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Preface i

In daily life, there are many situations where certain order exist among
the elements of a set. For example prices of commoditics can be descried by terms
like very cheap, cheap, affordable, costly and very costly. It is clear that there is an
order among these terms and commodities can be arranged with the help of order
among their prices. Algebraically ordered semigroups are sets with associative binary
operation having a certain partial order. Ordered semigroups have wide ranging
applications in computer science, automata theory and coding theory.

L. A. Zadeh [40] put forward the basic concepts of fuzzy set and furnish a model
for generalizing many of the concepts and several basic algebraic notions in general
mathematics. Fuzzy semigroup concept is innovated by Kuroki {28, 29] for the first
time, and fuzzy ordered groupoids and ordered semigroup was presented by
Kehayopulu and Tsingelis in [19, 20].

Rough set theory and fuzzy set theory are two distinct concepts, but both of them
are very handy to deal with uncertainty. These two can be hybridized in a very fruitful
manner. Therefore, concepts of fuzzy rough sets and rough fuzzy sets are introduced
in [8].

In fuzzy set the idea of quasi-coincidence which is stated in [3, 4] played a key role
in several fields of fuzzy subgroups. Rosenfeld [35] used the generalized form of (€,
€vq)-fuzzy subgroup. Bhakat and Das [2] introduced the concept of (a, p)-fuzzy
subgroups by using "belongs to" relation (€) and "quasi-coincident with" relation (q)
between fuzzy point and fuzzy subgroups. An (€, €vq)-fuzzy subgroup concept was
also introduced by them. In several algebraic structures the generalized notions of
fuzzy sets and fuzzy subsystems was initiated by Davvaz, Kazanci et al. [6, 16).

Kehayopulu and Tsingelis for the first time presented fuzzy filter in ordered
semigroup. They also studied vestigial attribute of fuzzy filter and prime fuzzy ideal
which is mentioned in {20). A generalized fuzzy filter of Ro algebra was acquainted
by Ma et al. [31] and some properties were provided in terms of this notion.

The concept of a fuzzy ideals in a semigroups was first developed by Kuroki [27,
28, 29]. He studied fuzzy ideals, fuzzy bi-ideals, fuzzy quasi-ideals and semiprime
ideals of semigroups. Jun et al. [11] introduce the concept of (€, EVq)-fuzzy bi-ideals
of ordered semigroup and gave some characterization Theorem. The fuzzy quasi-
ideals in a semigroups were studied by Kuroki and Ahsan {29, 1], where the basic
properties of semigroups in term of fuzzy quasi-ideals are also given by them.




Jan and Song [10] discuss the general form of fuzzy interior ideals in semigroups
and also initiated the study of (&, P)-fuzzy interior ideals of a semigroup. Shabir et al.
[36] gave the concept of more generalized forms of (u, B)-fuzzy ideals and defined (€,
€vgk)-fuzzy ideals of semigroups. (Also see [12, 13, 26, 37]).

The properties of fuzzy ideals with thresholds were characterized by Shabir et al.
[38] in semigroups. The (€, Evq)-fuzzy bi-ideal were studied by Kazanci and Yamak
[15] and they also initiated fuzzy bi-ideal with thresholds in semigroup. Manzoor et
al. [32] bring together the standpoint of fuzzy quasi-ideals with thresholds in ordered
semigroup. They also established some result on semiprime fuzzy quasi-ideals with
thresholds in ordered semigroup.

Pawlak is the founder of rough set theory {34]. Many applications of this theory
have been reported. Actually it is a nice tool to discuss uncertainty among the
elements of a set. Equivalence relations play a fundamental role in it. Due to limited
knowledge about the elements of a set, it is too complicated to determine the
equivalence relation among the objects of a set. So authors studied different models
with less restrictions. The study of generalized rough sets was initiated by Davvaz [3].
Instead of equivalence relation, set valued maps are used to define approximations of
a set in generalized rough set theory. In algebraic structures roughness has be
discussed by many authors. Kuroki studied roughness in semigroups and fuzzy
semigroups in {30]. Then this concept is studied for prime ideals in semigroups [39].
In ordered semigroups rough approximations as proposed in [30] cannot be a good
idea. As in ordered semigroup there is a partial order associated with the semigroup,
therefore non-trivial equivalence relations for such semigroups are difficult to find.
Perhaps, this is the major reason that no study of roughness in case of ordered
semigroups has been reported till now according to our knowledge. Therefore in this
thesis some weaker tool to study roughness for fuzzy filters, fuzzy ideals, fuzzy filters
with thresholds and fuzzy ideals with thresholds in ordered semigroups have been
introduced. Set valued maps give rise to binary relations in general. These maps with
monotone or isotone order help us to study roughness in fuzzy filters of ordered

semigroups.
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Chapter 1

Preliminaries

In this chapter we will discuss some basic definitions, examples and notions. These
definitions will help us in later chapters. For undefined terms and notions , we refer

to [7, 9, 13, 25, 26, 29, 32).

1.1 Ordered Semigroup

1.1.1 Definition

Let S be a non-empty set and “+¥” be a binary operation on §. Then (S, #) is called
a semigroup if this operation is associative, that is (z; * ) ¥ &3 = T % (22 * £3) holds

for all z1,%2,z3 € S.

1.1.2 Example

(@) The set N = {1,2,3,...} of natural numbers gives the semigroup (N,), under

multiplication.
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(b) Similarly, the set W = {0,1,2,3,...} of whole numbers forms a semigroup
{W,-), under multiplication.
(¢) {0,1} is semigroup under “".

(d} Let S be a non-empty set. Then (P(S},V) and (P(5),N) are semigroups.

1.1.3 Definition

A binary relation “<” defined on 2 non-empty set S is partial order on the set S if

the following conditions hold
(1)ea<a (reflexivity)
(02) a <band b < ¢ impliesa = b (antisymmetry)
(es)e<band b<cimpliesa<c (transitivity),
for all a,b,¢c € S.

A non-empty set S with some partial order “<” on it is called a partially order

set, or more briefly a po-set, Then we write (S, <) is a po-set.

1.1.4 Example

(a) Let § = {1,2,3,4,5,6} and define a relation on S as “for all 1,23 € 5, 7, is

related to z, if and only if x; divides x3”. Then S is & partial ordered set.

(b) Let S be a non-empty set. Then (P (S),C) is a po-set.




1.1.5 Definition

Let S be a non-empty set. Then an algebraic system (S,-, <) is called partially
ordered semigroup (po-semigroup) if it satisfies

(08)) S is & semigroup with respect to "."

(0s2) S is a po-set with respect to "<"

(0s3) (for all z,2y,22 € ) (i 23 < 29 — 717 £ Zoz and zz) < TX2) .

Partially ordered semigroup (po-semigroup) is also called as ordered semigroup.

1.1.6 Definition

A non-empty subset A of ordered semigroup S is called ordered subsemigroup of S if

= A2 C A.

1.1.7 Example [18]

Let § = {a,b, ¢, d, e} be a set with the following multiplication table and order relation

usu ,

and

<= {(a,0), (a,b), (2, ), (a,d), (a,€), (8,5}, {c, ), (d, d), (e, )} . Then I is called an ar-
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dered semigroup.

1.2 Fuzzy Sets

1. A. Zadeh [40] put forward the basic concepts of fuzzy set and provide a model
for generalizing many of the concepts and several basic algebraic notions in general
mathematics. In this section, we will give a review of some basic concepts of fuzzy

sets.

1.2.1 Definition [40]

A function ¥ from S to a unit closed interval [0, 1] (¥ : § — [0, 1]} is known as fuzzy

set or fuzzy subset of S.

1.2.2 Definition [33]

A fuzzy subset ¥ of an ordered semigroup S of the form

_Jr#0) foy =%
lI'("""‘)“{o ifz,#a

represent fuzzy point with value ¢ and support by =, where t € (0, 1]. It is denoted
by %:. A fuzzy point z, of ordered semigroup .9 is said to ‘belong to’ fuzzy subset ¥
denoted as =z, € ¥, if ¥(z) > ¢, and is said to ‘quasi-coincident with’ a fuzzy subset
¥ denoted by z,q¥, if ¥(z) +¢ > 1. To say that x, € Vg¥ (resp. 2, € Aq¥) means

that z, € ¥ or 2,g¥ (z; € ¥ and z.q7).
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1.2.3 Remark

(£) Two fuzzy subsets ¥ and p of ordered semigroup S are said to be disjoint if there
is no z € 8§ such that ¥ (2) = x(2) . If ¥ (x) = g (x) for each = € S, then we say that
¥ and y are equal and write as ¥ = p.

(¢9) Let ¥ and i be two fuzzy subset of ordered semigroup . Then a fuzzy subset
¥ is said to be included in a fuzzy subset p i.e. ¥ C p if and only if ¥(z) < p(z)
forallz € S.

(%) Let ¥ and u be two fuzzy subsets of ordered semigroup S. Then a fuzzy
subset W is said to be properly included in a fuzzy subset g i.e. ¥ C g if and only if
V() <pu(z)forallz e §.

(tv) The union of any family {¥; : i € 2} of fuzzy subsets ¥; of ordered semigroup
S is denoted by (i%llfg) and defined by (ig_'\ll,-) (x)= siggllt,- (z) = sgnlpi (z) for all
T€ES

{v) The intersection of any family {¥; : i € } of fuzzy subsets ¥, of ordered semi-
group S is denoted by ( '_QR'I!;) and defined by (an"') (z) = gggwi (z) = ié\a‘ll,f (z)

for all z € S. Moreover ( 2} 'IJ,-) is largest fuzzy subset which is contained in ¥;.

1.2.4 Definition

In what follows let o, 8 denote any one of €, g, € Vg, or € A¢ unless otherwise specified.
Consider a fuzzy point z; of a fuzzy subset ¥ on an ordered semigroup S, and z,a¥
means &; belong to (be quasi-coincident with) a fuzzy subset ¥. A fuzzy point

of ordered semigroup S is said to ‘belong to’ fuzzy subset ¥ denoted as z, € ¥, if
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¥(z) > t, and is said to ‘quasi-coincident with’ a fuzzy subset ¥ denoted by z.9¥, if
U(z) +t > 1. To say that x, € VgV (resp. z, € AqV) means that z; € ¥ or z,q¥

(zs € ¥ and x,q7),

1.3 Filters in Ordered Semigroups

1.3.1 Definition [7]

A non-empty subset F of ordered semigroup S is known as a left (resp. right) filter

of S if it satisfies the following conditions
(F}) (for all ; € S and for all z; € F)(z; < z, implies z; € F)
(F) (for all 31,25 € S) (31, %2 € F implies 5123 € F)
{F3) (for all 21,2, € S) (222 € F implies 2, € F(resp. z, € F)).

If F is both a left filter and a right filter of ordered semigroup S, then F is known

as a filter of S.

1.3.2 Example

Let S = {a,bc,d,e, f} be a set with the following multiplication table and order

relation “<".
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and

<_::={(a, a}, (6,8),{¢c,c),(d,d},(e,€),(f, f),(a,d),{a,e}, (d,e}, (b, f),(be}, (e f),
(f,e),(c,e)}. Then (S,-, <) is an ordered semigroup. Filters of S are {a,d. e} and 5.

Next we give definitions of bi-filter and quasj filter. Theses are actually general-

izations of filter in ordered semigroups.

1.3.3 Definition [7]

A non-empty subset F of ordered semigroup S is known as bi-filter of S if (F}), (F2)
hold and

(Fy) (for all 2,22 € ) (21292, € F implies 7, € F).

1.3.4 Definition [9]

A non-empty subset F' of ordered semigroup S is known as a qausi filter if it satisfies
(F 1) 1 (F 3) and

(Fg) (for all z,,z,,z3 € S)(z1Z; = x37) € F implies z; € F).
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In the following some basic concepts about fuzzy filters and their generalizations

in ordered semigroups are given.

1.4 Fuzzy Filters in Ordered Semigroup

1.4.1 Definition

A fuzzy subset ¥ of S is known as a fuzzy ordered subsemigroup of ordered semigroup
§ if it satisfies
(for all &1, 29 € §) (¥(z)22) > min {¥(z,), ¥{z2)}).

In the following this inequality will be denoted by (FF3).

1.4.2 Definition [7]

A fuzzy subset ¥ of S is known as a fuzzy left (resp. right) filter of ordered semigroup

S if the following assertions holds,
(FF) (for all 2,7, € S) (z; < Ty implies ¥(z,) < U(x2))
(FFg) (for all ,, 2, € S) (¥(z122) 2 min{¥(z,), ¥(x2)})
(FFs) (for all 1,z € §) (¥(x172) 2 V(1) (resp. ¥(x2))).

A fuzzy subset ¥ of S is known as a fuzzy filter of ordered semigroup S, if ¥ is

both a fuzzy left filter and a fuzzy right filter of S.
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1.4.3 Definition (7]

A fuzzy subset ¥ of ordered semigroup S is known as a fuzzy bi-filter of ordered
semigroup S if it satisfies (FF}), (FF3) and

(FFy) (for all 2,29 € 8) (V(z1227) 2 U(x;)).

1.44 Definition [9)

A fuzzy subset ¥ of S is known as a fuzzy quesi-filter of ordered semigroup S if it
holds (FF,), (FFy) and

(FFg) (for all 2y, Z9, 3 € S) (122 = T3z implies ¥(z;22) < ¥ {z1)).

1.5 Ideals in Ordered Semigroups

1.5.1 Definition [17]

A non-empty subset I of ordered semigroup S is known as a left (resp. right) ideal
of § if it satisfies

(I;) SI C I(resp. 1S C I}

(f2) if zy € S and =3 € T such that 21 < 23, then 1, € I.

If I is both a left ideal and a right ideal of ordered semigroup S, then [ is known
a8 two sided ideal of S or simply an ideal of .

For A C S, we denote (A] := {t € S/t < h for some h € A}. If A = {a},
then we write (a] instead of ({a}]. For non-empty subsets A, B of S, we denote,

AB = {abfa € A,b € B}
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1.5.2 Example [24]

Let S = {a,b,¢,d,e, f} be a set with the following multiplication table and the order

relation “<:

and

<= {{a,a}),(b,b),(c,c),(d,d),(e,e),(f, f),(f,€)}. Then (§,:,<) is an ordered
semigroup. Right ideals of S are {a,d}, {a,b,d} and S. Left ideals of S are {a}, {d}, {a,b}, {0, d},
{a,8,d},{a,b,c,d}, {a,b,d,e, f} and S. Ideals of S are {a,d},{a,b,d} and 5.

Next we are going to define bi-ideal, interior ideal and quasi ideal. Theses are

actually generalizations of ideals in ordered semigroups.

1.5.3 Definition [21]

A non-empty subset I of ordered semigroup S is called bi-ideal of S if it satisfies ()

and
(I;) ISICI

(L) PcCL
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1.5.4 Definition [22]

Let I be a non-empty subset of ordered semigroup S. Then [ is known as an interior
ideal of &' if it satisfies (1), (J ) and

(L) SISCI.

1.5.5 Definition [23]

A non-empty subset @ of ordered semigroup § is known as quasi ideal of 9 if it hold
(I 2) and

(le) (@SIN(SQ] € Q-

1.5.6 Example [18]

Let § = {a,b,¢,d, e} be an ordered semigroup with the following multiplication table

and order relation " < *

and
<= {(ai e}, {a, b}, (a,c), (a,d), (a,€), (4, b), (c: C),(d,d), (e!e)} . Quasi ideals of S

are {a},{e, b} ,{e,c},{a,d},{a,e},{a,b,d},{a,c,d}, {a,be}, {a e} and S.
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1.6 Fuzzy Ideals in Ordered Semigroups

In the following some basic concepts about fuzzy ideals and their generalizations in

ordered semigroups are given.

1.6.1 Definition [20]

A fuzzy subset ¥ of ordered semigroup $ is called a fuzzy ordered subsemigroup of
S if it satisfies

(FI) (Yz1, 29 € 8) (¥{z172) > min {T(zy), V(z2)}) .

1.6.2 Definition [20]

A fuzzy subset ¥ of ordered semigroup S is known as a fuzzy left (resp. right) ideal
of § if it satisfies

(FIp) (Vz1, %2 € S)(71 < 20 = ¥(21) 2 ¥(Z2))

(FIs) (V51,22 € SY{V(z139) = Y(wa}(resp. ¥(z1z2) 2 ¥(21})).

A fuzzy subset ¥ is known as fuzzy ideal of S, if it is both a fuzzy left ideal and
a fuzzy right ideal of S.

From this definition we can also conclude the following.

1.6.3 Definition

A fuzzy subset ¥ is called fuzzy ideal of ordered semigroup S if it satisfy (FI) and

(FI,) (Vo1,22 € S)(¥(2172) 2 max {¥ (1), ¥(22)})-
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1.6.4 Example

Consider a set S = {a,b,¢,d,¢, f} with the following multiplication table and order

relation “<”.

and
<= {(3,0),(5,8), (6,9), (ds ), (e, €}, (f, £),(,€)} . Then (5,-,<) is an ordered

semigroup. Right ideals of S are {a,d}, {4, b,d} and 5. Left ideals of § are {a} , {a, b} ,{,d},

{a,0,d},{a,b,c,d},{a,b,d,e, f} and 5. Define o fuzzy subset ¥ : § — [0,1] by

T(a) = 0.8, U(b) = 0.5, ¥(d) = 0.6 and ¥(c) = U(e) = ¥(f) = 04. Then ¥ is 2

fuzzy ideal of S.

1.6.5 Definition [22]

A fuzzy subset ¥ is known as fuzzy interior ideal of ordered semigroup S if it satisfies

(Fh),(FI) and

(Ffr,) (V:'L'l,:ltg, T3 € S) (‘I‘ ($1233I:2) > (3:3)) .
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1.6.6 Definition [21]

Let ¥ be a fuzzy subset of ordered semigroup S. Then a fuzzy subset ¥ is said to be
a fuzzy bi-ideal of S if it satisfies (#1;), (FI2) and

(Flg) (Y21, 232, 3 € S)(W(z1Ta73) 2 min {¥(z1), ¥(23)})-

1.6.7 Definition

Let X be a non-empty subset of ordered semigroup S, then we define a set X, by
Xz, = {(x2,73) € § X 8/ € 2223} .
For any two fuzzy subsets ¥ and g we define
oo = {imefor ™ @) ple)}  HXa#0
0 if X, = ¢

¥ < g means ¥{z) < p(z).

1.6.8 Definition [23]

A fuzzy subset ¥ of ordered semigroup S is known as a fuzzy quasi ideal of 9 if it
satisfies (FIp) and

(FI) ¥ > (Fol}A{loT).

1.6.9 Example

Consider quasi ideals as given in example 1.5.6 and define a fuzzy subset ¥ : §— 1o, 1]
by ¥(a) = 0.8, ¥(b) = 0.7, ¥(d) = 0.6, ¥(c} = ¥(e) = 0.5, Then a fuzzy subset ¥ is

a fuzzy quasi ideal of S.
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1.7 Rough Set

Rough set theory and fuzzy set theory are two distinct concepts, but both of them are
very handy to deal with uncertainty. Thes two can be bybridized in & very fruitful
manner. Therefore, concepts of fuzzy rough sets and rough fuzzy sets are introduced
in [8].

In the fc;llawing we recall some basic concepts of rough set theory introduced by
Pawlak [34]. The idea of a rough set could be placed in a more general setting,
leading to a fruitful further research and applications in classification theory, cluster
analysis, measurement theory, taxonomy, etc. The theory of rough set is an extension
of set theory, in which a subset of a universe is described by a pair of ordinary sets
called the lower and upper approximations. A key notion in Pawlak rough set model
is an equivelence relation. The equivelence classes are the building blocks for the
construction of the lower and upper approximations. The lower approximation of
a given set is the union of all the equivalence classes which are subsets of the set,
and the upper approximation is the union of all the equivalence classes which have a
non-empty intersection with the set.

Recall that an equivalence relation k on a universal set U is a reflexive, symmetric
and transitive binary relation on U, For any z € U, the set {y € U:(y,x)} is called
equivalence class determined by z and it is denoted by [z] . Consider an equivalence
relation k on a universal set U/. The pair (U, k) is known as an approximation space.
Let A be a non-empty subset of a universal set U, then A is said to be definable if

wecanexprwsitinthaformofsomeequivalenceclasseaofU,elseAissaidtobe
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undefinable. If A is undefinable, then it may be approximated in the form of definable
subsets called lower approximation and upper approximation of A, defined as
app(A) = U{zy € U : [ma)x € A}
app(A) =U{z € U : [z NA # ¢}
The pair (app(A), @p(A)) is known as a rough set. If epp(A) = @pp(A) then A is

a definable set.

1.7.1 Example

For the sake of illustration, let (U, k) be an approximation space, where
U = {x1, 72,3, T4, Ts,Ts, Tr, s} and an equivalence relation k with the following
equivalence classes;

A = {m1, 24,28}, Ay = {2, %5, 27}, Ag = {T3},As = {26}. Lot A = {33, 75},
then app (A) = {3} and app (A) = {3, T3, 25, T7} and so ({23}, {22, %3, 75, z7}) =
(app(A) ,app (A)) is a rough set.

This notion of lower and upper approximations can be generalized to fuzzy sets

as well,

1.7.2 Definition [14]

Let us consider the approximation space (U, k) and ¥ as a fuzzy subset of U. Define
the lower and upper approximation of a fuzzy subset ¥ as the following

appl(x) = A V(z') and 3pp¥(z) = V U(z'), for any » €U.

- = €lzh z'€lzh

The pair (eppV¥, @ppV¥) is said to be a rough fuzzy set if app¥ # app¥.
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1.7.3 Definition

Consider the ordered semigroups S; and S;. A mapping H : §; — P*(Sy) is said to

be set-valued homomorphism in short (SV H) if the following hold

(h1) H(z)H(zz) = H{z122)

Where P*(S5) denotes the collection of all non-empty subsets of Sz,

1.7.4 Definition

Consider the ordered semigroups S; and S;. A mepping H : §; — P*(S;) is said to
be set-valued monotone homomorphism in short (SV MH) if it hold condition (A1)
of definition 1.7.3 and

(ho) if &3 < z, then H (x1} € H (22} for each 2,22 € 5.

Where P*(S;) denotes the collection of all non-empty subsets of .Ss.

1.7.5 Definition

Consider the ordered semigroups S and S;. A mapping H : S§; — P*(S,) is said
to be set-valued isotone homomorphism in short (SVIH) if it hold condition (k1) of
definition 1.7.3 and

(hg) if z; < 2, then H (z2) C H () for each 2,23 € 5;.

Where P*(S,) denotes the collection of all non-empty subsets of 55.

In the following concept of roughness in fuzzy sets is being generalized by SVMH

and SVIH.
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1.7.6 Definition

Let H : S — P*(3) be a SYMH or SVIH. Then for every z € 8, we define the

generalized lower and upper approximation of ¥ with respect to mapping H as,

H(¥)(z) = =|='Ef‘;\“z}%l'(:::") and H(¥)(z) = . ¥(z)

V']
EH(z)
The pair (H(¥), H(¥)) is said to be a rough fuzzy set with respect to H if H(W) #

H(¥).
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Chapter 2

Roughness in Fuzzy Filters in

Ordered Semigroups

In this chapter, study of roughness in fuzzy filters of ordered semigroups is being

initiated. Thus we start with the following resuit.

>

>

Approximations of fuzzy left (resp. right) filter
Approximations of fuzzy bi-filter and fuzzy quasi filter
Approximations of (€, € vq)-fuzzy left (resp. right) filter
Approximations of (€, € Vg)-fuzzy bi-filter
Approximations of (€, € Vgk)-fuzzy left (resp. right) filter

Approximations of (€, € Vgk)-fuzzy bi-filter

From here onward in discussion below § stands for ordered semigroup and ¥ for

fuzzy subset on ordered semigroup .S unless stated otherwise.

19
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2.1 Approximations of Fuzzy Filters in Ordered

Semigroup

In chapter 1, we have defined fuzzy filters and their generalization. In this section we

recall it and then discuss the approximations of fuzzy filters and their generalization.

2.1.1 Definition

A fuzzy subset ¥ is known as a fuzzy ordered subsemigroup of ordered semigroup S

if it satisfies
(for all 21,32 € S) (¥(z172) = min {¥{z1), ¥(x2}}) .

In the following this inequality will be denoted by (FF?).

2.1.2 Definition [7]

A fuzzy subset ¥ is known as a fuzzy left (resp. right) filter of ordered semigroup S

if the following assertions holds,
(FFy) (For all 1,22 € S) (21 < 2, implies ¥(z;) < ¥(z3))
(FFy) (for all 21,32 € 5) (¥{z1az) > min{¥(z;), ¥(z2)})
(FFs) (for all 5,79 € S) (¥(maa) > ¥(a1) (resp- ¥(22)))-

A fuzzy subset ¥ of S is known as a fuzzy filter of ordered semigroup S,if ¥is

both a fuzzy left filter and a fuzzy right filter of S.
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2.1.3 Definition [7]

A fuzzy subset ¥ of ordered semigroup S is known as a fuzzy bi-filter of ordered
semigroup § if it satisfies (FFF}), (FF;) and

(FF4) (fOl‘ all z;, 7 € S) (‘I‘(!leg.-":l) > ‘I’(ﬂ!])) .

2.1.4 Definition [9]

A fuzzy subset V¥ is known as a fuzzy quasi-filter of ordered semigroup S if it holds
(FF]) ’ (FFQ) and

(FFs) (for all &1,22,23 € S) (%152 = %37, implies ¥(z12) < ¥ (1))

2.1.5 Theorem

Let ¥ be a fuzzy ordered subsemigroup of § and H : § —» P*(5) be a SVH. Then
H (¥) is a fuzzy ordered subsemigroup of S.

Proof. For any 7,22 € S. Consider

H@) (@) =  V w(z;)

£, EH(a122)

= \' v (9:'1)
7 EH (1) H(Za)

= v U (ab) (as ¥, =absuch that c € H (1) and b€ H (mg))
ebEH (21} {(z3) !

-V ¥(ah)
acH{z1)
beH(z2)

> v min{¥{a),¥ ()}
acH(x1)
beH(z2)

= min{ v ¥{a), V lI'(b)}

o&H{z1) beH(z2)

implies H (¥) (z122) 2 min {H (¥) (1), H (¥) (22)}
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Hence H (¥) is a fuzzy ordered subsemigroup of 5. ®

2.1.6 Theorem

Let ¥ be a fuzzy ordered subsemigroup of § and H : § — P*(S) be a SVH. Then

H (¥) is a fuzzy ordered subsemigroup of 5.
Proof. Similar to the proof of Theorem 2.1.5. ®

In the following, study of roughness in fuzzy filters of ordered semigroups is being

initiated. Certain restrictions are imposed on SVH for this study.

2.1.7 Theorem

Let H : S — P*(S) be a SVMH and ¥ be a fuzzy left (right) filter of 5. Then

H () is a fuzzy left (right) filter of 5.

Proof. For any z,,72 € S, let ) < mg, implies H (z1) C H {z2). Now we may

consider the following

H (%) (z1)

v ‘I’x’l)

# el (=1)
v ¥ (:8'2)
2¢H(z2)

That is H (¥) (1) < H(¥)(x2)

1A
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Next consider

H(@) (z122) =

implies H (¥) (z122) 2

Next consider

H(¥)(z122) =

Iv

implies H (¥) (z123) 2

23

L, vV v (a:'l)
zy EH(T1%3)

, v ' (m;)
&, €H{z1)H(22)

r = &
abEH(r\{)H(az}w (ab) (as z, = ab such that a € H (1) and b € H (z2))

v U(ah)
ac H{z1)
be H(za)

v min {¥ (a), ¥ (6}
acH(zy)
be H{xg)

min {,e IO (b)}

min {H (¥) (z:), 7 (¥) (2)}

v ¥ (x'l)
z\ 6 H(m1z2)

' v (:r:'l)
#,€H(z1)H(z3)

)= be H
MH(::}H(M}W (abd) (as %, = ab, such that a € H(z,) and b € (2‘:3))

vV ¥ (ab)
acH(z1)
beH(z;)

¥ (o)

vV
o€ H (x1)

H(¥)(z1).

Hence H () is a fuzzy left filter of S. Similarly it can be shown that H () is a fuzzy

right filter of S. ®

The following example shows that if H is a SVMH, then for a fuzzy filter ¥, its

lower approximation H (¥) may not be a fuzzy filter.
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2.1.8 Example

Consider a set § = {a,b,¢,d, e, f} with multiplication table 1 and order relation.

W
Multiplication table for S
aiblcid|e|f
ala|b|bjd]|e|f
blb|b|bib|bd|b
clb|bib|bjb|b
d{d|b|b|dje|f
ele|flflele!lf
AN ANAFAPRRAF)
> Table 1
and
S:={(ﬂ‘ﬂ),(b,b),(c.c),(d.d).(8,8),(.fsf):(0sd):(ﬂ:e),(d,e),(b,f),(b,e),(c,f),(c,e),(f‘fﬂ)}-
Then (S, -, <) is an ordered semigroup. Filter of § are {a.d,e} and S. Define a fuzzy
subset ¥ : § — [0,1] by ¥(e) = ¥ (f) = ¥(b) =08, ¥(d} =07, ¥(a) = 0.3,
¥ (c) = 0.4. Then ¥ is a fuzzy filter of S.
Now consider H : $ — P*(S) bea SVMH ie.
(3) Hx)H (x) = H (z122)
(i) iz 29— H(z:) CHza)-
. Where P*(S) consist of all non-empty subset of 5. Now H (e) = {a,d,e, f}
W

H(d) = {a,d,f} H() = {a,d} HEO) = H() = H(f) = {def}. As
b<e= H(b) S He) but H(¥)(b) £ H(V)(e), also f < e = H(f) € Hie)

but H (¥) (f) £ H(¥)(e). Hence in SVMH it is prove that H (¥) is not a fuzzy
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left (resp. right) filter of S.

2.1.9 Theorem

Let H : § — P*(S) be a SVIH and ¥ be a fuzzy left (right) filter of S. Then H (¥)
is a fuzzy left (right) filter of S.

Proof. For any 3,22 € 5, let #; < 2 implies H(x;) C H (z:). Now we may
consider the following

_Ii('l’) (171) - z’,lef;}(z;)q’ (3:;)

< AV (:r,:_,)
zpeH(za)

That is H(¥) (z1) £ H(¥)(z2)
Neaxtt consider

H(P)(z173) = AT (z'l)

2, € H(z122)
A v (z'l)
2, €H(x1 ) H(z3)

= wcadiney (ab) ("3 xy = ab such that a € H{(z1) snd b€ H (-’-‘:2))

= A W{ab)
acH(z1)
bcH(zz)

> A min{¥{a), ¥ )}
ocH{z1)
beH(z3)

= min{ A Tla), A lI'(b)}

acH(r) e H (2}

implies B (¥) (z132) > min{H (¥) (21}, H (¥) (22)}
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Next consider
HW) @m) = , A ¥(s)
sleH(zlmg)
= A ¥ {2
a:'lEH(:n)H(zs) (1)

ase e :}]H(zg)w (ab) (as 7y = ab, such that a € H(z,) and be H (:1:2))

A U (ab)
oM (%1}
beH(zq)

¥
wechion Y @

unphes fi(‘l’) (2713?2) > ﬂ("l’) (31) .

v

Hence H (V) is a fuzzy left filter of S. Similarly it can be shown that A (W) is a fuzzy

right filter of 5. @

The following example shows that if H is a SVIH, then for a fuzzy filter ¥, its

upper approximation H (¥} may not be a fuzzy filter.

2.1.10 Example

Consider the fuzzy filter ¥ of § from example 2.1.8.
Now let us consider H : $ — P*(S) be a SVIH ie.
(i) H(z1) H(z2) = H(172)

(#5) ifx1 <z9— H(w) CH{(z1).
Where P*(S) consist of all non-empty subset of S. Now if H (f) = {a,d, e} and

H(e) = {a}, then as f < e=> H(e) C H(f) but H(¥)(f) 4 H () (¢}. Hence in

SVIH it is prove that H (¥) is not a fuzzy left (resp. right) filter of S.
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2.1.11 Theorem

Let H : § —> P*(S) be 2 SVMH and ¥ be a fuzzy bi-filter of S. Then H(¥)is a
fuzzy bi-filter of S.
Proof. From Theorem 2.1.7, we have if z; < a5 implies H (1) € H (z2). Then
H () (z1) < H(¥)(zp) forallz;, 23 € S. Also 7 (¥) (z122) > min {H (¥) (z1) , H (¥) (=2)}-

Therefore we consider the following for any 2,72 € 5.

H(¥) (z17221)

\4 ] (z'l)
z e H(z12321)

= vV \I’ (I 1)
wyeH(m ) H(z2)H (%)

as £, = aba such thet a € H (2)

v ¥ (aba)
abacH{z1)H{za)H(21) and b € H (za)

= v U(aba)
ecH(z1)
beH(zz)
acH(z1)

v ¥(a)
acH{z1)

implies ﬁ(‘l’) (313?2.’31) > -H_ (‘I’) (31)

v

Hence H (¥) on S is a fuzzy bi-filter of S. ®

2.1.12 Theorem

Let H : § — P*(S) be a SVIH and ¥ be a fuzzy bi-filter of 5. Then H(¥)isa
fuzzy bi-filter of 5.
Proof. From Theorem 2.1.9, we have if ; < %2 implies H (z2) € H{(z)). Then

H () (z1) < H(¥) (22) forall 7y, 23 € §. Also H (V) (zyx2) 2 min {H (¥) (1), H (¥) (z2)}.
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Therefore we consider the following for any z,, %2 € §.

H(¥) (mazzm) =

v

iIIl]JliES H ('I’) (3713231) >

A v (:c'l)
#, € H(z12221)
A L] (z;)
=, EH(z1)H(za)H (1)

88 T) = aba such that a € H (21)
A ¥ (aba)
abacH{z; ) H{z2)H(=1) and be H (mz)

A {(aba)
acH(z1)
beH (z2)
acH(=1}

ﬂEf{'}n)‘I’ (a)

H(¥) (=)

Hence H () on S is a fuzzy bi-filter of S. ®

2.1.13 Theorem

Let H: 8§ — P*(5) beaSVI\}IH and ¥ be a fuzzy quasi-filter of S, Then H (V) is

a fuzzy qausi filter of S.

Proof. From Theorem 2.1.7, we heve if #; < z; implies H (1) C H (z2). Then

H (‘1’) (.’L'l) < E (\I’) (:‘.'.‘2) forallz;,zz € S. AISDE-(‘I’) {I]iﬂg) 2 min {F {q’) (31) 3 H (\I’) (33)}.

Therefore we consider the following for each z,, 73, 23 € S we have z;22 = T3%1 holds.
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Then consider

H (V) (z172) = v ¥ (-"-'1)

7, €H{z123)

= v ¥ (:c',)
z; eH(z1)H(xs)

= v W(ab) (asz, =abwherea € H (z1) and b € H (z3))
abeH (1)H(z2)

= v Vad)
acH(z1)
beH{z3)

< v Uia
= acH(z:) ()

implies H (¥) (z172) < H(¥) (=)

Hence H (¥) on § is a fuzzy quasi-filter of S. ®

2.1.14 Theorem

Let H : § — P*(S) be a SVIH and ¥ be a fuzzy quasi-filter of 5. Then H (¥) is a

fuzzy gausi filter of S.

Proof. From Theorem 2.1.9, we have if z, < =3 implies H (z2) € H (x1). Then
H (¥) (z,) < H(¥) (z2) forall 7,7 € S. Also H (¥) (213;) 2 min {H(®) (21), H{¥) (z2)}.

Therefore we consider the following for each 24, ¥z, 23 € S we have 7123 = T3Ty holds.
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Then consider

H(¥) (212 A (g
@) =, A (=)

= A v z;)
zy € H{z1}H(w2)

¥ (ab) (as #, = abwherea € H(z) andbe H (w2))

Il

A
abeH{z1)H(za)

= A V(ab)
acH{=1)
beH(za)

aefﬁm)w (a)

implies H (¥) (z1%9) < H(¥)(z1)

IA

Hence H (¥) on S is a fuzzy quasi-filter of S. ®

2.2 Approximations of (€,& Vg)-Fuzzy Filters in
Ordered Semigroups

In this section, roughness in (€, € Vg)-fuzzy filters is being studied. A fuzzy point ¢
of S is said to ‘belong to’ fuzzy subset ¥ denoted as z; € U, if ¥(z) > ¢, and is said
to ‘quasi-coincident with’ a fuzzy subset ¥ denoted by z.g¥, if ¥(z) +¢ > 1. To say

that z; € Vq¥ means that x, € ¥ or T q¥.

2.2.1 Definition [7]

A fuzzy subset ¥ on S, is known as (€, € Vg)-fuzzy left (right) filter of §if
(FF@) (V:I?h:vz € S and Vi, € (0, l]) (.’I.']_ < X3, %1 € W implies zq, € VQ'I‘)

(FF;) (V21,73 € S and Vi, t2 € {0, 1]} (z1, € ¥, Tar, € ¥ implies (2172 hminger 12} € VET)
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(FFg) (Yz,22 € S and ¥t; € (0,1]) (xa, €V implies (172, € Va¥(resp.(2221),, € VGYL))-
If ¥ is both (€, € Vg)-fuzzy left filter and (€, € Vq)-fuzzy right filter of S, then

¥ is called (€, € Vq)-fuzzy filter of 5.0r equivalently, ¥ is known as (€, € Vg)-fuzzy

filter of S if it holds condition (FFs), (FFy), and

(Vz,,2; € S and Vi) € (0,1]) (z132)y, € ¥ implies Zy,, € V¥, Tor, € V¥).

2.2.2 Definition [7]

A fuzzy subset ¥ is called (€, € vq)-fuzzy bi-filter of 5 if it holds conditions (FFs), (F F7)
and

(FFy) (V21,22 € S and Vi € (0,1} (1, € ¥ implies (212271 )¢, € VQY).

2.2.3 Lemma [7]

¥ is called (€, € Vq)-fuzzy left (resp. right) filter of S if and only if it satisfies
(FFG') (leg$2 € S} (.."':'1 < Ta, 'I’(wg) > min{'I! (171),0.5})
(FFp) (921, %2 € S) (¥ (z125) 2 min {¥ (z,) , ¥ (z3) ,0.5})

(FFy) (Vx1, 23 € §) (¥ (2122) 2 min {¥ (z,),0.5} (resp. ¥ (£122) > min {¥ (z2),0.5})).

2.2.4 Lemma [7]

¥ is known as (€, € Vq)-fuzzy bi-filter of S if and only if it holds conditions (FFy),(FFp)
of lemma 2.2.3, and

(FFy) (Y1,%2 € S) (¥ (z1321) > min {¥ (1) ,0.5}).
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2.2.5 Theorem

Let H : S — P*(S) be a SVMH and ¥ be (€, € Vq)-fuzzy le ft (resp. right) filter

of S. Then F (¥) is (€, € Vg)-fuzzy left (resp. right) filter of 5.

Proof. To prove this theorem we have to see that H (V) satisfies (FFy), (F Fy)

and (FFy). If for each #,,7, € S we have z; < T, then H(z1) € H(z2). Now

consider

min (A (¥) (z1),0.5)

That is min (H (¥) (z) ,0.5)

Next consider

min (7 (¥) (z1) , H (¥) (22) ,0.5)

implies min (I (¥) (z1) , H (¥) (2),0.5)

1A

<

min (;,e;(mw (:n) ,0.5)

s, i ¥ (z',) ,0.5)

3351\;(33)'1, (3;2)

—H_(\I') (&32)

min (s;eg(ﬂ)tli (..'-:’1) %EX(”)\IJ (3:2) 0.5)

. ez{ﬂ)min (\I‘ (:::'1) , (3'2) ,0.5)
z,€Hiza)

x;z;H(::}H(zz]min (w (zll) ¥ (m;) ’0'5)
min (¥ (1) ¥ () 09)
v (i)

31 x EH(:;M)

zlzzeﬂ'[:nzz)
H () (0:122)
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Next consider

min (E (\Il’] (31) 1 0'5)

implies min (7 (¥) (z1),0.5)

IA

mm( v () ,0.5)
2 €H(z1)
o), ('Ir (..":) ,0.5)

v ¥ (:l:’lz;)
= el {=1)
TyEH (z3)

\' ¥ (:c'lx' )
2y 25 H (21 ) H(z3)

v v (x‘,a;;)
z;x; cH{zyz2)

H (¥} (2132)
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Therefore H (¥) is (€, € Vg)-fuzzy left filter of S. Similarly it can be shown that

H (T) is (€, € Vg)-fuzzy right filterof 5. ®

2.2.6 Theorem

Let H : S —s P*{(S) be a SVIH and ¥ be (€, € Vq)-fuzzy left (resp. right) filter of

S. Then H (¥) is (€, € Vq)-fuzzy left (resp. right) filter of S.

Proof. To prove this theorem we have to see that H (¥) satisfies (FFy), (FFr)

and (FFy). If for each z;,22 € S we have z; < 3, then H (z3) € H (z1). Now

consider

min (H (¥) () ,0.5)

That is min (H (¥) (z,),0.5)

min (z;a;}ww (a:’,) ,0.5)
z;e:f\(mmin (‘I’ (:.,-’1) ’0'5)
w'aeg(wa)w (m;)

H(¥) (z2)
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Next consider

min (2 (¥) (21}, H (¥) (25),0.5)

implies min (2 (¥)(z,}, H (¥) (z3),0.5)
Next consider

win (H (¥) (1), 0.5}

implies min (H (¥){z,),0.5)

<

min (ﬁe}/}ws{: (=) i (a5) 0.5)
A min (‘I‘ (:c;) ¥ (.1:2) ,0.5)

=z, €H(z1)
Zy€H(za)

siz;fng)mn) min (w (w;) ¥ (m;) ’0°5)
31’255(3132) ( ( ) ( ) )

¥ (zi3)
EANT | [:1 za)

H (V) (zy22)

.1;'1) R 0.5)

min
.’BIEH{SL’

mia (¥ (1) ,05)
zlEH(zl)

A Y -’51-'52)
a"1'519'(::1)
#2€H(32)

A ¥ (ml:c;)
223 €H (a1 ) H (w2}
A ¥ (a:'l:v;)
oy
T agEH (x139)

H () (z122)

Therefore H (¥} is (€, € vg)-fuzzy left filter of S. Similarly it can be shown that

H (V) is (€, € vq)-fuzzy right filter of S.

2.2.7 Theorem

Let H : § — P*(S) be a SVMH and 2 fuzzy subset ¥ be an (€, € Vq)-fuzzy bi-filter

of S. Then H (¥) is {€, € Vq)-fuzzy bi-filter of 5.
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Proof. From Theorem 2.2.5, we have if 2y < =, then H (x;) € H (z3), there-
fore (V) (zz) > min(H (¥)(x1),0.5) for all 31,32 € §. Also H(¥)(z122) 2
min (7 (¥) (z,) , H (V) {22),0.5} . Next to prove this theorem we have to see that

H (V) satisfies (FFy). Therefore we consider the following for each ,,2, € S.

min (H (¥) (z,),0.5) = min (3:Eg(al)‘lf (31) ,0.5)
= s;eg(ﬂ)min(‘ll (<) 0.5)
< v | zz.1,

3;EH(:1) ( ik 1)
z:,EH(zg)
x,EH(z1)

L

LN
Ty Zqx EH(21)H (z2)H (1)

= v v (z'la:;w'l)

§r
) Zpzy EH{z12271)

implies min (A (¥) (1),0.5) < H(¥)(z12221)

Hence it is clear that 7 (¥) on S is a (€, € Vg)-fuzzy &-filter. =

2.2.8 Theorem

Let H : § — P*(S) be a SVIH and a fuzzy subset ¥ be an (€, € vg)-fuzzy bi-filter
of 5. Then H (¥) is (€, € Vg)-fuzzy bi-filter of S.

Proof. From Theorem 2.2.6, we have if z; < x3, then H (x2) C H (1)}, there-
fore H (¥} {x;) > min(H (¥)(x),0.5) for all ,2; € S. Also H (V) (22} =

min (H (¥) (1), H (¥) (x2),0.5) . Next to prove this theorem we have to see that
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H () satisfies (FFy) . Therefore we consider the following for each x),z; € S.

min (H (¥) (1), 0.5)

implies min (H (¥) (2,),0.5)

min (ﬁegww (z;) ,0.5)
oy (¢ (:rl) ,0.5)

A ¥ (a:'la;;z'l)
x' eH(n)
zocH(za)
# EH(=1)
N v (w'lx;x'l)
&2z e (@) Hza)H{z1)

LA

A v (:1:13:2:61)

zyeya) EHa1z31)

H(9) (z12271)

Hence it is clear that H (¥) on S is a (€, € vg)-fuzzy bi- filter. ®

2.3 Approximations of (€, € Vgk)-Fuzzy Filters in

Ordered Semigroups

In this section, roughness in (€, € Vgk)-fuzzy filters is being studied. A fuzzy point

@y, of S is known to ‘belong to’ a fuzzy subset ¥, denoted as zy; € ¥ if ¥(z1) > ¢, and

is said to be a ‘quasi-coincident with’ to ¥, denoted as 2y,qk¥, f ¥(z) +E+ K > 1,

where k € [0,1).

2.3.1 Definition

A fuzzy subset ¥ on S is known as (€, € Vgk)-fuzzy left (right) filter of S where

k € [0,1) if it holds the following conditions
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(FFy) (V21,23 € S and ¥t € (0,1]) (21 < 23,71, € V implies Ty, € Vgk¥)

(FFu) (V:L‘l, a2 € £ and Vt],tz c (0, l]) (xlgl,zgg, ev lmplies (Ilzz)mjn{n.tz} = VQk\I’)

resp. (z2%1),,

(FFm) (V.?J],xz eSand ¥t € (0, 1]) T, € ¥ implies (leg)h € Vgk¥

€ VgkV¥

If ¥ is both (€, € Vgk)-fuzzy left filter and (€, € Vgk)-fuzzy right filter of S, then
¥ is called (€, € Vgk)-fuzzy filter of S.Or equivalently W is known as (€, € Vgk)-fuzzy

filter of S if it holds (FFyg),{FF11), and

(Vzy, 22 € S and V¢, € (0,1]) ((T123)e, € ¥ implies 2y, € VghV¥, y, € Vgk¥).

2.3.2 Definition

A fuzzy subset ¥ on S is known as (€, € Vgk)-fuzzy bi-filter of S if it holds (F"Fu), (FF2)

and

(FFy3) (Vz,, 22 € S and Vi, € (0,1]) (21, € ¥ implies (z12271),, € vgk¥).

2.3.3 Lemma

A fuzzy subset ¥ on S is known as (€, € Vgk)-fuzzy left (resp. right) filter of S if and

only if it satisfies the following assertions
(FFID') (V$1s32 c S) (.."J] < 332,‘1’(.1:2) > min{@ (3;1) , %}]
(FFyy) (V51,21 € 5) (¥ (012) 2 min {¥ (@1), ¥ (@2), 5% ))

(FFlzf) (Vz),22 € S) (\I’ (I]Ig) 2 min {q’ (.."}'1) ’ -l—;'—k} (resp. ¥ (:1'.'13.72) 2 min {'-I’ (Iz},

—k

1
2

).
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2.3.4 Lemma

¥ is known as (€, € Vgk)-fuzzy bi-filter of § if and only if it holds (FF,y),(FFy)

of lemma 2.3.3, and

(FF,g) (V21,3 € 8) (¥ (z172m1) > min {¥ (21}, '58}) -

2.3.5 Theorem

Let H : § —s P*(S) be 2 SVMH and ¥ be (€, € Vgk)-fuzay left (right) filter of S.

Then H (¥) is (€, € Vgk)-fuzzy left (right) filter of .

Proof. To prove this theorem we have to see that H (¥) satisfies (FFip ), (FFyy)

and (FFy). If for each z;,22 € S we have x; < ¥, then H(z,) C H (z2). Now

congider

min {’H (T) (@),

that is min {ﬁ () (z1),

k

1-
2

k

1-—
2

}

}

&5

}
}

1=
mm{ v ¥(s}),
2y EH(21)
. iy 1
v mm{'l' (:c,),
z;EH(zl)
v ¥ z,
zheH(za) (2)

H(7) (z2)

ml Ml
a—




Next consider

o _ _ 1—Fk : N 1—k
= i = mi v Pz, V Vilz),—
mm{H(q')(xl)&H(‘I’)(zﬂ! 2 } mm{:;c-ﬂ(m) (1) e (z) 5 }
! ’ lﬂk
= v min{\If(ml),lI'(mz), 5 }
z‘lEH{zl)
2, €H(xs)
' vy 1—-4&
= v mneV¥iz, ), ¥{z ,—}
2,2 eH(z1) Hizz) { (‘) (2) 2
' N 11—k
= v n{¥lz,},¥|= ,—}
z;z;EH(zlza)mJn{ ( l) 2) 2
< v H®(5e)
z'lz;EH(mlxg)
= e 1-k —
implies mm{H(‘Ii) (21}, H (¥) (x2), 3 } < H(W)(z122)
- Now consider
_— 1-&% N 11—k
i ! ,—— 2 = min v ¥lz,),—
mm{H( =) 5 } {z'leﬂ(sﬂ (1) ) }
N 1—k
= v mins¥iz ,—-—}
zieH(sl) { (l) 2
< v \If(:s'lx;)
r'EH(m)
T EH(z2)
= \% 'Il(m’lz;)
T @y H(z1)H (x7)
= v ¥ [z,
T Tie H{z1za) ( ! 2)
N .= 1-k& —=
implies min ¢ H (¥} (z;}, 5 < H(¥)(z152)
\‘-"}]t

Hence H (¥) is (€, € Vgk)-fuzzy left filter of S. Similerly we can show that H (%) is

(€, € Vgk)-fuzzy right filter of 5. ®
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2.3.6 Theorem

bl Let H : § — P*(§) be a SVIH and ¥ be (<, € Vgk)-fuzzy left (right) filter of 5.
Then H (V) is (€, € vgk)-fuzzy left (right) filter of S.
Proof. To prove this theorem we have to see that H (¥) satisfies (FFia'), (FFi1r)
and (FFiy). If for each z;,2; € S we have z; < z,, then H (z;) C H (r,). Now
consider
1- 1—-%
min < H (¥ ,—— ¢ = mi AT —_—
. {__( ) o), 13 min {zlmﬁ) (). 55 }
Ny 1—k
= A in{ ¥ ,
o eH(zm) mm{ (x‘) 2 }
- < AT
\mi? - 3355(3“2) (ﬁg)
that is min {ﬁ(q’) (.'51) ’ '1% < E(\I’) (:‘.‘:2)
Next consider
, 1-k% . ' 1-k%
min{ H () (=) H(¥) (22), 5~ = ming A ¥(5), A ¥(s),
2 & eHa) L€ H(za)
J ') 1 - k
z;EH{zl) ( ) ( ) 2
2,€H{x3)
. 1-k
= A min z,],
=zl (51)H{z3) { ( ) ( ) }
5 _ ’ 1 k
» I ’2EH{2122} { (1'1) ( ) }

implies mm{ (W) (1), £ () (z2),

)

IA

A H(W) (32)

s:’l s;EH (z1xa)

H (¥) (z122)

A
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Now consider

%
1-k N 1-k
min < H (¥)(z1),——p = min A Y|z, ——
o 15} - m{ g 965
N 1—k
= A ming¥(z), —}
z‘leﬂ(ﬂ} { ( ) 2
< AT (x’lw;)
£ €H(z1)
£4eH{za)
= A U (=,
&z H (@ (e) (=)
= A v ()2
T 2L EH (T122) ( 1 2)
implies min{g () (z;),l—;—k} < H()(z139)
EE;;
Hence H () is (€, € Vgk)-fuzzy left filter of S. Similarly we can show that H (¥) is
(€, € vgk)-fuzzy right filter of 5. m
2.3.7 Theorem
i Suppose H : S — P*(S) is a SVMH and ¥ is (€, € Vgk)-fuzzy bi-filter of §. Then

H(¥) is (€, € Vgk)-fuzzy bi-filter of S.

Proof. From Theorem 2.3.5, we can see that (FF,y) and (FF,,) hold for H (¥).
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For (FF,y ) therefore we consider the following for each 2,,2; € 5.

win {7 (#) @), "5 }

1-k

. N 1—k
- {=’1~'sa‘”f'(=n)ulj'r (zl) T2 }
. ' -k
3'161\;(31} e {W (ml) : 2 }

v v (m'lm'zm'l)
23 €H{=)
2,€H(z3)
z,€H(#)
v o (m;z’zm'l)
2} 257 €H (21 ) H(za) H(z1)

r ot s
'l’(xl:chl)

F (\I’) (2133:51)

z; z;a; eH(z1za7)

Hence H () on § is an (€, € Vgk)-fuzzy bi-filter of S. m

2.3.8 Theorem

Suppose H ;: § — P*(S5) is 2 SVIH and ¥ is (€, € Vqk)-fuzzy bi-filter of S. Then

H (V) is (€, € vgk)-fuzzy bi-filter of S.

Proof. From Theorem 2.3.6, we can see that (FF,y) and (FF,,r) hold for H (¥).




For (FF,g) therefore we consider the following for each =,,7; € 5.

min { (9 &2), 257 |

@

|
L]
_I'I'l
§>
e
_~
L
p —
N ok
ml |
x>
——

z'lef/}(z;)mjn {111 (:c‘) ’ : ;k}

AT a;’l::'zz'l)
3'1 €H(z1)
zyeH(a2)
o €H (=)

IA

L

= A ¥ (313231)
=), € () H(va) Hn)
= AU (x;m;m;)

z'l z',z'l €EH{z1zam1)

implies min {LI_ (F) (1), 1- k} < H(¥)(zyxze;)

2

Hence H (¥) on § is an (€, € Vgk)-fuzzy bi-filter of 5. =

fr
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Chapter 3

Roughness in Fuzzy Ideals in

Ordered Semigroups

In this chapter, study of roughness in fuzzy ideals in ordered semigroups is being
presented. Thus we will start with the following result.

» Approximations of fuzzy left (resp. right) ideal

» Approximations of fuzzy interior ideal

» Approximations of fuzzy bi-ideal and fuzzy quasi ideal

» Approximations of (€, € Vq)-fuzzy left (resp. right) ideal

» Approximations of (€, € Vg)-fuzzy interior ideal

»Approximations of (€, € Vq)-fuzzy bi-ideal

» Approximations of {€, € Vg)-fuzzy quasi ideal

» Approximations of (€, € Vgk)-fuzzy left (resp. right) ideal

» Approximations of (€, € Vgk)-fuzzy interior ideal

» Approximations of (€, € Vgk)-fuzzy bi-ideal and (€, € Vgk)-fuzzy quasi ideal

45




i Ui

46

3.1 Approximations of Fuzzy Ideals in Ordered Semi-
groups

In chapter 1st, we have defined fuzzy ideals and their generalization. In this section we
will recall it and then discuss the approximations of fuzzy ideals and approximations

of their generalization.

3.1.1 Definition [20]

A fuzzy subset ¥ of ordered semigroup 5 is called a fuzzy ordered subsemigroup of

S if it satisfies

(FI]_) (Vﬂ'-‘l,:u"g (= S) (‘I‘(?J].‘Bz) > min {"P(ﬁl),q’(:ﬂz)}) .

3.1.2 Definition [20]

A fuzzy subset ¥ of ordered semigroup S is known as a fuzzy left (resp. right) ideal
of S if it satisfies

(FI) (Va,,25 € S){Zy € 29 = ¥(21) 2 V(22))

(FI3) (Yx), 22 € S)(¥(z122) 2 ¥(72)(resp. V(zy22) 2 ¥(z1))).

A fuzzy subset ¥ is known as fuzzy ideal of S, if it is both a fuzzy left ideal and

a fuzzy right ideal of S.

From this definition we can also conclude the following
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3.1.3 Definition

A fuzzy subset ¥ is called fuzzy ideal of ordered semigroup § if it satisfy (FI,) and

(FI,) (Vz1, 23 € S)(¥(2122) > max {¥ (z1), ¥{z2)}).

3.1.4 Definition [22]

A fuzzy subset ¥ is known as fuzzy interior ideal of ordered semigroup S if it satisfies
(FL),(FI) and

(Ffs) (Vzl,a:g,xg & S) ("I’ (1?1..":332) 2 v (:53)) .

3.1.5 Definition [21]

Let ¥ be a fuzzy subset of ordered semigroup S. Then a fuzzy subset ¥ is said to be
a fuzzy bi-ideal of § if it satisfies (F'1) ,(F'I3) and

(Ffe) (le,xz,ﬂ}s = S)(‘F(xlﬂ:zxs) > min {'I’(.'B]), 'I’(xa)})

3.1.6 Definition [23]

A fuzzy subset ¥ of ordered semigroup S is known as a fuzzy quasi ideal of S if it
satisfies {F'I;) and

(FI) 9 2 (Toi)A(lo¥).

3.1.7 Theorem

Let H : § — P*{S) be a SVH and ¥ be a fuzzy ordered subsemigroup of S. Then

H (¥) is a fuzzy ordered subsemigroup of S.
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Proof. For any 2;,4%; € S, cohsider

y EWs) = v ¥s)

£ EH(z189)

= v v (:r.;)
M5 ) W(20)

vt (@) (20 %, = 0 much thot ¢ € H (s1) and b Fon)

= e {Oﬁl}iﬂ)w (e) ’m}in)i' (b)}

tmptios H () (5122) > 1ain (B (¥) (1), B (#) (2)}

g P T(H) o iy ordefid flbenigiop of 5. 8
3.1.8 Theorem

Let H: S — P*(S) be a SVH aitd ¥ be a Higdy ordéred subsemigroup of S. Then
H(¥) is » fussiy oidéred subeefnigroup of .
Proef. Similarly as sbave Theorem 3.1.7. ®
" In the tollowing, study of roughness in fuszy ideals of ordered semigroups is being
-m-wm@wmmmmﬁm@.

¥ 3.1.9 Theorem

Let 5 : S — P*(S) be a SVMH and ¥ be a fuszy left (resp. right) ideal of ordered

ssmigroup S. Then F (¥) is a furzy left (resp. right) ideal of ordered semigroup 5.




i)
£

b

X,

49

Proof. Yor each z,,2; € S with 2; < =, then H (x,) C H (rz) . Now we may

consider the following

H(¥)(z1)

AT (x'l)
z'lEH (=)

AU (:r;)
Z€H(z2)

implies H (¥) (z;) > H(¥)(z2)

v

Next

H®) (mz) = A np(z;)

z'; €H(z122)
= A ¥ (a:'l)
z1€H (=) H{zg)

¥ (ab) (as &, = ab such that ¢ € H (z;) and b€ H (3;2))

fa
ebeH (21} H{za)}

= A ¥(ab)
acH({z1)
beH{zxz)

(b
befﬂw ()

implies H (¥) (z1z2) > H(¥)(x2)

v

Hence H (¥) is a fuzzy left ideal of ordered semigroup S. Similarly it can be shown

that H (¥) is a fuzzy right ideal of S. ®

The following exemple shows that if H is a SVMH, then for a fuzzy ideal ¥, its

upper approximation H (¥) may not be a fuzzy ideal.
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3.1.10 Example
Consider a set § = {a, b, ¢, d, e, f} with multiplication table 1 and order relation.

Multiplication table for S

alblcld|elf

ajalajaljala|a

and

<= {(@,a),(5:8), (¢;9), (d ), (e €), (£, ), {f,€)} . Then (8,-,<) is an ordered
semigroup. Right ideals of S are {a,d} , {a,b,d} and §. Left ideals of S are {a}, {a,b} , {s,d},
{a,6,d},{a,b,¢,d} ,{a,b,d,e, f} and S. Define a fumzy subset ¥ : § — [0,1] by
¥(a) = 0.8, ¥(6) = 0.5, ¥(d) = 0.6 and ¥(c) = ¥(e) = ¥(f) = 0.4 Then ¥ is a fuzay
ideal of 5,

Now consider H : § — P*(S) be a SVMH i.e.
()  H(z) H (z1) = H (3122)

(‘W) if.’.l?l < g — H(El) - H(Ig) .
Where P*(S) consist of all non-empty subset of S. Now if H {e) = {b,c.d,e, f}

and H(f)={c,f},as f < e= H(f) C H(e) but H(B)(f) # H(¥)(e). Hence in

SV MH it is prove that T () is not a fuzzy left (resp. right) ideal of 5.
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3.1.11 Theorem

Let H : S — P*(S) bea SVIH and ¥ be a fuzzy left (resp. right) ideal of ordered
semigroup S. Then H (¥) is a fuzzy left (resp. right) ideal of ordered semigroup S.

Proof. For each z,,22 € S with &, < 73, then H (zz) € H (z,). Now consider

the following
HW@) = , v ¥(s)
z, EH(#)
> v ¥z
- x;EH{zs) (32)
implies H (¥} (51) 2 H(¥)(x2)
Next

H (V) (5,2 v ¥z
( )(Il 2) 2 eH(z153) (xl)

- xiemxmtm)q’ (zl)

= nbEH{s\:}H(zg)q’ (ab) (as 7, =absuch that a € H(z)) andb e H (2?2))

= v W (ab)

ecH(z}
be H{xa)

z Vv (b}

beH{z3)

implies H (¥) (z120) > H (¥)(z2)

Hence H (¥) is a fuzzy left ideal of ordered semigroup S. Similarly it can be shown
that H (¥) is a fuzzy right ideal of 5. m
The following example shows that if H is & SVIH, then for a fuzzy ideal ¥, its

lower approximation H (¥) may not be a fuzzy ideal.
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3.1.12 Example

Consider a fuzzy ideal ¥ of § as given in remark 3.1.10. Now consider H : § — P*(S)

be a SVIH ie.
(@) H(n)H () =H ()

(#) fpm<yp— Hp) CHG).
Where P*{$) consist of all non-empty subset of S. Now if H (f) = {a,b,d} and

H(e) = {a,d}, 88 f < e = H(e) C H(f) but H(¥)(f) ¥ H(¥)(e}). Hence in

SVIH it is prove that H ('¥) is not a fuzzy left (resp. right) ideal of S.

3.1.13 Theorem

Let H: S — P*(S) be SVMH and ¥ be a fuzzy interior ideal of S. Then H (V) is
a fuzzy interior ideal of ordered semigroup S.
Proof. From Theorem 3.1.9, we have z; < zg, implies H (x,) C H (z;), for each

xy,2; € S, then H (¥)(z;) 2> H (T) (2).Next consider

HW) (mz) = A q:(m;)

oy €H (x122)

= A o (-”";)
=, & H(z1)H(za)

= A ¥(ab) (ssz)=0b, wherea € H(s;) and be H (22))

abeH(x1}H(z3)

= A ¥(ab)
a€ H{x)
el (@)

> A min{¥(a),¥ (b))
acH(n1)
beH{za)

= min{ A Ta), A \I:(b)}

acH(z) beH (xa)

implies H (¥){zaz2) = min{H(¥)(z1), H (¥)(z2)}
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Consider

H () (mmazp) =

v

implies H (¥) (z12332) 2

53

A ¥ (:c’)
::'1 €H{x z2aza)
A v (:cl)
z) € H(z ) H(2a)H(z2)

asg;’l=acbwherea€H(3'1):
acbcH {'\f( H( ¥ {ach)
(m1)H (ws}H (w2} ce H(:ca) ﬂ.n.d b < H ($2)

A VU (ach)
acH {-‘l], }
cEH{=za}
becH(zq)
cEH [a:s)‘I’ (c)

H (%) (z3)

Hence H () is a fuzzy interior ideal of ordered semigroup S. ®

3.1.14 Theorem

Let H : .8 — P*(S) be SVIH and ¥ be a fuzzy interior ideal of ordered semigroup

S. Then H (V) is a fuzzy interior ideal of ordered semigroup S.

Proof, From Theorem 3.1.11, if z; < xz implies H (2} € H () for each &y, 22 €
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S, then H (¥) (z;) > H (¥) (z;).Next we may consider the following

1

_H-('I') (31132) ) EH\(fm m)w (:‘L")
1 1

= v v (z'l)
z\ €H () ) H(x2)

= V¥ (ab) (as &, = ab, where a € H{z;) end bc H (mg))

abe H(z) ) H(z2)

= Vv ¥(ah)
a€H(z)
be Hzg)

> vV min{¥(a),¥()}
P

= min{ v ¥, v 'I!(b}}

ecH{m beH(x3)

implies 7 (¥) (z,72) > min {H (¥) (z2), F (V) (z2)}
Consider

H (V) (x1@313) = v W (:a'l)

e e H{z12523)

= vV 'I' A
& € H (w1 V(=) Ha) ( 1)

asa:'1=a.cbwhereaEH(:r1),

= \ ¥ (ach)

acbe H{z1 ) H{z1)H{z2)

= V V(ach)
a€H(z)
ceH(xa)
beH{(m3)

oeies) Y (c)

implies H (¥) (z133z2) > H (¥) (x3)

v

Hence H (¥) is a fuzzy interior ideal of ordered semigroup S. =

¢ € H(z3) and b € H (z3)
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3.1.15 Theorem

Let H: § — P*(S) be a SVMH and ¥ be a fuzzy bi-ideal of ordered semi-group 5.
Then H (V) is a fuzzy bi-ideal of ordered semigroup S.

Proof. From Theorem 3.1.13, we have for each z),53 € S such that z; < =,
implies H (z;) € H (z2), then H(¥)(z) > H(¥)(2;) and also H (¥)(zyze) 2

min {H (¥) (z;) , £ (¥) (z2)} . Next for each z1,2p, 23 € 5, Consider the following

H(¥)(oygams) = = A w(zl)

2} € H{z15223)
= A v (:1:;)
=) €H{z1)H(z2)H(=3)

8s £, = abc where a € H (1),

T abeeH( II}( }H )\I! (abe)
21) H{za) Hlzs be H(x;) and c € H (z3)

= A Uabe)
ocH(z1}
bEH(22)
<Ef(z3)
A min{¥(a),¥(c)}
acH(z))
oEH{za)

= min{ A W), A lIf(c)}

v

acH(z) e H{za)

implies H (V) (217525} > min {H (¥) (z1), H (¥) (za)}

Hence H (¥) satisfies all the conditions of a fuzzy bi-ideal of 5, so H (V) is & fuzzy

bi-ideal of ordered semigroup S. =

3.1.16 Theorem

Let H : § — P*(S) be a SVIH and ¥ be a fuzzy bi-ideal of ordered semigroup S.

Then H (¥) is a fuzzy bi-ideal of ordered semigroup S.
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Proof. From Theorem 3.1.14, for each z;,2; € S such that z; < x» implies

H (z3) € H (71), then H (¥} (x,) > H (¥) (2) and also H (¥} (z122) >

min {H (¥) (1), H (¥) (z2) } . Next for each z,,2,, 23 € S, we consider

a\eH (\:wzzs)‘p (:x;_)
,;emﬂ,}j(ﬂmm‘l’ (‘”;)

as z’l = abc where a € H (1),

abee HY )YI{ 1H{ )'I’(abc)
T b€ H(z) and ¢ € H (z3)

v W {abc)
acH(z1)
beH(x3)
cEH{a'a)

Vv min{¥(a), ¥ (c)}
acH(z1)
cEH(x3)

i v ¥(e), v VT
mm{"ey(ﬂ} (ﬂ-) ccH{z3) (C)}

min {H (¥) (z1), 7 (¥) (2s)}

Hence H (¥) satisfies all the conditions of a fuzzy bi-idea), so H (¥) is a fuzzy bi-ideal

;‘:’:g
H (V) (513973) =
=
implies H (¥) (zZ913) 2
of ordered semigroup S. =
3.1.17 'Theorem
»

Let H : 5 — P*(S) be a SVMH and ¥ be a fuzzy quasi ideal of ordered semigroup

S. Then H () is a fuzzy quasi ideal of ordered semigroup §.

Proof. From Theorem 3.1.9, for each z;,2, € § such that #; < z; implies
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H(z;) C H(xp), then H (V) (r1) > H(¥) (x2). Next consider

H(¥)(z1)

implies H (V) (z1)

v

z;eg(q)‘p (:B'l)
A ((Fol)A(1oW)) (:1:'1)

£ eH(z,)

H((Wo1)A (1o ¥))(x:)

H((¥o1)A(108)(z,)

Hence H (V) is a fuzzy quasi ideal of ordered semigroup 5. m

3.1.18 Theorem

Let 4 : S — P*(S) be a SVIH and ¥ be a fuzzy quasi ideal of ordered semigroup

S. Then H (¥) is a fuzzy quasi ideal of ordered semigroup S.

Proof. From Thecrem 3.1.11, for each z,,22 € 9§ such that ;, € z; implies

H (z2) C H (z1), then H (¥) (z1) > H (¥) (x3). Next consider

H(¥)(z)

implies & (¥) (z;)

x;E};(n)w (I'l)
ey (Fo1)A(1o W) (x’,)

H((To1)A(1o¥))(z1)

H(To1)A(lo))(zy)

Hence H (¥) is a fuzzy quasi ideal of ordered semigroup S. m
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3.2 Approximations of { €,& Vq)-Fuzzy Ideals in

Ordered Semigroups

In this section, roughness in { €, € V¢)-fuzzy ideals is being studied. A fuzzy point
z; of S is said to ‘belong to’ fuzzy subset ¥ denoted as z, € U, if ¥{z) > ¢, and is
said to ‘quasi-coincident with’ a fuzzy subset ¥ denoted by =x,4¥, if ¥(z)+t > 1. To

say that z; € V¢V means that z; € ¥ or z;q¥.

3.2.1 Definition

A fuzzy subset ¥ of ordered semigroup S is called an (€, € Vg)-fuzzy ordered sub-

semigroup of § if

(£ 1g) (for each 1,2, € 8) (for all ¢,,t; € (0,1]) (zm,z% € ¥ implies (mlmg)m{tm} € Vqu-').

3.2.2 Definition

A fuzzy subset ¥ of ordered semigroup S is known as (€, € Vq)-fuzzy left {resp. right)

ideal of S if the following conditions are satisfies
(FIy) (for all 2,2, € S) (for all £; € (0,1]) (21 £ T2, T2y, € ¥ implies 7y, € Vg¥)
(Flo) (for all @y, 33 € 8) (Vt, € (0,1]) (w2, € ¥ implies (2172), € Vq¥ ((z221), € Vg¥)).
A fuzzy subset ¥ is known as (€, € Vq)-fuzzy ideals of S, if it is both (g, € Vg)-

fuzzy left and (€, € Vg)-fuzzy right ideals of S.
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3.2.3 Definition

A fuzzy subset ¥ of ordered semigroup S is said to be an {€, € Vg)-fuzzy interior

ideal of S if it satisfies (F Iy}, (F1Iy) and

(FI,y) (for all zy, x5, 73 € S)(for all £, € (0,1]) (3, € ¥ implies (212373),, € Vq¥).

3.2.4 Definition

A fuzzy subset ¥ of 9 is called an (€, € Vq)-fuzzy bi-ideal of S if satisfies (Flg) , (£']))

and

(FIhg) (for all zq,x0, 33 € 5) (Viy, 8 € (0,1]) (:l:u,,:cgg, € ¥ implies (T1%2%3) ings, 1} € Vq‘l') .

3.2.5 Definition

A fuzzy subset ¥ of ordered semigroup S is known as (€, € Vg)-fuzzy quasi ideal of
S if it satisfies (Flo} and

(Ffla) (fOl' all € S) (for all t € (0, 1]) ('Tlh € (‘I’ =] 1) A (1 L] ‘F) implies Ty < Vq'I‘) .

3.2.6 Lemma [25]

A fuzzy subset ¥ of S is known as (€, € Vg)-fuzzy left (resp. right) ideal of ordered
semigroup S if and only if it holds
(FI14) (for all zy,x9 € S){Z1 < T3, ¥ (zy) > min {¥ (z5),0.5})

(FIs) (for all 1,z € S) (Y (z129) > min {¥ (z2) , 0.5} (resp. ¥ (z122) = min{¥ (x,),0.5})).
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3.2.7 Lemma [25]

A fuzzy subset ¥ of ordered semigroup S is said to be an (€, € Vq)-fuzzy bi-ideal of
S if and only if it holds (FI14) of lemma 3.2.6 and
(F Ig) {for all &3, 72 € 5) (¥ (2132) > min {¥ (z1), ¥ (x2) ,0.5})

(FI) (for all xy, 22,73 € S) (¥ (212223) > min {¥ (1), ¥ (x3),0.5}).

3.2.8 Lemma [25]

A fuzzy subset ¥ of ordered semigroup S is known as (€, € Vq)-fuzzy interior ideal

of S if and only if it holds (F1y), (Flg) of lemmas 3.2.6, 3.2.7 and

(Frm) (fOl‘ all Ii,%2 € S) ('1’ (3:13323) 2 min {11' (33) ,0.5}) .

3.2.9 Lemma

A fuzzy subset ¥ of § is said to be an (€, € Vq)-fuzzy quasi ideal of S if and only if

it holds (F7,4) of lemma 3.2.6 and

(Fl) (for all £3,35 € 8) (¥ (z1) 2 min {((¥ o 1) A{10 )} (21),0.5}).

3.2.10 Theorem

Let H : 8 — P*(S) be a SVH and ¥ be (€, € Vg)-fuzzy ordered subsemigroup of 5.
Then H (¥) is an (€, € Vq)-fuzzy ordered subsemigroup of S.

Proof. To prove this theorem we have to see that H (W) satisfies (Flig). If for
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each 71, T» € S, now consider

min {ﬁ (‘I’) (11) y: ('1') ('7"2) :0'5}

implies min {H (¥) (z1) , H (¥} (2} ,0.5}
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min {z;eﬁ(m)q’ (:6'1) ’zgefl}(m)q’ (1;2) ’0.5}
A min{w(s),¥ () .05}

x, EH(x1)

szEH{’S)

A min {lI' (z’l) , ¥ (a:;) ,0.5}
&\ 236H (21)H(za)
A min {w (:cl) ¥ (x;) ,0.5}
21:;(5}1(:;:::}
A v (z’lz;)
2 3€H (x172)

H (V) (2122)

Hence H (¥) is an (€, € Vq)-fuzzy ordered subsemigroup of 5. ®

3.2.11 Theorem

Let H : § — P*(S) be a SVH and ¥ be (€, € Vg)-fuzzy subsemigroup of §. Then

H () is an (€, € Vg)-fuzzy subsemigroup of S.

Proof. Straightforward as Theorem 3.2.10. =

3.2.12 Theorem

Let H : § — P*(S) be a SVMH and ¥ be (€, € Vq)-fuzzy left (resp. right) ideal of

ordered semigroup S. Then H (¥) is (€, € Vg)-fuzzy left (resp. right) ideal of ordered

semigroup S.

Proof. To prove this theorem we have to see that H (V) satisfies (FI 1} and
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(FIys) . If for each z1,Ts € S with 1 < 2, implies H (%) € H (z;) . Now consider

min {35 eﬁ(:,}‘p (z;) ) 0.5}

= n mm{u(s).05)

3;6 H{z3)
AT (..":’l)
a:; eH(z1}

implies min {H (¥)(23),05} < H(¥)(z1)

min {E. (‘I") (3"2) ' 0'5]'

A

Next consider

sl {(z3)
- A min q:(x;),o.s}

::;E.H' (=3}

min {H (¥) (z),0.5} = min{ A w(z;),o.s}

!

< A 'I!(mlmz)
sleH(xl)
2 €H(za)

= A w(zm)
2, 2,€H (1) H(xz)

= A ¥ (m'la:'z)

ziz;eﬂ(ng)
implies min {H (¥) (z3),0.5} < H(¥)(z122)

Therefore H (¥) is an (€, € Vq)-fuzzy left (resp. right) ideal of ordered semigroup S.

3.2.13 Theorem

Let H : S — P*(S) be a SVIH and ¥ be (€, € Vg)-fuzzy left (resp. right) ideal of
ordered semigroup S. Then H () is (€, € Vq)-fuzzy left (resp. right) ideal of ordered
semigroup 5.

Proof. To prove this theorem we have to see that H (V) satisfies (¥y,) and
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(Flis). Y for each 2,,z; € S with 2; £ =3 implies H (%3} C H (1) . Now consider

the following

min {H (¥)(z2) 0.5} = mm{ Y \I!(:s;),l]j}

A
<
L=
B
—

implies min {7 (¥} (z2),05} < H (V) (z,)

Next consider

min {H (¥) (z2),05} = min{ v lI’(:cz),ﬂ.t’)}

= V min {q: (),05}
e3€H(z2)
v ¥ a:'lz;)

z €Mz}

zq€H(z2)

\ v (z’la:;)
s; =;€H (=1} H{z2)

= V' v (z;:s;)

w;z;EH(x;zz)

IA

implies min {H (¥)(z2),05} < H(¥)(z122)

Therefore H (¥) is an (€, € Vq)-fuzzy left ideal of ordered semigroup S. Similarly it

can be shown that H (¥) is an (€&, € vg)-fuzzy right ideal of 5. m

3.2.14 Theorem

Let H: S — P*(5) be a SVMH and ¥ be (€, € Vg)-fuzzy interior ideal of ordered
semigroup S. Then H (¥) is (€, € Vq)-fuzzy interior ideal of ordered semigroup 5.

Proof. From Theorems 3.2.10 and 3.2.12, we see that H () satisfies (F ;1) and
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(FIsg). Next for (FIyg) we consider the following for each z;,%2,%3 € S.

min {H (¥) (25),05} = min{ A ¥(z),05
T5€H(z3)
= A min{¥{z;),05
£ieH(zs) ( a) }
< AT z'l:::;.'c;)
z'IEH{:e;)
2,6 H (z3)
z;EH(ss}

A ¥ (z;x;x;)
""l 2'32; EH(x)H{za)H{x3)
v (z;x's:c;)
zia"'az'se H{z1z323)

implies min {H (¥) (z3),0.5} < H(¥)(z123%2)

Hence H (¥) is (€, € vq)-fuzzy interior ideal of ordered semigroup 5. m

3.2.15 Theorem

Let H:S — P*(S) be a SVIH and ¥ be (€, € Vg)-fuzzy interior ideal of ordered

semigroup S. Then H (¥) is (€, € Vq)-fuzzy interior ideal of ordered semigroup S.

Proof. From Theorem 3.2.13, we have for each 7,32 € S, if 1 < ¥ implies

H (z3) € H (21). Then min {H (¥) {22) ,0.5} < H (¥) (z,), Next let for each z, =, €
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S, we consider the following

min {H (¥) (z1), H (¥) (22) ,0.5}

implies min {H (¥) (z1},H (¥){=:),0.5}
Next consider

min {H (¥} {z3),0.5} =

implies min {H (¥) (z3),0.5} <
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= min {,;EX@J.}‘I’ (a:'l) ,Q;E}\;m)xla (:c;) ,0.5}

= E;E:(mmin qr(m‘,),»r(z;),o.s}
2,6H (x2)

= V' min {\IJ (:1:'1) ¥ (z;) ,0.5}
el (z1)H(z2)

= v min {!If (a:'l) U (:r;) ,(].5}
z;z;EH(mzz}

< Y v (:r'lm;)

z',z;EH (z132)

< H(¥){(z:122)

min {s;e}i(s,,;w (=) ,0.5}

V  min w(«.-.-;,),o.s}
:;EH(:::}
v ¥ x;x;,x;)
2, €H(z1)
2y €H{z3)
a, CH{z2)
% v (m'lm;:c;)
=) 255, H(z1 ) H(za) H(z2)

ror

A Ll (..ﬂ:,zazrz)

2, TyTa€ H(z1xaT2)

F('I’) (31223.."'.»2)

Hence H (¥) is (€, € Vq)-fuzzy interior ideal of ordered semigroup 5. @

3.2.16 Theorem

Let H : § — P*(S) be a SVMH and ¥ be (€, € Vg)-fuzzy bi-ideal of ordered

semigroup S. Then H (¥) is (&, € Vg)-fuzzy bi-ideal of ordered semigroup S.
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Proof. From Theorem 3.2.14, we have for each z),22 € S, if z; £ 23 implies

H (1) € H (z;). Then min {f (¥)(z2),0.5} < H(¥) (1) and also

= min {H (¥} (z:) , H (¥) (z2) ,0.5} < H(¥) (z122) . Next let for each 2,22, %3 € 5,
in {H (¥) (1), H (¥)(z5),0.5} = mi A ¥z}, A ¥(zy),05
min {H (¥) (z1) H(¥){zs) } n 2, EH{z1) ( l) TyEH(z3) ( 8) }
= A min{¥(z),¥(z;),05
(A min{v(5),9 () 03]
za€H (=3}
= A min { ¥ {z; }, ¥ (z3),0.5
s'lz;eﬂ{z;)H(za) { ( 1) ( 3) }
= A min{¥ (=, ), ¥ (z.),0.5
22\ eH (@173) { (Il) ( 3) }
< A v m;x;:c;)
z;z'EH(zl:rg)
336”(23]
= A v (w’lx'z:c;)
‘g, 52y 2y cH {2123} H(za)
= A U (22,2,
z';z;z;EH(nzna:s) ( 172 3)
implies min {H (¥) (21}, H (¥) (23),05} < H(¥)(z172%5)
Hence H () satisfies all the conditions of (€, € Vg)-fuzzy bi-ideal of 5. Therefore
H (%) is (&, € Vg)-fuzzy bi-ideal of 5. m
3.2.17 Theorem
Let H : S - P*(S) be a SVIH and ¥ be {€, € vq)-fuzzy bi-ideal of ordered semi-
group S. Then H (¥) is (€, € Vg)-fuzzy bi-ideal of ordered semi-group S.

I

Proof. From Theorem 3.2.15, we have for each z1,22 € 5, if 33 < £z implies
H (z2) C H (z1). Then min {H (¥) (z2),0.5} < H (¥)(x1) and also

min {H (¥) (z,), H (V) (x2),0.5} < H (¥) (z,22) . Next we consider the following for
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cach #1,Z3,%3 € S,

min {F (¥) (z1), 7 (¥) (z5) ,0.5}

implies min {H (¥) (1), H (¥) (23) , 0.5}

Il
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min {zgeﬁ(ﬂ).p (:;‘1) ,zgeg(zs}q’ (;.,»'3) '0'5}

v min{¥ (3:1) ¥ (a3) ,0.5}
z}EH(n)
3QEH{3S)

=§z;eH:il)H(=a)min {'I! (m") ¥ (3:;) ’0'5}
b

N mm{\Il (-"'1) ) :r:;,) ,0.5}
z;z;EH(zws)

A o :c’lz;a:'a)
G;z; cH(z z3)
z3€H{z2)
F o 1
Ve I (3'1 3233)
=z 2a29H(z120) H{23)

¢ o
' \'4 q’ 31I2$3
zy Ty sg€ H{z12323)

H (¥) (z13929)

Hence H () satisfies all the conditions of (&, € Vg)-fuzzy bi-ideal of S. Therefore

H (%) is (€, € Vg)-fuzzy bi-ideal of 5. m

3.2.18 Theorem

Let H : § — P*(S) be a SVMH and ¥ be (€, € Vg)-fuzzy quasi ideal of ordered

semigroup S. Then H (¥) is (€, € V¢)-fuzzy quasi ideal of ordered semigroup S.

Proof. From Theorem 3.2.12, we have for each z,,%, € §, if ; < Ty implies
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H (z1) C H (x2). Then min {H (¥) (z2) ,0.5} < H{¥)(z1), Next let for each ) € S,

min {H ((¥ 0 1) A (1 0 ¥)) (21),0.5}

implies min {H ((¥ 0 1) A (1 0 ¥)) (z4)},0.5}

min{ LA (Fo1)A(10¥)(a)) ,0.5}
z cH{z)
A min (((q: 01) A (Lo ¥)) (a:l) ,0.5)

= eH(z1)
AW (-""‘1)
a:;EH(:n)

H(T)(z1)

Hence H(¥) is an (€, € Vg)-fuzzy quesi ideal of ordered semigroup S. m

3.2.19 Theorem

Let H : § — P*(S) be a SVIH and ¥ be {€, € Vq)-fuzzy quasi ideal of ordered

semigroup S. Then H (¥} is (€, € Vi)-fuzzy quasi-ideal of ordered semigroup S.

Proof. From Theorem 3.2.13, we have for each ;1,23 € S, if z; < 2z, implies

H (2} C H (1) . Then min {H (¥)(z2),0.5} < H (¥) (z1),, Next let for each z; € §,

min {H ((¥ 0 1) A (10 ¥)) (21), 0.5}

implies min {H ((¥ 0 1) A (10 ¥))(z1),0.5}

mm{ L,V ((Fel)A(loW)) (z;),o.s}
z16H(z1)
v min{((¥Fo1)A(lo¥)) (z’l) 05}

T 6H(z1)
v ¥ (z;)
& €H(z)

H(¥) (z1)

Hence H (¥} is an (€, € Vg)-fuzzy quesi ideal of ordered semigroup 5. m
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3.3 Approximations of (€,€ Vqk)-Fuzzy Ideals in
Ordered Semigroups

A fuzzy point x;, of ordered semigroups § is said to “belong to” a fuzzy subset ¥,
written s z1z € ¥, if ¥(z1) > ¢. A fuazy point 2y of ordered semigroup S is said to be
& “quasi-coincident with” to a fuzzy subset ¥, written as zy,qk¥, if¥(z)+t+k>1,

where k£ € [0,1).

3.3.1 Definition

A fuzzy subset ¥ of S is known as (€, € Vgk)-fuzzy ordered subsemigroup of ordered
semigroup S if

(FlIz) (for all 1,22 € 5} (Vis, 82 € (0,1]}) (3’1‘1,272;2 € ¥ implies (£122)pinqe, 00} € qutll) .

3.3.2 Definition [26]

A fuzzy subset ¥ of S is called an (€, € Vgk)-fuzzy left {resp. right) ideal ordered

semigroup S if it satisfies the following conditions
(Fln) (V21,25 € §) (V) € (0,1]) (71 € 22, 2, € ¥ implies zy,, € Vgk¥)
(FLz) (Y1,32 € 8) {¥t; € (0,1)) {zzr, € ¥ implies (z122),, € VgkV (resp. (r221),, € vgk¥))
If ¥ is both an (€, € Vgk)-fuzsy left ideal and an (€, € Vgk)-fuzzy right ideal

ordered semigroup S, then ¥ is called an {€, € Vgk)-fuzzy ideal of ordered semigroup

S.
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3.3.3 Definition

A fuzzy subset ¥ of ordered semigroup S is called an (€, € Vgk)-fuzzy interior ideal
of ordered semigroup S if it holds (F'log), (FIn) and

(Flys) (for all 2y, 72,33 € S) (for all ¢,¢; € (0,1]) (zm € U implies (212522 age, ) € qu).

3.3.4 Definition

A fuzzy subset ¥ of S is said to be (€, € Vgk)-fuzzy bi-ideal of ordered semigroup &
if it satisfies (Ffzu) ’ (FI:;]_) and

(FIgq) (for all 2y, zp,z3 € S) (Viy,t2 € (0,1)]) (a:m,n:sg, € ¥ implies (I13233)m{g1 &) € Vqﬁ:\l’).

3.3.5 Definition

A fuzzy subset ¥ is known as (&, € Vgk)-fuzzy quaesi ideal ordered semigroup 3 if it
holds (ngl) and

(FIgs) (for all x; € 8) (for all i € (0,1)) (w1, € (¥ 91) A(10¥) implies zy,, € Vgk¥).

3.3.6 Lemma [26]

A fuzzy subset ¥ is known as (€, € Vgk)-fuzzy left (resp. right) ideal of ordered
semigroup S if and only if the following conditions are holds
(Flug) (for all z,,2; € S) (x; € =2, implies ¥ (,) > min {¥ (z,), kN

(FIz) (for all z,, 2, € S) (¥ (2,72) > min {¥ (z2),, 158} (resp. ¥ (z1z2) 2> min {¥ (z1),55})).
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3.3.7 Lemma

A fuzzy subset ¥ of ordered semigroup S is seid to be (€, € Vgk)-fuzzy interior ideal
of ordered semigroup S if and only if it holds {FIz) and
(Ffzs) (fOl' all Zy,T3 € S) (‘«I’ (:c;xz) 2 min {\I’ (zl) ’ ¥ (.1:2) ’ %})

(Fl) {for all z1,%2,33 € §) (¥ (212322) = min {T (z3), 1=E1).

3.3.8 Lemma [26]

A fuzzy subset ¥ of ordered semigroup S is knows as (&, € Vgk)-fuzzy bi-ideal of
ordered semigroup S if and only if it holds (Flsg) and (FFp) and

(Flzo) (for all z;, 3,73 € ) (¥ (21222) > min {¥ (1), ¥ (w3) , 155 }) -

3.3.9 Lemma

A fuzzy subset ¥ of S is said to be an (€, € Vgk)-fuzzy quasi ideal of S if and only

if it holds (F'Iy) and

(Fls) (for all zy,2; € §) (¥ (x;) 2 min {((Te 1) A{1o )} (z), 5£}) .

3.3.10 Theorem

Let H:8 — P*(5) be a SVH and ¥ be an (€, € Vgk)-fuzzy ordered subsemigroup
of S. Then H (¥) is an (€, € Vqk)-fuzzy ordered subsemigroup of S.

Proof. To prove this theorem we have to see thai H (¥) satisfies (FIz) . For this
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if for each xy, zg € S, we consider the following

Il
gt S—
"b
m
=>
2
L=
p——
B
-t
Samp
g:
m
i
g
el
]
W
S
ok
oo |
a—
L ——

min {E () (1), H(¥) (22}, : ;k}

1
A min{\Il (a:'l) ¥ (a:;) ,};—k}
z:‘EH(zt)
zoEH(2a)

‘ N 11—k
z;zgeﬂl(:l)ﬂ(zz}min {‘I, (ml) ,‘I, (32) , T}
, . N 1—k
T e {'I' (5) (). }
<, A w(@a))
7,7, €H (21232)

implies min {E(‘I’) (21}, H (¥) (23), ! ; k} < H(¥)(z172)

i

Hence H (V) is an (€, € Vgk)-fuzzy ordered subsemigroup of 5. m

3.3.11 Theorem

Let H: S — P*(S) be a SVH and ¥ be an (€, € Vgk)-fuzzy ordered subsemigroup
of §. Then H (¥) is an (€, € Vgk)-fuzzy ordered subsemigroup of S.

Proof. Straightforward as Theorem 3.3.10. m

3.3.12 Theorem

Let H: S — P*(S) be a SVMH and ¥ be (€, € Vgk)-fuzzy left (resp. right) ideal
of ordered semigroup S. Then H (¥) is an (€, € Vgk)-fuzzy left (resp. right) ideal of
ordered semigroup S.

Proof. To prove this Theorem we have to show that H (¥) satisfies (£'I2) and

(Fly) . For this if for each ;,2, € S, with z; < z, implies H (1) C H {z2), Now
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consider
. 1-k& ] N 1—k
= mm{ﬁ-(‘f') (22):—5 } = m{,,;ef}(z,,w ("’2) ' g }
N 11—k
= A in< W s
=;eH(zz)mm{ (1'2) 2 }
< A (e
- :a;'EH(:n) ( l)
imples min { (V) (zz),lg"} < H®)()
Next consider
min{H(\I!)(z:) lﬂk} = min A ‘I'(a:') 1-k
= 2}, 2 2;61{(:3) 1 2
N 1-k
= A min{¥{z,],
TR €H(Za) { ( 2) 2 }
- < A 'I'(mlz;)
- x, €H{z)
zo € H{za)
= A v (z'lw;)
=y 236 H (w1} A {wz)
= A ¥ ( z,
2 e (o1e2) (=)
-k
impios min { HL(®)(a2), 157 | < H(¥)(am)
Therefore H (¥) is an (€, € Vgk)-fuzzy left (resp. right} ideal of ordered semigroup
S wm
3.3.13 Theorem
=

Let H : S — P*(S) be a SVIH and ¥ be (€, € Vgk)-fuzzy left (resp. right) ideal
of ordered semigroup S. Then H (¥) is an (€, € Vgk)-fuzzy left (resp. right) ideal of

ordered semigroup S.
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Proof. To prove this Theorem we have to show that H (¥) satisfies (FIz) and

(FIy). If for each 71,32 € §, with zy < xp implies H (x3) € H (1), Now consider

the following

1-k
2

min {7 (9) z2),

1-k
2

implies {_I? (¥} (za),

Next consider

-k

min {ﬁ (¥) (z2) 5

implies min {-I?(lll) {z2), 1 3

}

}

—k

}

}

min {z',eg(sz)‘p (m;) ’

1'% min{\P (a:;) ;
zpc H(za)

=1
L]

—
E)

"}
}

%]

v v (:1:'1)
a:'le'H [x1)

H(¥)(z1)

j—_
1

o]

min { v ¥ :c;) -k }
:;EH(zzl) _
'y 1— k}
v min<¥{z;),
z;eH{zz) { ( 2) 2

v ¥ (:r'la:'z)
2,cH(z)
2,CH(z3)

v v (a:'lw'z)
2, Ty &H (1) H(za)
v U (xl:c;)

z’l z; €H(z173)

H () {z1202)

Therefore H (¥) is an (€, € Vgk)-fuzzy left ideal of ordered semigroup 5. Similarly

we can show that H (¥) is an (€, € Vgk)-fuzzy right ideal of ordered semigroup S. m

3.3.14 Theorem

Let H : § — P*(S) be a SVMH and ¥ be (&, € Vgk)-fuzzy interior ideal of S. Then

H (%) is an {€, € Vgk)-fuzzy interior ideal of S.
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Proof. From Theorems 3.3.10 and 3.3.12, we sce that H (¥) satisfies min { # (¥) (22), 552} <

75

H (¥) (1) and also min {E (¥) (1) , H (¥) (z2) s %} < H (V) (z172) foreach z,, 23 €

S with z; < =; implies H (z,) C H (z3). Now for (FIz) consider the following for

each xy, T, 23 € S.

min { £(9)(e2), 15

impliss min {E(‘I’) @), 5}

IA

A

. ' -k
- {’;e;}(za)@ ()53 }
A min{@(z;),lgk}

g€ H(oa)
AW (z'lx;m;)
3:1 cHiz1)
5'? €X(za)
zyEH (x3)

A ¥ (2)230))
2\ 23T € H{z ) H (23} H (z2)

v (a:'l:c;:c;)

z’l z;a;; €H(z12323)

H (T) (z1%372)

Hence H (V) is an (€ Vgk) fuzzy interior ideal of S. m

3.3.15 ‘Theorem

Let H; S — P*{S) be a SVIH and ¥ be (&, € Vgk)-fuzzy interior ideal of S. Then

H (¥) is an (€, € Vgk)-fuzzy interior ideal of S.

Proof. From Theorem 3.3.13, we have if z; < z, implies H (z;) C H (z4),

then min {H (¥) (z2) , 155} < H(¥) (1), for each 1,72 € 5. Next we consider the
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following for each 21,2 € S,

min {H(9) () H ) @), 15}

implies min {F (0) (1) , H () (z2), l;—k}

Next consider

mm{ﬁ(w)(xa)f;k} =

imples i {7 (¥) (s5), "5~ 5 <

- {= iy \ (=) e (=) %}
=V mm{'l' (3’1),@(3'2),1_'2_._&}
= v

et

e H(z1) o) {w (x) v (32) : 7 k}
- oy ma{w (). (@) 5
S e (517)

< H(¥)(z129)

Hetiten) min {\p (wa) ' %}

v ¥ (z'lz;z;)
T EH(au)
zo€H{xa)
zqeH{za)

v ¥ (3y2))

& myeh € H (o1 )} (x3)H (22)

v v (z',a:'s:s;)

z;z;z;EH{s;zsza)

H (V) (zy2322)

Hence H (V) is (€, € Vgk)-fuzzy interior ideal of ordered semigroup S. ®

3.3.16 Theorem

Let H : § — P*(S) be a SVMH and ¥ be (&, € Vgk)-fuzzy bi-ideal of S. Then

H () is an (€, € Vgk)-fuzzy bi-ideal of S.
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Proof. From Theorems 3.3.10 and 3.3.12, we see that H (¥) satisfies min {__H_ (V) (z2), %} <
H (V) (z1) and also min { H (¥) (1), H (¥) (2), 35} < H(¥) (912) for each zy, 22 €
S with 2; £ z, implies H (z;) C H (2,). Now for (FIy) consider the following for

each xy, %2, 23 € 5.

. ' n 11—k
e {:;Eﬁ(zl)q’ (551) ’ r;eﬁ(zs)w (Is) , T}

) ' N 1—F%
= ,‘le;\(m)mm {'If (ml) W (:ra) T }
T €H(z3)

, , N 1—k
= z;xgeﬂaﬂlf(za}mln{‘l, (ml)’@ (ms)’ 2 }

= z;z;EIAﬂzlzs)min {‘I’ (3,1) o (3;) ’ 1 ; k}

min {E_ (¥) (@1), £ (T) (23), %}

< A ¥ z’l:c;x;)
z;z;eﬂ'(slzs)
zyeH(x3)
= A ¥ (z7y3) )

.':'1 a’sztge H{zz3)H (xz)

ror oy
A ¥ T1Tqdq
z'lx'sz;EH(tlzasg}

N . 1-k
mplies min {1 (¥) @2), H(¥) 22), "5} < H(®)(@rea)
Hence H () satisfies all the conditions of (&, € Vgk)-fuzzy bi-ideal of S. Therefore

H (¥) is an (€, € Vgk)-fuzzy bi-ideal of S. ®

3.3.17 Theorem

Let H : § — P*(S) be a SVIH and ¥ be (€, € Vqk)-fuzzy bi-ideal of S. Then F (¥)
is an (€, € vVgk)-fuzzy bi-ideal of S.
Proof. From Theorems 3.3.15, we see that T () satisfies min {H (¥) (zz) , 15} <

H (¥) (1) and also min {H (¥) (1) , B (¥) (z2), 55} < 'I;I(\I') (z124) for each z;, 75 €




i

&

8
S with x; < z, implies H (x;) C H (x;) . Now for (Fl3) consider the following for

each &1, %9, T3 € S.

min {7 (9) ) F @ o0, 152} = rm‘n{ V¥ ()Y *(ﬁ@*%}

"'l cH{z) za€H{zx3)
1 [ 1 _ k
= v min{'P(wl),\I'(xa),T}
zyEH(x1)
zg€H(29)

= il min {@ EARTEN 1%‘“}
o 1

' —k
= \Y min ¥z ), (a:’ . }
x;z;EH(nxs) { ( . 3) 2

< A L (xlx;m;)
:;:;EH(:;::;)
z3€H(72)
= v v (x’la:'sz;)

7y 2973 € H (z173) H (2)

= v v (z’lx'aa:;)

z';:c;r;EH (z12a22)

Fa

implies min {E('I') (z1), H (¥) (z3), 1- k}

5 H (1) (212312)

Hence H () satisfies all the conditions of (€, € Vgk)-fuzzy bi-ideal of S. Therefore

H (¥) is en (€, € Vgk)-fuzzy bi-ideal of 5. ®

3.3.18 ‘Theorem

Let i : § — P*(S) be a SVMH and a fuzzy subset ¥ be an (€, € Vgk)-fuzzy quasi

ideal of 5. Then H (¥) is an (&, € Vgk)-fuzzy quasi ideal of S,

Proof. From Theorem 3.3.12, we have for each z1,7z2 € S, if 71 < 7» implies
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H (%) C H (23) . Then min {H (¥) (25}, 552} < H(¥)(2:), Next let for each 2, € §,

r

_ 1-k] (¥ o)) A{Lo®)) (7)),
min{H(VoDAQoW) (@), 57| = min A . |
\ T
] (¥e)A(1o9))(z),
= A min{ }
z,€H(=:) li'k'
< 3'163(31)?(%)

implios mia {H(¥o D) A (o) @), 152} < B9 G)

Hence H (¥) is an (€, € Vgk)-fuzzy quasi ideal of ordered semigroup 5. ®

3.3.19 Theorem

Let H : § — P*(5) be a SVIH and ¥ be (€, € Vgk)-fuzzy quasi ideal of S. Then

F(¥) is an (€, € Vak)-fugry quasi ideal of 5. |
Proof. From Theoremn 3.3.13, we have for each 2,23 € §, if x; < z; implies

H () € H{#). Then min {7 (¥) (zg), 352} < T (¥) (1), Weost et for each z, € S,

3

o

S (ﬂg o)A (168) (),

x o ,
RIS )
, {((‘I'ol)/\(mw))(,l)’
, vV min *
x €H{x1)

- 8 {F((% DA{de¥))(), l;zk}

1k
2

s
< v W z;
Helm) )

apt min (B (W0 ) AGo M) (m), 255} < F®m)

Heucs B (W) i an (€, € Vgh)-fusky quasi ideal of ordered semigroup 5. ®
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Chapter 4

Roughness in Fuzzy Filters and
Fuzzy Ideals with Thresholds

(u1,u9) in Ordered Semigroups

In this chapter we recall some basic definitions and theorem related to fuzzy filters
with thresholds (u;,up) and fuzzy ideals with thresholds (u,,us) of ordered semi-

groups. Thus we will start with the following result.
» Approximations of fuzzy left (resp. right) filter with thresholds (w1, us)
» Approximations of fuzzy bi-filter with thresholds (u1, us)
» Approximations of fuzzy ordered subsemigroup with thresholds (w, u2)
» Approximations of fuzzy left (resp. right) ideal with thresholds (u1,us)
» Approximations of fuzzy bi-ideal and fuzzy interior ideal with thresholds (u, u2)

» Approximations of fuzzy quasi ideal with thresholds (uy, u2)

81
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4.1 Approximations of Fuzzy Filters with Thresh~

olds (u;,us) in Ordered Semigroups

4.1.1 Definition [7]

Let uy, uz € (0,1] such that u; < us. Then ¥ is known as a fuzzy left (resp. right)
filter with thresholds (u,u3) of S if the following assertions are satisfies
(FFm) (VIl,Iz € S) (T] S Tq, MAX {‘I’ (1'82) ,‘llq} 2 l]l]ll{\I’ (fL‘l) ,‘1!2})

(FFi5) (Yo, 22 € §) (max {¥ (21%2) , w1} 2 min{¥ (21), ¥ (22) ,ua})

(F Fig) (V1,72 € S) (max {¥ (z,2;) , 41} 2 min {¥ (21}, uz} (resp. min {¥ (z3),uz})). |
if ¥ is a fuzzy filter of 5 with thresholds of S, then we conclude that ¥ is ordinary ‘
fuzzy filter when u; = 0 and u; = 1 and ¥ is (€, € Vq)-fuzzy filter when 1, = 0 and

wg = 0.5.

4.1.2 Definition [7]

Let uy,ug € (0,1] and wy < up. ¥ is called a fuz.zylbi-ﬁlt.er with thresholds (u;, ug)
of S if it holds (FFy,), (FFys) and

(FFyr) (V21,22 € S)(max{¥(z12221), w1 } > min{¥(z,),u;}).

4.1.3 Theorem

Let H:§ — P*(S) be a SVMH and ¥ be a fuzzy left (right) filter with thresholds
(u1,ug). Then H (¥) is a fuzzy left (right) filter with thresholds (24, u3) of S.

Proof, Foreach«,,7; € S with 3y < zpthen H (z,) C H (z2) and V 3, uz € (0, 1]
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with #; < uy. Now we may Consider the following

‘_ »

implies max {H (¥) (w2),u1} >

Next consider

"
-

max {7 (¥) (z172) %1}

e o

implies mex {H (¥) (z122), w }

max {-H_('I') (.’.Bg) ,'ul} =

max{ v ‘I’(ﬂ?;),ul}
2,6 H(za)

z,€H(z2)

= min{ v ¥
2 eH(1)

= min {HF(¥) (1), u}

min {H (¥) (@1}, uz}

max{ v v (33;) ;Ul}
t
z,€EH(z123)
vV max {'I-F (:.."'1) , u;}
2y €H(z172)
v max{tll (z;),ul}
zy €H(z1)H (x3)

where z; = ab and

e V)H( )max{llf (ad) ,uy}
B GEH(Il),bEH(mg)

vV max{¥(ab),u,}

acH(z1)
ScH{zz)

vV min{¥(a), ¥ (5),us}
acH(zy)
beH(xa)

mm{ v ¥{a), V
acH{z) beH(z32)

W(b),uz}
min {F (¥) (1), F (¥) (21), u2}

min {H (¥) (21), H(¥) (21), a}




- n - o - ST T TN et e 0 — s S Ela i e T
_ .a‘ - i =

e mox {H (¥) (z123) , 01} = ma.x{ M w(z;)’ul}

2| eH(z12s)
v ma:r.{'l' z;),ul}

%) €H(z122)

= V. max {'l' (n:' u
s eH (1) (e2) (21) )

where 2, = ab and ¢ € H (z;)

iy % (¥ (@0), w1} be H(z)

= VvV max{¥(ed),u}
ocH(z)
be (=)

S .
= lEf}/(n} min {']l (ﬂ) 1“2}

= mm{ v 'I'(a),ag}

seH(m)

}";a S = min {H (¥)(z1), w}
I il"l’u“ max {H (¥) (2122), 01} > min {H (¥) (1), u2}

Hmmce it is clear that T (W) is a fuzzy loft filter with thresholds (u,,vg) of S. Similarly
o can show that W (¥) is  fuzay right Slter with thresholds (1, w) of 5. ®
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with u; < uz. Now we may Consider the following

max {H (V) (z3), w1} = max{ A 'I'(:c;),ul}

}
= min{,/\ \P(:L'; .‘wz}
FheH(21)

= min{H (¥)(z:), u}

implies max {H (¥)(zz),u1} 2 min{H (¥)(z:},uz}

Now consider

max {H (¥) (z1%3) ,u1}

implies max {H (V) (z1%2) , %1}

max A

o
U CVRY

::;EH(::::}
A max{‘I' (:c;) ,ul}
:';EH(::;)H(IB}

where z, = ab and

abeH(A)H{ }ma.x{'l'(a.b),ul}
v a € H(z)),b€ H(z3)

A max {¥ (ab),u}
aEH(z1)
beH(z3)

A min {"I’ (G):‘I’ (b)s‘uﬂ}
o€H (%)
beH (za)

i v A
i {“EI‘?("—'I) (a) ’ l'Gl‘l'('-ta)‘F (b) ’ 1152}

min {H (¥) (z1), H (¥) (x1) , ua}

min{ﬂ(\l') (3:1) 'E (‘I,) (171) ,‘UQ}




= max A lli(z'l ,
2 cH{z122)
. ' }

W cH{mm)
- -;en'(::m..)m{* (z,) ‘"‘}

SR LR B

I

A - iax (U (ab), w1}
pocr -ui ,

o, min (¥ (a),8a)

= min{.e;\wwa),m}

min {H (¥) (1), va}

v

b &
il

implies max {H (¥) (z122),m} 2 min{H(¥)(x), v}

Hence it is clear that H (V) is a fuzzy left filter with thresholds (u,, ug) of 5. Similarly

we can show that J{ (¥) is a fuzsy right filter with thresholds (u1,u2) of 5. ®

4.1.5 Theédrem

Let ¥ be a fuzsy bi-filter with thresholds (u;,ug)ofSaﬂdH 18 — P*(S)bea
SVMH. Then ﬁ(ﬁ) is a fuzzy bi-filter thresholds (11, ug) of S.
i'_\

Proof, From Theorem 4.1.3, we see for each 71,22 € S with £; < 7 implies

H(z)) € H(z:) and Yy, uz € (0,1] with 4, < ua. Then max {H (¥)(z2), w1} >

min {H (¥) (z1), us} and also max {H (¥) (z:122) , %} > min {H (¥) (z1) JH (¥) (1) ,ug} .




¥

o

Therefore we consider the following ¥2;,22 € §

max { H (¥) (¢12531),w }

implies max {H (¥) (z1222:) , w1}

e {:;EH(‘;/:znm)‘I’ (x') ’ul}
v ma.x{lll (m;),ul}

2;_ GH(S‘l T2T) )

z;_eH(zl)I\z{(ts}H(zl e {w (3"") ’ “1}

abacH(z I)Y{(M)H {21) max {‘I’ (aba) » ul}

V  mex{¥(aba),u;}
acH(xy)
bdcH{za)
acH(zy)

in {¥
seitey DAY () uz}

i {Gef}fm)w (a) sﬂz}
min {7 (¥) (z1) v}

min {H (V) (z1) 12}
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z7 = aba where
ac H(.’Bl),

b€ H (z2)

Hence it is cleared that H (¥) is a fuzzy bi-filter with with thresholds {u;,us) of S.

4.1.6 Theorem

Let ¥ be a fuzzy bi-filter with thresholds (u;,u2) of S and H : § — P*(5) be a

SVIH. Then H (V) is a fuzay bi-filter thresholds (u;,uz) of S.

Proof. From Theorem 4.1.4, we see for each 7, T2 € § with z; < z; implies

H(x2) € H(z,) and Yuy,u; € (0,1] with #; < uy. Then max {H (¥) (x;),u:} >

min {H (¥) (21) , up} and also max {H (¥) (z12) , w1} 2 min {H (¥) (z1) , H (¥) (1), w2} .
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Therefore we consider the following ¥z,,z2 € S

max {H (¥) (z12221) , 3}

implies max {H (¥) (z1Z2%1) , 41}

max { A v (:cl) ,1&1}
z €M (z17371)
p e () ]
z; EH{z1x221)

A max {'I' (x'l) ,ul}
2y €H{z1)H(z2)H(z:)

%, = aba where

A mex {¥ (aba) ,u
abee H (z: ) H{za)H(z1) { ( ) 1}

a€ H(z),be Hzy)

A max {T (aba) ,uy}
a€H(z1}
beH(z3)
GEH(::[)

ae,ﬁmm{‘?(a) 2}

i A VU{a),
mm{aeH(zl) (ﬁ) ua}

min {H (¥) (1) , uz}

min {H (¥) (z1) , ve}

Hence it is cleared that H (¥) is a fuzzy bi-filler with with thresholds (u;, ug) of S.

4.2 Approximations of Fuzzy Ideals with Thresh-

olds (u;,us) in Ordered Semigroups

In this section roughness in fuzzy ideals with thresholds (u;,up) in ordered semigroup

is being initiated.
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4.2.1 Definition [32]

Let uy, wy € (0,1] such that u; < g, then ¥ is known as a fuzzy subsemigroup with

thresholds (u;, up} of S if the following assertions are satisfied
(FIs2) (Vzy,22 € §) (21 £ 22, implies max {¥(z,), v} > min {¥ (1), ua})

(FIas) (V1,22 € S) (max {¥ (z122) , 1} = min {¥ (1), ¥ (22) , u2}) -

4.2.2 Definition

Let uy,u € (0,1] where %, < u3, then ¥ is known as a fuzzy left (right) ideal with

thresholds (u, ua) of S if it satisfy condition (Flag) and

(FIaa) (Y1, 72 € S) (max {¥ (132}, w1} > min {¥ (22}, 12} (resp. min {¥ (z1),uz})).

4.2.3 Definition [32]

Let uy, us € (0,1] with uy < ug, then ¥ is known as fuzzy bi-ideal with thresholds

(‘1&1, 'u,z) of § if it satisfies (Ffag) y (Ffa;g) and

(FIss) (VZ1, 22,23 € 8) (max {W (2,2273) , % } 2 min (¥ (z,}, ¥ (z3),uz)}).

4.2.4 Definition

Let uy,uy € (0,1] where u; < up, then ¥ is known as & fuzzy interior ideal with

thresholds (u;, #p) of $ if it satisfies (FI3) , (FIa3) and

(FIsg) (Vz1, 29,23 € S) (max {¥ (z123%2) , w1} 2> min {¥ (3) ,ua}).
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4.2.5 Definition [32]

Let 4y, ug € (0, 1] such that u; < ug, then ¥ is called fuzzy quasi ideal with thresholds
(11, 12) of G if it satisfies (FI3;) and

(Fly) (for each z; € §) (max {¥ (z)),u} > min {{(T o1} A (Lo V) (21),uz2}).

4.2.6 Definition [32]

Let vy, up € (0,1] with u) < up, and ¥ be fuzzy quasi ideal with thresholds (uy, ug)
of S. Then ¥ is known as semiprime fuzzy quasi-ideal with thresholds (u;, u2) if

(F13g) (for each 2, € 5) (max (¥ (z1), w1} > min {¥ (z), us}).

4.2.7 'Theorem

Let ¥ be a fuzzy ordered subsemigroup with thresholds (u;,u42) of S and H : § —
P* (S} be a SVMH. Then H(¥) is a fuzzy ordered subsemigroup with thresholds
(u1,uz) of 8. |

Proof. For each z,,x; € § with z; < ,, implies H (z1) C H (z3) and Y, uz €

(0,1] with u; < ug. Consider the following

max {H (¥) (z;),m} = max{ A \If(x;),ul}

I
>
B
%
=)
n-H‘-
8
—

v
>
2
Ve
=
—
a.
N
©
[ 4]

H
e vy,
o
m
B>
g

L]

5]
S~
o —
K3

N it N piiid

implies max {H (¥)(21),w} > min{H (¥)(z2),u}
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Now consider

max {H (¥) (2122}, u1 }

implies max {H (V) (z122), %}

i

max :r: ,u
ZeH (8132)

A max {\Il (:cl ,u1
zyeH(z132)

A max {\IJ 1’;) . ul}
&, €H(z1)H{za)

A max { I ab
R LG

A max{¥(ab),u}
a€ H{zx1)
be H{z,)

A min {¥ (e), ¥ (b),us}
ez )
beH(xz)

min {ue é\ww (a) e Iﬁ”)\ll (b) ,ug}

min {.ﬂ (‘I’) le) ’ H ('I') (:1:2) ’ 152}
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as T, = ab where

a€ H(z)) and b € H (z3)

Therefore H (V) is a fuzzy ordered subsemigroup with thresholds (u;,us) of S. ®

4.2.8 Theorem

Let H: S — P*(S) be a SVIH and ¥ be a fuzzy ordered subsemigroup with

thresholds (u1, up) of S. Then H (¥) 54 fuzzy ordered subsemigroup of .

Proof. For each z;,29 € § with z; < x9, implies H (z2) C H (z;) and Vuy,uq €
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(0,1} with u; < up. Consider the following

max {H (V) (z1),1} = max{, Y \I'(a:;),u,}
}

implies meax {H (¥)(z1),w} > min {H (¥)(xa),u2}

Now consider

max {H (¥) (z132), w1 }

implies max {# (¥) (z122) , u1 }

max (w’, ) W1
‘l eH (ﬂzz)

l
max {\If z ),

zIEH(zlza)
v \I! T l,u
zlEH("l)H("ﬂ) ) 1}
as 3, = ab where a € H (z1)
abeH(v Ja) &X{‘I’ (ﬂ-b ‘-‘.51}
21 }za
and b € H (23)

V  mex {¥(ab),u}
aeH(z1}
beH (2}

V min{¥(a),¥{b},u}
acH{z1)
beH (xa)

min{ vV ¥{a}, V 'I’(b),uz}

ecH(n) beH(za)

min {H (¥) (z1), H (¥} (22) , u2}

Therefore H (¥) is a fuzzy ordered subsemigroup with thresholds (u;,u2) of 5. ®
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4.2.9 Theorem

a3

Let H:S — P*(S) be a SVMH and ¥ be a fuzzy left (right) ideal with thresholds

(u1,uz) of §. Then H (V) is a fuzzy left (right) ideal with threshold (u,,uz) of S.

Proof. From Theorem 4.2.7, we see that max {H (U} (2;), %} > min {H () (x3), 1z}

is hold for each 1,29 € S with 7, < @, imoplies H (1) € H () . Now consider the

following

max {H (¥} (z152) , 11}

implies max {H {¥) {z1%;),w}

max {z’leH?sm)‘I, (:r:;) , ul}
Z;EH?’-'lz!) e {‘P (.'B;) ' u]}
z;EH(a,::)H(ag} mex {\p (I;) ’ “‘}

¥
as r; = ab where ¢ €

MH(A)H( )max{‘l'(ab),ul}
B H (z1),and b € H (z,)

A max {¥{ab),u}
o€ H{z1)
deH{z3)

A min {2 6), )

min{,_p ¥(0),u]

beH (:ln)

min {H (¥} (22} , v}

Hence H (V) is a fuzzy left ideal with threshold (u;,u3) of S. Similarly we can show

that H (V) is a fuzzy right ideal with threshold (u1,uz) of S. ®

4.2.10 Theorem

Let ¥ be a fuzzy left (right) ideal with thresholds (u,,u;) of § and H : § — P*(S)

be a SVIH. Then H (¥) is a fuzzy left (right) ideal with threshold (uy, up) of 5.
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Proof. From Theorem 4.2.8, we see that max {H (¥) (1), 41} 2> min {H (¥) (z2), us}

is hold for each 1, z9 € § with z; < &, implies H (32) C H (). Now consider the

following

max {F(\I«') (2'.'1.-"','2) ,ul}

implies max {H (¥} (z1%2) , 1}

max v W (:.c'l) y 81
7 €H (x122)

Vv max \I’(:B;),tll}

#yeH(z172)
v max {\II (""1) ) ul}
T €H{z1)H(x2)

asm'l=abwherea€ H(Il)
v max {¥ (ab) ,u,}
ebeH(z1) H (z3) and b € H (z)

vV max{¥ (ab},u}
acH(z1)
beH(zz)

ey {¥®),us}

i v W),
ain{ 3,90}

min {Tf'(!lf) (z2) , wa}

Hence H () is a fuzzy left ideal with threshold (u;,up) of S. Similarly we can show

that H (V) is a fuzzy right ideal with threshold (uy, uz} of S. ®

4.2,11 Theorem

Let H : S — P*(5) be a SVMH and ¥ be a fuzzy bi-ideal with thresholds {u;,u2)

of . Then H (%) is a fuzzy bi-ideal with thresheld (2, u5) of S.

Proof. From Theorem 4.2.7, we see that max {H (¥) (1) ,u1} > min {H (¥) (z2) ,ua},

and also max {H (V) (2173) , % } > min {H (¥) (21}, H (V) (22), 22} are hold for each

€,,2s € S with 2y < x,, implies H (z1) C H (x2) . Next we consider the following for




a7

’14’”

each zy,Z,,23 € 5,

max {H (¥) (212273} , u1}

implies mex {H (V) (z122%3) , u1 }

v

>

max A v (3?'1 ) W1
=) €H(z12373)

A max {\I’

3‘1 cH{z1zz3z3)

A max { (3;1) s U3 }
a:'; EH (%1} H (x3)H(z3)

~—
B
S N
8
=
‘w—l

asz'l=abcwith\

ac H(z),
A max {¥ (abc) , u; }
aboe H ) H(23)H(#a) b € H (z2)}

\ and c € H (z3) /
A max{¥(abc),u}

acH{x1)
beH(ra)
ccH(zs)
A min{¥ (a),¥ (c),us}
a€H(z1)
ocH{zy)

mm{ A T(a), A ‘I’(C),ﬂg}

e€H{z1) e Hzg)

min {H (¥) (1), H (V) (z3) , u2}

Hence H (W) satisfies all the conditions of fuzzy' bi-ideal with thresholds (w1,u2) .

Therefore H (V) is a fuzzy bi-ideal with thresholds (u,uz). ®

4.2.12 'Theorem

Let H : § — P*{S) be a SVIH and a fuzzy subset ¥ be & fuzzy bi-ideal with

thresholds {u;,u;) of S. Then H () is a fuzzy bi-ideal with thresholds (uy, ug) of 5.

Proof. From Theorem 4.2.8, we see that max {H (¥) (1) ,u1} > min {H (¥)(x2) , 42},

end also max {H (¥) (@122), %} = min {H (¥)(z1),H (¥) (¥2),u2} are hold for

each z,,Tp € S with 2, < x, implies H (x2) € H (1) . Next we consider the following
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for each 2,22, 23 € S,

max {ﬁ (‘I’) (.."'".»133.’33) » 'u,l}

implies max {H (¥) (12273}, %}

n

v

2

y U]

mex {x;EH(szza)‘p (m!l) , "’1}
v max {'If (..ﬂ:'l) u }

21 €H{z17213)
\' Imax {'I! (a:'l) ,ul}
7 EH{a1) H(z2)H(z3)
as :r:'I = abc where

max {¥ (abc), 1} | ac H(x),be H(x),

Vv
aboe H (1) H (za) H(x3)
and ¢ € H (z3)

v max{¥(abc),us}
e H(z;)
beH{(za)
c€H(zz)

v min{¥(a), ¥ (c),us}
acH(z1}
e€H(zs3)

i v W¥(a)}, v ¥(c,
m{cemm @ ey ¥ uﬂ}

min {7 (¥) (1), H (¥) (z5) , ua}

Hence H (¥) satisfies all the conditions of fuzzy bi-ideal with thresholds (u,ua).

Therefore H (T) is & fuzgzy bi-ideal with thresholds (uy, uz). ®

4.2.13 Theorem

Let H : § — P*{5) be a SVMH and a fuzzy subset ¥ be a fuzzy interior ideal with

thresholds (uy, uz) of S. Then H (¥) is a fuzzy interior ideal with thresholds (u:, ug)

of S.

Proof. From Theorem 4.2.7, we see that max {H (¥) (1) ,2:} = min {H (¥) (z2) , u2},

and also max {H (¥) (z122},w } > min {H (¥) (z1) , H (¥) (x2) , 22} are hold for each

¢,,2z € § with x; € z,, implies H () C H (22) . Next we consider the following for




4
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&

each 2y, 2,,73 € S,

max {H (V) (x123%2) , 11}

implies max {H (¥} (z1%322) , 11}
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max
£ €H {mzazg)

)}
cH { ( ) “1}
)

A ma.x{‘I’ (3‘ 1"1}
#}eH(z1)H(za)H{z1)

fal ‘I, Cb ,
ﬂdeﬂ(tl )H(SS)H(EBJ max { (ﬂu ) u]}

A max{¥ (ach),u}
GEH(I:I)
ceH (za)
55”(83)

min {¥ {c) y 1}

cEH( )

mm{ A \I!(c),ul}

cEH(rs)

min {H (¥) (z3) , w1}

min {H (¥) (3}, 1}

Hence H (¥) is a fuzzy interior ideal with thresholds (u;,uz) of 5. =

4.2.14 Theorem

Let H : § — P*(5) be a SVIH and a fuzzy subset ¥ be a fuzzy interior ideal with

thresholds (uy, %2) of S. Then T (¥) is a fuzzy interior ideal with thresholds (u;, u2)

of S.

- e
-

Proof, From Theorem 4.2.8, we see that max {H (¥) (z1),u} > min {H (¥) (z2), Uy},

and slso max {H (¥) (#172),%} = min {H (¥) (1), H (¥) (x2),u2} are hold for

(asx'1=acbwith\
e < H(Il),

cE H(:r;,)

\ and b€ H (2) )
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each 11, 3 € S with z; < xp, implies H (z,) C H (z1) . Next we consider the following

for each 2y, x3,73 € 5,

max {H (¥) (z12322) , 1} = ma.x{ }
31“55’(31#323)
- zy GH(anaﬂ) o {\I, (zl ul}

T el {.1, (x;) ’“’}

gs 7, = acb where

= ndGH(a;}Yf(za}H{n)mﬂx{w (ach),m} | o€ H(zr),ce H (zs)

and b € H (z2)

= VvV max{¥(ach),u}
acH{r1)
c€H{z3)
beH[zz)

oeH( )m.m {¥(c),a}

min {ca}{zs]‘li (c} ,ul}

min {F (\I’) (3?3) ) 1.51}

v

I

ll

implies max {H (¥) (z)zsx2) ,1} 2 min {H (%) (zs), w1}

Hence H (¥) is a fuzzy interior ideal with thresholds {1, up) of S. m

4.2.15 Theorem

Let H : § — P*(S) be « SVMH and a fuzzy subset ¥ be a fuzzy quasi ideal with
thresholds (uy, up) of S. Then H (¥) is a fuzzy quasi ideal with thresholds {w;,uz) of
S.

Proof. From Theorem 4.2.7, we see that max {H (¥) (z1) , 4} > min {H (¥) (z2) , u2}

is hold for each z1,zz € § with £, < @z, implies H (z,) € H (x2) . Now consider the




-

. Il:r] _

g

following

max {H (¥) (31), w1} =

implies max {H (¥) (21}, w1} 2

max AT (a:'l) y U1
z;EH{zl)

A maxqV¥ (3:'1) Jh}

a:; eH (=)

A min{(Fo1)A(1o¥))(s}),u}

TieH(m)

min{ V. ((Fol)A(10W)) (a,-']) ,uz}
T, €H(z)
min {H ({(Fo 1) A (10 ¥)){z1),uz}

Hence H (¥) satisfies all the conditions of fuzzy quasi ideal with thresholds (u1,u2) .

So H (¥) is & fuzzy quasi ideal with thresholds (u;,uz). ®

4.2.16 Theorem

Let ¥ be a fuzzy quasi-ideal with thresholds (u;,uz) of Sand H: § — P*(S) be a

SVIH. Then H (¥) is a fuzzy quasi ideal with thresholds (u;,uz) of S.

Proof. From Theorem 4.2.8, we see that max {H (¥) (z1) ,1} 2 min {H (¥) (z2) , ua}

is hold for each 1,29 € § with z; < z,, implies H (z3) € H (1) . Now consider the

following

max {H (¥) (z1), w1} =

implies max {H (¥) (z1),m} =

max{ v ¥ (:1:;) ,ul}
z:EH(u)

. v max{*I' (z’l) ,ul}
zy el (1)

v min{((Zo1)A(109))(z)),u)

# €H(z)

min{ v ((®e1)A(1o®))(g) ,ua}

= eH{z1)

min {H (¥ 01) A (10 1)) (1), uz}
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Hence H () satisfies all the conditions of fuzzy quasi ideal with thresholds (u,ug).

So H (V) is a fuzzy quasi ideal with thresholds (u;,u2). m

4.2.17 Theorem

Let H : § — P*(S) be a SV MH and a fuzzy subset ¥ be a semiprime fuzzy quasi
ideal with threshclds (u;,u9). Then H (¥) is a semiprime fuzzy quasi ideal with
thresholds {u,, u) of S.

Proof. For each z; € S, consider the following

max {H (V) (z1),m} = max{l A lIJ'(..'-:'l
Z,EH{z1)

2, €H(z1)

= A max{V¥ ("‘1) y 1
> A mm{\I’ :.c‘lz)
a €H(21)

= A min {‘I’ (3'12

3;:; eH(z }H (21}

)
= EH(Ez)mm{\I' (z,) ,ug}
B { peh(e) (’”)’“’}

= min {H() (}) , ua}

implies max {H (¥) (z1),u} > min {H (¥)(27),u2}

Hence H (¥) is a semiprime fuzzy quesi ideal with threshold (uy,uz). ®

4.2.18 Theorem

Let H : § — P*(5) be a SVIH and ¥ is a semiprime fuzzy quasi ideal. Then H (¥)

is a semiprime fuzzy quasi ideal with thresholds (u,u2) of 5.




(a

v

Proof. For each 2, € §, consider the following

max {H (V) (21),t}

implies max {F (%) (z1) ul}

max zl) U
zleﬁ(ﬂ)
v ma.x{ T ) y W1
SIEH(SI}

V  min 'Il(
z €H(z1)

et o) min {W (I’2) 'uz}
:;zEX(zg) min {‘I' (z'f) ’"’2}

mm{ 'ze};(sg)‘p (El ) ﬂz}

min {H (V) (a1) ,v2}

;
:
o}

i {H (%) (2) , 43}

Hence H () is a semiprime fuzzy quasi ideal with thresholds (u1, ug). @
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