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Preface
Semirings, which are regarded as generalizations of associative rings'

were first introduced by Vandiver [44] in 1934' Semirings have been used for

studying optimization, graph theory, theory of discrete event dynamical systems'

matrices, determinants, generalized fuzzy computation, theory of automata'

format language theory, coding theory, analysis of computer programmes'

Additively commutative semirings with zero element are called hemirings'

Hemirings, appears in a naturat manner, in some applications to the theory of

automata, the theory of formal languages and in computer sciences

[5,6,10,11,121.

ldeals play an important role in the study of semirings and are very useful for

many purposes. But they don't coincide with ring ideals' Thus many results of

ring theory have no analogues in semirings using only ideals' ln order to

overcome this deficiency, Henriksen [13] defined a class of ideals in semirings,

called k-ideals. These ideals have the property that if a semiring R is a ring then

a subset of R is a k-ideal if and only if it is a ring ideal. A more restricted class of

ideals in semiring is defined by lizuka 1171, called h-ideals' La Torre l23l

thoroughly studied h-ideals and k-ideals and established some analogues ring

results for hemirings.

The concept of fuzzy subset introduced by Zadeh [50], is a useful tool to

describe situation in which the data are imprecise or vague. Fuzzy sets handle

such situations by attributing a degree to which a certain object belongs to a set'

The concept of fuzziness is widely used in the theory of automata' studying

matrices, determinants, set theory, group theory, optimization theory, measure

theory, coding theory and topology 12,22,94,35,39,45,46,521' Rosenfeld t40]

initiated and definedfuzzy subgroups. ln [1] J. Ahsan initiated the study of fuzzy

semirings (see also [2]). Many researchers worked on fuzzy ideals of semirings,

for example [41 ,421. Fuzzy h-ideals in hemirings are studied in [8, 9, 20' 47 '48'

511.
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on the other hand Biswas [7] introduced the concept of anti fuzzy subgroup of a

group. Hong and Jun [14] modified Biswasis idea and applied it to BCK-algebras'

They defined anti fuzzy ideals of a BCK-algebra. ln [4], Akram and Dar defined

anlifuzzy h-ideals in hemirings'

Soft set theory is a generality of luzzy set theory, that was determined by

Molodtsov [31], to deal with precariousness in a non-parametric style'

Furthermore, soft sets have been applied in several flelds [32, 33, 36]' ln 2001

Maji, et. al. [29], proposed the concept of the luzzy soft sets' ,,n2002 Maji' et' al'

[28], applied soft set theory in decision making. ln recent years many researchers

applied soft set in several fields and notably in decision making'

The membership degree for a fuzzy set expresses the degree of

belongingness of elements to a fuzzy set. sometimes, the membership degree

means the satisfaction degree of elements to Some property or constraint

corresponding to a fuzzy set (see t25l). Keeping in view the satisfaction degree,

the membership degree 0 is assigned to those elements which do not satisfy

some property. ln the usual tuzzy set representation the elements with

membership degree 0 are usually regarded as having the same characteristic'

However it is interesting to note that among such elements some have irrelevant

characteristics to the property corresponding to a fuzzy set and the others have

contrary characteristics to the property. Consid er a fuzzy set "young" defined on

the age domain [0, 100]. Now consider two ages 50 and 95 with membership

degree 0. Although both of them do not satisfy the property "young", we may say

that age 95 is more apart from the property rather than age 50 (see 124'26J)' ln

such cases the usual tuzzy set does not help to differentiate between irrelevant

elements and contrary elements. Hence if a set representation could express this

kind of difference, then it would be more informative and helpful than the usual

fuzzy set.
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Jun et al. [19] introduced the notion of bipolar fuzzy subalgebra and bipolar fuzzy

ideal in BCH-algebras. ln [18] Y. B. Jun, C. H. Park, introduced Filters of BCH-

Algebras Based on Bipolar Valued Fuzzy Sets. ln [3] Akram et. all introduced

bipolar fuzzy K-algebras by using bipolar valued fuzzy sets. ln [26] K. J. Lee,

used the notion of bipolar-valued fuzzy sets and worked on bipolar fuzzy

subalgebras and bipolar fuzzy ideals of BCI(BCI- algebras. ln l27l T. Mahmood

et a|. discuss bipolar fuzzy subgroup. ln t30l Min Zhou and Shenggang

introduced applications of bipolar tuzzy theory to hemirings. ln t38I

homomorphism and anti homomorphism on a bipolar anti tuzzy subgroup are

introduced. Nagarajan et.al. [37], presented a socialistic decision making

approach for bipotar fuzzy soft h-ideals over hemirings.

ln 1981 a multi-criteria decision analysis method known as "technique for order

preference by similarity to ideal solution (TOPSIS)" was established by Hwang

and Yoon [15]. The main concept of TOPSIS technique is that the chosen

alternative should have the shortest distance from the positive ideal solution and

the longest distance from the negative ideal solution [16,49]. ln [43], Comparative

analysis of SAW and TOPSIS based on interval-valued fuzzy sets, discussed by

Ting-Yu.



Chapter 1

Preliminanes

In this chapter, we recall some basic definitions and notions. These definitions will

lrelp us in later chapters. For undefine terrns and notions, we reffer to [2, 11, L2,13,

L7, 41, 47, 48, 50, 51, 52].

1.1 Hemirings

In this section, we review some defnitions and notations regarding hemirings.

1.1.1 Definition

A set .E I Q together with two binary operations addition " +" and multiplication " '"

is called semiring if (R, +) and (.R, .) are semigroups and multiplication distributes

from both sides over addition. An element 0 € ,R satisfying the condition, 0.o :

r.0:0 and 0+r:r*0 = r for allr €.8, iscalled zeroof.thesemiring (8,+,').

An elememt 1 € R satisfying the condition, 1.2 : r.I: r, for all r € .8, is called
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identity of .R.

L.L.2 Definition.

A semiring with commutative multiplication is called commutative semiring'

1.1.3 Definition

A semiring with zero eletnent and commutative addition is called hemiring'

L.L.4 ExamPles

1. 1. All rings are hemirings.

2. The set of non-negative rational numbers a,re commutative hemirings under

usual addition and multiplication.

3. Let IR+ be the set of all positive real numbers. Then IR+ is a commutative

herniriug with identity under the binary operations of ordinary addition and multi-

plication of numbers.

4. Unit interva.l [0,1] of real numbers is a semiring with + : rnat and ' : m'in'

5. Let B : {0,1}, Define rr.r-rt and rr'" orr B as follows:

Th"t (.B, +-) is , ."miring called Boolean semiring'

0 1

0 0 0

1 0 1

+ 0 I

0 0 1

I 1 1

6. The set .R : {0, z, 1} with the following binary operations



+ 0 T I

0 0 t I

r a r fr

1 1 a I

0 a 1

0 0 0 0

fr 0 fr a

1 0 L 1

is a commutative hemiring.

1.1.5 Definition

A non-empty subset A of. ahemiring ^R is called subhemiring of .R if a+b e, A, ab e A,

for all a, b e.R and 0 e A.

1.L.6 ExamPles

1. All rings are hemirings with subrings as subhemirings' The set of non-negative

rational numbers are colnmutative hemirings under usual addition and multiplication'

The set of whole numbers is a subhemiring of the set of non-negative rational numbers'

2. Let R.+ be the set of all positive real numbers. Then IR'+ is a commutative

hemiring with identity under the binary operations of ordinary addition and multi-

plication of numbers. Then Ns the set of non-negative integers is a subhemiring of

R+ with identity under the binary operations of ordinary addition and multiplication

of numbers.

3. Let (S,.) be asemigroup and P(^9) the power set of s. Then fot A,B e P(S),

AUB may beconsidered as an additionon P(S) and A'B: {a'b: a € A and b e B}'

as a multiplication on P(illl,where 0 denotes the empty set. Then it is easy to check
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that (P(S), U,.) is a semiring. This semiring has an identity E if and only if (s,') has

anidentitye, namelS g: {el. If oneappliestherule A.B = {a'b: ae A,be B}

also to empty sets, one obtains A.B : A for A = A or B -- 0' Then the system

(p(,s),U,.) is a semiring with 0 as an absorbing zero. The finite subsets of s form a

subsemiring of (P(S), U,').

L.2 Ideals in hemirings

Ideals play a vital role in the theory of rings and it is therefore natural to study them

also in the theory of hemirings. In this section, we defined ideals in hemirngs'

L.2.L Definition

A non-ernpty subset I of. a hemiring ,R is called left (resp., right) ideal of E if / is

closed under addition and .R/ g I U RG /) . F\:rthermore' / is called an ideal of R if

it is both left and right ideal of ^R and I + R'

L.2.2 Definition

A non-empty subset I of .R is called interior ideal of .R if it is closed under addition

andrar €R,foralla€ I,re R.

L.2.3 Definition

An ideal P of. a commutative hemiring ^E with unity is called prime ideal if ab e

P a a € P or b € P, for all a, b e R'
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L.2.4 Definition

An ideal s of a commutative hemiring .R with unity is called semiprime ideal if

a2eS+a€s,foralla€R.

L.2.5 Definition

A non-empty subset / of a hemiring ,R is catled bi-ideal of 'R if '[ is closed under

addition and satisfYing /r?/ e I'

L.2.6 Definition

A non-enrpty subset I of. ahemiling .R is called quasi-ideal of 'E if 'I is closed under

additionandRlnlRgL

1.3 h-ideals of hemirings

In this section, we review some defnitions regarding h-ideals'

1.3.1- Definition

A sublremiring (resp., left ideal, riglrt ideal, interior ideal, prinre ideal, senriprime

ideal, bi-ideal) / of a hemiring .R is called a h-subhemiring (resp', Ieft h-ideal' right

h.-ideal, interior h-ideal, prime h-ideal, semiprime h-ideal, h-bi-ideal) if for all r' z e R

arrd for arry at b e l,from z * al z : b +z it follows x € I'

It is not necessary that every left (right) ideal of .R is a left (right) h-ideal of rB'
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L.3.2 ExamPle

Let .E = {0, a, b} be a hemiring with addition "+" and multiplication "' " defined by

the following table:

11rsrr 7-0Ti.;ideal of E but it is not an h.-ideal of .R, since o+0*b:0*b

because a 4 I.

1.3.3 Lemma

The intersection of any number of left (right) h-ideals of a hemiring R is a left (righi)

h,-ideal of ^R.

L.3.4 Definition[+71

The h-closure z of a non-empty subset A of hemiring .E is defined as

A={*€Rlc*a* z:blz fotsomea, beA, zeR}

1.3.5 Definitior.lf7l

A quasi-ideal / of a hemiring .B is called an h-quasi-ideal if TI nF,I C / and for all

x:, z er? and for any a, b e-I, from r * a* z :b *z it follows t € I'

0 a b

0 0 0 0

a 0 0 0

b 0 0 b

+ 0 a b

0 0 a b

a a 0 b

b b b 0



L.3.6 Remark

Every left (right) h-ideal of .R is an /r,-quasi-ideal of .E and every h-quasi-ideal of E is

an h-bi-ideal of .R but the @nverse is not true.

L.3.7 Example[47]

/o"o"\
Tlre set R of all 2 x 2 matrices 

I n^ 4t2nJ 

* a, hemiring with usual addition and

\or,'
nultiplication of matrices, where ati € No, fuo i. tt 

" 
set of all non-negative integers.

Considertheset Qof allmatricesof thear* (' 
0 

) (a e No).Evidently Q is an

\o o/
h-quasi-ideal of R but not a left (right) h-ideal of E.

1.3.8 Lemma[47]

Let ^R be a hemiring. Then for any left (right) h-ideal, h-bi-ideal and h-quaslideal,

we lrave A:4.

1.3.9 Definition[48]

A subset " A" of a hemiring .R, is called h-idempotant if ,4 :W.

L.4 h-hemiregular and h-hemisimple hemirings

in tliis section, we review h-hemiregular hemirings and h-hemisimple hemirings,

see[41, 47,48j.
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L.4.L Deffnition[48]

A hemiring .R, is called h-semisimple if every h-ideal of R is h-idempotant.

L.4.2 Lemma[48]

A hemiring .R, is h-semisimple if and only if one of the following holds:

(i) For atl r € .R, there exist c;, di, ei, lt, Ci, dli, e'i, Ij e n such that c +

Ef;rqrd;e;x f; * z : Dl=1Ciadlre'rr fi + z.

(ii) Forallc€ R,r:EEE.

(iii) For all A G R, A gtrIRA-*.

L.4.3 Example

Let Qs clenotes the set of all non-negative rational numbers. Then (Q6,*,.)is an

h-hemisimple hemiring.

L.4.4 Definitionfa7)

A lremiring R, is called h-hemiregular if for each o € ,8, there exist a, b, z € E, such

blratr*tax*z=tbx*2.

L.4.5 Example

Let R- {0,o,b} be a hemiring with addition "+" and rnultiplication ". " defined by

the following table:



+ 0 a b

0 0 0 0

o, o, a b

b b b b

0 a b

0 0 0 0

a 0 a a

b 0 a a

Then.R is h-hemiregular hemiring.

L.4.6 Lemma[47]

A hemiring .R, is h-hemiregular if and only if for any right h-ideal / and any left

h-ideal L of. R, we have rt: I n L.

L.4.7 Lemrna[47]

The following conditions for a hemiring -E are equivalent:

(i) r? is h-hemiregular.

UilWM -- M for every h-bi-ideal M of 'R'

(iii) TR-L : L for every h-quasi-ideal L of' R'

1.5 Fuzzy sets

The tlreory of.finzysets was popularized by L. A. Zadeh in [50], as a genelalization of

the conceptual set theory. In this section, we will give a review of some basic concepts

of fuzzy sets.
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1.5.1 Definition

Let X be a non-empty subset. Then for alrry A e X the characteristic function of A

if. xeA

if r(A
is denoted by Ce defined bY C1@) =

forreX.

L.5.2 Definition

Let X beanonemptyset. Afuzzy subset ) of the set X is afuction 1';6 -- [0,1]'

A hnzy subset A : X 
- [0, t] is non-empty if ) is not a constant function forever

iaking the value zero.

1.5.3 Definition

A fuzzy subset of X of the fornr
(
I t if z:r

)(z) : {
|.o if zlx

is called tltehvzy point with support z and value t, where, € (0, 1]. It is usually

denoted by rr.

L.5.4 Remarks

1. Two fuzzy subsets .\ and pt of aset x are said to be disjoint if there is no r € X

sr.rclr that )(,) : 1-t(a).It.\(r) : pt(u) fot each z € X, then we say that ) and p

are equal and write ): P.
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2. Let ) and trr be two fuzzy subsets of non-empty set X. Then .\ is said to be

included inp,i.e., \e pif andonlvif A(') S p'@)for allce X'

3. Let ,\ and p be two fuzzy subsets of non-empty set X. Then ,\ is said to be

properly included in pt i.e., A c tt if and only if l (') < 1t'(r) for all r e X'

4. The union of any family {,\; : i € o} of fuzzy subsets ,\; of a non-empty set X

is denoted bv ( u^,\,) a.ud defined bv (,.unrt) (") : 
?lt3), 

(') : iyoli 
(r) 

' 
for all x € X'

Moreover ( 
,Un^,) 

is smallest fuzzy subset which containing )i.

5. The intersection of any family {); : i € o} of fuzzy subsets ,\i of a non-empty

set X is clenoted by ( $f;) and defined bv (n[;)t) (') : i:'fi), 
(z) - ,An^'(') ' 

for all

t e x. Moreover ( gr,) is largest fuzzy subset which is contained in );.

1.6 htzzy hemirings

Tlre concep t of. fitzzy set has been applied by many authers to generalize some of the

basic notions of algebra. In this section, we will give a review of some basic concepts

of. fizzy ideals of hemirings.

1.6.1 Definition

Let ) and p be two fuzzy subsets of a hemiring ,R. Then product of ) and p is defined

as ()p) (z) = sup {) ("r) n p(az)} for all r e R'
a=at*az
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L.6.2 Deftnitionfa7)

Let ,\ and pr be two fuzzy subsets of hemiring E. Then the h-intrinsic product of )

and p is defined as

sup (min{.\ @), tr@),\(r), t,@r)' i : !,2, "rn;i : L'2' "n})

mn

0 if r cannot beexpressed as z+ t riai* ':Lriyi+ z

j=l i=l

forallreR.

1.6.3 Proposition[47]

Let R be aherniring and \, p, uand€ be any fuzzy subsets of .8. If ) < p' and'v < (

tlren)OnulpOn€'

L.6.4 Lemma[47]

Let R be a hemiring and A, B g 'B' Then we have

(i) / g B if and onlY if Ce 3 Cn'

(ii) C/ ACB - C.qnB.

(iii) CA OnCa: CTE.

1.6.5 Definition.

A. fuzzy subset ) of a hemiring B is called fuzzy h-subherniring of r? if for all r' y € R

(i) A(z + s) ) )(") ^ 
)(Y),

(ii) 
^(ril 

2.\(r) n .\(Y)'
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(iii) a * a *z: b * z ---+,\(c) 2 )(o) n )(b) for all x,z,a,b e R'

1.6.6 Definition[20]

A finzy subset ,\ of a hemiring .R is called fivzy left' (tesp., right) h-ideal of ^E if for

all r,yeR

(i) .\(c + y) 2 r(o) n )(s)

(ii) 
^("y) 

2 )(s) (top., .\(rY) 2 '\(r))

(itt)r*a*z=b+z-'11(")24(a)n'\(b)forallt'z'a'b6-R'

A fuzzy subset ")" of a hemiring .R is called a f',nzy h-ideal of 'R if it is both

hnzy left and right h-ideal of ,R'

L.6.7 Remark

If ) is ahnzyleft (right) h-idealof ahemiringfi, then )(0) > )(z) for allr € 'R'

1.6.8 ExamPle

Let,\ be afuzzy subset of the hemiring Ns defined by
(
I 1 if n is even,

f (n) : (
I 0.2 otlr"rwise,
\

Then ) ii a fuzzy h-ideal of the hemiring N6'

1.6.9 ProPosition

Let ) and p be two fuzzy left(resp., right) ideal of a hemiring R' Then ) O p and )p

is fuzzy left (resp., right) h-ideals of 'R'
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1.6.10 Definition

A fwzy h-ideal of a commutative hemiring R with unity is called fitzzy prime h-ideal

if ,\(o) v A(s) > 
^(ry).

1.6.11 Definition

A huzy h-ideal of a commutative hemiring .R with unity is called fuzzy prime h-ideal

if .\(r) 2 )(r').

L.6.LZ ExamPle

In Example 1.6'8, A is a fuzzy prime h-ideal of 'E'

1.6.13 Definitio nl|Tl

A. hnzysubset A of a hemiring a .E is called fitzzy h-bi-ideal of 'B if for all a' g € R

(i) )(r + g) > )(r) n XY),

(ii) 
^(*il 

> )(o) n )(e),

(iii) \(azy) 2 
^(r) ^ 

A(g/)'

(iu) r * a * z :b + z'---+^(') 2'\(a) n )(b) for all r' z' a' b e R'

L.6.L4 DefinitionlATJ

A. finzysubset ) of a hemiring a ,R is called fivzy h-qusi-ideal of 'R if for all t' y € R

(i) )(z + y) 2 
^(r) ^ 

)(s),

(ii) () or, ca) 
^ 

(cnor, )) < ),
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(iii) x * a * z :b * z --+)(r) 2 )(o) n )(b) for all r' z' a'b e R'

Note that if ) is ahtzzy left h-ideal (right h-ideal, h-bi-ideal, h-quasi-ideal), then

l (0) > .\ (o) for all r e .R.

1.6.15 ExamPle

Consider the hemiring ffi:

Lel r,s e [0,1] be such that r S s' Define afiizzy subset '\ of No by

(
ls ilae (3),

,\(r) : {
I t otherwise
\

for all o € No. Then ) is both afuzzy h-bi-ideal a.nd a fitzzy h-qtasi-ideal of No'

1.6.16 Definition[4]

For any finzy sel;r in .E and any a e [0, 1] we define the set L(t'; o) = {r € Xlp@) 3

a), wlrich is called lower level cut of p"

L.6.LT Definition

A. finzy subset .\ of a hemiring a .R is called ant'i hnzy h-subhemiring of R if for all

t,yeR

(i) )(r + y) S )(u) v )(s),

(ii) A("y) S A(") v,\(Y).

(i,i,i) r + a + z : b + z -----+)(") S'\(a) v )(b) for all t' z' a'b e R'
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l-.6.I-8 Definition[4]

A finzy subset ) of a hemiriug a .R is called anli finzy left (resp', right) h-ideal of ^B

if forall x,y€R

(,) ,\(o + y) S l(o) v .I(s)

(ii) ,\(rs) S )(y) (t.sp', )(rv) < )(c))

(iii) r* a* z:b+ z --*^(') < )(a) v '\(b) for allr.'z'a'beR'

A fuzzy subset ,,),, of a hemiring .R is called a anti finzy h-ideal of R if it is

botlr anti finzy left and right h-ideal of r?'

1.6.19 ExamPIe

Consider the hemiring ffi:

I'etr,se[0;1]besuchthatr2s'Defineafiizzysubset'lofNoby
(
I s ifze (3),

)(z) = 1

I , if otherwise,(
for all r € No. Then ) is a anti htzzy \-tdeal of 'E'

L,7 TtzzY soft sets

Throughout this thesis, U refers to an initial universe, E is a set of parameters'

L, M e E, and P(U) is the set of all hnzy sets of U'
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L.7.L Definition[29]

A pair (G,L) is callecl afuzzy soft set over U, where G: L -'---l P(U) is amapping

from .L into P(U).

L.7.2 Deflniton[29]

Let tl be a universe and E a set of attributes. Then the pair (u, E) denotes the

collection of. ill finzy soft sets on U with attributes from E and is called a fuzzy soft'

class.

L.7.3 Definition[29]

For two fuzzy soft sets (G,L) and (G,L) in afinzy soft class (u,E), we say that

(G,, L) is a fiuzy soft subset of (Ir', M), if

6\ LC M,

(ii) For all e € G, G(e) < H(e),

and is written as (G, D g @, M)'

L.7.4 Definition[29]

The complement of a fuzzy soft set (G,L) is denoted (G,L)" and is denoted by

(G,L)'= (G",r .L) where G't L ---- F1U; is mapping given by G'(t'): (G(d))"'

for all il, e L.

Union of two fizzy soft sets is defined by Maji et al. [29] as follows.



set (f, N), where N : L U M, and for all e € N'
I

I c(r) ireeL-M
I

f(e) :{ A(.) if e€M-L
I

I cf")ur/(e) ifr€ MnL
and it is written as (G, L)V (H, M) : (f' N) '
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L.7.5 Definition[29]

Unionof two fuzzy sofr,sets (G,I) and (H,M) in asoft class (U,E) is afuzzy soft'

l-.8 Bipolar-valued fuzzY sets

In this section, we will glve a review of bipolar-valued fuzzy sets and some basic

definitions about bipolar-valued fiuzy sets'

L.8.1 Definition[25]

Let X be a universe. Thel a bipolar-val ted' fuzzy subset B of X is an object having

the form

B : {(u, tf @),t - @)) : r e X }

where p+ : X --, [0,1] and p- | X ----+ [-1,0]'

The postive membership degree function p+ (r) denotes the satisfaction degree of

an element a to the property corresponding to the bipolar-valued fuzzy subset B :

{@,t*@),t-(r)) :u eX} and the negative membership degree function p-(r)

clenotes the satisfaction degree of an element u to some implicit counter-property

corresponding to the bipolar-valued fuzzy subset B : {(*, t * @), t"- @)l : x € X }'
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If.1,t+ (a) * O, tt- (o) = 0, then it is the situation that r is regarded as having only

positive satisfaction for the bipolar-valu ed'fvzzysubset B : {(a' p* (a) ' p- @)l : x € x } '

If. pt+ (r) : O, lf (r) * 0, then it is the situation that z does not satisfy property

of bipolar-valted.htzzy subset B: {(x,tf @),pr(n)):ae X }' but some what

satisfiesthecounter-property of.B={\*,t'*@),t'- (r)) :o eXlr'Itispossiblefor

an element z to be lf (r) * 0, t,- @) # 0, when the membership function of the

properiy overlaps that of its counter-property over some portion of' x l2$' Ftom now

to onward for the sake of simplicity we shall use the symbols B or B : (lf ' P-) '

for the BVF subset B = {(*,t* @),t'- (r)) : r e X } ' The set of all bipolar-valued

fuzzy subsets of .E is denoted by F (B) . we use BVF set in place of bipolar-valued

htzzy set in rest of chaPters.

L.8.2 Definitionlz7l

e X. Then BVF characteristic function is given by

neA
,

n#A

x€A

n#A

Let r be an element of a non-empty set

B : (\+,.\-) of X of. the form

Let X be a universe and A

cA: (ci,cJ) , where

(, ir
CT@): 1lo ir

\
(-, ir

cj(t): \lo ir
\

1.8.3 Definition

X and , € (0, i]. Then a BVF subset
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)* (,) : {T ;l :;:},
A- (,) : 

{i- ,'l :;:},
is called BVF point with value t' : (t+,t-) where ,' e (0, t] x [-t,0) and support

z or BVF singleton subset of X. It is denoted by o1, : (r{,o-r). A BVF point rv is

said to belong to BVF subset B, written os a1t Q B if. B(r) > f i.e.,,\+ (c) > t+

ancl )- (r) S t-. A BVF point c., is said to not belong to BVF subset B, written as

r1,EB if. B (r) I I i.e., ,\* (r) ( t+ and ,\- (r) 2 t-.

1.8.4 Definition

Let Bt = (.tr+, )-) , Br: (t +,p-) b" two BVF sets of .R. Then we write Bt < 82 if.

,\* (r) < p* (r) aud )- (r) >- t - (u) for all r e 'R'

1.8.5 Definition

Let .R be a hemiring and B, : (,\+,,\-) and Bz : (l'+,p-) be two BVF subsets of

R. Thenwehave Bg Bz: (l*Ap+,)-v/r-) andBr Y 82: (f*u p+,A- Ap-)'

1.8.6 Definition

A BVF subset B :

satisfies

(E1) A+ (z + s)

(D2) A- (e'+ y)

(83) \* @il >

(l*,)-) of a hemiring r? is called BVF subhemiring of R if it

> )* (r)n A* (y),

< l- (") v )- (y),

)* (r) n )+ (s) ,
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(84) 
^' 

@a) < )- (u) v )- (y),

for all a, g €. R.

1.8.7 Definition

A BVF subset B : ()+, )-) of a hemiring .E is called BVF left(resp., right) ideal of

R if it satisfies (.E1) , (82) and

(E5) )* @il > )+ (y) (resp., \* (ry) > )* (r)),

(Eo) A- @a) < )- (y) (resp., A- (ry) S l- (c)).

1.8.8 Definition

Let B : (p+,p-) be BVF subset of a hemiring .E and (o,0) e [-1, 0i x [0, 1] , then

(1) The set BI: {o € R, t* @) > 9} is called positive B-c'at of. B .

(2) The set Bo- : {x e R, Lr- (r) S ai is called negative a-cut of B.

(3)The set 86,il : {r e R, p- (r) < o and p+ (") >- 0} is called (a, fl)-cut of B'

1.8.9 Remark

(3) B+ n Bl is called 7-cut of B.

(4) If t * (0,0) then Bl n B-1is called BVF point of B'

1.9 Bipolar-valued fuzzY soft set

In this section, we define some basic definition about BVF soft set.
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1.9.1 Definition[37]

Let U be an initial universe, E be the set of parameters, .L is subset of. E . Define G : .L

--- BV FU,where BVFU is the collection of all BVF subsets of U. Then (,G, L) is said

to be a BVF soft set over a universe U. It is defined by (G, L) : {(t,)} (") , )"-(r):

forall r€U ande eL\.

L.9.2 Example[37]

Lel U = {cr, c2,cs,c4} be the set of four houses under consideration and E : {et

- cheap, ez : beautiful, es - good location, et : rnodern ) be the set of parameters

and /, : {er, e2,q} is subset of E. Then

(G,L):F(e):
(c1, 0.2, - 0.4) , (q, 0.4, - 0.5)'

(ca, 0.1, - 0.4) , (ca, 0.4, - 0.7)

(c1, 0.5, - 0.7) , (c2, 0.3, - 0.1),

(ca, 0.9, - 0.3) , (ca, 0.7, - 0'8)

(c1, 0.4, - 0.3) , (c2, 0.4, - 0.6) ,

(ca, 0.4, - 0.7), (ca, 0.8, - 0.2)

(G, L) : F (ez) :

(G, L) : F (es) :

1.9.3 Definition[37]

Let U be a universe and E a set of attributes. Then, (u, E) is the collection of all

BVF soft sets on u with attributes from -E and is said to be BVF soft cia-ss.
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t.9.4 Definition[37]

A bipolar finzy soft, set (G, tr) is said to be a null BVF soft set denoted by ernpty set

Q, if for all e € L,G(e) : q.

1.9.5 Definition[37]

A bipolar. fiszzy soft set (G, .L) is said to be an absolute BVF soft set, if for all e e L,

G(e) : BV FU.

1.9.6 Definition

The complement of a BVF soft set (G,L) is denoted (G,L)" and is denoted by

(G,L)": {(r, 1-,\}(z), -t - Ar(r)Y a eU}.

L.9.7 Remark

Tlrrought the thesis, we will use BVFS sets in place of bipolar-valued htzzy soft sets

and we denote hemiring r? by simply .R'
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Chapter 2

Bipolar-valued fuzzY h-ideals of

hemirings

Iu this chapter, we define BVF h-subhemiring . In [30], M. Zhou and shenggang

popularized BVF h-ideals. We analysed some basic definitions of BVF h-ideals and

some basic properties of BVF h-ideals'

2.L Bipolar-value d fuzzy h-ideal of hemirings

2.L.L Definition

Let B: ()+,,1-) ue a BVF subset of -8. Then B is called BVF h-subhemiring of ^R

if it satisfies

(1) nt, € B, Ar, e B + (t * Y)*in1s,,,,1e B,

(2) rt, € B, A,, € B + (rY)-i.1t,,,,1€ B,
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(3) t* e* z: a2* z, (ar)r,e B, (a2),' E fi a (r),,,s,,1r',"'1 € B,

Y a,y,z,a1,a2e R kt'= (t+,t-),r' = (r+,r-) € (0,1] x [-1'0)'

2.L.2 Definition

].et B: ()*,,\-) be a BVF subset of .R. Then B is called BVF left (resp. right)

h-ideal of R if it satisfies (1), (3) and

(4) rt,e B+(ga)r,eB (resp. (5) (rilr,€B)Y t,YeR&'t': (t+'t-) e

(0, rl x [-1,0).

B is called a BVF h-ideal if it is both left and right BVF h-ideal of r?'

2.L.3 ExamPIe

Consider hemiring -R : {0, !,p,p*} defined by

We define BVF set B as follows

+ 0 1 p p"

0 0 1 p p'

I I I p p*

p p p p p*

p* p* p* p* p*

0 I p p*

0 0 0 0 0

1 0 1 1 I

p 0 1 1 1

p* 0 1 1 1

0 1 p p'

p+ 0.52 0.52 0.32 0.32

p -0.73 -0.73 -0.23 -0.23

Clearly, B is a BVF /r.-ideal of .R.
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2.L.4 Definition

Let B: (^*, )-) be a BVF subset of .8. Then B is called BVF interior h-ideal of 'R

if it satisfiCI (1) , (2) , (3) and

(6) At,Q B a (ryz)r, e BYt,y,ze Rk t'e (0,1] x [-1'0)'

2.L.5 Definition

Let B: (,\*,,\-) be a BVF subset of R. Then B is called BVF h-bi-ideal of r? if it

satisfies (1), (2), (3) and

(7) xt,€ B,!,, e B a (azg)^in(r,,r,) e BYt,a, z e Rk'{'r'€ (0'1] x [-1'0)'

2.L.6 ExamPle

Consider hemiring N0 with respect to the usual "+" and rr."' Let t\, 
'i 

€ [0,1) be

sr.rclr that tr l t!ri.e, (t1, -rr) S Uz,-tz)' Define BVF set B = ()*'^-) uv

(
I t, if ze (3)

,\+1c;:( ,
I

Ir, ir zl(3)
and

(
| -t, if re (3)

A-(r) :( 'I

[-,, ir rd(3)
Vz € No. Then B = ()+,,\-) is BVF h-bi-ideal of Ns'

2.L.7 Definition

Let B = (^*,,1-) be a BVF subset of a commutative hemirig R with unity. Then B

is called BVF prime h-ideal of r? if it satisfies (1) , (3) , (4) , (5) and
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(S) (ry)r,e B + (r)y € B or y1, € BVt,a e R kt'e (0,11 x [-1'0)'

2.1.8 Definition

Let B: ()*,,\-) be a BVF subset of a mmmutative hemiring R with unity. Then

B is called BVF semiprime h-ideal of R if it satisfies (1) , (3) , (4) , (5) and

(9) (r2)r,eB + nt,e BYae Rkt'e (0,1] x [-1'0)'

2.L.9 Remark

In rest of the thesis, we denote set of all BVF left h-ideals of ,R (resp. BVF right

h-ideals of ,R, BVF h-ideals of .8, BVF interior h-ideals of B, BVF h-bi-ideals of

.8, BVF prinre h-ideals of .R, BVF semiprime h-ideals of .R) by BVFLII (E) (resp'

BVFR'I(R),BVFhl(R),BVFI|I(R),BVFhbI(R),BVFPhI(R),BVFShl(R)).

2.L.L0 Theorem

Let B be a BVF subset of .8. Then (1) to (9) are equivelent to (1)' to (9)' respectively,

Vrry, zrTlrT2 where:

(1)' 
^* 

@ + a) ) min {,f* (r) ,,t* (s)} , )- (, + v) < max {)- (') ,4- (v)i '

(2)' A* (ry) > min {)+ (r) , }o (u)} , ,l- (*il 3 max {'\- (') , )- (v)i '

(3)' a*11 * z: 12*z + )*(") ) min{)*('')')+(r2)}' A-(') <

,nax {,\- ("r) , )- (rr)i .

(4)' 
^* 

@il >- A+ (Y) , A- (xa) S 
^- 

(Y)'

(5)' l* @il 2 )* (r) , A- (ra) S )- (r) '



29

0o
,Q\-/)f
i

,a
-

a)
.J
4

(6)' 
^* 

@ar) > )+ (Y) , \- (nYz) S )- (s) '

(7)' )* (*ry) >mirr {)+ (r),1* (v)} , )- @'a) < max {)- (") ' )- (s)} '

(8)' ,\* (ry) >max {)+ (r), )* (s)} , }- @il 1=min {)- (") , }- (v)} '

(9)' )* (r') > )* (r), )- (r') S )- (r).

Proof. First we prove (1) is equivallent to (1)''

(1) + (1)' . Suppose (1)' fasle. Then Ya,y e -8, so that \+(x+y) < miri{'\+(o)''\+(g/)}

and .\-(r + A) >moc{)-(z),^-(y)}' Then I t' = (t+,'-) € (0' t] x [-t'0) such that

A+(r* y) <t* < mirr{A+(r),A*(s)i k \-(r+v)> t- > max{'\-(o)')-(s)i' Here

)*(r) > t+, )+(y) >t+ k)-(") < t-, )-(g) < t-. Thisimplies, rt'e B,y1' e Bbttt

(x + y)t€7. Wrich is contra'diction' Hence (t)' holds'

(1)' + (1). Let o, U € r? for a)lt' : (t*,t-) and r' : (r+'r-) € (0'1] x

[-1,0). Such that ns, Q. B, !r' € B' Here )+(r) ) t+' ]-(") ( t- and A*(g) 2

r+, A-(y) 1r-. Then by (t)',\+(r +il >- milr{)+(o),)*(v)i and '\-(r +A) 3

max{.\-(r),A-(s)}. So that .\+(z * s) 2 min{l*(')')*(s)} ) mirr{t+'r+} and

\-(r+il< max{,\-(c),^-(g)i (rnax{'-,"-}'So()+(r *v)'\-(a+s)) > (rnin{t+'r+}'urax{t-

This implies (r * g)*in{, ,,,1 e B. This proves (1) '

Similarly, we can prove other conditions of theorem' r

2.L.LL Theorem

A BVF set B : ()*,1-)

BV FIhI (R) , BV FhbI (R) ,

e BV F Lhl (rt) (resp . BV F Rhl (ft) , BV FhI (R) 
'

BV F PhI (R), BV F ShI (R)) iff it holds following sets

ofconditions {(1)', (3)', (4)'}(resp. {(1)', (3)', (5)'}, {(1)', (3)', (4)" (s)'}' {(1)" (2)"
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(3)" (6)'), {(1)" (2)" (3)" (7)'}, {(l)" (3)" (4)"(5)" (8)'}, {(l)" (3)" (4)"(5)" (9)'}).

2.L.L2 Remark

rf B : (r*,,r-) e BV FLhI (R) (BV F RhI (R), BV FhI (R), BV FIhI (R), BV FhbI (R),

BVFPLI (R), BVFSLI (R)) ===+ )+ (0) > )* (r) and )- (0) S )- (r) vx e R'

2.1.13 Theorem

Let a + I g.R. Then cr e BVFIhI(r?) (resp. BVFRLI(R), BVFhI(R),

BVFI|I(R), BVFhbI(R)) iff I is a Ieft h-ideal (resp. right h-ideal, h-ideal, in-

terior h-ideal, h-biideal) of .8.

Proof. Straightforward. r

2.L.L4 Theorem

Let a + r g R, where .R is a commutative hemiring with unity. Then c1 :

(cf,c;) e BVFPhl (^R) (resp. BVFSLI (E)) itr.I is a prime h-ideal (resp. semi-

prime h-ideals) of .R.

Proof. Straightforward. r

2.7.L5 Theorem

If aBVFset B: (f*,f-) e BVF|I(R) thenB: ('\+,)-) e BVFI\I(R)'
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2.L.L6 Remark

Generally, converse of Theorem 2.L,15, is not true.

2.t.LT Example

Consider hemiring R: {O,p,q, r} defined by the following operations

Define B as follows

0 p q r

p+ 0.41 0.42 0.11 0.10

p- -0.72 -0.7L -0.31 -0.33

Then B : (t +, p,-) e BVFIht(E) but it is not a B = (t *' p-)€BVFhI (R)'

As B(pqr): B(0) : (0.4,-0.7) and B(q) = (0.1,-0.3), this shows 1f (pqr) >

p+ (q) and p- (pqr) < tr (q). On the other hand B (pp): (0.1, -0.3) and B (p) :

(0.4, -0.7), this shows p+ (pp) I p* @) and pr- (d I p- (p) .

2.L.L8 Theorem

If B: (p*,t-) e BVFPhI(E) then B: (p+,p-) e BVFS\I(R) '

+ 0 p q T

0 0 p q T

p p 0 r q

q q r 0 p

r r q p 0

0 p q r

0 0 0 0 0

p 0 q 0 q

q 0 0 0 0

r 0 q 0 q
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proof. Suppose B: ()*,)-) e BVFP;I(.R). Then by definition )+(zg) <

max{.\+(r),1*(y)} and )-(ry) > min{A-(c),)-(v)}' Forv: s )*(') > }*(")

and )-(r) < )-(rr). Hence B e BVFSLI (R). This complete the proof. I

2.L.tg Remark

Generally, converse of Theorem 2'1.18, is not true'

2.1.20 ExamPle

Let Ns : {0} U N and pr, pz,p3, ... be the distinct prime numbers in No. If J0 : No

and JI : ptp2ps..p1Ns, where l: 1, 2,3,."' then "I0 > Jr : J2 ) "" J" ) Jn+l )

...,.. As every non-zero elememt of Ns has unique prime factorization, for I = 2,

3, ... Jt is a semiprime h-ideal but not a prime h-ideal. Then by Theorem 2,7.L4,

Cr, : P!,,C;,) e BVFShI (-R), but C1' : (C!,,Ci')CBVFPhI (R) '

2.L.2L Theorem

A family of BVF set B;: {(^,*,.\;-) : i € C,} € BVFLLI ('R) (resp' BVFR\I(R) 
'

BVFhI(R),BVFlhl(,4)). Then B =,!nB,eBVFLhI (R) (resp' BVFRhI(R)'

BVFiI(R),BVFIiI(R)) where B: ()*,'l-) that is )+: 
nAn ^I 

and '\- :,}zn

^c 
()*<)f,.\->)i- vie o)'
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2.2 Bipolar-valued fuzzy h-intrinsic product

2.2.L Definition

Let 81: (,\*,,\-) and 82 : (p,+,lr-) b. two BVF set of .8. Then the h-intrinsic

procluct of 81 and 82 is denoted and described ffi (Br on B) (z) : (()+ Ot p*) (r)

, (,\- On tt-) (")) Yr e R, if r can be signified as r * Df;ra;bi* z : D'l,=fidi+ z, so

that

(,\+ on p*) (r) =

r+Ei!.,a.b,+y=Ei=1cidi*zlttl 
(',)) n (ttl (4,)) n (4ll (",)) n (ltl ("))]

(,\- Or t -) (r) :

a+Di\,aib;l=Di=1cidi*z[(vl; 
('')) v (Yr, tu'l) u (vl; (")) v (o,r;(o'))]

(Br Or Br)("): 10,0) Yx e R, if r cannot be signified as r* Dpra;b;* z:

D'l,=pidi * z.

2.2.2 Theorem

Let M1, M2be h-ideals of -8. Then we have

(i) M, e A[2, itr Ch, 3 C!,t,,C*, > C*,'

(ii) Cil, n Cirr: Ch,n*r, CurY C-ur: C-upMz'

(iii) CilL on Cfi, : C#,@, C 1a, on C u, : CMrW

Proof. (i), (ii) Straight forwad.

(iii,) Let CnW: (r#*,C",";). Suppose x € R and z e M'M so Cfi;6:

1,CM;W- -1. Now, let r*DTLfl;q;*z:D']=rrisi* z for somep, r e At aud q'

seMz
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(Cdr,OnCd,r)@):

o+El,r,o,6i+Y= Et=,c,di*z[t,I,"t 
(o')) n (n\r'il,(bt)) n (f=rcf"("r)) n f-'l;"l)]

_lt,T,'1,,Lr')) n (,\,cl',(q'))n (,\-,cio,('i)) n ::'i"("))] 
: t

(C^a,onCM)@):

,+Ei!,a1ral E!=1cid1+zl',r-'-,('r))v {,!rc*,(br))v l,lrc*'('i))v l!r'hr"l)]
l*

= L,,Y';, 
h')) v t,!rc*,(qr)) v t,!rc*,("i))v {!r'*,t"1)] : -'

Hence (izi) is proved. r

2.2.3 Theorem

A BVF subset B : ()*,r-) e BVFLLI (,R) (resp. BVFRLI (E)) if it holds (1)',

(s)' and (cfi on)*) (r) < )* (r) , (cp on)-) (") ) )- (") (t*p., 1)+ or, cil) @) s

)* (r) , ()- or, Cil @) 2 l- (r)).

2.2.4 Lemrna

Let 81= (^+, 
^-) 

e BVFRhI (.8) and Bz: (t+,t-) e BVFLLI (.R). Then 
^+ 

or,

p+ < 
^+ 

n p+ and )- Or, tt- 2 \- V tt-.



35

2.g Bipolar-valued finzy h-quasi-ideals of hemir-

ings

2.3.L Deffnition

I-ef B: (A*,,l-) be a BVF subset of fi. Then B is called BVF h-quasi-ideal of .R if

and only if it satisafied for n, A,z,r1,r2 e R,

(1)')* (r+il 2 min{r*(r),r*(s)}, }-(, +il Smax{)- (r),1-(s)}

(3)' r*\* z = 12* z -+ 'l+(r) ) min{r*(",)'l*("r)}, }-(') s

max {A- ("r) , 
^- 

(rr)} .

(10)' (,\+ or, cfi)n (cfr or, )*) < 
^+, 

()- onci)u (cR or, )-) > '\-'

2.3.2 Remark

In rest of thesis, set of all BVF h-quasi-ideal of E is denoted by BV Fhql (n) '

2.3.3 Example

In Example 2.1.6, B = ()*,f -) e BVFhql (No) .

2.3.4 Theorem

Let B: ()*, A-) is a BVF subset of r?. If B : ()*,f -) e BV FhqI (E) itr all level

subsets U (B,t') + A are h-quasi-ideal of .R.
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2.3.5 Theorem

LetA + I g R. Then Cr e BVFhqI (R) itrf is a h-quasi-ideal of ^8.

2.3.6 Lemma

LetB: ()*,)-) e BVFRLI (.8)and B' : (t,tr) e BVFL\I (.R). Then BnB' e

BVFhqI (R).

2.3.7 Lemma

If B = ()*,)-) e BV FhqI (E) then B : ()*, )-) e BVFhbI (R) .

Proof. Let B: (A+,,\-) e BVFhqI(fi).It is sufficient to prove \+(xyz) >

min{.\+ (r) , }* (r)}, 
^- 

@ar) < max{,\- (r) ,l- (z)} and \* (ril > min{,\+ (r) , }* (y)},

\- (ry) ( rnax{)- (r),,\- (y)} Vr, U, z €. -R. Now, we have

\+ (xyz) > (()* on Cf;) n (C; sh \+)) (xyz)

: min{()+ on Ci) @ar), (Cf; on A+) (ryz)}

I u {f X f^.1(o,)) n (fi.(r*) (.r))},
| ,yr+io,t,+"=f "rdr+", 

l. '=I t=L )
: rllir) { r=, j=r

lu s-.,y_+-, {rEr^.1(b;)) n (ri,{r*)lar))}
| ry"+io,bi+r=i"idia,, I':'
( ;1_t'- fi"'

) min{min{)* (0) , )* (r)}, min{)+ (0) , )+ (z)}}

: nrin{A+ (r) , )+ (z)}.

Analogously, we have

)- (ryz) < ((^- onCE)n(CRsh\-))(ryz)

: max{()- On C p) (rAr), (C p On A-) (uy z)}
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[ ^ n ,. {,,!.r,r-l (a,)) v t-!,tr-) rrr))} ,

| ,ar+ioro,*z=f cjdj+zt L '=r 7=t
I i=r j=r:max(*l 

n {rVr,l-l(br))vto.rr-l(ai))}
| ,yr+ioib,az- f cidi+2, L '=' 7=t )
( i=l i=r

( max{ma>c{)- (0) , )- (r)}, max{.\- (0) ,,1- (z)}}

: max{,\- (o),,\- (z)}.

Similarly, we can prove )+ ("il > rniu{)+ (r) , }* (g)}, l- @A) < max{)- (r) ,,\- (y)}.

Therefore B e BV Fhbl(r?). r

Converse of Lemma 2.3.7, is not true.

2.4 Characterization of hemirings by their bipolar-

valued fuzzy h-ideals

First we recall the definition of h-herniregular and h-semisimple hemiring. In this

section we characterize h-hemiregular and h-semisimple hemirings by using their BVF

h-ideal (interior h-ideal).

2.4.L Definition

Let 81: (,\*,\-), Ar: (li,p-) be two BVF subsets of ,?. Then we say )*[e]p*,

p-[eJ)-,if,rr,E Br----] nt,e Bzi.e,\+(") ]l+---+ t+@) )t+and)-(r)S

t' + p- (r) ( c- for all z € .B and S' : (t+,t-) .
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2.4.2 Theorem

Let B1 : (l*, A-), a, : (lf ,p-) b" two BVF subsets of .8. Then we say)+ - P*,

p- - A- iff,\+[e]p+, p-[e]]- and p+[e].\*, l-[.]p-.

2.4.3 Lemma

The relation " - " is called equivalance relation on BVF subsets of .R'

2.4.4 Theorem

Let 81 = (A*,\-), Br=(tf ,p-) e BVFhI (.R). Then)*[e]p*, /-,-[€]l- iffl+ <

p+, p- ( )-, Vz € R.

Proof. Let us a.ssume A*[e]p*, p-[€],\-.To prove \* S l"*, p- < A-, for all

n e R. Supposeoncontraryforu € E, )+(") > tf @), tr-(r) < p-(t). Then f

t':(t+,t-) e F(B) suchthat)*(r) > r+ > p+("),and)-(") < t- < t-@).

Wrichimplies,\*(r) >t+ * tf @) > l+ and)-(r) <t- + t- @) < t-. Whichis

contradiction. Hence l* ( p*, 1t- < \-.

Conversely, assume l+ < p+, p- ( )-, for all r e R. To prove A*[e]p*,

p-[€])-. Suppose )*[e]p*, p-[€h- does not hold. Then there exists r € R and

t':(t*,r-) € F(B) suchthatA*(r) >t+ + t*@) >t* and)-(r) <t- +

p- (r) < t-. Which is a contradiction. Hence )*[e]p*, p-[e],\-. r
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2.4.5 Theorem

If 81 : (r*,'t-) e BVFRhl(^R) and Bz:0r*'t]-) e BvFLLI (-E), then (.\+ Or,

t+) - (l* n p*), ()- or p-) - ()- v p-) iff.R is h-hemiregular.

Proof. Suppose R is h-hemiregular. Let 81 € BV F Rhl (.8) and Bz e BV F LhI (R) .

Then Vs € .R by Lemma 2.2.4, (^+ or, tr+)(s) S ()* A p*)(t), (r- On p-) (r) 2

(,l- v p-) (s) and so by the Theorem 2.4.4, (^+ or, p+) (r)[e] ()* n p*) (s) , (]- v

p-) (s) [e] (,\- or,p-) (r) . Now, since ^B is h-hemiregular, so Vs € R,3 p, Q, z e 'B such

tlrat s*sps *z : sqs*,2. Thus 1,1+orl+) (r) : 
"*rl= ,e.w+Y=Ey,,i,r*, [t,6.^* 

(rr)) n \Lrr*(q,)) A (i

> min{)+ (rp) , )* (rq) , p* (r)}

: (^+ n p+) (s)

()* oa p+) (s) > ()* n p*) (s)

and

(A- or, p-) (s) :

"+ri=,p"q.+I Dr=1rxti*z[,,r,^- 
(p,)) v \!rr-(q,)) v (r!,'x- ('r')) v lv,- ('r))]

< max{A- (rp) ,l- (rq) , p- (r)}

: ()- v p-) (s)

()+ on p*) (r) < (l- v p-) (s) .

Hence (,\+ oa t *) - ()* A p,*), ()- on tr) - ()- v p-).

Conversely, Iet.I be aright and. J be aleft h-ideal of -R. Then CI: (Cl,C,) e

BVFRht (E) and C, : (Cl,C;) e BVFL\I (8). Then, we know that frorn The-

orem 2.2.2, C 
rr!- 
: Cf On Cj and from (ii) C* : Cl On Ci - Cl n Ci and from

Tlreorem 2.2.2, Ch: Cl OnCj - Cl ^Cj 
: Clru + lJ : InJ so R is
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/z-herniregular. r

2.4.6 Theorem

If B e BVFhbl (E),then 
^* 

< (^* onCior )+), )-

h-hemiregular.

Proof. (i) + (ii) Suppose (i) hold.

()+ oi, Cf; on )*) (")

> (A- oncE or )-) iff R is

(

| ,,I,,^+ or cI)(at))n

v ,, { (,i,1r* onci)k))
o,bi*z:icrd.r+r1 I '='j=r 

I ntX.(r*)(b,))n1ft.1.1+y1ary1
\ t=I 7=l

\
(()+ oa Cf;) (aa)), 

I

I
(()+ or, Cfi) (xc)),r* (") 

J

v {f X f^.1(o,))n 1 fi.1,r*;1c,
a+i,oibi+r:i"idi+,, I'=' l=t

i=l j=l

v {tX.t^.1(br))n 1 i.1.r+;1a,
r*iaibi+z=i.iaiqr, I "=t 1=t

i=l i=t

,tt
ayz+l

i=l

,-r, I
t

))i

)))

)* (r)

) rnin{min {)+ (xar),.\+ (zcr)}, urin{)+ (rax) ,,\+ (rcr)}, A* (r)}

(since fra+ rafra* za: xcra* za and ac* rarc* zc: xmc* zc)

: rniu{}+ (r) , )* (r), )* (r)} : )* (r) .

Similarly, we have

()- or Cp oa )-) (")
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,n,+D
i=l

< max

| ,,Y,,)- or, cn) (

' no { r,.Y'()-or'c;)
aib;*z=lcidi+z Ii=7 

[ ul,!,t^-)(a,))v (;!,

[ ,,^- onci)(,o)), I

1 ,,^- onci)(cc)),4- @) I
I n {rV r^-l (a,)) v
I o+ i o,6.+ "=f crdr+, I '=L
I .=l j=r

| ,+ i orb.+ ,=i cidr+" -
I i=r j=l

ai))v I

(";)) I

t,r-) (a,)) 
,l

f 0.(r-l(.r))) ,x=L )

t 0.f.r-l(ar))),
t=t )

)- (")
( max{max{)- (aar),)- (rm)},max{)- (rar) ,,\- (rcc)}, )- (r)}

(since fra+ frara* za: fiffia+ za and rc+ frafrc* zc: rc,fic+ zc)

: max{l- (r) , )- (r) ,l- (r)} = 
^- 

(") . This prove (z;) '

(ii) + (i) Assume that (ii) holds. Let M be any h-bi-ideal of R. Then by the

Tlreorem 2.1.13, C u € BV FhbI (fi) . Now, from (iz) Cf, E C[, On CI On Cdr, from

Theorenr 2.2.2, Cil g Ci, on Ci on Ch : Chnn and M g M R-M . On the other

hand, since M is h-bi-ideal of -B so that MRAI g M. This imlies MEM e M,

and fronr L.3.8,MEM e M : M. TliereforeMHM - M. Hence from 1.4.7, .R is

h-hemiregular. r

2.4.7 Theorem

The following conditions for -B are equivalent:

(i) E is /z-herniregular liemiling.
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(ii) nrin{)+ ,p,+} S,\+ or, Lf oh}+, rnax{}-'p-} > )- or' P- on\-

B = ()*, f-) e BVFhbI (-E) and for every B' : (t'p-) e BVFLI (R) '

(iii) min{.\ *,lr*} < ,\+ On p+ Or, '\+, max{)- 'p'-} > '\- Or' P- Or' )-

B = ()*,f-) e BVFhqI(,?) and for every B' : (lf 'p-) e BVFLI (R) '

Proof. (i) + (ii) SuPPose (i) hold'

()+ or, p+ oh)*) (r) \

I t,I,t)+ ot P+) (a;))n
I'

v { f .i.(r* oh /r+) (ci))
II.,=T

for every

for every

[ ,,I,,)+ or, p*) (o,))n 
I

v I f ,l,()+ or /r+) (ci)) 
I

av'+fa'bi*z=iqdi+zr 

[ ^,,1.,,^],(br)) 
n (r[,{r*)(dr)) 

,|

I rt^* or, p+) (r,)), I)min( t

I tf 
^. 

on P+) (zc)), A+ (r) 
J

[ " I {,I.{r*)(ai)) n(,1,{r*){"))

| 
,+S.,0,+,=i,cidi+zt I nf,I,fr.) (br)) n (rl,{r*) {ar)

: min { f {,[.tr*)(r,))n (rl,{,i*){",))-l v {
L+i.o,a,+ z=f citti+21 | n(,5.,k*) (bt)) n (r[,{r*) {ar)

| '= i-='-- (

|. ^* 
t")

) mirr{min{A* (") , 1f (ara) , p'+ (cr,a)},

miu{)+ (d , t * (arc) ,)+ (crc)}, )* (r)} 
.

/ .irr* fia + frafra * za : acaa * za and \

t, rc+nanc*zc:ncrc+zc )
= mirt{rnin{)* (r) , p* (')}'min{'\+ (") 

' 
p* (')}}

- miu{A+ (") , P* (")}'

Similarly, we have

,)

,)
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()- orr tr- on^-) (")

=n ta

a+Do;bi+z=l ctdi*z
i=l i=l

(,!.fr- or, P-) (4,))v

t 0.(r- oh p-) (ci))
X=L

u(,i(r-) (b,)) v (,!,tr-) ta,))

I f f^- on rr)(ro)), I(max{ I

I f t^- on P-)(rc)), A- (r) 
J

[ ^ I t,?tr-l (or)) v (,!,tr-) t',))

| ,+io.u,+ z=f citti+z I uf,!,tr-) (br)) v (r!,tr-)tar))

: max I 
'=' 

i ,,r,i^-, (,,)) v (,!,tr-) {.,))

I ,.=-rl L,%,ti+,| u,,y,,r-)(br)) v (r!,tr-) {ar))

)

)

^- 
(a)

( ma:<{max{}- (r) , P,- (ara) ,1t'- (caa)},

max{,\- (r),1- (arc),P- (coc)i,)- (')}

1 ,i.r". ra + rara * za : tcsa * za and' \
I 

o..."" *q ' asqe ' -- 
I

[ ,. i z,arc* zc: rcsc* zc I\
: max{max{.\- (r) , p- (')},max{'\- (') 

' 
p- (")}}

: max{}- (') , t'- (r)}' This Prove (ii) '

(ii) + (iii) . This is straightforward by Lemma 2'3'7'

(iii) + (i) . Assume that (iii) holds' Ix:t M be anv h-quaslideal of 'B' Then

bytlreTheorem2.l'l3,CueBVFhql(B)'SinceCn€BVFhl(R)'Now'from

(iii) Cit < Cil on Ci on Cir, ftom 2'2'2, Ch e Cf, on Cfi on CL : cfi'* and

M ;MEM. On the other hand, since M is h-bi-ideal of 'R so that M RM e M' This

inrries MtrM cM, andfrorn 1.3.g, MEM eM : M.Thereforeffffi : M.Hence
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from 1.4.7, .R is h-henriregular hemiring. r

2.4.8 Theorem

Let R be a h-hemisimple and B be a BVF subset of R' Then B e BVF\I (R) itr

B e BVFIhI (R).

proof. By Theorem 2.1.15, every B = ()+,1-) e BVF|I (r?) is BVF interior

h-ideal of .R.

Conversely assu)rle B: ()*,f-) e BVFhI (,8). Let P, Q e R'By 1.4'2,1ai,bi,

q, d;, €it fi, gj, hi e R such that p+Eilanb;QPdi* z : Ei=reiPf igiphi * z. ffiich

implies pq * Dlra;pb;apd;Q * zq : Di=teiPfigiphiq * zq.

Tlrus )+ (pq) 2 min {A+ (Diraapb;qpdfl),\+ (Ei=reipf,gflUd ,0.5}

^* 
(pq) > )* (p) .

And )- (pq) 3 max {,\- (D!1a;pb;qpdiQ) ,\- (Di=teinfigiphiil,-0.5}

^- 
(pq) < )- (p)'

Tlrus B e BV FRhI (,R). Simila,rly we can show B e BVFLhI (R). Hence proved

the theorem. I

2.4.9 Theorem

If Br: (f*,f-) e BVFILI (,?) and Bz: (t+,t") e BVFILI (.8), then (.\+Or,

l/) - (^* A /r+), ()- on tr) - (A- v tr-) iff.B is h-semisimple.

Proof. (i) + (ff) Suppose for any B, : ()+, )-) , B, : (tt+ , tL-) e BV FLhI (R)

of R. ThenbytheLemma 2.2.4(^+onp+) S ()*n/r*), ()-or,p-) > (^-vp-).' And
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by the Theorem 2.4.4 (^+ Onp+)lei()*np*), ()-vp-) [e](r- onp-). since, 'R is h-

hemisimple, so Vs € E, f Q, di, €i, f;, Ci, d!i, di, Ii e 'R such that s+Dp lQsd;e'isf;*z :

Efa$sd!,e}slj + z' Thus

()+ or, p+) (s) :

c+Ei-1,a;b,+Y= Ei=1o,ib,,+,[t,I,^. 
('')) n (r\-r*(b')) n (ri,r* ('i)) n (ftt'*(b'))]

) rniu{)+ (csd,) ,\+ (Crsdir) , p+ (e;sf;) , p* k'itli)}

> min{,\+(s), p* (s)i

: ()* n p*) (r)

(.\+ or, p+)(s) > ()* n p*) (s)

and

(A- or, p-)(s) :

,+Es,oia;a1 Eiao!,bi+z[t,g,^- 
('')) v \!rr-(b'))v tr!,'r- ('])) v 

l!u(b'))]
( rnax{)- (c;sd,;) , \- (Crsdlr) , p+ (e;sli) , p* (ditl)}

S max{.\-(r), P- (t)}

: ()- v p-) (s)

(.\- or,lr-) (s) < (^- v lr-) (t)'

Hence (ii) is proved.

(il,) + (i) Let .I be a h-ideal of .8. Then from Theorem 2.1.15, .[ is an interior

h-ideal of .R. Then from Theorem 2.1.13, Cr : (Cf ,q) e BVFIhI (,R) . Then we

have Cr+ : Cl A Cr+ and fron (ii) Cl : Cl On Cf - Cl n Cl and from 2'2'2,

Cf : Ci * I :F.Therefore .R is h-hemisimple. r
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Chapter 3

Bipolar-valued anti fuzzy h-ideals

of hemirings

In this chapter, we define bipolar-valued anti finzy h-slbhemiring and bipolar-valued

anti fuzzy h-ideals. We analysed some basic definitions of bipolar-valued anti fuzzy h-

ideals and sorne basic properties of bipolar-valued anti fuzzy h-ideals. We characterize

h-hemiregular and h-semisimple hemirings by using their bipolar-valued anti fizzy h-

ideals (h-bi-ideals, h-quasi-ideals and interior h-ideal). Also we use notion BVAF

/u-ideals in place of bipolar-valued anti hnzy h-ideals.

3.1 Bipolar-valued anti fuzzy h-ideals of hemirings

In this chapter, we define BVAF h-subhemiring . We also popularized BVAF h-ideals.

We analysed some basic definitions of BVAF h-ideals.

47
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3.1.1 Definition.

Let Mbe a non-empty subset of R. A bipolar-value d, finzysubset c yc : (ch., c *")

is described by

Io irre M
Cf,. (r) - \

I r otherwise(
and

(
I 0 ifre M

CM.@)=\

[ -t otherwise

is called bipolar-valued anti characteristic function.

3.L.2 Definition

A BVF subset B : ()*,,\-) of .R is called BVAF h-subhemiring of 'E if it satisfies

(Wl) nt€?, U,,€B a (a * y)^*p,,,,yEB

(W2) rtEB, U,,€B + (rg),,,o {r,,,,lEB

(W3) r+st+ z: sz+2, (s1)ye B,(s2),,88 + (z).*{1,,,,,,EBYI,2,s1,s2€ R

and t': (t+, t-), r': (r+,r-) e (0,1] x [-1,0).

3.1.3 Definition

A BVF subset B : (l+,,\-) of a hernirig .R is called BVAF left (resp', right) h-ideal

of .E if ii hold (WL) , (W3) and

(W4) ot,€B + (yr)r, eB (resp., (W5) (ny)r,€B) Vr, g e R and tt :

(t*,t-) € (0, 1l x [-1,0).

B is called a BVAF h-ideal if it is botli left and right BVAF h-ideal of -R.



49

3.L.4 ExamPle.

Let us consider hemiring ^B: {0, l,q,qz,qt} with zero multiplication and addition

defined by,

We define BVF B: )+, )-) as follows

0 1 Qt Qz Qe

1+ 0.13 0.63 0.65 0.64 0.66

A- -0.44 -0.24 -0.25 -0.25 -0.26
lsA

3.1.5 Proposition

Let A * M g R.A BVF set B : (p[r, p*) is defined bv

(
I er if.reM

PL@): 1

I ., otherwise\-
and

(
I ri, if.xe M

p*(") = \
I a, otherwise\-

where0 ( €r ,-e2 11and0 > dr 262> _1, isaBVAF h-idealof RiffM is

h-ideal of .R.

+ 0 1 Qr Qz Qe

0 0 1 Qr Qz Qt

I 1 1 Qs Qt Qs

Qt Qr Qs Qs Qs Qs

Qz Qz Qs Qs Qt Qs

8s Qt Qs Qs Qe Qs
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3.1.6 Definition

A BVF subset B : (}*,,\-) of R is called BVAF interior h-ideal of .R if it holds

(wl), (w2) , (w3) and

(WO) At€B a (agz)r,€B Ya, A, z € -R and t' : (t+,t-) e (0,11 x [-1' 0)'

3.t.7 Definition

A BVF subset B : (l*,)-) of n is called BVAF h-bi-ideal of .R if it holds (w1) ,(w2) ,(w3)

and

(W7) xtEB,A,,EB a (tzy)^a.x(r,,r,)€BYx,A, z € 'Rand t'- (t+,t-), r'=

(r*, r-) € (0,11 x [-1,0).

3.1.8 Theorem

Let B be a BVF subset of R. Then (w1) to (w7) ate equivelent to (wI)' to (w7)'

respectively, Y t, A, z, T1, T2 where:

(W1)' )+ (r + s) ( max {,f* ("),f* (s)}, }- (, + s) >min {)- ('),)- (s)}'

(W2)'r* (rgl) ( max {^* (r) ,,\+ (s)} , .l- (*v) >- min {'\- (") , )- (s)}'

(lU3)' A*rt*z: 12*z + f*(y) ( max{f*('r),)*("r)}, 'l-(y) >

rnin {,\- (r, ) , )- (rr)} .

(W4)' A* (rs) < r* (y), l- (rs) > A- (s)'

(W5)' \* @il < A* (r) , \- @il > )- (")

(W6)' \+ (ryz) < )* (s) , A- (rsz) > )- (s)

(W7)' \+ (xzy) ( max {r* ("), r* (s)} , \- (rzv) ) min {r- ('), r- (u)}'
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Proof. (l4z1) <a (W1)'

Suppose (WL)' is false. Then there exist z, y e R, such that )+(z' + y) >

max{,\+(c), A*(y)} and .\-(r+g) < min{^-(r),^-(y)}' Then for sone 1' : (t+,t-) e

F (B). So that ,\+(r + a) > t+ 2 max{.\+(r), A*(y)} and A- (x + il < t- <

nrin{,\-(r),f-(y)}.Here.\+(r) ( t+, }*(g) ( f+ and l-(") ) t-, f-(y) > t-'

Tlris implies, ntEB, yt,EB but (o * y)t, e B. Which is contradiction. Hence (Wt)t

hold.

Conversely, let x, g € .R for t' : (t+,t-) and r' : (r*,r-). Such that rtEB,

U,,€B means B(r) < f'and B(il 3 r'. Here )*(r) < f+, )-(z) > r- and )+(y) <

r+, .I-(y) > r-. Then by (Wl)' \+(n + il ( max{)+(r),}*(g)} and ,\-(r +

y) > rnin{)-(o'),,\-(y)}. So that )+(z + il < rnax{.\+(r), f*(y)} ( tnax {t*,r*}

and,\-(o +il > min{)-(z),f-(s)} ) min {t-,r-}. So (,\+(z *y),A-(x+g)) S

(rnax{i+,r+},rnin{r-,r-}) i,.e,B(*+il ( max {t',r'}.Thisimplies(z*U),,,"*t1,,,,y€,8.

This proves (W1).

In addition, we can prove other conditions similarly. r

3.1.9 Remark

In rest of the thesis, we denote set of all BVAF left h-ideals (resp. BVAF right h-ideals,

BVAF h-ideals, BVAF interior h-ideals, BVAF h-bi-ideals) of .R by BVAFLhI (R)

(resp. BVAFRLI (R), BVAFLI (R), BVAFI|I (R), BVAF\bI (R)).
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3.1.10 Theorem

A BVFsubset B : (tr*,4-) e BVAFLhI (.R) (resp. BVAFRhI (R), BVAF\I (R) ,

BV AFIhI (R), BVAFhbl (R)) ifiit holds followingsets of conditions {(wl)' ,(w3)' ,

(w4)'j (resp. {(wL)' ,(w3)' ,(w5)'1,{(wl)' ,(wg)' ,(w4)' ,(w5)'},{(wL)' ,(w2)' ,

(t,ti3)', (w'6)'), and {([71)' ,11v21' ,(W3)' ,(W7)']).

3.1.11 Remark

If B: (r*,r-) e BVAFLhI(R) (BVAFRhl(E), BVAF\I(R), BVAFlht(R),

BV AFhbI (,?)) then 
^* 

(0) < l* (r) and )- (0) > 
^- 

(z) Vz e ,?.

3.1.12 Theorem

Leta * I e R.Then cr" e BV AF Lhl (R) (BV AFRhl (R), BV AFhl (R,), BV AF Ihl (R),

BVAFhbI (E)) ifi'.I is aleft /z-ideal (resp. right h-ideal, h-ideal, interior h-ideal, h-

bi-ideal) of ,R.

Proof. Straightforward r

3.1.13 Theorem

If B : ()*,^-) € BVAF|I (fi) then B : ()*,)-) e BVAFIhI (R),

Proof. Straightforward r
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3.1.14 Theorem

A fanrily of BVF set Bi : { (AI, );-) : i e O} e BV AF LhI (E) (resp. BV AF RhI (R) ,

BVAF\I (R), BVAFIhI (R)). Then B = ,YnB, 
e BVAFLhI (R) (resp. BVAFRhI (R) ,

Bl,'AFhI(ft) and BVAFILI(E)) where 6 - (.\+,,1-) that is )+ : vn )n+ and

,\- :,A I, ( )* > )I,,\- <)i- Vi€O).

3.2 Realation between BVF h-ideals and BVAF h-

ideals

In this section, we analysed some realation between BVF h-ideals and BVAF h-ideals

of R.

3.2.L Definition

Let B : (l+,,1-) be a BVF subset of .R. Then complement of. B is define by B" :

(()*)", (^-)") : (l - )+, -1 - l-).

3.2.2 Proposition

LeL B : (^*, )-) be a BVF set in .R. Then ,B e BV AF LhI (R) (resp. BV AF RhI (R))

Iff B" e BVFLIII (,?) (resp. BVFRhI (R)).

Proof. Let B : ()+,)-) e BVAFLLI (.R) (resp. BVAFR\I (.R)). For s1,

s2 e R, we have

()*)"(", * sz) - 1 - )+ (sr + sz)
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> I - Inax{.\+ (s1),,\+ (s2)}

: rnin{(l - )* (s,)), (1 - )* (rz))}

= min{()+)" (rr) , ()*)" (rr)}

and

()-)" (s, + sz) - -1 - ,\- (s1 + s2)

< -1 - min{,\- (s1), )- (s2)}

: max{(-l - )- (sr)), (-1 - l- (s2))}

: max{()-)" (r,) , ()-)" (rz)}.

Now, ()+)" (szsr) - I - ,\+ (s2s1)

>l-l*(r,)

: ()+)" (s1) (resp., (.\+)" (srs2) > (,f*)" (r,))

()-)" (s2s1) : -l - )- (s2s1)

< -1 - )- (sr)

= ()-)" (s1) (resp., ()-)" (s1s2) S ()-)" (t,)).

Let us suppose, for y, z, s1, s2 € .r?, so that y* sr * z : s2* z this implies

()*)"(y) -1-)*(s/)
> 1 - rnax{)+ (s1) , )+ (s2)}

= miu{(1 - ,\+ (sr)), (1 - 
^* 

(rr))i

: miu{(l+)" (r,) , (,i*)" (rr)}

Suppose, for g, z, s1, s2 € .8, so that y*st*z: sz*z this implies (^-)" (g) :

-t - )- (v)

< -t - min{,\- (s1) ,,\- (s2)}

= max{(-1 - )- ("r)), (-1 - 
^- 

(rz))}
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: max{() )" (r,) , ()-)" (rz)}

Hence B' e BVFLLI (R) (resp. BVFR\I (R)).

Conversely, let B" e BVFLLI(.B) (resp. BVFRLI (r?)). Let for x,y € E, we

have

)* (r, 1 sr) - 1 - ()*)"(sr + sz)

< 1 - min{(,\+)" (s1) , ()+)" (s2)}

: max{(1 - ()*)" (sr)), (1 - (l*)" (rr))}

: rnaxt)+ (s1), )+ (s2))

and )- (sr + sz) - -1 - ()-)" (s, + sz)

> -1 - max{()-)" (s1), ()-)" (s2)}

= min{(-1 - ()-)" (r,)), (-t - (^-)'(rz))}

: rnin{)- (s1),,\- (s2)}

.\+ (s2s1) - 1 - ()+)"(s2s1)

< I - (.1*)"(r,)

,\* (rr) (resp., A+ (s1s2) < )* ("r))

and )- (szsr) - I - (A-)" (s2s1)

> I - ()-)"(",)

)- (sr) (rop., A- (s1s2) > l- (s,))

Let ru suppose, for g, z, s1, s2 € R, so that g * s1 * z : sz* z this implies

(A*)(s) -1-(^*)"(y)
< 1 - min{(A+)" (s1), ()+)'(s2)}

= max{(1 - (r*)" (rr)), (r - (r*)" ("r))}

: max{()+)(r,) , ()*)(rr)}
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Suppose, for y, z, s1, s2 € .R, so that A*\* z = sz*z this implies (f -)" (g) =

-t - ,\- (g)

> -1 - max{(,\-)" 1s,; , (,t-)" (sz)}

= min{(-1 - (r-)" (r,)), (-t - ()-)" (sr))}

= miu{(l-) (t,), (A-) (rz)}

Hence B e BVAFLhI (R) (resp. BVAFRLI (E)). r

3.3 Bipolar-valued anti fuzzy h-intrinsic product

3.3.1 Definition

TIre anti h-intrinsic product of BVF subset Bt : (,f*,f -) and 82 : (lt+,p-) is

denoted and defined m (Br @n Bz) (r) : (()+ @n t +) (") , ()- @r, P-) (z)) vz € fi, if

it is possible to express as u * D!ra;b; I z : E!:Lcidi * z, so that

(.\+ @r p*) (r) :

c+Dsi,o.b,+x Di=,cid,+z[tBl(o')) 
v (Ytlru'l) u (yll(";)) v (o,r:("))]

(A- @r rr-) (*) --

,+Drrro.br+Y: D,i=1c;di*z[(ll, 
('')) n (x'- tu'l) ^ (41; ("')) n (lt; ("))]

(Br @r, Bil (x): 11, 1) Vr € E, if it is not possible to express z as z*Df p';b;* z :

Di=1cidi * z.
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3.3.2 Theorem

Let A, B be the subset of .R and Cn, Cs" be the anti cha.racteristic functions of A

and B. Theu we have

@ Ci v Ci : Ciur, C; v CE : Ci,,s.

(ii) Ci" @n C[" : C*8., C 1" @n C u" = Cvtr

Proof. Proof of (i) is straghtforwad.

(ii) Let CM. - (rh.,Cn.). Suppose x e Rand r eTB" so Cfu" - L,C;" :

-1, then there Xc sothat x*Dpapiq;*z:El=1risi*z forsotne pi'rje.A and

qi, sj e B. Thereforc,, C[,"AnCtr": L, C*@aCE. - -1.

Now, supposer €.Band r (B sor € M andC*r":O,C-or,:0, then there

exist a *Di3-tpiq;* z:Di=trisi* z for sonl€p;, ri e A and g;, si € B.

(C)" @n C[") (r) :

I t.V.rX(,,)) v 1 V.c$" (a;)) I
Alt='t=tl

x+Di,oibi+z=Elacidi*z 

I 
ulry,"X. ("i))v (!rr&fai)) 

..|

I rv.rl"rp,))v (.V.ci"kil I
< I r=r L=t l:o- 

L 
ut,y,"l. (,i)) v (!,"["f'r)) 

.J

(Ca. @n Cr") (r) :

I tl.r;(a,)) n (K.cE" (u,)) I
V I '=' -- 7=L 

I
t*Di,Lro;b,*z=D,i_rtdt*z I nt.fr,-C *(.i)) n 1RC;" gS1 

|

L J=r '- j_t J

I fl.r;.(pn)) n (K.c;,.hil I

L 
ntrl,"^-,,(,i))n f,rr"(';)) l

Therefore (iz) is proved.

Hence Cj" an C[" : C*E", C a @n Cfi" : Cls". .



58

3.3.3 Theorem

A BVF subset.B : (l*,r-) e BVAFL\I (,?) (resp. BVAFR\I (E)) itrit holds

(wL)' , (w3)'and c[.@a,\+ 2 )*, cp@n\- ( ,\-(resp., ,l+or,Ci. ( tr+, ,\-@r,cn S

,\- ).

3.3.4 Lemma

Let 81 : ()*.r-) e BVAFRLI (.R) and Bz= 0f ,p-) e BVAFLLI (.R). Then

)+ @r, /r+ > .\+ V p+ and )- @r tr 3 )- A tt-.

Proof. Let 81: ()*, ,l-) € BV AF Rhl (.8) and Bz : 0r* , p-) € BV AF Lhl (R) .

Then, we have from Theorem 3.3.3, )+ @r, C$" > ,\+ and )- @r, C;" S )- we have

^+ 
@r li > 

^+ 
o,, C,i. ) )+ and ,\- @r, 1.t- < \- @tCi" < 

^-. 
Moreover, )+ @r /r+ )

C$ @r, t+ 2 t+ and )- @n p- < C;. @n p- 1 p,-. Hence .\+ @r p+ > 
^+ 

v p,+ and

A- @r, p,- < A- A p,-. r

3.4 Bipolar-valued anti fuzzy h-quasi-ideals of hemir-

ings

3,4.L Definition

Let B : ()*,1-) be a BVF subset of ,R. Then B is called BVAF h-quasi-ideal of -R

if arrd only if it satisafied for p, Q, z, st, s2 e R,

(wr)' )*(p+q) ( max{.r*b),)*(q)},.1- (p+q) 2 miu{r-fu) ,r- (q)}.
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(W3)' p* sr * z = s2* z --+ l+k) S max{'\+('r),}*(',)}, )-(p) >

min {)- (s1),.\- (s2)}

(wto)' (,\+ @r, ci)u(cfi"@n^*) > 
^*, 

(cR.@nr-) n (A- @ncn") s l-'

3.4.2 Remark

In rest of the thesis, we denote set of BVAF h-qusai-ideal of .E by BV AFhqI (R) '

3.4.3 Theorem

Let a * I g R. Then cI" e BVAFhql (E) itr.I is a h-quasi-ideal of .8.

3.4.4 Lemma.

Let B: ()+,)-) e BVAFRLI(R) and B' : (ti,tr) e BVAFL\I ('R)' Then

B u B' e BVAFhqI (R).

3.4.5 Lemma.

lf B : ()*, )-) e BV AFhql (.8) then B = (A*, )-) e BV APhbI (R) '

Proof. Let B: ()*,1-) e BVAFilqI (E).It is sufficient to prove A+ (tyz) <

rnax{.\+ (r) , )* (r)}, f- @Ar) > min{)- (r) , )- (z)} and )* ('il ( max{)+ (') 
' 
)* (v)}'

A- @il 2 min{,\- (r) , }- (y)} Vr, U, z e R. Now, we have

)+ (rsz) < (()* @nC[)u(C/-aa\+))(xuz)

: max{(}+ @hCi) @ar) ,(Cfi @n \+) (rYz)}
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:1 s {r,!.r^.1(,,))v(r!,{r*)t"r))},tyz* D a,b;+ z=l cidil zt \
i=l j=l

^ {t V t^.1(b,)) v ( 0.(r*) (ai))}
rr I r=l J=t )ayztfa;bilz- | cid.t*21 \

i=l j=r

)* (o) , )* (r)), max{)+ (o) , ,\+ (z)}}

= rnirr{()- @n Ci) @Ar) , (C p @n \-) (xyz)}

| .u""**f,,,u.'-1=i qfi*ztLt'['t^-l(oi)) 
n ('l'tr-)("))] ' 

I
: rllin { r=r r=r . }

l,r'*i',',+Y:i",a,+', {t'I't^-) 
(b;)) n ('1'{'r-) ra'))} 

l\ i=l j=l

) miu{min{.I- (0) ,,4- (r)}, min{,\- (0) , )- (z)}}

:-r-l
t

S max{max{

: rurx{,\+ (c) , )+ (z)}.

Similarly, we have

\- (ryz) > (()- @nci)n(cE@n)-))(raz)

: min{A- (r), )- (z)}.

Hence \+ (xyz) ( max{A+ (r),4* (r)}, 
^- 

(rvr) > min{)- ('),A- (z)}' Sinii-

Iarly, we can prove \* (*il ( mtix{)+ (r) , )* (3/)}, 
^- 

("y) > miri{)- (') , f - (y)}'

Tlrerefore B e BV AFhqI (R) . t

Converse of Lemma 3.4.5, is not true.

3.5 characterization of hemirings by their bipolar-

valued anti fuzzy h-ideals

11 this section, we provide the concept of h-hemiregular and h-semisimple hemirings

and provides their characterizations in term of BVAF h-ideals.
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3.5.1 Theorem.

LeL 81= ()*, \-) , B, = (p+' p-) be two BVF subsets of .R. Then we say Bt - Bz

if uid only if I*[e]p*, p- [€]]- and p+[e]]*,1- [']p-'

The r-elation " - " is callecl equivalance relation on BVF srrbsets of 'R'

3.5.2 Theorem.

If. h - (r*,r-) e BVAFR|I(R) and 82 = (tf ,p-) e BVAFL\I ('R)' then

,\+ @r, p+ - \+ v lt+, )- @^ p- - \- A p- iff.R is h-hemiregular.

proof. Let .R be a h-hemiregular. Let 81 e BV AF Rhl (R) and Bz € BV AF LhI (R) '

ByLemma3.3.4, ( A+@rfr*) > ()*V/r+), (,\-@r,r-) < ()-Ap-).andsobyTheorem

2.4.4, (\+Vp*) [€] (,\+@nr+), ()-@r,p-) [e] (,r- np-). Now, since.R is h-hemiregular,

soVs € R,3p,Q, z e.Rsuchthat s +sps* z: sqs* z' Thus ()+ @np+)(s) :

n - , -. [(,y,^* (p')) u (,ip* (qt)) v {r!,r* ("i)) v rv'. ("))]
s*Df'=1r'9.*z=Ei=r"iti+' l'i=t 

t=t r-L

( max{)+ (tP) , l* (rq) , P* (t)}

S max{)+(s), P* (s)}

= (^* v p+) (s)

()+ @r p+)(s) < ()* v P*) (t)

and

(.\- @r. p-) (s

V
s*El=1P'9i*z=

(Xp- (t,))lj=\ 
J

)-
r

- l(,1,^- (p,)) n (,A,r- (q,)) 
^ 

(;f,
D'i=trtti+z ; 

t=t

) rnin{.\- (rp) , )- (tq) 
' 
P- (t)}

> min{)-(s), P- (s)}

)- (ri)) n
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(r- 
^ 

p-)(')

()- @r, p-) (s) > ()- v p-) (')'

Hence ( )+ @n p*) - ()* v p*), (l- @r, p-) - ()- n p-)'

Conversely, let .L be a right and M be a left h-ideat of -8. Then C7 : (C[',C;) e

BVAFRiI(.B) and Cv.: (Cfo",CM) e BVAFRhI ('R)' Then bv Theorem 3'3'2'

Ch. : C[" @n Cfi" and CIA : C[" @n CXr. - CL v Cf,r' and frorn 3'3'2' Ch' :

C[, @nCh, - Ct'vCdr,= Ct",rr,,t" +ffi -- L"U!1t[c 4-LM" : (LnM)"

+TM: (tr n 14) so.R is h-heuriregular'

This comPlete the Proof. r

3.5.3 Theorem.

If B e BVAFilbI (.R), then (.\+ @r Cf;,,@a,\*) < l*, (l- @nCi" @r' )-) > 
^- 

iff E

is h-hemiregular.

Proof. Straightforward. r

3.5.4 Theorem.

If. Br- (l*,r-) , 82:0r*,t"-) e BVAFIhls(,?)' then ()+ @r, p.+) - ()* vp*),

(,\- @r, p-) - (A- n p-) itr 'E is h-semisimple'

Proof. Let 81 : ()*,1-) , Bz:0,*,p-) e BVAFIhls(E)' By Lemnra

3.3.4, ()+ @r, p+) > ()* V /r*), (.\- @r, p-) < ()- A p-)' And bv Theorem 2'4'4'

()* v /r*)[€](.\+ @i, t *), ()- @n p-)te](f- n p-)' Now since 'R is h-hemisimple'

so Vz € R, f ci, di, €;, f;, Ci, di, dr, fi e 'R such that r *Di'c;td;eirf;* z:
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D!=lCixdlie'irfl + z. Thus

(,\+ @r s.+)(r) :

n
c*Ei1, a;b;+z =Ei =ralUi 

+ z

and

()- @r, p-) (n) :

,+Eii,o,b; # E i=1a,,b,'+ 
z[t,I,^- 

('') ) n ( r\rr- (b;) ) n (ri''l-

> rnin{.\- (qrdr) , \- (Crrdlr) , P+ (e;xfi) 
' 
tf

> (,\- n p-)(r)

Hence (,\+ @r, t+) - ()* v p*), ()- @n lr) - (l- n p-)'

Colvesely, let M be a h-ideal of .R. Then from Theorem 3'1'12 & 3'1'13' C14":

(Cir.,C*") e BV AFIiI (-R) . Then, we have Ch" : Cfi"v Cfi" and frorn (ii) Cil" :

Cfa. @nc[t, - Ch,v C[,,' ail.fronr Theorern 3'3'2' Ch' : C['' v Ch'' - Cfi' @nCf't"

: ch" I l1t[c =w" + M --w. Hence.R is h-hemisimple. I

3.6 cheracterization of bipolar-valued anti fuzzy

h-ideals in term of positive anti p-cuts and neg-

ative anti a-cuts

11 this section, characterizations of BVAF h-ideals are investigated by means of pos-

itive anti-cut and negative anti-cut'

[,,-n ^. 
(ar)) v \!^u*(b,))v {,!,r* 

('i))v 
!!,,n(',]l]

! ,rrr*{)+ (q*d;) , \+ (C1ad!) , p* (epfi) , p* k|"fi)I

S ()* v p*)(,c)

I
(,i)) n rftp- (ai)) 

IJ=t I
(t,al)\
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3.6.1 Definition.

Let B : (p+ ,p-) be BVF subset of a hemiring .R and (a, g) e [-1,0] x [0, 1] , then

(1) Ttre set E[ - {, e S , p+ (r) < 0l is called positive anti F-cut of B.

(2) The set .d; : {z' € S , t"- (r) 2 "} is called negative anti o-cut of B'

(3)The set 86,p1: {c € S , p- (r) ) * and p+ (r) S g} is called anti (4, B)-cu;t

of B.

For every 7 € (0, 1] and E; n E-, is called anti 7-cut of B'

3.6.2 Theorem.

A BVF subset B : (tf , p-) € BV AFLI (r?) itr the followings hold:

(n Ei is non-etnpty this irnplies EI i, an h-ideal of. R,Yp € [0,1]'

(i,i) B; is non-empty this implies E; it an h-ideal of -R, Vo e [-t, O]'

Proof. Let B: (l-r+,u'-) e BVAF|I(-R). For x,y e R aud r, U e EI so

r,+ @) 113, Lf fu) < g where g e 10,11. Now as Lf (t+il 3 max{p+ (*),t'* @)}

< max{p,B}

_R_P,

Sothat x+ye EI.

AIso for, r e R, * e EI, we have

p+ (rr) s p+ @)

<0

So tlrat ,, e df,, similarly, rx e EI

Now, let A, z e .B and s1, s2 e Ei with g*sr* z: s2+ z + ti(A) 3
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n)ax{p+(sr),p+(sz)} S p, this means that y e Ei' Hence Ei " an h-ideal of R'

Likewise, u/e carl Prove (ii) .

conversely, suppose (i) and (ii) are hold. suppose for any u € .R, if p* (t) = l,

tt-(r) : d., r e Ei nE;. trrus a[ * 0 and' E; * a' Suppose on contrary

B : (lf ,p.-)€BVAFLI(R), for y, 2,31, s2 € 'R, such that y*sr * z: s2* z'

tf @) > 0 > max{p+(s,),p*(s2)} and p-(v) < d < miu{p-(s')'p-(s2)}' This

implies, sr, s2 e Ei, but g ( Ei and s1, ', e E;, but v ( E;' Which is a

contradation. Hence B = (tf , p-) e BVAF\I (R). r

As critical irnportance of Theorem 3.6.2, we have to show more results regarding

positive anti-cut and negative anti-cut. Which are discussed as follow:

3.6.3 CorollarY.

If B = (t *, p-) e BV AFhl (^R) then, V7 € [0, 1] the anti T-cut of B is an h-ideal of

R.

Proof. suppose B:(p+,p-) e BVAFLI (r?). Then we have to prove that the

set

Err,-.,1: {s1 € R, lr-(r,) > -7 and p+ (sr) < 7} is h-ideal of 'R' Let s1' s1 € R

and s1, s2 e 86,-r). As p* (s1 t s2) S max{p+ (sr),p* (tr)} S max{7,'tlt : 1'

and p- (s1 + s2) > miu{p- (r,),t - (sz)} 2 urin{-7, -^l} : -1' Therefore s1 *

s2 e Ep,,--,'1'

Now, let s1 e .61r,-t),r e ,S so that pe+(rsr) I t'+ (',) < 7 and p-(rsr) 2

/.- (sr) ) -'y, p+ (st) < p+ (s,) ( 'y and p- (st) > p- (sr) ) -1'
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Now, let r,z€.Rand51,s2€ Etr,--,1,r*s, *z:s2*z thisimplies p+(x)3

rnax{p+ (sr),t * (sz)} S'y

and p- (c) > min{p- (s1), p- (s2)} 2 -t. Therefore r e 86,-11' Hence '61r,-'11 is

a h-ideal of R.

Conversely, suppose EO,-.r)is an /r.-ideal of ^R. Assume that B = (tf , p'-)€BV AFhl (R) ,

for y, 2,s1, s2 € .R, so that U* sr * z = s2* z, tf @)> ? > p+(sr) Vp+(s2) and

p- (y) < -'Y </,- (sr) Al'- Gz)' This implies s1, s2 € E(r,-',)'btfiy (' Er''-'t' Which

is a contradation. Hence B : (p+ , p-) e BV AFLI (R). r

3.6.4 CorollarY.

If. B = (t *, p-) e BVAFhl (E) , then E1o,o) is an h-ideal of 'R V (a,0) e [-t, O] x

[0,1] .

Proof. Straightforward by using Corollary 3'6'3' r

3.6.5 Theorem.

If B = (t*,t-) e BVAFhl(,?) and p+(r) + t- Q) 10Vz € R' then E; uE-ri"

an h-ideal of E, V "y e [0, 1].

Proof. Suppose B : (ti,p-) € BVAFLI ('B) and p+ (z) + p- (') ( 0' Assume

Ej and E:, *" non-empty V"y € [0,1] and from Theorem 3.6.2, both are h-ideal

of R. Let sI,52 e E+UE-, audgr, z e Rwith z*s1 t y:32*g' Here we have

following cases to prove the theorem:

(i) s, e El, s2 e E-r,(ii) s2 e El, s1 e E-r, (i.ii) s1 e El, s2 e E+, Uu)
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q e E'1, s2 e E-r'

Case (i) sr € Ei, s2 e E-r,i.e, p+ (t,) < ? and p- (s) ) -1' Since pr+(s') +

p- (s2) < 0, /r* (sr) < -l.L- (s2) S T, so that we have p+ (s1 + s2) ( max{p+ (") 
' 
p* (sz)} S

rnax{pr+ (r,), -p- ("2)} S 'y, p+ (rrr) < pe+ (sr) ( 7 (resp', p+ (s") < p+ (sr) S r)

and p+ (z) < max{p* (r,) , p* (tr)} ( mu*{p+ (',) , -p- ("r)} ( 7' Therefor€ sr*sz'

zs1, s1z, , e E; g E+ u E-' this prove the (i)'

Similarly we can Prove (ii).

Now, weca* prove (iii) \e El, tre E7 ,i'e, p+ (sr) <'y and p* (si ( 7' As

B: (tt+,p,-) € BVAF|I (R), t* (s1 +s2) ( max{p+(sr),p* ('z)} S 7' p+ (zs) I

p+(sr) ( 7 (resp., tf @p) < p+(sr) < 7) and p+(z) ( rnax{p+(sr),p*(s2)} S r'

Therefore s1 * s2, zs1, s1z, z e El g Ei u E-' this prove the (izi) ' Similarly we can

prove (iu). Therefore Ef u E-, is an h-ideal of 'E' r

3.7 The anti image and anti pre-images of bipolar-

valued anti fuzzY h-ideals

In this section, we introduce the notion of anti image and anti pre-image of BVAF

h-ideal, and discuss its properties'

3.7.L Definition.

Letlt: ,R1 --. Rzbea mapingof llemi'ings' If B : (!+'p-) and y - (u+'u-) are

BVF subset of .81 and .82 respectively. Then the anti image of B under ,lli is a BVF
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subset ,1,"@) : (r!r"0r*), rb"}r-)) of. Rz, given by for each t € Rz

(; A. rf@) if ,h-'@)#A
,h,(t*) (r) : { ueth-'(.o) 

,

I r otherwise(
and

(I V. tr(il if ,h-'@)fA
,b,0.,-)(r) - { Yeth-'@)

I

|. -1 Otherwise

for all r € Rz, rh-' @) : {z €. Rt r tlt (r) : *}. AIso the anti pre-ima}e $'r (y) of

7 under $ is a BVF subset of R1 defined by for U € Rr,, ,b-'((u*)(y)) : "*(r/(y)),

,b-'("- @))) -- "- ?h(aD.

3.7.2 Theorem.

Let$: Rt- Rzbeahomomorphismof hemirings. If B : (P+,p-)andy:(u+,u-)

a.re BVF subset of -Rr and .82 respectively, then

(i) [rl,-' (V)l' : rh-'(V")

(ii) l',h"(B)J" : ,1,"(8").

3.7,3 Theorem.

Let d be a homomorphism from a hemiripg .R1 into a hemiring R2, andv : (u+ ,u-) €

BV AFhl (R2) , then the anti pre-image ,t-' (V) : (rl'-' (,*) ,lrl'-'('-)) e BV AFlt'I (R) '

Proof. Suppose that V : (u+, u-) e BV AFLI (,Rz) . Then Yp, q e ft1, we have

,1.,-' (u*) (p + il : u+ ({ 1p + a)) :

: u+ (tb (d + $ (q))

1 max{u+{ (p)),"* bl, (q))}
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- rnax{?y'-| (r*) (P) , d-' ('*) (q)}

{-t @*) (p + q) < max{/-r (r*) (p) ,,/-1 (u*) (q)},

and

,1,-' (u') (p + q) = u- (r! (P + q))

: u- (rl, (d + th @)

) min{u- ( rl, (P)), u- (rb @)}

: min{/-1 ("-) (p) , /-' ("-) (q)}

,1,-' (r-) (p + q) > miu{r/-1 ("-) (p),'/-1 ("-) (q)}'

Now, let sl, 52, A, z €-Rr with y*sr * z : s2*z, thereforc''l' fu)+ry' (sr) +4t (z) :

rl, Gil + th Q) and

,h-' @*) @) : u*(rb @))

( rna-x{u+ry' (",)), u* ({ (tz))i

: max{d-r (r*) (tr) ,'b-' (u*) (tr)}

,1.,-' (r*) (9) S rnax{ rlr-' (u*) (r,) , /-' (r*) (,r)},

and sirnilarly, rl,-' ("-) (y) > min{r/-1 (u-)(s,) ,'r-' (u-) (s,)}'

Moreover, for y, s € 81, ',b-'@*)('g) : "*?b!il) 
: u+((Q('))(d(g))) <

,*kh @)) = ,h-' (r*) (s) , and 1r-r (r*) (yt) <rb-' (r*) (s)' Similarlv, l.l'-' ("-) ('s) =

'u- (rl, Ga)) : 'u- ((4,(r)) (r/ (g))) > "- $h fuD : 'l'-'("-) 
(v) ' and ty'-l ("-) (ut) >

,1,-'("-) (y).

Hence the a,ti pre-image ,1.,-' (V) : ('l'-' ('*) ,'l'-'('-)) e BV AF\I (ftt) ' r
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3,7.4 Theorem.

Let lt be an anti homomorphisrn from a hemiring R1 into a hemiring Rz' If' V =

(r*,r-) e BVAFRhI (R2)the,thea,tipr+irnager.r-r (V) = ('/-'('*)"/-'(u-)) €

BV AFLLI (R) .

Proof. Let V: (u*, u') e BVAFRhI (.Rz) ' Then Yp, q e r?1, we have

,P-t ?u*) (P + q) : u+ (lb (P + q))

: u+ (rb (q) + { (p))

S rrrax{u+{ (P)), r* (/ (q))}

- max{r/-l ("*) (p) ,,/-t ("*) (q)}

l1,-' (u*) (J, + q) < max{ry'-r (u*) (p) , /-' (u*) (q)}

and

,1,-' (r-) (P + q) = u- (,b @ + e))

: u- (t! (q) + rb @))

> urin{u-f (P)),"- (/(q))}

: mi,r{d-L (r-) (p) ,rl,-' ("-) (q)

,b-' @-) (p + q) 2 rniu{/-r ("-) (p) ,',1,-' (r-) (q) '

Now, let sr, s2, r,A €.Rr with n+q+A = sz*A,therefore 4t(x)+tb (tr)+{(U) =

,,h bz) + r/ (s) and

{-, (,u*) (r) : u+({ (r))

( max{u+(,r/ (t,)), '* (l.l' (t,))}

- rnax{t/-r (,*) (t,) ,'r-' ('*) (")}

,b-' @*) (z) < max{ rlt-' (r*) (r,) ,,/-' ("*) ('r)}
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Similarly /-t

,1,-' (u-) (r) > max{ rh-' @-) (s,) ,,r-t (,-) (sz)}'

for r, r € Er and

: u+ (rb (ra))

: r'+((t (")) (d (")))

< u+(rl, @))

: ,b-, ("*) (") .

(u-) (rr) : u- ($ (rr))

: u- ((rlt (o)) (/ (r)))

>- u-(rh @))

= rh-'("-) (r).

Hence the anti pre'image ,t-'(V): (rh-'(V),''h-' (y)) e BVAFL\I (R) '

3.7.5 Remark.

Flom Theorem 3.7.4, if v : (u+,u-) e BVAFLLI(Rz) then the anti pre'image

,b-'(V): (rh-'@*),',1'-' ("-)) e BVAFR\I (R).

3.7.6 Theorem.

Let {.t be an anti epimorphism from a hemiring ,Rr to a hemiring Rz, A: (li, p-) e

BV AFhI (.81) , then the anti irnage of. A,{o(A) : ('b"0'\ ,'b"0')) e BV AFhl (R) '

Proof. Let 4) be an anti epimorphism from a hemiring -R1 to a hemiring R2,

A=(p+,p-)e BVAFhI(,Br).Letae [-1,0] and 0e lO,1] 'Let ()+$"6i)'A+

,p"(A) e Rz. Let 11, xz e ,h"(Ai) ,o,b"0,* (',)) = mirr{p+ @) t v €'b-t @)} S 0

and similarly,

Moreover, let

tp-t (u+) (rr)
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and $oQi (rr)) : uriu{p+ @), y e $-r(zz)i S 6' Therefor,, Ar e {)-r(r1) and

Az€t!-1(o2). Then

,l,o0r* (r1 + z2)) : min{p+ (il , A e rh-' @1+ r)}

3 p+ (a, + az)

( max{p+ (A), p* (yz)} S 0.

Tlris implies la1 * ,z e ',h"(Ai). Now let us e $^(Ai), then $oQt'+ ('o)) :

rnirr{,r,e+ (il , A e $-t ("0)} S p, which implies there exists go € t/-r (re) such

tlrat p+(yo) S 0. As A : (p+,p-) € BVAFLI (.R1). For all r e Rz, since lt

be an anti epimorphism from a hemiring R1 to a hemiring .Rz, then 1 y e R1

such that ,1,,@): c. Let lt+(Aao) I lr* (yp) and p+(yoil 1 t'+ (ye))' Therefore

,1,0r* @ro)): min{p+ (v) , v e ,h-' (ro")i < t',+ @vil < tt+ (ad ( p' Therredore'

orDs € ,lr[il (resp., rsa e 4)6il. Now let any r, z e Rzand r'r, x;e'!(A[), then

a*$'r* z: r'r+ z.This implies,r!o0r* (ri)): min{p+ @)'y e ''l'-L ("i)} < p and

,h,|r*(*'z)): nrin{pr+ (il, a e'b-t @r)} s P'I'et'l'-'('+a\+ z):$-t(xL+')'

t.e, lt-r(x) + ,1,-'(x\) + ,b-rk) : ,b-'@'r) +',b-'Q).So gs e 'b-'@), h e '!-1(t'),

uz e {t-t(rL), As e $-rQ), such that Ao*h*As: Az*Asand p+(a) < 13'

p+fu)<0.

Thelefore,

,1.,"0.r* (r)) : min{P+ @) , a e ,1,-' (x)}

S p+ (ao)

S rnax{(p+) (s,) , 0r*) @r)} S 0.

Thus g e A,(Ail. Therefore, ,tr"(Ai) is an h-ideal of. R2. Similarly, we can show

thatlt"(A;) is a, h-ideal of Rz.Hence frorn Theorem 3'6'2, ..l'"@) : ('b"0'*) 
"h"(p-)) 

e
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BVAF\I (Rz). r

3.7.7 Theorem.

Let 4t be an anti epimorphism frorn a hemiring .Br to a hemiring Rz, A = (lf , p-) e

BVAFLI (.R1) . Then anti irnage of A,lr!"@)1" e BVAF\I (Ri '

Proof. Let l, be an anti epimorphism from a hemiring .R1 to a hemiring R2. Let

A: (p+,p-) e BVAFLI (,?1). Then by Proposit\on3.2.2, A e BVAF\I(R)'

Now by Theorern 3.7.6, {o(A) : ?b"(1r")*),rh"(1t')-)) e BVAF\I (R) ' Hence

by Theorem 3.7.2,

lrh"@)|" e BVAF\I (&). r

3.8 Equivalence relations on bipolar-valued anti

fuzzy h-ideals.

11 thiS sectiop, ,,r,e defiled some realation on BVAF h-ideals by using positive anti-cut

a.nd negative anti-cut.

3.8.1 Definition.

For any (o,0) e [0,t] x [-1,0].Define two binary relations P0 and N'on BVAF

/z-ideals of .B as follows:

(A,B)e PB eAi:E; and (A, B)eN'e A;:E;v '4: ()*,)-) andB:

0"* , t ) e BV AFhI (E) . It is easy to check P9 arIld No are equivelance relations on
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BVAF h-ideals of .8. We have [,4]po express the class of modular PF and [A]r" express

tlre class of modular N" denoted by BV AFLI (R) I PP and BV AFLI (R) lN" ' lat

/ (E) be the fanrily of all h-ideals of .8. Define maps

sp: BVAF|I (R) ---+ I (n)u {O} , A---- A;

h*: BVAFLI (R) -+ I (,?) u {A} , A --- A:

VA = (l*.f -) e BV AFhl (.R) ' Then lB and ho are well-defined'

3.8.2 Theorem.

Tlre nraps gp and ho ate surjective for any (o,il e [0, 1] x [-1' 0]'

Proof. Let Cr.-: (Ci,Cr.) be a BVF set in R, for P + A in / (^R) '

(
I 0 if x€P

n+-)Lz, .-- \
I r if otherwise(
(
I 0 if xe P

/1-- 
'up"-\
| -r otherwise(

fronr Theorem 3.1.12, Cp": (Ci,Cr") e BVAFhI (R). We have

sp(Cp4:@-ai: {r € P lc;,(") s g}: {r € PlCi(u):0} : P and

h.(Cr") =@-a": {z € PlCr"(") > "} = {a€ P lCr"(r) :0} = P'

Now, as 1: (1+,f-) e BVAFLI (-R), where 1*(') : I' and 1-(") : -1' Then

gp(r)=(r); : {z e,? I 1*(r) < t3} :0'andh"(1): ('); : {t eR I 1-(') 2 o} :

0. Tlierefore, .fp alld h., are sur.iective' r
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The sets BV AFLI ($ I Pp and BV AF\I (R) f N" arc equipotent to / (^R) u {0} for

all (o,P) € [0,1] x [-1,0].

Proof. For all (o,B) e [0, t] x [-1,0] and let A: (p+,p-) € BVAFh'I (,IR)' Let

us suppose dp : BV AFLI (R) I PP , / (E) u {A} ,lAlpr - 
gp (A) ,

h', : BV AFLI (R) /N" - 
I (E) u {a} ,lAlr" --, h" (A) .

respectively. For every A: (p+,F-) ,md B : ()+, 
^-) 

e BV AFhl (B) , if p+ :

)+ and F-: \-, then (A,B)e PB and(A,B)e P". Therefore,lAlpn: [B]",, and

lAlp* : lBlp. , so .fp and ho is injective. By Theorem 3.8.2, g'A and h'o are surjective'

This completes the proof. r

3.8.4 Theorem.

Let0 < .y lt,rhenthe map h: BVAFLI (n) 
- 

I(,?)U{0}, defineby gr(A) 
-

A, is surjective.

Proof. Let 0 <'y I 7, we have g, (L) : r[ n r; : 0. Let Cr" : (Cr!',C;')

be a BVF set in.B, for P + A in I(r?). By Theorem 3'1'12, Cr: (Cp!",Ctr) e

BV AF\I (.R) . We have

-!9r(Cp") : (Cr.), n(Co.)-,

:{c€ PIC{"(") <r}nire PlCr.(") >-"v}

: P. Therefore, g, is surjective. This completes the proof' r
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3.8.5 Theorem.

Let 0 < 7 ( 1, then the quotion set BVAF|I (R) lR1 is equipotent to -I (n) U {0} .

Proof. Let0 < 1lL,ands+: BVAF\I(R) /R1.---"+ l (n)U{0} isamapdefined

bv g'r(lA*l): gr(,4) for aX [,,{6-,] e BVAFLI(R)lH.Let {r(lAp,l) : gl,([g*])

for every lAs,l, [Ba'J e BVAFLI(R)lR'', then g.,(A) : gr(B), i.e., A, - 81.

Tlrerefore, (A,B)e ^R?. Hence [Ao]: [Bp,] so 9f is injective.

Now, we have 9i([1]s, ) : g, (1) : 1, n f; : 0. Now, suppose for any non-empty

P in I (R) , consider a BVF set Cr" : (C*,C0").BV Teorem 3.1.12, Cp. : @i,Cp") e

BVAF\I (R) . We have

s',(lctlil : h(cA : @;): n@-n1-.,

:{xePlCi(r) Sz}n{re Plco.(r) >-r}

= P. Thereforc, y', is surjective. This completes the proof. r

3.9 Normal bipolar anti firuzy h-ideal

I1 this section, we introduced and cha^r'acterized normal BVAF h-ideals in B. By

Definition 3.1.1, we have C7a" : (C!*.,C*") is a normal BVAF h,-ideals of .R giving

thatCfi.(r) : t and,C-rc: -l for allr ( M.However, asageneral rule,C[,"(x):

1 ancl Cfir, : -1 may not always true. Therefore it is necessary for us to define

following definition.
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3.9.1 Definition.

Let B e BVAFhl(,?). Then B is catled normal if I an element c € Rsuch that

B (r) : (1, -l).

set of all normal BVAF h-ideals in .R is denoted by NBV AF\I (R) .

3.9.2 Proposition.

Let B e BVAF|I (R).Then B is called normal itrB(0) : (1, -1)' i'e', p+ (0) : t

and p- (0) : -t.

3.9.3 Theorem.

Let B: (tr+,p-) e BVAF;I(,?). Let E = (F*,p-) b" aBVF set in R defined bv

i,*@) = p+(x)+1-lr*(0) andp-(r) = tt-(r)- 1-p-(0) Vo e R' Then E =

(it* ,P-) e N BV AF\I (R) which contains B'

Proof. Let B: (lf ,p-) e BVAF|I(E)' For 0,a,U € '8, we havefr'+ (0) =

p*(0) +1-/r*(0) :1andp-(0) =p-(0) -1-p-(0) :-l'

Now, p+ (, + y) = p+ (r + il + I - rr* (0)

< nrax{p+ (r) , p* (g)} + 1 - P* (0)

: max{pe+ (u) + 1 - p+ (0), p+ (il+ 1 - /r* (0)}

: max{E* (r) ,2* (g)},

and.!r,- (" + d : P- (a + il - t - P- (0)

2 rrrirr{p- (d,t - (s)} - t - P- (0)

: min{p- (") - 1- p- (0) ,t'- (v) - 1- /-l- (0)}
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- nriu{P- (*),fr- (Y)}.

Now, let r, x e R,

F* ?*): p,+ (rx) + 1 - p+ (0)

<p+(r)+1-/r+(0)

=Tr* @).

Sinrilarly, i* @r) < F* (r) .

And p- (rr) : p- (r*) - 1 - P- (0)

3p-@)-1-p-(o)

:i- @)-

Sinrilarly, i- @r) Sir- @).

Now, let A, z, sL, s2 e Rsuch that 9* sr * z : s2* z'Then p+ (il : p* fu) +

1-p*(o)

( urax{pr+ (rr) , p* (rz)} + 1 - P* (0)

- rnax{p+ (r,) + I - t *(0),p+ (rz) + t - l'* (0)i

: max{p+ (sr) , p+ (s2)}

and p- (il : tt- (y) - t - /r- (0)

> Inin{pr- (r,) , P- (rr)} - t - r'- (0)

- rnin{p- (sr) - t - 1t-(0),p- (sr) - t - p- (0)i

: min{p- (r,) , E- (rr)}.

Hence E : (i* ,lr-) e N BV AFhl (.R) which contaius B' r
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3.9.4 CorollarY.

Ftom rhe Theorem 3.9.3, if B e N BV AFLI (R),then B : B. Not. that N BV AFhl (R)

is a poset under the set inclusion.

3.9.5 Definition.

A BVF set B in E is called a ma><imal BVAF h-ideal of R if it is non-constant and

.D i., nrorirnal element n (NBVAFLI (R),e) '

3.9.6 Theorem.

Let B e NBVAF|I(R) be non-constant such that it is a ma>cimal element of

(N BV AFhl (R) , e ) . Then it takes only values among (0' 0) ' (0' -1) ' (1' -1) '

Proof. Suppose B: (lf ,p-) e NBVAFLI(.R) be non-constant and it is a

rna>cimal element of (NBVAF|I(R),e). This implies B e NBVAFLI (E)' Then

/r+(0) : l and p-(0) : -1. Weclaim that for a € R, t''*(a)ll and p- (t) + -l'

Thenp+(,)=0andll-(a):0.Contrarily,thereexistz€.Rsuchthat0<

tr+lz) ( l and 0 > lt-(r) > -L ' Now, wedefineBVF set V = (u+'u-) of ^B as

u* (r) - !r@* (d + t * Q)), r- 1o) : l@- (r)+ p-(z)) for all a e R.Then, we have

surely V is well-defined. Therefore, fot r, y € 'R, have

u+ (r * y) : L1r* @ + s) + tr+ ("))

< j({,nax{(P* (,) , t'* (Y)\ + tf Q))

: max{}(( p+ (x) + t'+ kD,l0'* fu) + P* (')))

: max{u+ (*),u* (il}
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and u- (n+il:i0"- @+y)+ p- (r))

2 |({rniu{( p- (r) , t'- (Y)} + t - Q))

= min{}((r- (r)+ rr- QD,i0r- (v) + p- ('))}

= min{u- (*),"- fu)}.

Now, u+ (ry): ijr* @il + t* k))

S L0'* @) + t'* QD : '* (Y) (toP'' '* ('Y) < '* ('))

and similarly, u- (ry) > r- (") (resp., "- @il > u- ('))'

F\rthermore, let r, z, a,b € -R such that r * a* z:b+ z, then

,* (*): l@* (o) + 1f Q))

< |({,naxi(p* (r) , P* (b)} + t.'* ('))

- rnax{}((s* (o) + rr* (r)) , } (p* (b) + p* ('))}

= max{u+ (a) , u+ (b)}

and u- (z) 2 rnin{ u- (a), u- (b)}.

Now' u+'o' = 

: 
*l 

url)',,',"
2 i0'* @) + t'* QD: u* (*)

and

"- 
(0) : l@- (0) + p- (z))

: i (-1 + p- ('))

< i0'- @) + t'- Q)) : '- (*)'

Hence this shows V : (u+,r-) e NBVAFiI(R)'BV the Theorem 3'9'3' 7:

(t*,0-) is atna:<imal' Thereforeo+(z) :u+(x)+ 1-u+(0) :;(1 +p+(o)) and

a- @) : u- (*)- 1 - "- (o) : iel + p- (")).
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Since0+ (a) ='u*(c')+t-"* (0) = i (1 + ti (u)) > p* (r)and 0- (z) : u- (c)-

t-u- (0) =i(-1 + rr-@))<p-(r).

Hence B : (tf ,/r-) is proper subset of ? : (0*,0-) ' Thus O* (') = u+ (z) *

1-u+(0) : ,1(r+ p*(r)) q | - 0*(0) and 0-(r): u-(z) - 1-u-(0) :

i (-r + p- (z)) 2 -[ - 0- (0). Therefore ? : (o*,0-) is non-constant and B :

0r*, t -) is not a ma:cirnal element of (N BV AFhl (R), e ) . Which is a contradiction'

Thus pt+ takes only two positive values, 0 and 1, also p- takes only two positive val-

ues, 0 and -1. This implies B has four possible values, i.e., (0,0), (0, -1), (1,-1),

(i,0) then

.E1o,oy = {x e R: p+ (n) S 0} n {x e R: p- (r) 2 0}

:{r€ R,p+(r):0, P-(o) :0}

.810,-11 :{c€ R,p*(") S0}n{o€ R't-t- (')>-t}

: {a; € R, lr* (r) : 0}

E1r,-r1 :{c€ R,p*(r)Sr}n{ze Rtp- (z) >-1}:R

-61r,01 : {r e R: p+ (x) < 1} n {r e R: p- (z) > 0}

:{r€ R, t- (z') :0}

By Corollary 3.6.4, we have two cases:

(i) .51o,oy e .810,-ry e ,81r,-r) Ui) E1o,o1 e E1''01 e Etr'-rl

Flom (i) according to the Proposition 3'1'5, a bipolar subset B' : (,+,u')
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p* (*) - !, tt (r) 2 -1, therefore B g B'.If B takethevdue (1, -1) i'e', p+ (r) : 1'

lr(r) - -1, then B : B', and on the other hand p+(') = L, p-(x) = 0' then

B C B, which contradicts the fact that B is ma,:cimal element of. (N BV AF\I (R) , g) '

Therefore B + (1,0)' In addition let r € E1o,-r1 - Eto,ol so rz+(r) -O'v- (z) :0

and p+(r) : 0, p- (*) - -1, therefore B' g B. Similarly, we have B + (1,0) from

(ii). Hence B takes the values (0,0), (0, -I) and (1, -1)' r

3.9,7 Remark.

A rron-constant B e BV AFhl (r?) is called a ma>cimal element of -E when .6 defiT ed

in Tlreorem 3.9.3, is a maxirnal element of (NBV AfhI (E) , q) .

3.9.8 ProPosition.

A rrraxirnal B e Bl,'AFiI (R) is nonlal and takes a value alnoung (0,0), (1' -1),

and (0, -I).
proof. Suppose B : (p+ , tr) e BV AF;I (n) is a maximal. The, ,6 is a maxirnal

element of. (NBVAFiI(R),e).By Theorem 3.9.6, .e takes three possible values

(0,0), (1,-1), and (0,-1). Since B g E so B also takes a value anroung (0'0)'

(1,-1),ancl(0,-1)'Now,wehavetoshowthatBisnormal'ByTheorem3'9'6'

p+ takes only trvo positive values,0 and 1, also p- takes only two positive values'

0 and -1. Since ir*(*): p+(r) +t -p*(0) and p-(') : t'-@) - 1-p-(0)'

tlrerefore lr* (*) = I if ancl only if p+ (z) : p+ (0) and p+ (r) : 0 if and only if

1i(:t)= 1r+(0) - 1. Now, sinceB e 6 wehavepr+(r) S i'*@) fot t e 'R' Thus'
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i* @): 0 implies p* (r) : 0. consequently, p+ (0) : 1. similarly, we call prove

!- (0) : -l' Hence by Proposition 3'9'2, B is normal' r

3.9.9 Proposition.

Let B e BVAF|I (.R) be a mocinral, then E1r,-r1 is a ma:<irnal h-ideal of .R'

3.9.10 CorollarY.

Let { be an anti epinrorphism fronr a hemiring .Rr to a hemiring Rz, A = (lf , p-) e

BV AF|I (.R1) . Then anti image of. A, {to(A) : ('b"0t*) ,'l'"0')) e BV AF\I (R2)

if and only if ',1.,-' (q -- A.
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Chapter 4

Decision making bY using

bipolar-valued fuzzy soft h-ideals of

hemirings

Decision making is observed as a psychological method emerging in the choice of a

conviction or a way of deal among various alternative prospects' A concluding choice

can be yeild il1 each decisiou making process, it rnay or rnay not an efficient deal'

classification of alternatives in terms of principles and decision maker's desires is

titled as decision making. Decision making has been applied in severval probler.[s of

maltagement, economics, engineering and environment etc' Decision making problems

on various criteria are called Multicriteria Decision Analysis (MCDA) problems'

In conventional decision of our daily lives, we my be convenient with the results

of specific accords of perception and contemplate multiple criteria unquestioningly'

85



86

However in case of high wagefti, it is essential to make appropriate form of problenr and

estimate multiple criteria explicitly. For example decision of make sure to construct

a nuclear power plant, and where to constract it, there are not only very complicated

concerns about multiple criteria, but there are also many parties who are seriously

stirred frorn the outgrowths. To gain preferable and knowledgeable decisions, it is

important that we consider multiple criteria precisely and organize compound problem

coprpletely. In 1981 a multi-criteria decision analysis method known as "technique for

order preferelce by similarity to ideal solution (TOPSN)" was established by Hwang

and Yoon.

In this chapter, we define TOPSIS method on BVF soft sets. F\rrther, we apply

TOPSIS rnethod on normal BVF and normal BVAF soft h-ideals to calculate ma>cimal

BVF and BVAF soft h-ideals in .8. Moreover, we denote set of BVF soft h-ideals

and set of all set of BVAF soft h-ideals by BVFSfhIs(R) and BVAFSfhls(n)

respectively.

4.L Bipolar-value d fuzzy soft h-ideals

In tliis section, we review BVF soft h-idea.ls of .R which are defined in [30, 37]'

4.L.L Definition[30]

A BVFS set L (u'[,,p) e BVFS1 LhI(r?) (resp. BVFS1 RhI(R)) if it satisafied

for 11, r2rsrt € R

(L) t*r(r1 *12) ) rnin {p[,(rr),pt?z)],pr(r1 +12) ( max {pt('r),pL?2)}
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(2) r1*s*rz:t*rz + pl,(r,) >,niu{rI G),pL(t)},pi(',) < 
'nax{ut(s)'pr, 

(t)}

(S) pI trrr) 2 pf, (rz), t i ?rr) S ttr. ?il (top', pI Ur'r) 2 t"[, (") ' t'1. ("rz) 3

pi(r)).

4.L.2 ExamPle

Consider .E : {0, L,p,p*} which is described in example 2'l'3' Let -L is a BVF set

defined by

0 1 p p'

pt 0.72 0.72 0.72 0.22

Pr -0.82 -0.82 -0.82 -0.12

elearly, L e BV FS lhl (R).

4.2 Bipolar-valued anti fuzzy soft h-ideals

In this section, we specify normal BVF soft h-ideals in 'B'

4.2.L Definition

A BVFS set L (u'[,, pi) e BV AF S I LhI (R) (resp. BV AF S f RhI (,8)) if it satisafied

for rr, T2rs,trr e R

(t) pt Q1 * 12) ( nrax {p'[, (r), t'[, (rz)), Fr. ?t I rz) ) rnin {lr ?r), pi ?)l

(2) r1*s*r :t+r * p'[,(r,) < ^u*{utG),p|,(t)},p"(,,) ) 
rnin{rZ("),p, (t)}

(l) t '[, (rrrr) < pL ?z), pi ?tz) 2 pi ?z) (resp'' t'L ?tz) s pt ?) ' t't ?trz) >
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pi(r)).

4.2.2 Example

Consider ft : {0, l,Pt,Pz,p3} which is described in example 3'1'4' Let ^L be a BVF

soft set defined by

0 1 Pt Pz Ps

!

PL 0.2t 0.41 0.41 0.41 0.41

Pt -0.61 -0.31 -0.3r -0.31 -0.31

Clearly, L e BVAFSf hI (R).

4.3 BVF and BVAF normal soft h-ideals

4.3.L Definition[37]

A BVF soft /z-ideal or BVAF soft h-ideal L of. R is said to be normal if there exits an

elenrent o € S such that L(t) : (1, -1)'

4.3.2 ProPosition.

A BVAF soft h-ideal L of ahemiring R is called normal if and only if , (0) : (1, -1) '

i.e., )f (0) : 1 and ,\f (0) : -1.
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4.4 TOPSIS on bipolar-valued fuzzy soft sets

In [15, 16, 37, 43], TOPSIS nrethod was introduced. The main concept of TOPSIS

technique is that the chosen alternative should have the shortest distance from the

positive ideal solution and the longest distance from the negative ideal solution

In uncertainties from our daily life problerns, BVFS set has several application.

Here we discuss such an application for solving a TOPSIS method. The TOPSIS

technique based on BVFS sets carried out following steps:

Stepl

Create a decisiol matrix based on BVFS set. Suppose that there exists a set of

alternatives A :{/r, A2,...,A-}. Each alternative is determined on n criteria, which

are denoted by C : {Cr,Cz,...,Cn}.

D_

Ct Cz Cn

A1 Lt Ln Ln

Az Ln Lzz Lzn

A* L*t L*z L^n

Wlrere

pi € l-1,,

Lii are BVFS sets, which are defined by Lri : {0'i,pi) ' 
pi € (0, 1] and

0))

Therefore, matrix D exPress as,
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Cr Cz Cn

A1 (pr*r,lrrr) (p{z,pr) (pL,pr")

D = | Az (ptr, pir) 0,t2, pir) fuh, Pi")

We can write rnatrix D in form of two matrices D+ and D-,

Cr Cz Cn

A1 (pi,) (plr) (Pil)

n* : I A, @l) Q,il 0,t") | 
and D- :

Ct Cz Cn

A1 (pn) (P,r) (P;)

A2 (pil \'ir) 0"i")

A,, Ar'C) 0r',;) (P^ )

,:" D+ is normalized in form of matrix N+ - (tI) *,^where t* = p*l (f r*) "'

for i : !,2,..m and 7 : 1r2,..ru. Matrix D- is normalized in form of matrix N- :

(tui) ,,,, wtrere tri : t ;,il (p rt)''' ,o, i : t,2, "mand j : 1,2, "n'

Step3

Calculation of weighted normilized decision matrix

t* : (l!,) ,,**: (*lt!r),,,n, where w! : Wl I T *i ,so that i*l = 1, and

j=l i=7

Wl isorigional weight given to the indictors ui+, Y i : 1,2,"ffi, i : l'2' "n'

t - : (ti),,,^: (. j tri) ^**, 
where ui : w; l[,w, , sotn* i -l :1' and

j=l i=L

W, is origional weight given to the indictors tf , V i : 1, 2, "rn, i :1'2' "n'

Step-4

In this step we obtain the positive ideal best a1d negative icleal worst solutions
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for L+ and .L-. The positive ideal and negative ideal solutions can be expressed as:

For.L+ we heve

Vi**: {nax{t}li:7,2,..rn}li e J+,mtn{t[li:7,2,"-] I i e J-]

v!-: {min{l,}/i :7,2,..*}li € J.", max{lfill,:1,2,..m}li e J-}'

For .L- we heve

Vi*: {mrn{l,li:1,2,..n?} I i €J*,max{L;rlt:1,2,"*}li e J-lr

Vi - : {rrrax{llrlt:!,2,..rn} Ii e J+,min{l\,li=1,2,"*} I i e J-}

j Q J+ is associated with beneficial attributes and

j e J- is associated with non-beneficial attributes'

Step5

The separation measures, di+o+ and dr+" , of each alternative frorn 7r'++ and Vi+- ,

respectively, are gain as

/ m \'r'
dfo*=(Drvi.-tl,) l\rr /

/ rn \'/zdf,: (t(vi--r*i) 
)

\l=1 /

The separation measures, d;"1 md d,*, , of each altemative from Tr'-+ and V;- ,

respectively, are gain as

/n \t/z
di.l:II,rr.*-l;i))

\cd /
/ m \r/z

di=(r,r,--L;r) )
\r=l /

Step-6

Tlie relative nearness of an alternative A; with respect to the positive ideal solution

is defined as the following general formula for each i'

s! : d!. I @i; + d,+j) and so : d;l I (d;,1 + d,J) '
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Wlrere0 < rl ( 1 and 0 < si S 1 and i:L,2,...m.

StepT

Rank of alternatives according to (sf , s,-) for each i = 1,2,...rn.

4.5 TOPSIS ON NOTMAI BVFS ANd NOTMAI BVAFS

h-ideals

In this section, we introduced TOPSIS on normal BVF soft h-ideals. In [30], we

calculate mocimal BVF soft h-ideals. Here we calculate maximal BVF soft h-ideals

and maximal BVAF soft h-ideals by using TOPISN method'

4.5.L TOPSIS on normat BVFS h-ideals

Colsicler normal BVF soft h-ideals as follows. Suppose that a car dealer has a set of

cars U: {ur, u2,1ts,ua,,us} which may be associated with E : {zt,22,zs,zall fot j =

1,2,3,4 the pararneters z; Stand fOr in "beautiful", "Costly", "tTlodern teChnOlOga",

,,fuel efficient,,, respectively. suppose that the pair , Mr. Y and Mrs. Y, come to the

car dealer to buy a car. If each partner has to consider their own set of parameters,

the, u,e select a czrr. on the basis of the sets of partners' parameters by using BVFS

sets as follows.

Suppose that U : {ut,112,'tts,ua,,us} is a uliverse and E: {zt,22,zs,za} set of

all para.meters. our plan is to find the appealing car for Mr. Y. Assume that the

lroping parameters of Mr. Y be L: {er,ez,es) is subset of E'
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G(e) :{(Ar,0,0), (Az,l,0), (As, 1, -1), (A4, 1, -1)}

G(e2) :{(Ar, 1,0), (Az,O,0), (As,0, -1), (,44, 1,0)}

G(e) :{(Ar, 1, -1), (A2,0,-1), (/s,0,0), (.4a,0, -1)}

Now, we can define TOPSIS method for Mr. Y to choose attractive car or bene'

ficial car

Step-1

We define decision tnatrix as follows

p-

€1 €2 €g

A1 (o, o) (1, o) (1, -1)

A2 (1,0) (o, o) (0, -1)

As (1, -1) (0, -1) (0,0)

Aa (1, -1) (1, o) (0, -1)

In form of two rnatrices

C1 Cz Cn

4t011

D*:l Az 1 0 o , D-=

A3 10 0

A* 1 1 0

Step-2

Normalized matrices of. D+ a.nd D- are

Cr Cz Cn

A100-1

Az 0 0 -1

As -1-1 0

A^ -1 0 -1
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.M+ = ,[*:

respectively.

Step3

As there exist 1 apd -1 in D+ and D- respectively, therefore there is no chauge

in case of weighted matrices.

Step4

Tlre positive ideal solution and negative ideal solution for /V+ areVr++ : [0.557,0'707, 1]

and Vr+- = [0,0,0] respectively for all i : 7,2,3.

The positive ideal solution and negative ideal solution for [- ateV, + : l-0.707, -1, -0'557]

and V, - : [0,0,0] respectively for all i : 1,2,3.

Step5

Tlreseparation measures, dfo+ and d[- , of each A; from Vr++ and 7r+-, resPec-

tively, are gain as

A1

Az

As

Aa

Cr Cz Cs

0 0.707 1

0.557 0 0

0.557 0 0

0.557 0.707 0

Cr Cz Cs

A1 0 0 -0.557

Az 0 0 -0.557

As -0.707 -1 0

Aa -0.707 0 -0.557

d!* =

((0.557 - O)'+ (0.707 - 0.707)2 + (1 - L)z[rz

((0.557 - 0.557)2 + (o.7oT - o)'+ (t - o)2)u2

((0.557 - 0.557)2 + (o.7oT - o)' + (t - q\t/2

((0.557 - 0.557)2 + (0.707 - 0.707)2 + (1 - $21t12

0.557

1.225

1.225

1
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and dr- :

((o - o)2 + (o - o.7o7)2 + (o - 7)2)t/2

((o - 0.557)2 + (0 - o)2 + (o - olzYrz

((o - 0.557)'+ (O - o)'+ (o - o;z;trz

((0 - 0.557)' + (0 - o.tot12 + (0 - 0)2Y12

Tlre separation measures, d;l and d,"7 , of each A; from V, +

tively, are gain as

d;* :

((-0.707 - 0)'+ (-1 - 0)2 + (-0.557 + 0.55n2)t/2

((-0.707 - 0)' + (-1 - 0)2 + (-0.557 + 0.557)2)t/2

((-0.707 + 0.707)2+ (-1 + 1)2 + (-0.557 - $z1rtz

((-0.7 07 + 0.707)2 + (- 1 - 0)' + ( -0.557 + 0.557)2)t /2

and dr-- -

((o - o)2 + (o - o)2 + (o + 0.557)2)t/2

((o - o)2 + (o - o)2 + (o + 0.557)2)t/2

((0 + 0.707)'+ (o + 1)2 + (0 - olzltrz

((0 + 0.702)'+ (o - 0)'+ (0 + o.ssz;z;trz

Step-6

The relative nearness of .4;

ideal solution

with respect to the positive

7.2247

0.557

0.557

0.9126

and V, , respec-

t.2247

t.2247

0.557

1

0.557

0.557

1.2247

0.9126

sf=

0.6797

0.3202

0.3202

0.4772

and sf:

0.6797

0.6797

0.3202

0.5228

Step-7

We note that sf has maximal value 0.6797 and sn has maximal vaue 0.6795. Hence

,4r is a lraximal result so that Mr. Y buy 41. Hence maximal BVF sofb h-ideals are
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(o, o), (1,0), (1, -1).

4.5.2 TOPSIS of normal BVAFS h-ideals

Iu case of BVAF soft h-ideals, NIr. Y need to choose uon-beneficial car in 4.5.1. For

non-beneficial car there is no change in step1, step-2 and step3 of 4'5.1.

Step4

The positive ideal solution and negative ideal solution of -M+ are

Vi** : [0,0,0J andVr+-: [0.557,0.707,1] respectively.

The positive ideal solution and negative ideal solution of N- are Vi * = [0,0,0J

andV, - : [-0.707, -1, -0.557] respectively.

StepS

Tlie separation measures, dr+.,+ arid d,t" , of each.4; from Tr++ and 7r'+-, resPec-

iively, are gaitr as

((0 - o)'+ (0 - 0.707)2 + (0 - t)z1t1z

d!* =l rto-0'557)2+ (0 -0)2+(0 -o)z1t1z

((0 - 0.557)2 + (0 - 0)'+ (o - o1z|tz

((0 - 0.557)2 + (0 - 0.70T2+ (0 - $z1rtz

((0.557 - o)'+ (o.7o7 - 0.707)2 + (1 - L)z|rz

| ((0.557 -0.557)2 +(0.707 -o)'+ O-o)2)tt2
and dr+- = ;

((0.557 - 0.557)2 + (0.707 - 0)2 + (t - olzltrz

((0.557 - 0.557)2 + (0.707 - o.7or)2 + (1 - O)z|tz

Theseparation nreasures, d[+ and d[- , of each At from Vri*,nd 7r'+-, respec-

r.225

0.557

0.557

0,913

0.557

L.225

7.225

1

tively, are gain as
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dr* :

anddl-:

sf:

((0 -0)2+ (0 -0)2 + (0 +0.557)2)t/2 I I 0.557

((0 - 0)'+ (0- 0)2+ (0 +0.557)2)t/2 I I 0.557

((0+0.707)' + (0+ 1)2+ (0 - o;z;trz I I 1.2247

((0 + 0.702)' + (0 - 0)2 + (0 + 0.557)2)t/2 | | o.otz6

((-0.707 - 0)'+ (-1- 0)2 + (-0.s57 +0.557)2)1/2

((-0.707 - o)2 + (-1 - 0)2 + (-0.557 + 0.557)2)1/2

((-0.707 + 0.707)2+ (-1 + t)2 + (-0.557 - 0)2)1/2

((-o.7o| + o.7OT)2 + ( - 1 - 0)' + ( -0.557 + 0.557)2)u2

1.2247

L,2247

0.557

I

Step-6

The relative llea.rness of Ai with respect to the positive

ideal solution

0.3202

0.6797

0.6797

0.5228

Step-7

Here s3r has maximal value 0.6797 and sr' has mar<imal value 0.6797. We note

that A3 is naxirnal result, so that As is non-beneficial car for Mr. Y' Hence tlaximal

BVAF soft h-ideals are (0, 0), (0, - 1), (1, -1).

and sf:

0.3202

0.3202

0.6797

0.4772
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