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Preface I

In daily life, there are many situations where certain order exist among

the elements of a set. For example prices of commodities can be descried by terms

like very cheap, cheap, affordable, costly and very costly. It is clear that there is an

order among these terms and commodities can be arranged with the help of order

among their prices. Algebraically ordered semigroups are sets with associative binary

operation having a certain partial order. Ordered semigroups have wide ranging

applications in computer science, automata theory and coding theory.

L. A. Zadeh t40l put forward the basic concepts of fiizzy set and fumish a model

for generalizing many of the concepts and several basic algebraic notions in general

mathematics. Fuzzy semigroup concept is innovated by Kuroki 128,291for the first

time, and fuzzy ordered groupoids and ordered semigroup was presented by

Kehayopulu and Tsingelis in [9,20].
Rough set theory and fivzy set theory are two distinct concepts, but both of them

are very handy to deal with uncertainty. These two can be hybridized in a very fruitful

manner. Therefore, concepts of fuzzy rough sets and rough fuzzy sets are introduced

in [8].

lnfuz7y set the idea of quasi-coincidence which is stated in [3, 4] played a key role

in several fields of fuzy subgroups. Rosenfeld [35] used the generalized form of (e,

evq)-fiizzy subgroup. Bhakat and Das [2] introduced the concept of (o, p)'fuzzy

subgroups by using "belongs to" relation (e) and "quasi-coincident with" relation (q)

between fuzzy point and fuzzy subgroups. An (e, eVq)-fszzy subgroup concept was

alss introduced by them. In several algebraic structures the generalized notions of

fuzzy sets andfiizy subsystems was initiated by Davvaz, Kazanci et al. [6, 16].

Kehayopulu and Tsingelis for the first time presented tuzy flrlter in ordered

semigroup. They also studied vestigial atfiibute of fitz.zy filter and prime firuzy ideal

which is mentioned in [20]. A generalized fu?zy filter of fu algebra was acquainted

by Ma et al. [3U and some properties were provided in terms of this notion.

The concept of a fisz.zy ideals in a semigroups was frst developed by Kuroki [27,

28,291. He studied fiizzy ideals, fuzzy bi-ideals, fiizy quasi-ideals and semiprime

ideals of semigroups. Jun et al. I l] inEoduce the concept of (e, evq)-fiizzy bi-ideals

of ordered semigroup and gave some characterization Theorem. T'he fuzzy quasi-

ideals in a semigroups were studied by Kuroki and Ahsan 129, ll, where the basic

properties of semigroups in term of fiizzy quasi-ideals are also given by them.
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Jan and Song [0] discuss the general form of fiaruy nteiror ideals in semigroups

and also initiated the study of (c, p)-fuzzy interior ideals of a semigroup. Shabir et al.

[36] gave the concept of more generalized forms of (c, p)-fuzzy ideals and defined (e,

evqk)-fuzzy ideals of semigroups. (Also see [12, 13,26,371).

The properties of fiazzy ideals with thresholds were characteraed by Shabir et al.

[38] in semigroups. The (e, euq)-fir?zy bi-ideal were studied by Kazanci and Yamak

[15] and they also initiated fuzzy bi-ideal with thresholds in semigroup. Manzoor et

al.l32l bring together the standpoint of fiiz,zy quasi-ideals with thresholds in ordered

semigroup. They also established some result on semiprime fuzzy quasi-ideals with

thresholds in ordered semigroup.

Pawlak is the founder of rough set theory [34]. Many applications of this theory

have been reported. Actually it is a nice tool to discuss uncertainty among the

elements of a set. Equivalence relations play a fundamental role in it. Due to limited

knowledge about the elements of a se! it is too complicated to determine the

equivalence relation among the objects of a set. So authors studied different models

with less restrictions. The study of generalized rough sets was initiated by Dawaz [5].

Instead of equivalence relation, set valued maps are used to define approximations of

a set in generalized rough set theory. tn algebraic structures roughness has be

discussed by many authors. Kuroki studied roughness in semigroups and funy

semigroups in [30]. Then this concept is studied for prime ideals in semigroups [39].

In ordered semigroups rough approximations as proposed in [30] cannot be a good

idea. As in ordered semigroup there is a partial order associated with the semigroup,

therefore non-trivial equivalence relations for such semigroups are difficult to find.

Perhaps, this is the major reason that no study of roughness in case of ordered

semigroups has been reported till now according to our knowledge. Therefore in this

thesis some weaker tool to study roughness for fu?zy filters, fuzzy ideals, fiszzy filters

with thresholds and funy ideals with thresholds in ordered semigroups have been

introduced. Set valued maps give rise tq binary relations in general. These maps with

monotone or isotone order help us to study roughness in fivzy filters of qrdered

semigroups.

,-y7_
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Chapter 1

Preliminaries

In this chapter we will discuss some basic definitions, examples and notions. These

definitions will help us in later chapters. For undefined terms and notions , we refer

to [7, 9, L3,25,26,29,321.

1.1 Ordered Semigroup

1.L.L Definition

Let S be a non-empty set and ",r," be a binary operation on ,S. Then (^9, *) is called

a semigroup if this operation is associative, that is (r1 x r,2) * rs : frt * (22 a. z3) holds

for all frt,frztas € S.

1,.L.2 Example

(a) The set N: {1,2,3,...} of natural numbers gives the semigroup (nf,.), under

multiplication.

.Y
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(b) Similarly, the set W : {0,1,2,3,...} of whole numbers forms a semigroup

(W, .), under multiplication.

__\,_\' 
(") {0,1} is semigroup under o'.".

(d) Let 
^9 

be a non-empty set. Then (P(S),U) and (P(,S),I1) are semigroups.

1.1.3 Definition

A binary relation "(" defined on a non-empty set ,S is partiat order on the set S if

the following conditions hold

,p. (o) a 1a (reflexivity)
v

(or) o < b and b < o implies a:b (antisyrunetry)

(os) o < band b< cimplieso (c (transitivity),

for all a,brc e S.

A non-empty set ,S with some partial order "S" on it is called a partially order

set, or more briefly a peset. Then we write (S, S) is 
" 

po-set.

L.L.4 Example

LIE 
(o) Let,S: {1,2,3,4,5,6} and define a relation on,S as 'Tor all ot,n2 € ,S, 11 is

related to fiz if. and only il o1 divides o2". Then ,S is a pa,rtial ordered set.

(b) Let ,S be a non-empty set. Then (P (S) 
' 
g) i" a po-set.
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1.1.5 Definition

Let ,S be a non-empty set. Then an algebraic system (S,., <) is called partially

ordered semigroup (po-semigroup) if it satisfies

(os1) S is a semigroup with respect to rr.rr

(os2) ,5 is a po-set with respect to r1<'r

(os3) (for a)La,n1,s2 e S) (If ,, < o2 + otn 1 a2a and oo1 a *rr) .

Partially ordered semigroup (pesemigroup) is also called as ordered semigroup.

1.1.6 Definition

A non-empty subset A of ordered semigroup S is called ordered subsemigroup of S if

A2EA.

L.L.7 Example [L8]

Let 
^9 

: {a,b, c,d,, e} be a set with the following multiplicatiou table and order relation

,,5" 
,

and

<t: {(o, a),(a,b),(a,c),(a,d),(o,e),(b,b),(c,c),(d,,d),(",e)}. Then 
^9 

is called an or-

e

a b c d e

a a a a a a

b a b a d a

c a e c c e

d a b d d b

e a, e a c a
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dered semigroup.
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L.2 frmzy Sets

L. A. Zadeh [40] put forward the basic concepts of. fiizzy set and provide a model

for generalizing many of the concepts and several basic algebraic notions in general

mathematics. In this section, we will grve a review of some basic concepts of. fiuzy

sets.

1".2.L Definition [40]

A function ![ from ,S to a unit closed interval [0,1] (\f : ,S - [0,1]) ir known us huzy

set or fuzzy subset of S.

1.2.2 Definition [33]

A fiuzy subset ![ of an ordered semigroup 
^9 

of the form

nr(s,) - [t(t + o) rf a1: s
- \-rl [0 rf. a7 f a

represent fuzzy point with value t and support by o, where, € (0,11 . It is denoted

by xr. A hvzy point c1 of ordered semigroup ,S is said to 'belong to' htzzy subset \[r

denoted as os € tU, if i[(r) 2 t, and is said to 'quasi-coincident with' a fuzzy subset

{r denoted by ag{t, if V(a) + t > 1. To say that 4 € VqV (resp. 16 € AqV) means

that rs € ![ or r1q{t (t2 € ![ and steV).
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1,.2.3 Remark

(a) Two fuzzy subsets V and ;l of ordered semigroup .9 are said to be disjoint if there

is no o €.9suchthat ![ (r): tr(o).If V(r): p.(a)for eachr €,S, then we saythat

![ and p a,re equal and write as V : p.

(ii) Let V and p be two fuzzy subset of ordered semigroup 
^9. 

Then a hnzy subset

![ is said to be included in afizzy subset p i.e. ![ e pif and only if V(o) < tr(r)

forallreS.

(iii,) Let V and p be two fuzzy subsets of ordered semigroup S. Then a hvzy

subset V is said to be properly included ia a hnzy subset p i.e. ![ c p if and only if

!U (r) < p,(a) fot all o e S.

(iu) The union of any family {tU; : i € O} of fuzzy subsets ![r of ordered semigroup

s is denotea ur (,ynv;) *a defined o, (,.u"*,) (r) : ?IBvi 
(r) :,16irr (c) for all

c€S.

(o) The intersection of any family {![; : i e O] of fuzzy subsets V; of ordered semi-

sroup ,5 is denotea ur (,gv,) *,u defined o, (,51r*,) (r) : i$v,(r) : ,Anvn 
(r)

for all n e S.Moreover (g*,) is largest fuzzy subset which is contained in V;.

1,.2.4 Definition

In what follows let a, p denote any one of €, q, € Vg, or € Aq unless otherwise specified.

Consider a fiizzy point o1 of. a htz,zy subset V on an ordered semigroup S, and zse![

means o1 belong to (be quasi-coincident with) a hruzy subset {r. A fuzzy point 11

of ordered semigroup S is said to 'belong to' hvzy subset V denoted as 01 € {r, if

=\
N

?r)
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V(") 2 f, and is said to 'quasi-coincident with' a fuzzy subset i[ denoted by rlq{t, tf.

!U(r)+t>L. Tosaythat 4 € VqlU (rop. u2e AqV) meansthatcl € ![r orrlgV

t> 
(16 e i[ a,nd r6gitr).

1-.3 Filters in Ordered Semigroups

L.3.1 Definition [4

A non-empty subset F of ordered semigroup S is known as a left (resp. right) filter

i' of ^9 if it satisfies the following conditions

(.F1) (forallrl e S and, forall n2eF)(a21q implies 11eF)

(F2) (for all or, a2 e S) (*r,*, € F implies afi2 € F)

(F'3) (for all o1, a2 e S) (ap2 e F' implies o1 € F(resp. az e F)).

If F is both a left filter and a right filter of ordered semigroup .9, then r' is known

as a filter of S.

V

Let ,S : {a,b,c,d,,e,t} be a set with the following multiplication table and order

relation ot(".



a b c d e f

a a b b d e f

b b b b b b b

c b b b b b b

d d b b d e f

e e f f e e f

f f f f f f f

\}

\.

and

<r:{(o, a) ,(b,b) ,(",.) ,(d,d) ,(",e) ,(1, f),(o,d) ,(o,e) ,(d,e) ,(b,f), (b, e),(c,l) ,

(1,"),(",")\. Then (S,., <) ir an ordered semigroup. Filters of ,9 are {a,d,e} and 
^9.

Next we give definitions of bi-filter and quasi filter. Theses a,re actually general-

izations of filter in ordered semigroups.

1.3.3 Definitioo [4

A non-empty subset F of ordered semigroup ,S is known as bi-filter of S if (Fr),(Fz)

hold and

(fa) (for all o1, a2 e S) (ap2q € F implies o1 € F).

1.3.4 Definition [9]

A non-empty subset F of ordered semigroup .S is known as a qausi filter if it satisfies

(r,), (fz) und

(.F6) (for all 11, az,os e S) (ap2: nsal € F implies c1 € .F).

u
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In the following some basic concepts about fuzzy filters and their generalizations

in ordered semigroups are given.

L.4 fruzy Filters in Ordered Semigroup

L,4.L Definition

A fivzy subset tlr of 
^9 

is knoum as a finzy ordered subsemigroup of ordered semigroup

,S if it satisfies

rh_ 
(for all attaz € S) (v(o1rz) ) miu {V(rr), u'(or)}) .

In the following this inequality will be denoted bV (FFz).

L.4.2 Definition [4

A t ory subset t[ of S is known as a htzzy left (resp. right) filter of ordered semigroup

.S if the following assertions holds,

(.F'.F'r) (for all attnz € S)(21 ( o2 implies ![(cr) < V(rr))

(FFr) (for all ntrn2 e S)(!Ir(r1c2) > min{tlr(o1), V(o2)})

i1!
(^F'.F's) (for all nt,n2 € S) (!Ir(c1oz) > ![(rr) (resp. V(or))).

A fryry subset ltr of S is known w a fivzy filter of ordered semigroup ^5, if !I, is

both a hnzy left, filter and a fiuzy right filter of S.
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L.4.3 Definitior, [4

A fruzy subset tU of ordered semigroup S is known as a fuzzy bi-filter of ordered

semigroup S if it satisfies (F'.F,i), (FF2) and

(FF+) (for all nt,nz e S) (![(zlczar) ) V(rr)).

1,.4.4 Definition [9]

A fuzzy subset tU of 
^9 

is known as a fiuzy quasi-filter of ordered semigroup ^9 if it

holds (FF'1), (fF2) and

(.F.Fu) (for all nt,n2,ra € ,S) (*t*r: o3c1 implies t[(o1r2) < !U ("r)).

1.5 Ideals in Ordered Semigroups

L.5.1" Definition [L7]

A non-empty subset .[ of ordered semigroup S is known as a left (resp. right) ideal

of ^9 if it satisfies

(4) s/ e /(resp. /S g /)

(Ir) rf a1 C ,9 and o2 € .I such that o1 J c2, then a1e I.

If / is both a left ideal and a right ideal of ordered semigroup ^9, then .I is known

as two sided ideal of ,S or simply an ideal of .9.

For A e S, we denote (.4] :: {t e Slt ( h for some h e A}. ff. A : {a},

then we write (a] instead of ({o}]. For non-emptSr subsets A,B of.,S, we denote,

AB:{ab/aeA,beB],

it'

\t'



10

L.5.2 Exarnple [24]

:. Let ,S : {a,b,c,d,e,/} bu a set with the following multiplication table and the order
\i

relatiou "(":

.<s, affdif

<': {(o, a) ,(b,b) ,(",c) ,(d,d),(r,.) ,(f ,f) ,U,e)}. Then (S,., S) is an ordered

semigroup. Right ideals of ,S a.re {o,,1} , {o,b d} and S. Left ideals of S are {o} , {d} , {o,b} , {o, d} ,

{a,b,d},{a,b,c,d,} ,{a,b,d,,e,/} *d S. Ideals of 
^9 

are {o,d} ,{o,b,d} and S.

Next we are going to define bi-ideal, interior ideal and quasi ideal. Theses are

actually generalizations of ideals in ordered semigroups.

1.5.3 Definition [21]

A non-empty subset .I of ordered semigroup S is called bi-ideal of S if it satisfies (/2)

(\t
' and

(rs) rsr e r

(riPer.

a b c d e f

a a & a d & a

b & b b d b b

c a b c d e e

d a a d d d d

e a b c d e e

f a b c d e f
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t.5.4 Definition l22l

Let f be a non-empt5r subset of ordered semigroup 
^9. 

Then .[ is ]rrown as an interior

ideal of S if it satisfies (/2) , (/a) and

(/5) s-rs E r.

1.5.5 Definition [23]

A non-empty subset Q of ordered semigroup ,S is known as quasi ideal of S if it hold

(/2) and

(ro) (Qsln (sQl E 8.

L.5.6 Example [L8]

Let ,S : {a,b,c,d,e} be an ordered semigroup with the following multiplication table

and order relation " ( "

and

< t: { (a, a), (a, b), (o, c), (a, d), (o, e), (b, b), (c, c), (d, d), (", 
")} 

. Quasi ideals of ,S

are {a} ,{o,b},{o,"},{o,d},{r,"},{o,b,d},{o,c,d,},{a,b,e},{a,c,e} and 
^9.

tr

ut

a b c d e

a a a a a a

b a, b a d B,

c a e c c e

d a b d d b

e a e a c a
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1-.6 Frtzzy Ideals in Ordered Semigroups

F- In the following some basic concepts about fuzzy ideals and their generalizations in
!

ordered semigroups are given.

1.6.1 Definition [20]

A fuzry subset V of ordered semigroup S is called a hnzy ordered subsemigroup of

S if it satisfies

(P[) (vr1, a2 e s) ({r(ap2) 2 min {v(rr), v(or)}) .

. 1..6,2 Definition [20]
E+

A hvzy subset ![ of ordered semigroup ,S is known as a hvzy left (resp. right) ideal

of S if it satisfies

(F12) (Yq,n2 e S)(q 1 a2 --) v('r) > !u('r))

(f/s) (Yay12 € ^9)(r[(r1cz) > {t(*z)(resp. 'itt(c1rr) > V(or))).

A, hruzy subset ttr is known as fuzzy ideal of .9, if it is both a hvzy left ideal and

a fiuzy right ideal of ,S.

Ftom this definition we can also conclude the following'

L 1.6.3 Definition

A fivzy subset t[ is called fuz,zy ideat of ordered semigroup S if it satisfy (F/2) and

(F I) (Yayoz e s)(v( ap2) ) ma>r {![ (o1) , v(r2)]).



1.6.4 Example

a. Consider a set ,S : {a,b,c,d,e,/} with the following multiplication table and order
!r

relation "(".

B and

<': {(o, @),(b,b),(c,c),(d,d),(","),(f,I),$,e)}. Then (S,',<) is an ordered

semigroup. Right ideals of ,S are {o, d} , {o,b d} and S. Left ideals of 
^9 

are {r} , {r, b} , {a, d} ,

{a,b,d,},{o,b,c,d},{a,b,d,,e,/} *d ,S. Define a fttzty subset i[ : S --+ [0,1] by

![(a) : 0.8, {r(b) : 0.5, ilr(d) : 0.6 and V(c) : 'ilr(e) : V(/) : 0.4. Then l[ is a

fuzzy ideal of ,S.

1.6.5 Definition l22l

t
A fivzy subset ttr is known a.s fuzzy interior ideal of ordered semigroup .9 if it satisfies

(FIr), (FI2) and

(.F/6) (Vo1, nz,ns € S) ({, (xpsa2) > tI, (rg)).

a b c d e f

a a a a o, a a

b a b b d b b

c a b c d e e

d a a d d d d

e a b c d e e

f a b c d e f
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1.6.6 Definition [21]

Let V be a htzzy subset of ordered semigroup ,S. Then a finzy subset {r is said to be

ahvzy bi-ideal of .9 il it satisfies (F/r), (F/2) and

(FI6) (V21, nz,nB e S)(V(clczaz) 2 min {V(r1),'I'(sB)}).

L.6.7 Definition

Let X be a non-empty subset of ordered semigroup 
^9, 

then we define a set Xr, by

X,, : {(rr,rr) € S x Sl *, S ra2asl .

For any two fuzzy subsets V and p we define

r v min {v (ri , p@i} fr x,, * d

r*= (v o P) (") : ) (a2'.,s)ex"'

to ffX,,:d
V S tt mealls V (r) < tr@) .

1.6.8 Definition [23]

A hnzy subset i[ of ordered semigroup S is known as a fiuzy quasi ideal of S if it

satisfies (F/2) and

(r4) !I, 2 (![ o 1) n (1o iu).

1.6.9 ExamPle

*
Consider quasi ideals as given in example L.5.6 and define ahvzy subset E ; $ --r [0,1]

by i[(a) :0.8,V(b):0'7,{'(d):0'6,!U(c): r[(e):0'5' Then afiizzv subset V is

a fuzzY quasi ideal of S.
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!.7 Rough Set

Rough set theory arrdh;u:zy set theory are two distinct concepts, but both of them a,re

very handy to deal with uncertainty. These two can be hybridized in a very fruitful

manner. Therefore, concepLs of.furuy rough sets and rough firzzy sets are introduced

in [8].

In the following we recall some basic concepts of rough set theory introduced by

Pawlak [34]. The idea of a rough set could be placed in a more general setting,

leading to a ftuitful further research and applications in clas'sification theory clwter

analysis, measurement theory taxOnomy, etc, The theory of rough set is an extension

of set theory, in which a subset of a uninerse is described by a pair of ordinary sets

called the lower and upper approximations. A key notion in Pawlak rough set model

is an equivalence relation. The equirralence classes are the building blocks for the

construction of the lourer and uPper approrimations' The lower approximation of

a given set is the union of all the equiwlence clasms which are zubsets of the set'

and the upper approrimation is the u+ion of all the equirnlence classes which have a

non-empty intersegtion with the set'

R€call that an equivalence relation k on a universal set U is a reflexive' symmetric

and transitive binary relation on u. For any a € (J, the set {y e u ' 
(g,x)} is called

4uinalence class determined by r and it is denoted uv ["]. consider an equirmlence

relation k on a unirrcrsal set U. The pair (4k) is knou'n as an approximation space'

T,er Abe a non-empty subset of a universal eet 4 thelr A is said to be definable if

we can expreqs it in the form of some equivalence classes of U, else A is said to be

b

iF
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undefinable. If A is undefinable, then it may be approximated in the form of definable

subsets called lower approximation and upper approximation of A, defined as

u aw(A): U{cr e(I :lalYc A}

@(A): U{or e U: [cr]t nA* O]

The pair (aW(A),@p(e)) i" known as a rough set. If a'W(A) :@(A) then A is

a definable set.

1.7.1 Example

For the sake of illustration, let (U, k) be an approdmation space, where

U : {rtfr2tfistfr$o5tfi6tfrztos} and an equirralence relation k with the following

E equivalence classes:

Ar: {rr,aa,os},Az: {*rrru,az},Ae: {os},A4: {ru}.Let' A: {as,sa],,

ther, aW(A) : {o3} and @(A) : {az,ns,n6,c7} and so ({o3} ,{rr,*r,s6,n1}) :

@.tel,@@)) is a rough set.

This notion of lower and upper approximations can be generalized to fuzzy sets

as well.

1.7.2 Definition [I. ]

Let us consider the approximation space (U, k) and V us a htzzy subset of U. Define
a.te

the lower and upper approximation of a fiuzy subset V as the following

aw{r(n):,,10,.*(r') and w{r("):,,J',.*(r'), for any r €u.

The pair (uWV,@V) is said to be a rough htzzy set rf. app{t +@FV.
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1,.7.3 Definition

Consider the ordered semigroups ,Sr and Sz. A mapping H : $ .-.-+ P.(Sz) is said to

be set-valued homomorphism in short (SV H) if the following hold

(h,) H(a)H(a2): H@Pz)

Where P.(Sr\ denotes the collection of all non-empty subsets of 52.

L.7.4 Definition

Consider the ordered semigroups 51 and Sz. A mapping H : & -, P.(^92) is said to

be set-valued monotone homomorphism in short (SUMfl) if it hold condition (h1)

of definition 1.7.3 and

(hz) if q 3 nz then I/ (rr) g H (rr) for each n1,o2 e 51.

Where P.(Sz) denotes the collection of all uon-empty subsets of. Sz.

1.7.5 Definition

Consider the ordered semigtoups Sr and Sz. A mapping H : St .-l P.(Sz) is said

to be set-valued isotone homomorphism in short (SVIH) if it hold condition (h1) of

definition 1.7.3 and

(hs) if a11a2 then I/ ("r) g H (*r) for each aya2 € 51.

Where P.(Sr) denotes the collection of all non-empty subsets of 52.

In the following concept of roughness n fr,VTy sets is being generalized by SVMH

and SVIH.

,.N
L

t<!
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L.7.6 Definition

Let H : ,S + P'(S) be a SVMH or SVIH' Then for every t e S' we define the

generalized lower and upper approximation of v with respect to mapping H w,

n(v)(o) : ,,.4,,,*(r') 
and E(vxs) : ,i.Yt,lv('')

The pair (I/({r),8(\y)) is said to be a rough hvzy setwith respectt'o H ''f EW) +

E(v).

.\
b
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Chapter 2

Roughness in hruzy Filters in

Ordered Semigroups

In this chapter, study of roughness in fiizzy filters of ordered semigroups is being

initiated. Thus we start with the following result.

Flom here onward in discussion below,S stands for ordered semigroup and ![ for

fuzzy subset on ordered semigroup .9 unless stated otherwise.

\
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2.L Approximations of Frtzzy Filters in Ordered

-iu Semigroup

In chapter 1, we have defined fuzzy filters and their generalization. In this section we

recall it and then discuss the approximations of. huzy filters and their generalization.

2.L.L Definition

A.fuzzy subset t[ is known as afiizry ordered subsemigroup of ordered semigroup,S

if it satisfies

rir (for all nLtnz e S) (V(z1oz) 2 min{i[('r),V(#2)])'

In the following this inequality will be denoted bV (ffz)'

2.t.2 Definition [4

Afuzzy subset 1[ is known us ahtzzy lefb (resp. right) filter of ordered semigroup S

if the following assertions holds,

(F,Fl) (for all n;to2 € S) (r1 ( 12 implies V(o1) < ![("2))

(FFz) (for alt nttnz € S) (!tr(r1r2) > min{!U(r1)' ![(o2)])

ts (r'rs) (for all nLtn2 € s) (v(o1rz) 2 !r(or) (resp. v("2))).

A hnz-y subset i[ of .9 is knowu as ahtzzy filter of ordered semigroup ,S' if !I' is

both a tvzzy left fiIter a.nd a fiuzy right filter of '9'
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2.L.3 Definition [4

A huzy subset llr of ordered semigroup ,S is known us a hvzy bi-filter of ordered

semigroup ,S if it satisfies (F'F,i), (F,&) and

(FFo) (for all nl,n2 e S)(V(r1oza) 2 V(or)).

2.1.4 Definition [9]

A fuzzy subset itr is known as a fuzzy quasi-filter of ordered semigroup S if it holds

(.F'.F'i), (FF2) and

(fFs) (for all nttoztca € S) (rrrr: cazl implies !tr(21c2) < V ("'))'

$ 2.L.5 Theorem

Let iU be ahuzy ordered subsemigroup of S and f/ : 'S -+ P,}(S) be a SVH' Then

E(V) ls afi:ulzy ordered subsemigroup of S'

Proof. For arrY frr,02 € .9. Consider

E(v) (*r*r) : 
,l.rruo,,.,* 

("1)

t-

: v *("l)
t\eH(a)H(a2)

: ___V.__. .rlr(ab) (*rl:absuchthata eH(a1) andb eU(az))
&eH(a)H(t2)

: V V(ab)
oeH(a1)
b<H(az)

aeH(t1)
beH(a2)

: * 
{*J,,,,* 

(o)'u.'il-,* (')}
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Hence E (V) is a fruzy ordered subsemigroup of ,S. r

2.L.6 Theorem

Let V beafiizzy ordered subsemigroup of S and H: S -+ P'(S) be a SVH. Then

H (V) is afiizzy ordered zubsemigroup of ,S.

Proof. Similar to the proof of Theorem 2.1.5. r

In the following, study of roughness ia finzy filters of ordered semigroups is being

initiated. certain restrictions are imposed on svH for this study.

2.L.7 Theorem

LetH:,S..*P-(s)beaSVMHandiUbeafilzzyleft(right)filterofS.Then

E (V) is a fiuzy left (right) filter of ,S.

Proof. For any nt,nz € ^9, 
let nr 3 nz, implies H ('r\ e H (az) ' Now we may

consider the following

\V

\
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Next consider

E(,r) (rrrr) : 
,i.rY,,,,,* (rl)

: v *(,l)
ateil(r)H(oy)

: v V(ab) (*"1 :obsuch that o e H (r) andb e H (a2))
obeH(oiH(az)

: V V(ob)
aeH@)
6€I{(c2)

o€Il(cr)
beH(a2)

: -" {*Jt"'* 
(o) '*il*'* (u)}

il' Next consider

E(v) (*r,z) : 
,1.oY,,",,* 

('l)

: v *(rl)
r|er(t)H(o2)

: V v(ab) (*"1 :ab,suchthata eH(r1) arrdb ett(az))
o0,eH(aiH(zzl

: V V(ab)
a€Il(o1)

oeH(ai ,

r.\ 
HenceE(V) lsafuzzyleftfilterof .5. SimilarlyitcanbeshownthatE(V) it afrruzy

v 
right filter of ,S. !

The following example shows that if .EI is a svMH, then for a fi,vty filter tlr, its

lower approximation fJ (![) may not be a fuzzy filter'
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2.1.8 ExamPle

Consider a set ,S : {a,b,c,d,,e,/} with multiplication table L and order relation'

and

<,: {(4,@), (b, b),(",c),(d,d),(",e),(f ,/), (o, il),(o,e\,(d,e),(b,f) ' 
(b' e) '(c"f) ' 

('' e) '(f'e)}'

Then (.9, ., <) i, a,n ordered semigroup. Filter of ,5 a,re {a,d\e} and s. Define a hvzy

subset i[:.5 * [0,1] by rlr(r): v(J): i[(b): g'3, ![(d): g'7' 'i[(a): g'3'

i[ (c) : 0.4. Then !U is a fuzzy filter of 
^S'

Now consider.E[: S * P* (S) be a SVMH i.e'

(i) H(rr)H(rr):H(aPz)

(ii) if c1 ( nz+ H (rr) E H(,r)'
Where P'(S) consist of all non-empty subset of 'S' Now H (e) : {a'd'e' f}

H(d): {o,d,l} H(a): {o,d} H(b): H(c): H(l): {d'e'l}'As

b 1e + H(b) g I/(e) but H(u') (b) { H(v)(e), also I S e + H(l) I tt(e)

but I{ (v) (/) # H (V)(e). Ilence b svMH it is prove that Il (v) is not a hruzv

lr

\i)

Multiplication table for ,S

a b c d e f

a a b b d e t
b b b b b b b

c b b b b b b

d d b b d e I
e e T T e e f
f I T T I I I

Table 1
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lE-

Ieft (resp. right) filter of S.

2.L.9 Theorem

LetH:^9+P.(s)beaSVIHanditlbeahlzryleft(right)filterof.S.ThenI/({,)

ls a fuzzy left (right) filter of ,S.

Proof. For any nt,oz € S, let a1 1 a2 implies H (*z) I H (s) ' Now we may

consider the following

Next consider

H (v) (rPz) : 
"i.r{",,,,* 

('l)

: n *("l)
alreH(a)H(a,2)

: A . .v(ab) (*'l : ab such that a e I/(c1) and b e u (t2))
obeH(a)H(ozl

: n llr (ob)
oeH(ar)
beE(az)

oeH(o1l
}r-H(a2)

: -" {,.4",,* 
(') 'u"ft*,* 

(u)}

ila

i\\
\}'
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Next consider

i.
= H (v) (r'*') : 

,1.rt",,,,* 
('l)

: 
"\.u(!iu@r,* 

('l)

: 
orcn(l)n@z,V(ab) 

(*"1 :ob,suchthato eH(n1) andb eU(rz))

: n V(ob)
oeH(a)
beH(az)

Hence H (V) is afi,vry left filter of S. Similarly it can be shown that I/ (t[) ts ahruzy

D'

The following example shows that if I/ is a SVIH, theu for a fiizzy filter V, its

upper approximation E(![) may not be a fuzzy filter'

2.1.10 ExarrPle

Consider the huzy filter V of 
^9 

from exa'mple 2'L'8'

Now let us consider H : S + P* (S) be a SVIH i.e'

(i) H(sr)H(rr\:H(aPz)

p (ii) rf.q1ne+H(')gH('r)'
where P. (S) consist of all non-empty subset of s. Now if H (I) : {a,d, e} and

H(e): {a}, thenas / < e+ H(4En (/) but E(v) (I) {E(v)(e)' Hencein

sv IH it is prove that E (v) i" not a hruzy left (resp. right) filter of s.
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2.L.LL Theorem

Let H: ,S 
- 

P'(S) be a SVMH and ![ be a fuzzy bi-filter of 'S' Then E (V) is a

fltzzy bi-filter of .S.

proof. Flom Theorcm}.l.7, we have if c1 ( c2 implies H (rr) c I/ (o2). Then

E({r) (rr) < E(v) (r2) for allcl, n2 € 5. AboE(i[) (c1c2) 2 min {Etvl @),8 (v) ("')}'

Therefore we consider the following for any a1rfi2 C S'

.s\
!f

E(,r) (np2a1)

implies E(v) (ap2a1)

,'reulrrrr"r.* 
(,l)

, --. .Y. .* Gi)a!relJ(z)H(a2lE(t) \

V .!tr (oDa)
aboeH(a:,)E(azlH(r.l)

v {t(aba)
oeH@1)
beH(22)
oeH(a1l

,.Jt,rlv 
(o)

E1v; (o,1

( u *'r: abasuch that a € H("r) \

t, andbel(a2) )

Hence E (V) on ,S is a fuzzy bi,'tilter of. S. r

2.L.12 Theorem

Let H : 
^S - 

P.(S) be a svIH and 'itr be a fuzzy bi-filter of ^9. Then I/ (![) is a

,f-
fuzzy bi-filter of ,S.

Proof. Ftom Theorem 2.1.9, we have if sr S c2 implies H ("r) C I{ (c1). Then

H (v) (rr) < I/ (V) (22) for all c1, a2 € S- Also I/ (V) (c1o2) ) min U/ (V) (*') , H (V) ("'))'
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Therefore we consider the following for any fr1,fr2 € S'

€
H(v) (rp2a1) :: r:.r::;:!l} 

.,r,t\eEla)H(z)H(a)

implies H (V) (rp2a1)

n .!U (aba)
oh.eH(o1,)E(az)II(rr)

n {t (aba)
oeH(o1)
beH(a2)
oeH(a1)

n V(o)
aeE(o)

I/ (v) (c1)

>1
5

Hence H(V) on S is afuzzy bi,-Jilter of. S' !

z.L.Lg Theorem

Let H: S + p.(S) be a S\IIVIH and itr be a htzzy quasi-filter of S. Then E({') is

a hnzy qausi filter of ,S.

i*
Proof. Ftom Theorcm2.l.|, we have if sr S c2 implies H (a) e II (o2)' Then

E (v) (rr) < E(v) (o2) for all 11, x2 € S. AboE(i[) (o1c2) ) min {Etvl @)'E (v) (")}'

Therefore we consider the following for each firtaztos € ,S we have fitfiz: r3c1 holds'

( u ,r: abasuch that a € H('r) \

t andbe.(a2) )
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Then consider

E(rr) (rrrz) : 
"i.ry,,,.,* 

(rl)

: v *kl)
a\eH(t)H(o2l

: v -v(ob) (*"'r:obwhere a€H(c1) and beH(r))
dew@iH(azl

: V V(ob)
oeHlo)

oeIl(q)

Hence E (V) on S is a fiizzy quasi-filter of .9. r

Ji 2.!.L4 Theorem
-+l
,q\
\4'

it\= Let H : 
^g - 

p.(S) be a SVIH and ![ be a hruzy quasi-filter of ^9. 
Then H (V) is a

.;, J

:'-j
:i'':-t fruzY qausi filter of 

^9.l. 1

.it
r? 

proof. Ftom Theorem 2.1.g, we have if 11 ( o2 implies H (az) e I/ (o1). Then

fl (rr) (rr) s H (V) (o2) for all or, a2 e s. Also I/ (![) (o1c2) ) min {H (V) (rr) , H (V) ("r)}'

Therefore we consider the following for each o!, fiz, as e S we have filfiz : r3o1 holds'

+1-
!E.
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Then corsider

t) r/ (v) (*'*') : ,l.r{,,,,,* ('l)

: n 'I'Gl)c'reIl(ar)IJ(az) \ /

: 
oteu(l)u@r,v(ab) 

(*r'r:abwhere ae H (r1) and beH(n))

: n V(ab)
a€II(o1)
beHlo2)

Hence I/ (V) on ,S is a fitzzy quasi-filter of S' r

^\v z.z Approximations of (e , e Yq)-hmzy Filters in

Ordered SemigrouPs

In this section, roughness in (€, eVq)'hvlzy filters is being studied' Afi'uzy point ct

of ,S is said to ,belong to' fiizzy subset ttr denoted as 01 € !tr, if !tr(o) ) t, and is said

to ,quasi-coincident with' a fuzzy subset v denoted by c1g![, if v(r) +t > 1' To say

that rl € Vqltr means that cs € {r or r$V'

2.2.1 Definition [7]

s
A fiizzy subset v on s, is known E (€, e vq)-fuzzy left (right) filter of ,s if

(F'.F'6) (Yr1,a2 € ,S and Vtr e (0,11) (", S sz,sn, € ltr implies c21' € VQV)

(FFz)(Ya1,a2€,S and Yt1,t2€ (0,11) (cr,, e V,nztz€ V implies (r1r2)6ota't') € Vg!U)
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(FFa) (Ya1,u2€ ,S and Vtr € (0, 1l) ('rr, € r[ impties ("nz)', € Vgif(resp'('z*')" e vq![)) '

If {, is both (e, eVq)-tuzzy left filter and (e, eVq)-fuzzy right filter of S' then

( V is called (e , e vq)-fuzzy filter of ,S.Or equivalently, V is known as (e , e vq)-hvzy

filter of S if it holds condition (FF6), (FF7) 
' 

and

(Yq,a2€ S and Vtr € (0, t]) ((r1o2)1, € V implies aut eYq{t'av, € VqV) '

2.2.2 Definitioo [4

Afuzzysubset iu is catled (e, e vq)-fuzzybi-filterof s if it holds conditions (FF6) ,(FFz)

and

(.F.Fr) (Ya1,a2€ ,S and Vt1 e (0,1]) (rra € V implies (ap2a1)t, € Vq![) '

2.2.3 Lemma [7]

v is called (e , e vq)-fuzzy left (resp. ri,ght) filter of s if and only if it satisfies

(FFa,) (Ya1,a2 € S) (c1 I a2,{t (rr) > min {V (o1) ,0'5})

(F Fz) (Ya1, a2 € S) ({, (*rail 2 min tV ("r) , V ("r) , 0'5})

(F.FB,) (Ya1,a2€S)({, (sfir) )min{V(rt),0.5}(resp. {r(ap2) )min{V("r),0'5}))'

2.2.4 Lemna [7]

l[ is known E (€, e Vq)-hvzybi-filter of ,S if and only if it holds conditions (FFo'),(FFz')

of lemma 2.2.3, and

(f4,) (Yaya2 € S) ({, (ap2a1) ) min {V ("t) ,0.5}) .

Y

fs
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2.2.5 Theorem

Let H: ^9 - 
P'(S) be a SVMH and ttr be (e, eVq)'fi'?'zy lelt (resp' right) filter

of ^9. Then E'(V) is (€, € vq)-hvzv lef t (resp. right) filter of S'

Proof. To prove this theorem we have to see that E(i[) satisfies (FF6'), (FFz')

and (FFs,). If for each c1, a2 e S we have or S az, then 'EI ("r) g H (*z)' Now

consider

min (E (rlr) (c1) ,0.5)

That is min (E(v)(r1),0.5)

Next consider

\t

: -" (,,.Y,,,,* ('l) 'o'')
: 

"i.Y1,,ld'(v 
('l) 'o'r)

s E(v) (oz)

G

min (E (v) ("') , E (v) (c2) , 0.5) : *" (",.Y,,,,* ('l) ' ;,.Y@,)v(';) ' 
o'u)

: v min (v ("1) ,v ("!) , o.r)
Jreu(x; \
irer(a2l

: v *" (* ("1) ,v (,1) , o.r)
a\a|H@)H(a2)

: , . v min (v ("1) ,v (,!) , o.r)
a\a|en@1a2)

a\aLea@pil \

implies *i" (E (v) ("r),I/ (v) (r2),0.5)
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-r1'

.c

Next consider

-i, (E (rlr) (o1) ,0.5) : * (,,.Y,,,,* (';) ,''u)

: v *i" (v ("l) ,0.0
aleH(t1l \

a|eHlol)
ireu1a21

: V ,I, klr;)alralreH(o)H@2)

:,1'reYpr"rrv (;';')

implies min (E (r[) (r1) , 0.5) S E (v) (rraz)

Therefore E(V) i. (e, eVq)-hvzy left filter of ^9. $irniluly it can be shown that

E (V) is (e, e vq)-frwzy right filter of ,S. r

2.2.6 Theorem

Let H: .9 
-r 

P.(S) be a svIH and t[ be (e, evq)-fiizzy left (resp. ri,ght) filter of

.9. Then H ({r) is (€, € vq)-tuzzy telt (resp. right) filter of ,S.

Proof. To prove this theorem we have to see that I/ (v) satisfies (FF6,), (FFr,)

and (FFs,). If for each o1, n2 € S we have ar 3 oz, then I/ (,) e H (*r)' Now

consider

' n(";) ,r,min (II ({r) (o1) ,0.5) : * (,1.},,,,'

: n min (v ("1) ,o.s;
a\ett(a) \

a|er(a2) \ -/

That is min (I/ (!u) (c1) ,0'5) S H (v) (c2)

v

t
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Next consider

min (I/ (v) (rr) , H (rr) (22) ,0.5)

implies min (I/ (V) (rr) , H (V) (c2) ,0.5)

Next consider

d" (g (!r) (r1) ,0.5)

: ''" (','f,",* ('l) ' ';'I@'tv(";) ' ''t)
: 

,l.lr",r 
min (v ("1) 'v ('l) ' 

o'r)

clreu(c2)

: n -i" (v ("1) ,v ("1) , o.s)
lralrH@)H(a2)

: n min (v ("l) ,v ("i) , o.s)
alra|eil(r1a2l \

a|alreil(a1o2) \ '

N

: * (,,.f,,,,* (,l) 'o'')
: 

,1e*p,vmin 
(v (,l) '''u)

alreil(a) \ /
alrefl(a2)

".\v

: n * (;*,)
alra|eH(a)H(a2)

: n V('r\
a!ro!rer(a1o2) Y"")

Therefore fl(v) i" (e, evq)-hwzy left filter of ,S. simila"rly it can be shown that

H (V) is (e , e vq)-fuzzy right filter of ,S. r

2.2.7 Theorem

Let H : ,s ----+ P-(,s) be a sr[IvlH and a fuzzy subset rlr be an (e, e vq)-fuzzy bi-firter

of S. Then E (V) is (e , e vq)-fuzzy bi-filter of .9.
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Proof. Flom Theorem 2.2.5, we have if 11 ( a2, then H (rr) e H (nz), there-

foreE(v)("r) ) min(EtVl(r1),0.5) for all nt,n2 € ^9. Also E(v)(rrrr) >

(t min(E(V)("r),/{(V)(c2),0.5) . Next to prove this theorem we have to see that

E (V) satisfies (FI},,) . Therefore we consider the following for each nyn2 e S.

mtu (E (rlr) (r1) ,0.5) : *" (,,.Y,,,,* (rl) ,r.u)

: 
"i.X1",r 

*" (* ("l) 'o't)

ctreil(a) \ /

alzen@z)
rtreH(a1)

: 
-, -, -, ---,Y---, ,V ("''i'i')zrarareE(ct)H(az)H(ar) \

: 
r1r;rlreY prr""rrv (''"''*'')

Hence it is clear that E (V) on S is a (e , e vq)-fuzzy bi,-f ilter. I

2.2.8 Theorem

Let H: ^9 -r 
P.(S) be a SVIH and a fizzy subset V be an (e, e vq)-fuzzy bi-filter

of ,5. Then fl (V) is (€, € vq)-hvzy bi-filter of .9.

Proof. Etom Theorem 2.2.6, we have if or S c2, then H ("r) g H (ai, there-

fore I/(V)("r) ) min(g(,f)(r1),0.5) for all at,nz € ^9. Also f/(V)(*r*r) >

min (// (v) ("r) , // (v) (c2) ,0.5) . Next to prove this theorem $re have to see that

rls'
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H (V) satisfies (F4,) . Therefore we consider the following for each a1,n2 e s.

min (r/ (rr) (o1) ,0.5) : *, (,,.f,",,* ('l) ,o'u)

: 
^ min (v (rl) ,o.u)

alret(al1 \

alreilloi \
a|eil(a2l
a\eH(ai

: n v (ir*'rr'r\
alra|a\et(xiil(azlE(ai \ /

: 
rlrr'rr'relprrr"rr* 

('t'*''*'')

implies min(II(itr)(c1),0.5) S H(v) (ap2a)

Hence it is clear that I/ (V) on 
^S 

is a (e , e vq)-fuzzy bi'filter' I

2.3 Approximations of (e , e Vqlc)-ffrzzy Filters in

Ordered SemigrouPs

In this section, roughness io (e , e Vqk)-hway filters is being studied. A fuzzy point

fr12 of,S is known to obelong to' afizzy subset tlr, denoted &s otr € !t' if ![("r) ) f, and

is said to be a 'quasi-coincident with' to t[, denoted, as qlqleV, if !trr(o1) + t + k > L,

where /c e [0,1).

:E 2.3.1 Definition

At;g1ry subset V on.S is lnown N (€,evqk)-fi,tzzyleft (right) filter of S where

/c e [0,1) if it holds the following conditions

s'
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(.F.Fro) (Ya1,a2 e ,S and Vt1 e (0,1]) (r, S sz,on, € !trr implies o22, e VqkV)

(fPrr) (Ya1,x2€ .9 and Yt1,t2€ (0,1]) (rrrr,ror€ itr implies (o1c2)-, {tr,tzl €VOkV)

( / ,u,r. (,,,,),, \ \
(FFrr) (Ya1,a2 € ,S a.nd Vtr € (0, tl) 

["r,, 

€ ![ implies (aez)r, € VqkV 

t\ e ytqk. 
) )

If \p is both (e, evqk)-hmzy left filter and (e, e vqk)-fiazy right filter of 
^9, 

then

V is called (e , e Vqk)-hvzy filter of ,S.Or equirralently V is known I (€, e Vqk)-hvzy

filter of S if it holds (.FF1s), (.FFr1), and

(Yr7,a2 e ,S and Vt1 e (0,1]) ((r1o2)s, € V implies our € VgkV, n2, e Vq'tV)'

2.3.2 Definition

Ahvzy subset t[ ou ,S is known as (e, e Vqk)-fuzzy bi-filter of S if it holds (FF1r) , (FFrz)

and

(fPrs) (Ya1,x2e S and Vt1 € (0,1]) (rra € V implies (ap2a1)r, € VqkV) '

2.3.3 Lemma

A hnzy subset V on ,S is }nown 6 (€, e Vqk)-fi&,zy Ieft (resp. right) filter of S if and

only if it satisfies the following assertions

(F40,) (Ya1,a2 e ,S) (o1 3 az,V (*i > min {!tr ("r) , *})

(f4r,) (Ya1,a2 € S) ({, (rr*r) 2 min {V (rr), V (rz),+})

(FFo) (Yo1,a2 € S) (\P (rraz) ) min {V (rr) ,+} (resp. {t (np2) ) min {V ("r),+})) .

ilr

.l-
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2.3.4 Lemrna

=-(' 
v is known as (€, e vqk)-fuzzy bi-filter of s if and only if it holds (F4o') , (F4r')

of lemma 2.3.3, and

(r4r,) (Ya1,12 € s) ({' (ap2a1) } min {v ("')'+}) '

2.3.5 Theorem

Let H: ^9 -+ P. (S) be a svMH and 'i[ be (e, evqk)-fwzy lefr, (right) filter of s.

Then E (V) i. (e, e vqtt)-fiuzy left (right) filter of ,5.

Proof. To prove this theorem we have to see that E (![) satisfies (FFro,), (Frrr')

and,(FFp,). If foreachol,a2e S wehave n1 1a2,thenI/('r) Ell(r2)' Now

consider

t\tr

i
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7E

Next consider

Now consider

1- e),I:
:

2l

-r" {f (v) (rr),8(v)(o2),

(_
implies min 

tE(v) 
("r) ,E 1v)(a21,

-' 
{,,.Y,,,,* 

('l)',;.Yp,vv (;')'+\

"',.Ir,,r*"{* 
("1) '* (';) '+}

alren{g,27

,i,;.nl,sx(,,)th {- ('l) '* (';) '+}
,\,!,eYp,,,1*" {* (,l) '* (";) '+\
,i,!reY pr"r1, 

( v ) (; *;)

E(v) (rr*r)

#)
1 - ,t'l,I

\--

* 
{",.Y,,,,* 

('l) '

,:rrY@rl*" {* (,l) '

"i.}r,,rv 
(;*;)

clreu(az)

(_
min 

{a 
('V) (rr), r-k),I:

:

s

(_
implies min 

{E 
(V) (r,) ,

,lrrlr.uYrrl u t rlu 
(*' 

"'')

,!r r;eY 6 r r r1{' 
(;'"')

E(v) (rraz)

t_''

Hence E(rf) is (e, e vqk)-huzy left filter sf $. $imilaily we can show that E({') is

(e, e vqlc)-frnzy right filter of ^9. r

1-kl
,]
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2.3.6 Theorem

g Let H : ,S 
- 

P. (,9) be a SVIH and t[ be (e, evqk)-hwzy left (right) filter of ,S.

Then I/ (V) i" (e , e vqk)-fiazy left, (right) filter of S.

Proof. To prove this theorem we have to see that If (V) satisfies (r'Fro,), (FFrr,)

and (FF12,). If for each o1, o2 E S we have a1 1 a2, then .EI (rr) g I/ (r1). Now

consider

:.\,
\pj

Next consider

-i,{rtv)(,,), +\ : *,"{,,.f,,,,* (,1) ,T}

=:;.;-,;.,{.t"'l 
'+\

",* {, (v) (r,), n (,r,) (.),+\ : -,o 
{",.},,,,* 

(rl) , ,;.Ip,tv (;r) ,+\
: 

,:,rf;p,t*t{* 
('l) '* (";) '+\

: 
o'i*r,,,(",)*i'{- kl) '* (,;) '+\

G- : 
,i,Le[@,,,t*" {* (,l) , * (;r),+}
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Now consider

:\E

-i. {a 
(v) (rr),+\ : * 

{",.},",,* 
(,1),+\

: 
,iri1,,)*io{v ("1) ,+\

!;Zi,i::i 
\ /

: 
r'rrlre {" i u f"rrV 

(*' 
"'')

+-v

Hence I/ (V) is (e , e vqk)-fuzzy left filter of S. Similarly we can show that I/ ({') is

(e, e vqf)-hv,zy nght filter of ^S. I

2.3.7 Theorem

tE Suppose H:S 
-> 

P' (S) isaSVMHandV is (e,e vqk)-fiuzy bi-filterof ,S. Then

E (,r) is (€, € vqk)-frnzy bi-filter of ,S.

Proof. Flom Theorem 2.3.5, we can see that (F40,) and (FFrr') hold for E (V).
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For (.FFrr,) therefore we consider the following for each a1,a2 e S.

=\E

implies *i" {f (v) (rr),+\

l-k'l (

, I: *o["i.Y,,,,*('l) '+\
: 

,i.Y(",r*'{* ("1) '+\
,|en@i
"lren@zl
,'reH(al1

:,\,!rirenlll*@2l*(t1\ (;';';')

: v v (;,,,;,)
alrolralreil(a1a7")

(_
min 

{a 
(v) (r,),

E

Hence E (v) on ,S is m (€, e vqk)-htzzy bi-filter of ,5.

2.3.8 Theorem

=E Suppose H : S ----+ P* (S) i" a SVIH and ![ i" (e, evqk)-hwzy bi-filter of S. Then

fl ({r) is (e, e vqk)-hnzy bi-filter of 
^9.

Proof. Flom Theorem 2.3.6, we can see that (f4o ) and (f'.Frr,) hold for fl (V).
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(s

For (FE r,) therefore we consider the following for each fi1rfi2 e S'

-i, {a tv) (,,), +\ : * t,,.},,,,* 
(,1),+\

: ,i.l(",r-t{* ('l) '+\
alre*(ai \
JreH(oil
ireu(ai

: 
r'rrlrirenlll*@zlH(u) 

(;';';')

: 
r'rr'r"lr.IPr"rrrr' 

('t"''*''1

Hence fl(V) on .9 is an (€, evqk)-fuzzy bi-filter of ,S. I

U.

rl:
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Chapter 3

Roughness in hruzY Ideals in

Ordered Semigroups

In this chapter, study of roughness in fuzzy ideals in ordered semigroups is being

presented. Thus we will start with the following result'

>Approximations of. fiizzy left (resp. right) ideal

>Approximations of. fuzzy interior ideal

>Approximations of. fiizzy bi-ideat end htzzy quasi ideal

>Approximations of (e, eVq)-flzy left (resp' right) ideal

>Approximations of (e, evq)-fuzzy interior ideal

>Approximations of (e, eVq)-fu2'zy bi-ideal

>Approximations of (e, evq)-tv,zy quasi ideal

>Approximations of (e, e Vqk)-fuzy lefi (resp' right) ideal

>Approximations of (e, evqk)-tuzzy interior ideal

>Approximations of (e, e vqk)-fuzzy bi-ideal and (e, evqk)-ttwzy quasi ideal

f!
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3.L Approximations of hruzy Ideals in Ordered Semi-

U grouPs

In chapter 1st, we have defined fuzzy ideals and their generalization. In this section we

will recall it and then discuss the approximations of.hruzy ideals and approximations

of their generalization.

3.1.1 Definition [20]

A tyry subset t[ of ordered semigroup ,5 is called a fiuzy ordered subsemigroup of

g S if it satisfies

(F/1) (vc1, a2 e s) ({t(ap2) 2 min {v(rr), v(rr)}).

3.1.2 Definition [20]

A fuzzy subset V of ordered semigroup 
^9 

is known as a fuzzy left (resp. right) ideal

of S if it satisfies

(FI2) (Vr1,q € S)(q 1a21V(rr) > V(cz))

(F/3) (vz1,cz e s)(v(ap2)) v(a2)(resp. {t(ap2) > v(ol))).
.=\! A furry subset i[ is known a,s fuz4r ideal of ,S, if it is both a hvzy left ideal and

a hvzy right ideal of 
^9.

Fhom this definition we can also conclude the following
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3.L.3 Definition

A. fuzzy subset i[ is called frzzy ideal of ordered semigroup S if it satisfy (F/2) and

(Fra) (vc1, cz e sXrtr,(sfiz) ) ma>r {v (o1) , ![(o2)]).

3.L.4 Definition l22l

A fuzzy subset ltr is known as htzzy interior ideal of ordered semigroup S if it satisfies

(F/r), (r'/2) and

(FIs) (Vr1, n2,ns € S) ({, (apsa2) > !I'(cs)).

3.1.5 Definition [21]
.\
E Let lU be a fuzzy subset of ordered semigroup S. Then ahaz'y subset lU is said to be

a hnzy bi-ideal of S if it satisfies (F/r) , (FI2) and

(F/6) (Vo1, nz,ns € ,S)(rlr(olrzas) 2 min {V(c1),'[(os)]).

3.1.6 Definition [23]

A fuzzy subset t[ of ordered semigroup ^9 is knowu as a fvzzy quasi ideal of S if it

satisfies (FI2) and

(r4) tt, > (![ o 1)n (l o v).

t g.1.7 Theorem

Let H : .9 - P. (S) be a SV H a,nd llr be a fuz,zy ordered subsemigroup of .5. Then

E (V) rs a fiizzy ordered subsemigroup of S.



$

hoof. fb sqi ttlh€ S, @iiatdrn

F{iixrirft) : 
"l"ry",_,* 

(rl)

= ,i.{tlpt*,* ('l)
: 

orc*eY#ir.l* 
(oAI (* "l : o0 nrch that c e II (o1) and b e I*:t**)

= \,/ *t*l
rfgi
oell(rr)
rcrl(q)

= * {..fi,,,!r 
(e) ,*#n,,n (o)}

sf,tr #ffX;,r;l > tin 1*q.i) (,,),8(,i) (,r))

fi14 fr (&) i' e ti**y dds'$d iib#forfiiii of ,s. t

ALE ttsor€m

Ifit H: ,S + F'(S) U a Slffi if,a V be a fri#l orddfed arbeemi#urF of S. Theu

A({,) is a frEEy otilaed eqbsfritr-aup of S.

Frasf. $irnilarly ar above TFrem 3.1.7. r

",ilr trn tk*iltowitrg, etudy of roqfrrns in fir6y HesJs of ordered scmigroupo is being

d. Chrt.h rc*tictioDt are impad our SVII for tllE study.

' .,. '_i .;' r

8.1.e lftmem

Irt H : ,S - P" (g) be t SVMII and ![ be a frEEy l€fr (rq. riEb) ideel of ordered

sqnigroup .9. The fl({r) is a friry left (msp. rlghQ HpaI of ordoed migroup S.
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Proof. For each al,az € ^9 
with ar S nz, then .Ff ("r) E H (rr). Now u/e may

consider the following

p

Next

L] H (v) (*rrz) : 
,i.rt,"r,* (,1)

: n *("1)
a\eH(a)H(a2)

: 
*.u(l)*@r,U 

(ab) (* "l 
: ab such that a e H (a1) and b e tt (a2))

: n V(ab)
oeH(a1)

beH(r)

Hence H (V) is a frv,zy left ideal of ordered semigroup S. Similarly it can be shown

t that .fI ({r) i" a hvzy right ideal of ,S. r

The following exa,rnple shows that if If is a SVMH, then for a huzy ideal t[, its

upper approximation E(ttr) may not be a fuzzy ideal.
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3.1.10 Example

Consider a set ,S : {a,b,c,d,,e,/} with multiplication table 1 and order relation'

Multiplication table for 
^9

-.\
ts

and

<,: {(r, a),(b,b),(c,c), (d,,d'),(e,"),(f,/),(/,')}' Then (S,',<) is an ordered

semigroup. Right ideals of s are {o,,1} , {o,b d} and s. Left ideals of '9 
are {'} , {o, b} , {a'd'), '

{a,b,d,},{o,b,c,d,},{a,b,d,e,/} t,rrd 'S' Define ahtzry subset ttr : S + [0'1] by

i[(a) : 0.8, ![(b) : 0.5, it'(d) : 0.6 and itr(c) : V(e) : V(/) : 0'4' Then {t is afinzv

ideal of ,S,

Now consider I/: S + P' (S) be a SVMH i'e'

(i) H(rr)H(r):H(aPz)

* (i'i) if cr S 02 + H ("r) g H (x)'
\T 

Where P. (S) consist of all non-empty subset of S' Now rf' H @) - {b'c'd'u' f}

and I/(J): {r,/}, as.f 1e} H(il E H(e) butE(v)(/) lE({t)(e)' Hence in

sv M H it is prove that E (v) i. not a hruzy left (rep. right) ideal of 's'

a b c d e f

a a a a a a a

b a b b d b b

c a b c d e e

d a a d d d d

e a, b c d e e

f a b c d e f
Table L
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3.1.L1 Theorem

rr Let H :,S * P.(S) bea SVIH and !I, beahtzzyleft (resp. right) idealofordered
r

semigroup S. Then E (rf) is a hruzy left (resp. right) ideal of ordered semigroup 
^9.

Proof. For each nr,a2 € S with or 3 az, then I/ (rr) g H (rr). Now consider

the following

E(,!) (rrrr) : ,1.#,,r,* ("1)

: V v(ri)
rier(riH(az) \ '/

: 
*eru(Xtn@,,V(ab) (*rl 

:obsuchthata eH(u) andb €H(n'z))

: V V(ab)
oeH(ar)
&.H(a2l

Hence E (V) is a fuzzy left ideal of ordered semigroup ,S. Similarly it can be shown

V that E(ttr) is a fuzzy right ideal of ,5. I

The following example shows that if .EI is a SVIH, then for a htzzy ideal t[, its

lower approximation f/ (V) may not be a fuzzy ideal.
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3.L.L2 Example

Consider ahuzyideal ![ of 
^5 

as given in remark 3.1.10. Now consider H z S - P' (S)
3,,
f1

be a SVIH i.e.

(i) H(Yr)H(Yz):H(Yruz)

(ii) ilu, < Uz- H(yr)gH(ai.
Where P'(S) consist of all non-empty subset of ,S. Now if H (f) : {a,b,d} and

H(e): {o,d}, as.f 1e ) H(") E H(f) but I/({r)(/) I H(!t)(e). Hence in

SV I H it is prove that H (rf ) i. rrot, a htzzy left (resp. right) ideal of S.

3.1.13 Theorem

il Let H : S + P. (S) be SV MH and itr be a fuzzy interior ideal of 
^S. Then H ({r) is

a hvzy interior ideal of ordered semigroup .9.

Proof. Flom Theorem 3.1.9, we have z1 ( c2, implies I/ (c1) e H (ai, for each

nttnz € ^9, 
then H ('f) (rr) > H (V) (r2).Next consider

H(,I) (rr*r): A VGI)
a'r€H(a1a2) \ j'

n ,r Gl)
a'1eH(o1)H(a) \ '

: 
oten(/i.tn@t,V 

(ab) (* "l - a0' where a e H (rr) "'d u e tt (az))

n v(ab)

tlf,f;l

s' a<H@)
beH(',z)

r\: -i" {".ff,,,* 
(o)'u.4*,* (u)}
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Consider

<
P

H ('r) (xP3r2) : 
,\rnt,,,,,)* (,l)

: n ,I, Gl)
aleH(air(as)H(ail \ -/

( *ir:acbwhere ae H('r), \: n v(ad) I Iu'e*@i*(rs)H(oil 
\ ceH(r3) and beH(a2) )

: n V@e)
oeH(or)
ccII(43)

c€H(cs)

v

Hence I/ ({r) is a huzy interior ideal of ordered semigroup ,S. I

3.L.14 Theorem

0) Let H : .5 - P' (S) be SV I H and ltr be a fuzzy interior ideal of ordered semigroup

.5. Then E (V) is a fuzzy interior ideal of ordered semigroup S.

Proof. Ftom Theorem 3.1,.11, if o1 S o2 implies H (rz) e H (s) for each n1,n2 €
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,S, then E ('P) (rr) > E (v) (o2).Next we may consider the following

F(v) (rrrr) : 
,1.rrY,,,,,* 

("1)

: v *("l)
a\eH(c)H(t2)

: 
or.n(X)u@r,v(ob) (*"1 :ab' wherea€H(c1) and be H(nz))

: V tI (ob)
a€II(c1)
&H(ayl

aeH(t1)
beH(a2)

: -iol v iu )

[aer(c1) 
'(a) 

' u.lr,rrv 
(')]

r

E(v) (a1asa2) : v ,r Gl)
o\efi(a14a1) \ /

v * (,1)
;reH(aiH(ag)H(a2)

( *'\:acbwhere ae H('')' \: V {thcb\ I I
ocbe*(,il*(asl'(az) \ ' 

1, ceH(r3)andbeH(a2) )
= \,/ {t (acb)

Ef,lXil
beE(a2)

'Y :,-\

Consider

Hence E (V) is a fuzzy interior ideal of ordered semigroup ^9. r
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3.L.15 Theorem

Let H : ,S + P. (S) be a sV MII and V be a fuzzy bi-ideal of ordered semi-group ,s.

Then I{ (V) i" a fiuzy bi-ideal of ordered semigroup ,S.

Proof. Fhom Theorem 3.L.13, we have for each ortaz € ,S such that a1 1 n2

implies H (rr) g H (s), then H (V) (rr) > H (V) (o2) and also I/ (V) (c1o2) >

min {I/ (V) (rr) , fl (,f) @z)} .Next for each c1, nz,os € 
^S, 

Consider the following

fl ('I') (afi2as) : 
,!r.ntr,r,r,)* 

(,l)

: n vGl)
o!r<H(a)H(a)H@s) \ -/

( *;': abcwhere a € H('') ' \: n V(abcl I Iob*H(z)H(azl,(osl 
\ beH(r2) and ceH(as) )

: n V(abc)
oeH(a1)
beH(a2)
*H(asl

oeH(a1l
G.H(as)

: *'t 
{'.4",,v 

(') '*4*,* (')}

rF

Hence I/ ({r) satisfies all the conditions of. a fuzzy bi-ideal of S, so H ('Y) 'rs a huzy

bi-ideal of ordered semigroup ,S. I

i) 3.L.16 Theorem

Let H : ,S + P- (S) be a SVIH and ltr be a htzzy bi-ideal of ordered semigroup S.

Then E (V) i" a fiuzy bi-ideal of ordered semigroup .9.
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Proof. Flom Theorem 3.1.1.4, for each fitta2 e S such that z1 ( 12 implies

H ("2) g H (a), then E'(v) (rr) > E(,r)(o2) and also E(V) (o1o2) >

ts
min {E(V) (rr),8(rf) (rr)}. Next for each c1, oz,as € ,S, we consider

Hence E (V) satisfies all the conditions of. afuzzy bi-ideal, so E (V) is afwzy bi-ideal

of ordered semigroup ,S. I

3.I-.L7 Theorem

nii Let H: S --+ P. (.9) be a SV MIl and tlr be a fuzzy quasi ideal of ordered semigroup

,5. Then II (V) is a hvzy quasi ideal of ordered semigroup ,S.

Proof. Flom Theorem 3.1.9, for each obaz € ,S such that o1 ( o2 implies

E(v) (,,1a2us) : , __y .* (rl)oireH(a1a2os)

:,ieapr1Y6rrro.r* ("1)

( * 'ir: abcwhere o' e H('') ' \: V {r(abd ! I
dceH(ciH@ilH@g) \ ' 

\ beH(r2) andceH(as) )
: V {t (abc)

oeH(a1)
beH(o2)
c€II(o3)

aeH(a1)
cell(ca)

: *t 
{"Jt"'!u 

(o) '*il*'' (')}
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H (") g H @z), then I/ (V) (rr) > H (V) (o2). Next consider

ts H (rr) (c1) : ,l.fo,,* ("1)

dreH(a)

: H((vo1)A(lov))(21)

E(v) (cr) : v ,r, Gl)a\eE(a) \ /

a:reH(a)

: E((vo1)A(tov))(r1)

Hence I/ (V) is a htzzy quasi ideal of ordered semigroup ,S. r

3.1.L8 Theorem

Let H : 
^9 

+ P. (S) be a SV IH and V be a fi,azy quasi ideal of ordered semigroup

,S. Then E (V) is a huzy quasi ideal of ordered semigroup .9.

Proof. Flom Theorem 3.1.1.l., for each frttfiz e S such that 11 ( z2 implies

H (rz) e H @i, then E(,r) (rr) > E(ur) (22). Next cousider

Hence E (V) is a huzy quasi ideal of ordered semigroup ^9. r
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3.2 Approximations of ( €, € Vq)-hmzy Ideals in

:1 Ordered Semigroupsrg

In this section, roughness in ( e , e vq)-fiuzy ideals is being studied. A huzy point

n2 of S is said to 'belong to' fivzy subset V denoted as 01 € ttrr, if t[(r) 2 t, a.nd is

said to 'quasi-coincident with' a huzy subset t[ denoted by ag{t , if V(c) * t > 1. To

say that a1 e YqV means that o1 € ![ or s$V.

3.2.1 Definition

= 
A fuzzy subset ![r of ordered semigroup S is called an (e, e. Vq)-fiMZy ordered sub-

semigroup of S if

(F/6) (for each o1, 12 e S)(for all t1,t2 € (0, 1]) Qrrr,rrr, € i[ implies (2122).,o {tr,tz} e VqV).

3.2.2 Definition

Afr:u;ry subset ![ of ordered semigroup,S is knoq'n as (€, eVq)-fiMzy left (resp. right)

ideal of S if the following conditions are satisfies

(f'le) (for all zr, *, < S) (for all ,1 € (0,11) (", S sz, an, € ltr implies c1s, € VgV)

:-]cr; (F/ro) (for all a1,n2 e S) (Vrl € (0,11) (*o, e ttr implies (nraz)r, € vqV ((aza)r, € vq{r)) .

A tvrry subset i[ is Lnown 6 (€, eVq)-twzy ideals of 
^S, 

if it is both (e, < vq)-

fiury left and (e , e Vq)-fuzzy right ideals of ,S.



3.2.3 Definition

\ A hvry subset V of ordered semigroup ^9 is said to be an (e, e vq)-fiMzy interior
r-

ideal of S if it satisfies (F/s), (r'Ie) and

(F/rr) (for all attaztos € S) (for all ,1 € (0,1]) (rrr, € V implies (npsx2)r, € Vq!tr).

3.2.4 Definition

Afrrury subset !Uof Siscalledan (€, evq)-twzy bi-idealof Sif satisfies (F/8),(F/e)

and

(FIrz) (for all n!,az,os e S) (Vt1,t2€ (0,1]) (rrrr,*rr, € 'i[ implies (c1o2ca)-o{rr,rz} € VqV) .

{

3.2.5 Definition

A fuzzy subset ![r of ordered semigroup S is known as (e , evq)-huzy quasi ideal of

^S 
if it satisfies (F'/e) and

(F/ra)(forallzl e S)(forall ,r € (0,r])(rr,, € (![o1)A(1ottrr) impliesoll, € VqV).

3.2.6 Lemma [25]

A tvzry subset tlr of S is knovm 6 (€, e Vq)-hrzzy left (resp. right) ideal of ordered

)r semigroup ,S if and only if it holds

(FIu) (for all nttnz € S) (c1 1 r2,V (rr) > -i" {rf (o2) , 0.5})

(F'Iro) (for all at,a2 € S) ({, (rr*r) 2 min {tf (rr) ,0.5} (resp. V (rp2) ) min {!f (rr) ,0.5})) .
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3.2.7 Lemma [25]

_\ A fuzzy subset tlr of ordered semigroup S is said to be an (e, e Vq)-fuzzy bi-ideal of

F
S if and only if it holds (F/ro) of lemma 3'2'6 and

(F/ro) (for all ot,nz € S) (V (rrrz) ) min {V ('r) , V (cz) ,0'5})

(FItz) (for all nrtn2,o3 e S) (\t (ap2as) 2 min {v (rr) , V (rs) ,0.5}) '

3.2.8 Lemma [25]

A hruzy subset ilr of ordered semigroup ,S is known as (e, e Vq)-fuzzy interior ideal

of S if and ouly if it holds (FIra), (Ftlro) of lemmas 3'2'6,3'2'7 and

e (F,/ra) (forall at,nz€S)({'(apsa2))min{V("s),0.5})'

3.2.9 Lemrrra

A furry subset !U of S is said to be an (e, e Vq)-fuzzy quasi ideal of S if and only if

it holds (FIu) of lemma 3.2.6 and

(F/rr) (for all n1tn2 € S) (V (rr) > min {((V o 1) A (l o V)) (r1) ,0.5}) '

3.2.10 Theorem

ie 
Let H : .g + P. (S) be a SVH and t[ be (e, eVq)-hvzy ordered subsemigroup of S.

Then fl (V) i" an (€, e vq)-fuzzy ordered subsemigroup of S.

Proof' To prove this theorem we have to see that H ('r) satisfies (f'/ro) ' If for
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d:

each c1, sze S, now consider

min {H (v) (o1) 
' 
I/ (V) (c2) ,0.5}

: 
,'r"!renl,;u(,,) -i' t* ("1) 

' 
v ("1) 

' 
o'r)

a!ra!"eH(a1,a2)

implies miu {II (V) ("r) , H (V) (c2) ,0.5} S H (v) (apz)

Hence g (V) is an (e, evq)-fivzy ordered subsemigroup of ^9. I

3.2.L1. Theorem

Let H : 
^9 

+ P- (,S) be a SVH and 'i[ be (e, evq)-hrzzy zubsemigroup of ,S' Then

E (v) is an (e, e vq)-fiv'zy subsemigroup of ,S.

Proof. Straightforward as Theorem 3.2.1.0. I

3.2.12 Theorem

Let H : ,S - P' (,S) be a SV MIl and i[ be (e , e vq\-fvzzy left (resp. right) ideal of

ordered ssmigroup S. Then H (V) is (e, e vq)-f\zzy left (resp. right) ideal of ordered

semigroup 
^9.

Proof. To prove this theorem we have to see that H (v) satisfies (F[a) and

: * 
{,,.},",,* 

('l) 
' ;,,}@,)v(";; 'o't}

: , n mi" {v (,l) ,v (,i) , o.r}
c|eHlt1)
a'reu(r2\

\

*
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(F/rs) . If for each o1, a2 e s with c1 ( c2 implies I/ (rr) e H (az). Now consider

min {r/ (v) (c2) , o.b} : *," 
{,r.}, ,,r* 

(r,r),, r}

: n min {v ("i) ,0.r1
a|eil(a2l t

Next consider

min {I/ (v) (o2) ,0,5} : .t" 
{"r.},,,,* 

(,1) ,o t}

: n -in {v (r!) , o.s1
a!ren@2| t

alreU(a) \
Jrett(a2)

: A 
,v 

(;';'z)

:''"";';,',"':; b,*'r)alra|eH(a1a2)

Therefore II (ru) is an (e, e vq)-firzzy left (resp. tight) ideal of ordered semigroup ,S.

r

n
\

3.2.!3 Theorem

Let H : ,S -+ P' (S) be a SV IH and ![r be (e , e Vq)-twzy left (resp. right) ideal of

+

semigroup 
^9.

Proof. To prove this theorem we have to see that E (rf) satisfies (F[a) and
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(FIrr). If for each 11, a2 e S with o1 ( 12 implies H (a2) I H (ai' Now consider

the following

min {-H (v) (o2) ,0.5} : *" 
{,r.y, ,,r* 

(r'r),0.t}

: . v nin {v ftl) , o.s1
o'reil(z{ (

Next consider

min {E (v) (o2) ,0.b} : -" 
t",.y,,,,* 

(r!) ,o.r}

: v nio {v ("1) , o.r1
alreu(z) L

a\eu(ti \
tlreil("2)

: 
r:rr;ru|rlnt rl (''"')

: 
"\,!"eYpr,ryv 

(;';')

Therefore E(,f) is an (e, evq)-hnzy left ideal of ordered semigroup ,S. Similarly it

ca.n be shovm that E (rf) is an (e, e vq)-fivzy right ideal of ,S. r

u

3.2.14 Theorem

+
Let H : 

^S -r P. (S) be a SV MIf and ![ be (e , e Vq)-fuzzy interior ideal of ordered

semigroup 
^9. 

Then H (V) is (e, e Vq)-hyzy interior ideal of ordered semigroup ,S.

Proof. Flom Theorems 3.2.10 and 3.2.12, we see that H (V) satisfies (F/1a) and
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(F/ro). Next for (F.I1s) we consider the following for each at,nztos € 
^9'

min {H ({r) (os) ,0.5} : *" 
t"r.},,,,* 

(ri) ,o.u}

: 
'i'f("1-in {v ("1') 'o'r}

a\eH(a1l \ /

a're[(os)
a'2eH(a2l

: 
-t -, -, n v (;'d;'z)
tp"z,r€H(at)H(oslil(a2) \

: 
"!rr!r"!re|, 6rr""rrV 

(a'fi'l'fi'z)

\
\s*

Hence H ({r) is (€, € vq)-fuvlz.'y interior ideal of ordered semigroup ,S. I

3.2.L6 Theorem

Let H : S * P. (.9) be a SVIH and ltr be (e, eVq)-fiuzy interior ideal of ordered

e semigroup ,S. Then E (rf) i" (e, e vq)-fuzzy interior ideal of ordered semigroup S.

Proof. Flom Theorem 3.2.13, we have for each ntta2 € .9, if 01 I 02 implies

H (rr) e H (a). Then min {E(V) (cz),0.5} < E('Y) (o1), Next let for each r1,t2 €
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,S, we consider the following

min {E(v) ("r),E(v) (o2),0.5}

implies min {E (v) (rr) , E (v) (c2) , 0.5}

Next consider

min {E(v) (o3),0.5} :

:

* 
t,t.Y,".,* 

('l) 
' ,,.Y@,)v(';) 'o't)

,i.)1,,r 'in {v ('l) 'v ('l) ' 
o'r}

alreu(a2l

v min {v ("1) , v ("1) , o.r}
a\a|efl(aifl(r,z) t

,i,i,eYp,,,)min {v (,l) 'v ("i) ' 
o'o}

,!r"!reX prrrl{' 
(;'"')

E (v) (spz)

* 
t",.Y,,.,* 

(''') 'o'u)

"L.Yo"t-i" 
{v ('l) ' 

o'r1

v {, (r'rr'r*r\
Jreu(o) \ /'

alreH(sg)
a|eil(a2)

v v (;.,,;,)
a'ralralre u (a ) H @gl H (z z)

.\v

: 
r\"!""!r.Yprrrrrrv 

(''"'"'')

Hence E (V) is (e, e vq)-htzzy interior ideal of ordered semigroup S. I

a 3.2.16 Theorem

Let H : ,9 --+ P.(S) be a SVMII and'itr be (e,eVq)-fivzy bi-ideal of ordered

semigroup ,S. Then E (V) is (e, e vq)-fiuzy bi-ideal of ordered semigroup ,S.
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Proof. Flom Theorem 3.2.1.4, we have for each atraz € ,S, if ar S uz implies

H (st) e H (sz). Then min {II (V) (rr) ,0.5} < H (V) (r1) and also

min {I/ (v) (rr) , H (v) (o2) ,0.5} S H ('f) @r*r\. Next let for each o1, n2,ns e S,

*io {E (v) (r,) , H (.}) (ca) ,0.5} : *, 
{"r.},,,,* 

(,1) ,";.}1",)v (";) , o'u}

: , A *in{v ("l) ,v ("1) ,o.r}
"\en@i
deH@i

: 
;,,,.frrtur,,,-h{- ('l) 'v (';) 'o'r}

: n min {v ("l) ,v ("1) , o.r}
t\;"eu(o1agl

a'plseH(o1as)
,lrenp27

: 
r'rrlrrlr.ufrrrr)rr("r)V 

(;';';')

: 
"!rr!"r1e|,prrr"rr* 

('''*''*'')

Hence I/(V) satisfies atl the conditions of (e, eVq)-fizzy bi-ideal of .9. Therefore

H (rlr) is (e, e vq)-hvry bi-ideal of ^9. r

v

3.2,LT Theorem

Let H: 
^9 

--+ P'(.S) be a SVIH and V be (e, eVq)-fizzy bi-ideal of ordered semi-

group ,S. Then E (V) is (e, e vq)-hrzzy bi-ideal of ordered semi-group ,S.

*g Proof. Ftom Theorem 3.2.15, we have for each ot,fiz e ,S, if 11 1 12 implies

H @z) e H (a). Then min {E(v) (rr),0.5} < E(v) (o1) and also

min {E (V) (rr) ,7I (V) (c2) , 0.5} < E (V) (rr*z). Next we consider the following for
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r_
min {E (v) (rr) , r/ (,r) (os) , 0.8} : -,o 

{,,.},,,,* 
(rl) , ,;.y1,,)v 

(r;) , ,.r}

: v -in {v (,1) , v (";) , o.r}
a'rll(a)
a|efi@s)

: 
n',";.u1,,1n(,,) 

*io {- ("1) 
' 
v (";) 

' 
o'r}

: v *r {* (,1) ,v (";) ,o.s}
alra[eF(a1as)

alz.|en@1rs)
alreH(a2l

: v 
rr(,r)v 

(;';';')
:')','u'o'^'.lf 

,,',,",",,',,,,*('*;*')

eaclr a1, a2r0g e 51

Hence F(V) satisfies all the conditions of (e,eVq)-hvzy bi-ideal of ,S. Therefore

E (v) i" (e, e vq)-f\zzy bi-ideal of ,S. r

3.2.L8 Theorem

Let H: ,S + P.(S) be a SVMII and'i[ be (e, evq)-hrz,zy quasi ideal of ordered

semigroup ,9. Then H (.p) is (e, e vq)-fivzy quasi ideal of ordered semigroup ,S.

Proof. Flom Theorem 3.2,L2, we have for each fibaz € ,S, if 11 1 12 implies

;br

G
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H ("r) e H @z). Then min {I/ (V) (rr) ,0.5} < H (V) (o1) , Next let for each c1 € ,S,

E -io{H((vor)A(roiu))(c1),0.b} : *{,,.},,,,((*or)A(rov)) ("1) ,o.r}

: 
,ielp,)-i" ({tv o 1) A (1 o v)) kl) 'o'il

Hence H (V) is an (e , eYq)-fiuzy quasi ideal of ordered semigroup ,9. r

,r\ 3.2.19 Theorem
,tts

Let H : S * P.(S) be a SVIH and ![ be (e, eVq)-fuzzy quasi ideal of ordered

semigroup S. Then E(V) is (e, e vq)-hnzy quasi-ideal of ordered semigroup S.

Proof. Flom Theorem 3.2.13, we have for each attfiz € ,S, if a1 1a2 implies

H ("2) I H (ai. Then min {E (V) (rz) ,0.b} < E (.f) (21) , Next let for each 11 € ,S,

min{E((rro r) A (t o r})) (u1),0.b} : *" 
{",.y,,,,((* 

o 1) A (l o v)) (,l),0.r}

: 
,;.Yp,t-in {((v o l) A (1 o v)) ("1) , o'r1

Hence E(V) is an (e, evq)-hnzy quasi ideal of ordered semigroup,s. r
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3.3 Approximations of (e , e vqk)-F\rzzy Ideals in

Ordered Semigroups

A fuzzy point o1s of ordered semigroups S is said to 'belong td' a htzzy subset ![r,

written a.s 01, € ![, if ilr(o1) > ,. A firzzy point o11 of ordered semigroup S is said to be

a "quasi-coincident with" to ahuzy subset !U, written as fiyQlc{t, if ![(r1) +t+k > 7,

where ,t e [0,1).

3.3.1 Definition

A fr;g2ry subset !U of S is known N (€, e Vqk)-fuzzy ordered subsemigtoup of ordered

semigroup 
^9 

if

(Flro)(for all oLtaz€ S) (Vrr, t2 e (0,1]) (rrr,, oaz eV implies (npz)^n{rr,rr1 e VekiU) '

3.3.2 Definition [26]

Afuzzy subset ![ of S is called an (€, eVqk)-htzzyleft (resp. right) ideal ordered

semigroup S if it satisfies the following conditions

(FIzr) (Yq,x2 € S) (Vrr € (0, 1]) (a1 I a2, axr Q V implies nur € vqk{r)

(FIzz) (Ya1,a2 € S) (Vrr € (0, ll) (ax, e ttr implies (afiz)t, e YqkV (resp. (rzrt)r, € vqk{'))

If !t, is both an (e,evqlr)-fiizzyleft, ideal and an (€,evqk)-fivzy right ideal

ordered semigroup,S, then ltr is called an (e, eVqk)-fu?ny ideal of ordered semigroup

s.

.'i+'

tr
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3.3.3 Definition

^ 
A fuzzy subset V of ordered semigroup S is called an (e, e Vqk)-hwzy interior ideal

= of ordered semigroup S if it holds (.F'/2g), (F/21) and

(Flzs)(for all ntta2to3 € S) (for all t1,t2 e (0, 1l) (rr,, a t[ implies (z;psa2)-"^{rr,rz} € VAkV)'

3.3.4 Definition

A fuzzy subset llr of S is said to be (e, e Vqk)-fuzzy bi-ideal of ordered semigroup ,S

if it satisfies (F/2s), (F/21) and

(Fl^)(for all ot,a2,re € S) (Yt1,t2€ (0,1]) (*rrr,rrrr€ t[ implies (z1r2ca)-r{tr,tzleVefV).

3.3.5 Definition

Lt;zry subset ![ is known I (€, eVqk)-fuzzy quasi ideal ordered semigroup S if it

holds (F/21) and

(FIzs) (for all ,r €S)(foralltl € (0,1])(rra e (!trol)A(1oV) impliesolx, € VqIrV).

3.3.6 Lemma [26]

A hnzy subset ![r is known a (€, e vqk)-hwzy left, (rop. right) ideal of ordered

G semigroup ,5 if and only if the following conditions are holds

(FIza) (for all nrra2 e S) (c1 ( o2, implies llr (o1) 2 min {V (rr),+})

(FIn) (for all at,r2 € S) ({, (rrrr) ) min {V (rr) ,+} (resp. {t (ap2) 2 min {V ("r) , +})) .



3.3.7 Lemma

A 
Afr;g3ry subset tlr of ordered semigoup S is said to be (e, eVqk)-hwzy interior ideal

of ordered semigroup S if and only if it holds (FI26) and

(FIza) (for all ntto2 € S) ({, (*,rz) ) min {V ("r) ,{t (rz),+})

(F lzn) (for all nrt azto3 e S) (V (ap3a) ) min { V ("t) , # }) '

,l€

3.3.8 Lemma [26]

Afwry subset llr of ordered semigroup,S is knows ffi (€,evqk)-t;zy bi-ideal of

ordered semigroup S if and only if it holds (FIza) and (F/2s) and

(rlso) (for all ottnztca € S) (V (c1r2o3) ) min {V ("r), V (rt) '+}) .

3.3.9 Lemma

A fu"ry subset i[ of ,S is said to be an (e, e Vqtr)-fuzzy quasi ideal of S if and only

if it holds (F/26) and

(.F/sr) (for all ar,n2 € S) (U, (rr) > min {((rlr o 1) A (r o V)) ("r), #}) .

3.3.1-0 Theorem

{t'. Let H: .g -+ P'(S) be a SVH and V be an (e, e vqlc)-ftruzy otdercd subsemigroup

of 
^9. 

Then a (rf) is an (e, evqk)-hr?ny ordered subsemigroup of S.

Proof. To prove this theorem we have to see that I/ (!trr) satisfies (F/2s). For this
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if for each fiLtoz € ^9, 
we consider the following

t€

1- k'l,T:
:

-" 
t",.*,,,,* 

('l) '";.*@,)v(';) '+)
"',r|1,,)'i' {v (,l) '* (';) '#}
alreru1a21

":,,Lrnl,,la(,,)-h {- 
(,l) '* ('l) '+\

"!,,!,e*p,,,t-i" {v (,l) '* (,;) '+\

"1,relprrr)v 
(";;')

H (rlr) (rt z)

-t, {, 
(v) (r,) , H ({t) (r2) ,

1*

Hence H (V) is an (e , e vqk)-fuzzy ordered subsemigroup of ,S. r

3.3.11 Theorem

Let H: ,S - P. (S) be a sVH and itr be an (e, e vqrc)-fuzzy ordered subsemigroup

of ,S. Then E (V) is an (e, e vqk)-fuzzy ordered subsemigroup of .9.

Proof. Straightforward as Theorem 3.3.10. r

3.3.L2 Theorem

Let H : .9 - P. (,S) be a sVMl/ and l[ be (e, eVqk)-fuzzy lefr, (rop. right) ideal

of ordered semigroup ,S. Then H (V) is an (e , e Vqk)-hury left (resp. right) ideal of

Fo ordered semigroup,S.

Proof. To prove this Theorem we have to show that H ({r) satisfies (FI26) and

(FIn). For this if for each orto2 € S, with n1 I a2 implies H (rr) e H (az\, Now
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consider

-r{ar(v)(,2) ,+\ : *o{,,.},,,,*(,!) ,+\
:;,.1@,t*,"{*(";) '+}

Next consider

*io 
{ntv )(,,),+\ : -," 

{,,.}, ,,,* 
(i,) ,+\

( r,r 1-k): 
;,e*6,ttt t* l*') ' , j

otreH(a1) \

: 
"".,':'), 

-,_,1v 
(;*;)

: ''r'";';,',"*:; 

@*;)J1a!2eH(a1a2)

Therefore H(,P) is an (e, evqk)-ttzzy lefi, (resp. right) ideal of ordered semigroup

,s. r

{|Q

:lf

3.3.13 Theorem

Let H: ,S -+ P'(.S) be a SVIH and ltr be (e, evqk)-fiMzy left (resp. right) ideal

of ordered semigroup S. Then E ({r) is an (e, evqk)-hrzzy left, (resp. right) ideal of

ordered semigroup ,S.
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Proof. To prove this Theorem we have to show that E (V) satisfies (F/26) and

(FIzi. If for each a1, x2 € S, with a1 ( o2 implies H (a2) e H (s), Now consider

a the following

*" {r(v) 
(,2),+\ : * 

t,,.},,,,* 
(,!),+\

: 
,!,eX6"t 

io{v (;r),+\

Next consider

-"{r(v)(,,) ,+\ : *,"{,,.X,,,,* (,1) ,#}
a : 

";'Yp't*t"{* 
(;')'+\

s v g, (;r;r\
atreH(a1) \ /
aireH(o2)

,i,!re[6r,r1V 
('1"!)

impries *t"{r(v)(,,) ,+\ s E(v) (,,,2)

Therefore E (V) is an (e , e Vqk)-hwzy left ideal of ordered semigroup .9. Simila.rly

we can show that E (V) is an (e, e vqk)-fiazzy right ideal of ordered semigroup ^9. r

+ 8.8.14 Theorem

Let H : S - P- (S) be a SV MIl and ttr be (e, < Vqk)-huzy interior ideal of ,5' Then

H (V) is an (e, e vqk)-tvzzy interior ideal of ,S.
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Proof. Flom Theorems 3.3.L0 and 3.3.1.2, we see that H (itrr) satisfies min {}/ (V) (rz) , f } S

I/ (rI) (21) and also min {A (v) (*r) , H (V) ("r) ,+} < fl (v) (rr*r) for each n1,n2 e

+ ,S with 11 1 a2implies H (*r) g H (sz). Now fot (FI2s) consider the following for

each o1, a2rfig € S.

a-+

!=

-i" {a 
(v) (,,),+} : * 

t,,.},,,,* 
(,1),+\

: 
"1'l'""t-{* 

(,;) '+\
a|eil(a)
lren@s)
JreH(oz)

: n v (;,;s;r)
l, alrxlre H (a i H (x a) H (a zl

( 
,\r!r"!re*6r,rrrrL 

('''*''*'')

Hence I/ (V) is an (e vqk) fuzzy interior ideal of ,S. I

3.3.L5 Theorem

Let H: ,S + P'(S) be a SVIH and ltr be (e, eVqk)-hwzy interior ideal of .9. Then

-}i= E(v) is an (e , evqk)-tt zzy interior ideal of S'

Proof. Flom Theorem 3.3.L3, we have if or S u2 implies H ("2) e H (r),

fhsa min {EtVl @il,V} < E(rP) (o1), for each o1, 12 € S. Next we consider the
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following for each aya2 e 51

*" {r(v) 
(r,),E({,) (d,+\

(_
impries *i" {f (v) (rr),8(v) (d,+\

Next consider

1- k)
f-2l

:

*" 
{,,.Y,,,,* 

('l) '";,Y@,tv(";) '+}
, _y.,.-io{v ("1) ,* (,;) ,+}

o'1ell(o1) \
olrer(az)

-"t't'Yo',* (';) '#)
,;eYp,t-t"{* (";) '+\

v v (r'rirr'r\
a'reH(arl \ /

al"eH(og)
o|eH(o2)

v v (;,",;,)
a\a|t|e tt (o ) H @ s) H (a2l

,1"1rlreYprrrrrrv('''*'"'')

=]u
(_

min 
{a 

(v) (ra) ,

Hence E (V) is (e, e vqk)-fuzzy interior ideal of ordered semigroup ,S. I

3 g.B.lG Theorem

Let H : .S + P'(,S) be a SVM.EI and ltr be (e, evqk)-firzzy bi-ideal of ,S. Then

H (V) is an (e , evqk)-tuzzy bi-ideal of 
^S.
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Proof. Flom Theorems 3.3.10 and 3.3.12, s'e see that H (!U) satisfies min {E (V) ("2) ,*} S

H (.P) (c1) a,nd also min {a (v) (rr) , H (v) (rr) , + } < }/ (v) (rrrz) for eash a1, a2 €

S with ar I sz implies H (xi e H (s). Now for (FI3e) consider the following for

each 11, a2rag €. S.

r r-k) (
min 

{a 
(v) (r,) , H (v) (-r) ,+\ : *,o 

t,,.},,,,* 
(rl) ,,;.f1",)v (,;) , # }: n *',{* ("1) ,* (,;) ,+}

atreH(r,1)
a|eU(as)

.=t
o'ralrefl(o1rs) \ /

olreH(oz)

: 
rir"!""!realrrrr)r(rr) 

U (;';t";)

: 
r'rr'rr'relprrrr'rr* 

(i*'i')

l.

Hence H(V) satisfies all the conditions of (e, eVqk)-hwzy bi-ideal of S. Therefore

H (V) is an (e, evqk)-fuzzy bi-ideal of .9. r

3.3.I-7 Theorem

Let H : S - P'(S) be a SVIH and itr be (e, evqk)-firzzy bi-ideal of S. Then E(V)

is an (e , e Vqk)-firzzy bi-ideal of 
^9.

Proof. Flom Theorems 3.3,15, qre see that F (!U) satisfie min {E (V) ("2) , # } S

E(v) (r1) and alsomin {Efvl @r),8(v) (rz), +} < E(rr) @rrr) foreach a1,n2 €

-
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S with a1 I a2 implies H (rz) e H (si. Now for (F/3s) consider the following for

each *1rfr2rfig € S.

(- r-kl (
min 

tE(v) 
(o,),8(u,) (,r),#) : * 

t,,.y,,,,, 
(,1) ,";.y1,.)v (,;) ,#)

: v *,"{* ("l) ,* (";) ,+\
a'reH(a1)
a|en@s)

: 
,:,,1.ruY,tnt".,*io {* ("1) '* (";) '+\

: 
,i,!,eYp,,,1*" {* (,l) '* (';) '+}
a'ra|efl(a1os) \

alrenp2l

: v 
.,rv (*r*'r*,r)

€ 
olral"tlre/d(a1as)H(a

: 
r1r6rlreYprrrrrrV 

(*'"'"'')

Hence E(V) satisfies all the conditions of (e, evqk)-hway bi-ideal of 
^9. 

Therefore

E (V) is an (e, e vqk)-tuzzy bi-ideal of ,S. I

3.3.18 Theorem

- Let H : 
^S 

+ P. (^9) be a SVMII a,nd afiury subset !U be an (e, e vqlr1-fuzzy quasi

ideal of S. Then I/ (V) is an (e , e vqk)-fuzzy quasi ideal of ,S.

Proof. Flom Theorem 3.3.12, we have for each ot,o2 e ,S, if a1 1a2 implies
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H (si E fi (cr) . Then nin {ff (v) ("2}, #} S E({r) (c1), Noct let firr e,+h o1 €,5,

*i"{artE o r) A (r o v)) (r,),+} - *o"i.},,,, { 
,,* o 1)A (ro v)) (ci) ,

IT
Ir,*or)A(rov))(ol),: n min(

oletr(r1t 
[ +

s ,1.4",,n ('l)

impliec *t" 
{atf*o 

r) A(l o v))(",),#} s g(rr,)(cr)

I*enoo g (Ir) b en (e, e Vgh|fuzEy qusd ideul of ordercd sen[roup S. I

8.3.19 thporcm

t*lt H : .9 + P (S) be a ,91/IIr and f b" (e, evqk)-hwy quaai ideal of S. Then

E(f) is an (e, € vqk)-frEry quaai ideal of S.

ItoF Thoq{€m 3.3.13, rp have fur oach fittaz € S, if n1 1 a2 implieB

tr (rs) G tr (rf . Theu rio {F (v) (cr), H} s E1vl (o1), ${pE H &reach cr € s,

a , j ., ,, ' 
,rreti1r,

Heup Bt*) b au (e, € v$)-fudy {urd ideal of ordertd misroup S. r
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Chapter 4

Roughness in hmzy Filters and

hruzy Ideals with Thresholds

(ut,uz) in Ordered Semigroups

In this chapter we recall some basic definitions and theorem related to fuzzy filters

with thresholds (tr1, z2) and huzy ideals with thresholds (ur,uz) of ordered semi-

groups. Thus we will start with the following result.

>Approximations of hruzy left (resp. right) filter with thresholds (ut,ur)

>Approximations of. huzy bi-filter with thresholds (u1, u2)

>Approximations of. fuzzy ordered subsemigroup with thresholds (q,uz)

>Approximations of. fi,vry left (resp. right) ideal with thresholds (ur,uz)

>Approximations of.hruzy bi-ideal andfvzzy interior ideal with thresholds (ur,ur)

>Approximations of. fiury quasi ideal with thresholds (tr1, u2)

81
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4.L Approximations of hruzy Filters with Thresh-

i, olds (ur,ur) in Ordered Semigroups

4.L.1 Definition [4

Let u1, u2 € (0,1] such that z1 ( u2. Then iU is known as a htzzy left (resp. right)

filter with thresholds (ur,W) of S if the following assertions are satisfies

(FF1y.) (Yaya2 € S) (r1 1 r2,rn,&x{V ("r) , tlr} 2 -i" {V (rr) ,uz})

(FEs) (Yq,u2 € S) (ma:r {{t (xp2), ur} } mi" {v (r,) , v (rz) ,ur})

(fFrs) (Va1,a2 e S) (mur {V (ap2), zr} } min {!tr (sr) ,ur} (resp. min {V ("r) ,ur})) .

if !I, is a fuzry filter of S with thresholds of ,S, then we conclude that ltr is ordinary

V' fuzzy filtet when u1 :0 and u2:l and V is (€,€ Vq)-hnzy filter when ur:0 and

uz:0'5'

4.1..2 Deftnition [4

Let u1,u2 e (0,11 and u1 1. u2. v is called a fuzzy bi-filter with threshold,s (ur,ur)

of S if it holds (FFra),(FF15) and

(F F1g) (Y a 1, a2 e S) (ma:<{ {t (ap2a 1),ur } ) min{ r[(o1 ), ur]).

4.L.3 Theorem

$ 
Let H:S -+ P*(,S) be a SVMH and i[ be ahvzyleft (right) fiIter with threshold,s

(q,uz). Then I/ (V) i" a htzzy left (right) filter with threshold,s (u1,u2) of. S.

Proof. For each o!,nz € .s with 01 1 o2then r/ (rr) g H ("2) and v ut,uz € (0, 1]
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tF-.

with u1 ( uz. Now we may Consider the following

max {E (!u) (u2) , u1} :

implies ma>r {E (i[) (r2) , u1]

Next consider

max {E(V) (o1r2),u1}

: v max {t[ (ab) , u1]
e<H@1)H(a2)

-* 
{,,.Y,,,,* 

('l) ''' }
,!,eY6,t** {v ("!) '"'}

":,.Y@,)min 
{v (i') '"'}

-'" 
{",.Y,,,,* 

('l) '*}
min {E (v) (o1) , z2}

.i" {E(V) (o1),u2}

v'

: ** 
{"t.r'o,,,,* 

('l) '''}
: 

,;el1,r,rt-* {v ("1) '"'}
: v **{v (,l) ,",

olreH(a)H(r2) )

(.H;;:'#,, 
)

ts"

V ma:< {V (ab) ,u1}
oeH(r1)
beH@2)

v min {V (a), V (b) ,rz}
aeH(o1)
beH(a2)

* 
{*J,,,,* 

(') '*il,,rv (u) 'u'}
miu {E(v) (r,),7/ (v) (rr),ur)

min {E(v) ("r),4-(v) (ar),ualimplies ma:< {E (![) (r1a2) , u1]



mnrller

-rr fff(v) (a1o2),u1) - **{,,.#,,.,v ('l)'"}

"!,e11,,,"y*o 
{v (,l) '"'}

. v m.x{* (,l) ,",}alelllx)Hlr,11 l.

: __.v. _r_ . max {9 (oD) , rr}
aDeII(a1)fl(e1)

V nar{V (aD),rr}
c€II(q)
teukil

..J(",) 
ffi tv (o) 

' 
t'z)

*" 
{*J*,,v 

(o) 
' "}

min {E(i)(rr),,.r}

,io tE tg) (rr) , uz)

/ *n*" E'r: (frand a e 11 (or) \

t ,be,(x2) )

Scee it b doir th*t E (qr) ie a fiEuy left filtcr inth threslwlds (q,r.) o[ S. Similar]y

: $r tmt H t*l is a tuay dght fllts with threahdds (t*r, rt) sf ,9. r
...;..r, , , ,- !lGiEIUET tBt J:f try) ts a tuay ngltt ilts wilh,threaWdt lay
.r.'.*r.-::f l-.' ,,. :

- .'f.-' jt .' ... i :. ,,.:, -: _- -:,.", " ..,.ii.;:
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Si
t

with u1 ( u2. Now we may Consider the following

*o {g (![) (c2) , u1] :

implies ma>r {I/ (V) (r2) , u1}

Now consider

** 
{",.f,,,,* 

('l) ''' }
,;,*p,t** {v ("l,) '"'}

,!,.ir,,tmin {v ("l) '*}

'" {,,.},,,,* ('l) '"}
min {I/ (!r) ("r) , ru}

*i" {g (!r) (r,) , "r}

s

ma:r {I/ (V) (o1o2) , u1} : ** 
{,,.4,,,,* 

('l) '''}
: n -u*{v (rl) ,*}o!leH@1al) (

: n -"*{v (r;) ,",
a\eH(a)H(azl

: A ma>< {![ (ab) ,u1]
ob<,H(a1)H(a2)

)

( where n'r: ab and, \

[,. H(*r),beH@f )
n ma:r {!trr (ab) , u1}

oeH(a1)
beH(a2)

n min {![ (r) , V (b) ,uz]
oeH@1)
beH(a2)

-'o {".4",,* 
(o)'u.fl,,)v (u)'u'}

*io {E (v) (r,) , H (v) (*r) ,ur}

mio {a (v) (rr) , H (,r) (*r) ,ur}

ts

implies max {I{ ({t) (rp2) ,u1}



i.--ti;--,-

".'1..

I
lEJ

tr

1--:-.t;tre

*. -..
-. f :-;1$r

'aL

:i

n : Sotttlr (o[),ur]
o€rfiEl
cerrkil

o.ft,,vrnio{v 
(') 

"rz}
* {*fi*,v 

(o)'*}

mi" {g (V) (rr) , r,z}

min {E (*) (r,) ' 
ta}

"#r

Hence it ie cleg; that fl (Ur) i!, a fiuay left fittcr withthreaWds (ur, ue) of S. Similarly

we can shos'thst fl(g) b a firay rigbt ffltff r,ith tlrerhnldE (u1'rg) of 5. I

4.1.5 Thd6m

L€t V be e firzay bi-ffIter with threshdds (tr,uz) of s sild H : s 
- 

P"(s) be a

SV M H. Then F(*) is a fuzry bi-flt€r threstrd.'ds (u1, u2) of S'

t Prpof. Flom Thmrem 4.1.3, we re for each o1, frz € S with or S cz implies

H(rr) e H(rz) *nrlVnr,?r2 € (Q,U withur ( rlr.Thenmax{Et{'l(.r,z),ur} 2

*i" {E (i[) (sr) , ue] and alrc max {E tu) @pz), ur} 2 min {E (91 @i) ,E (v) ('r) ,'n} '

nax {II (V) (c1o2) , u1} :

B
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S\

Therefore we consider the following Vor, a2 € S

ma,<{E ({t)(xp2a7),ur} : *o{,,.r(Y,,,,,)v (rl) ,*}

: 
,!r.ulrrrrrr')** {V ('l) '"'}

: v -o {v ("1) ,",}
a|efl(o)H(a)H(a)

a't: aba where

: 
on uprfupz)Ir(or) 

ma:< {![ (aba) 'u1] | " e H (a) ,

beH(n2)

V ma>c {V (aba) ,u1}
tlf,t:il
aeH(trl

(l* 
t,.J,,,rv 

(o),u' j
: min {E({r) (rr) ,ur}

Hence it is cleared that E(V) is ahuzy bi-filter with with thresholds (u1,u2) of. S.

I

4.L.6 Theorem

Let i[ be a fivzy bi-filter with threshold,s (ur,uz) of 
^9 

and H : S -+ P*(S) be a

SVIH. Then I/(V) i" afiv,zy bi-4hs1 threshold,s (u1,uq) of. S.

Proof. Flom Theorem 4.1.4, qre see for each frttfi2 € ,S with fi1 K a2 implies

H ("r) S I{ (cr) and Vz1, u2 e (0,1] with u1 1 u2. Then ma:r U/ (V) (*r) ,ur} >_

min {I/ (V) ("r) , u2} and aJso ma:r {I/ (V) (rr*r), ur} } min {I/ (V) ("r) , H (,f) (rr) ,uzl .

F

b,
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Therefore we consider the following Vor, a2 € S

\ mu,( {E ({r) (ap2a1) , ur} : -o 
{,,.rf,,,",)v 

(rl) ,", 
}

: 
,'ren[r.rrry** {v k;) '"'}

: 
r!reu1rr1*pr)n(rr)mu {* ('l)'"'}

( 
.,', : abawhere \

: n ma:< {V (aba) ,u) | ' 
Iohoe*(a)H(ailH(ai 

\r. 
H(*r),beH(rr) 

)
: n mur {!tr (aba) ,u1}

oeH(a)
beH(az')
oeH(a)

aeH(a1)

: -io{ 
'l

E 
^- \o"ft',r{t 

(o) 'u'}
: miu {I/ (V) (o1) , u2}

Hence it is cleared that I/ (V) is a fiuzy bi-filter with with threshold,s (u1,u2) of. S.

r

4.2 Approximations of hruzy Ideals with Thresh-

i, olds (rr,ur) in Ordered Semigroups

In this section roughness nfr;a;ry ideals with threholds (u1, ur) h ordered semigroup

is being initiated.
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4.2.1. Definition [32]

A 
Let u1,W e (0,1] such that z1 ( u2, then V is known as a firuzy subsemigroup with

thresholds (ur,uz) of S if the following a,ssertions are satisfied

(FIrr) (Ya1,a2 e S) (o1 ( c2, implies max {V (rr) , ur} 2 min {!U (*z) ,ur})

(Ffts) (Yo1,a2 e S) (ma>r {V (ap2), ur} 2 min {v (rr) , V (*r) ,ur}) .

4,2,2 Definition

Let u1,u2 Q. (0,1] where u4 1u2, then tU is known as ahtzzy left (right) ideal with

thresholds (ur,uz) of ,S if it satisfy condition (F/32) and

(rrea) (Yaya2 e S) (max {\t (rp2),zr} ) min {![ @) ,ur] (r"rp. min {v (r) ,uz})).

4.2.3 Definition [32]

Let u1,u2 e (0,1] with u1 I u2, then V is known as fazzy bi-ideal with thresholds

(q,uz) of S if it satisfies (FIn), (F/6) and

(.F/s5) (Yr1,a2,u3 e S)(max{!tr (rp2rs) ,ur} ) miu {itrr (rr), !tr, (*i ,ur}) .

4.2.4 Definitron

}l ,^ aaLet u1, u2 e (0,1] where u4 1 'u,2, then i[ is known as a fuzzy interior ideal with

thresholds (ur,uz) of S if it satisfies (FIzz), (FIs) and

(F'/s6) (Yr1,a2,o3 € S) (max {V (apsx2), ur} 2 min {![ (*i ,ur]) .
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4.2.5 Definition [32]

\ Let u1,u2 e. (0,11 such lhat u1( u2, then ttr is called fuzzy quasi ideal with thresholds
Rg

(q,uz) of ,9 if it satisfies (.F'/32) and

(FIy) (for each or € ^9) 
(max {r[ (sr) ,ur] ) min {((V " t) A (1 o !Ir)) (r1) ,ur}) .

4.2.6 Definition [S2]

Let u1,u2 € (0,1] with ur 1 tbz, and ![ be fiazy quasi ideal with thresholds (21, z2)

of ,S. Then ![r is known as semiprime hruzy quasi-ideal with thresholds (u1, ,r) fr

(F/sr) (for each ol € ^g) 
(max {if @i ,ur} ) min {V ("?) ,uz}) .

= 4.2.T Theorem

Let ![ be a fuzzy ordered subsemigroup with thresholds (q,uz) of ,9 and H : S +

I f- (S) be a SVMH. Then I/(V) i" a fuzzy ordered subsernigroup with thresholds
lt,

(u1,u2) of. S.

l

] proof. For each o1, sz e S with rr ( o2, implies I/ (o1) g H @z) andyu1,u2 e

i (0, 1] with u1 <-u2. Consider the following
l

I

-*{g(ir)(o1),u1} : **{. n v(rl),r,}
(crelf(er) \ / ): 

"i.|,o,)** {v ("1) '"'}

: t" 
{",.4 ,,r* 

(*r)'"}



.\\

Now consider

max{fl (V)(ap2),u}

orcu0,)@r)ma':< {![ (ab) 
'u1]

implies max {g (![) (o1o2) , u1]

n max {V (ab) ,u1}.
oeH(a1)
beH(a2)

n min {![ (r) , V (b) ,ra]
o€II(c1)
b<H(a2)

-to {,.4,,)iu 
(') 

'ur[@,)v 
(u)'"\

min {I/ (v) (ot), fl (V) (ail,uz]1

Therefore II (rP) is a fuzzy ordered subsemigroup with thresholds (q,uz) of ,S. r

4.2.8 Theorem

Let H : .9 -+ P.(.S) be a SVIH and ![ be afitzzy ordered subsemigroup with

thresholds (ur,a) of ,S. Then E'(V) 'rs a hnzy ordered subsemigroup of S.

Proof. For each n!,nz € S with ar S az, implies H ("2) e H (r) andYu1,u2 e

91

)

( as o', : ab where

Ir. H(*,r)andb eH(r2)

: ** 
{,,.4,,,,'('l) '''}

: n -rr, {v (rl) ,", }o!reH(a1a2) L

: 
^ 

*o {v (r'r\ ,r,c|eH(tiHlozl t \ 
"/

-i
'!e
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(0,1] with ur l Lra.Consider the following

ma>r {E (V) (c1) , u1}

implies ma:< {E('ilr) (o1),u1}

: -* 
{,,.Y,,,,* 

('l) ''' }
: v --,{v (rl) ,",}a\eH(ai (

aleil(azl ( !

: *'{,,.Y, 
,,r* (*')'u'\

E

-* 
{,,.rY",,,,* 

('l) ''' }

"'r.11,r,r1-o 
{'r ("1)' "' }

v -r,. {v (rl) ,"r}oleil@tiH(cz1 t

( *'ir: oD where a e Ht'') \
orcnlr)@z)ma>r {![ 

(ab) 'u1] 
t and b e H (n2) )

V ma:< {ttr (ab) ,u1}
aeH(r1)
beH(az)

v miu {!trr (o) , V (b),ur}
oeH(a)
b<H(a2)

t'o 
{,.rx",,i[ 

(o)'*il,,)v (u)'u'\

min {E (v) (",) , E (v) (rz) ,w}

Now consider

L-
ma:r {E(![) (c1o2),u1] :

:

!9'e implies ma>r {E(!U) (o1o2), u1}

Therefore E(V) is afuzzy ordered subsemigroup with thrmholds (q,w) of S. r
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4.2.9 Theorem

Let H : S - P'(S) be a SVMII and ![ be a hvzy left, (right) ideal with thresholds
--'l .\

(ur,uz) of S. Then I/ (V) is a hvzy left (right) ideal with threshold (u1,u2) of. S.

Proof. Flom Theorem4.2.7,we see that ma:r {I/ (V) (rt) , rr} ) min {H (V) (rr) ,uz}

is hold for each otra2 € S with a11a2, implies H (rr) e H (az). Now consider the

following

implies ** {g(!U) (r1r2), u1}

Hence H (V) is a hvzy left ideal with threshold (u1, u2) of. S. Similarly we can show

that I/ (V) i" a huzy right ideal with threshold (u1, u2) of. S. t

\!e 4.2.10 Theorem

Let !U be a htzzy left (right) ideal with thresholds (q,uz) of S and H : S -- P. (S)

be a SVIH. Then E(V) is afuzzy left (right) ideal with threshold (u1,u2) of. S.

ma:< {}/ (!Ir) (21o2) , z1} : -* 
{,r.A,",,* 

(rl) ,r, 
}

: n ** {v (,l) ,",}lreil(a1a2)

: 
,\eru(!iru@,, 

** {v (,l) '"'}

: n ma><{!trr (ab),u1} ( 
as o" : ab where a € \

oren(ii,)u(,2)-'- 
\r(rr),andb.r(.;))

: n ma"x {!tr (ab) ,u1}
a€II(o1)
beH(a2)

r): *" 
{u.4* ,{t 

(b) 
'uz}
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Proof. Ftom Theorem 4.2.8, we see that ma>r {E tVl (sr) , t r} 2 min {E (vl @z) ,ua]r

is hold for each nltaz € S with nt S nz, implies H (rz) e H (s). Now consider the

?i\

V following

: V ma>r {![ (ab) ,u1l
oeI{(c1)
beH(a2)

= : *io{ v v(b),ua}
[uer(c2) - )

Hence E (Ur) is a fivzy left ideal with theshold (u1, u) of. 
^9. 

Similarly we can show

that E (V) it a fiizzy right ideal with threshold (21, u2) of ^9. I

4.2.L1. Theorem

Let H : S + P. (S) be a SV MIl and ![ be a fivzy bi-ideal with thresholds (ur,uz)

of ,S. Then H (rf) b a hnzy bi-ideal with tbreshold (u1, u2) of S.

\e 
Proof. FbomTheorem4.2.T,weseethatmax{II(U') (rr),,rr} ) min{I/('f) (*r),w},

and also max {E ({t) (ap2), ur} 2 -i" {H (v) (rr) , H (v) (*r) ,rra} a.re hold for each

nLtnz € S with ar S nz, implies H ("r) I H (az). Next we consider the following for

ma:r {E (v) (a1r2) , u1} : -* 
t,,.rY,,".,* 

(rl) ,r, 
}

: v -o {v ("1) ,,'}
a|eH(a1o2)

: 
;,es(Xrtn,,r, 

-* {* kl) '"t}

: v max{iu (ab),u1} ( 
* 

'': 
ab where a e Hr'') \

onel(ir)u(az)--- 
\ andb eH(a2) )
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each o1, r2r0g € S7

max {I/ ({t) (np2as) , ur} : -* 
t,r.rf,,,,.)v 

(,l) '"')
n -* {v ("1) ,"'}

alreil(a1o2os) t

n -* {v (,1) ,",}
a'reH(a)H(o)H(as)

t

: n ma>r {t[ (abc) ,u1]
ohceH(r)H(ailH(ri

as o', : abc with

aeH(r),

beH(n2)

andc€H(ns)

NJ

: 
,.!'"'max 

{![ (abc) 
'u1]

Ef,l:?l

('l: t" 
t,.4,,,* 

(o) '*4,,)v (") 'wJ

Hence {(V) satisfies all the conditions of.fitzzy bi-ideal with thresholds (u1,u2).

Therefore I/ (V) is a fuzzy bi-ideat with thresholds (u1, ur) . .

4.2.L2 Theorem

Let H: ^9 
* P.(S) be a sVIH and a fuzzy subset v be afinry bi-ideal with

thresholds (ur,uz\ of ,s. Then E (v) is a huzy bi-ideal with thresholds (u1, u2) of. s.

Proof. Flom Theorem 4.2.8, we see that ma:< {E tV) (rr) , ,, } ) min {E tVl (*r) ,url ,

and also ma>r{E(i[)(c1o2),zr] 2 min{E(rIr)(or),E(v) (*r),rr} are hold for

each c1, 12 e S with z1 ( 12, implies H (a2) g H (a). Next we consider the following

\
tsr
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for each frtrfrzrca € S,

ma>r {E (v)(ap2ts),ut} : ** 
{,r.rr1Y,,,,,)v 

('l) ,"'}

,!reu[r,",r1-* {v kl) '"'}
: v -* {v ("1) ,",}

a|eH(o)H(a2)H(41

: V ma>r {![ (abc\ ,url
&c<II@)H(oilH(os)

: V ma>c{![ (abc),u1]
oeH(a)
beH(oz)
c<H@sl

oeH(t1)
*H(rsl

\ : -iolt 
1".J1,,vv 

(o)'".il".1v (")'u'\

Hence E(V) satisfies all the conditions of. fuz,zy bi-ideal with thresholds (u1,u2).

Therefore E (V) is a htzzy bi-ideal with thresholds (u1, ur) . .

4.2.L8 Theorem

Let H : ^9 
+ P'. (^9) be a SV MIl and a fiuzy subset ![ be a fuzzy interior ideal with

thresholds (ur,ur) of .9. Then E (V) is a hnzy interior ideal with thresholds (ur,uz)

of ,S.

\.t\€ Proof. FtomTheorcmL.2.T,weseethatmax{H(V)(rr),rr} 2 min{I/(V) (*z),ur},

and also ma>r {I/ (V) (21c2) , ur} 2 min {I/ (v) ("r) ,I/ (v) (rr) ,ur} are hold for each

ot,n2 € S with rr S sz, implies H ("r) e H (r). Next we consider the following for

as o', : abc where

aQH(rr),beH(a2),

andceH(as)
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s;
max {H ({t) (o1asa2) , ur} : .o 

t,r.rrf,,,",)v kl) ,", }
: 

,!r.ntr,r"rl*o {v ("1) '"'}
: n -* {v (,1) ,",}

aleil(aiH(tglH(a2)

: n max{V (ad),url
oAeH(o)H(as)fl(or)

as o', : ocb with

aeH(x),

ceH(rs)

arrdbeH(a2)

\

: 
ot[")moc{![ 

(ad) 
'u1]

*H(asl
beH(az)

( -.. 'l
: min{ n ![(c).ur]

- ["er(rs)- 
\ " ')

: min {I{ (v) (ra) , rr}

Hence H (V) is a hruzy interior ideat with thresholds (u1,u2) of' S' r

4.2.1,4 Theorem

Let H :,S - P. (S) be a SV IH and a fuzzy subset !U be a fuzzy interior ideal with

thresholds (ur,uz)of ,S. Then E (V) is a hruzyinterior ideal with thresholds (ur,uz)

of S. 
--%h

proof. Flom Theorem 4.2.8, we see that ma>< {E trf l (rr) , ,, } ) min {E tVl (az) ,uz]. ,

arrd also ma:r{E(i[)(o1o2),ur] 2 *i"{E(v)(rr),7I('P) (*i,ur} are hold for

l.
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each o1, 02 e S with o1 ( o2, implies H (a) g H (ai. Next we consider the following

for each fibfrzras C S,

ma>r {E ({t) (apsa2) ,,r, } : -* 
{,r.r(Y,,.",)v 

(,l) ,", 
}

: v -*{v ("1) ,",}
a|eil(a1asa) l'

v .* {v ("1) ,r}
alreF(oiH(as)H(as)

: V max{![ (arf\,url
uEH(a)H(aslH(ail

: V ma>r{![ (ad),u1]
oeH(a1)

;zr,Eil

V ceil(osl

.( 'l: -t" t".rX"r,v 
(')''')

: min {E (itr) (o3) , u1}

Hence E(V) is afuz,zy interior ideal with thresholds (u1,q) of' S' r

4.2.L5 Theorem

Let H : ,S -r p- (S) be a SV MIl and a hv,zy subset ![ be a fuzzy quasi ideal with

thresholds (q,uz) of ,S. Then H (V) is a fuzzy quasi ideal with thresholds (tl1, u2) of.

i\. s.

Proof. Flom Theorcm4.2.7,we see that ma>r {H (V) (rr) ,,r} 2 min {H ('P) (*r) ,ur}

is hold for each nt,a2 € S with nt 3 oz, implies H (rr) e H (az). Now consider the

as c', : acb where

a€H(rr),"eH(4)

andbeH(r2)
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following

max {I/ (![) (r1) , u1] : .* { . n 'r, 
(rl) , u, }

[cier(ar) \-/' ): 
,',.Io,t** {v ("1) '* }

irew(a11 t " 
I: t'o 

{""Yt"' 
((* o 1) A (1o v)) (") '*}

Hence H (V) satisfies all the conditions of. fuzzy quasi ideal with thresholds (u1, z2) .

So I/ (!Ir) ls a fuzzy quasi ideal with thresholds (u1, ur) . .

4.2.16 Theorem

Let ltr be afuzzy quasi-ideal with thresholds (u1, u2) of. S and H : S --+ P* (S) be a

SVIH. Then I/(V) i" afi:zzy quasi ideal with thresholds (t21, q) ot S.

Proof. Flom Theorem 4.2.8, we see that ma:< {E tVl (or) , ur } ) min {E tVl @z) ,uz}

is hold for each nbaz € ^9 with sr 3 az, implies H (sz) g H (n). Now consider the

following

ma>r {E (v) (o1) , z1} : .* 
{",.y,,,,* 

(rl) , ,, 
}

: 
'i'Y1"'r** {v ("1) '"'}

lren@) ( "

: ,oio { , v. . 
((v o 1) A (1' {,)) (rl) ,rr}

[oierr(c1) )

,,'\
bi

1\-
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Hence E (V) satisfies all the conditions of. hvry quasi ideal with thresholds (u1, u2) .

So tr(V) is afinzy quasi ideal with thesholds (u1, ue). .

E

4.2.L7 Theorem

Let H : 
^9 

+ P. (S) be a SV M.EI and a huzy subset ![r be a semiprime fuzzy quasi

ideal with thresholds (q,uz). Then I{ (V) is a semiprime hvzy quasi ideal with

thresholds (u1,u2) of. S.

Proof. For each o1 € 
^91 

consider the follovuing

max{E(v) (o1),u1} : -* 
{,,.},,,,* 

(rl) ,r,}

: 
,i.lt',t-"*{v ('l) ''}

: 
,i";.ul,su1,,r,-* {V ("'f) ' 

*}
: 

':"'*(4)mi" 
{v (;f) '"'\

: .iol n v(ri'),rr}
[",,rerk?) \ ^/' -)

: .i" {g (,r) (of) , ur}

Hence H (V) is a semiprime huzy quasi ideal with threshold (u1, ,r) . .

h- 4.2.L8 Theorem

Let H: ,S + P. (S) be a SVIH and V is a semiprime fuzzy quasi ideal. Then E(V)

is a semiprime hvzy quasi ideal with thresholds (u1, u2) of. S.
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is

Proof. For each fi1€ Sl consider the following

max {E (v) (c1) , u1} : ** 
{,,.Y,,,,, 

(rl) ,,, 
}

: 
'itY1',)*o {' 

("l) '"'}

:::::,]'-fi) ul -,a\lreH(q|,E(ri \

: ,- Y, ^, 
mi" {v (;r') ,"r},!r2en(4) (

= *{'*'Yt*'* (,'l) '*}
: min {E (v) (cf) , ur}

?r 
Hence E (V) is a semiprime fuzzy quasi ideal with thresholds (q,u2) . t

h'
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