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Introduction:

The study of groups was initiated in the earlier part of 19" century by Evariste Galois,
while the theory of semigroups (SGs) was initiated in later on as a generalization of
groups. Howie [1] clearly emphasizes the pure semigroup theory. The interpretation
theory of SGs was devised by Shain [2] in 1963 by employing a binary relation on a set
and for the SG product he employed the composition of relations. Schein and McKenzie
[3] achieved the result that every SG is isomorphic to a transitive SG of binary relation.
SGs are applied in many areas such as in different fields. In computer science, they are
employed in the formal language study and automata theory where they serve as a
mathematical framework for the analysis and comprehension of the behavior of finite-
state machines. In the study of coding theory, semigroups are used in the development
and investigation of the error-correcting codes. Moreover, semigroups are used in the
study of algebraic structures like groups and monoids which are algebraic structures
constructed on top of semigroups as they are more restrictive algebraic structures. It is
much simpler to deal with semigroups than with other algebraic structures, and their
study has resulted in numerous theoretical developments and practical applications in

many areas of science and technology.

Soft set (SS) theory was devised by a famous mathematician Molodtsov [4]. It has been
interpreted as a modification of the crisp set concept for the representation of
uncertainties and imprecise data in a parametric manner. Unlike the FS theory that is a
tool for assigning membership degrees to elements, the SS theory is a parameterized
family of subsets in the universal set. This method is a strong and robust way to handle
uncertainties. It can apply in various situations of the data analysis, decision making,

and computer science. SS theory is not only universal and capable of dealing with



various kinds of uncertainties and imprecisions, but it also does not require any extra
quantitative measure as compared to probability theory and FS theory It is a process of
presenting and handling data which is indefinite and uncertain, and thus, makes it
applicable for different uses like decision making in inexact situations, data mining,
and pattern recognition. SST is a theory that has been greatly improved since its initial
formulation and has led to many generalizations and extensions. Ali et al. [5] devised
certain new operations on SS. The multi-attribute decision-making (MADM) strategy
constructed around SST is developed by Zahedi Khameneh and Kilicman [6]. Xiao et
al. [7] gave a brief introduction on the concepts of acknowledgment of soft data
according to the SS theory. SST are widely used in many different sectors including in
real life. The new extension and application of SST in the field of fuzzy mathematics
are discussed by Tripathy et al. [8] with the title of latest approach to fuzzy SST and its
application in decision making (DM). Cagman [9] also discussed the fuzzy SST and
its applications in different ways. Mushrif [10] presents an innovative method for
classifying textures, SST based classification algorithm. Moreover, Min [11] developed
the similarity in SST. The concept of financial ratio selection for SST-based company
failure prediction is covered by Xu et al. [12]. Moreover, Danjuma et al. [13] gave a
unique and helpful idea on a different strategy for the SST normal parameter reduction

technique. Maji et al. [14] provided the first definition of the term "soft subsets".

A soft semigroup (SSG) structure unites the ideas of SST and SG theory. It was
proposed as an extension of SST to study algebraic structures with uncertainties or
imperfections. SSGs give the possibility to describe algebraic structures including
uncertainties or imprecisions in a parameterized way. They enable the depiction of
semi-groups-like structures, with their elements or operations being unclear or vague.

The soft ordered SGs were first devised Jun et al. [15]. They studied the basic



characteristics of these systems, and subsequently this provided the framework for
further advancement in this field. Feng et al. [16] applied the soft relations to SGs. They
were concerned with soft bonds and how they are important in SG theory. Khan et al.
[17] analyzed the concept of uni-soft structure for the ordered SGs. A new study was
conducted and it provided an understanding of uni-soft structure and its usage in
ordered SGs. Hamouda [18] studied soft ideals in ordered SGs. It enabled to unravel
the role and importance of soft ideals in the realm of ordered SG theory. Shabir et al.
[19] studied soft ideals and generalized fuzzy ideals in SGs with a focus on exposing
their properties and usages. Muhiuddin and Mahboob [20] devised int-soft notions of
SS on ordered SGs with the goal of providing a different viewpoint of the interplay
between SS and ordered SGs. Khan et al. [21] devised soft union in ordered SGs via
uni-soft quasi-ideals. Yousafzai et al. [22] presented the concept of non-associative
ordered SGs based on SSs and expanded the existing knowledge about non-associative
structures within the framework of SS theory.

Bipolar statements are actually defining the positive and negative aspects of any objects
in real life cases. We know that each and every thing in real-life have up to two aspects
and these aspects are very useful for any person who wants to knows about benefits and
draw begs of any objects. To understand all these aspects in mathematical ways a lot of
frameworks are available in market but first of all the idea of bipolar soft theory or
bipolar SSs (BSSs) was given by Shabir and Naz [23] introduce the new theory of on
bipolar SSs. They also introduce some theory related operations and properties in this
manuscript. One another approach for bipolar SSs in different ways are discussed by
Karaaslan and Karatas [24] with the title of novel method for treating bipolar SSs and
its applications. Moreover, one another and until last approach for bipolar SSs are

discussed by Mahmood [25] with the title of a fresh method for treating bipolar SSs and



their applications. This approach was very different from other two approaches and
cannot compare able with other two approaches. So, the third approach is veery advance
because it covers all the previous concepts and discussed some new concepts and
frameworks. Also, application is available in this manuscript. So, using all these
concepts many researchers utilized this idea in different fields and discussed some new
concepts and applications. Some useful and necessary ideas are discussed here. Al-
Shami [26] discuss the idea of BSSs and connections between them, regular points, and
their uses. Kamaci and Petchimuthu [27] also gave the new idea of bipolar N-SST with
applications. Ali et al. [28] provided some fresh concepts on bipolar neutrosophic SSs
and applications in DM. Shabir et al. [29] extended the idea of BSSs and introduce the
new concept of approximate BSSs using soft relations and their application in DM.
Saleh et al. [30] gives a very interesting idea by extending the concept of BSSs and
introduce binary bipolar soft points and topology on binary BSSs with their symmetric
Properties. Morover, the concept of multiattribute DM under Fermatean fuzzy bipolar
soft framework given by Ali and Ansari [31].

The role of SGs is to operate as the tool for the study and modeling of systems and
phenomena in which inverse operation is not relevant or necessary. SGs are
encountered in the subject of automata theory, coding theory, language theory, and the
study of discrete dynamical systems. They also serve as the basis for the study of formal
languages, which are helpful in computer science, programming language theory, and
other areas. In addition to this, SGs provide a mathematical framework for algebraic
study of structures and their properties. Many classes of SGs, e.g., inverse SGs, regular
SGs, and completely regular SGs, are well known and have been researched deeply,
leading to important results that are widely used. The motivation for SGs results from

the fact that not all types of systems or phenomena can be appropriately modeled using



the more restrictive structure of groups. SGs provide a framework which is more
general and flexible and, therefore, enable one to study an extended spectrum of
algebraic structures and their properties, thus, one may have a deeper insight into
various mathematical, scientific, and computational problems. So motivated form this,
in this thesis, we study SGs and related results over T-BSSs.

The main contributions and key points of this thesis are discussed underneath in chapter
wise study.

Chapter 1

In this chapter, we interpret some fundamental notions of SGs, SSs, SG, BSSs.
Additionally, we discuss some of the associated essential operations, such as union,
intersection, complement, extended union, extended intersection, restricted union,
restricted intersection, AND and OR products. Furthermore, few more fundamental and
associated findings are included in this chapter.

Chapter 2

We want to familiarize ourselves with the postulation of T-Bipolar SS (T-BSS) in this
Chapter. We are going to show basic properties and related outcomes of T-BSSs and
outline their binary operations.

Chapter 3

In this Chapter, we explore the notion and properties of the T-Bipolar Soft Semigroup
(T-BSSG), which we constructed as a novel approach to T-BSSs. These properties
include the AND and OR product, the Restricted Union (Res-Union) and Restricted
Intersection (Res-Intersection), and the Extended Union (Ext-Union) and Extended
Intersection (Ext-Intersection) on T-BSSG. Further, we also devise the related algebraic

properties of T-BSSG.

Vi



Chapter 01

Preliminaries

Here, we'll go over the important ideas such SGs, SSs, SSG, BSSs, and some important

results associated with these notions.

1.1 Semigroups:

Here, the basic notion of SG and related result is revised.

1.1.1 Definition [32]:

A set X # @ with binary operation = is interpreted as SG, if the underneath property is
satisfied,
V01,105,053 € X, (01 *03) * 3 = 0y * (0 * 03)
1.1.2 Definition [32]:
Consider X is a SG and @ # X, € X, then X, is interpreted as subsemigroup of X if
V uy,0, € Xp, 010, € Xp.
1.1.3 Example:
(N, +) is a sub-semigroup of (Z, +).
1.1.4 Proposition [32]:
Consider X is a SG, then any family of subsemigroup of X is again a subsemigroup of

X.

1.2 Soft Sets:

In this section, we discussed the concept of SS and its operations with examples.



1.2.1 Definition [4]:
Assume, U represent the universal set, with a set of parameter E. For any X € E such
that 3 # @. Then a function 7,:3 — P(U) over U is called a soft set.
1.2.2 Example:
Consider U = {84,8,,83,84,85,8¢,87}, 3, = {fiy, i, i3, fi,} € E. Then (7,,3;) is SS
over U, where 7, (fi;) = {84,385}, T1(fz) = {81, 8;}, T1(f3) = {86, 87}, T1(fs) = {85}
1.2.3 Definition [5]:
Let U represent the universal set, with the set of parameter E. Such that X # @, consider
(74,31) and (7,,3,) be two SSs over U, then (74,3;) is known as a soft subset of
(72,32), if.

i) 3 C 3y,

i) VieEN = T,0)C T,0).

If (7,,2,) is asubset of (7,,3,) and (7,,1,) isasubset of (74,3;) = (74,31) = (75,3,)
i.e. the SS are equal.

If (74,3,) is asoft subset of (7,,3,), then (7,,3,) is known as a soft super set of (74,3;)
is denotad by (74,3,) € (75, 3,).

1.2.4 Example:

Let U = {81, 82, 83,84, 85,86, 87} 21 = {Uy, U, Uz, Ug} and

2, ={ug,uy, Uz, Uy, Us, Ug} , Whered; € F and ), € E, then (74,3,) and (7, 1,) are
SSs as follows,

T1(u) = {83, 84,85}, T1(Uz) = {81, 82}, T1(u3) = {86, 87}, T1(us) = {85},
T2(ug) = {82, 83, 84, 85,86}, T2(U2) = {81, 82, 83}, To(uz) = {84, 85, 86, 87},
To(us) = {81, 82, 83, 84,85, 86}, T2(Us) = {81, 82, 83, 84,85},

T2(ug) = {81, 82,83, 84, 85,86, 87}

Then (74, 3,) is declared as the soft subset of (7,,3,).
2



1.2.5 Definition [5]:
Let U represents the universal set, with the set of parameter E and 3, € E such that
M #E0D.

i) (71,2,) isavoid SS is denoted by @, , if 7,(f;) = @ V fi; € ).

i) (74,31) isawhole SS denoted by U, , if 7,(fi;) = U V ii; € };.

iii) The compliment of (7,,3%,) is denoted by (74,3,)¢ = (7{,3;), where

T6(R) = U — 7(R) V fi € 3.

We define some other basic notation related to the above 3 points.
i) Ug = The whole SS over parameter E is called Absolute SS.

i) @, = The relative null SS over the parameter ;.

Iii) @y = Itis arare SS with a void parameter over U is known as void SS over U.

The relation being all these soft sets are represented by the form.
Py € 0y, € (71,2) E Uy, E Vg
1.2.6 Definition [5]:
Let U represent the universal set, with the set of parameter &, and 3, € &,3, S &, such
that 3,3, # @. Consider a two SSs over the U, (74,3;) and (7,,3,) suchthat; N, #
@. Then
i) “(Res-Union)” of (74,3) and (7,,3,) is denoted and defined by
(T1,3) Ug (72,32) = (73,31 N2) = T (H) U T,(R) Vi €3 NI,
ii) “(Res-Intersection)” of (7,,3;) and (7,,3,) is denoted and defined by
(T1,31) Ng (72,32) = (73,3 N3y) = 71 (H) N T,(R) Vi €3 NI,

|||) If .11 N 32 = (Z), then (71,11) UR (72,32) = Q)@ and (71,31) ﬂR (72,32) = ¢Q)



1.2.7 Definition [5]:
Let, & be a set of parameters, U be the universal set, and %; € &,3, € &, such that
31,3, # @. Consider a two SSs over the U, (74,3,) and (75, 3,), then.
i) The Ext-Union of (74,3,) and (7,,3,), is symbolized and distinguished by
(71,31) Ug (72,32) = (T3,33), Where 33 = 3, U ).
7.(f) ;iff €3 — 3y
T3(f) = { T2() JifAEdy — N
7,() U 7,(R) ;ifan€el; N,
i) The Ext-Intersection of (7,,3;) and (7,,3,), is symbolized and distinguished
by
(71,31) Ng (72,32) = (T3,33), Where 33 = 3, U ).
71(f) ;iff €3 — Xy
T3(f) = { T2() JifEdy — N
7.() N 7,(R) ;ifa€el; N,
1.2.8 Definition [5]:
Let, & be a set of parameters, U be the universal set, and 3; € &,3, € &, such that
21,3, # 0. Consider a two SSs over the U, (74,3;) and (75, 3,), then
)] AND Product of (74,3;) and (7,,3,), is denoted and defined by
(71,3 A (T5,3,) = (73,3 X X,), Such that
T5(fig, 0y) = 7,(fiy) N T,(Ry) V (fig, 0y) € 3 X A,
i) OR Product of (74,3;) and (7, 3,), is denoted and defined by
(71,3 V (75,3,) = (73,3 X },), Such that

T3(fig, i) = 7,(fi;) U 7,(fz) V (fig, 0,) € Iy X Iy,



1.3 Soft Semigroups:

In this portion, we elaborate fundamental notion of SSG and discuss some basic
operations on SSGs.

1.3.1 Definition:

Let (7, 42) be any SS and let X be any SG. Then (7, ) is called SSG over X iff 7(3) is
subsemigroup of X, (7T(0) < X) V1 € .

1.3.2 Example:

Consider X = { e,v,1,,03,1, } is a SG, devised as

D | €| € | Dy | D3 | Dg

V3| €| € | D2 | D3 | Dg

and @ = {3;,3,, 33, 2.} is a set of parameters, then
731) = {6} 702) ={g, 05,03} T03) = {g,01,02,03,04 }; TO4) = {03,104}
(7,0) = {< 3, {e} >, <33, {g, 05,03} >,
<3, {e,01,0,,03,0, } >, < Iy, {03,0,4}, >}
This implies that (7, §€) is a SSG over X.
1.3.3 Proposition:
The Intersection of two SSG (74, £) and (7,, Y) over X is SSG over X.
1.3.4 Proposition:

The Union of two SSG (7, %) and (7,,¥) over X is SSG over X, if @ n Y = 9.



1.3.5 Definition:
Let (71, 8), (72,¥) be two SSGs over X. Then (7, 49) is said to be a SSG subset of
(7., Y), if it satisfies:

i) @ <.

i) ViEDT()CSTLM.

1.4 Bipolar Soft Set:
There have been two different attempts to define what bipolar SSs (BSSs). However,
the concept of the T-BSS is far closer to bipolarity. Here, are these concepts listed
below:
1.4.1 Definition [23]:
Let, us assume U be the universal set and ¢ € E. Also, - = {—3,3 € ]} represent
the NOT set of $5. Then, the triplet (Typ, §bp, £2) is called a Bipolar SS where Ty,,: o —
P(U) and §pp: = — P(U) and T, 3)N&pp (—3) = ¢ (null set).
1.4.2 Definition [24]:
Let U represent the universal set, with the set of parameter E and ¢, C E, $, S E
such that 9, U %, = E, and §, N $, = ¢ (null set). Then the triplet (Tpp, §pp, £2) i
called a Bi-polar SS over U, where T, #,— P(U)and Sbp: #, — P(U) with Top(3) N
§pp(8(3)) = §, and g: 9, > B, is a bijective mapping.
1.4.3 Example:
Let U = {8,8,,33,84,35,36, 57}, © ={31,32,33, 04}, # € E s.t. o # 0. we define the
two functions 7,: % — P(U) and §;: % — P(U).
T1(31) = {85,34, 85} T1(32) = {81,321 7103) = {86,37} 7:04) = {85},

§100) = {8236} §1(02) = {83} 8:(33) = {84,835} §:1(3s) = {31, 82,33, 84},

So, the triplet (7, 8§, #) is called a Bipolar SS.

6



Chapter 02
T-Bipolar Soft Sets and their Related Operations and

Properties

The perception of the T-Bipolar soft set (T-BSS) will be discussed in this chapter which
is devised by Mahmood [25]. For T-BSSs, we shall state binary operations and compute

certain fundamental features and outcomes related to these ideas.

2.1. T-Bipolar Soft Set

We want to familiarize ourselves with the concept of T-BSS in this section. We will go
over the binary operations connected to outline the binary operations associated with
T-BSSs and discuss fundamental properties and related outcomes.

2.1.1 Definition:

Let U represent the universal set, with the set of parameter E @ C E,X c UandY =
U —X. Atriplet (7,§, #) is then considered the T-BSSs over U, where T and § are set
valued mappngs given by 7: o — P (X) and §: % — P (Y).

Here, we can write (7,§, %) = {<3,7(3),8§():7(3) € P(X) and §(3) € P(Y) >}. For
the sake of simplicity, we write (7,8, %) = {< 3,7(),§0) >}.

The symbol (T — BSS)y represents the collection of all T-BSSs over U.

2.1.2 Remarks:

Assume that @ = {3;,35,33, .., 3} S E, X = {01,02,03, ., 0, Y = {¥1, V2, V3, oe) Y}

and (7, §, 9) represent T-BSS. We express the (7,§, §£) as under.



(7_-‘,5,.‘? (1,71 (X1, Y2 . (X, Y0 (X2,¥1 (X2,Y2 - v (Y1 Y2 o

J1 '5111 '5112 flln 5121 5122 flzn flml €1m2 Elmn
Ay &u1 S212 o S21n S221 S222 o S22n e Somi Somz o Somm
A3 &311 €312 e S31m €321 $322 e S32n e S3ma S3m2 o S3mm
Moo Sz o Sun S21 S22 o Sizn oo Sim1 Simz - Simm

(Tabular form of a T-BSS)

where,
((0,0) if v; € 73 and y, & T()
v . 4 (1,0) lf Dj € :f(ll) Efmd Yk ¢ :f(ll)
Eiji = (8, 1) = . =N g =
(0,1) if o; € 7(3;) and y, € 7(3;)
L(l,l) lf D; € :f(ll) énd Yk € :f(ll)
And & = 85, &7 = Ty
2.1.3 Definition:
Let (7,,81,#) € (T — BSS) ). Then (71,§,, %) is considered the T-Bipolar Soft
Subset of (75,8, ,Y). If,
i) pc¥,
i) Viep 7,(0) €T,(Mand §,(3) € § ).
Then we can writt (7,8,,%) < (7,8:..Y) If (7.8.8) < (7..5..Y)
and (72,8, Y) < (71,81, #), then they are considered to be equal i.e. (71,8, %) =
(-_f2!§2! Y)
2.1.4 Definition:

Let, (7,8, #) € (T — BSS) ). then,



i) The Compliment of (7,§,4) is indicated and symbolled by (7,§ %) =
(75,85, %) = {< ) =X-T0), M) =Y -§0) >}
ii) (7,§ ) is said to be null iffvie @, 70) = @and §(3) =Y. It is also be
categorized in this study according to @, i.e. ® = {<,0,Y >}.
i) (7,8, ) is called absolute iff v 3 € , 7(3) = Xand §(3) = @. In this case it
will also be identify by A, thatis A = {< 3, X, @ >}.
2.1.5 Definition:
Let (71,81, #), (72,82, ¥) € (T — BSS) v then,
i) “AND” product of (7,8, %)and (7,,§,,Y) is denoted and given by
(1.8, B)A(725,.7) = {< L, 1) N T,(3),5: (D UE, (@) > (1Y) €
o % ¥}.
ii) “OR” product is denoted and given by, (7,§,8)V (72,8, ¥) ={<
(4,8, (DUT,B), D) N&E) > A3 € px Y}
2.1.6 Proposition:
Let (71,81, ), (72,82, Y) € (T — BSS) ). Then,
N (R R e (CR D) R (R b
i) [(08.8) v (128 V)] = [(15.8)] A (28 9)]"
Proof:

{<Qﬂi@m%®f
S W VE® >

<49,
=] X- (LW %),
V- (EWUEE)>

i) [(7151,85)/\(?252,?)]6



= {< @9, (X-TW) v (X-T,@), (Y -§:@)n (Y- §®) >)

={< (A3, TMWUTEE,FEW NEE) >} = [(7.8.0)] V[(72.5. )]

i) The proof of part (i) and part (ii) are comparable.

2.1.7 Definition:
Let (7.,8.#), (72,8, Y) € (T —BSS))- Than the “Ext—Union”  of

(71,81, ) and (7,,8,,Y) is designated and given by (7,8, #) Ug (72,82, %) =

(7,5, pUY).
Where,
71(6) IFéep—-Y
}f(é)={:fz(“’) IFéEeY—p
7. U7, (&) IFéepny
And
5.(® iféep-y
K@®=15© ifée¥-p
§: (N §, (& iféepny

2.1.8 Definition:

Let (7,8, 8), (72,82, Y) € (T —BSS)y). Then the “Ext—Intersection” of

(71,81, %) and (72, 8,,Y) is signify and described by (7,81, #) ng (72,82, ¥) =

(7,5, pUY).
Where,
7.(® I[Féep—-Y
H (&) =17,(8) I[FéeY—-p
7,N7,(6 IFéepny
And

10



§.(8) iféep-y
%(€)={§_z(é:) o iféjﬂz—&?
§:(OU§(E) iféepny
2.1.9 Proposition:
For a few T-BSSs (71,81, #), (72,82, ¥) and (73, §5, R) we have,
) (LW&p)ns @ =0, (T,.8.0) Ug @ = (T0.§:.9),
(70.8:1.8) e A= (70,81,8), (L&, @)U A=A
i) (T0800) Ne (1.808) = ((0.80.H), (70.8.8) Ve (T1.5.5) =
(70,80,P)
i) (T0808) Ne (72,82 %) = (72,82, ¥) ne (70,81, 8),
(71,8:.8) Ue (72,82, %) = (72,82, %) Ve (71,81, B).
V) (T0808) Ne[(52,82, %) Nk (75,85, R)] =
[(2,808) Ne (2,82, D) ne (72,8, R),
(7181, 8) Ve [(72,82,¥) Uz (75,85, R)] =
[(51,81,8) Ve (72,82, ¥)] Ve (73,85, R).
Vo (0808) ne (7282 ¥) Us (1.50.8)] = (1.5, 8),
(7180, #) Ve [(72.82, %) ne (71,50, 8)] = (71,81, B).
i) [(08.8)7 = (18.8), (18.8) ne [(L50.0)] = @,
(71.8.8) ue [(L8.8)] = A

C

viiy  [(F1.80.8) N (725, 9] = [(70.50.8)]° Ve [(72.52. 7)),

Cc

[(51,80.8) Ve (2.8 9)] = [(F1.80.8)] 0z [(72.8.9)]"

Proof:
We illustrate the part (iv) and (vii), the remaining is simple.
(iv) When X € 9,3 ¢ Y and € R, then
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(7280, #) Ne [(72,82, %) Ne (73,85, R)] = (70,81, 8) ne (72,83, R)
={<AEPNR:T,N)NT3(),§ D) U§N) >}
and
[(51.80,8) e (52,82, 9)] N (73,83, R) = (70,81, 8) Ne (7,85, R)
={<AEPNR:T,N)NT3(),§ D) USD) >}
when X € §,3 € Yand X € R, then
(70.808) e [(72,82,¥) N6 (73,83, R)] = (70,80, 8) Ne (72,82, 1)
={<2ePNTTNTM),5M) UEM) >}
and
(70,80 8) Ne (72,82, V)] Nk (72,83, R) = (T0,80.8) N (72,82, Y)
={<AePNT:TNTM),5M) UM >}
when X € $,3 € Yand X € R, then
(70,80, 8) Ne [(72,82,¥) N (73,83, R)] = (52,82, ¥) Ne (73,83, R)
={<A€eYNR:T,N)NT3(),§ D) U§N) >}
and
[(71,81,8) ne (52,82, 9)] N (75,85, R) = (72,82, ¥) N (73,83, R)
={<AeYNR:T,)NT;(3),§ ) U§QR) >}
In the case, where X € %, € Yand ) € R, then outcome is obvious. Thus, we

conclude that.
(70.80.8) Ne [(72,82,9) N (73,85, 7))
= [(71,80,8) Ng (72,82, ¥)] ne (73,85, R).
Similarly,
(70,80.8) Ur [(72.82,9) Uz (75,85, )]
= [(7.80.%) Us (72,82, ¥)] Up (73,85, %)
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(vii) When 3 € $ and 3 ¢ Y, then

[(7050.8) ne (2,52, D] = [(72.50.8)]°
And

(G080 2)] Ve [(28. 9] = [Gu8.2)]°

When ) ¢ % and ) € ¥, then

[(1508) e (28] = [(5. D]

and [(7,,8.,9)] Vs [(7, 8, D] = (7.5, D]

In the case, where ) € @,4nd 3 € Y then outcome is obvious. Thus, we conclude

that.
[(32,808) 0z (2.8 9] = (080 8)]" Ve (72,5 V)]
Similarly,
((1.808) Ve G289 = [(08.8)] 0 [(72.8. D]
2.1.10 Remarks:
It is not essential for any arbitrary (7,,§;,#), (72,82, ¥), (75,83, %) € (T — BSS) vy,
that.
) (T08.8) 0 [(72.82,¥) Ue (7.8, R)] =
[(71.§:.8) 0 (72,82, ¥)] Vs [(71. 81, 8) N (75, §3, R)],
i) (0,808) Ve [(32,8:¥) ne (7.8, R)] =
((72,8:,8) Ve (72,82 V)] ne [(72,8,8) Ve (7,85 R)].
2.1.11 Example:

Let us assume that the

E= {111‘12!33'34'35}' 85 = {11'12'13}' Y = {33'34}' jé = {34435}'

U == {ﬁ’l, ﬁ'z, &3, &4, 1}5}, X == {fl’l, &2, 1}3} And Y == {1}4, 1}5}.
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Further, we assume that.

(71,80, 0) = {< 3, {Tty, o}, {0y >, < 3, {Ty}, {iy, Ws} >, < 3g, {Tty, W3}, {Tts}
>},
(72,82, %) = {< 33, {rz, s}, {Trs} >, < 2y, (e, Uy, (T, s} >3,
(73,83 R) = {< 2y, {ty, Uy, U3}, 0 >, < 3s, {0y, U5}, {45} >},
Further,
(70,808) Ne [(72,82,¥) U (75,85, R)]
= (71,80, 8) Ng {< 33, {ity, W3}, {Tts} >, < Ay, (i, Uy, U3}, 0 >,
< 25, {Tty, U}, {5} >}
(< 2, {Ttg, Ta}, {Tg} >0
< 3, {ty ), {Ty, s} >,
= < A3, {T3}, {Tty, 5} >,

| < 3y, {Try, @y, @3}, 0 >, |
\ < 3, fity, %), (s} > J

Next [(71'§1'85) Ng (:fz,gz,Y)] Ug [(71,51,85) Ng (73,53,73)]

<3, {y, T}, {0} >,
< 32' {&1}' {&4—' &5} >,
UE < 33' {&1' &3}' {&4} >,
< J4-' {frl' &2' &3}; Q) >,
\ < 36, {ity, s}, {its} >/

< Ay, Ty, o}, {T} >,

< g, {Tr ), {ty, s} >,

< 3z, {3}, {Ty, U5} >,
< 2y, {ly, T}, {Ty, s} >

<, {Ty, T}, {Tr} >,
< J2: {&1}' {&4' fr5} >;
= < J3' {frl' f1)3}' {&4} >,
< 14' {frl' l}2' l13}: @ >,
k < X, {lry, Wy}, {tts} > J
= (7151'85) Ng [(:fz,gz,?) Ug (73'§3,ﬁ)]
ia [(ﬁp §1»55) Ng (:f2;§2»Y)] Ug [(71' §1u§5) Ng (73'§3»ﬁ)]-

Now,

(71; gl:?’) Ug [(72;§2'\7) Ng (73'§3'ﬁ)]
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= (:fp §1, SZ’) Ug {< 33, {Ttp, T3}, {Trs} >, < 3y, {Ty, T}, (T, U5} >,
< 15' {&11 lTIJZ}I {&5} >}

— { < ll’ {ﬁll; &Z}P {&4} >' < J2! {ﬁll}l {&4' ﬁJS} >' }
< J3; {frl; ﬁlz; fl13}; Q) >; < 344 {ﬁll; fllz}l {ﬁlél-l f‘115} >I < 35! {ﬁlll &2}' {&5} >

Further,

[(71,51»85) Ug (72,§2'Y)] Ng [(71151'85) Ug (:f3r§3:7é)]

| < 3, {ty}, (g, s} >, |
< 32,{&1}, {&4, &5} >’ 2 {~1}~{ 4 ~5}
~ o~ o~ < l3' {11’1,11’3}, {11’4} >'
< 13,{11’1, Uy, l1’3}; @ >, ~ o~ o~
<3 {ﬁ’ ﬁ’}{ﬁ’ ﬁ'}> l<34'{u’1:u’2:u’3}:®>p|
v vy v < l5' {&1'&2}ﬂ {&5} >

<y, {ity, Ty}, (Tt} >, (<3, Ty, @), {T ) >
J l Ng {

( < J11 {&1;&'2}: {&4} >, \

| < dp, T}, {Thy, U5} >, I

{0 <l ) () >, |

L< l4-' {&b ﬁ’2}' {&4' fl’5} >' I

< g, {lty, W), fits} > )

= (:f1,§1,85) Ug [(72:§2:Y) Ng (73'§3:ﬁ)]
* [(ﬁl'gl' 85) UE (ﬁ2i§2l Y)] nE [(ﬁll §1l 85) UE (ﬁ3'§3'jé)]'
2.1.12 Definition:

Let, we assume that (71,81, #), (72,82, ¥) € (T — BSS)(yy with £ N Y = @. Then,

i) “Res-Union” of (74, §;, $) and (7,,§,, ¥) is given and denoted by,

(:flr §1! 55) UR (72'52' Y) = {< J' ﬁl(l) U 72 (3)'§1(J) N §2(J) >3 € 85 n Y}r
i) “Res-Intersection” of (7, §1, £) and (7, §,, Y) is given and denoted by,

(:flr §1! 55) nR (72'52' Y) = {< J' ﬁl(l) n 72 (3)'§1(J) U §2(J) >:1) € 85 n Y}
2.1.13 Proposition:

For, a few T-BSSs (71,81, #), (72,82, ¥) and (73, §5, R) then the following holds
I) (ﬁlfglf 85) nR ¢ = CD' (:fl’§1’go/) UR ¢ = (:fllgl' 85)' (:f1,§1 '55) r']R A=

(71;§1; gf)), (71,51,55) UR A = A
15



i) (0.808) Nk (70.81,8) = (71,80, #), (71,80, 5) Ur (71,51, 8) =
(71,51 )

i) (7,808) Nr (72,8 Y) = (72,82, ¥) nr (71,80, 8),
(71,81, 8) Ur (72,82, %) = (72,82, %) Ur (71,81, 2)

V) (70,808) e [(72.82, %) Nk (7,85, R)] =
[(72.81.8) Nk (72,8, 9)] Nk (73,83, %),
(70,80, 8) Ur [(72.52, %) Ur (72,85, R)] =
[(71,8:1.8) Ur (72,82, ¥)] Ur (72,8, R)

V) (T0808) nr [(72.82Y) Ug (72,85, R)] =
[(71,81.8) Nk (72,82, %)) Ur [(71,81. ) Nk (73,85, R)],
(71,81,8) Ur [(72,82¥) & (73,85, R)] =
(51,81, 8) Ur (72,82, ¥)] n& [(71,. 81, 8) Ug (73,83, R)]

Vi) (T0.8082) Nr [(72.82.Y) Uk (71,81, 8)] = (71,51, 2),
(70,808) U [(72,82,¥) nr (71,81, 8)] = (71,81, P)

vi)  [(7150.8)] = (0,50 8). (70.50.8) 0 [(7.5.8)] = o,
(70.8,8) Ur [(F080.2)] = A

vii)  [(71,808) ne (72,82 9)]° = [(10.80.2)]° U [(72. 8. D))
[(72,80.8) Ur (2.8 9)]" = (080 8)]" 0w (72,52 V)]

Proof: Straightforward.

2.2. Algebraic Structures Associated with T-BSSs.

We will talk about few algebraic structures related to T-BSSs in this segment.

Remember that the collection of all T-BSSs over U is represented by (T — BSS) ).
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And, the collection of all T-BSSs over U with domain A is represented
by (T — BSS)(y).-

2.2.1 Proposition:

For each A € {Ng,Ug,Ng,Ug}, ((T — BSS) 1, A), whose every element is idempotent is
a commutative SG.

Proof:

Using Proposition 2.1.9 and Proposition 2.1.13, the proof of the above theorem is
simple and straightforward.

2.2.2 Proposition:

((T — BSS)(yy,Ng,Ug) is a commutative SG.

Proof:

By using the definitions of restricted intersection of T-BSSs, restricted union of T-BSSs
and parts (iv) and (v) of Proposition 2.1.13, the proof of above theorem is simple and
straightforward.

2.2.3 Remarks:

Note that, ((T — BSS)(U),nE,UE) is not a semiring (SR) as suggested by Proposition
2.1.9 and Remark 2.1.10.

2.2.4 Proposition:

((T = BSS){y),Ng,UE) is a commutative SR.

Proof: Straightforward.

2.2.5 Proposition:

((T — BSS)(yy,Ng,UE,S, ®,A) is a bounded lattice.

Proof: By using conditions (i) — (v) of Proposition 2.1.9, the result follows above

statement.
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2.2.6 Proposition:
((T — BSS)(vy,Nr,Ug,, ®,A) is a bounded distributive lattice.

Proof: By using Proposition 2.1.13, the result follows the above statement.
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Chapter 03

T-Bipolar Soft Semigroups and Related Results

In the following chapter, we talk about the notion of the T-bipolar soft semigroup (T-
BSSG) and explore the properties of the T-BSSG such as AND and OR product, Res-
Union and Res-Intersection, Ext-Union and Ext- Intersection. In this chapter, the
following SGs are used G ={ev;,0,030,} , H={40b,c,0,y,z} and [ =
{4,b,c,d, e } which are devised as follows respectively;

€| vy | Dy D3 | Dy

b, ¢ € ¢ € ¢

V2 | € € | D2 | D3 | Dy

Qe
Qe
D6
Ve
Qe
Qe
D6

and,
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D6
DG
e
D6
D6
D6

3.1. T-Bipolar Soft Semigroups
The fundamental definition of the T-BSSG will be introduced in this section, along with
several fundamental operational laws, including extended union and intersection,
restricted union, and intersection, AND and OR product.
3.1.1 Definition:
Let G and H be two distinct SGs, U = G U H. Then for any set o, a T-BSS < 7,§, o >
is said to be a T-BSSG iff 7(0) < Gand §(0) < H V Y€ .
3.1.2 Example:
Let us assume,
G ={eny,0,030,}, H={40,c,0,9,2},U=GUH,H={3,3,33,\}.
T00) = {e}; 7(32) = {e, 02,03} T(3) = {e,01,05,03,04 }; T(34) = {v3,04}.
§0) ={4 2} §0,) ={46,¢c,0} §03) ={46,c,0,y,2};
§(4) = {4,b,¢,0,y}.
(:f; §, 85) = {< 3, {e},{3,2} >, < 3;,{e,v2,03},{3,6,c,0} >,

<33, {e,01,05,03,0, },{4,6,c,0,v,2} >, < 3, {v3,0,}, {4 6,¢,0,y} >}.
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3.1.3 Definition:
Let, (71,81, ), (72,82, ¥) € T-BSSG over U. Then, (7,,§, ) is known to be a T-
BSSG subset of (75,8, Y). If,
i) @ <.
i)  VieH T,.0)CST,0),8R)280).
3.1.4 Example:

We suppose that the

G={evy,0,1030,}, H={340b,cv,y,z}, U=GUH,p =1{3}

And
¥=0032310  Ti0)={e) T10) ={e vz 0s};
T,00) = {e,02,03}; T2002) = {6, 01,02, 03,04 }; T2(33) = {03,0,}.
§:01) ={&4,6,¢,0,5}; § () ={46,¢,0,,2},
§,(01) = {&,6,¢,0}; §(3) = {4, 2}; §,(33) = {4,6}.
Then,
i) pcy.

i) Viep, 7)€ T(1),8:0) 2§M.

3.1.5 Remarks:

Generally, if € Y, it is not necessarily that (:fl,§1,55) is known to be a T-BSSG
subset of (7,,§,,¥). It holds only 7;(3,,) € T,(3,) and §,(3,) € §: () V X, € .
3.1.6 Theorem:

If §,(3) isaS-SG of §,(3) or§,(3)isaS-SGof§; (M) V (3,3) € £ x Y. Then the AND

product of two T-BSSG (74,81, #) and (7, §,, Y) over U is a T-BSSG over U.
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Proof:
Assume that §; () is a sub semigroup of §,(3) or §,(3) is a S-SG of §; (3), then in both
cases §; (3) U §,(3) is a sub semigroup vV (3,3) € @ x Y.
Now, consider the sub-SG 7,(3) N T,(M) V (3,3) € o x Y trivially. It is because, the
intersection of any number of the sub-SG is again sub-SG. Hence, in either case the
AND product of two T-BSSG over U is a T-BSSG over U.
3.1.7 Example:
Let us assume that the,
G ={envy,0,030,},] ={406,c,d,e}, U=GUI,
T100) = {e}; T102) = {g, 05,03} ;
T200) = {&,02,03}; T,(02) = {6, 01,02,03,04 }; T,(33) = {6, 03,04}.
§:00) = {a,d,¢}; §: () ={3,6,¢c};

§,(031) = {4,6,c,d}; §:(3,) = (3,b,c,d,¢}; §,(33) = {4,6).

£ %Y ={01,31), 01,32), 01, 33), (G2, 31), 02, 32), (32, 33)3,
AND the product of
(T1.80.8) A (72,82,%) = (< ;TN NT,(0; D UEM > D €HxT)
then the

(ﬁll §1: 85) /\ (:f2ﬂ §2; Y) =
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( (L) =

700 N 7200 = {e}; §1(31) U §2 (31) ={4,b,¢,d, ¢}
(3, 32) =

7100 N T72(32) = {e}; §1(31) U §2 (32) ={4,6,¢,d, ¢}
(1,33) =

= T104) N T72(33) = {e}; §1(31) U §2 (33) ={4,6,d, ¢}
(32,31) =

7,02 NT,(31) = {e,05,03}; § () U§, () =1{4,6,¢,d}
(32,32) =
7102 NT,(02) = {e, 05,033} ; § () U§, () ={4,6,¢,d, ¢}

(32,33) =

V7102 N T72(3) = {e, 03} §1(32) U §2 (33) = {a,b,c}

3.1.8 Remarks:
In general, the product of two T-BSSG needs not to be T-BSSG.
3.1.9 Example:
Let H={4b,¢,5,7,2} andI = (3,6,¢,d,§} be two semigroups, then for any sets
pand ¥, and (7,8, %) and (7,8, ¥) be two T-BSSG over U = HU I .
Assume § = {5;, 7,7} and ¥ = {41, 6,, ¢},
71.@) ={46,6,5}; (7)) ={4,6,6,5,7}; T1(z) = {46},
7.(3) ={46,6,5}; 7,(b,) = {56,6,5,7,2}; T.(¢)) = {37},
§:6) =45} 500 ={86}; &@@) ={&b.cd},
§.(3,) ={3,d,8}; §,(b1) = {3,6,¢,d}; §,(c) = {3,¢,d,8}.
R
= {(31,41), (51, 61), &1, &), (F1,81), (91, 1), G, @), (21, 41), (21, B1), (2, €0}
AND product of the
(1.80.8) A (728 ¥) ={< G2 TOINTM ; HOUEM>GNE

—

o x Y}.
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(:fll §1! 85)

‘

\

It is not a T-BSSG because §, (7,) U §,(3,)

3.1.10 The

If 7,0 is

# x Y. Then the OR product of two T-BSSG (74, 8;, £) and (7,,§,, ¥) over Uisa T-

A (:IZ’ §2’ Y) =

(51,31) =
T,.(3) N :fz(gl) = {5, b,c} ; §@E)USE, (51) = {g' b,c,d g},
(5,,6,) =
7,(B) N 72(61) = {g b, Y} § (@)U §2(61) = {g; b, ¢, Ci},
(04,61) =
:fl (51) n 72 (51) = {g} ; 51(51) U §2(C_'1) = {g, B, c, J: é};
(3_’1’51) =
7,7 N 72(51) = {5, b,¢, 5} ;o 1)U §2(31) {5 b,d é};
) B (3_’1» 1) = B
T, N T,(6,) ={&6,60,5} ; § @) U§(6,)={45,¢d}
(G, ¢1) =
:f1(3_’1) N 72(51) = {5} ) 51(3_’1) U §2(C_1) = {5 6 CZ é}
(7,4) =
:f1(Z_1) n ﬁ2 (51) = {5, B} ) §1(Zl) U §2(31) {5 ,G,d, é},
(z,,6,) =
71(2_1) n 72(61) = {5, 6} ; §1(Z1) U §2(61) {a B }
(z1,6) =

7,(Z) NT7,(6) = {g} ;o §1(Z) U §,(5) = {g' b,c.d, é}-

orem:

a sub-semigroup of 7,(3) or 7,(3) is a sub-semigroup of 7,()V (3,3) €

BSSG over U.

Proof:

Assume that 7,(3) is a sub-semigroup of 7,(}) or 7,(3) is a sub-SG of 7,(3), then in

both cases

Consider, §; (M) N§ () V (3,3) € o x ¥ is sub-SG trivially. It is because a sub-SG is

formed by

product of

7,(3) U 7,() is a sub-semigroup (3,3) € p x Y.

the intersection of any number of the sub-SG. Hence, in either case the OR

two T-BSSG (7,81, #) and (7,,8§,, ¥) over U is a T-BSSG over U.
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3.1.11 Example:

Let

G ={eny,0,030,}, [={36,cde}, U=GUI,
®=1{,3} and \7 = {31,232, 33}

7,0 = {e,03,04}; 7,032) = {e};

72(31) = {v3,04}; 72(32) = {e, 01,05, 03,04} ; 72(33) = {e,0,,03}.

§2 (31)

gl (31) = {é) d, ¢} ’ §1 (JZ) = {é, b' c, d' 9‘} H

= {é, 61 c, d} ’ §2 (12) = {é' 6' C} ; §2( J3) = {é' 6}

£ xY ={(031,31), (31,32), (01, 33), (2, 31), (32, 32), (32, 33D}

OR product of

(ﬁ1:§1,85) v (:fz,gz,Y) = {< (335 T) U 7,005 &M N

§.) >N e pxY}

(:f1,§1, 8\5) \% (:fZl §2; Y)
( (31131) =
7101 UT(1) = {e, 03,04} ; §1(31) n §2 (1) ={a,d},
(11'32) =
T101) U T2(32) = {e,01,0,,03,04}; § (1) N§, () = {3},
(11;33) =
-y 7,00 UT,03) = {e,02,03,0,}; §: (1) N§,(03) = {8},
(32'31)_:‘ _
T,0) UT,() = {e,v3,0,}; §:(3) N§, () ={a,6,¢,},
(32,12) :_ B
:rl(IZ) U 72(12) = {¢»U1'UZ:D3:U4}F §1(12) N §2 (32) = {é, E), C},
(32,33) =
U 702 UT,05) = {6003} §:(3) N §,(33) = {46}

3.1.12 Remarks:

Typically, the OR product of two T-BSSG does not have to be T-BSSG.

3.1.13 Example:

Let H={3,6,¢,5,7,2} andI = {4,b,¢,d,§} be two semigroups, then for any sets

#andy, and (7,,§

1 #) and (73,8,,Y) be two T-BSSGover U = HU I .
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Let us assume,
={a@ B, 7}ind ¥ = {3,,b,,¢},
7@ =1{46,6,7}; 7.(8) ={3,6,6,5,7}; T.(7) = {46},
7.(3,) ={4,6,6,5}; 7,(6,) = {4,6,6,5,7,2}; T,(c1) = {3, 7},
§1@ ={3,b,¢}; §:(8) ={a.6}; (M ={3b.c.d},
§.(3,) ={4d5}; §,(61) ={3b,c,d}; §,(c) ={4 ¢ d g}
pxY ={(@4,),(a5,), @), (F.3),(6,61), (F.&). (7.31), (7.5:). (7, €1}
OR product of (7,8,P) V (72,8.¥) ={<@G¥; TMHUTR®) ; §O)N
§:(0) > () € pxY}
(1.8.0) v (72.82.%) =

( (@4,)=
71(“) U 72(31) {5 B G0,yj §1(57) N §2(51) = {g},
(@6,) =
T(@UT,(6) ={36,6572 ; §(@n§,(5)=1{45,c}
(a,c) =
L@UT@)={Eb6eyz 5 fi@n§@)={Ed)
(8, 51) =
LB VT(8) =865y} ; §(B)n&.(4)=1{8
(8,61) =
T(B)uT,(61) ={46,655.2) ; §(B)nS§.(5:) = {46},
(B,c1)=
T(B)uT.(@) ={86,6552} ; §(B)Nn§.(c) ={&},
(7.3:) =
TP U 72(51) = {5, 6,5} ; &@nN §2(§1) = {g, d},
(7,61) =
TP UT(6:) ={86,60,5.2} ; §F) n§(6,) ={46.¢cd}
(¥, ¢1) =
\ () UuT@) ={&6z ; &G n§@) =1{4cd)

It is not a T-BSSG because 7, (@) U 7,(¢;) = {4,b, ¢, , Z} is not a sub-semigroup of H.
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3.1.14 Theorem:
If 7, () is a sub-semigroup of 7,(3) or 7,(3) is a sub-semigroup of 7,(N) Vi€ pUY.
Then, the Extended union of two T-BSSG (7,8, #) and (7,,§,,¥) over U is a T-
BSSG over U.
Proof:
Assume that 7,(3) is a sub-semigroup of 7,(3) or 7,(3) is a sub-semigroup of 7, (%),
then in both cases 7,(3) U 7,(3) is a sub-semigroup V3 € p U Y.
If x€e @ —YorxeY— @, thenitis atrivial case.
Now, consider §;(3) N §,(3) V3 € $ U Y is a sub-SG trivially. It is because a sub-SG
is formed by the intersection of any number of the sub-SG. Hence, in either case the
Ext-U of two T-BSSG (7,8, #) and (7, §,, ) over U is a T-BSSG over U.
3.1.15 Example:
Say, G ={e,0y,0,,03,0,},] ={34,b,c,d e}, U=GUI,
$=1{13} and Y= {31,32,33},
T100) = {g,05,05}; T102) = {e};
T2(01) = {e, 01,05, 03,04}; T2(32) = {03,04}; T2(33) = {e, 03,04} ;
§:01) ={a,c,d,¢}; §: () ={46,¢,d,¢};
§:00) ={a,d,¢e}; §,0) ={4,c,d}; §,05) = {46,c}.
Then the Ext-Union of (7,§,,4) and (7,8, ¥) is denoted and defined by

(:ﬁ; gv?’) Ug (:fzf §2;Y) = (73, §3»7§), where R = p U Y.

7,(3) ;ifae p—Y,

T3() = T.(3) ;ifAe Y — g,
7,0 U7, iifxepny

§:() ;ifaep -y,

§sMN =1 §M ;ifxeyY -9,
§)N§M) ifaepny
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T3(3) = 7100 UT,(3y) ={e, 01,05, 03,0,}; €L NY,
T3(32) = T1(32) UT,(3,) = {e,03,04}; 1 €PNY,
T303) = T205) ={g,03,04}; 3 €Y — P,
§:00)=§0)Nn&EM) =G de}; mepny,
§5(02) =§:0) N8 () ={4c,d}; €PNy,
§3003) = §:03) ={a,6,c}; 3 €Y - P.

3.1.16 Remarks:
It is noted that the Ext-Union of two T-BSSG is not a T-BSSG.
3.1.17 Example:
Consider, H = {4,6,¢,5,7,z} and I = {4,b,¢,d,§} be two semigroups, then for any
sets o and Y, and (71,8, #) and (72, §,,¥) be two T-BSSGover U = HU I .

Now assume,

% ={apyrandy = {a,p,n}

§2 ((X) = {g: J: é} ) §2 (ﬁ) = {g' 6' C_', J} ) §2 (T]) = {g' C_', CZ, é}
Then the Ext-Union of (7,8, #) and (7,,§,,¥) is denoted and given by

(:ﬁ; gv?’) Ug (:fzf §2;Y) = (73, §3»7§), where R = p U Y.

7. ifyep—Y,

73(1)={ T,(3) ifaeY -0,
7,0 U7, ;ifxepny.

§:( ifrep—Y,

§3(3)={ §,(3) ;ifd ey -,
§: ) N§M ;ifye pny.
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T3(a) = T1(@) U T,(a) = {5,6 G,y z }} aeEpPNY,
() =T (B UT.(B) = {4b,65,5,2}; BePnY,
T =T ={4b};vep-Y,
T30 =T,() ={346,68}; neY - P
§3() =§ (@) N§(a) ={3}; aepny,
§:(8) = §:.(1)n&.(®) = (&6); pepny,

50 =& ={&bcd}y

§m=8m={Ecdg;ne¥-p
It is not a T-BSSG because,
T3(a) = T(@) UT,(a) = {3,6,¢,7,2}; @ € pn Y, is not a sub-semigroup of H.
3.1.18 Theorem:
If §,(3) is a sub-semigroup of §,(3) or §,(3) is a sub-semigroup of §; N Vi€ HUY.
Then the Ext-Intersection of two T-BSSG (74,81, #) and (7,,§,,¥) over U is a T-
BSSG over U.
Proof:
Suppose that, if §;(}) is a sub-semigroup of §,() or §,(3) is a sub-semigroup of
§,(3), then in both cases §;(3) U §,(D) is a sub-semigroup Vi€ pUY. If X € o —
Yorx e Y — @, then it became a trivial one. Next, we consider 7,(3) N T,(N) VI €
# U Y is a sub-SG trivially. It is because a sub-SG is formed by the intersection of any
number of the sub-SG. Thus, in either case the Ext-Intersection of two T-BSSG
(71,81, #) and (7,,§,, ) over U is a T-BSSG over U.
3.1.19 Example:

Let, G = {e0y,0,,03,04},] ={4,6,c,d e}, U=GUI,

85 = {31»32} and ? = {31'32;33},
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T101) = {vs3,04}; 7:02) = {¢};
T200) = {§,01,05,03,04} 5 T202) = {g,02,03}; T2(33) = {§, 03,04} ;
§:01) ={a,c,d,¢}; §: () ={&6,c,d,¢};
§200) ={a,d,¢}; §:02) ={4 ¢, d}; §,(35) = {46,c}.
Then, the Ext-Intersection of (7,,§;,#) and (7,,8,,¥) is denoted and given by

(:{1; §1' g)) nE (:{2) 52; Y) = (ﬁ3) 53; jé)r where jé = g) U ?

7. ;ifxep -y,

73(J)={ T,(0) ;ifxeyY -0,
7.0 N T, iifxepny.

§ ) ;ifaep—Y,

§3(J)={ §,(3) ;ifAeY -0,
§MH UM ifaepny.

T3030) = 7.0 NT,00) ={o5,0,}; M €PNY,
T30 =T102) N0 ={e}; 2, €PNY,
T3(33) = T,08) = {g,v3,04}; EY — P,
§:00) =80 U800 ={&cde}; 2 ePNY,
§:02) =§:0) U &) ={ab,c,de}; 1 €PNY,

§3(33) = §2(33) = {5, b, C}} A3 € Y - 55
3.1.20 Remarks:

It is noted that the Ext-Intersection of two T-BSSG is not a T-BSSG.
3.1.21 Example:
Consider, H = {,6,¢,5,7,2} and I = {4,b,¢,d, &)} be two semigroups, then for any
sets g and Y, and (71,8, %) and (72, §,,¥) be two T-BSSGover U = HU [ .
Assume p = {a, 8, vy} and ¥ = {a, 8,71}
(@) ={&5,67}; W) ={46,655}; () = {45},
T.(@) ={4z}; 7.(8) = {4,6,6,5,7,2}; T.(n) = {3,b,¢,},
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§:(a) = {3,b}; §,(8) ={4,6,¢}; ,(y) = {4,b,¢,d},
§2 ((Z) = {g, CZ, é} ; §2 (ﬁ) = {g' B: 5, J} ; §2 (77) = {gl 5, (i, é}
Then, the Ext-Intersection of (7,,§;,#) and (7,,8,,Y) is denoted and given by

(7,80#) Ng(72,82.¥) = (75,85, R), where R = p U Y.

e)) ;ifxep-Y,

73(3):{ T,(3) ;ifxe¥Y -9,
7. N T, iifxepny.

§:(») ;ifae p -y,

§3(1)={ §,() ;ifAeY -0,
§: M UM ;ifaepny.

Ta(@) =T (@) NTy(@) ={&}; a€pNY,
3(8) =T (B NT(B) = {§b,¢,5,7}; BepNY,
300 =T ={&b};yep -V,

Ts(m) =T7,(n) ={3,6,65}; neY-p,

§:(@ =810 U§()={3b,d s} aepny,

§(B) =8B US.(B) ={&6cd}; pepny,
§:N=80={Ebcd;yep-Y,
§:mM=8m={Ecds:ney-p

It is not a T-BSSG because,

§3(a) = §,(a) U§,(a) ={4,6,d,8}; « € oY, is not a sub-semigroup of I.
3.1.22 Theorem:

If 7,() is a sub-semigroup of 7,(3) or 7,(3) is a sub-semigroup of T,(N) Vi€ p N Y.
Then, the Res-Union of two T-BSSG (74,81, ) and (7,,§,, ) over U is a T-BSSG

over U.
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Proof:
Assume that 7,(3) is a sub-semigroup of T,(3) or 7,(3) is a sub-semigroup of
7.0,V 3 € o NY, then in both cases T, (3) U 7,(3) is a sub-semigroup.
Now, consider §(3) N §,(3) V1 € o N Y is a sub-SG trivially. It is because a sub-SG
is formed by the intersection of any number of the sub-SG. Thus, in either case the Res-
Union of two T-BSSG (74,81, #) and (7,,§,, ¥) over U is a T-BSSG over U.
3.1.23 Theorem:
If §,(3) is a sub-SG of §,(3) or §,(3) is a sub-SG of §;(3) V 3 € @ N Y. Then the Res-
Intersection of two T-BSSG (74,8, %) and (7,8, Y) over U is a T-BSSG over U.
Proof: Same as the above theorem.
3.1.24 Example:
Assume that,
G ={eny,0,030,.},] ={3406,c,d e}, U=GUI,
H=0,%} and ¥={,3,3}
T1() = {v3,04}; T:(02) = {e};
T2(01) = {6,01,02,03,0,}; T,(3) = {e, 05,03} ; T,(33) = {g,03,0,};
§:0) ={,¢,d,¢}; §:(0,) = (3,6,¢,d,¢};
§200) ={a,d,¢}; §:02) = {a,¢,d}; §,035) = {4,6,c}.
Then the Res-Union of (7,8.,) and (7,,8,,Y), is denoted and given by
(71,81,8) Ur (72,8, ¥) = {<3, 71D U T (), ) n§ ) >;varep Ny}

!{ < 3, 710D UT,00) = {e,01,02,03,0,};
s 7 = A §:0)N&M) ={Edel>; Vi epNY.
(71;§1150) Ur (72’§2’Y) B B < lzi 7:(32) UT,(32) = {e, 03,03} ;

§;0.0Nn80)={HEcd}>; Vi, epNY.
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“Res-Intersection” of (7,,§;,#) and (7,,§,,¥), is denoted and defined by
(:fl'§1'55) Ng (:fz;gz,Y) = {< LTMNTM), USSR >;viepn Y}

|( <, 0D O:fz(ll) = {03,104} o
(288) e (&) = | MOV UROLZBAGe S v RNy
L §:0.) US,(3,) ={4b,c,de}>; Vi, epNY.
3.1.25 Remarks:
It is noted that Res-Intersection and Res-Union of two T-BSSG over U, is not a T-
BSSG.
3.1.26 Example:
Consider, H = {,6,¢,5,7,2z} and I = {4,b,¢,d, g} be two semigroups, then for any
sets o and Y, and (71,8, %) and (75, §,,¥) be two T-BSSGover U = HU I .
Assume @ = {a, B,v} dnd ¥ = {a, B}.
T.(@) ={4b,¢,7}; T.(8) = {3,6,6,5,7}; T.(v) = {45},
T.(@) ={4,2}; 7,(8) = {3,b,¢,5,7, 7).
§:.(a) = {§6}; 5.3 =(&56,¢); §:(¢) = 3,6,¢,d},
§.(@) = (8,d,8}; §.(8) = (& c.d).

Then the “Res-Union” of (71,§,,4) and (7,,8,,Y), is denoted and defined by

(:ﬁ; gv?’) Ur (72,§2,?) = {< 3,7 UTM), ) NE0)>;viepn Y}

([ <a,T(@UT(a) = {5,5,5,37,2'};
§1(a)ﬂ§2(a)={g}>;Va€gZﬂY.

| <B. B UTMB) ={46,:¢57 2}

\ 5, n5,() ={Ec)>; vBepny.

(71: gv?’) Ugr (:fz,§2,Y) =

Itis not a T-BSSG because Ty(a) U T,(a) ={4,5,6,7,2}; Va € # N Y, is not a sub-

semigroup of H.
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“Res-Intersection” of (7,,§;,#) and (7,,§,,¥), is denoted and given by
(:fl'§1'55) Ng (:fz;gz,Y) = {< LTMNTM), USSR >;viepn Y}

< a, Ty(a) N T,(a) = {3} ;
5 US@={4bd5 > vaepny.
< B, (B NT(B) ={4b,¢5,7};

(
|
(:fli §11 85) r]R (:r2’§2) Y) = 4|
\ .U ={E6cd) > vEepny,

As, §:(a) US§,(a) ={46,d,8}; Va € @ NY, is not a sub-SG of I. So, due to this

reason “Res-Intersection” of (7,,§;, %) and (7,,§,,¥) is not a T-BSSG.
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