads to the prior estimate i.e., 

Setting n = 1 and write b, for a0 and bl for a1 in (2.26) gives, 

Letting b, = a,-1 then bl = rb, = = a, in above relation leads to the posterior 

estimate i.e., 

P 
G(an, a, a) 6 -G(an-1, an,an) 

1-P 

rn 

The prior bound (2.26) can be used at the beginning of the calculation for estimating the 

required number iterations to obtain the assumed accuracy. While posterior estimate(2.27) 

can be used at intermediate stages or at the end of the calculation. Posterior estimate(2.27) 

is at least as accurate as prior estimate(2.26). 

Example 30 If f o r  a set X = [O, 21, a mapping G : X x X x X - X, Va, b, c E X defined 

by7 

G(a, b, c) = a + b + c (2.28) 

then (X, G) is symmetric and complete G - metric like space. Let mapping : X -+ X are 

defined by, 
/ 

[ a + $  i f a E  (1,21 

Obviously dominated mapping inside of [ O , l ]  but not dominated outside of [O, l ] .  Let 

2 8 a0 = J and r = such that BC(ao, r )  = [O, 11. Also let p E {< = f ,  T = & = f} C [0, 1). 

Construct the picard iterative sequence taking a0 = $ E [O,1]  as initial guess as, 



Also as 

and 

As picard sequence 

1 as in  example 2, 

G(an,  a ,  a )  = a, + 2a 

{a,) satisfies all the conditions of modified Banach jixed point theorem 

then If n + oo so a, -r a i.e a, x a. Then 

As from prior estimate 

If p = 4 then (2.30) gives, 

n = 1,2,3, .... being integer 

If p = then (2.30) gives, 

n = 1,2,3, .... being integer 

In either case i f  p E {$,;), picard sequence {a,) converges for n = 1,2,3,  . . .. . If n = 2 

If n = 3 then 

Therefore 

This suggests, when integer n 2 1 goes on increasing, picard sequence moves towards jixed 

point of I? which is a = 0 E [ O , l ] ,  i.e, r 0  = 0. 



CHAPTER I11 

COMMON FIXED POINT RBSULTS IN G-METRIC LIKE 

SPACES 

Banach [32], Kannan [35] and Chattergea [24] have independently proved fixed point 

theorems by using different contractive conditions in metric spaces. In this chapter we will 

generalize some common fixed point results for locally contractive dominated mappings in 

G-metric like spaces. 

3.1 Banach Common Fixed Point Result 

Theorem 31 Suppose ( X ;  <; G )  be a symmetric and ordered complete G - metric like 

space and cp,  6 : X + X are any two dominated mappings and ao, a, b,c E X ,  r > 0. 

Suppose that 3 5 E [ O , l )  such that, 

and 

Gdao,  a i ,  a i )  = Gd(ao, V o ,  cpao) < (1  - (3.1.2) 

If for non-increasing sequence {a,) in BG(ao, r ) ,  {a,) -+ v then 3 a unique 7i E &(a(), r )  

such that Gd(E, E, E )  = 0 and cp7i = 6?i = 7i. Moreover Gd(?i, E ,E)  = 0. 

Proof. With initially choosen guess a0 E BG(ao, r )  C X ,  consider picard sequence 

As 6 and cp are dominated mappings then, 



Clearly a1 E BG(ao, r ) .  Now concider the relation 

As G-metric is symmetric then 

Now for a2 E X, again consider by rectangular proprty of G-metric space, 

Again consider for a3 E X 



a3 E B ~ ( a o ,  r ) .  Now let a4, a5 ,...... ..., ai E BG(ao,  r ) ,  by mathematical induction general 

inequality can be obtain for all even i E N as follows, 

Gd(ai,  ai+i) I C - l ~ d ( a o ,  a l ,  a l )  (3.1.6) 

Now consider by rectangular property of G - metric  space for ai+l E X, 

Gd(ao, ai,  ai)  I ( 1  - t i ) r  

Gd(ao,ai,ai) L r 

Clearly ai E BG(ao,  r )  V i E N. Hence sequence {a,) is in the closed ball Bc(ao, r ) .  Now to 

show that picard sequence {a,) is Cauchy sequence consider for m, n E N such that n < m, 



As J' E [0, I), then tn + 0 if n -t oo. Hence t n r  -t 0 if n -t 00. SO for any 2 € R however 

small, 3 j E R such that from 1.6, 

Hence picard sequence {a,) is Cauchy sequence in closed ball Bc(ao,r). As closed ball 

BG(ao, r )  is closed subset of set X ,  then the sequence {a,} is convergent in closed ball 

BG(ao, r )  and the point of convergence is Ti E B G ( ~ o ,  r ) .  Hence an + Ti as n + 00. In 

general it is clear that 

L h G d  (a,, E, Z )  = LirnGd (z, a,, a,) = O 
n-+w n-mo 

(3.1.9) 

To check Z E BG(ao, r )  is either common fixed point of cp ,  6 : X + X or not consider 

By symmetric condition of G-metric space 

As it is not possible that Gd(Z, yE, cpTi) < 0,  so the only possibilty left is 

Again consider 



As it is not possible that Gd@, 6Z, 6E) < 0, so the only possibilty left is 

Hence Si E BG(ao, r) is common fixed point of dominated mappings cp and 6, i.e pi2 = 6E = a. 

For uniqueness of common fixed point, consider 8, b E BG(ao, r )  are any two common fixed 

point of mappings cp and 6, such that Z # b. Then there arises two cases for 8, 5 E BG(ao, r). 

In first case let a, b are comparable say Si 5 b. As 7i and b are common fixed point of 

dominated mappings cp and 6 then, 

cp(a) = a, 6 ( ~ )  = a, cp(b) = b and 6(b) = 5 (3.1.10) 

Now consider by relation, 

Gd(a, b,5) = Gd(cp8, 6$,65) 

Gd (a, 6,b) 5 [Gd (a, b, b) 

(1 - <)Gd(?Z, 6, b) 5 0 

As (' E [0, I), then 1 - 6 # 0. Thus 

Gd(a, 6, b) < o 

As by definition of G-metric space Gd(a,5, b) # 0, then only possibilty left is 

It is contradiction (.: a # 5). So our supposition is wrong. In second case if 8, 6 are 

not comparable then 3 a point to E BG(ao, r )  such that to <_ 7i and to 5 5. Then clearly 

to E BG(ao, r) is lower bound of both Zi and b. Now construct an itterative picard sequence 

{tj) E X for j E N such that 



As cp and 6 are dominated mappings then clearly 

...... 5 t j  5 5 .......... 5 t3 5 t2 < t l  5 to  

As by assumption to E &(aO, r ) ,  

Hence t 1 E BG (ao, r )  . Again consider 

As G-metric is symmetric then 

Again consider for t2 E X, 



Gd(a0, t2, t2) I r - ( r  + ~r - t 2 r  + t2r  

Gd(a07t27t2) 5 r 

Hence tz E BG(ao, r ) .  Now let t3 ,  t4 ,  t5 ,  ......., t j  E BG(aO, r ) ,  then by mathematical induc- 

tion consider for tj+l E X such that j + 1 E N is even, 

To show sequence i t j )  X is in closed ball BG(ao, r) .  By mathematical induction for 

j E N,consider the relations, 

Gd(ao, t j+l,  5 r - ( r  + <r - t 2 r  + t 2 r  + .......... + ~ j r  - + <j+lr 

Gd(a0, tj+l,tj+l) < r 

Hence tj E BG(ao,r).  Hence in general tn E Bc(ao, r ) ,  V n E N. Now as to 5 E and to 56, 

then tn < to 5 ?i and tn 5 to < 6. So clearly 

tn < Z i  = pnE, tn < Z = Snz, tn 5 6 = 'pn6 and tn 5 5 = dn6 (3.1.14) 



As V n E N ,  SnE = E = pnE and 6n6 = b = pn6. Then consider from (3.1.14), 

Gd (a, b, b) 5 t2Gd ( c p n - 2 ~ ,  6n-2b, 6n-2b) 

As 1 - tn # 0,  then 

Gd@, T;, 6 )  5 0 

By definition of G - metric space Gd(a,  $,&) 0. then the only possibility left is 

Gd@, T;, T;) = o 
- a = 6  

It is contradiction (.: E # 5). So our supposition is wrong. Hence from both cases it is 

clear that common fixed point in closed ball BG(ao, r ) ,  of dominated mappings 'p and 6 is 

unique. 

Example 32 If for a set X = [0, co), a mapping Gd : X x X x X ---+ X then Va, b, c E X 

defined by, 

Gd(a,  b , ~ )  = a + b+ c (3.1.15) 

then ( X ;  <; G )  is symmetric and complete G-metric like space. Let mappings cp ,  6 : X -+ X 

are defined by, 
f 

i f a a  (1,co) 1 a + 3  



Obviously cp and 6 are dominated mappings inside of [O,1] but not dominated outside of 

[0, 11. Let a0 = 1 and r = $ such that Bo(ao, r )  = [ O ,  11. Also let 6 = 2 E [O, 1 )  so to get, 

Also as, 

From (3.1.16) and (3.1.17), 

Also V a ,  b, c E [ O , l ]  

a b c  
Gd(cpa,Gb,6c) = G d ( -  3 ' 2 ' 2  - -) 

a b c  
Gd(cpa,6b,6c) = - + - + - ': From 3.1.15 

3 2 2  

Also as, 
3 

[Gd(a ,  b,c) = - (a  + b + c )  
5 

V a ,  b, c E [0, 11 it is clear that, 

1 a 
- ( a + b + c ) -  - 3 ( a + b + c ) ,  .:From (3.1.19) and (3.1.20) 
2 6 5 

G d h ,  Sb, 6 4  < JGd(% b, c )  

Hence contractive condition is  satisfied inside of the closed ball [0, 11. Now for a ,  b, c E 

( 1 , 0 ) ,  

Gd(cpa, 6b, 6c) = cpa + 6b + dc, .: &om (3.1.15) 



From (3.1.19) and (3.1.20),V a,b,c E (1,oo) it  is clear that, 

Hence contractive condition is not satisfied outside of the closed ball [ O , l ] .  It shows that 

all conditions of Banach f ied point theorem for double dominated mappings. Moreover 

0 E [O,1] common fix point of mappings cp and 6 ,  i.e cpO = 60 = 0. 

Corollary 33 Suppose ( X ;  <; G )  be a symmetric and ordered complete G - metric like 

space and cp,6 : X + X are any two dominated mappings and ao, a ,  b, c E X ,  r > 0. 

Suppose that 3 ( E [ O , l )  such that, 

V compareable elements a ,  b, c E B ~ ( a o ,  r )  S X ,  and 

Gd(ao,al ,al)  = G d ( a o , ~ a o , W o )  5 ( 1  - o r  (3.1.22) 

If for non-increasing sequence {a,) i n  B ~ ( a o ,  r ) ,  {a,) + v then 3 a unique E B G ( ~ o ,  r )  

such that cpE = 6~ = li. Moreover Gd(E,  E, E )  = 0.  

Proof. In the main result common fixed point of Banach mappings take cp = S to get 

unique fixed point li = cpE. H 

Proof of the following corollary is similar to the proof of Theorem 31 but without 

discussing the ordered property of G - metric like spaces. 

Corollary 34 Suppose ( X ;  5; G )  be a symmetric and complete G - metric like space and 

c p ,  6 : X + X are any two dominated mappings and ao, a ,  b, c E X ,  r > 0. Suppose that 3 

[ E [O,1) such that, 



and 

3.1.1 Error Bounds 

In this section errors approximations and their related example are discused. 

Corollary 35 ( I tera t ion ,  E r r o r  B o u n d s )  From Theorem 31, iterative sequence (3.1.3), 

with arbitrary a0 E BG(aO, r )  G X ,  converges to unique common fixed point Z i  of dominated 

mappings cp and 6. Error estimates are the p r io r  e s t i m a t e  

and the posterior e s t i m a t e  

Proof. As from (3.1.7) of Theorem 31, 

As the sequence {a,) is convergent to a E BG(ag,r)  C X ,  then by taking m + oo gives 

a, + E and am-" 0. Therefore above relation leads to the prior estimate, i.e, 

en 

Setting n = 1 and write bo for a0 and bl for a1 in (3.1.25) 

Letting bo = an-1 then bl = 6bo = Jan-1 = an in above relation leads to the posterior 

estimate (3.1.26), i .e, 

5 
Gd(an,a , z )  < - 

1 - 5  
Gd (an-1, an , an) 



The prior error bound (3.1.25) can be used at the beginning of the calculation for 

estimating the required number of steps to obtain a assumed accuracy. While posterior 

error bound (3.1.26) can be used at intermediate stages or at the end of the calculation. 

Posterior error bound (3.1.26) is at least as accurate as prior error bound (3.1.25). 

Example 36 If for a set X = [O,m), a mapping Gd  : X x X x X --+ X ,  Va,  b,c E X 

defined by, 

Gd(a ,  b , ~ )  = a +  b +  C (3.1.27) 

then ( X ;  5; G )  is symmetric and complete G-metric  like space. Let mappings cp ,  S : X -+ X 

are defined by, 

Obviously cp and 6 are dominated mappings inside of [ O , l ]  but not dominated outside of 

[ O ,  11. Let a0 = and r = % such that BG(ao, r )  = [O, 11. A b o  let < = g E [0, 1). Construct 

the picard iterative sequence taking a0 = E [O,1] as initial guess as, 

a1 = 6ao = 
1 

and a2 = pal = 
1 

(2>2.(3)0 (2>2.(3>1 

ag = &a2 = 
1 

and a4 = cpa3 = 
1 

W3 . (3>l  (2)3.(3>2 
1 

and a6 = pa5 = 
1 

a5 = 6a4 = 
(2>443>2 (2>4.(3>3 

1 
and a2, = pa2,-1 = 

1 
a2m-1 = Sa2rn-2 = 2m+l.3m-1 2m+l .3, 

Letting 2m - 1 = n then for every odd n E N gives, 

an = 2,h . ( ,B)n  
and a,+l = 

2 , B . ( J 6 ) n  



Now as, 

Also as, 

Gd (a,, iz, iz) = a, + 2iz 

As picard sequence {a,} satisfies all the conditions of Banach f i e d  point theorem 31 as in  

example 32, then If n + CQ so a, + E i.e a, % E. Then 

As prior error estimate is given by, 

This shows that for odd integers n 2 1, picard sequence becomes convergent, i.e. for n = 3 

relation (3.1.28) becomes, 

a3 = 0.04166666666667 and a4 = 0.01388888888889 

Also for n = 5 ,  

a5 = 0.00694444444444 and a6 = 0.0023148148481 

Hence it is clear, 



This suggests, when odd integer n 2 1 goes on  increasing, picard sequence moves towards 

common f i ed  point of b and cp which is ti = 0 E [0, 11, i.e, cpO = 60 = 0.  

Remark 37 Above results not only holds for dominated mapping but also holds for domi- 

nating mappings. 

3.2 Kannan Common Fixed Point Result 

Theorem 38 Suppose ( X ;  <; G )  be a symmetric and ordered complete G - metr ic  l ike  

space and f l ,  9 : X -t X are any two dominated mappings and ao, a ,  b, c E X ,  r > 0.  

Suppose that 3 €J E [0, $) such that the following conditions holds 

V comparabe elements a ,  b, c E BG(ao, r )  G X 

where y = A. If for non-increasing sequence {an )  in BG(ao,  r ) ,  {an )  + v then 3 a 

unique a* E &(aO, r )  such that Gd (a*, a*, a*) = 0 and Ra* = @a* = a*. 

Proof. With initially choosen guess a0 E BG(ao, r )  E X ,  and consider picard sequence 

{a,) such that 

a2n+1 = fl(a2n) and a2n+2 = *(a2n+l) (3.2.3) 

As R and 9 are dominated mappings then, 

As from relation, 



Hence a1 E BG(ao, r ) .  Now consider the relation, 

For a2 E X, consider 

Gdb0, a2, an) 5 (1 - y2)r 

Gd(ao , a~ , ad  6 r 

Hence a2 E BG (ao, r) . Again consider the relation, 

As G-metric is symmetric then 

Now for a3 E X consider 



G d b 0 4 3 4 3 )  l r 

Therefore a3 E BG(aO, r ) .  Now let aq, as ,........., aj E BG(aO, r ) ,  then following relation holds 

as, 
28 

Gd(aj-1, a j ,  a j )  < (=)j-'~d(ao. air a l )  (3.2.5) 

By mathematical induction for j + 1 E N let, 



Hence aj+l E BG(a0, r ) ,  for j + 1 E N .  Hence V n E N ,  a, E BG(ao, r ) .  Now to check that 

the sequence {a,) C BG(UO, r )  is Cauchy sequence consider m, n E Z and m > n such that, 

Now if n - oo, then yn --t 0 because y E [O,  1). 

Gd(an, am,am) + 0,  as n --+ 00 

Hence {a,) C BG(ao, r )  is Cauchy sequence. Therefore 3 a point x* E BG(x0,  r )  such that 

Lirn Gd (a,, a*, a*) = Lim Gd(a*, a,, a,) = O 
n-00 n-00 

Therefore a* E BG(ao, r )  is limit point of the sequence {a,) C Bc(ao, r ) .  Now to show a* E 

BG(ao, r )  is common fixed point of dominted mappings f-l and *. Consider for dominated 

mapping R ,  



( 1  - e)Gd(a*,  Ra*, Ra*) I (1 + 28)Gd(a*, az,, an,) + 28Gd(a2n-i, a*, a*) 

As a* E BG(aO, r )  is limit point of the Cauchy sequnce {a,) C Bc(ao, r )  as n - oo, so 

So the relation becomes 

As Gd(a*,Ra*,f la*) # 0 ,  so the only possibility left is 

By symmetric condtion of G - metric space 

Gd(a*,S2a*,Ra*) = Gd(Ra*,a*,a*)=O 

Ra* = a* 

Therefore a* E BG(ao, r )  is fixed point of dominated mapping R : X - X. Now for second 

dominated mapping 9, 



(1 - 2 8 ) ~ d ( a * ,  *a*, Pa*) 5 (1 + 6)Gd(aan-1, a*, a*) + OGd(a2,-2,a*, a*) 

As a* E BG(ao, r )  is limit point of the Cauchy sequnce {a,) C Bc(ao, r )  as n - 00, so 

L i m  Gd (a2,-i, a*, a*) = 0 = L i m  Gd(a2,-2,a*, a*) 
,--roc n--+co 

So the relation becomes 

(1  - 28)Gd(a*, Pa*, Qa*) 1 0 

Gd(a*, Pa*, Pa*) 5 0 

As Gd(a*, Pa*, Pa*) p 0 so the only possibility left is, 

Gd (a*, Pa*, Qa*) = 0 

By symmetric condtion of G - metric spaces, 

Gd(a*, Pa*, @a*) = Gd (@a*, a*, a*) = 0 

Pa* = a* 

Hence a* E BG(ao, r )  is fixed point of dominated mapping P : X --+ X. As 

Therefore a* E BG(ao, r )  is common fixed point of dominated mapping Q ,  52 : X -+ X .  

Now to prove uniqueness of common fixed point a* E BG(ao,r) .  For this let us take 

another common fixed point b* E BG(ao, r )  of dominated mapping P ,  52 : X --+ X such 

that a* # b*. Then there arises two cases for a*, b* E BG(ao, r ) .  In first case let a* and 

b* are comparable, that is either a* <_ b* or b* 5 a*. As a* and b* are common fixed point 

of dominated mappings \T! and 52 then, 

Pa* = a*, Ra* = a*, Pb* = b*, Qb* = b* 



Now consider the relation, 

Gd(a*,  b*, b*) = Gd(fla*,  qb*, qb*) 

Gd (a*, b*, b*) < 6{Gd(a*, flu*, fla*) -k 2Gd(b*, qb*, qb*))  

Gd(a*,b*,b*) 5 eGd(a*,a*,a*)+26Gd(b*,b*,b*) 

Gd(a*,b*,b*) I 0 

As by definition of G - metric space, Gd(a*,  b*, b*) # 0,  then only possibility left is, 

Gd(a*, b*, b*) = 0 

As G - metric space is symmetric then, 

It is contradiction (.: a* # b*). So our suposition is wrong. Hence a* E BG(aO, r )  is unique 

when a* and b* are comparable. For second case when a* and b* are not comparable then 

3 Gj E BG(ao, r )  such that 5 a* and 5 b*, then is lower bound of both a* and b*. 

Now consider a picard sequnce { G )  such that, 

As @ and f l  are dominated mappings then, 

- - -  --  
C2k = f l ~ 2 k - 1  < C2k-1 = qc2k-2 < C2k-2 

It gives Q lc E N U {0) ,  



Now to check picard sequence {z) is in closed ball BG(ao, r )  consider the relation, 

Now let, 



Now let, 

Hence Fj E BG(ao, r). Now let z, g, z, ....., E BG(aO, r) for some j E N .  Then following 

relation holds, 
58 

Gd(aj, c, q) 5 (-)jr 
1 - 28 

(3.2.7) 

Then by mathematical induction consider for even j + 1 E N ,  



Now let by rectangular property of G - metric spaces, 

Gd(ao,cj+l,cj+l) I ( l - y j + l ) r + y  j+lr 

Gdb~,Cj+l,cj+l) < r 

Hence cj+l E &(ao, r ) .  Therefore V k E N ,  k E BG(ao, r ) .  Now as G I a* and G 5 b* 

then 6 < i a* and G 5 G I b*. So clearly, 

As V lc E N ,  P a *  = Qna* = a* and Rnb* = Qnb* = b*. Then consider from (3.2.8), 

Gd (a*, b* , b*) = Gd(Rna* , Qn b* , Qnb*) 

Gd(a*,  b*, b*) 5 6(Gd(a*, Rna*, Rna*) + 2Gd(b*, Qnb*, Qnb*)) 

Gd(a*,b*,b*) < 8(0+0)  

Gd(a*,  b*,b*) < 0 

As by definition of G - metric space, Gd(a*, b*, b*) y! 0,  then only possibility left is, 

Gd(a*, b*, b*) = 0 



As G - metric  space is symmetric then, 

It is contradiction (a: a* # b*). So our supposition is wrong. Hence common fixed point 

is unique. So if a* and b* are not comparable then common fixed point is unique. Hence 

Kannan common fixed point for double self dominated mappings is unique. w 

Example 39 If for a set X = [0, m), a mapping Gd  : X x X x X - X ,  V a, b, c E X 

defined by, 

Gd(a ,  b, c)  = a + b + c (3.2.9) 

then (X; <; G )  is symmetric and complete G - metric  like space. Let mappings a, Q : X + 

X are defined by, 

Obviously R and iJ! are dominated mappings inside of [ O , l ]  but not dominated outside of 

7 [0,1].  Let a0 = and r = 3 such that &(ao, r )  = [0,1].  AEso let 9 = E [0, t), such that 

56 5 y=-- 1-20 - jj S O  to get, 

Also as, 

G d a o ,  a i ,  a i )  = 3 + 2($), .: From (3.2.9) 

From (3.210) and (3.2.11), 



Now to check that contractive condition is locally satisfied on Bc(ao, r )  = [O,  11 but not 

satisfied outside of BG(ao, r )  = [ O ,  11. If  Va ,  b, c E [O,1] then, 

a b c  
Gd(Ra,  Qb, Qc) = - + - + - 

9 10 10 

Gd( f la ,  Qb, Qc) = 
10a + 9b + 9c 

90 

Also as, 

11 
e{Gd(a ,  Ra ,  flu) + Gd(b,  Qb, q b )  + Gd(c ,  q c ,  q c ) }  = -(a + b + c )  

90 
1 

--(b+c) (3.2.13) 
450 

A s  V a ,  b, c E [ O , l ]  clearly from (3.2.12) and (3.2.13), 

1 11 1 1 
- ( a + b + c )  < - (a+b+c)  and - -(b+c) < --(b+c) 
9 90 90 450 

1 1 11 1 
- ( a + b + c )  - -(b+c) < - ( a + b + c ) -  =(b+c) 
9 90 90 

G d ( h ,  Qb, Qc) < e[Gd(a ,  Ra,  o a )  + Gd(b,  Qb, @b) + Gd(c ,  q c ,  Qc)] 

Hence contractive condition is  satisfied on the closed ball [ O , l ] .  Now for a ,  b, c E (1 ,  oo), 



Also as, 

1 
8{Gd(a ,  Ra ,  Ra)  + Gd(b,  Qb, Qb) + Gd(c ,  Qc, Q c ) )  = -{(a + b + c )  

10 

+2(Ra + Qb 

+w 1 

1 
8{Gd(a, Ra ,  Ra)  + Gd(b, Qb, Qb) + Gd(c ,  Qc, Q c ) )  = -{(a + b + c)  

10 
1 

+2(a + 5 + b 

1 1 +? + c +  ) )  

3 
B{Gd(a, Ra ,  Ra )  + G& Pb, Qb) + Gd(c, Qc, B e ) )  = % ( a  + b + C )  

As  clearly from (3.2.14) and (3.2.15), 

Hence contractive condition is not satisfied outside of the closed ball [ O , l ] .  I t  shows that 

all conditions of Banach fixed point theorem for double dominated mappings. Moreover 

0 E [O,1] common j?x point of mappings 9 and R ,  i.e cpO = SO = 0. 

Corollary 40 Suppose ( X ;  5; G )  be a symmetric and ordered complete G - metric  l ike 
I 

space and R , 9  : X + X are any two dominated mappings and ao, a,b,c  E X ,  r > 0 .  

Suppose that 3 8 E [0, t) such that the following conditions holds 

G d ( R a ,  Rb, Rc)  5 8[Gd(a,  Ra,  Ra)  + Gd(b, Rb, Rb) 

+Gd(c, n c ,  Rc)]  (3.2.16) 

V comparabe elements a ,  b, c E BG(ao, r )  C X 

Where y = -%L 1-28 - If for non-increasing sequence {a,) in Bc(ao ,r ) ,  {a,) + v then 3 a 

unique a* E BG(ao,  r )  such that Gd (a*, a*, a*) = 0 and Ra* = Qa* = a*. 



Proof. In the main result Kannan common fked point of dominated mappings take 

IE' = R to get unique fixed point Ra* = a*. rn 

Proof of the following corollary is similar to the proof of Theorem 38 but without 

discussing the ordered property of G - metric like spaces. 

Corollary 41 Suppose (X; <; G) be a symmetric and complete G - metric like space and 

0, !P : X -t X are any two dominated mappings and ao, a,  b, c E X ,  r > 0. Suppose that 3 

6' E [0, $) such that the following conditions holds 

5e If for non-increasing sequence {a,) i n  B G ( u o , ~ ) ,  {a,) + v then 3 a where y = - 1-20 ' 

unique a* E &(aO, r )  such that Gd(a*,  a*, a*) = 0 and Ra* = !@a* = a*. 

3.2.1 Error Bounds 

In this section errors approximations and their related example are discused. 

Corollary 42 From Theorem 38, iterative sequence (3.2.3), with arbitrary a0 E BG(ao, r )  C_ 

X ,  converges to unique common jbed point a* of dominated mappings R and Q. Error es- 

timates are the prior es t imate  

and the posterior e s t imate  

Proof. As from relation (3.2.6) of Theorem 38, 



As the sequence {a,) is convergent to a* E BG(a0, r )  C X ,  then by taking m + 00 gives 

a, + a* and ym+' + 0. Therefore above relation leads to the prior estimate, i.e, 

Setting n = 1 and write bo for a0 and bl for a1 in (3.2.20) 

Letting bo = an-1 then bl = !Pbo = !Pan-l = an in above relation leads to the posterior 

estimate (3.2.21), i .e, 

The prior error bound (3.2.20) can be used at the beginning of the calculation for 

estimating the required number of steps to obtain a assumed accuracy. While posterior 

error bound (3.2.21) can be used at intermediate stages or at the end of the calculation. 

Posterior error bound (3.2.21) is at least as accurate as prior error bound (3.2.20). 

Example 43 If for a set X = [0, co),  a mapping Gd : X x X x X --, X then V a,  b, c E X 

defined by, 

Gd(a, b,c) = a + b+ C ,  (3.2.22) 

then (X; 5; G )  is symmetric and complete G - metric like space. Let mappings R ,  !P : X + 

X are defined by, 

Obviously R and !P are dominated mappings inside of [O,1] but not dominated outside of 

[O,  11. Let a0 = and r = 3 such that BG(ao,r)  = [O, 11. Also let 13 = & E [0, #), such that 

y = & = i. Construct the picard iterative sequence by taking a0 = as initial guess as, 

= a0 a0 and ag, = \ka2m-l = - 
9m.10m-1 grn.lOrn 

and agm = a0 
32m.10m-1 32m.10m 



Let 2 m  - 1 = n then for odd n E N ,  

NOW as, 

Gd(an, a*, a*) = a, + 2a*, a: E'rom (3.2.22) 

As picard sequence {a,) satisfies all the conditions of Kannan f ied  point theorem 38 as in 

example 39, then If n -t oo so a ,  -t a* i.e a, x a*. Then 

Gd(an,  a*, a*) = 3an (3.2.24) 

Also as, 

And finally as, 

l1 88 (5),, +: From (3.2.24) 3an 5 -.(-),.- = -. 
3 8 27 81 8 

As n E N is odd and -0.01697139176 5 n then for n = 1, 3, 5, ...... picard sequence starts 

converging to its limit point i.e a* = 0 E [0, l j  such that let for n = 3,  



1 
a3 = - 1 

= 0.00041152263 and a4 = - = 0.000041152263 
35.101 35.102 

Again let for n = 5, 

1 
and as+l = 

1 
a5 = 

35+2.( ,~~)5-1  35+2. ( , m ) 5 + 1  

1 1 
a5 = 7 = 0.00000457247, and ag = - = 0.000000457247 

3 .lo2 3'.103 

Thus, 

a4 = !Pa3 and a5 = Qa4 

0.000041152263 = @(0.00041152263) and 0.00000457247 = Q(0.000041152263) 

Hence common fixed point approximation is, 

Finally when n ---t m then, 

Q(0) = @(O) = 0 

Remark 44 Above results not only holds for dominated mapping but also holds for domi- 

nating mappings. 

3.3 Chatterjea Common Fked Point Result 

Theorem 45 Suppose ( X ;  5; G )  be a symmetric and ordered complete G-metric like space 

and r , A  : X -t X are any two dominated mappings and ao, a,  b,c E X ,  r > 0. Suppose 

that 3 a E [0, i) such that the following conditions holds 

Gd(ra ,  Ab, A c )  I a[Gd(a,  Ab, Ab) + Gd(a, Ac ,  A c )  

+Gd(b, Fa, r a )  + Gd(b, Ac ,  A c )  

+ + Gd(c, r a ,  Fa) + Gd(c, Ab, Ab)] (3.3.1) 

V comparabe elements a ,  b, c E BG(ao, r )  2 X 

where p = &. If for non-increasing sequence {an)  i n  BG(ao, r ) ,  {a,) --t v then 3 a point 

a* E BG(ao, r )  such that ra* = Aa* = a* and moreover Gd(a*,a*,a*) = 0. 



Proof. With initially choosen guess a0 E BG(ao,r) X, consider picard sequence 

As r and A are dominated mappings then, 

We know that, 

For a2 E X, consider by rectangular property, 



Gd(aoya27a2) < ( 1 - p 2 ) r  

Gd(ao,a27a2) 5 r 

Hence a2 E BG (ao, r )  . Again consider the relation, 

Now for a3 E X consider 



Therefore a3 E &(aO, r ) .  Now let ad, as ,........., aj E BG(aO,r),  then foloowing relation holds 

for j E N ,  

Gd(aj-l,aj,aj) 5 ~ l j - ~ ~ d ( a o , a l , a l )  (3.3.6) 

By mathematical induction for j + 1 E N, and let j E N is odd then, 

Similarly by rectangular property of G - metric space consider for aj+l E X 



Gd(ao, a j ,  a j )  5 ( 1  + p + CL2 + ..... + $ ) ( I  - p)r, ': From (3.3.2) 

Gd(ao,aj ,a j )  < (1-/.hi+')r 

G d ( a ~ , a j , a j )  I r 

Hence aj+l E BG(ao, r ) ,  for j + 1 E N. Hence V n E N ,  an E BG(ao, r ) .  Now we check that 

the sequence {a,) E BG(ao,r)  is Cauchy sequence. For this we consider m, n E Z and 

m > n such that, 

Gd(an, am, am) 5 Gd(an, an+l, an+l) + Gd(an+l, an+2, an+2) 

+..... + Gd(am-2, am-1,am-1) + Gd(am-l,am,am) 

Gd(a,, am, am) i pn(l + p + p2 + ..... + ~ ~ - ~ - l ) ~ d ( a ~ ,  a i ,  a i )  

1 - p - n  
Gd(an,arn,am) 5 pn( )Gd(a0, a l ,  a l )  (3.3.8) 

Hence {an)  C BG(ao, r )  is Cauchy sequence. Therefore 3 a point a* E &(ao, r )  such t 

him Gd(an,  a*, a*) = Lim Gd(a*, an, an) = 0 
n-00 n--00 

Therefore a* E BG(ao, r )  is limit point of the sequnce {a,) BG(ao, r ) .  Now to show a* E 

&(ao, r )  is common fixed point of dominted mappings r and A. Consider for dominated 

mapping r, 
Gd(a*, ra*,  ra*)  < Gd(a*, a2n, a2n) + Gd(azn, ra* , r a * )  



Gd (a*, Fa*, Fa*) < Gd (a*, ~ 2 ~ ,  a2n) + 2OGd(a*, a2,, ~ 2 , )  + 2aGd(a2n-i, a*, a*) 

+20Gd(a*, ra*,  Fa*) + %Gd(aan-l, a*, a*) 

+2OGd(a*, aan, a2n) 

(1 - 20)Gd(a*, r a * ,  ra*)  5 sOGd(a*, azn, aan) + 4 d d ( a z n - i ,  a*, a*) 

( 1  - 2n)Gd(a*, Fa*, Fa*) < 0,  When n -- oo 

Gd(a*,  Fa*, Fa*) < 0,  When n --+ oo. .: ( 1  - 20) # 0 

As Gd(a*,  Fa*, r a * )  { 0 then the only possibility left is, 

Gd(a*,  Fa*, Fa*) = 0 

Also as G - metric space is symmetric then, 

Gd (Fa*, a*, a*) = Gd(a*,  ra* , ra*)  = 0 

Fa* = a* 

Hence a* E &(aO, r )  is fixed point of dominated mapping F : X - X. Now consider for 

dominated mapping A, 

Gd(a*, Aa*,  Aa*) 5 Gd(a*, a2,-I, a2,-1) + Gd(a2,+i, Aa*, Aa*)  

Gd(a*, Aa*, Aa*) I Gd(a*, a2n-1, a2n-1) + Gd(ra2n-2, Aa*, Aa*) 

Gd(a*,  Aa* , Aa*)  < Gd (a*, azn-l, a2,-1) + 2OGd (ah-2 ,  a*, a*) 

+20Gd(a*, Aa*,  Aa*) + 20Gd(a*, a2n-1, ~ 2 ~ - 1 )  

+2aGd(a*, Aa*, Aa*) 



( 1  - 4ff)Gd(a*,  Aa* , Aa*) 5 0,  When n ---t w 

Gd(a*, Aa*, Aa*) 5 0 ,  When n - oo. .: (1  - 4u) # 0 

As Gd(a*, Aa*, Aa*)  6 0 so the only possibility left is, 

Also as G - metric space is symmetric then, 

Gd(Aa*,  a*, a*) = Gd(a*, Aa*, Aa*)  = 0 

Aa* = a* 

Hence a* E BG(aO, r )  is fixed point of dominated mapping A : X - X .  As 

Therefore a* E BG(ao, r )  is common fixed point of dominated mapping I?, A : X - X .  

Example 46 If for a set X = [0, oo), a mapping Gd : X x X x X --+ X ,  V a, b, c E X 

defined by, 

Gd(a,b,c)  = a + b + c  (3.3.9) 

then (X; <; G )  is symmetric and complete G - metric like space. Let mappings I?, A : X -+ 

X are defined by, 

z f a a  ( 1 , ~ )  ( a + ,  



Obviously r and A are dominated mappings on [O, 11 but not dominated outside of [ O , l ] .  

1 Let a0 = a and r = f such that BG(ao,  r )  = BG(;, 4)  = [o, l] .  Also let o = E [O,  Q) and 

p = = $ S O  to get, 

Also as, 

From (3.3.10) and (3.3.11), 

Now to check: contractive condition is either satisfied or not on the closed ball [ O , l ] ,  let for 

a ,  b, c E [O,  11, 

a b c  
G d ( r a ,  Ab, A c )  = G d ( -  - -) 

4 ' 8 ' 8  
a b c  

G d ( r a ,  Ab, Ac) = - + - + - '.' fi0m (3.3.9) 
4 8 8  

Also let R = OIGd(a, Ab, Ab)+Gd(a, Ac, Ac)+Gd(b, Fa, ra)+Gd(b, Ac, Ac)+G~(c, Fa, Fa)+ 

Gd(c ,  Ab, Ab)]  then, 

1 a b c  
R = -[2(a + b + c )  + 4(-  + - + - ) I  

10 4 8 8 

As clearly, 
1 3 1 1 
- ( a + b + c )  5 - ( a + b + c )  and - - ( b + c )  5 --(b+c) 
4 10 8 20 



Then 

Therefore from (3.3.12) and (3.3.13), 

Hence contmctive condition is satisfied on the close ball [0, 11. Now for a ,  b, c E (1 ,  oo), 

Also as, 

As clearly, 
3 1 1  

( a + b + c )  2 - ( a + b + c )  and - > - 
5 2 - 5  

Then 
1 3  1 

( a + b + c ) + -  > - ( a + b + ~ ) + ~  
2 - 5  

Hence from (3.3.14) and (3.3.15), 

Hence contractive condition is not satisjied on the close ball [ O , l ] .  I t  shows that all conditions 

of Chatterjea common fix point theorem satisfied. Moreover 0 E [ O , l ]  common j7x point of 

mappings I? and A, i.e. A 0  = r 0  = 0 .  



Corollary 47 Suppose ( X ;  5; G )  be a symmetric and ordered complete G - metric  like 

space and I?, A : X + X are any two dominated mappings and ao, a ,  b,c E X ,  r > 0. 

Suppose that 3 o E [0, i) such that, 

G d ( r a ,  Ab, Ac) 5 OIGd(a, Ab,  Ab)  + Gd(a ,  Ac, Ac) 

+Gd(b, Fa, r a )  + Gd(b, A c ,  A c )  

+ + Gd(c, Fa, r a )  + Gd(c,  Ab,  Ab)]  (3.3.16) 

V comparabe elements a ,  b, c E BG(ao, r )  C_ X 

G d a o ,  a i ,  a i )  = Gd(ao,rao,rao) < ( 1  - (3.3.17) 

where p = * 1-40 - If for non-increasing sequence {a,) in BG(ao,r ) ,  {a,) --+ v then 3 a 

unique a* E BG(ao,  r )  such that ra* = Aa* = a* and moreover Gd(a* ,  a*, a*) = 0 .  

Proof. In the main result Chatterjea common fixed point of dominated mappings take 

r = A to get unique fixed point Fa* = a*. 

In the next theorem uniqueness of Chatterjea common fixed point in Theorem 13 is 

proved. 

3.3.1 Uniqueness of Chatterjea Common Fixed Point 

Theorem 48 Suppose ( X ;  5; G )  be an  ordered and symmetric complete G-metric like space 

and F and A are any two self dominated mappings and ao, a ,  b, c E X .  Suppose that 3 

a E [0, i) such that, 

V comparabe elements a ,  b, c E X 

where p = &. If for non-increasing sequence {a,) in X ,  {a,) + v then 3 a unique 

a* E X such that ra*  = Aa* = a* and moreover Gd(a*,  a*, a*) = 0. 



Proof. To prove uniquness of Chatterjea common fixed point, consider a*, b* E X are 

any two common fixed points of self dominated mappings I? and A, such that a* # b*. Then 

there arises two cases for a*, b* E X .  In first case let a*, b* are comparable say a* I b*. As 

a*and b* are common fixed point of dominated mappings cp and 6 then, 

ra* = Aa* = a* and rb* = Ab* = b* (3.3.20) 

Now consider the relation, 

Gd(a*,  b*, b*) = Gd(ra*,  Ab*, Ab*), From (3.3.20) 

Gd(a*,  b*, b*) 5 0[2Gd(a*, Ab*, Ab*) + 2Gd(b*, Ab*, Ab*) + 2Gd(b*, ra* ,  ra*)]  

Gd (a*, b*, b*) _< 0[2Gd (a*, b*, b*) + 2Gd(b*, b*, b*) 

+2Gd(b*, a*, a*)],  From (3.3.20) 

(1  - 40)Gd(a*, b*, b*) < 0 

1 1 
Gd(a*, b*, b*) _< 0,  '.' 1 - 40  E (-, 11 VU E [ O ,  -) 

2 8 

As Gd(a*,  b*, b*) # 0, then only possibilty left is, 

~ ~ ( a * ,  b*, b*) = 0 

Also as G - metric space is symmetric then, 

It is contradiction (.: a* # b*). So our supposition is wrong. Hence common fixed point is 

unique. Hence for comparable a*, b* E X commom fixed point is unique. Now in second 

case if a*, b* E X are not comparable then 3 wo E X such that wo 5 a* and wo 5 b*. Then 

clearly wo E X is lower bound of both a*, b* E X .  Now construct an itterative sequence 

{w,) C X for q E N such that, 



As I? and A are dominated self mappingts then, 

And 

..... < wq+l 5 W, 5 wq-1 <_ .......... <_ w2 5 W I  5 wg < b* 

Consider the relation, 



Taking limit q --+ co, gives pq + 0, .: p E [O,l) then, 

As G - metric space is symmetric then, 

G ~ ( w ~ ,  a*, a*) = Gd(a*, wq, wq) = 0 

Similarly it can be shown that, 

Gd(wq, b*, b*) = Gd(b*, wq, wq) = 0 

Now finally consider by rectangular property of G - metric spaces, 

As by definition of G - metric spaces, 

By symmetry G - metric space, 

Gd(b*, a*, a*) = Gd(a*, b*, b*) = 0, as q ---t oo 



It is contradiction (-: a* # b*). So our supposition is wrong. Hence common fixed point 

is unique. So if a* and b* are not comparable then common fixed point is unique. Hence 

Chatterjea common fixed point for double self dominated mappings is unique. 

Proof of the following corollary is similar to the proof of Theorem 45 but without 

discussing the ordered property of G - metric like spaces. 

Corollary 49 Suppose ( X ;  < ; G )  be a symmetric and complete G-metric like space and 

r ,  A : X + X are any two dominated mappings and ao, a ,  b, c E X ,  r > 0. Suppose that 3 

CI E [0, i) such that the following conditions holds 

G d ( r a ,  Ab, Ac) 5 OIGd(a, Ab, Ab) + Gd(a ,  Ac, Ac) 

+Gd(b, r a ,  r a )  + Gd(b, A c ,  Ac) 

+ + Gd(c, Fa, r a )  + Gd(c, Ab, Ab)] (3.3.23) 

'd comparabe elements a ,  b, c E BG(ao, r )  C X 

where p = A. If for non-increasing sequence {an)  i n  Bc(ao, r ) ,  {an)  + v then 3 a point 

a* E BG (aO,  r )  such that Fa* = Aa* = a* and moreover G d  (a*, a*, a*) = 0. 

3.3.2 Error Bounds 

In this section errors approximations and their related example are discused. 

Corollary 50 From Theorem 45, iterative sequence (3.3.3), with arbitrary a0 E BG(ao, r )  C 

X ,  converges to unique common jixed point a* of dominated self mappings r and A. Error 

estimates are the prior estimate 

and the posterior estimate 



Proof. As from relation (3.3.8) of Theorem 45, 

As the sequence { a m )  is convergent to a* E BG(ao, r )  C X ,  then by taking m + oo gives 

am -+ a* and ,urn-, -+ 0. Therefore above relation leads to the prior estimate (3.3.25), i.e, 

Setting n = 1 and write bo for a0 and bl for a1 in (3.3.25) 

Letting bo = a,-1 then bl = rho = ran-l = a,  in above relation leads to the posterior 

estimate (3.3.26), i.e, 

Gd(an,a*,a*) 5 - " Gd(an-l,an,an) 
1 - P  

The prior error bound (3.3.25) can be used at the beginning of the calculation for 

estimating the required number of steps to obtain a assumed accuracy. While posterior 

error bound (3.3.26) can be used at intermediate stages or at  the end of the calculation. 

Posterior error bound (3.3.26) is at least as accurate as prior error bound (3.3.25). 

Example 51 If for a set X = [0, w), a mapping Gd : X x X x X + X ,  V a ,  b, c E X 

defined by, 

Gd(a,b,c) = a + b + c ,  (3.3.27) 

then ( X ;  <; G )  is  symmetric and complete G - metric  like space. Let mappings I?, A : X + 

X are defined by, 



Obviously r and A are dominated mappings inside of [O,1] but not dominated outside of 

[ O ,  11. Let ao = and r = such that BG(ao, r )  = B&, i) = [O, 11. Also let a = & E [0, i) 
and p = = $ . Construct a picard iterative {a,} sequence by taking a0 = as initial 

guess as, 

a0 a1 = r a o  = - a0 
4l.8O 

and a2 = Aal = - 
4l.8' 

a0 a3 = Fa2 = - a0 
42.81 

and a4 = Aa3 = - 
42.82 

Consider 2 m  - 1 = n then for odd n E N gives, 

I I 
a, = and a,+l = 

2&.(4&), 16&.(4&)~ 

Now as, 

Gd(an, a*, a*) = a, + 2a*, .: From (3.3.27) 

As picard sequence {a,) satisfies all the conditions of Chatteryea jixed point theorem 45 as 

in  example 46, then If n -+ oo so a, -t a* i.e a, w a*. Then 

Also as, 



And finally as, 

2 3 9 2  
3an <- 3.(-)n.- = -.(-)n, .: From (3.3.29) and (3.3.30) 

3 8 8 3  

As n E N is odd and 0.4778170138305 5 n then for n = 1, 3, 5, ... .. . picard sequence starts 

converging to its limit point i.e a* = 0 E [O,1] such that let for n = 3 (3.3.28) gives, 

1 1 

O3 = 2\/2.(4\/2)3 
= 0.001953125 and a4 = 

l ~ f i . ( 4 f i ) ~  
= 0.000244140625 

And i f  n = 5 then (3.3.28) gives, 

1 
= 0.000006103515265 and a6 = 

1 

a5 = 2 f i . ( 4 f i ) 5  l ~ v " i . ( 4 f i ) ~  
= 0.00000762939453125 

Thus 

a5 = ra4  d l?(0.000244140625) = 0.000006103515265 

and 

a6 = Aa5 + A(0.000006103515265) = 0.00000762939453125 

Hence common f ied point approximation is, 

Finally when n - oo then, 

r ( 0 )  = A ( 0 )  = 0 

Remark 52 Above results not only holds for dominated mapping but also holds for domi- 

nating mappings. 
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