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Abstract

The marn objective of the prescnt thesis is to study the orthogonal / non-orthogonal

stagnation-point flows on a stationary / rotating lubricated surface. The lubricated thin layer

is modeled as a power-law fluid. 'lhe fluid impinging on the lubricated surface is described

by constitutive relationships of viscous, second grade and couple stress fluids. Additional

features like heat transfer analysis, slip effects due to lubrication and impact of magnetic

field are also studied. Interfacial condition between bulk fluid and the lubricant are derived

by imposing the continuity of shear stress and velocity of both fluids. The transformed

boundary value problems consist of highly non-linear and coupled differential equations

subject to non-linear and coupled boundary conditions. An implicit hnite difference scheme

known as Keller-box method is employed to solve such a complicated system of equations

numerically. The quantities of interest like fluid velocity, temperature, pressure, skin friction

and local Nusselt number are analyzed for several values of involved parameters. The effects

of involved parameters on the locatron of the stagnation point are also displayed. Finally, a

comparison of the obtained solutions with the existing results for the no-slip case is also

presented.
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Preface

Orre of the classical llow' problems in lluid dynamics that has received considerable

altcnrioll ot'thc rescarchers working rn the field is the two-dimensional stagnation-point

fl,,rv ,\ sti,-lnation-ltoirrt llow is 'rbsel 
ved rn the sittrations whenever the fluid impinges on

a rohd ob.pct. I'he tlurd r'elocrly reduces to zero and the f'luid pressure, heat and mass

tr.rnsll'r rxres at'e highest al the stagnation-pornt. Stagnation-point flow has been

elrcountcrcd in numcrous applrcltions in cngineering and technological processes. It can

bc localed in the stagnatrtrn regron of flow passing a body of any shape. The literature

slrrvey rercals that thc itagn:rtton-point flow can be discussed either when the flow

rnrpinges r,n the wall ortlrogonally culled orthogonal stagnation-point flow or when the

flow irnpirrges on the wall obliquely callcd oblique stagnation-point flow. The study of

rnrpinging let problems has been of considerable interest during past few decades because

o1 great tet hnical inrportarrce ir rnany industrial applications, such as drying of papers and

filrns, teml'ering of glass und nretal during processirtg, cooling of gas turbine surfaces and

e lcctrrl n rc \'ompone nts. su rface paint ing, pest-cit ing and de- ic ing.

Sragnatron point flows past a lubricated surface is another area that has got attention of

rerearcheh in thc reccnt past (hre to their significant importance in the engineering and

rt.hn,rk,gr al flclds ,Ancrlr-r.rsrrC0rrr)untof lrtcratrtreisavailableforthestagnation-point

fltrwS o\'0r rough surlbcer. Hou'ever. the stagnation-point flows and heat transfer past a

luhricatcd surlace rs an .rrea u hich has not been investigated in depth despite of its

etr()rn'tous practical applications in industry and errgineering, such as cooling of nuclear

rerctors ard cooling ol'electronic devices by fans, in the design of radial diffusers and

thrusl bcarrngs. drag redur'tion and mlny hydrodynlmic processes.

'Ilre study of heat translur in boundary layer florvs is important in many engineering

applicatrons such as the dcsign ol'thrust bearings and radialdiffusers, transpiration cooling,

drug reducrron, thermal recover) of orl, etc. The heat transfer rate is very important in the

pr ()cess of rnanufacturing .rf shoets. The mass and hoat transfer mechanism occurs in many

pr ()cesscs such as polyrner engincering, electro chernistry, cooling and drying of paper and

tertilcs ctc



ln cerlarn stagnation I'low problems. the Navier- Stokes equations reduce to nonlinear

ortlinary' drffercntial equat rons through similarity tnmsformations. But these equations fail

to explain thc phenomcnon like shear thinning, shear thickening, normal stresses, shear

relaxation and retardalion In such situations, the constitutive equations of non-Newtonian

fluids are preferred which arc highly nonlinear panial differential equations having order

hrgher than Navier-stokes equations Thc situation becomes more complex when one

cortsiders a lubricated surlace due to the which the corresponding boundary conditions are

alro nonlinear. The exact or analyticaI solutions in such cases are not possible in general

arrtl otte neods to look lbr numcrrcal solutions. In the present thesis such highly nonlinear

couplcd equations subjoct to nonlinear coupled boundary conditions are solved numerically

br intplcmcnting an inrphcit ffurite dilference schenre namely the Keller-box method. The

clrlptcr wire layout of the thesis rs as tbllows:

('raptur ot ; contains Irtcr rturc rcvle\^'and background relating to stagnation-point flows.

'Ihe govcnring mass attd nromemum conservation equations for rectangular and cylindrical

crxrrdin:rter are includcd. ln the llter p.rrt of the chapter, the Keller-box method is described

through thc solution ol'a .;imple boundary value problem. It is also pertinent to mention

hcre tltat ttrc constitutive equatitlrr of a power-law fluid is used to model the thin lubrication

larer o1'r.rriable thickness ur ull srrbsequent chapters. This equation along with the

c()tlstituliv( equations of t,ther rton-Ncwtonian models is also included in chapter one.

Clrapter trr o invcstigatcs non-orthogonal stagnation-point flow of a viscous fluid over a

lubricatcd iurf,tce. 'lo derrve the intertbcial condition, the continuity of velocity and shear

sllcss htts been imposed. fhe lkrw equations are rcduced to a set of ordinary differential

e(luatlons by means of sirnilarrty trarsformations. The numerical solutions are obtained

through K.'ller-box metht,d. Flow ch.rracleristics along with location of stagnation-point

atu discusscd lbr the elfeets ol'cmerging parameters through graphs and tabular data. A

c('rnprrnso r olthe oblrintd solutions with the existing results fbr the no-slip case is also

pIr,'serrted. l-he results of thrs chupter are accepted forpublication in Journal of Applied

Mcchanicr and'fechnical Physics.

Clrapter three rs presented to discuss non-ofihogonal stagnation-point flow of a second

gr.rdc fluitl past a lubricated surface Thc statemcnt of the problem is based upon the

5



corltinuity of velocity lntl shear stress at the interlace of both fluids along with laws of

corservatirrn of mass and linear momentum. The boundary value problems are solved

nurncricallv by Keller-bo( method frrr thc certain range of slip parameter, Weissenberg

nrrmbcr antl a liee parame(er. A com;larison betwecn the numericalresults of this chapter

wrth thc alreacly reported datir is made. The contents of this chapter are published in

Zcitsch rift fu r Nat urforuchu n g A (ZNA), 2016, 7 l(3), 27 3-280.

(';r'1p1('v fir rr rs conccrncri r,rrth t,bliqrre stagnation-lloint flow of a couple stress fluid over

a lubricirteJ surlacc. (iorcrning parlral differential equations of couple stress fluid are

corlvcrtcd rnto ordinary drfferential equations using similarity transformations. Analysis

has bcen p+rformed by inrposirrg continuily of velocity and shear stress of both the fluids

at thc intel tace. Influence of shp and couple stress parameters on the horizontal and shear

vsloctty cornponcnls, wall shoar stresr and stagnation-point is displayed graphically and in

thc tabular fornr. The prescnt sohrtion is found in good agreement with the existing results.

Frrrdrngs ol'this chaptcr have br;cn submitted to Bulgharian Chemical Communication.

Clrapter fir e describes slil'' f'low of a sccond grade fluid past a lubricated rotating disc. The

rnterlitcral conditions betrveen fluid:rnd lubricant are imposed on the surface of disc by

as\unting i, thin lubrication layer. Thc effccts of slrp parameter and Weissenberg number

orr thc lhrt'e componcnts of flurd velocity and prcssure are analyzed graphically while

ellbcts on hoth componcnts of skrn friction are demonstrated through tables. The computed

rt.ttlt. stto.i'th;t \pln-up rry ir sccond grade bu[k flrrid near the rotating disc is reduced by

me reasing .lip at thc interlJce. 'l'he obtained results are published in International Journal

ol Phvsical Scienccs, I l, 96-103 (2016).

Clrapter sir is devoted to .tudy heat transfer analysrs in the time-dependent slip flow over

a lrtbricatetlrotating disc. ,\ppropriate transformations are utilizcd to convert the governing

plrtial tlillbrcntial equatrons irrto rronlinear coupled ordinary differential equations.

Interlircral conditions haro becn derived with the help of continuity of shear stress and

vclocity oi the lubricant and the core fluid. Impact of physicalparameters in the presence

o1 lubricatxln on fluid velt,city, tcmperature and pressure is displayed graphically. The skin

frrr,tion cocfficients and lt,cal Nusselt number are examined through tables. The results in

thu specral case are found rn good agr,;ement with the existing results in the literature, The



r'( .ult\ ,)f this chaptcr irre prrhlished in Engineering Science and Technology, an

lrrternatiooal Journal, l9 (2016) l9{9-1957.

Clrapter seven rs devoted to analyze the heat transfcr in the time-dependent axisymmetric

sl.rgnatirln.point florv over a [ubricatcd surface. It rs assumed that surface temperature of

th'disc is tirnr;-dependerrt. Continuity of velocity and shear stress at the interface layer

bctwcen tl,c fluid and thu lubri,;ant rs imposed to obtain the numerical solution of the

g()vernirg partral diffcrerrtial cquations. 1'he comyrutations are presented in the form of

gr.rphs and tables in order to exarnine the influence trf pertinent parameters on the flow and

hcirt tralulcr characteristits. An lncre.lse in lubrication results in the reduction of surface

shcar stres. and consequently viscous boundary laycr becomes thin. However, the thermal

boundary l.rycr thickncss mcrcascs by mcreasing lubrication. It is further observed that wall

slrcar stres. and heat trimst'er ratc at the wall grow due to unsteadiness. The results for the

slcady cas( are deducr:d fiom thu present solutions and are found in good agreement with

tlx'existing results in the literature. Findings of this chapter are published in Thermal

Sr r€nc€. DOI: 10.2298f1 S('1160203157M.

Clrapter eight cxamincs NIHI) nrixed convection stagnation-point flow of a viscous fluid

o\cr :r lubricated vcnical surlaue. The obtained set of flow and energy equations are

cortvcrtcd rnto ordinary drfferential equations by means of similarity variables. To derive

ttx' interfar ial conditions, contrnuity rrf shcar stress and velocity of the lubricant and core

fluid rs rmposed. Lnpact .rf enrcrging parameters rn the presence of lubrication on fluid

vclocity arrd tcmperature is displaye.l graphically The contents have been accepted in

Irrdustrial Lubrication and Tribology,

Clrapter nirre is presented to describe the effects of lubrication in MHD mixed convection

sl,rgnittion' point flow oIa second grade fluid adjacent to a verticalplate. A power-law fluid

rs ulrlized for thc purf{se of lulrrication. Intr;rfacial conditions are obtained by

tnrplcmcnlrng contlnurty of'shear slress and velocity of both fluids. Boundary value

;rr ,hlt'rns rrc ohtarnerl hv usrrrg srritable similarity l'ariables. Influence of different

I).rrantctr;rs on the v'elocil v anrl tempcrature profilcs are represented through graphs and

tables. l'hese findings are pubhshed irr Revista Mericana de Fisica, 63 (2017) 134-144.



Chapter I

Introduction

Tlris chaptcr is included to introduce readers with the relevant literature and governing

etlualtolts. The eqtrations that govern the flow snd heat transfer namely continuity,

m()mclllunr and encrgy cquations irre presented both in rectangular and cylindrical

coorclinirter. The constjtuttve rclittionships of the vrscous, second grade, couple stress and

lt(, vvcr-l,t\\ flurds and go\ crnlng cqultions ol magnetohydrodynamics are also included.

flre Keller-box numerical method is explained through an example at the end of this

clurplcr.

l.I L,iterature review

'Ilte cottce;rt of boundarl layer theory introduced by Prandtl [] has gained significant

rnrportalrc( in tluid mechanics. Schlichting [2] srudied different aspects of the boundary

la;er flow and transport.rtion phenomena in fluid mechanics and a good comparison

b('twcen thc thcoretical arxl experimentalresults was achieved by him. Extensive research

wurk is arailable in the literature on the boundary layer flows for viscous and non-

Ncwlonran fluids.

Orre ol'llte classical flow problenrs in lluid dynamics is the stagnation-point flow and it has

reeeived c,rnsiderable atlcntiort of the researchers working in the field because of its

ln,{)orlarlc( in tnrtnv engirreerirrg discrplines, A stagnation-point occurs whenever a fluid

htts the sutl'ace at certatn.rngle. Stagnation-point flows are involved in cooling of nuclear

rerctors. ertrusion of polyrner sheets, cooling of computer and other electronic devices by

latts, tnanul'actunng ol'arlrhcial libers and many hydro-dynamicalprocesses. The literature

survey rovsals that one can discuss the stagnation-point flow either when the flow impinges

orr thc u'all orthogonally or whcn the llow impinges on the wall obliquely. The pioneering

wurk on tr-L stagnation-p(,int flow was carried out by Hiemenz [3], He provided an exact

solution f<rr the Newloni.rn casu. Stagnation-point flow towards a stretching plate was

examtned by Chiam [4J. \\'ang [5] studied stagnation flow impinging on a shrinking sheet.



'flre pionecring work on the axisynrmetric stagnation-point flow was carried out by

Holnoffr [t,] and Frossling [7]. Ihe three-dimensional orthogonal stagnation-point flow

wrs stu(tie,l by Howarth ltl] and Davey [9].

ll thr abo.c nrenlronr'd 'tudrcs thc vclocity and llow pattern are independent of time.

Hrrwcvet, rn many cngineering and technological problems, the flow starts impulsively

frrrm rost artd the unsteadl aspecls become more intcresting. The unsteady stagnation-point

flrrw ovct i. flal plate was rnitially discussed by Yang [0]. Williams I l] and Cheng et al.

[ )] inrestigated the unrteady axisvmmetric thrce dimensional stagnation flow on a

sl.rtiottary Jisc. Nazar ct a[. [[3] studred the time-dependent two-dimensional stagnation-

pornt flow over a flat strtrching sheet moving with velocity proportional to the distance

frr)m stagnation-point. Tlre unsleady stagnation-point flow with a span-wise oscillating

w.rll rvas aJdressed by Fang and Lee [4]. Cheng and Dai [5] investigatedthe unsteady

tuo-dimensional stagrtation-point flow o1'a viscous fluid over a stretching sheet using

homotopy .rnalysts tnethott. Unstcady stagnation-pornt flow impinging over a flat plate was

dtrcussed hy Zhong and I ang I l6] for the planner and axisymmetric cases. The unsteady

flow past zr stretching shest in thc vicinity of stagnation point was investigated by Pop and

N.r [ 7] T]rey provcd that the unsteady flow approachcs the steady state situation for large

Yi,,uC\ 0lt rnc.

'f lre study tor oblique stag'ration-point flow has been discussed by many investigators such

as Stuart [18],'tamada Iv] and Doncpaall20,2l] etc. They considered the oblique flow

as thc ctrnrbination of orlhogonal stagnation-point flow with a shear flow parallel to the

w,rll. Latet the problenr \\ as revtewed by Drazin and Riley [22] and Tooke and Blyth [23]

to mclutle r llee paranrctcr associated with the supcrimposed shear flow component. This

rnrdel has been applied to MIll) flow by Borrelli el al.124) and on moving surface by Lok

et al. [25] Lok et al. [26] dtsuussed non-orthogonal stagnation-point flow towards a

slretching 'heet. Tilley anl Wcirlman [27) discusscd non-orthogonal stagnation-point for

tuo-tlurds Labropulu et al. [2tl] discussed heat transfer analysis for the oblique flow

inrpinging on a stretchcd rhect. r\xislmmctric non-orthogonal stagnation-point flow over

a uircttlar cylinder has been considcred by Weidman and Putkaradze [29]. Recently,

Glraflarr er al. [30, 3l I arrd Javud et al. [32] discussed different aspects for the oblique

:l r!,tl.rtirttt ,-lottrt ll()wS



A solutror, of the Navicr-Stokes arrd energy equations illustrating skin friction and

ternpera(urc distribution m the stagnation-point flow over an infinite plate was presented

b1 Stuart []3]. Gorla [34] rnvestrgatetl heat transfer in an axisymmetric stagnation flow on

a cyhndcr. Axrsymmetric stagnation-point flow with heat transfer of a viscous fluid on a

mrving cylindcr with unsteadf lxial velocity and uniform transpiration was analyzed by

Slleh and Rahirni [35] In .rnother papcr Abbasi and Rahimi [36] studied three-dimensional

sl,rgnation-point flow and heat transfer on a flat plate with transpiration. Recently, Abbasi

arxlRahrmr [37] carried out an rnvestigation of heat transfbr in two-dimensional stagnation-

pornt lbw impinging on .r f'lat plate. Massoudi and Razeman [38] studied heat transfer

arrirlysis oI a viscoelastrc lluid ut a stagnation-point Elbashbeshy and Bazid l39lanalyzed

hcirt trarsJcr in an unstea.ly boundary layer flow ()ver a stretching sheet and found that

tl,.rnral rn,l nu,nrcnlurrr hrundrrr y laycr thrckness depends upon unsteadiness parameter.

ln thc above studics nlostly thc con.;titutive equation of a viscous fluid is considered.

Huwcver, rt is now an cstublished fact that Navier-Stokes equations are inadequate for the

fluids that cxist in industryand technology. Such lluids are called non-Newtonian fluids.

Eramplos include food, rubber, gel, petrol, paper coating, plasma, grease, polymer

strlutrrlns, polymer mclts bloorl, pamts, oils etc Flow of non-Newtonian fluids has

atrracled artenlion of marry screntists and researchers because of their fundamental and

practical irrrportance in thc industry, .rpplied sciences, engineering as well as inthe daily

lilc. Shear ';tress of such lluids is nonlinearly related with shear rate and it makes difficult

to analyze their florv. Ser cral non-Newtonian modcls have been developed to discuss the

plrcnomcna likc normal stress ef,l'ect, shear thinning, shear thickening, stress relaxation and

retardatron etc. The governing e(luations representing the flows of these fluids are highly

nonlincar and are dilficult to solve evr.:n by a numericalapproach.

,'\ rrtonP :cr eral non-Ncwl,)nran lluids. the second gradc fluid is one that has received much

altentlorl rccently as it exhibits viscous and elastic-like characteristics when undergoing

dclbnnatiorr. Honey. plastrc lilrns and artificial fibcrs are some examples of fluids whose

rh'ologrcal behavior can be discussed through the constitutive equation of second grade

flurds, '[he equations of rrrction of second grade fluid are highly nonlinear and one order

hrghcr tharr the Navier' Stokes equations. For this reason, additional boundary conditions
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atc rcqured to discuss thc florv problems associatod with the second grade fluid model.

R.rjagopal [40] and Bcartl and Waltcrs [41] developed the boundary layer equations of

ser'ond gri,de lluids and Rajagopal .rnd Kaloni [.12] discussed the issue of paucity of

boundary t ondttions for these lluids. Rajagopal et al. [43] and Rajagopal and Gupta [44]

st,lvetl lhe flow problc'm relatcd to sccond grade lluid by using a supplement boundary

cr,rtdtlron i,t thc tree strearn. Tlre analysis for the stagnation-point flows of second grade

fluids was carried out by Srivatsava 145], Rajeswari and Rathna [46], Beard and Walters

[47], (iarg and Rajagopal [48] and ,\riel [49], Board and Walters [a7] used a regular

pcrturbatiort technirlue to tackle the paucity of boundary conditions. Garg and Rajagopal

laxl and Ariel [49] overrame t]ris drflficulty by augnrenting the boundary conditions at

rnlinity. Ayub et al. [5tl] invcstigated viscoelastic second grade fluid flow near a

slagnittion.point due to a stretchirtg sheet. Labropulu et al. [51] have extended the classical

Hrcmr:nz's florv of a visroelastrc second grade fluid to oblique stagnation-point flow.

Oblique stagnation-point llow of an incompressible viscoelastic second grade fluid towards

a rtretching surface is invcstigatcd by Mahapatra et al.152). The unsteady stagnation-point

flow of a .;econd grade tluid has bcen discussed by Labropulu et al, [53]. Effects of

Scissenberg numbcr on the flow and heat transfer in the stagnation-point were analyzed

br Lr et al [541.

L'uplg strcss llurd mudcr rs arrother lmportant non-Newtonian model fust proposed by

St,,kcs 155, to describc thr polar ellbcts. 'l'he couplc stress fluid can be described by a new

type of tenror called couple stress tensor in addition to the Cauchy stress tensor. In such

fluids, polar cffects play a signrficant role which arc present due to the couple stresses and

body coul'les, Because .rf significant importance in the industrial and engineering

a;rplicatrorr.;, many resealchers have analyzed the flows of couple stress fluids. Some

er.rmples.,f fluids that can be dcscribed bycouple stress model are animal blood, liquid

clt'stals, pulymer thickencd oil and polymeric suspensions. Devakar et al. [56] discussed

thu Stokes problenrs for eouple stress fluid. In another investigation, Devakar et al. [57]

m\esligated thc flow of c.ruple stress fluid flowurg between parallel plates. Heat transfer

alrirlysis for the flow of a touplo stress fluid near a stagnation-point has been carried out by

H.ryat et al [581. Muthura I et al. | 59] studied viscous dissipation effects on hydromagnetic

t'luw ola touple stress f'lrrtd m a vertrcal channel. lleat transfer analysis has been carried

'!
_i
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out by Srirtvasacharyit et .rl. [60] fbr couple stress tlow due to expanding and contracting

w,rlls in a porous channel Flou of couple stress lluid due to free convection through a

p()rous chartncl was carried oul by Hiremath and Patil [61]. Umavathi et al,162) discussed

hslt transfr,'r for the channcl flou' of a couple stress fluid sandwiched between two viscous

fluids l'ht y shou'cd thal couplc stress parameter is responsible for enhancing the fluid

vt'locrty kamesh and Duvakar [63] studied porous-saturated effects of heat and mass

tritnsfli:r on the peristaltic transport ol'electrically conducting couple stress fluid through

p()rous rnetlium in a vcrtical asyrnmelric channel.

'flre probbms on magnctohydrodynamic (MHD) stagnation-point flows have been

drscussed l,y Chamkha [6.1], Chamkha and Issa [65J, Kumari [66] and Prasad et al. [67]. In

rerenl yea,s many rescarehers are takrng interest in the area where such flow situation

or'cul's. Tlrc sludy of MltD llow ol'an electrically conducting fluid is of significant

inrportanct in rnodcrn rnctallurgrcal and metal working processes. Magnetic field affects

tht' ie locilr grrtdtent and heat transfc'r rale at the surface due to increase in the Lorentz

force. Attia [68] reportcd the effects of increasing magnetic field on velocity and boundary

laver thickrress in a stagnetion-point llow. The influence of an applied magnetic field on

MaxwelI t]uid for the flow of both steady and unsteady cases in a region of stagnation-

p()mt was studicd by Kum.rri and Nath [69]. They found that velocitygradient at the surface

arxl hcal tt.tnsfsr are modrlted urrder the influence of Hartmann number. Singh et al.[70,

7 | | investigated effccts o1 magnetic arrd radiation parameters on stretching sheet for steady

antt unslea.ly flows Ziya ct al.172,73] discussed IUHD free convection flow of a viscous

fluid through inclined poruus plate in the presence of high temperature. MHD stagnation-

potnt flow of a power-lau fluitl lowards a stretching surface was discussed by Mahapatra

et al. [74]. Problem o1'mrxed convection flow near the stagnation-point against a heated

vcrtical serni-infinite perrrreable surface lbr viscous fluid in the presence of an applied

rugnctic Ireld has been investigirted by Abdelkhalek [75]. Aydin and Kaya [76] presented

mtred convectton flow ol a viscrlus dissipating flurd over a vertical flat plate. Problem of
rnr(€d con,ectton tn stagrratiorr-lloiul flou,s adjacelrt to vertical surfaces was investigated

br Ramaclrandrau et al. [17). Devi et ul. [78] discussed unsteady mixed convection flow in

slagnation region adj:rcent to a vertical surface. A study on combined forced and free

c(tllvectlon in stagnation llows of micropolar fluid over a vertical non-isothermal surface
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w.rs presented by Hassarrien and Grrrla [79]. Lok et al. [80] studied unsteady mixed

cortvcctron florv of a nticrupolar lluid near the stagnation-point on a vertical surface. MHD

m nted con \ ectron boundal y layer flou towards a stagnation-point on a vertical surface with

induccd magnetic ficld was prcsented by Nazar et al. [81]. Ishak et al. [82] considered a

sle ady Ml tD flow towards a stagnation-point on a vertical surface immersed in a

mrcropolar fluid. In a latcr atlernpt, lshak et al. [tt3] investigated the problem of MHD

mrKed conr'eclron llou'nrlar the stagnation-point on a vertical permeable surface. Hayat

r't ll. [8-ll lrcsented mixt d corrvectir,n effects in the stagnation-point flow adjacent to a

verticalsur lace rn a viscoclastic lluid. Hayat et al. [ll5] also discussed the Homotopybased

analy ical solut ion of stcatty MI II) two-dinrensional mixed convection boundary layer flow

ol a viscotrs incompressible fluid near the stagnation-point on a vertical stretching surface

ernbeddod rn a fluid-saturrted porous medium with thermal radiation effects. MHD mixed

c(,nve ctron in a verlicul annulus filled with AlzOs-water nano-fluid considering

nlnoparticlcs nrigration uas analyzed by Malvandi et al. [86]. Recently Afrand et al. [87]

dtscussed r'f,fects of magnctic field on free convection flow in inclined cylindricalannulus

cotttaining molten Potassrum. Safaei et al. [88] carried out numerical study of laminar

mrxed convection heat transfer of po*'er-law non-Newtonian fluid in square enclosures by

firrtte volurne nrethod. Rer entll'Navecd et al. [89] srudied hydromagnetic flow past a time-

dcpendent curved strclchrng surface, Khalid et al. [90] produced theoretical results to

rn \ esl igute timc-dependent MH D flou of a Casson lluid. They considered a free convective

tluw along an oscillatrng surface pluced vertically in a porous medium. Effects of an

,ty'plietl rni,glrr'lic field in .rn unsteady radioactive llow of a nanofluid with dust particles

prst a stretihrng surfacc uas examined by Kumar ct al. [91]. Heat and mass transfer for a

Ml{D Caswn fluid pasl an exponcntiallypcrmeable stretching sheet is investigatedbyRaju

et .rl. [92].

'flre flow ol'fluid in tho vit inity oIa rotating disc has many applications in fluid mechanics,

errgincering and industry A tbw examples of such flows include spin coating, water

trrattrle]tt ;rlants, washing maclunes, spinning disc reactors, turbines, viscometers, sports

dtrcs, fans rolors, electr.rchemrcal cngineering, computer storage devices, centrifugal

pumps e tc Shear slress gsnerated by the llowing lluid is utilized to control the boundary

layer thrckrress, to producc phokrgraphic tilms and papers, to clean the surface of objects,
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to cool the hot skin of mat hines lnd crafts and to regulate the thickness in the wire coating

mr'chitntsn,, Furthermore. the flow o\er a rotating surface also finds direct applications to

r,t.rstc llat( r trcatmcnt, turbo-ntachrnr,'ry, viscometry, centrifugal pumps, computer discs,

sprrts dist s and rotaling bladcs. Thc stagnation-yroint flow of Newtonian fluid over a

rolatirlg disc was initially.liscussed bv Von Karman [93], He transformed the set of partial

drlfercntiat equations into ordrnary differential cquations by introducing an elegant

sirnilarity transformalion and solvetl thc resulting equations by momentum integral

mcthod. Drte to impoflanr e of rotating flows in thc fields of engineering and technology

much extertsiors and nrodifications u'ith rnore accurate solutions of Von Karman's flow

have lrecn presented in thc literature. [n 1934, Coclran [94] obtained asymptotic solution

ol the Vort Kannan's fl('w problem Benton [95] improved the Cochran's results and

extended ttre probletn by raking into account the uruteady case. Sparrow and Gregg [96]
sttrdicd tht steady statc heat transfer from a rotalrng disc by taking different values of
Prandtl tlurnbers. Somc nnre rnvestigations on the rotating disc were made by Kakutani

[9'], Spanow and clhess [')8], I'ande 199], watson and wang Ir00], Kumar et al. Il0l] and

Mrklavcic rnd Wang [ 0? l. Asglrar er al. ll03] canied out Lie group analysis of flow and

hr'.rt tt'artsler ol'a vrscous fluid un a rotatrng disk stretched in radial direction. Recently,
'f urky'ihnazoglu [ 04- I 08 I invest igated different aspects of fluid flow and heat transfer due

to rotatittg disc Impacl ot normal blowing on the fluid flow caused by a rotating disc was

sltrdicd by Kuiken [09]. Watanabe and Oyama I l0] discussed heat transfer analysis of
electrrcalll conducling flurd near a rotating disc. Wang I I l] considered the flow towards

a \tagnati(,n-point neitr an off-centercd rotating drsc. He found that disposition of disc

mitkes the tlow phenotnentn lnore cornplex. The problem of Wang Il I l]was reconsidered

br Nourbakhsh et al. I lll. They reshaped the results using an analytical technique. The

urtsteadv ItIHD flow with heat transfcr of a fluid film spread over a rotating infinite disc

w,ts treaterl by Kumari arrd Nath f lll].'l-hey obtained two solutions by taking thin and

thrck frlms of llurd. Munawar ct al. Il14) analyzed unsteady flow near a stagnation-point

dtrc to a r('tating drsc. 'fh.rcket'ct al. [15] re-exarnined the work of Sparrow and Chess

l9xl by applyirtg suclion and injection al the disc surface. Hannah [116] discussed the

il\rs\,rnntcl:'ic stagnatit)n-Jrsinl ffow of a vlscous fluid towards a rotating disc for the first

tlrrre. I'ilfor d and Cliu I I I '] found the exact solutiorr of the problem considered by Hannah
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fl 16l. Asghar et al. Ilx] investigated MHD flow due to non-coaxial rotation of an

a(!'elcrate(l disc. Attia [ 19] sturtied the flow due to a rotating disc under the influence of

alr exlernal uniform magnctic field.

In all above investigations the conventional no-slip has been imposed at fluid-solid

tnterlitcc, )lowcver. there lre nuny situations where the no-slip boundary condition is not

realistic atd can be rcplaced by the linear slip boundary condition proposed by Navier

lll0l and Maxwell ll2l] independently. Typical examples are emulsions, foams,,

Sr.r.rpettsroDS and polyntcr >olutiorts. Beavers and Joseph [22] discussed the slip boundary

ct'rtdilion rn dctail. Yeckcl et al. [23] discussed stagnation-point flow on a rigid plate

ag,rinst a htn lubrrcatror, laycr for the lirst time. Blyth and Pozrikidis [124] studied

sl.rgn:ttion.pourt flow uf r viscous fluid past a liquid film on a plane wall. A literature

strrvey irtdrcates that a nunrber ol flow problems of r'iscous fluids have been analyzed using

ths Navrer slip boundary conditron ll25-1281. Flow of a viscous fluid over a stretching

shcet with partial slip was exanrined numerically by'Wang 1129). The problem considered

br Wang ll29J is solvcd lbr an exact solution by,\nderson [30]. Ariel [31] discussed

thc shp cfJccts on an a.risvmmr:tric flow over a strctching sheet and obtained a numerical

strlution ol the problenr. l:azli:na et al. [32] discussed slip effects on mixed convective

slagnation'point flow and heat transfcr over a vertical surface. Sajid et al. [33] analyzed

thc unstcaoy flow of a viseous lluid with partial slip through a porous medium. The partial

slrp conditon is replaccd by a gcneral slip boundarycondition in arecent article by Sajid

el .rl. ll34l Arrel elal.[.i5] aralyzedtheslipeffectsonthestretchingflowofaWalter-B

flutd and obtaired an cxart solutron of the problem The heat transfer analysis forthe slip

fluw of it stcond grade flu,d is discussod by Hayat et al. [ 36] using the homotopy analysis

rnethod S.rhoo [37] cxarnrned the partral slip on axisymmetric flow of an electrically

cortducting viscoelastic fluid. Ir{ore rccently, Sahoo [38] provided the numericalsolution

for the axtsymmetric slip flou' of a second grade fluid over a radially stretching sheet.

Fr ttstcri anl Osalusi [ 39J invesr igated the effects of slip at permeable disc. Impact of slip

for thc llorr' through trvo srelchable disks is studied by Munawar et al. [40] using HAM.

L.rbropulu .rnd Li il41| drscussed stab,nation-point flow of a second grade fluid with slip.

L.rtifl'et al [142) expbretJ tinte-tleperrdenl forced bro-convection slip flow of a micropolar
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nxnoflurd .)ver a shrinkirrg/stretching surface. Inlluence of multiple-slip in buoyancy-

dr rven bro convection narxrfluid flow is analyzed bv Uddin et al. [43].

'[re study of flow phcnornenon over a lubricated surface has important applications in

rrLrchrncr) conrponcnts such as fluid bearings and mechanical seals. Coating is another

rn rjor application inclurling the preparation ol' thin films, printing, painting and

atlhesivcs. [n biologicul lluids, the applications o1'such flows include flow of red blood

cclls innarrow capillarie:' andot'liquidflowinthe lungsandeyes. Areviewof literature

strggests tlrat various itttcmpts lre available for the flow over a lubricated surface. In

[(r30, Joseph [144] discursed boundary conditions for thin lubrication layers. Andersson

arrrl Valtter [45] derived gencr:tlized slip-flow boundary conditions for non-Newtonian

lubricatron laycrs. 1'he sliyr florv over a lubricated surface is considered by Solbakken and

Atderson i 1461. The slil'' boundary conditions for the viscous flow past a power-law

lubricant u as derivcd by ,,\ndersson and Rousselet |47) for the frst time. They obtained

thu similarrty solution ttutnerically for power-law lubricant by taking the value of power-

larv irrdcx n = 7/3.'fhe axisyrrtmelric stagnation-point flow of a viscous fluid past a

p(,wer-law lubricant has h:en tliscusscd by Santra ct al. [148]. Recently Sajid et al. [49]
extended the work of Santra et al. for a generalalized slip boundary condition proposed by
'llrontpson and J'roiatr I i0l on the basis of molecular dynamics simulation. In another

paper SajrJ el al. [51] investrgated stagnation-point flow of Walter-B fluid over a

lubricatcd rurface. 1'he axrsynunctric stagnation-pornt flow of second and third grade fluids

o\dr a lubt rcatcd surface lras bcen examinr:d respectively by Ahmed et al, [52] and Sajid

et al. [.s3.]

A literaturt survey indicatcs that the literature is scarce on orthogonal stagnation-point flow

o\cr a verlrcal Iubricatcd \urface, non-orthogonal stagnation-point flows over a lubricated

surface anrt flow over a lubricated rol.rting disc. Our aim in the present thesis is to discuss

thc various aspccts regardrng stagnation-point flows and heat transfer of Newtonian / non-

Ncwtontan f'luids ovel a plate/disc lubricated with power-law fluid. A new slip condition

at the interlace of the bull fluid lnd power- law fluid has been derived and results for no-

slrP artd full-slip cases har u bcen deduced liom the obtained numerical solutions. The main

ohleclivc rs to invcstigats the influence of emerging parameters on the flow and heat
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tr.rnsfier c)raracteristics irr the

dsvekrpcd by using Kcller-box

presence of lubrication. The numerical solutions are

nrethod [54-l6l].

c00rdinates

Tlre cquati,rn rcpresenting the rnuss c(,nservation is given by

u* *, \pv) = s, (1.2)

in which p is density, t is rime and I/ = flt,u,w], u here u,v and w are the components of

vc'locrty in three orrhogorurl directions respectivell. The continuity equation respectively

rn rectirngl,lar irnd cylindr,cal co()rdin.ltes is given irs

1,2 Continuity equation in rectangular and cylindrical

# r *tpu) + !,(lu) + fr@*) = o,

# * )i, ?pu) *: h@v) + ftow) = o

Equation ( t.2) for steady rnconrpressible flow becomes

V.V = 0.

ln tenns ol Cartesian and cylindr ical coordinates, Eq. (1.5) gives

0u 0v 0w
- t_ F = U.dx dy dz

du u 70v 0wi+';';io-,i=0.

(1.3)

(1.4)

( l.s)

(1.6)

(1.7)

1.3 Equation ofmotion in rectangular and cylindrical

coordinates

E.luation olmotion in vecror forrn is given by

o(Yr;) ) PQ .vv) = -vP +v.r * pb,
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where r is rhe extra stress tensor. P is the pressure and b is the body force perunit volume.

Nuglcctrng body force, Eq. (l.tt) in component fornr for Cartesian coordinates yields

ol! + "#* ,l,Yr* *#) = -ff+ (ar,u * * *Y),

o(#*"#* "::**#) = -fi+(i:"*#**),
p ,9i- r "oaY; 

, ,ui, *y) = -u;n (t'# +;.*)
Srrnilarly, l:q ( 1.8) rn cylrndrical coordinates gives

, (# r " # *i# - l, *',!i,) = - # - (:\d * )ff - # *';),
llv lv v 0v uvP(t+ u;+;oo+ ; - -!aP - ( t O\r2rre) - !0'oo - d,ro -. ror-rr0\

rOQ' \yz Or t , Oe - a" - , )'

( t.e)

(l. l0)

(l.ll)

(r,12)

du\fw--l=
6z/

(1.13)

(1. l4)
liw 0w v 0w dw\P\A+ui*;ur+* *)

1.4 Energy equation

coordinates

-i,+(:ry?.:#.*)
in rectangular and cylindrical

lJ.luatrorr Irrat governs rhe heat tnrnsfer in a fluid flow is given by

,,ro(!it U .v)z') = k'vzr + r, vv,

rn which c, is the spccific heat, 7' is the temperature, k- is the thermal conductivity and the

lart tcrnt is due to the vlscr)us dissipatnn. In terms of Cartesian and cylindrical coordinates

wc can \vr)te

0,, (i +,ta] *'# * " #) = u. (:#. # * 2,+

,r,?,* r,,H+ rr,9ri * r,,2|.* r*#+ r,,!r,'f,
) * [',, #* r,,ff+ r.,ff +

(1.15)

( l. l6)
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p,, ({,: +,ff +i#- *';) = u. (i} * )# * );';+. #). [,*# + qqff +

,,, T * r e r (: # - i) *' 6 (: v*, i) *, r, i# .,,, # *,,r# *,,,Yf. (1.17)

1.5 Maxwell's equations frlr magnetohydrodynamics

'flre sub.lect which dcals u ith the mutual interaction of the magnetic field and fluid flow is

c:rlled magnetohydrodynarnics (MHD). Maxwell's equations are the set of four equations

wlrich rclares the magnetrc and clectrrc fields to thcir sources, current density and charge

dcnsity. Tlrese equations are described as

V. , ='.";,

VxB= ltol*yoeu!0r'

Vxh). *n!
dt'

VxB= 0,

F_I>8,

l=o(t: +vxB),

(Gauss's law in differential form),

(Arrrperc- Maxwcll equation),

(Faraday's law),

(St,lenoidal constraint on B),

(Lo1en17 force),

(Ohm's law),

(1.18)

(l.le)

( r.20)

( 1 .21)

(1.22)

(1.23)

tn whtclr p, is the rnagnetrc penneabrlity, B the magnetic field, E the electric field,/ the

clrrrent derrsity, p, lhe charge clensily, eo the permittivity of the free space and o the

elcctrrcal conductivity. Cr,n5s6'.1ion of charge density gives

V.l ,9!: = g.

In MllD, lhe charge dcnsrty p.. has rrc significant role. Usually, p, is significant only in

C,rutss's law and we sinrpl v drop Causs' law and ignore pr. Also in MHD the displacement

currents aru negligible as r ompaled wrth the currenr density/ and so the Ampere-Maxwell

e(tualron rt duccs to the dirferelttral form of the Ampere's law given by

vxB:ltol.
S c summi,rize the clectrcxlynarnics equations used in MHD as

( l.2s)

(1.24)
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Arrrpere's ,aw rmd charge ionscrvation

V X I = ltol, V./ = 0.

Firraday's iaw and the soh'nordulconstraint on .B

Vxti=-E,V,B=0.

Olrm's lavr aud the Lorenrz f<lrcc

I = r(E+VxB), p =1x8.

1.6 Newtonian and non-Newtonian fluids

1.6.1 Newtonian fluids

(1.26)

(t.27)

( r .28)

Fluids whre h obey thc Ncwtolr's law of viscosity are called Newtonian fluids. Newton's

larv ol'vrscosrtv is givcn by

.ti, = ltA6lii, (1.2e)

rn whrclt r , is shear stresr and A1r;ry rs thc frst Rir lin-Ericksen tensor. The coefficient of

vrscosity fi,r Nowtonian fltrids is constant at all shear rates.

1.6.2 Non-Newtonian fluids

Fluids u hie h dcviates liolrr Newlon's law of viscosity are known as non-Newtonian fluids.

Vrscosily r,f non-Ncwt()nr.rn fluids is not constant and is a function of shear rate. Generally

rllrl-\9,u1, rttatt llutds lre complex mlxtures e.g. slurries, pastes, gels, polymer solutions

ete , Due to conrplex naturo of thcse fluids, it is impossible to represent them with a single

c(,,rstitulivr: relationship. 'lhese fluids exhibit differr;nt properties like shear thinning, shear

thrckc-ning normal stresr el'fccts, slress relaxation, stress retardation, micro-rotation,

c('uplc strerses, body cou;,les erc, Thc detail analysrs of non-Newtonian fluids can be seen

tn thc bools by Bird et al [62]. Harris [63] and Chhabra and Richardson [164]. In this

thcsis we luve considcred the constitrrtive relationships of second grade, couple stress and

power-law fluids and detarls arc givelr in following subsections.
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1.6.2.1 Second gradc fluid

I-lr'- c,)ntpr,ncnts of thc C.ruchl stress tensor for an incompressible second grade fluid are

IIt,5l

r,1 =. ltA61i1 * tr1Ag1t, * a2A61l<A1)kt. (1,30)

Hcre a1 wtd u2 are the maternl mrduli known as cross-viscosity and viscoelasticity

or,cfllcicnlr respectivoly. Fosdrck and Rajagopal ll66l argued that for a second grade

rnrdel to br thermodynanrrcally compatible, followmg constraints should hold

p>O, &t)0, d1 lar=t). ( 1.3 1)

'Ilte contpt,nents of first and second R ivlin-Ericksen tensors ,411; and Ap1 are given by

A(t),, = VL,t + V),t .rnd A72y,1 = ai,, * a1,i lZvm,ivm,j,

wlrere c,'s are the contporrents of acccleration given by

o,=u#+VjVi,j.

1.b,2.2 ('ouple stress fluid

(1.32)

(r.33)

( 1.34)

C,ruple str;ss fluid is an.rther rmportant non-Newtonian fluid that describes the polar

el lects. 'fhc couple stre ss lluid can be tlescribed by a new tlpe of tensor called couple stress

tensor ilr atldition to the Ceuchl, stress tensor. In such fluids, polar effects play a significant

rt,le u'hich are prescnt duc to the couple stresses (nnment per unit area) and body couples

(nrcment 1*-r urilt volumer Because of significant inportance of couple stress fluids in the

mdustriirl and engineering apphcirtions, many researchers have analyzed these flows. Some

ex,rmples ere animal blood, lrquid crystals, polymer thickened oil and polymeric

srrspenstonJ, The constiturive eqrratron for a couple stress fluid is

ti,= tf,+rfi,

wltere' rt a,td tA arc symnretric and arrtisynmetric parts of stress tensor r respectively and

al g define<J as

rf1 = UA6111, rfr = -ittwrt,tk -';rriulr, ( l.3s)
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in whrch 14',; is the vorlicity tcnsor, ei,pthc alternatrng tensor and ly the body couples. The

tensor Wil s dcfined as

w,t , )(v,, - v,.) (1.36)

Srrbstituting tho values of r,l. and rfi tneq. (1.34) we get

'ri, = 1tAg1i1 - 2r1Wi,,ux -- le;,1rlu. (1.37)

In thc absencc of body couples, lrq. ( 1.37) implies

rr, = [tAg1L1 - 7r1Wi,,ou (1.38)

1.6.2.3 Power-law fluid

I'lrc pouet lau fluicl is a l:encralrzed \ewtonian fluid which has been used extensively in

th.' industr; especially as a lubricant. fhe rheological cquation of power-law fluid is given

br

rit = k(Y)"-rAe)it (r.3e)

wltere, k is apparent visco,;ity and n is the flow behitviour index. Fluid behaves as viscous,

slruar thrnrrrng and sheirr rhickcning, respectively lbr n= !,n 1l and n > L. y given in

Eq. (1.39) rs thc second invariant of the first Rivlin-Ericksen tensor and is defined as

i' = 
lreoti1Ag1i1.

1.7. Boundary conditions for a thin lubrication layer

(1.40)

1.7.1. Slip-Flow Boundary Condition

N,rvicr I l2r)] proposed thc idea of slip boundary condition on the assumption that fluid can

slrrle ov'ur.r solrd surface. lle assumed that velocrty and shear stress at the wallare linearly

pr r )portronrl. Mathematicr lly:

u, = Frr, (1.41)

wltere, B rs the slip lcngrh ol slip coefficient. The no-slip boundary condition can be

olrtainecl b,'taking 0 = r,t. Thc \avicr hypothesis holds at macroscale for which p must

bu snrall.
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1.7.2. I nterfacial boundary conditions duc to lubrication

.[lrreph {l+4] derivcd an interfacial slip-flow condition over a lubricated surface. He

showcd thi,t, al the rntcrfat'e, vclocily gradrent is proportionalto the square of the velocity,

Inridc the thrn lubrication laver, he applied the lubrication theory and neglected the

mlluence t,l'prcssure gradrent which results in the lollowing interfacial condition

o_r. 
- rrtr'

0t ZttQ'
(1.42)

wlrerc p1 i,nd I are respertively the r iscosities of lubricant and the bulk fluid. Moreover,

Q represenrs thc constant i ohrnrctric Ilow rate of thc lubricant. Joseph [44] suggested that

to accotnnodate thc cffe.'t of hrbric.rtion layer on the bulk fluid, the no-slip boundary

ct,rrdilion ran be replaced by thc intcrfacral boundary condition (1.42) if the lubrication

filrn is sufl,ciently thin.

1.7.3. lnterfacial conrlitions for a non-Newtonian lubrication layer

Arrdersson and Valnes It45] deriverl an interfacral boundary condition by taking the

lutrricant 3r 3 power-knv lluid. f he dctailed derivalron is as under

'flre shelr rtrcss for lhe pr,wer-law fluid after applyrng the lubricatron theory is given by

r,y = u(#)''. ( 1.43)

Hcre, U is the horzontal cornponenl of r,'elocity of the lubricant. For n = 1, Eq. (1.43)

represents .r viscous fluid with k as the dynamic coetficient of viscosity. The power-law

luhricant ir confined to a very thrn later of variablc thickness d(x) on the solid surface as

shown in the F rg. l.l,

u(x,y)

Frg. l.l' Trre goomctry ol the thrn lubrication layer 11441.
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Ft,tlowing Joscph [44], assurne that thc lubrication layer is sufficiently thin so that

lutrricatron thcory can be .rpplicd. As ,r result of this assumption the non-linear convective

terms in tr-L momenturn equation are negligible and the governing equation reduces to

o --!!+x9f+)dx dy \0y)
(1.44)

suhjected l.r thc no-slip corrditiorr U(r, 0) = 0. At the interface y = 6(x), the velocity and

sltuar stress o1'both lluitts nrust be continuous. Joseph [44] proved that the pressure

girdient d7r/d.x docs rtot ttepend upolrthe thickness 6(x) ofthe lubrication layerand thus

d1 r) can oe taken arbitrarily small so that the pressure gradient can be neglected.

Substrtuting dp /dx = 0 rrt Eq. t I .44t and integrating the resulting equation twice, we get

tlx' lrreirr rolution U = 0(x)y/6(x) Here,A denotes the velocity of both fluids at the

tnt .:riltce , 'l his so lutron rs lhe sanre as r )btained by the Joseph I la4] for the viscous lubricant

alr,l ts terogntzcd as the eonventl(rnal drag flow approximation. The principle for

nsglecting the lerm dp /dt in Eq ( 1 4-{) is that it is considerably smaller than K (U 1O)" 1 O.

Uring the rclution of I')q. t1.441, rhe continuity of the shear stress at the interface y = 6(x)

cirrr bo expresscd as

,, (#)' = tt 
o;

(1.4s)

(l.46)

(t.47)

ln order to elintinatc thc thickness 6(r) of the lubncation layer, we define the volumetric

flow ratr: atll44)

Q =.Iur,r, u(x,),)dy =ry@

Substituting thc value of d (x) rn Eq. t 1.45), we get

, (u2 1x.t1tn _ . du(t,d)
" \-:q / -1' jt

wlrcrc tlre,elocity U ar tl*'. intcrtbce y = 6(x) has been replaccd by the velocity u ofthe

bulk llurd. As the thickners of tlre luhrication layer is very small, therefore the interfacial

c(,ndilion 11 .47) can be inrposed at y = 0 rather than at I = 6(x). i.e.

K f{q-Q)'=,g"e9'\lQ / ' d1
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'Ilris rs il r'ew rntertacial boundary condition for non-Newtonian lubricants, from which

J1r.,eph's p'oposed boundrry conditiorr (1.42) can bo recovered for n = 1..

1.8 Keller-box mcthod
'Ilre llorv problcms considcred in diffcrent geometnes are represented by nonlinear partial

drlfercntial equations. ln rrnny c:rses lhese can be transformed to boundary value problems

through su,table assunlptrr,ns 'l'lre exact and analylrcal solutions are not easyto obtain. In

srn h srtuat r;ns one would cxpect [o compute a numerical solution of the problem to analyze

ttx'flovl s,[ualron. In this thesrs our mathematical models result in nonlinear boundary

value problerns wilh nonlrnear boun.lary conditions. We have implemented an implicit

lurrte dilfercncc method 1r) obtilirl nurrrerical solutir,ns of the modeled nonlinear boundary

value prob,cms. Keller-bo< Method is a two-point irnplicit frnite-difference scheme, which

hirve trecn ,rsed extensively to investigate the boundary layer flows in different geometries

br thc roselrchers working in thrs area. The detail procedure of this scheme can be found

in the bool, of Keller and ( ebcci | 156] Here higher order differential equations are reduced

to systern of first-order ditferentral equations by introducing new functions. The obtained

first-order iystcm is appn'ximated on an arbitrary rectangular net with forward-difference

durivalives and averagcs rt the rnidpuints of the nct rectangle. As a result, the system of

l-r st ordcr rtrfl'erentral c(lui.tion rs reduced to system of linear/nonlinear algebraic equations.

'flre result,ng system of algelrriric equations which is if nonlinear then linearized by

Ncwlon s rrrethod aud solred by the btock-eliminalron method.

flre rletail' ol implenler[atron are cstablished by the following example of coupled

bur;ndary r aluc problem irr a senri-inlinite domain. Consider the boundary value problems

2f''+f|"+ll=0,

g'-fg'*l''g =0,

/t0) = 0, ,f'(0) = 0, .q(0) - L, f' (*) = 0, g(m) = g.

(1.4e)

( r.s0)

(l.sl)

'fu reduce Eqs. (1.49) imd (1.50) rnto a system of lrst order equations, we introduce new

variables irr the following way

f :tt, lt':l', g'=w,
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T'',irclbrr.-. 'hc .tbor c \\'sl( m ol cqualr.rns implies

v'-2u2*fv1 9=0,

w -fw*ug= g.

'llrc transfl'rmed boundan condrtions are

f '0) = 0, u(0) = 0, g(0) = 1, u(@) - 0, g(oo) - 0.

A\surlring rhe lbllorving grid points

( r.53)

(r.s4)

4o = 0, 4t = 41-t * h,, j = 'J.,2,3,...,1; lt = l*,

arxlusing the centerod-dill'ercncu gradients and averages at the mid points of the net, Eqs.

(l 52) and , 1.5.1) arc apprr)xirnutcd b1 the relations

f , -f ,- t

- 
La- lh, t-'..t/

111-U1 1

- 
u, t -ht 1-;'

I i-9 r-r
= w. 7 -ht )-z' ( 1 .ss)

( l.s6)

( l.s7)

(r.5e)

( l .60)

, f - r(u,_:) * 0,;)(,, i) + (s, ,) = o,

'?-(t,i) (,, :) * (,,-;)(r,-:) = o,

wlrerc f t- =''!- r:tc Equations (1.56) and (l .57) are nonlinear algebraic equations

alrtl therefi,re have to be lrneanzcd before the factorization scheme can be used. We write

thc Ncwtorr iterates in the [ollow ing u'ay:

For the 0 ' 1) th itcrates. wc write

f1t=fi*6f1,etc., (l.s8)

lor all dcpcndent variables. By substrtuting these expressions into Eqs. (1.55)-(1.57) and

drrrpprng trre quadratic arxl higher-order terms in llf, etc., a linear tridiagonal system of

equatrolls willbe obtained as firllows'

6t-, - 6f,-, -- h ('':'o) = (r)l-:,

6u1 - 6u,-,-hi(l14) =0')ii,
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+ Qt) 6gt t (p-) 69 t t + Qtz) 6w1 * 711r) 6w1-r = (rr)i_t, (1.63)

sr,tlect to I'oundar) colrdrr ions

6fo = 0, 6'Uu = 0, dl,s = O, 69o = 0, 5'Wo = g,

6g j 6gi-, - n,(!r''n ) = 0),:,

@r) 6fi + (V) 6ft-, | (rl,) 6ui + (rpas 6u1-1

r ({s) 6v, + (y,) 6v,-t* (t!r) 6gi+ (fs) 69i-r= (rr)j_1,

(rq) 6ft + Q) ,lf, -, + Qtr) 6u, + (1t) 6u1-1

(rlr)1=(rlru)i=|,

It
Q.,r), = iuz)1 = -:i@i *w1-t),

Qrr), = (uo), =!fn, * si-r),

Qts), = Qtu), =! A, + u1-r),

Qt,),=r-!i(fi t fi-),

Qtr), = -, -''i (f, + y,-r1,

( r.6l )

(t.62)

(1.64)

w lrerc

(.1,r), = (tlz) i =bn Q, * u,-r),

Qp) t = Qlt+) i = -hi(ui * ui-r),

(rlts)i= , n'!n77, * fi-t),

0l,o) t = -, "3 
(f, + f,-r),
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(r)i_y- -lvi- ,i-r) +

(7'r)/ 
] 
---lw,- w, ,) +

In matrix-rcctor folm. wc can rvrite

A6=T,

irr which

tc, ]

zhi (uj-:) - n,(r, ) (',-;) - n,(n,-:),

o (r, :)(, ;) - n,(",-:)(n, 
:)

lt, ,l
ls,l

[t.r ] [c,]

l[r,] [t,)
I

Io=l

I

I

t

ln,-,1

00
00
l0
00
-l -c

[c, ,]

Ie,)

( l .6s)

( l.66)

[',]

[., ..]

wlrerc. in E.1. ( 1.66) the eh ments are ctefincd by

h,l =

0(r
I (t

0 (t'

| -,1

0(r

I

0

0

0

0

, =!hJ 2 J'
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[e,)

le,)

[c,] =

Ia,] =

,J

l, lw),
), 0,),

0

0

cJ

), (v,).,

), (,,,),

I

0

),

t,

0

()

0

0

0

Ir
l(,

=i k
I(,
L (,

[,t'
', 

(w

=(p
lf

,- (,

000
(w), (w,), o

o (tr), 0r,),

-1 -ct 0

0 -l -r,

000
(v), (v,), o

o (rr), 0r,),
000
010

2<j<J-1,

,2<j<J,

l<7<J-1 ,

(" 0

lv4)r (v),

k,), 0

00
00

0

@),

0

0

00
00

\)-
F-

\
(

N

0

0

0

0

0

000
000
000
-l -ct 0

0 -l -c

br

du

(rv

.E

,ir

,l<i<J,

fu,), 0d,

rl

lt,
[a,] = | k,

lr,I t,
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Ir]'=

(4 ) -r,r,r
(r, ) -t,,rt

( r, ) _,,,,,

(r, ) -x1r1

lr, I 1r,:)

l.<j<J,

NoW, Wo lr t

w llerc'

A:Lu.

[,,, ]

[zi,] l,-)

f i'J [, ,]

l '" 
rr:r

,r=l

[1]

wlrerc' [/] ,s the unit ntatrix whrle [,],] and

dutermine(: by the followi,rg cqultionr:

(1.67)

5x5 matrices whose elements are

L-

lo')

[r,- ]

It]

Ir, ] .,.e

I 
o, ] =' [.], ],

[2,][r-,1=lc,],

l, ,)=-.., .r, - [r, ][a, ,], i = 2,3, ....,r ,

I r,][.,]' [q ]. ;= 2,3,.....,r -1,

Eq ( I .67) ;an be substrturcd rnt() Eq. ( 1.65) to get



LU6=r. (1.68)

Drfining

Ud:W'. (1.69)

Equatron ( r.68) beconrcs

LW : r, (1.70)

wlrere

w-

ln',1

lH: l

ln',1 ,

Ln',1

ltt''l

arrtltlrc 
-14,],,r" 

5xl coumnnntrices. l'heelementsof ll canbesolvedfromEq.

(r 70)

[a,][r4] =[, ],

l,)l* l=[rf i-u,:l*,,)
( 1.71)

Orrcethceremcnts of lY ,,re fourrd,Eq.(1.69)thengivesthesolution d,theelementsof

wlrich are ,,btarncd by the [ollou ing rclations:

[u,] =1,r, ,

[ ,, ] ,= l,n, - [. , ][r,. ]

Orrce thc eremenrs of d are fourrd, Eq.(1.65) can he used to find the (7 * 1.)t/r iteration.

'llre proceriurc dcscribcd r, inrplcmenred in Mathenratica for the boundary value problems

c(,nsisling of nonlincar ordinary diff('rential equatrons together with nonlinear boundary

c(,rldltrorrs ;onsidercd rn lrre subsequent chapters.
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Chapl er 2

Oblique flow towards a stagnation-point over

a lubricated surface
frrrs ch.rpr;r tletrls wrth rhe olrlique flow of an incompressible viscous fluid near a

slrgnirtion pourt on a lubruatcd plate. A gcneralized Newtonian fluid known as the power-

law llurd rS used as the lubticant. To obtain the non-similar solution of the partial

drl[ercntiai equations, corrtinurty of shear stress and velocity of both fluids has been

inrposed ar thc intcrface The Keller-box numerical method is chosen to develop the

s(,lutl()ns r,l the prcseut llow siruation. The efl-ects of physical parameters on the fluid

vr.locrty, uall shear Stresr, bourrdarl laycr displalement and streamlines are discussed

through grephs and tables

2.I Mal hematical formulation

Consider sready, two-dinpnsion.rl oblique stagnatirrn-point flow of a viscous fluid past a

serni-inlinxe lubricated pLtte. r\ powrr-law fluid is used as lubricant. The lubricatedplate

is placerl ir, the xz-plane irs shown rn f ig.2.1.

Figure 2.I S;hematic dirgram for the considered flow situation.
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\\c cr>nsid;r a free strcanr florv contlining a combination of orthogonal stagnation-point

fluw wrth strarn rate cl rrnd a shear flow along the plate having strain b. If U and V

re \pectivel y arc the ve loor y co rnponents o f the porr er-law fluid in x and y directions, then

wc hat e

. r6(x),,/ = Io' 'Ulx, v) dy,

wlrere' Q r, thc volumetr rc flou' ratc and d is the variable thickness of the

Arsumirrg u, u the velocity cofnl)onents of the bull fluid in x and y direction,

incon'pres'ible, two-dimerrsional flou is governed by:

3'tt dv::+--0,
.,X Oy

i.*+ u'J!= -!'!'rvyzu,
ox oy p o.t

0v du lAl' -,t.- tl)-:-= --: lvV'v.dx dy pd,

wtrerc v = ,t/lt is the krncrnatic visco'iity. Eliminatrng the pressure between Eqs. (2.3) and

(2 1) we ol,tain

uia + ro'u o:v Ozu / d3u o3u 03u 
- 

03v \ = O. (2.5)dyox ar' uir.-- v,,r1y-u\utar'+ avs- 6*t- 616rz)= ''
'f )re cxpression for the shr ar stress is given by

ldu dr \1,y=ttlini,) Q6)

'[lre bound rry conditions .t the surface, interface arrd fiee stream are as follows:

At thc surlrce thc no-slip ooundtry conditions imply

(2.1)

lubricant.

the steady,

(2.2)

(2.3)

(2.4)

(2.7)

(2.8)

l/(x,0) = Q, l'(x,0) = Q

Arsumhrg rhat the lubricarrt fihn is very thin, we have

l'(x,y) = 0, V y elo,d(r)1.
'flre rnterf;{ial conditron hetwcen the viscous fluid and the lubricant can be obtained by

rnrposing rontrnuity ol'vt locity and rhear stress ol'both the fluids. If p1 is the apparent

vt\cosrt)'o t'the power-lau fluid, the tontinuity of shear stress at / = 6(x) gives

(2.e)/dri\ lU
,'(a./ = t" u,

i. dclined aswherc p,_
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, / du\ 1r-i
r, = kl;)

Arsumilrg U(x,y) varios trneallt insirle the lubricant, therefore

l"(x,Y) = 1(l)r
6( x)

Hure 0(x) denotes the vclocity of both the fluids at the interface. Using Eq.

thrckness I (x) ot'thc lubr ,cant c.rn be expressed as

6 x) = 
j!l'

' u(x)

S,,oStrluuDl l:r1s. (2 lttl - 2.12 t. [:q. r2.9) suggests

r = r.(L\" ur, .at - y\zq)

'ilre contin rity ol'horizontal velc'city uomponents of both fluids implies that

A =u.

'flrercfore t:q. (2.13) lcadr to the following slip boundary condition

! = L( '\n ur,,at - y\zQl

u = axf'(q) +rg'(il, u = -rlavf(ri,, =rf ,

f lre contin.rity ol'vcrtrcal velocit y cornponents of both the fluids at y - d(x) implies

v (x,6(x)) -- V (x,d(.r)).

Br using I q. (2.ti) one gets

u (x,d(x)) = g

(2.10)

(2.1 r )

(2.1), the

(2.12)

(2.t3)

(2.14)

(2. l s)

(2.16)

(2.17)

A,surlirrg hc lubrrcalion laycr to be very thin, we can apply boundary conditions (2.15)

arxl (2. l7) tt y = O ll'a a,rd b rcpresr,'nt dimension.rl constants, then following Tooke and

Blvthc [23,, thc boundary condilrons tbr the velocity components at free stream are

u, = ox + b(y- b), ,,, = -a(y - a). (2.18)

'|.r exprcsS the set of equattons tnto dirnensionless frrrm, following dimensionless variables

ar s introdr.r;ed

(2.te)

wlrerr.' prin,e dcnotcs the tlrffercntiatir'n with respect to 4 nad f and g measure the normal

arrtl tangenr ial componcntr of th(' flou . In new varilbles boundary value problem takes the



for m

f u + f f"'+ f'1" -2f'f" =o,

g' + f' g" * f!t"' - |'g" - g'f" : 0,

/,0) = o, f",o) = A(f' (0))'", f'(*) = L,

g 0) = 0, g"r.0) =, 2n). g'(Q)(f'(0;;zn-t , g"(*) = y.

'Ilre panrnrter,l in Eqs. (:.22) and (2 23) is given as

^ t<Jv a2tt 
^:n-,L_ y art.lZQ)'

f"-f''+ff"t1=o,
g " + fg" - f' y' +f(q - ll) = 0,

wlrerc o = n- - /(*) arxl B is ; frec parameter.

Lr'tting g'rn) = Vh(n), E.1. (2.2tr) reduces to

Equations ,2,20) and (2.2 r ) can he intcgraled once to give following equations upon using

thc frce str.:am conditions

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.2s)

(2.26)

h'+fh'-l'hra-B=9,

wlterc Y = b/a rcprcscnts thc shcar irr the free streirm

'Ilre rcleva,rt boundarl' corrditions become

(2.27)

h (o) = Til,h(tt)(f'(o))"' t, h'(oo) = 1. (2.28)

From l:q. r2.24) we note rhat I:<1s. (225) - (2.27) I)ossess a similarity solution when n =

l/2.'fhe srlutrons lbr n c 7/2 are non-srmilar an.l are also included in the chapter. The

plramclcr,t represcnts tr*L ratrc of vrscous and lubrication length scales respectively as

follows
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lY-

1 - !a - 
Lv,sc

" _fra_i; (2.29)

'flre casc whcn l,sr1, is sr'tall, i becumes sufficielrt large and when ,l -+ rc, the no-slip

c(,lrdrtions f'(0) = 0, an.t h(0) = 0 are restored liom Eqs. (2.22) and (2.28). The case

wlren L1,,6 ittarns a large .alue then )r + 0 and the full-slip boundary conditions f"(0) :
0 irnd ft'(u) = 0 aro obti,ined 'thus the parameter 7 can be utilized to control the slip

pruduced I'y the lubricant ,rnd rs callerl slip parameter.

Errrployrnl Q.19\, the clin,ensionless rhear stress at the wall takes the form

f* = xf" (0)-t g'(0) = xf"(0) +yh'(0). (2.30)

l-, flrrrl thr locrrtronol'se;oratitrrrpoilrt(slagnationpoint)xronthesurface,weput r.,=
0 fhcrc fo, e

.g"(rl) ntrol

--
L' - f,,lo) ' ,'tt(tl

(2.31)

2,2 Numerical results and discussions

'[,rfindthr impactofphy.ical puramcters TandB onthedimensionlessquantities f',f",
h and h' E.1s. (2.25) and (J.27) srrbject to boundary conditions (2.22) and (2.28) are solved

nurnericall r by implement ing Kcller-lrcx rnethod.

lnllucnce r,f shp paramettri on f is demonstrated in Fig. 2.2while Figs.2.3-2.5 display

thr.el'fects of paramctcrs r and B on /r. The effect of flow behavior index n on/'and h is

slrrrwn irr tl,e [rrgs. 2.6 and 2.7. Streanrlines of the fl\)w against the involved parameters are

slx,wrr in I rgs. 2.8-2.10. A comp.rrisorr of numerical values o1'4, f " (0) and /r'(0) with the

errstlrg valucs in the lrter.rture rs presented in l'abte 2.1. Impact of emerging parameters

on f " (0),.r and h'(0) ri shou'n in Tables 2.2 und 2.3. I'able 2.4 is devoted for the

rntlue ncc r f parametersy ). antl p on the stagnatiolr-point.

'llre varraton of horizontrlvelouity component /' against i is displayed in Fig. 2.2.The

figurc elucdatcs that /'at celerares b1 increasing slrp at the surface. Hence the lubricant is

lorcing rhe fluid to florv lest al tlre surface. To see the effects of 2 on the shear velocity h

rn rhe abse,rce ol'8. Frg. 2 3 is plotted It is noted tlrat h decreases by increasing 2 near the



srrface(T =0).Moreprcciscly&varresr.r,ithibetween4:0and4- landafterthisit

bceonres ir,dependent of t anrl varies lincarly with 4. Variation in h against 2 for two

drlfercnt r rlues of p is .lepictcd in Fig. 2.4. According to this figure ft increases by

rne reasing he slip (r.e. by Jecre asing ,t) for negativs values of p. However, for the positive

v:,lues of l. the shear rclo. ity dcereas.'s by increasirrg slip. Fig. 2.5 elucidates the variation

o, h lbr dirferent values r,Ip and for two different values of 2. One can observe that the

slx:ar v'elot rty componcnl h decrrlases when p increases from negative to positive. Fig.2.6

rs plotted t,r illustralc the tr;havror of /'' under the influence of flow behavior index n when

I = 2, 'l'hc figure showr thal !'' is an increasing function of n. Variation of h(4) for

drtt-ercnt lrluei; of n rvh. n I = 2 is displayed in Fig. 2.7. We see that h increases by

increasing nwhen fi <0 tnddecreaseswhen P>0. Figures2.S-2.l0showtheinfluence

ol i irnd B on the strearnlr'res partern lbry = 1. and y = 5 respetively. It is clear from Fig.

2.h that stparation pornt movcs to lhe right side along x-axis when B increases from

n('garrvc tr,positivc. Fig 2.9 shows that by incrcasing slip (i.e. by decreasing 2), the

scl,aration point moves torvard.s right on the x-axis when 7 ( 3. However, for y > 3,the

seJr41i11i11p,roint rnoves towards left bv increasing slip as shown inthe Fig. 2.10.

'flreconrpi,risonofnunler,cal raluesof/"(0),aand h'(0)withthatofalreadyavailable

vi,lues in l re literalurc [5{] in the linriting case is presented in Table 2.l.lt is noted that

orrr'nul.ndr.,ral valucs ilr€ rrr cx(ellent rgrecment wrth previouslypublished data. This fact

validates tlre accurac/ of r,ur dcr elopcd numerical rolution.

fablc 2.2 i,lustrates thc nurnericalvalues of,/"(0) and a against 2. This table demonstrates

thJt l'"(0, arvJ q incroas;s bl rncre.rsing 2. Ef'fects of parameter i on h'(0) for three

dr lfercnt vrlucs of B ara investigrted in Table 2.3. t his table indicates an increase in h'(0)

br incrcas,ng tr for fi = 
0.Howevcr, the values of h'(0) follow a reverse trend by

mrreasing ), for p ) 0. I'he separalron points for various values of y,1and for three

drlflercnt r rlues of p arc shorvn in the 'fable 2.a. The tabular results do confum the

olrserval iorrs made througtt Figs. 2.8-.1. 10.
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'f.rblc 2. l: ,lonrparisorr of rrumcrrcal r alues of f " (0), a and h'(0) for no-slip case (2: oo)

wrth refcre,tcc 154] l.ict irt.

h'(0)

-0 0 =5 0=-5
564 -4.156416 7.569314

37 -4 7 5656 7.s69311..106

'frblc 2.2: \unrcrical valt,es ol / "(0) and a against l.

t-il
It-
I

l_

f"(0, T__ _ ___I_
232s9S | 0__ _l_

t 1z;vlt

q.

647903

sqtgo

1 f" (0) q,

3.0 0.934338 0.41s1829

5.0 1.042s91 0.4880532

l0 r.t34289 0.5587490

20 l. l 82886 0.6007183

r00 1.222604 0.6380184

@ 1.232598 0.6479025
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'f.rblc 2 3: \unrerical valt*s ol /r'(0) agatnst Aancl B when y = 1.
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'[.rblc 2.4: tnlluencc of 2 rnd B r,n stagnatron-point x, when Y = L and 7 = 5.
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2, Cr'nclusion

In this chiptcr obliquc flrw of a viscous fluid towards a stagnation-point over a plate

lunricatcd ,,rith a powcr-l.w fltrrd is rnvestigated. ln the present case we have solved the

flrrw cQual,onS for n= ltZ (srrnilar solution) and n + L/2 (non-similar solution). The

s(,lutr()ns a e dcvelopetl u.ing the Keller-box mcthrrd. The motrvation is to determine the

cllects of t re pirramcter B rnd tlrc slip pararneter 2 r,n the flow characteristics ranging from

nr,.slrp ro lrll-slip cases. l, is fc,uod thrt slip increases the velocity and suppress the effects

ol frec stre rm velocity lbl largc r alue.. Moreover, lhe separation point moves towards and

arr ay from origin for virrir,us vulues of involved parameters.
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('hapl er 3

Non-orthogonal stagnation-point flow of L

second grade fluid past a lubricated surface
'ftre sragnarion-point llou of a seconrl-grade fluid past a power-law lubricated surface is

arr.rlyzetl i,r thrs chaptcr. lt is .rssumt'd that the fluid impinges on the wall obliquely. A

strrtable cloice of simila'ity transformatrons rcduces the governing partial differential

e(trtalrolrs ,nto ordinary rrrffercntial cquations. The thin lubrication layer suggests that

rnrorlircc c.rndrtions betu;en lhid arrd lubricant san be imposed on the boundary. An

rnrplrcit fir rte clilfercnce "chenx'known as Keller-box method is employed to obtain the

nurnerical .olurions. I'he ;ffects of slip parameter and Weissenberg number on the fluid

\(,()('rtlar.lstrcuntlrnesa edis;rrsscdthroughgraphs.Thelimitrngcasesofpartialandno-

slrlr c:rn be deduced from 'he plesent rolutrons [54]

3.1 Mathematical formulation

Crrnsider f rre sleady obliq.re stagnation-point flow of a second grade fluid over an infinite

pl.rte lulrrir atetl rvith a thxr laycr of ptower-law flurd. The x-axis is taken along the flow,

the y-axis ,s nonnalto th. plalc and the origin O i' located at the center of the plate. We

c(,nsi(ler a tiee stream tlow colrt.tining a combinatirrn of orthogonal stagnation-point flow

wrrh strain rate a and a shrar flurv alorrg the plate having strain b. The power-law lubricant

sprea<ls on rhe plate wlth ( onstanr florv ratc Q and firrms a thin lubrication layer of variable

thrckness o(x). Ouing to rhe nurss c(,nservation prrnciple the flow rate Q is given by Eq.

(2 I ) L no:r these assuml'tionr, the sready two-dinrensional flow of second grade fluid is

grrverned t y trq. (2.2) an<)

'u d, 7JPu -{ l'^ = -- 1-vV'ttlx d pox
. ko
F-

p

, *[,,#*, #-,(#)' -#H-#)]l
u (u#;-*u#*"#*"#) 

l,'ol -,e*.#X) J l
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ttv 0ru -1-L'- =rlx A', -!9!+v1zv+k!pov p

f 02v d2u dzv d2u\ 1

u )u *+ua*ay+u u*r+u urut 
I"[ -r(#*.#n ) 
l,

* r*1"#,, # -, (#)' - *(*- #)]J
(3.2)

wherc'k0 r,thc second gr rde flurd parameter. Elimination of pressure betweenEqs. (3.1)

rrr ,l1l ?)6 vcs

*i;? - vvnlt'-n;t H;'i,
wlrereu= 0t!/0y antlu = -|tt'/0x
'ilre rto-sliy'boundary corrlitiorrs are given by Eqs (2.7) and (2.8). The continuity of the

slrcar str es. at thc interlacr ! = ,\(x) juggests that

ue;;*^,(,#*u:i,-z';?,)= u,# (34)

Uring Eqs (2.1) and (2.91 Q.l.[.;, one obtains the fullowing slip condition

'# - 3, u{: * ":; - ,:, X) = X(*)" ",,,.
(3.5)

'flre othcr )oundary cottdr,ion at the ilrterfirce is represented in Eq. (2.17). The assumption

ol r lltm lubrtcittton layer ,rllou's us tr, impose bourdary conditions (3.5) and (2.17) atthe

sur face rvr-Ln y = 0. The lounctary conditions far away from the stagnation-point are given

in Ec; (2. 8) The wall 'hear stress is rcpresented by the left hand side of Eq. (3.4).

S,,rstrlurir,.i l:c1 (2 l9t rnr r I:q t3.3).rnd rntegrating the resulting equations, one yields

f"'I f ;rr -Stz -Wr(f f" -21'f"'+f"r) f C1=0,

g"') f .1" -f'g''-V r(f iu - 1'g"'* f"g" - f"'g')*Cr=g.
In abtrvr.'e.luatrorls, Wc = koa/pv is the Weissenlrcrg number. The boundary conditions

ln lrew r ar ables tal.c the l.lrm

Ir0) = 0 f" (o) +:lwt f '(t)tf"(o) = tr(f '(o))r", f'(*) = t, f,'(*) = 0, (3,8)

gr.0) = 0 g"(*) = y, .r7"'(a) = g, (3,9)

g '(0) t tve( g'(o)t'"(0) + 2g"(o)f'(o)) = Zn,t, g,(o)(f, 10112"-r. (3.10)

In Eqs. t3'() arrd (3.9). th. boun.laryconditions arc augmentcd atthe free streambecause

the gor er,ring cqtlatrons are one order higher than the Navier-Stokes equations.

(3.3)

(3.6)

(3.7)



Slbstrlutinl thc liec slrcirrn con.litiorrs give Ct = I and Cz: y(d - p). Thus Eqs. (3.6)

ru,,l(i 7t1 cltl

/"' + f I'- f'' -wr(l f'" -2f'1"'+ f"') * [ = o,

H"' + fg' - f'g' -w'(fg'u - f' g"' + f" g" -- f"'g') +y@- F) = 0.

Arruming l'(rl) = yh(il Eq. (.1.13) reduces to

h" + Sl1' - f'h- We(l n"' - f'h" + f"h' - f"'h)* C = 0,

rn whrclr C = s - p and I re conesporrding boundary conditions become

h (0) r h'e (h(0)f"(0) + 2t{i0)f' (0)) = 2n1h(0)(f'(0;;2"-t,

ft'(*) - t, h"(m) = Q,

Errrployrn6 (2.19), the tlin,ensionless rhear stress ar the wall takes the form

R,,1t2C1 .xl'"(O)lt * twe l'(o)) + [g"(0) +we(g,(o)f,,(o)+2g,,(0)f,(0))]

= xl"l0'.11, +-3we /'(r,)l + y[h'(0) *we (h(0)/"(0) +2h'(0)f'(0))), (3.16)

= vRe^'/' ct, I ytrr'/'l ,r, (3.17)

wlrerr. Rr, ''c,, = l'"(o) 1+ 3we l'(o)land

R..r,'C,,, h',(0) + we th(0)f ''(0) + 2h'(o)f'(u)).
'1,, find thr loc:rtion ol'seluratiorr poirrt (stagnation-point) x, on the surface, we put

R, .' ' 
'' C, = 0. f herc fore

3,2,,lnalysis ol' numcrical results

Equations 3.ll) and 13.13) subjecr ro boundary ronditions (3.8), (3.14) and (3.15) are

strlvetl trul rerically for drlferenl values olparamerer 1, P andWe by using Keller-box

me thod wl rch rs already e <plained in Jetarl in sectiun 1.7. In order to see the effects of slip

p:ramelcr I and Weissenherg nrrmber We'onl', I igs.3.l and 3.2are plotted. Figs.3.3-

3 t' 51r. h'en displayed I r sce the elt'ects of tr,Wr and B on h while the effects of flow

hr ltar tortr lldr'\ n <tn f' a,d, h.rr.'pre'ented in Figs 3.7 and 3.8 The effects ofparameters

orr the )oc rtrorr of stagnarion-[)('inl ]rave been shoryp in Figs 3.9-3.11. The numerical

vi. lues <rf Ar,L/zCy, antl a for various vahres of 2 und We havc been shown in Table 3.1

(3. l r)

(3. r 2)

(3. l 3)

(3. r4)

(3. I s)
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wlrilc'lirbi:s 3 2 ancl 3 3 represent thr,'nunrerical valucs of Rr,1/2Cnfor various values of

),, 1l a1dW e.'tables 3 4 a,rd 3.5 rhow comparison of numerical values of Rr,t/2 Clr, a and

R.,'/'' C,r 1.,r various valu. s of W'e anJ p lbr no-slip case with those of [54].

'Ilre horrzontal vclocity c(,mponcnt f ' for various ralues of slip parameter and for a fixed

v:rlue of |/e rs shorvn ,n Fig 3.1 It rs clear tiom the figure that f' decreases by

rntreasillg '1.' 
'this ligule rllusttates both flrll-slip arrd no-slip cases for I -r 0 and i -r o'

re\pecrivel r. 'Ihe increase of velocity with rncreasing slip indicales the ability ofthe power-

law lu[rrci nt to increase the vch)city of the fluid irnprnging on the surface. The variation

rn ,he lron, oht;rl rckrcrry, ontpdrlent 7' for differcnt values ol'We and for a fixed value of

,t rs rlrspla,ed rn Frg. 1.2 lt rs clear lrom the figurc that f' follows a decreasing trend by

rnrreasing We -l-est coml'utatir)lrs shuw that such a decrease is not significant for smaller

virtues of ,t.'this implies that the full-shp suppress the viscoelastic effects. Fig.3.3 is

pLrttcd lo rhou'lhe variatrrn ol'rangential velocity component h for different values of .l

wlrcnW e = 0.5 and P - n.lt r.; uotecl that h increares by increasing the slip at the surface.

Frg. -1.4 shlws the varratrrn ot'/r against A and p whenWe = 0.5. Here two interesting

sir rratr<rns ( ,ccur. For nega, ive r a lues of B , h decreases by increasing ,1. On the contrary, it

follows a ioll\erse trend by irrrreasrng i for posrtive values of B. The later case also

corlfirms trre appearall!:e ,)f dislrnct regions of rerersed flow corresponding to positive

virlues ol1 . The variation of h lor ditferent values of p and for a hxed value of Weboth

tbr partral rnd no-slip cares is depicred in Fig. 3.5. In either case it is observed that the

tangerrtl.rl velocrty c(,tnp rnenl rncreJses by varyrng B from -5 to 5. MOreover, the

lur'ricant e,rhanccs the tar qentral vek,sily Fig. 3.6 shows the effects of We on the shear

rr,trcrty h ortlilt'erent va ucsul p wlren A= 4. Ws'observethat h followsasimilartrend

br varyrng p as observed in Frg 3.5 Moreover, a decrease in Weissenberg number lzle

err)ralrces rne ntagnitude,rf lalrgentiaI velocity. Thus enhancement in the magnitude of

tarrgenti.rl . elocity compo,rent r)wes tu a dccrease hWe or a decrease in ,1. Variation of /'
fordill'erel,tvaluesofnrrhen,t =2i,ndfortwoditlerentvaluesofWe isdepictedinFig.

3 '. lt rs cl. ar ftom this fil ure thlt /' lncrelses by incrcasing n. This increase is more rapid

for lorver r rlues of We, Frg. 3.1{ r; plorted lo illustrate the behavior of h under the influence

ol flow bei.avior index n u'hen.i = 2 We see that h increases by increasing n for negative
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vllues of I antl ciecreises lor prcsitrvc values of p. Figs. 3.9 and 3.10 elucidate the effects

ot pararne ers ,l and/l r'n tb,. streamlines. It is evident from these figures that the

\l rqnirti()n ;roillt mov('s t( wards righr on the x-axrs by increasing the slip at the surface

li,, p .,0 rr by incrr'.rsu,g p leepirrg ,l fixed. rcspectively. Fig. 3.ll shows that the

slrgnirtion pourt moves to,rrards left on the x-axis by increasingWe for fixed value of slip

pi.ramelcr vhenB = Q

'ilre ctrarrg, in numcricul r llues ,rf Rr,r/2 C1, and a tbr various values of 2 when We = 0.5

arulWe = 0.05 is disyrlal.:d rn'l able l.l. It is clear from the Table 3,1 that the numerical

virlues rrf loth Rr,'''Cfr.nd a rncrease by varying,tr from 0lo o. Table 3.2 shows the

clr,rnge rn R",'/'Cnfor drtferent values of 2 and ll when We = 0.5. It is clear from the

'[,rblc 3. 2 t rat an increase ,n the r alue .,rf 2 liom 0 to m results in increase in R"rr/2 Cn when

P <0.llo.vevcr,forlherase\vhen B>O,Rr,'/'(ndecreasesbyincreasing,l.Table3.3

e lrrciclatcs he changc in R,,r/2C,, for various values of We and B when ). = 5. We see that

fot B > 0, Rr,'/'C1 in.re.sesrvithan incroase inWe.Onthecontrary, Rrr'/'Cndecreases

wtren B S 0.'tables 3..1a,rd 3.5 shou comparison of numerical values of Rr,1/2Crr,a and

R t' C, r spcetrrcly' tor rar.it,r,s v'alucs of We and p when there is no-slip with those

calculatud by l,i er al [:1]. It rs observcd that t]re numerical values of Rr,LlzCl and

R,^'/'Cnir, thc limiting rase wllen there is no-slip agrees well with the values already

reponed in thc literature.
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f.rblc I4: Conparrson slowing effe.'ts of We and B on R",7/zClrand a for the no-slip

cirre. 'l'he r alues writtcn ir, the blackers arc calculated by Liet al. [54].
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3.3 Concluding I emurks

ln this chal,ter, we havc ir vestrg.tted the non-orthogonal flow of a second grade fluid near

a .tagnatio r-point ever a .rlale hrbriceted with pou er-law fluid. The governing equations

,rl ng rr rll bor,nrlar\ ron lilrorrs oru' rransformed l,r ordinary differcntral equations by a

st.,table cf,riec ol'trans[o. mati,)rrs. T)re governing cquations possess a similarity solution

wtrcn n = l/2 'fhc nurn-'rical rolutHns are devel.:pcd using Keller-box method. Some

tir,dirrgs ol thu mvestigati',n arr'

(ir 'l-he u*rease in horiz rntal relocrry /'with increasing slip indicates the ability of the

po$'er law lublrciult ,o ln(r\:ase rhe velocity of the flurd. Moreover, f 'decreases by

irrcrea ,ngWe and in reasds by irrcreasing n.

(irr Tange,rtial velooity,c,,mpotrcnt h decreases by mcreasing 2 for P < 0 and it increases

u,hcn,l ) 0. Further,,lore. h is a decroasing functionof We.

(irr) h irrcr' ases by rncrearing lr tbr ncgative values o1'B and decreases for positive values

of {l.

(ir )-l'he st rgnatron pornt Inovr's towerds right on the r-axis by increasing the slip or by

increa rng p antl rl m,ves t(,wards lefl by incre asrng Irle.

(\ , 11",'/ '.), .rnd rr irrerr rsc b,, ulcr( rsing 2 whrle R", 1/2C;,decreases and a increases by

augm( rrtrng [z/e. lt is .rlso rr,rted rhat llr,t/zCx increases by increasing 2 when P <O

arrd it e<luccs lbr/l ) 0. tur opprsite behavior is observed for R",r/zCTagainstWe.
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('hapt er 4

Oblique stagnation-point flow of a couple

stress fluid oyer a lubricated surface

In thrs chapter steacly tw r-dinrensior,al oblique flrrw of a couple stress fluid towards a

stngniltion pourt on a llat platc rs inrestigated nurrrerically by implementing Keller-box

me thod. Trre plale is lubrxatcd with r slinr coating of power-law fluid. Governing partial

drllercntia eqrrations of .r couple srress fluid arr.'convertcd into ordinary differential

eqrralrorrs rsing sirnilarit. trarrslorrnrtions. Anallsis has been performed by imposing

cr,,rtinrrity rf vckrcrtv irncl shcar ;tresr of lrcth the tluids at the interface. Influence of slip

,tt ,lr,ru;llt slrtss p,rrarrlct r\ orr rhc h rrtzontal and shcar vclocity components, wall shear

sl r iss at)d I )cal ron o l'the s dgnotr,)tt-pulnt are presetrted graphrcally and in the tabular form.

'fhe limrtir g cases lbr the viscr'uJ flurJ and no-slip condition have been deduced from the

pr r-Se nt rol rtiuns. The r esr,lts ar e conpared and found in excellent agreement with already

re\or([e(lrr sults rn the cxr.ting rr'searrh articles [2E, 54].

4,1 Methcmatical forrnulrtion

Crrnsider t re steady, two dirnr,'nsion l, oblique fluw of a couple stress fluid towards a

sl.rgnatirrn point ovcr a lunricated plate. A power-lew fluid is used as lubricant. The plate

is tixcd rn .z-plane such that it rs sym,netrrc with rcspcct to the origin. The fluid impinges

orr the plat; wrth an anglt y in lhe dumain y > 0. (Fig. 2.1). We assume that power-law

lulrricant S,,reads on thc p.lte fr)r ming a thin coating with the flow rate given by Eq. (2.1).

'flre Ilorv p'oblcnr is gove' ned bv the tbllowing eqtrations along with continuity Eq. (2.2).

,:l: -,3r= ;'1,:,(:,;''n3'i) u.,(#rr#*'#), (4.r)

,',),',, , ul, = - )',i,'), ,(9u',' **r:)- ,r(# tz#o,-.#), $.2)

wfrcrr' tr'1 ,optcscDts the ,atio o1'couple stress vis.;osity to thc density. Eliminating the

pl ssSrlrc b( twe0n Eqs. 14. ,) an.l r4.2) one obtains
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dztr dztr dzv .)'v / 03u d3.t 03v d3u \u;r7;- u 07- u;7 - 1,,i;- r\;ru,r* ur'-#- u*il*
,,(;'r*,, + zfi; + *,'; - z;#- -;'*) :,

'flre c.rpression for the wa I sheal strers is given as

tw = tt ( #)1,=, - ,, (t"rl, ,,

(4.3)

(4.4)

(4.7)

(4.8)

(4.e)

(4. r 0)

(4.1 l)

B,'untlary onditrons ar th'solrd lubr'cant interfact' are given by Eqs. (2.7) and (2.8). The

, i ltllur'1' ,l':)ic.tt' )lr('\\ I tlte I'ttcrll.e e y = 6(x) mplies

tlrt ,dt,t ,)l)U;;", ur;: ttt iti,
in whrclr p rcprcsents thr visc,rsity oithe lubricant defined in llq. (2.10).

Srrbstrtutirry lirls. (2.11)-( l4) urto E.l.(4 5) we get

(4 s)

)u _q' ,3u _
dy l, ,yt -' (4.6)

'Ilre rcst or the boundirry . ond[rons are the same aJ mentioned in Eqs. (2.17) and (2.18).

Fr,tlowing Santra er al. I 18] tlx bourrdary conditiuns (4.6) and (2.17) can be imposed at

th, Iluirl-s rlid interface. Bourrdary rondrtions at free stream have been mentioned in

e(lrlalrolr (: .18)

Urrng trm'fonnations gir:n rn F q.(2 19), the governing Eqs. (4.3), (2.7),(4.6), and (2.17)

l'educc l()

f" + f ttt + ftftt -', f'f" -'Kf" =o,

q" I f q" lf!J"' -;',q" - g'f' -Kgui=o
l'(tt) = t, l"'(o)=.0, f"(0r-ft f''(0)=1(l' (0))'",

f'(*) = 1, f"(*) ='r,

,,1(0) = l, g"'(Q) = tt, g" (o) - Kg'u(0) = JnA g'(o)(f '(o))'"-' ,

g"(a,) =y, g"'(*), 0,

wlrsv.' K = vtuz fv! is ca led lhr'couple stress par,rmcter. The parameter.l given in Eqs.

(4 9)irntl(-.10tisdcfincd.nEq r2.24rThcboundaryconditions f"'(0) = 0and g"'(0) =
0 .rre cons+qucnces oIttx'varrishing of couple stless tensor at the fluid-solid interface.

lntegratrng Eqs. (4.7) and r4.8) and using liee strearn conditions, we get

lttt-f'' +1'f" +1-Kfu =o,

L( L \" ,,2"
1t \2Q)
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;i"' )- fg' - f'g' - Ks' = l(B -,r).

It, :rdcr to .'lrnrinatc y hc, n l:q r.4.li ) we let g'(4', = yh(rD to obtain

h" + lh' - l'h- Kllu = {J - q. (4.r4)
'Ilr boundrry conditions {t new variables become

/r'(0) = l, h'(0)-Kft'(0) =,zn,th(0)(/'(0))'n-',h'(*) =1., h"(*):0. (4.15)

E.lualiott (!.24) suggosts that to obt:,in srmilar solution, one should have n = 1/2. The

plrantelcr (givenrrtlrq.r2.24nneasr,resslipproducedbythelubricantonthesurface.

Errrployrng (2.19), the tlin ensiorrless ,vall shear strrss is given by

N,,t/'cr =x(f"(o)-(y.(o)) + (u"(o) -rcg"@))

- r'(/ "(0) - xl'"Q)) + i'(h'(r)) - Kh"'(o)),

= .tR ,r'/' cf, + y R, L/2 cn,

wlrerc Rr, ''ct, = 1."(o) - Kf''(0) and Rr,'l'cn = h'(0) - Kh"'(o).

'l-,, finrl rhr slagnation-llorrt r, on the surface, we stt Rrr'/'Cf = 0 to get

.g (tr ' l{./'r .t) tt'| -Kh"(o)
I - ' - 

t rot il ,r,oj = Y r' i,,)- */ ,(o)

4,2 Discussions of the numerical rcsults

(4. r 3)

(4. l6)

(4.17)

(4.18)

Erlualions 4.12) and (1.1t) ale highty nonlinear.rnd coupled along with nonlinear and

crruplc6 bc,.rnd.)ry conditi, ns (4.(r) antl (4.15). Exact solution of such a system of equations

is not posrible 'l'o luttdl, this systero of equations numerically, we have employed the

Krller'-box method whicl, is b.rsed orr an implicit hnite difl-eronce approach. Using this

sclreme, tr^L valucs of f' lad ft' ,re drsplayed graphically for different values of 7, K and

B rn l"igs. Ll-4.5. The ir flucncss ol perlinent parameters on the streamlincs have been

slr.,wn irr I rgs, 4.6 and 4.' while the irnpact of thesc parameters on Rrrl/2C1r, a,, Rr,L/zC1,

ur.l stagna ion-points rs d iplaled in't'ables 4.1-4.5 A comparison of numericalvalues of

R,.L/ttC1r,,r and R.,,'''C, in rbe sptcial cases wth that of existing in the literature is

;'rr scrrtt d r 'l'irbles 4.o-.1 '.

F',r.4 I dr,plars th('vJna ton irr horuontalvelocrt1 component underthe influence of slip

phranrclcr t. Dashed lutes shou' the rr sults for viscuus and solid lines for the couple stress
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flurd. Se rbserve that f'deorcr,ses I'y dccreasrng 2. Moreover, couple stress parameter

errlrarrces the cfl'ects of rlip Faramerer. Analysis showing thc impact of couple stress

pirramelcr ( on f' Ibr lixr d i is presented in Fig. A.2.It is clear from this figure that /' is

a decreasir,g function of (. Oru can obscrve somc alteration inside the boundary layer.

Hrrwcvcr, he curve br:col.res srnooth at the free stleam. Effects of slip parameter Tonh'

for two va\res of B whcn i = 0 5 have been provided in Fig. 4.3. According to this figure

h' decreas.s lirr positrve ,'alues of p and increasei for negative values of B. Fig.4.4 is

dr.pliryed ro analyzc the lehal rr,r of h' urrder the rnfluence of p both for the no-slip and

;l;,,ttirl slrp cast's Il rs rrot '.d lh.rt an ilrcrenrent in tl ,e l'alue of B results in the decrease of

h 'l'lrrs d' crcirsc ir nr,.rrt srgnrlrcanl on the rouglr surtbce lwhen 2 - oo). lnfluence of

p:.ranlcler ./ orr h' lirr lwr values of K when ). =',!. is presented in Fig. 4.5. The analysis

slrrws tl:.eil h'decreascs b, incre.rsing B. 1'his decrcasc is diminished by enlarging couple

slrcss para neter K.

'flre strean lines cxplorcd o Fig. 4.6 show the inllusnc e of B on the stagnation-point in the

pr(sencu or'slip whc-n y , B arrrlK = 0.5. It has been observed that the stagnation-point

rk,veS lo\ ards lcff by,in. reasrng B. Strelmlines showing the impact of slip and couple

slr css para,neters arc expr- ssed irr Fig 4.7. It is evident that stagnation-point shifts towards

riSht lly in, reasing,l as w.'llas /r whrn B = Q.

lntlucnce r lparamcters./ and A'on rhe skin frictxrn coefficient Rr,'/'Cfrand boundary

larer displrccnlent rr has been provitted through lable 4.1. It is observed through Table

4ltlrat Rr'/'Cf, increasrsbyrrrcrearingiandderreasesbyincreasingK.Likewise,ais

in, rerrseJ I y cnhtnt'ing 2 rnd A- ,nde1*-ndently. lrnpact of i on Rr,'/'Cn is shown in Table

I . lr h.rs ,oe n observr'{ r rar fr,, tl" C, garns the m.,gnitude bycnhancing 2 forB < 0 and

lo,es lbr l' > 0. D:rta sht wrnl, Rrrl" Cn for vanous values oJ'K is represented through

'frblc 4 3. lt rs obscrved tnat Rr,'/'C. ga',ns the rn.rgnitude as K is accelerated forB > 0

arrt loscs r.s values fbr B < 0. t he rrDvement of the stagnation-point under the influence

ot incre.rsi q A, K and B is dsnronslrated through Tables 4.4 and 4.5. We observe that

sl,rgnation poilrt moves tr'wards right on the x-axis by raising both 2 and K while it shifts

lettwalds t y augmenting 1'. 11r" rabulrr results shown in Tables 4.4 and 4.5 do confirm the

inr esliglti,,ns rnade throu4h Figr. 4.6 and 4.7 ,



'llre nunrercaldatareglrrd.ng Rr,'/'C-t,c andR"*'''Cninthelimitingcase(when,l-+oo)

at \nowled;es thc rahrcs .lreatll recr'rded in the re search articles 128,541. This evidence

ct rtilrc-s th ' crlrrcclrless o orlr ,nvestigation.

K=0.5

K=0

l.)aL-J

rl

I rg 4 [ t'lccts t't s] p parJrncter ). on f'(t) l.)r viscous ard couple stress fluids.

^ 0.6

' 0.1
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stagn.ttion point (xr) against K, p and y when A = L.
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4.3 Conclusions

Il rhrs cha;.ter, obliquc flt w of a couple stless fluid near stagnation-point over a lubricated

p).,te is rn' estigaterl ,\ p,wcr Lrw fl rid lras becn used as a lubricant. To obtain similar

s(,lutr()n ol thc tlow problr m, \\e have txed n = l/2.'the Keller-box method is employed

to solvc tl,- llou' probler t nurr'r.:rically. Our intercst is to I'igure out the effects of free

pi,,anlclcr.3 and couple srress parameter K on the flow characteristics on the lubricated

sr.r facc. [t ras heen conclr ded rhat:

(ir Slrp ,rroduced on tl+ surtbce ircreases thc vclocity of the bulk fluid and abolishes

th.: c fects rlf lrel st eant r:lociry lbr large values.

(.ir 1 Tlre r tagtration-poin is shitted t,wsrdS right and left along x-axis under the influence

ol pl,ysical parantet. rs in the pri.isence of lubr rcation.

(irr) Tlre ,kin friction cr effioeot R,,'l'Cfrincreases by increasing 7 and decreases by

inure.tstng K. l{owe,'er, lrcundary layer displ.rcement a is increased by enhancing 2

arfl/r'r K

(ir ) lt ha. becn ol;serve.l thar Rr*|trC1 gains the magnitude by enhancing 7 forp < 0

aryJ , )sr-s for $ > 0 Dal.r thou ing Rr*'l'Cn for various values of K is represented

th,or gh iablr 3. lt r obs.'t vcd trtat Rr,t''Cngains the uragnitude as K rs accelerated

lot [ > () :rnd loscs,ts valrres fi,rB ( 0.
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('hapl er 5

Slip flow of a second grade fluid past a

lubricated rotating disc

'fhe chaptrr dcals u'ith t)e study of slip flow of e second-grade fluid past a lubricated

rotatrtg dr'c.'l'he rlisc is lubrrcated with a porver-law fluid.'fhe interfacial conditions

bt'twcen f,.rid and lubrir rnt irr.: imlosecl on the surface of disc by assuming a thin

lut'ric31rt laycr A hrghr l acr urate recturique, thc Keller-box method is used to obtain

rttrrnericrl ;olutions. 'lhe efl'euts of Weissenberg number and slip parameter on three

cr"np()nirl' ' ol tlre llurd eloc,tr and pressure are analyzed graphically while effects on

br,th tonO )nctrts ot'skrn rictir,n are rlem()nstrated through tables. The obtained solutions

,r1 ,cr" w'ell n llre spccralc ,sc rr rrh tht,se ol'Andersrcn and Rousselet [147].

5. t Problem statcment

Crrn5idsl trte steady, xxi,yrnnretric tlow of a setond grade lluid over a rotating disc

lut'ricatr'd rvtth a sltnt cr.rting uf power-law fluid. The disc is rotating with a uniform

v(,ocrty a.r aboul z'ttxrs u hich is takr n normal to rhe disc. The origin O is located at the

ct'rrtel ol'tl,e disc as show r in I ig. 5.1.

I trhrr unt

\ sketch of considsred flow situationFrgur ,' 5.1
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llll,V,lV relhcvclocitl coml)(,nenlsofthepower-lawfluid,thenitsvolumeflowrateis

grren by'[,47]

,/ = I;'(' Il(r,z) zn-dr, (5.1)

in which " is tlte thickrxss t,f the powcr-law luoricant. The equations governing the

rt,r atron,rl l lorv are

i" *i ,' .'.1 = o, (s.2)

, du 'u v du r 2 ... du., Ap (l d(rrr.) rgg , Orr.\pt * + u ,l*;a0-,;-. ,;:)= - ;+ (;;Z-:-v-v-*;), (s.3)

.0t' 'v vdu uv d,'\ 1ap +(+*':,t) +lrze tra.-r.e\Pl^+u.;+;N+',j-*;,)=-;; \rz dr u,+T), (5.4)

o lff + u'# *i# * *'I) =. -# r (:wP * *), (s s)

in whioh

r,, =.2p, . urFI * t,z - 

" 

v,2 +2wu,,+zuu,,1r,

rt t, =: Tttr = , (" -i)

t t. 1-.2t, t tv Jz lvu, 2uv, 
Itn, 

l- f - ' -+ ,- -;+ltzvz+u,ur*wvrr*urrr),

rt = t,, 1ttt,* url-': . dzw, - uru,*wur, - uru,+uurrf,

,u, =.'!f,: *!;y.zr,'- 3v2,-2rt,u, l2rvv, lzrwurtrzvrz *rzvrzl,

krtc = rt)z = ltuz *:) lZ., u, - ltuz ) rvzwz * rwvr, * ruvrrl,

rt, -- 2ub'z + ko[--urz - urz I 2wwrrf ,

wl)erc fv,r ,w) is thc vcl<*ity vector.lf thc second grade fluid and ks is the second grade
flrrid paanretcr.'fhc bnunlary cunditon at the surl.rce are

1,(r,0) = 0, V(r,}') = ,Dr, W(r,tt) - g, p(r 0) = g. (5.6)
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'flc conrin rity ol'thc sheiy stress at tle interface z = 6(r) for both the fluids suggests

/ viv O-0w dudu .0Y0u dwlw dudw\
I---L--

,, (:;) * ',, ( 
u ,:: 

' u' ::,' u' u;,) u,' utr,* ar ar 
l = P,'#' (s 8)

\ lu .;. *; +w araz+l. atr /

A, thc lrrbr rcattott lityel is very slim, therelbre

l,r(t',zt= 0 V0Sr=6. (s,7)

iv dw ,t2 v+w --=+
it 0 lz'

Ov dw d2u \ AV

- a, a, I u aro) = ltr;' (s.e)

rn whrc)r p . reprcsents thr viscority of the lubricant. If we assum"ff <<ffandu* ar#,

thl n

(5. l0)

pro;rortronal to z where 0 A z 3 d.'Ihus tbllowing

ll t7l ue larc

. A(rtzIt\r,Z) = 6.(,t,

' (u'r-i'(r ' zI lr,z) = 0)r - ]---- -

-,:r" ; ..,;; ,r. ,,li'1,, ..-" iorn).onerrts of borh tluids at the interface.

15 l) rn.l('.ll), wc gcl

drr) = - g-.
T U(r)

u_0w

r0r,, (i;";) * k'(i#

tt, = kl(t';)'- (:;)'l
ll ,) ir\\r,rI d tlrat {J ail,l ! arc,rt,catlt

(s.l l)

(s. l2)

Solving Eqs.

(5. l 3)

Lr\e the slear stress, tlre r rdial and azimuthalveloeity componcnts of both fluids are also

c(rtltinu()us at the interlacr l'ht'refore

ll=Ll.V=1,. (5. l4)

Srrbstrtuting Iiqs. (5.101-1 '.14) irrto Eqs. (5.8) and r5.9), one gets the following boundary

c('rldrtlons (nown as slrp r ondirirrns.

/ vdy 0u0r lu0u 0v0trI - - - + --- { -- \I td, otd, lzdr dz)t I

,.t f,. l ttwdu ,lut t t|u I.-r.jl +1.._ I
uI lzdt rlr ,tdt I

I azu or tzw I
\ +w-r*ri,;*tty7 /

= ; (;)' utru)nfuz*Qor-v)2)r, (s.15)
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rl )_

tlt
-3(

u dv 0r: iw 02v \.

':;- ';:;-r ,' %, ) = ; (i)" r,, - v)(rv)nlvz + (ur - u)'lT. (s'16)

;A-- a; a, L a,n;i

Urrng tlre r ontrnuity ol'ar,al vckrcity Jomponents r,f both fluids and Eq. (5.7), we have

r,'(r,d(z t) = W (r,6( )) = rt. (5. 1 7)

Fr,llowirrg 1471, we cirn ,(npore bourrdary'conditir,ns (5.15)-(5.17) at the surface of disc.

Frrrthcnrro, e

r,(r,c),0andu(r,',>)= g. (5.18)
'[lr ritdral ;hcar strcss r, rncllarlgenlral shear strers rg at the rvall are respectively given

br

, = t, (3:).=" **,( # "r,i* uT{,*2:i:Yi;##\ 
,

\ l.I 
araZ+ 

* ar, + tt 
araz+ 

u urz / ,=o

t,) ,.. tt('.ir), ,* u, (: ',:- ';,#, *9r; -i'; -## * "#),=o
'L, s<;lvr,' tl c F,t1s. (-5.3 )-(5 5), u e intrcducc the folk,wing dimensionless variables

6n=rri| u,--urfQ1), v=offg(t,), w-^fanh(rD, P = upp(n).

'ilre rosultr rg systell) in nr w varnbles is grven by

It'.=-2t,

I' - hf' - f, I g, +W'.e(nJ " + tff,' tTg'') = 0,

!,' -- hg' - 2f g 1 We(ag"' + 4f g" - Zf'g') = O,

t, * 21', 2lh+we(ltff' t 2f' h) :9.
J-r,J t't)rr es ronrlilrg bound.ry cur ,ditiorrs take the form

ir0) = 0 p(0) == Q,

I (0) +wtlzl(0)/,(0) - f,(ortr,(0) rh(0)/,,(0)l

- 
^(f(ol 

it(lfol)'+ (r - g(u,)'l-'l',
g (0) + w'[zl(o)g'(o) - s'(0tt,,(0) rh(o).rr,,(0)]

-t(t(rl)J1r -.e(0))l /(0)) + (,-s(o))'l-'',
/ roo) '= ( , g(co) = g,

(s.l e)

(s.20)

(s.21)

(s.22)

(s.23)

(s.24)

(s.2s)

(s.26)

(s.27)

(s.28)

wlrcrc' We = koaf pv is tle Weirsenherg number and 2 is the slip parameter defined as
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{ = t_\.(:)':j (s.2e)

It rs worth mcntionrng thir we h.rve ured n = 7/3 rn Eqs. (5.21)-(5.24) in order to obtain

sr,,rilarity r.rlulron. I'hc c( ostatrt 2. giren irr Eq. (5.1'9) may be rcwritten as

(5.30)

A, cording to l:q (5.3(t), he c,rrrstanr 2 defines thc ratio of Lvlsc (viscous length) to the

L,.6 (lubrr:ation length). For hrghly viscous lubrcant and small Lp6, the parameter ).

atltieves a hugr: value \l ren,r .t @. one gets/(0)= 0 and g(0) = 1, fromEqs. (5.26)

arxl (5.?7) conunonly kn,,wn as no-rlip condition.. Conversely when 2 -+ 0, we obtain

/'(0) '= 0 rnd g'(0),= 0 called full-.rlip boundarl conditions. Thus 2 measures the slip

prrrduseil ),y the lubrican Thc non-,limensional lorrns of both the components of skin

frr,:tion cor fficrents arc g) ,'en as

He,'/2 C, = f '(o) ).W :(h(r) ,/"(rr) + zf (O)f ,t0) - /,(0)h,(0)),

te,t/z Cy. = g'@) + W;(h(0 rg"(rr) + Zf (O)g'(0) - g,(0)h'(0))

\\',,crt' h'e, = a rz f v. (J, nd ( y,1 rcSl)ectivelyal tIrc rvall are dcfined as

C), --. t, /t V', C10.. T, /pV',

wherc V = ar

5.2 Numcrical rcsulls and discussions

E
'/ o 

- 
Lu,r,

^ - -;,,;i- ,"*
t\r

(s.31)

(s.32)

'lrr artalvzr the behaviour of pramelcrs A andWe on velocity and pressure profiles, the

Er1s. (5.21 '(5.24) togcthe with noun.lary conditiorrs (5.25)-(5.28) are solved numerically

usrng Kcll, r-box mcthod.

Frgs. 5.11-5 6 are plottcd I r see the ell'ects of slip parameter 2 on velocityprofiles f ,g,h
arxl pressu e p for solne lrxed v.tlues of Weissenburg number while the effects of We in

tht preson e of slip are .howrr in F,gs. 5.7-5.11. Dashed linos shown in Figs. 5.2-5.6

c('rresp(,n(.i lo the resttltr alre.rcty caculated by Andcrsson and Rousselet [147] through

K. ller'-box melhod tbr the case of Nervtonran flurd t r.e. We = 0). Numerical computations

for botlr t|,e colnp()ncnts of skrn frxtion coefficrcnts under the influence of pertinent
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pirranrcl'Jrs arc prescntud rt Talrlos 5.; and 5'2.

Frg.5.2is lisplayerltosb,wtlceflbrtsol'slipparumcter.lonaxial velocitywhenWe=

I tt rs ilnp rrlant to mcntir n he:e that rs wc increas,,'the numericalvalues of 2, an increase

in rhc valu, ol'-/r is obser ved. Atso t),e thrckness oiboundary layerregion is increased by

m(reasilg rhc lumcrical .alue r,f i. t;ig. 5.3 shous the variation in the radial velocity /
carrsed by he centnfugal brce under the rnfluence of slip parameter. It is clcar from Fig'

5. r that by increasirrg slip on tlre surfece, / decrear'es. The variation in radialvelocity has

rhr Slrrlr.b:hariour oS ob'crvert tbr tle viscous llurd (dashed lines) except the peak value

wtrich \Aas ncar 0.lt{ rrr 4 = 0,,)t} fbr the viscous fluid when there is no-slip [147] and is

r.rr rr' ncirr t 22.: rvhen r; r abo.rr l.l near untty) firr the second grade fluid. The gradual

rn rease in thc radialrclo. ity irr hig. r.4 uith increesing value of ,1, is directlyrelated with

rf, drrrr,br,urn;t,l'rhe/r-1 ,oliL.horr',rinlrig.5.2.lhisisduetothedirectrelationbetween

f tnrl h sh ru,n in Eq. (5.1 l).

Elr'ect <'f rlip pararnercr ,r'r thc azin,uthal velocitv component g in the circumferential

drrectiorr i, depictecl rn ) ig. 5..t. It rs obvious frrrm Fig. 5.4 that by increasing 2, the

rtrrnel'lcJl ralue of g rs ircreaied.'fle torque rcquired to maintain steady rotation of the

dr.c rs Jo rtrolled by thr, coltl)onerrt ol'the vcl,,rcity. Thc rmposed torque decreases

rn,noronicrlly by incrcas ng sl11, on rhe surface, h is evident from Figs. 5.2-5.4 that the

v:rriatiolr ir thc thru-e veSrcity tomp.)nents is more significant for smaller values of tr

shuwrnB tlut power-larv l',briclnt increases the flui.l velocity al the surface.

'flrc vural on rn thc preriure under the urfluence of slip parameter when We: 1, is

oh;ervetl ir Figs.5.5 and '.6. h rsclei,rfromFig.5 6thatpressure increasesbydecreasing

slrp. I Iorve /er, the bchavir ur ol pressr.re drstributiorr ncar the full-slip is different as shown

rn ,he lrrg. '.5. I.-orrl S 1 ,he drst pressure is less th.rn the ambient pressure -p(-), which

rnans lha the llou,is rrivcn rowa'ds the disc by the axial pressure gradient in this

Pl, tte ul.rr l rnB\' ()l'^.

tsrt'ecr ot'h'eonh-prolilewherr,t=l.5isshownirrFrg.5.T.ltisobviousfromthisfigure

tli",t by rnr reasing Wc.lt< axral vel'rcit) comporrcnt is increased. The velocity profile

sfh'wlr hy,lashed llne rs I ,r yiscous lluid r.e. when We = 0. Frg. 5.8 shows the variation

mrarlral vrlocitycomponrot/rrbenlVe rirngesliorn0to5andtr=l.5.ltisevidentfrom

thrs ligure thal / increas,s wirh an i,lcrelse in Wcissenberg number. We observe some



re\erse ufl:cts on the pear for hrgher values of We,'l'he azimuthal velocity component I
rs l,reselrte I in l;ig. 5.9. [t r, evittent frr,m this figure that g increases by increasing the value

ot We rvh:n,l is lixcd. \n 6,pposilc behaviour rrr the shear component of velocity is

t;I,;elrc,lrr.ar llrcstu'l'rree trigs l.l0aod5llarepl,rttcdforthepressuredistributionusing

vhr ious r'a.treS ol'We wht rr,tr =, [.5. rt is clear fronr these figurcs that -p increases when

0 : Wt < 0 B .\frer rht, presi,rre p ofilc shows .rn increase near the surface and then

di urelrs('s ( ramaticall)'.

f.,blc 5 I e rucirlates the cl,.rnge ur nun€ricul values uf Rertlz Cs, and RerT/z Csg for various

vi.rues oil whcn W e = 0 05 arul We = L lt is clear lrom the Table 5.l that as i increases

li,,m 01e.o,tlre nutncric.Ivalur;s of Rer"'Cr, in.rease. Howcver, the numerical values

ol Rerl/2.'ys initiallv il creare and then start decreasing. 'the numerical values of

Rr'r'/'Cs, lr;rd Rer'/zCyt for drffertnt values of We when ,i = 0.05 and i = 1.5 are

pr r,sented >r'l'able 5.2. Ar ;ordrng to lrris table as thu numerical value of We increases, the

nrrrnericrl .'aluos ol'Re.1' " Cf r t,firea>e while those of Re ,'/'Cl, decrease.

r-r.....--?-

I

t.0 r
I

----r----r-

////

;otrt
\ -_---x'

t-

I

), _5

),0

Frr:.5.2 Vrrialronrn--h(l)ag.rrnsttrwhenWe= l,.DashedlinesarecalculatedbylaT).
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1,2.5,m

Dashed lincs are calculated by Ual).
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5,3 l'inal remarhs

In rhrs clra;,ter, we lur c e> amfured the slip flow of a second grade fluid over a rotating disc

lul,ricated with porver-la*.' flurd Thr' governing tquations arc transformed to ordinary

drllercnria equatiorrsbyi surti,btechriceoftransf,rnration. Self-sinrilarityisachievedin

th gtrvcrn rtg cquatiorr.s fi r n ., L/3. lhe numericrlsolutions are computed using Keller-

B.,x ntethr,1.'l'hc nxrtrval on is t,r det.'rmine the eflccts of the slip parameter TandWe on

tl'" lLrvr cl .rrirttcnstlc. I re rn.trrr lin.lrngs are surr),narized as under.

(i, Tlre , omputed rcsul s shr'u thal spin-up by st.cond grade bulk fluid near the rotating

di'c s reduced by ir crearirrg slryr.

(ir r Nurr*-ricitl value of rll velt,city Joml)onenls i" dccreased as We is decrcased.

(irr) Arr unex;lectc<l rcvtrsal rn thc;rressure gradrent has bcen observed for the smaller

valur s ol 7 and We

(ir ) Tlre rumencal valu. s of. kerl/' C;, increase as,l increases from 0 to m.However,

thc n rmerical value, of Re,t/2(1e irritially increase and then start decreasing.

(r r As \.'erssenbcrg nu nbor ltle ir,crease, the nrrmerical values of Rer'/zC5, increase

rvlril, thosc ol-Rt,.1 2C76 
clecreise.
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( hapt er 6

Ileat transfer analysis in the time-dependent

slip flow ovor a lubricated rotating disc

In thrs cha.rter. we lravc 1'.;rtblned art analysis to study characteristics of heat transfer rn

ulriteadv low past a luhicatr'<l rotuing disc. A generalizcd Newtonian fluid obeying

p( ) wer-hw ;onst itutivc eq rat iorr rs errylloycd to motlel the lubricant, A set of dimensionless

c(x)r(llnlte, is utilizcd to c rnvert givel, partialdifferentialequations into nonlinear coupled

orrlinirl d tlcrcntiat equa lons lnterl rcial conditioos have been derived with the help of

c(,rttinuriy o1'shcar stres and velor ity of the lubricant and core fluid. The obtained

br,lntlitty aluc problcmr are ndmclrcall-v solved wrth the help of Keller-box method.

Irrpat't of t hysrc:rl f)Brzrlrtr rers rn the 1'rsssns. of lulrrication on tlurd velocity, temperature

,u.,1 prc\su c rs drsplarcd jrap)'1.:ally 
.fhc 

skrn liit tion coeflicrents and the localNusselt

nrrrnhcr ar' exilnlincd lhr, ugh rables. Conrparison of the present results with the existing

reruhs in t re literature | 1.7] $ also provided.

6. t l'ormulation of thc problem

C,'nsider 1mc-dcpcndcnt incornpressrble three dirnensional flow due to a rotating disc

wlrich ir h bricated b1'a rtim toating of a power-l.rw fluid. Core fluid strikes the disc at

ri;ht angle and sprcads al arorrrd in rhe radial direction as shown in Fig. 5.1. The disc is

osrurnod t. be rotatins af out z.axis with angular velocity ar with center at origin. The

vi\cous flr rd at tht' Ii-ee treatrl movds with a velocity U* = otr/(l - Tot) such that

yt | ( I u nere the param. ter y , has drmension (t-'). The time-dependent temperature T,

tll he drsc rS !{rVCD .rS

I , :: 'l'* F fu(1 -'Yot) 3/', (6. 1)

\\ c'r. 7 , I rrl 7, n)(it\rlr( thu l:,npcr.rturcs along tlre disc and irt free stream respectively,

[lc volrrnc llow rlte ()f ]iower-law ltuid is givcn by Eq.(5.1) The equations governing

th rotatror al flow irnd he.t trarrsfer a,e represented by Eq. (5.2) and

8s



,o', r u'; -i * *?) = -;gri *, t'# r*(;) r#),
6 t Jv uL' 0u / d2 ,t d ,'u\ dzu\
tr,* tt,; F; +* * = ,\t; t *1,;)+ urr),

0w du 0w 7 ,P lAzu I 0w Azw t-,r,-*71 ar+* ;;+ r(r* +;*+ urr),

o;i, r "'# , *ui = o' ('ji r i# * #),
w'rcrr' rr* i thcrmitl rlil'l rsiviry I'he boundary tonditions at fluid-solid interface are

re rrs;'gJ,1s. by Eqs (-\ 6) rnd ( 5 7). At thc interlacc, radial and tangential components of

rl al \tr,'s nrrr sl ht' cr,nli uou. l'he-r :forc. accordr,tg to [471
drr \ dU

UIA)'= tt,1 ,

, dr'\ av
lr\ar)'=1r,6,

in whioh p is reprcsentec' by E q (5. I 0). 'l'he contirluity of radial and azimuthal velocities

ol both flu.ds rs givcn b1 Eq. r5.14). Substituting Eqs. (5,10)-(5.14) into Eqs. (6.6) and

(6 7), w,; g.:t the follou inp slrp bound try condition.

'.'.,'; =. X(fi 
" urru1"luz + IJ - - v)zl' i,

(6.2)

(6.3)

(6.4)

(6.5)

(6,6)

(6.7)

(6.8)

(6.e)

(6.10)

(6.1 l)

(6,12)

(6.13)

.=:
ttl - it;)" (Il* - u)(r u)"[,r; + (l/- - u)')T

'flre cotrtirtrity of axial r.:locrtr conrponcnts of hoth fluids is displayed in Eq. (5.17).

Fr,tlqwl,r* 1471. wc can ) npose bourdary conditions (6.8), (6.9) and (5.17) at the surface

ot Jise ['h boundary con.titrot's at th.' frec strearn i,re given in Eq. (5.18). The temperature

pr,,filc satr.fics the lbllora ,ng hr,rndary conditions

i r,0) = /L ald'/'(r',. ),= /o

flre rilte ol hcat trarrsfcr q ' al ttrt. walr is given by

(t = -n (#),=,,

rn whiclr r'. denolcs the mal Jtrndurtivity, To transform Eqs (6.2)-(6,5) into ordinary

drlFercnria equatiorrs, the tbllo*rng rNw'uariablcs rre utilized.

I- "-',, = 
J n_*; z, u --:L 

"f(rt),u=.Il*g(q), 14 =

l' = :U,p(rD, T - T, = t'tn-7.") 0(n).

ffin1r1,
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[],-'rcsr,ltl rg svslelrt lr] nr v\'\'al lbles is grven by c,rntinuity ltq (5.21) and

1, - hf, - [: -a(l +lr,) re2 =0,

t' hq'-.2t11 - Alnrrrl,')=t,,

p - zlh tZi' -l}tn' r h),= Q,

o' - Prlne' +)fio + 1o')l = o,

/,t0) = 0 p(0) = Q, p(tt) = 1

/ (0) .. rlf (o)ti 
[1] ro. )'+ (,- r(o))']-"' ,

s (0) ,= itl (0)li Ir - g(o.r] [(f f ,rl;' + (1 -.r(o))']-"' ,

7 (co) = rt, g(m) = 0, 0(a, = 0,

(6.14)

(6. r s)

(6. l6)

(6,17)

(6. l8)

(6. l e)

(6.20)

(6.21)

wlrerc .4 = yo/ a dertrtte, the urstealiness paramr.ter, Pr : v/a* is the Prandtl number.

Fr,64 - 0 equattort"st(r.lt)-(6 l7)relrressntthe stcadycase.Theparameter2introduced

in Eqs. t6. 9)-t6.20)is de ined a;

r/, r ,t] ,l/=':'( ,)",-, (6.22)! \,/ ,,1

\\ cr'\' t, = t,/,1 - yd) I'he c rnstant I grven irr I:q. (6.22), is called slip parameter

dr'cussed r r detail earlicr rt chapter 5 The non-dimcnsional forrns of localNusselt number

ls gl\'on as

Rer'r/'/V u = -0'(0), (6.23)

6,2 Numcrical n suhs anrl analysis

Erluatiorrs Eqs (6. l4 )-(6 l7 ) srrbjec, to boundan' conditions (6. l8)-(6.21 ) are solved

rnrrrencrllr wrth the help rf higlrly ar curate technitlue, the Keller-box method.

'f,, 5ss the lorv behuviour rgairrsr the;,hysrcal paranreters Figs. 6.l-6.12 are plotted. Tables

6. I an<l o.2 show thc numr ricitl v,rlucs of radial shear stress, tangential shear stress and heat

tr,rnslbr co :fllcrent under he influenc,: of cmergrn6 parameters.

Irr, s ('r -( .1 arc dtspl,rvc I l{r,,['ss1"v, the varialiorr in velocrty components and pressure

atr,tinst rht slrp parrnx'ter 2, Irrlluenr e of ), on axral velocity -h is depicted in Fig. 6.1.

[' rs liu trt sltt w\ tl)al ux rl nr l,,w rs rncruascd by reducing thc amount ol'lubrication on
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th surf;rce ol'tlisc. A stei.ly casc (wl€n 11 = 0) is rllustrated bydashed lines. Increase in

th axial r;locrty rs lessr r' firr the urrsteady case. [t rs due to the fact that parameter A

dclrends ul on angular rel. city ,rr whit h inlern is a function of tinre. As the time ticks away,

r..r is decre rsed causing 1 le re.luctiolr in the axial in flow. However, h-curves tends to

orcrlap flor bolh cascs rn he absence of slip. Fig. t'.2 shows thc impact of slip parameter

orr thc radral velocity /. This tigurr shows that f is augmented on increasing 1. An

lflrr€ffierlt in thc axial rrwurrl flou automatically gives risc to radial outward flow

ar r'ordirrg ,o continulty ec; ratrorr (5.2 ) ). The incrcar,e in / is more prominent fbr the steady

cir.c (4 = )) r\ dct'rentcr t in lh.:pca< v'alue of rarrial velocity with increasing amount of

lut,ricatrrn ts observecl tn he figrrre dupendrng uporr axial inward flow (Eq. 5.21). Fig.6.3

rl),,sttat,'s he r ariatiorr in he Srlr 0r" \'r lociry g shor''ing that it is an increasing function of

,t A,cceler'tton tn the ralr e of g ls rD)re srgnificanr fbr the steady case. It n worth noting

tti.t this c( rnpononl ol'verrcitl .leterrnines the torque which is responsible for the steady

rcrtation ol the disc. As he siip on the disc surlrce is decreased, the imposed torque

dtereits('s ind lccordinglr thc ilrear relocity reduccs. Effects of ,1. on the pressure profile

rs l)reselrte I in Fig. 6.4. A, cordrr'g to r his ligure, prr ssure increases by reducing slip on the

strrface rvh:n d : 0 and n ) 0 \n ertensive enharrcement in the pressure is observed for

thr unstcat y cilsc r.r'hilu noving no-slrp to full-slip regime. Horvever, a small deviation is

oh*ervetln:ar lull-slip (fo snrallr'r vsrueS of ,t) for rhe steady case as shown in Fig. 6.4(b).
'I-lre roasor fbr thrs surpris ng be l,avio rr is that for h,wcst values of slip parameter, ambient

pr r sSrlre e) cec(ls thc disc ,rr€SStl) e whrch drives the flow towards the disc.

V.rriation rt thc velocrly r omp)nents and pressure against the parameter.4 is depicted in

['r6s.(i.l-6Elbrparlial (/ =0.Jrandoo-slip(2=.o)cases. liig.6.5providesthataxialin

fl,,w -/r ir inrersely rcla ed uith un;teadiness pa,ameter.4. It is due to the fact that A

rl, rgv11l. u on ,inrc lrnrl ti -' .rx,.r lch.city dccrease s rvith tintc. The decrease in the axial

vr octty is tnote pr()mine.t on tlre lutrricated disc. The radial velocity / shows the same

btrnviorrr rs that ol':rxia vcl.,rity-h as shown rn the Fig.6.6. It is due to the mass

ctrrlsct'v.rtir n lirrtnula 15.2 I) as discussed carlier. V.rriation in the circumferential velocity

g with tes).ect to paranlel.'r zl rs anal'zed in Fig. 6 7 both for partial and no-slip cases. It

rs rrvrdent rhat g retluccs I yenlrirncinr A.A lubricrrted surface appreciates this decrement

in rhc valu. of g as contpi.red trr the rrrugh surface. lmpact of unsteadiness parameter ^A on



rhr pre ssut : is prcscntcrl ir Fig. 6 8. O're can observ,i that pressure is an increasing function

ot A. 'f he 'eason is thtt ry increasir,g ,4. angular velocity of disc reduces and thus the

prrsSgrc o I thc surfbcr: ) lcrebsr:s. It is also clcat from this figure that increase in the

I'r ssur'( is ,not J pr()mlrlL-r t on 'lrc luhricatcd surfac:,

Fr1.. (r.9 el; borutcs rhe var ,atiolr rn thr temperature 0 by augrnenting 2 when Pr = 1 both

li, sl t.arlv fi . ()) an,.j ur ;tcarlr (/ , 0 I ) cascs lt rs concluded from thrs figure that 0

dtereirsr.s ry dccrelsing i.mou'll of lubricatron. Thrs figure also shows that unsteadiness

iU,l)rociirter the lubricatior effecls (so(id lrnes). lnfluence of unsteadiness paramoter.A on

g wlren P' = 1. fur hotn no.slip (oashed lines) and partial slip (solid lines) cases is

cleboralcd rn Frg. 6 10. A. cordrng to rhis ligure 0 increases by rncreasing A. This increase

can be en ranced by itpl lying the )ubrication on the surfacc (,1 = 0.5). Temperature

vilriations vith Prandtl nr.rnber l'r arc shown in Fig. 6.ll when 7= 7. The dashed lines

slrrrw thu s eady case. lt h.s ber'r, obs, rved that 0 rsduces by enlarging Pr. This reduction

is rmrre enrinent for thc ueadl rase. Ihe reason ir that therm:rl diffusivity decreases by

ln\rersing pr irnd as a rcs rlt te,nperature rs reducctt. Fig. 6.12 is devoted forthe effects of

Pr on tt'm;,eralure prolile 0 botlr for .teadyand uniteadycases respectively. It is obvious

fi,,m thrs I qurr.as Pr rs r rcrcascd. a lecrcase in tr*L value ol'0 is observed which further

dtlrrcr-lrrrc,orrrhclrtbrrca:dsr,rraccrsolitl lrnes). l,tfluenceof,tand/onthcmagnitudes

rlt thc radi,l shear strcss ''(0) rangr ntial shear stress -g'(0) is illustrated in Table 6.1.

\ .:ortlr,rg [o till) t.rblt'b,th r.,oial a.rd tangentral shcar stresscs reduce by decreasing.l

(ircrcasrn6 slip) as wellar incrr'asing rnstcadiness lrarameter A. However numericalvalue

ol tangentrrl slrear strr'ss .'nhalu es br increasing u1 for the no-slip case. The variation in

ht.rt trarrsl:r coefTicient;gainrt the ilifferent pararneters is elaborated in Table 6.2. We

ol,ierve th,t - 0'(0) incre.ses lir st an.l then decreares by increasing slip parameter for the

drtflercnr v rlues of A and Pr. lt is also ohvious lir,m this table that -0'(0) decreases by

rnr reasing rnslcadiness p:{anler( r. Thrs tallle also shows that heat transfer coefficient gains

th\ nragnil rdc as Pr rs ir.:reascrl. Tables 6.3-6.4 rhow the cotnparison of /'(0),-g'(0)
arxl - 0'(0 respcctrvelyv ith avuilabl+ results in thc specialcase [47].
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- rl'(0) tm.ler'1he inlluent ; of ,t rnd n. Numerical data for thc steady case ls calculated by

LrrTl

'(0)

-i=04 T , =l 7=a {=0.5

ix oe7rr.'-f-o ',twlzz 0. J035352

i)^o ,46E u,-l-o tegtzsl 0. t 946088

rLo 'so9 +i,-T-o +ogzloz

,o,r:7,,:,To nng+l
0.0215'., l0tB24B78

I

1)Q r/gJrrlr 1o ruzgg+s1

o.b rito n

rl-O ,Org tir

- g'(0)

7=7 7=q

.3691274 0.6L5922L

3667447 0.6526173

.3611589 0.6891527

34+8532 0.7618598

3051,776

ziiiz2
0.8700152

o stizTo3

76977+8 1.1400861

t727752 1..2906872

0 0 0349916

n i-'l olet+as

o i-'- olirslz
T i- o tnii,+ig

I

0 t 0,)0lr)02t,:

r 0 )()0tll.r

i.s- o ooooosS

: -'o 
oooooos

I=l
,lL = rrc

1,2,4,7

0.1833526 I 0

o tstzzr: lo
0 )e86s76 

| 
0

o. rs.)ooro 1 oo rsoooro 
]

0.n287541, I 0

o.,lTooxgT-o
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'I,rblc 6. 2:,rumcrrcal data

ol l, A an.l Pr

0 1 5-i9() l;l

0 I 541';0:t

0 l5.i4ril(,

0," 0 I38372!;

i - n 1+:r,dqz

, - 7.1+-+eogg

5- nl++1oiz

; - oi+.lstgu

ol;- o r iuze.t
i - nlisJrer
1- 7.1:ssdo6
j - nltsetsz
; - blJ:Jo+s

eprescntin; heat transfler coefficient - 0'(0) under the influence

- pi:o.t
b l [s5r, ri
71{ost7o

-rt- f 1-
Io I 0..,-

t i-
l,

5

- - -- - r'l
i

---- - F'l
I

_ __ L

T, JI)
-, 

= oi- i- ,l-. t
I

o.o.fqsgis i- ,huires
I

o.o:r+gg r s f- ,: roe res

i

Pr=70 Pr=50

1.1941080 2.6764945

1.3 519010 2.977991,9

1.3600160

1.2373t79

2.8867569

2.4431,7t2

1.1 3 3960 1 2.0908651

0.9402619 1.9939607

1,.0597740 2.1395287

7.0779513 1.8656158

0.8574734 1.28860L6

0,7401919 0.8924005

0.6513216 L.2208393

0.7455582 t.2352766

0.6544020 0.7740992

0.5576946 0.6760532

0.3697265 0.3918378

- g'(0)

7=7 ),=a

0.369t273 0.6L592202

3 0.3697273 0.6L59220

0.6L59220

0.6L59220r

I1""
I 'ji t; oeo

J026r,87
I J.27.il.+05

)27 '' 062

0.635272+

o:903 1 +o

0.7556897

I 
0r1eo10 r

3Pr=Pr -- 1-
TgonT

3n8786

I
]"

)27 " 265

0.19/1r339

UZlq,+OS

uziupei

oii,ti','ni

o.zri,7u

O:O,rirg10

O.te ttni
o:1B,i,gw

018 4110

o.t7.r, zio

0 ()5

i0..1155070

0.1084500
I
', 0 )9670'34

[- o. zz:ss+o
L__
I o.lz+zzatt__ _
I 0.3411682t___
I o.'lzsoztzt-- -I 0.3752027

1
I o.zozazo+
-L_ __
I o.zsoozs+
I-
I o.zet+oto
I

I o.zs+zessL
fr!:r:

| 
0 682382()

T ososs)rrL-
I o.ssss+ozL__
I 

o.oo+zt+t

1-osss%ooL-
I o.sr re oszL-
I o.zarclsr)L__
I o.++gsosr)

I o.++zzztt

I 0.4130926L___
'lrc.ZZeAZta

I'..,rlr'61. L'oritparrsorr o f'(tt. and -g'10) wrth those of lla7l, il021 and [05] when

A =(l

A=a

o.stozzzu

0.5t02326

0.5102326

L__
:::

0.20353 53
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llr'(l I '()n,p,tn)or ()l lLlnl, I cal \ alLlci olhcat

Itl5l r.l ,err,1 =0arrd =(,')

:ransf'er coelficient - 0'(0) with those

P" - ( 72

- - t,.sFto1t
(r.s2851 0L0

6.J Conclusion

Hrat trlnsl'er.rnalvsis ir the lrme-.lependent fl<,w past a lubricated rotating disc is

rn\eslig.rte.l inthisnlanus:ript'lherrquirodlubric,rtionisprovrdedbyapower-lawfluid.
'ft 

r slv16,. I rte srmilar solut on, ws havu set n = 1/3 The problern is solved numerically by

Kr ller'-box molhod. Our a m is ro figu''e out the effects of emerging parameters on the flow

clr.racteris ics in thc prerJnce r f lut<ication. Son,e findings of the investigation are as

ur,, ler

ll l'l c tht.tc;rttt ctltr.lrr c\ tl t vclo ttl'rrnd prcss.lre ol'bulk lluid. This increase is more

ra,rtt ftrr thc unstia( V ca*C

(l r\ rc lutlrott ttr tltc lurd l -'loct v ts observctl u rth an lncreasc in the unsteadiness

paral,leter .4. 'l'he lu tricar iun sD.1ara.s the reduction.

( i,, ) Att il crcirsc irr thc v, lue t' f A causes ln increare rn the pressure distribution. This fact

is tr*- Ibr botlr stcar y an,t msterdy cases.

(i') 'I-)re ,omponcnts ol radir,l and ,angcntial shcar stress augment by enlarging ,1. and

decrr asc by enhttno rg / Howcver, tangenti.rl shear stress is an increasing function

o1 A ,n the abserrce ,f sliy'.

(r , Tlre rreat translbr co'fficrutt -0'(0) increaser first and thcn decreases by increasing

slrp;'aratncter ftrl tle val rt,us vilues of A and Pr.

(r r ) -li'( )) docreises br incrr'asing .rnstcadiness 1,ryn6e1.r antl increases with increasing

Pr .rn. ltl nutnbcr. I [o vel er , en ur €xpccted beheviour is observed for the higher values

ol P; anrl zl at aud tJar r^r slrp '2 - oo).

-l-l
- -lCur rcnl I_ __I
By tlttsl I____ L

0.921,1,8502

0.92118503
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('hapl er 7

Ileat transfer analysis in the time-dependent
axisymmetric stagnation-point flow over L
Iubricated s urface
ln thrs cha),ter rinre-deper.lent. trvo-d,mensional, arisymmetric flow and heat transtbr of a

Vr,ious ln, ()nu)rcssrblil ll rrd url,)ing) rg ofihogona,ly on a disc is examined. The disc is

lu.rieat.'d vrth a tlun lal:r o1 lower-law fluid ol variable thickness. It is assumed that

\l la.r' r'r ,p(r'ltur'( ot tlr, drsc r,lrm'-dc;lcnderrl. ,-'ontrnulty olvelocrty and shear stress

at rhc urte)tace laycr botv een rhe llud and the luhricant has bcen imposed to obtain the

s(,tuttr)n o thc governinl parri.rl dirferential equ.rtions. The set of partial differential

equatiorrs ; reduced into .lrdilrary ditferential equ.rtions by suitable transformations and

ar r sulvcd ,rumerically by .rsinp Keller-box method Solutions are presented in the form of

gr ^.plrs and tables in oltler o ex rrnine 'he ilrfluence,rf pertinent parameters on the flow and

hr'rt trarrsl,'r characteristi, s. Arr mcre rse in lubrication results rn the reduction of surface

sht'or Stles, antl conseque.,tly \ rscous boundary laycr becomes thin. However, the thermal

bo,rndary,.rycr thickness rncr(aies by increasing rubrication. [t is further observed that

surtbce 'ht ar slrcss and h, at tr:rnsfer rate at the wal, grow duc to unsteadiness. The results

tbr thc stealy cJse are decl rced b om ttre prosent solutions and are found in good agreement

wrrh the er rsting results fu thc t(erature il48].

7.1 M.rthematical formulation

I rr ' ,r \r. rrl tirg urr:l . ad , lil,,- lrrrrc rsronal, oxrslrnnrctnc staS,nation-point flow and heat

tr-rnsler o1 an rncoruprcss ble rircour fluid past a,lisc lubricatcd by a thin layer of non-

Nr wtonrflr, porver-l.rw llu.l. 'Dre orig n O is locaterl al the center of the disc (Fig. 7.1).
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Flurd trI

i-ltirl l, .u,

Fig. 7.1 : )iagr lrn sht,wing stagnat'on-point flow problem

'flc llorv tlte Q of the lub icanr r omir.g out of a smrllpoint source at the center of the disc

is givc'n b, I:q. (5 l). Tlr stagrratiorr flow velociry of the viscous fluid is of the form

U.(t,z t) = ar/(l - yo ), wrr(re a > 0 and yu ). 0 are conslants with dimensions t-1.

I'r,: lrrr.r'-, epe rrrlerrt llrr eratirl: 7* ol- rhe drsc rs defined rn Eq. (6.1). Under these

,ts,uInl)l tor s, tl rc urrstr'.rdr tw(-,hmel,sional, axrsyronletnc flou'of bulk fluid is governed

b, thr'c.)n rnuly ['.r1 (r,2 hcar ,'.q (,,.5),rnd thc fi,llowing mornentum equations

(L 0u AP /A2l-r/- -*W- = - -i r,l-cl 0z t 0r \dr

iU*

-)
rt

ht

)u

at

)y
At

tw 0w+u'-*w='.r dt
L AP:. - ---
t0z

(7, 1)

(7.2)

' + a}G).\il'

,"(iY*i'#*tu,\)

Ar frcestrram, u = Uu(r z,t) irndtterefirreEq (".1)reduccsto

)u oL du

a, + u t; + w * = !!^ * L, T r'(#-; O -#) (7.3)

'Il* appro;,riatc boundirry conditrons 4t z :0 for the present flow situation is discussed in

dcrail br S rntrl ct al. It4l land irre

)u
)2.

== :(:)" r" (ru)zn tt(r 6(r,r) = - *t#)', w (r,6(r),r) = o. (7.4)
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De lrcrrnd rry condrtiolls ar aw;ry lit m the stagnarion-point in the present case are given

br

u(r',i,t,=IJ* == ,:;,
:02

w \r,Z,t) = -1.y"t (7.5)

(7.6)

(7 7)

(7.8)

(7,e)

(7. l0)

(7.1 l)

(7.12)

'ile hound rry condrtiotts .r be s:rtisfit d by the tem;re141u1e are presented in Eq. (6.10).

lntrodut in1 the dimensior less vi,riablcs

I)

*,;, u= t-f (,0, w = -rrff; offr>,

!' -n il '',1( ;.,)' , 
', -'l'n = (7',-'l'*)o(r),

tt, llou rs l()\ Jnrc(l b\

f"'*if f" -U')'

p'+4Jf'+2f""

s(, tut t()n

Fr,' tl = [ tlrt probleru r

L' |,,-tt rnl 'tcr ,t gl,.'r, rn

lr

l._k' (nltbl
t, \,J'b,r

m,vhrcl, b =q/('l-yo,

.,A(

A,qf'

1-f'

tf)=

* 1 ..0,-'rl")

0,

o" 1 P,'{rf o' -!,{s, + 40')} = o,

l(Ot = 0, p(0) =,,, l''(O) = l(f'(O))i, f'(*) = 7,

0(0) = 1, 0(o).= 1

wlrerr,' A = yo/a is the un.tead,ness prrameter and n has been taken 1/3 to obtain similar

:duc.'s to tl e stcady slat( case discussed by Santra et al. [48].
.q ( ' t l) rr slrp paranrct :r defined as

(r0.13)

).
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7,2 Discussion of runrericrl results

'I,, sg. rhr influcncc of lcrtinurt parameters on lhe velocity components, pressure and

tellpr'rarur :, Iir[ns. (7.8)-( '. l0) s.rbje< t to boundary conditions (7.1 I ) and (7.12) are solved

nr nc'rrc rll hr u-irru Kcl :r.br r mctrrod, fhc num:rical results are validated through the

c(.'rpirr)io , olthe l)reicnr solurr.rn w th the existrng rcsults rn lhe llterature in the special

Ci. OS

Fr;urcs, 7 t--l.l I are plo.ed l.r obse,ve the eff'ect'; of emerging parameters on velocity

c(,'np()t),Jnri, pressrrre rlis ributron ol\j ternperaturl. profile. Numerical computations for

sur face rh( Jr slrcss and hr lt lri o.;fer r ate showing ttre influence of parameters l, A and Pr

orr pr'escnl:d in'l'ables 7. and'l .2.

'l,Secttre:flilctsol'slipJrraffDter7nf,f'anJ-p,Figs.7.2-7.4havebeenplotted.The

dir.hcd lur, s in eaclr case rre tlre inve,;tigations of Santra et al. [48] when A = 0. Figure

7. .' is dr;p-ryctl to shorv I re cflb;ts o . 2 o n axial vslocity component /. From this figure,

it rs cleirr hal as wr'incrrase thc slil on the surface (2 is dccreased), an increase in the

virlue oi / s ohscn'ed./ :ecor'rr,'s prr,portionalto r1 as.l -+ 0 i.c. when full-slip is applied

orr thc srrrl rcc. Figure 7.3 s disp ayed to sce the influence of slip parameter.l on the radial

vr locrty c( mp()ncnl f' S : se( lhat /'decreases br increasing A.lt is due to the fact that

It rrr ,tl ,rr rc(l,lccs lhe fi rtton t n thr surtace. It is also clear liom Figs. '7.2 and 7.3 that

pr v('r--l.r\l lubricant enhi.lces tlre vr locity of fluil at the surface. The variation in the

lrr ssur'( p rrlrlt's -p rvrtl rl i. rrresinted in Fig. t.4 For the case of no-slip (classical

H.,maru, flrw), the pressrre ir.r'easei torvards the surface in the stagnation zone and it

olrains.t ttittilnum vitlur at 4 =,0. fhe pressurc variation across the boundary layer is

irxreaseJ v'itlt irrcrcasrng slip, rrnd tle muximum l)ressure build-up is observed for full-

sl'gr. 'l'hr p' csslrrc incrcast is shgntly s low rn the borrndary laycr region for the no-slip case.

Ar wo ittct-'ase the slip or the rt,tfaCr, the boundal y layer thickness reduces and pressure

se r Ins tt, ir crcase rapirlly. [t is t h:ar ft.rm I'ig. 7 .4 tbat the pressure curves intersect slightly

bt ron<l 4, l rvlten A ='t.lfrvrinspectlhegraph;losely,wenoticethatthecrossingsof

th. drffere,rt curves do nt.. occur in ooe srngle poirrt. It is evidcnt from Eq. (7.9) that the

ptrssttre is fi.tncttott of'br th tb.: radialand the axiel velocity components, which in turn

dr'lrends u1 on I he slr1l, 'l'hr po int rf inl lection produ.'ed by pressrrre distribution is observed
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\(,ne\\l.at rbore lhe srrrl.;e ft r thc r,o-slrp caSC. r\S we increase the slip on the surface,

tli ' rrrll:cr,t-lrr point sucn j to >rrrfi I rwards thc surfacc. But when A = 1, the point of

rntlection noves bcyrnd ? - 157 (;olid lines) slrowing that boundary layer thickness

ln\ reaseJ t y incrcasing tb nunrr rical valuc of pararneter A.

Ettbct of Juanteter A bo,n for rro-sl4r and partral-;lip cases on the velocity components

arxl prcsJu c pr olrle is rllu 'trattd in Frys. 7 .5-7.7 . Frgure 7.5 shows that magnitude of axial

vr ocrty / ,ncruases by in reis'ng A tor both cases It is also evident from this figure that

lul'ricatpn appreciates th elfrcts of .4 (solid linen). Figure 7.6 elucidates the effects of

pirramelcr lonther:rdral eloc,trconrponcnt/'borhforno-slip(dashedlines)andpartial-

slrlr (solrd lines) cases, It is oi'serve(t frotn this figure that as A increases, /'increases.

Mrrrgsvgl', thc lubricatcd ,urlare enhi.nces the elfert of .4 (solid lines). i.e. Increase inthe

ra^lial vr'[o'ity bccomcs nore rryid b.'lubricating lhe surface. ]'he effectsof unsteadiness

1r, atrrcl:r I or: plc\\urc p ofilc i. dcp ctcd in Fig. 7 7.The dashcd lincs are for no-slip case

iu.l solxi rncs lor plrtu,-slip :ase. 'lhrs figure ;hows that the pressure increases by

d, r(',rslrr8 A arrd is mrxir lurn r hen I = 0. It has rlso been observed that the increase in

ttr prr'srur -'becomcs nror ; srgrutican, by lpplying slip on thc surface.

V.,riatron r [0 [or difli'rer.t values of A when P?' .,1 both Ibr no-slip (dashed lines) and

p:,rtial slip (solrd lines) ci,.es ir ulabo,'ated in Fig. -.8. It is evident from this figure that 0

dr.:relsts ),y irrcreasing z1 Thi, Jecrtase can be enhanced by applying the lubrication on

th sur'fact (,1 = 1) Irrgu e 7.'r depit ts the variati,,n in the magnitude of 0 for different

virlues t,f r lip paratnetcr r wh;rr Pr = L both for stcady (.4 = 0) and unsteady (A :2)
careS. [l is ooncludcd lior r thir rigr.rrr that 0 increeses with an increase in the value of 2

(hl dccr ea, ing arnount of trbrir arion) This figurc also shows that unsteadiness depreciates

ttx ell'ects of'lubricatron (sol,d line;). ]'he influence of Pr on temperature profile is

elr,cidat.;d rn Fig. 7.10 w reD ^rt = 1 l,s1h for no-sl'p and partial slip cases. According to

thri ligtrre as /'r is rncre; sed, r decruase in the nr.mcrical vahre of 0 is observed which

li, lh.'r ,le1 r.cr'r.ttcs rrn tht ltrlrr r tlcd ,urtirce (solic lines) I'-rgure 7.I I is devoted for the

e lllcls r,f 'r on tellrperal rre 6 I'y co.rsidcring stei,dy and unsteady cases respectively. lt

h, , bccr n ,tcd fi.onrtlrrs I qure trtal g decreases by rncreasing Pr. It is also clear fromthis

fiyorc tlral as unsteaduterr incrtases. more decreare in the magnitude of temperature is

SC r Il.



Nr,rnc'rital vahtes of thc scin firrtion ;oeflicient at rhe surface lbr various values of 2 and

A .rre rllus rate.l rn the Tixrle 7 I and are comparett u,ith [148] when A = 0.It is evident

frr,rp 16,t nble that 1'"(t ) decrease by increasin5 slip on thc surface and increase by

in. reasirrg rnsleadirress pi {am( tt'r ,4. tlence the slip on the surface causes a decrease in the

virrue (), sk rn fi rction coel'icier't as erpectod. The r ariation in localNusselt number under

th. ittfluen.c oItlil'l'crsnl .rararrri)tcrs (s presented r,t ]'able 7,2. lt is clear from the Table

7 tJrat - 0'(tt) declcas s br rncrersing slip pararneter and increases by increasing

ur ,tc,rd,rrc s l)irritrne [cr ar ll'rr n.ltl nr,tnbcr.

_ll
,#-:i+.J/'l//Jr

'ri)-
\

/,,.J
//l

,r!;--rJ'..
-a*r -4.3."

J++-L

0

4-s

I l
tl

fifferent virlu.:s of 2t rg 7 2 \'ar ralron n /'(1 r for whert.4=0andA=1.
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lt /', \
).6 t /,' /, \

" 
/,' ,1,' \
l; i: ). = 0.2. 0.9.).t , ;,| /;

, lt tt
,r, ,t,

2.5. oo

0rl3{
rl

I'rg. 7..1 Varrirtron o l'ln) for different valtrs of .1. when A = 0 and A = 1.

134
rl

r,) for diffcrent valr,es of /, whcn A = 0 and I = 1.

).r. {', Irltl
).0 J--- L 4

iI

l5

^. l0

Xrs

r0

5

0

Itr.a. .4 Vltrt.rtiorl r,-p
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A = 0,3. 10. 30

44

01131
rl

7.5. Vanatron o /(rpr for.lifferent valuss of ,4 when A = L and i = oo.

,{ = 0. 3.J,12

I 1 - rrr

'i,
tr
I:.

I o'.-i- -. L + +
rll4

rl

t f'(,1t for Jifferent valucs of .A when 7 = I and 2 = co.

:=1

=oo

F,g

Frg. /.(r. Vanation
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r0

t5

l(l

xts
t0

5

0

ti
l,L

-'---T---F

A = 0. 0.5. l. 1.5 .7

()t131
rl

l:tg. t.7 Vanation rr -p[ly) fbr diff'crentvaluesof.A when 7= l andI = o.

L$

I

ouI

Y
0.1

0.1

0r23
rl

7.ti. Variatior in 6(,1) fo, difl'erent val;es of .4 and 2 when Pr -7.Fir
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Y

.4=0

A=2

0.2, 0.8, 2.5. oc

I

1.0;

Frp. 7.'). Vunatro, in 6(r1) tbr drtierent val';es of i and A when Pr = 7.

l=1
,I=qr

0il_j1
rl

ttit 7. 10. \irrratir o ur dr q) f,,r ditferent values ofPr and 2 when A = L.

0,1

1.0

)

0.8

0.6

0.-l

0.1

JU

><
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1.0

0.8

)6'

-l--- 
- 

r-------]--r

Pr= 1.2. 5

)l

!-

t')a-

rl

I'ig 7.1l. Variatio r in (,(ry) fr rdil'l'erent values of Pr and.4 when tr = 7.

'f,rblc7l: .,lunrericalvah*sfbrthesiinfiictioncoefficientf"(0)forvariousvaluesof,l"

arr.[ 21. I h< valtres irr thc 1, rrenlhr:sis are given by Sentra et al. [ 148].

--
^

A=0 ,4=50 .4 = 100

0.009998 0.009999
0.049744 0,049815

0,098978 0.099264
0.475200 0.487994

0.904377 0.929885

1.643876 1.733929

3.175248 3.567803

4.484463 5.404635

6.712076 8.336686

6.281867 8.712896
6.377818 8.920022
6.380862 8.947168

I ,t.01 (

t(r'r I

)l {

0.t; {

I --r

1--r
E --
1()

5()

to0 
-

;00 
-

00e994 (0 0( 999.t)
04,t'/ 4' (0 0, )2k,
0')o(,.ltr (0 0( ,56]ii'

!t+113 (0 4t 173_:.-t

987_6L8 !0 g 
'jlH)

27e_0!, q 1 T1H)
?tLl?t (1 21 l82u)
275873 (12', 5870)

l0,rl!(,q l8rl i
310_810 !1 I 031,r)

llr_813q3r18sD
.31195(, (1.31 1,95r,)

I

I

A=l
y'=0
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I..clc / l: 'r'unrcric.rl r,rlr :s lb he - 0'(0) fbr varous values of Pr.

A:70
),= L

A=100
tr ='J-

1..L61.069 3.578919

2.597787 8.00L272
3.663082 11.31356

5.1.77554 15.99468

8.181352 25.26648

L1.56527 35.67804
25.82568 78.82254

36.47870 109.8120

7,1 Conclusions

Ir, thrs cl rptcr. uu lrar : in t stiga ed heat trar.sfcr analysrs in the time-dependent

a) syrnrreric stagn.rtion-r oint tl.lw o.zer a disc lub.'icated with power-law fluid. We have

lir. grr ll = ,/ I so tlrirl rcs, hs c.rr, bc c rrnp,rred rn 1b!'speclal casc'.'lhe numencal solutions

ot thu g,rv. mrrrg equatror r or-e oevcL'ped usrng Kr ller-box tnethod. The motivation is to

dr rerrnilre hc cll'ecl oltle slill para,neter 2 and unsteadiness parameter ^4 on the flow

cl,rracteris ics. Main lind:rgs t f the presertt study irre

(i, Nun>:ricul valuer o / arul /'irrcreirse by inereasing the unsteadiness parameter A

anJ I y dccreasing s {p l)Mi,met(r 2.

(irr Ttrqrerature 0 irrcr.ascs rvith:.n increase in,l and decreases for large values of A

arxj r 'r.

(irr) f'(() rncreases b1 incrcesing both.l and,l. Thus slip on the surface causes a

retlu, tion in the vah e of f '(0)

(i', t -r)'( )) decreuses b, incrcrsing tr. However, rt increasesby increasingAandPr.

Pt 4,0,1 l.,i
A =L l= L

o. r 
- -.r.sooo?.)-' 7 lari

0.5 i .07850rJ 1)2879
1 I,.52338:t Lt40!,7
2 i.152020 2 )18.14

5 1,39846tJ 3157'./()

10 | +.802738 4t351,9
50 1r0.73049 r9'11613

rytt_ t 'i_ytnr_i: ,.rnoq
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('hapt er 8

NIHD mixed convection stagnation-point flow

of a viscous fluitl over a lubricated vertical

surface

lrr hrs crral ter rve h.rvc dis ussr o the IrIHD mixed c.rnvectron flow impinging orthogonally

r)r it \('r ,rc ,l lrrhrrc,rlc,.l sr Ihcc \ po,r,cr-law flrrid is utrlrzecl ltrr the lubrication purpose.

V rtht.ralr al rnodcl ttrr hc rorrsrde ced llow problern is illustrated by a set of partial

drrfet'cnria equations. [o lbtan thc xrteriacial corditions, it is assumed that the velocity

iurI slre.rr .trcss ol'both he fht,ds a'e continuous at the interface layer, Dimensionless

viriablesaeinvokcdttrt rnsfi,rmthr originalsyslemintheformofordinarydifferential

e(trlatiolrs. the Keller-bor nre tlrod ir implemented to obtain numerical solutions. The

tDrpact uf ),hysrcal paritm [ers orr the flou'charactrristics is given in the shape clf graphs

alrltabl.:s. A colnparison rf prerent i.nd available results in the special case validates the

olrainod n,rmerical soltrti, ns ['7-81, i59]

8, t Mathematical fororula tion

Cpnsrd€r n,ixctl convectic, l, st( a,ly, two-drmension.rl flow towards a stagnation-point over

ir , erlicr,l y late A porver aw I ri,ricar,t spreads ovr r the surfacc forming a thin layer. We

its.un)c /"* r).rnd 7',o irsl re su, l.rce a rd arrtbienl ternperaturesrcspectivelysuchthat?n, (
1, rs ltr il c r(,olc(r Jtrrl / , ;' . rs 1,,r the heatcd l,lale. A magnetlc tield having uniform

st :ngth B s rnrposud rror ,)alt,,'hc t'lrt pl.rtc.-fhe 1'latc rs resting in xz-plane and the fluid

flr,ws alror: thc plate hav,rg &ct strermvclocity ur(r), as shown in Fig. 8.1 below.

1.72



(',(, ) , I,

lle( ()

T.

-:::? r0
ur(x'

r-

\\ I

Lubricant ' ll l'"*t''' 
z;

Lubricant

r.rz(x) > L

(8 l)

(8.2)

(8.3)

tr) assisting fl.,w (ii) opposing flow

F'r6urc [r I Fkru'ing plren ]mer,on sht wing assisting and opposrng flow.

ll.:mcn' I I p,overl thal hc sr: pati.rn-prrint flou has the same attributes regardless the

sl,.rpc or tlc l'rgure. l'lrc ;ower -raw { urd comes orrt tiom thc centre of the plate with the

ll', w ratc ( grrcrr by Lq. r l.l).

Ar.;umilrg [, and u, as tl^: lint ar funetions ofx we have

f*(x) = 7'- + T.)(;), ,, = ,t"(1,),

wt,err. L 'l land IJ, are c]aractcristic length, refcrerrce temperature and reference velocity

re rper.:tir'ei r. 'fhe eqrratror i rep, e senti,rg the boundary layer flow and heat transfer are (2.2)

atxl

# = u,'?: r, fi' t st.(r - r-) * r';(u" - u),

at' , a27'

-'= 
flov * ar'' '

rn which i, yr, o imd l, repre;ent respcctively the gravitational acceleration, thermal

er rarrsi,,n coclficir'nt e :ctri, a I co rductivity an I rnagnelic field. The positive sign

rnntroncdrnFq (8.2)is-'rrth:rssisingrrndnegarrvesightbrtheopposingflow.

duu'-- 
" 

1
t)x

d'r
u--- 'r- ^l

ilx
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'f,, disc.rsr prescnt flow .ituariun, 11n. boundary conditions are applied at the surface,

iry:rllct'o.'borh thc lluittr 6rld rt inl,nity The no.slip boundary condition at the surface

iil. rcpr!'s( rtcd by liqs. (? 7) ar,<l (2.8 r and

i'(.r,0) ,'tu,rrb() (8.4)

Srrnilirrly, he rnterlircrirl , ondirilns a.'e given by (f .15) and (2.17). The conditions at the

frr'e sll'eJn imply

rr (r,o,) = Ur(:),

Dr flurury t|e drmensrotrle,; var urbles

I
= y l!, , l, = {/,, (')

I t,

| .' t,rrr -.fr lll!l -'( jU,rlt(,n\

ttt " rt + | l" I | +

tr't+l,r\fe'-f'e)=
/(0)= 0 1'"(0)=. 1

1,(0) =, 1 0(m) - O,

'(o''''', f'(*) = 7,

wr,erc M = o9LUrittlre,[artnrannnrrmbsrandd,.Gr/Rez representsmixedconvection

piuarnoldr, rn uhich Gr = gyt f, Lt /12 is Grashof .rnd Re = l,lrL/v is Reynolds number.

It s rnrl'ol'ant to mcntror that o > 0 andd ( 0respcctivelycorrespondto assistingand

o1'posing l ows.'fhc shp laran,eter,l in Eq. (8.9) is dcfined as

k ,qt e2tt tztt-l
I == --t ,3/2- zQ)tt'

wlrrr. e = U"lL.

8 ! Results and di{cursion

I' J',alue: ol 1'. f'',tl at l0' uL'()brlnctl by sohrng Eqs. (8.r) and (8.10) using Keller-

br,< rrrclho lli.tl certairr va oes r,l pertrtent paramettrs.

'f, firrd tlc ilrfluerrcc o Ha t,nann nunrber M, slip paramcter 2, mixed convection

pi.'arneldr /, Prandtlnum)er Pr' rnd low behavior 'ndex non f'and 0, Figs. 8.2-8.10 have

br cn;rlr'ttr J. 'thc rcspons. of pertiner't parameters,rn /"(0) and -0'(0) have been given

f (x,a ): I-, (8.s)

(8.7)

(8.8)

(8.e)

(8, l0)

(8. r l)

'(n L)

rc lJ

t0 + M(l

),

-fr,r',, r

f'.r=0,

: ru, * r,(1) tfr>. (8.6)

1.L4



in lables t l-8 3.

Frgs, 8.1' a rd 8 3 arc displryed tr , arra yze the behar ior of wall slip due to lubricant on the

vr',ocrty ar'd tcnrpcralure dishrhutior s. Frg. 8.2 d.:picts the dr:pendence of /' (velocity

c( nlr()n)lt akrrrg.r arrs) rn s ll ,parlmctcrri. Acrording to this figure/'increases with

rl, r(,r\t,lg rh('ot.tgrllt{ldc rl',t lr nrer ns tlre lubricr,nt increases the fluid velocity. Forthe

ci..e rvhjn ,1 alrpro.rclrcs o ze'( . i c. in the casc ol lull-slip, the effects of viscosity are

Sr.lrptrJSrec by the lubrrci- rt. F,g,. 8.3 denronstratei how the slrp parameter 2 effects the

tertpcrarur : plolile 0 \& r observe that the nulne, ical value of temperature profile 0 is

ur reased I y increaring sl p parameter tr showing thal temperature of the fluid is reduced

br augn,er<ing lubrrcatior on ttx plal;.

'flc rrnpac ol'Hartttraltn runtter' M t.n f'and I when ). = 3,Pr = L,d = 0.1is depicted

rn Figs. 8.. antl tt.5 Frg. l 4 rll,rrtrater that applied magnetic field excites the bulk motion

arrl suppo.ts lhc lrrbl'icar on r [t'ects, According t,r lrig. 8.5, the temperature profile 0

dcureimt.s l,y increasrng tl,J nutnr)rica, value of M. Vloreover, an increase in the numerical

value <ll il4 rcdrrccs thc th, rmal tounoary layer thicxncss.

'f,, s5r.,r, the elfeets of / on f and rJ for fixed A, 14,and Pr both fbr assisting as well as

ol'posing lows, Figs. li.6 rnrl x 7 are plotted. Fig. t.6 depicls that velocity profile f' and

rn.(edc.)n ectronpJrarne;rrl uedu,:ctlyproportirnaltoeachotherfortheassistingflow

,rr,l :rrc ,n crrt'11 pr.r)[rr)l-t rnal ti,r tht opprsing flow. Influetrcc of d on temperature 0 is

pr s(,nr(J rr l'g t 7 I'l s li1 ure stows that by rncreasing d the temperature of fluid

dr.;rerrsts >.lr the case tlf .;sist,ng flory and it incre.rscs when there is opposing flow. Fig.

8 r elru id.tes ho'* Pran.tl nrrlrlber Pr offects t)re temperature 0 in the existence of

lur'ricaton whun M = 1;,nd d .= 0.1 From this figure, it is clcar that as we increase the

nr,ncricJl 'alue of Pr lbr iom( rixed valuc of .1. tr^L tomperature profile decreases. As we

nL,vc fr.,n no-slip ro lirll. ,lip (,..:. 2 <tecre.rses), thir dccrease is more rapid. The impact of

flr,w lrehar ior rndex non f'ard 0 is illustrated in t-igs. 8.9 and 8.10. Fig. 8.9 showsthat

ttx horizor.tal velocity'co rlporE'rt /' s increased by increasing n. According to Fig. 8.10

th. tcrnlrcr rturc 0 dccrcas:s by irtcrea;ing flow behaviour index n.

Intluencer l'slipparanrcte Ao\i"(0 tand -0'(0) when M =landPr = l arepresented

rn fahle 8. . 'l'lre cases lbr rhe a 
's 

rstinl. florv and opl.osrng florv are considered. We observe

tt, t lrl n( c.rs,ng ,t. l "( )) rs i,rcrca;ed ,rnd -0't0) is decreased. However, the rate of
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ln l'e.rs( o, detrcas.'is sh wcr .\nen llere rs oppos'ng flow.'fhe numerical computations

for 2 = ! rrecarricdout:^2 = .1000 Theimpaclr,fMon f"(0)and-0' (0)iselucidated

in [ahle 8. : when ),, Pr at d d ar,: conitanl. It has bt en observed that by increasing M, both

/' (Ol and -0' (0) increa.e. Ttrr effe:ts of Pron l"(0) and -0' (0) for assisting as well

as op;ro.in; flows, iue sht wn irr [abk 8.3 A closc ,ook at this table clarifies that as the Pr

rs incrersr l, 1"(0) is d.crea.ed ani -0'(0) is increased irr the assisting flow case.

H'wr'v('r, 'oth quarrtitics .re ircr'ease.J in the opporing flow case.

Nr.mcrital values ol' f "( l) aM -0':0) lbr the nrr-slip case agree well with the values

aheadyJercribed in thc li eratt,r.:177 81,159] and arepresented inTables 8.4-8.6.
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f.olc 8 l: lntluencc ol's) p pa/irmet(rl on f"(0) and -0'(0) when M = l and Pr = 1,

wten rl = t,.l (lssistmg fl, w) anl d = - 0.1 (opporing flow).

f" (0)

(asslsl rng, flc v)

b.orol r7

f" (0)

(ass.stingflow) (opposing

I 259e325 0.0097796

flow)

-0'(0)
(opposing flow)

1.2427839
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8, ] Conclusions

In lhrs c,la) ter, MHl.) rrrix d co,rvectit,n flt,w stagni,ted over a vcrticalwall lubricated with

pr ,vcr-l4w fluitl rs ul!estL(atco \urn:rical soluliol,s zrre attaincd to analyze the influence

ol rlip pera,nctcr 2, [ [al tnxnn rrrrnber M, rnixed colrvection parameter d, power- law index

n rfltl Prat Jtl trurnhcr Pr n ttt flou characteristir s. Results are presented in the form of

tal,les artd figurcs lbr ce tain v.rlues of paramcters by considering assisting as well as

olposing I ou, situatiorrs. 'iomr lindil gs o1'this stu{y are

(ir 'l'hr lubricanl cxcr 0s trrL base fluitl velocit\ insidc thc boundary layer. Moreover,

the ;f['ects olviscr ,;itvir: sutDressed by thr lubricant in the case of full-slip.

(ir r '!'ht tenrpcraturc o thc lq;e flr id dccreascs I'y increasing lubrication on the surface.

(i,,) lty ncruasing llre r lip orr rhe sxrfacc, the warlshear stress, i.e. f" (0) decreases and

Irea trattsfet cocfl cient, r.e. - 0'(0) increa'es but thc rate of increase or decrease

r; l. SS in rnaqnituo: fbr the oprosilrg flow.

(ir ) 'l'hr sinrilanty srlh.ions c,nly t xist for n = ) /2. A non-similar solution is obtained

,,h n n + I t2
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('hapler 9

F.ff'ects of lubrication in MHD mixed

convection slagnation-point flow of a second

grade lluid adjacent to a vertical plate

'fl,e prererr chirpter descr'res etlects,,f mixed conrection on Ml{D flow of a second grade

ll, ,d ,rlr,,v, a \ :t'ttc,rl Plal lh, lurd mprngcs onlogonally on thc plate which has a slim

ct, rttrtg ,rl rorvcr-law lrrbr cartl \ sy$em ol'ordrna,'y difl'erentiul equations is obtained by

cl'.ph,yrne thc similarity ransl)r'mat>)ns to the onginalpartial differential equations. To

h:.,rdlc lne )rcscnt Jlorr sr laticn it is assumed that velocity and shear stress of the second

gr.dc fl'rit anrl thc lulrrir lnl irr col tinu()us at thc interfacc. A well reputed numerical

lerhnt<1ue :allud Kellcr-lox r'uthod is utilized l,r solve coupled nonlinear equations.

Intlucnte, f slrp, nlag,net c an.l mi.xtd convectron parameters, Weissenberg and Prandtl

Iltlnberr o r the velocity, r xin ln;tion coel'ficient, tr'mperaturc and heat transf-er rate at the

sur face ,s I restlnled rn thr forn r,f gruphs.rnd tatruhr data for both assisting and opposing

fl,,1vs I he results irr thc c-se o, rtedu< ed no-slip colrdilion are compared with the available

nrr,ncricll lata [59]. A g ,od aB,reern:nt of these rt sults certifies our effort.

Pr oblem dcsr ription

Cr nStder s cady, mrxetl c nve( trcn. t.rro-dimensior,al flow of a second grade fluid due to

\l lr.ttt 11 tlru t ,r(i .rc,'nl I lr l tre ul ,uhrrcatcd pla.e A po\\cr larv flurd has been utilized

to' thc l,tb, rcatrott ptrpos 1-h. ;late temperature'/, rs linearly dependent to the distance

x 'ioltt th' ongtn. lt rs.;sun€J thr{ thc plate is resting in xz-plane and a transverse

nrrgnctx l cld I is appliet orl rr*L pla.e as shown in Fig. 8.1.

E,;uBlio,rS eprcscnling th, bou,r,lary ayer flow are (2.2), (8.3) lnd the following equation

(tu du du-,;;', , a" = Lt, 1'r'',

9. I

,:
p

u ur-,i+ *, ("i,ffi-::,:#.##*'#)
tte - u).t gy (', -'l',,) t o (e.l )



'f,, dtsc.tsr

mt;rlitct' r

corrdrlio ns

fe ltfeselrterr

r (r c )

pr('scnl fltrw .itua,i,'n, 1;,4 boundary .;onditions are applied at the surface,

l'both lluids ..nd lrre stream Eqs. (2 7) and (8.4) represent the boundary

rt l'luid-solrtl ir.erib.;r whie thc boundar y conditions at fluid-fluid interface are

by Eqs t2.17 and r.'.5). fhe conditior's at the free stream imply

rr (t 1 ort;'I - J, tn(r, r ,) = 7_. (e 2)

Ilrrodrrr inl [:q (8.(r), onr gets tlre lb]rowing systenr of equatiolrs.

l"' -'f'' + f f" +'l+ ue(!i'f" - f"'- f f") +d0 + M(l- f')=0,

/ (0) = ( f" (0)'t:ttl f'(,t.f"(tt) = 11'1912^ , f'(*) = l, f"(*) = 0.

(e.3)

(e.4)

'fl* hcar e.ruatlon artd relr.ivc I't'undiry conditions arc mentioncd in Eqs. (8.8) and (8.10).

'llc par,rrn:ter i rs tletrne-, in I q (8.) l).

9,1, Nrmcrictl n sults and discussion

'fl* valrrer ol f', [".0 a.d 0'are ol.taincd by solving Eqs. (9.3), (9.4), (8.8) and (8.10)

ulrrng Kcll. r-box mcthod or ct nain r rlues of pertirrent paramelers.

l, tlrus,ra c thc rttllur,'nc( ol n,rrgnct. pararneler Pl , slip pararneter i, mixed convection

p;,,41',.t ', l, s'crssl'nbcr1 nun,her w e and Prandt, number Pr on f' and 0, Figs. 9.1-9.9

h:,re bssn :lotted. \utrter cal '.:rlues rf wall shcar strcss Rert/zCy and and localNusselt

nr,'nbcr Rt .:-r"Nu^, r,le ) rvcn ur Tabtes 9.1-9.4. Tnis numericaldata is utilized to discuss

th intlrren'e oiinvolvud ,aranr( fers,'n Rerl/2CJ .and Rer-1/2 Nu*.

Frd,urcs 9. alrul9.2 arc di,play.o to a alyte the bcl,avror of slip parameter on the velocity

arrltcrq)e'.tture profilcs. 'ig 9 dcp.cts the deperrJence of f'lvelocity component along

x {xrs),rn 'ltp parartreler .. Arc,rrdiry to this figurc/'increases when slip is increased at

ttx strl.tcr It nteans tha lubrirant ;xcilcs the vrlocity of thc fluid. The case when .1

altf)roaclle, t<l zcro. i.e. 1.ll- slip regrme, the elfe-ts of viscosity are suppressed by the

lul'ricant. ig. 9.2 denron trate j how the slip paratrleter 2 effects the temperature g. It is

ol,ret'verl I oltr this tigure hat rhc fluxJ ternperaturt is suppressr:d by increasing slip. This

is bec:at.se vehrcrty is en rancr'<, by ,ncrcasing slrp and as a result the impact of wall
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te,rlprrarut : on the llowin< fluxj is re.lucetl.

Fty,s. ').., at'lt1 4 disllliry l.€ v'a, irtion tn f 'and 0 for various values of magnetic parameter

M wlrt'n P ,dendWear, fixeJ Malnetiupararnerereanaffectthefluidvelocityinthree

wrys oirhe il excitcs tht fluirt velor ity or it sup;,resses thc lluid velocity or alters the

br,rnd:uy.rycr thickncss In tlrr prerent case Fig. 9.-1 illustrales that with increasing M

vr,ocrtyis ncrcaserlandrronunruml.oundarylayerthicknessisdecreased.Followingthe

Sitro€ at;,.u) rcttl for tlte Jlrt riour set ol figures the ternperature g decreases by increasing M

(I ,g.9.4r. ) urthermore. th thernnl b,'undiry layer thrckness is reduced by increasing M.

Vrriatioor r/'and 0lirrtle rnll,lencr of viscoelastic parameterWe for fixedi, l4,dand

Pr has lrct n reportcd in I ,gs. e. i ano 9.6 Fig. 9.5 shows that f' decreases by increasing

W,:.'l'hc r.oSon is that b1 incr, a;ing vVe, the viscc'us effects forthe viscoelastic fluid are

rh'te pn)Ir rncnt anrt as a esrrlr reloc ty ol'the flui.l is decreased. A reverse phenomenon

lir, , bt'ct o ,seI"cd rruat tlt surl r, e as ilrp rs incrcas:d. It means slip dominates the viscous

elf ects t.lslle tlte btruntlal lay.r Tenrperirture in tl,is case is a decreasing function of We

ar.lr('sults arc shou'n rn I g. 9 6 To.na[]ze the clt'ects of d on f'and 0 both for assisting

ar\l oppDs og llows. Irrgs 9.7 nd 9 I arc plottcd. Fig. 9.7 depicts that velocity /'is an

tn"reasirrg tunrtton ol'th mbed co,rvection parameter d lbr the assisting flow and is

dr;reasing function fol tl,: opl<,sing t'low The reaion is that u,hen the fluid is in contact

wrh the hr .rtcd platc, the nole;rrles r f thc fluid arr excited and as a result the velocity of

th flrrid er han,,:es. On thc othe, lrand. velocity ol'the lluid decrcases near the cooled plate.

Frs. 9.8 sh rws the rnfluer Je ot rl on ihe lcmperatu(e 0. We observe that by increasing d

thr tctqrerature oJ'fluid redu;r's fo,'assisting fl,rw situation and it increases for the

o;'posing l.ow. lmpitct or Pr'.rrr the numerical vatues of 0 is displayed in Fig. 9.9. As

eli)eetc'lt, mpcrlturc 0 rr Juce' tor lacge values of Pr. From thc explicit dcfinition of Pr,

wr observr that tt rs inver ielv,e lated to tlrermal drtfusivity a-. Therefore, increasing Pr,

re'ults irt t re dt'cren)er)t o a' ( adsirll a dccreasc ir hcat transfer. This reduction becomes

rTL,te prrlrl rnent lbr thr' in reas^:(l sltp case.

N.mcri,al vahreso[Rr,rr zCs vtdRt*-1/zfu, fol theinflucnceoflwhen M:l,K:0.5
at.l l)r I arc prescntcd r r Tal'1,'9.I l'he cases for assisting and opposing flows has been

dr.cussrd. tt rs obsurved nar /i( ,'/','f is an incre.sing and Rcr-r/zru. is a decreasing
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lurrclron o 2 lpr both thr cas(s Bul magnitudc ot'increase or decrcase is smaller when

ttxre is a r of)posrng flr w. 'lable 'r.2 rs devoted for the analysis of RerUzCy and

Rt r-r/2 Ni r lbrthc inllut,rcer,Imag)teticparamettrM. WeseethatbyincreasingM,both

R, ,1/z(1r ncl ller- t/2Nu 
, garrr the r,ugnitude. Tle rate of increase of both quantities is

larger itr fi ll-slrp regirne i od is smalln.r in no-slip rugime for both the cases. Effects of Pr

orrR(rxt2l,andRe^.-t/'rru^r.nthelrbricatedsurllcehasbeendepictedinTableg.3.The

lc ul,,l,rc l tlrrl br urerr .sirrg l'T, R2r'/tCy dr"rrascs and Rer-t/zf u, increases in the

cir.e of eSS strng flotv anc) both quant<ies lccelerat.: in opposing flow situation. Table 9.4

rn* orl)or atr s lhc cffccts ol ile r n Re, /2 C, and Re, 
-r/z f u, during assisting and opposing

fl,,ws tbr ) = 3. M I ,rDr Pr , l. W: sec that Rert/zC, and Rer-r/?Nurarereduced by

ct,rtartcirrg ile. in euch ca e.'f;bles 9 5 and 9.6 are developed lo examine the variation in

R, rll2t1itd ller-t/? Nt, fcrr t)re inlluence of We ,M and Pr. Acomparison of obtained

re.uhs wit r those of Ahoed lrd Nuar [59] vrlidates the accuracy of the provided
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I'able r.l: lnf]uencer i/.o tRerl/2Cs andRe*'1/zfr, whcn We = 0.5,M = Pr =

I br,th for.rssistrng fl, w (o = 0.1) anrl opposirrg llow (d = -0.1).

-'i

-0,l

-0.5

Rer'/2 t:,

(assistirrg flor )

Re*r/2 C1

TIE<zab11-- o rSsslse

L li 96209 , 0.343 l85l

)

Rer-r/z f u,

(opposing flow)

1.2329180

1.r8r7533

t.1246462

1.0350918

0.906s654

0.8456094

0.79st291

0.7889483

0.7840427

0.7828222

Rer-7/z f u,

(opposing flow)

r.0965899

Rer- r/2 Nu,

rr.SSist ng flow) | (,rpposing flow

0.03q69,10 TIxr;.Bs-- n.Bn6n

-i.0 0.921-l-s l1

l0

t.u

-2.0 -

o. t 88001{7

o..i-+./01 i2

- 
ri.sq:aoxJ

t.06e54()7

r. rsl;9.i2
-r 

. tDv ii, rZ

.50(r 1.2100?.t)0

t.2177123

I 
V.JTJ r oJ r

- - r.oaqg8ll 
_l - 

lszsa5+8
I

- o.q-rssazs -l - o 88e8624

- o.r: Naro I - l.0263sel

o.siiTr(,3 I - 1.fu7i57

- oJ%84ltl-- 1 tq6szzs
I

- a*rza,,f-Irsoor+o
-- atqyyz I l.rssllzsl____

-.so --

-t0i, _.

l'able r.2: [nfluencc r iM,r, Rert/ZC, and /?e, -1/2Nux when 2 = Pr = 7 and

We = 0.5 both tbr as istrng flow (d =, 0.1) anrlopposing flow (d = -0.1).

', 
- M ller:/)C,

i tassrslrrrg flc v)

-oi olqorT3r -

Re* 
'1/z f u,

rassis ing llow)

l.l i64.i48

l l 181423

1i tg62oe-

Rert/z C,

, opposing flow)

0.3322275

0.337831l

- -0:+: fss r-
0 344610(

o.lq,)-0 r g: -
0.5

-r 0

-t.0

-5.0

0.355277t 0,3507 r I _l

t. I 108543

t.t246462

1.1442641t t j62t73

l1l:te7603655t5)

1.34

0.3626s90
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r0oio

vrcro

0.3990285
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0.3999820

ke,L/2,'s and Re*-L,' Nrrrwhcn 2 : M = l andWe =

= 0.1) rnd opposing flow (d = -0.1).

ar-';rru;l- -RrjEc,
( rssrsl,ng llow) ( rpposing tlo

_,1_ _
0 3r,196 19 I 0.341 13 10

--:_0.3v037-r9 I 0.3414380

aa 7a8v2 a n34%n2
-t.t.q62rD 

I- 03431851

0.344373s

0 3999t(2(

'f.rblc 9 l: ,nllrencc oIPr

0 ', both ft r assisting tlou

Pr - 
Rerrtl,',

(,r:.sr:trrrg lltt

() 0...

-0, I

-0.5

-1.0

-5:0

-t0

-.50
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t).l5r)9']93

o..rsoos r o

().34e55 l9
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I.07475.10

J able r.4: [nflucnce r i[4/e r,n Rt

A '= 3 )olh lbr.rssrsti g lk r (d ,

We Rer'/2 t.',

(assistirrg llor )

,'/'Cf and R,:r-'r12Nuxrvhen Pr = M

0.1 I and oppsing flow (d : - 0.1).

=1and

)

Rer-'/2 Nu,

(opposing flow)

0.9996494

0.9974826

0.9927064

0.9802323

0.9732819

0.9737522

0.9780998

d = -0.2

L00962 i0-

(r.0096)

0.714t263

(0.7 r 41)
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(0.5636)

r.3346086

( r.3346)

1.05400e9

00(,lfi()5

o.85ti I I i4

I 0( 655ri6

0.9! ]94rr0

Rer- t/2 f u,

,i,ssrst ng flow)
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n 687sen

n sl754o7

0 5t t3612
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{)..52().1170 0 99 25313

'f.olc 9 5: Con.rparr;on sl" )wmd thc irflucnce v:rriuus parametcrs on Rerl/2C1when 2 =

o( ftrr:,ss-;tlng as well a oppuring low situations. '[he numcrical values written in the

br .ckcts ar : calculatecl bf [ 59 l.
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th, brac(cr , irrr.calt.ulate, by It ;9]

Pr=10-- P, = tt2 
-l=oz 

-l a=-at 
T

!bt2t) i l+ogor:o I
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9.1 Cr'nclusions

In rhrs Fqp'r.effocts ol'h rricar.tn in MHD mixed convection stagnation point flow of a

sr.orrd grale llurd ad.lrct rt to a vertcal plate has becn investrgated. A thin coating of a

pr.,r'rer-l.rw flurd is uscd or t)'t lubrrcatrtrn purp(.se Numerical solutions are found to

ar*l1ze th' inth.rerre r-rf ,lip ,ri,ram( ter i (ranging liom no-slip to full-slip), magnetic

pirranrol:r M, nrixcd co rvcclr( n pi.ramcter d a,td Prandtl number Pr on the flow

cl'{racte ris ics. Results orr prex-rrt€d 'n thc form ol tables and figures for certain values of

piraluclJr! by uonsulerrnl assi.l,ng 0. wellas oppr'sing flow situations. Some findings of

th'i slu(ly. t'e

(r) lhe lubricant ' (citei rhe l:locrty f' of tne fluid and the effects of viscosityare

supPrcsscd bv hc h h.ricar., in the case' c f full-slip

(rr) the f'luirl tcrnJ :ratu^r 0 n supJrressed br urcreasing slip on the surface.

(rri) f' ls increirse { anrt mon entum boun.tary layer lhickness is decrcased by

,urgrncnt ing th mal r,etic ;.aranreter M.

(iv) 0 decrerses b ' inr r''asind M and the thermal boundary layer thickness is

redrrccd,

(vl f' decre;rses ar J I xr.:reas:s b1 increasi'rg ['tle.

(vr) f' rs an incre.sing ri:nct on of the rnrxed convection parameter d for the

irssi\trng flow nd d*, reas ng function f,rr the opposrng flow.

(vii) fhe tcmperatu e of l,rid rr duccs for assrsting flow situation and it increases for

thc opposirrg I. ru'

(viii r I rcduccs l;y ir crca rirrg trrL values of Pr rndtl number Pr.

(rx) Skirr firctron cocl ti,:ient Rerr/2 Cy docreases and local Nusselt number

Rer-1/z Nu. ir crcare I by ncreasing sli;, on the surface.

('' ) Rr', r' r( .rnc lle, t/2 N t* g,arn the magnitude by rncreasing magnetic

parlrnrelcr M,

(xr) Rert/zCl dccr ascs aod R:r-1''Nu, increases during assisting flow and both

quarrtrtics incr, asc lruring rpposing flou by increasing Pr.

(xrr) Both Rerl /21 
1 anl Rer- t/zf urare re.Juced with an increase inWe.
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