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Preface

Fxcd pornt thcorems deal wrth the a.ssumnce th.rt the fun.tronal equatron -L = h has on.

or mor€ solutrons Such solutrons arc kDo$n as fixed porDts of thc rnapprng 7 { laxge \anct}

of problems ot analvss and applcd mathemnhcs relate to 6nd solutrons of nonlncar luncoonal

rquatrons shrch (an be formulated rn tcrms ot 6ndmg the fixcd porrrts of uonhncar rnappurgs

h tact hxed pornt iheorems are extremely substantral tools to deternunu the c\htence and

unxlucn.ss of solut,ons of vanous math€matrcal modcls c\hrbrtnrg phenomona a snrg rn n

bro.d 5peclrlrm of fields such r\ steadl statc trmperdture d$tflbutrou (homr.il (quatrons

neutron transport thcor] cconomrc thcorcs, financr.rl analtsr5, .prd.mrcs br.nn\|,al rc{nfth

and flos of nurds ctc lhete rcsults arc also uscd to studt lhr probl.m' ol opirnral c(,rtrol

reldted to thcse syst.ms

In 1922, thc Pohsli nratLenratrcrdD Stetrn Ilatrnch e\tal)Lslx'd a rerrrarl,rbl, lrrcrl p,rrrrt

th.orcu known as th( "Banach Contra.rton Prltr(rplc' whr(h r\ orte ot lhc n(^r rurluralrr

result of analysrs and rs conlrdered to be thc marn source oi nrtrc fr\cd puuit rli.ol\ Ir A l|.
most wrdelt' dppLed 6,(cd pornt reiult rn mdnl Lrdnches of md!h(md!rc5 becnL\L rt onh rcquucs

th( structurc ol a cornplrte metnc spa(c wrth a coDtra(trrc (ondrtton on tht' nrap whrch rs eas\

to tt5t ln thrs sethng The Banach Contraahon Pnncrple ha-s be'en gener{bzed rn mnny drffercnt

drc(tron5 ln fact, thcre rs a \"'5t nmount of Lteraturc dcaLns qrth cdensrons/generalTatron\

of thrs remarlable theorexr

.\ multrvalued tunctron rs a functron 
"'hrch 

t.rkes on sct values Irthela5l fortv \1dr5 the

thmry of mult[alued tunctrons has adlanccd tn a rartet\ ot $a]\ ln 1969 the \vslen)atr.

studl of Bdna.h t)?e fixed theorems of mulhvalucd mapptngs Ba^s started qlth the t\ork ot

Nadlor [1061. who proYcd that a multr\alued contractrYc mapprng of a colnpl.tc ructr( spn(c

-Y rnr,o ihe tamrly oi closed bounded srrbscts of -Y has a fircd pornt

In2012 Samctetal [111] rnirodu(cd thc conccpt of oadnx\srLlc matiprns. dn,l suss(.rL{l

arer) n(ercstrng class otDrapprng o-1"(ontrnctrolr nrappmgs to )n\es(rgdtc thL .\r\terl e 
^r{l

unrqueness of a fixed pornt Further \Iohammadr et al l9q e\len,l,tl $m,'r(!rll- ,,r lr\ts,1

pornts ot o-l].Crflc gencrabzed nultrlunctrons A\1 r't al [5i rntrnluLed the nortor ,]f.,'

u.contract)ve multfimctrons and est.bhlhed fixcd poDt result for mrltrlurcuon5 Re(enrl\



Hussarn et al I59l cstal,lbhed certam ne$ hrcd pornt results fo i,ultr \alue,l a trell a \ln81,

valucd mappmgs sahsfr-Dg an a-q -coDtractr\e (oDdrt)ons xr d conrplct. m.trx sprc. Tlt.

notron of an o-ddmssrble mapprng has bLlD characteDzed rn mdnl drre(uon lbr det.uls \.e

[16, 30,31, 73, 99 108, 109, 1r2, r18, r2r]

In 2012, \I'ardowskr It23] rntroduced a ncw twc of contrMtron callcd an F-conlractron

ord estabhshed a ncw fixed pornt theorem concernrng F contra.trons $'rdowskr c1 al [121]

rntroduccd the notron of an F weak contrachorr whrch gcnerahzcs sornc knowrr rcsults tuom lhc

lrterature He 8a!c an rntereitrng Senerdhzatron of the Banach contra!tton prm(rple r\ftcr$ards

Seccleal [115] prored h).cd porni theorcms consr\tmg of -E-conlra( trons b terdted furctx)n

systerDs Prnetal I107le\tended the result ol \Vardowskt Ly rpplyrns sornc wcak.r (ond(rons

on the selfmap rn a complcte metnc space Coscntrro and \i lro Ugl prcs.Dt(d sonn h\cd Porrrl

results of Hard) -Rogers-t) pe for self-n:dpprtrgr on complct. n)etnc spd(es and corrPl(l( or(lcr( d

Abbrsat al [a] further gcnerdlzod the.oncept of F{ontra( lrc,ri\ dud pr(\ed crrtarrr hred

and rommon 6xed po,ri results Hussarn and saltml 16;l ,ntr(,dnced an a6Fcontrn.rrtrl

wth respect to a gcnera.l farn,ly of tuxctrons G and e\tabl5hed \ 
^rdo$slr 

t\po h\ed Pornt

results D metnc dnd ordered metnc spaces Altun ct al [10] ertended multrldlued tLcorcrr,s

to mappmts \rrih a d-dNtancc and establrhcd fixed pornt result\ rn complch'mchr( sP.]c.s

Acar et al [11] rntroduced the concepr of scneralzed mulhl2lued F-(onl.ra(t)or n,dpprDE\

and.stablbhed a 6xed pomt rcsult $hrch b a proper generahzatron ofsomo multrlalucd fircd

pornt thmrems rncludDs NMI€r's r.sult n [106] Recentl] \Lnak [97] pro\ed son,e fi\ed

porni rebults for Crnc type generalzcd l' contrartrons on conpletc netnc 5Pa(es Sgror and

Vetro 11171 proved results for obtarmng 6red pornts of mulr.rvalued mapprngs rh:ch gcneralrze

Nadler's theorcm [106] Reccntly. Al,bd! ct al [2] rntroduced thc conccpt of lnultnalued l-
almost F-coDtractrons whrch E€ncraLzcs thc clds\ of (ultri?lucd altno.l ( ontra( tt.rr ntrrPp'rrgs

dnd obtarncd corlr(rd(n(e porlt I{-sults \^turrh m^xy nut[or\ 1,n!, \1nr(.,1 to rr\.\rrAatL rli(

cxr5tence nnd unrqucress of.! fi\cd pomt thcorcni \ra /--.ontr^{ trutr mnplnu3' aul lnrrati,trF

oltheconcept of F-contra.tn. tlpc mapprn8s For rnorc dctarls \eerl() lt Sbr

Azam ct al [32] pro\cd a srsmhcant r6ult (on.efl)rns the.rt\ten(e ot hred potttt. t,f a

mapprns sarLf\ans conLractrve condtrons on a clo'cd ball of a conpleic n,ctrr. \pa{c Sh,'ull



€t al I2Tlcxplorted th$ concept of a closed ball u a dblocatcd metn( \pa(e to appro\nratc lhe

uuquc soluhon of nonhnear fu ctronal equatrons He also cstablNed fi).(d porDt nnd {omnon

frxed poDt theorems for d parr of contrd.tr'le dommdted mdpprng\ oD n clo\ed lrdll rn an or.L red

([slo(.)ted metnc spa.. For rnorc deta,ls scc [2a, 25]

Thls dssertatron conststs of five chapters Fiach chapter bcgr.s $rlh .r Lrxl rntroduclur

qhch acts rs r summarl to thc matenal thcrern

Chapter 1 rs a surrel erned at clarrfourg thc tcrmDrolog\ ro be used and rcialls b.uc

defiD,tron! and facls

Chapter 2 ls de\otd k) thc studl ot thc .xstence of hxed ard cornmon ltrcd pourts ot

rrapprngs sahsf.!'lng generahzed contractrve condrhon5 The arm of thN chapter rs to rmprovc

t hc not ron of a Geragbtv cont ract roD and to estabhsh some 6xed pornt t hcorcms tor o adm$srt h

mdpprogs srth respcct to 4, sailsfyln8 a modficd (o 4)-contractr\€ condrtron rn thc frameqork

of complete metnc spa(es We provc ner fixed pornt thcorems for o- Geraghtv con t r a( trons and

rdtrona.l o'Geraght:/ contractron type mapprngs rn conrplete mctnt spMes

Chapter J deal5 wrth slnglevalued and multrvalued -F-contrachon mapprngs Ue rnlro(luc.

the conccpt of Crnc trp. a \-CF .ontractrons and cstAbhsh soue now firpd P,,rl tliei,rem. tor

snglc valued and multr\alucd mapprnSs rn thc scttrng of (omPlek rnc(rn sp.v€. \\( e\rrnd

ttre conc.pt ot a multr!ahxd and an o. ' F-contrnttron nnd.I.'4 r,I-nonrr.!trrr 
^)r,l 

,,l,rdrri

\ome Dew Wardo\ \kr tr-pe fLxed pornt th.orem\ rn th€ frdnre,,lorl ot corDplcte nttfu .pat,*

Chaptcr,l rntroduccs thc notron of a gcner.rlzcd dvnaulc pr.{ess ior A.ncr^lu,,1 1/ a -

almost F coxtra.lroD mapprdgs dnd obtdurs cornltden.c rnd (onrmo'r hr.rd PotDt re\utts lor su('lr

processes \\'e drscurs apphcatrons of our theorcm and obtarn the .xbtence and untquencs ot

common solutrotr of system of fuDctronal equahons m dlxamcdl progratnrng and t[e cust |ttct

and unrqueness of common solutron of systcm of \'ulrerra tlpe rntcgrat equdttons

Chapter 5 dcals !rth Iocally F-coDtractrons ard urtrodu(es the .onccpt of ax I' .oxtra(lron

on d closed bdll We ectdbll\hsorDc 6xed pornt thcorem\ for t contrdctrotrs and Ga-contrdcttons

on a cloicd ball rn complcte meirc spaccs



Chapter 1

Preliminaries

Thr arm of thrs (haptcr r\ t o prcsert some basrc concept r and to crplar n r Le ter mB rlo,jr uscd

throughor.rt thrs drsertatron Some pre\rously knos'n results dr€ gr\cr wrthout prool S.ctron

11 b con.erncd \rth the rntroductron ol srDgle-\alucd and mulh\alu.d contri{trons Sc(tk)n

12 ts deloted 1o some rntroductol"r maten, on the notrons of comnNtnrg rngle lalued dnd

mulhralued mappmgs In Sectron I3, we pre5cnt the con(ept ot o ednnbsrLk napprnes ot

surgle ralucd a:rd mulhralucd mappurgs for an o !'contractio SectroD 1 I nitrodDcc ihc bdsrc

concepts of srngle-!alucd and Inulh\alued F contra.tron mapprngs

1.1 Some basic concepts

Contractron mapprngs are a spccral type of unrforloly contrnuous hrn( trons dcfurod on a nletnc

spacc l'xed pornt rerults for such mappmgs pla] an mportaDt rolc rn analt:s and alplttrl

1.1.1 Deffnition l5l

Lct -{ bed noncmpt-y sct ST ](-X lhen; eXrs
(, tr\cd poDt rf thc mragc ft corncrdes s'rth x (r e , fr =

(,') comnon fixed poDt of the parr (S,7) n St = Tt = r
(ln) corncrdence pornt or thc parr (S T) n Sr: Tr.

(rv) pornt oI cortrcrdeDce of the pu (5, 
") 

ror some y e -X

callcd a

suchlhatr=Sy:Ig



l.L2 Deffnition

Lot (X, d) bc a mctn. spacc AmappugT,Y -Xbcall(d
(r) aBanach contrattron. rfthcre rs. poiLrvc real number 0 < ) < l suchth^t,forall . J€-Y,

d\Tr Tu) < Atti€,!)

(x) an Edelstern contrartron

0u) non-expaure rf

(,\ ) e\pan.,\e ,f

d\Tr Tyl < d.l.t,y) for each r I y, /. J € \

dlTi Ta) < dlt i/) lo. all ry E ,{

dlTr Ttr)>itd\a v) for all r ! € -\ \hcrr ,/ - 1

(v) Crrcrypc rf

d(:r r ,'h) < JI (! !) ,

I/{r.Jr = max{rr(r.rr. d\r.Tr).dty.Tvt.d.r 
r!l-!! rnl

Bennde [39] urtroduccd t)re follosrns .oncept of ,r rcak contra.tron n)apptrlt

1.1.3 Deffnition [39]

Let (-t d) be a metrrr space -{ self mapptng / on -Y rs called a *tal contra(trun rf ther. c\l\1

const.rnts, € (0,1) and, > 0,uch that

d(lx Jy) <9d(r v) + L.t\! 11\

l,olds tor..ch r.s nr (
l'or morc deid s on weak contractron nrpprngs. Ne rQter to ,1.2 lll anrl the rcfercncrs



1.L4 Definition

Lct -I be a Donompt] sct and 2\ denotc collcr.tron of dll n(DcnrlJh {rh{I {,1 \ lL(n I
-Y 

- 
2-\ lr callcd a nrultrva.lucd m,rpprng A porrl r € -t rs \md lo hr a

0) lixed pornt oI T rf r € 7'r,

(r) corncrd.n(e pouli oid pn,rotnultn. ued Inapprnss (.I .s) ,f .Ir rsI l0
0rr) common fi:.ed porni of the pdr (" S) f r e 7.r n Sr

Let (X, d) be a metnc splce dnd

CB(-Y) : {i ,,1 rs nonempt}'Llosed and bounded 5ubset of -Y}

Cr(X) = thc class of aI notrempty closed subscts ol X

,( (-Y) : the lamrh of dll nonenrpty compr(t suLset\ of -Y

In order uo m.rke ihe f.rmrl) CB(-{) rnto r rnetn. sp,rLe, sc nccd to havc n m.arurc ot ' dNi.u,(e '

bctwecn two scts,4 and Dof CB(X) One such notton of drstance $

d(A,B)=l.,r{dk e) r€.1, s€r}

Thls dcfinrtron tarls to drscflmrnate sulficrentlv bel$cen \et\ \\e qould Lke rlrt dtsl^nc.

Lct$ecn iro sct. to bc zero onh rf thc rBo scls are the \ann' borh rll :hapc an'lpo:rtur Ft't

thrs purposc, tl,€ follosrns coDcept F useful (ct, [Srr,)

1.1 5 Definition

Let (,Y,d) beameiflc spacc rbr Al] € CA(I)and. > 01hc sets -\(. 1) ardEl 6 ue

N(6,/) ={r€x d(r.A) <e}

EaB= {. 4qN(E a) aqN(6 -a)l

uhere d(2, -{) : Df{d(r,y) y € -4} Thc drstance functron H on Crl {) rnd ccd L\ d r\

dcfined br

HIA B):nnEaB



whrch rs kno*'n as Hausdorfi metnc oD -Y

1.1.6 Lelr)ma [L06]

Lct (X, d) be a nctnc spacc, rf .{.BeCB(-Y) Forl>0,o€ AtLctccxNts.l /,€B\uch

that d(a, b) < H(A, B) + 
^

1.1.7 Deffnition [106]

A mapprng I X - CB(,{) rs 5ard to be a nrultr\?hrcd contra.t(trr r[ t)r!.
a,0<o<1,su(lrthat, lor allr v€X,

H \:h ,T t/) < a.lQ , y)

Nadler 11061 scDcra]lzcd the Bana.h .ontractron prrcrple to ntultrvdlued mappurgs and

prorcd tbc followrn6 rmportant fixcd pomt rcsult for mulhvdlued contra.trons

r.1.8 Theorem [106]

Let (X,d) bc a complete nrctnc sprce.ind I X 
-CB(X) 

A multDalued contractron Thon

? has a 6xed pornt

Bennde and Bennde ItO] cxtendcd thc Dotron of \\cak conrra(tton Irnpprngs as tollou s

1.1.9 Deffnition[40,41]

A Dapprnt I -Y . Cr(.t) ls caLled a nultr\, ued $cak contra(tron rf ttrel. (\Nt t\o.onsrdrrt\

d € (0, I) dnd , > 0 such that

H\Tr.'r,r) < qd\ a) + l'.ttu 7 1)

holds for ea.h r s rn X

The ioUowrns de6 hon of a gencrdlued multrulued (d ,) ltrrct dlnrosl (o trd(tron mat>

pms ls due to Bcnnde ard Perurar l11l



1.1.10 Definition [4r]

A mapprng 7 X - Cr(-{) ls cined a gencrahzed rnrrlurralucd (d, r) stnct alrnost (ontr^ctron

mapprns rf there o.rsl l,wo consLanLs , € (0,1) a,'rd , > 0 su.h that

H('Ir.Ty) < qd(x.a) + Lffnnldls,Tr),d(r,T!) a(t rt).tt\u,ru))

bolds for cdch r ? rn -{

The follo$rns fixcd pornt theorcm appc.rrs rn [4t]

1.1.11 Theorem

Iet (-Y, d) bc a complete metflc space .rnd 7 { - C1,(X ) ,r senctullzed rurrltrvalrrcd (d /t sttrct

almo5t contractron mapprng Thcn F(7) l0 llorcover, for AL\ p € ./ (?) r )s (ontrnuous at

Kaffan l81l eyi(nded the notron of a multrvalucd qeal (ontra.txD mapprng to a I\l)rrd

, parr {/, 7} oi a ungle ralued mapprng I and r rnultx^lued nrrpprns I For nrore dsc usron on

mult,ldred mapprnss wc refer the rcader to [13, 61] and thc rcfcrcntes thererl)

1.1.12 Definition

Ict (-Y, d) be a metnc spatc and / r lclfmap of ,Y A multr\alucd mnppng r ,Y '. Ca(-Yr rs

called a generalzed rnultr\Jued (/, r,I) *cr.kcontra.tronnraPPrngrithercext'ttsocon'trnls

d € (0. 1) .rnd , > 0 such that

It(7'r,TtttlArtlJt lt) | LtltIq I t\

holds for .,rch r. J rn X

Abbd\ III e\rendcd the dl,o\e defin,tron .(s tollos\

1.1.13 Definition [1]

Let (-lf..1) Lc a mctnc space and I a sellmap on -ri A multrlal,rcil n]^ppms f -t - CI(-Y)

rs called a seneralzcd multr1?lued U,d,a) almo\t contra.ttoD Indpprns tf thcre exrsr t\o



constanls 9€ (0 l)andf20su.hthal

ll\Tr Tlrl <0llG,u) - L\lr !)

holds for all -r. y rn X. r+ hcrc

rr(r.y) = rnax{d(/r l!) d\!r,Tr),dll!,.t !\ rt\lr rvt !ttlv Tr) 
I.

,Y(r,y) = mrn{d(/",7'r),d\!s,Tu),d\Jt ru),<tl!y T4\

1.2 Single-ralued and multiva.lued commuting mappings

Scssa [116] tencrahzcd the concept ol commuunt Inapprngs ds tollo\5

1.2,1 Deffnrtion

Let (-{ d) be a m€tnc sp/cc Then tso ,r.pprn8' I 't \ 
- 

\ rre vrrl r'' L' q'rkli

- 
"o,,*,t,nlf nusr.sJx) <d(/,r,er) lor all r€X

1.2,2 Remark

Note lhat commuhDg Inapprugs .rc $cakly (omrnutrrg but t)rc con'ersc rs Dot lrrrc ) 8eD

eral (sec ll16l) Nt.ny authorb have oLtarned nrcc filed pornt theorems utrlzrns thrs (oncepr

Iloilever srnce elementarl functlons such 1s /r = t3 g, :2tr are nol treekl) c()rtrrlrutatrvc

lungcl l?6] rntroduccd a lcss restrrctrrc conccpt of comp^trblc m.lPPrngs He al'o I)rJrDr{'l {ntt

rn 177, 781 lhc potcntr.rl of compAtrblc mapprngs for provrng gcncr.rltzc(l h\cd por l th'orcrrr\

1.2.3 Deffnition 176]

\ldpprnss / e -Y -* ( {e sard to be compatrble rr \ hcr)cler thcrc r' r sequcrrLc {r") : t

satsf\ rns hm,-- /r, = Lm"-- 9'r, = u, thcn hm,,-- (l(/ sr,, LIJ ),,) = o

1.2.4 Definition [79]

A parr(/ 
") 

of self-ma14,rngs on -Y art \ard tol,cEcdllr cotrrlDlrl,l( rl r|'\ ("rr111rrr1' 't'"'l'
co,Dc,dcnc. porut ltc I'r!:rlt \),cn.v.r /r =r' )



Junck [76] lrrlpro!.d the Banach contraciron pnncrple for.olonlurms mappmss as follo]s

1.2.5 Theorem [76]

Lct (-Y tl) be a (omplct. netrrc sparc and / 9 -{ -- -t 1,. t\(,.oDxrrrrrDg nrnppnr(r Il

thcre cxr\ts a constdnt o, 0 < o < 1. such that 9-{ C /-Y, tl(gr qv) < twlllr./q) tI(n / ^n,l
9 ha\c a unrquc common tr\c\l pomt

t 2.6 Deffnition

Let / X..Xand? X 
- 

CL(X).I multrlalued mapprng Thr palr (/ I) E calhd

(r) commut:ne rf T/r = l7: for all r e .Y,

(rr) Reakl] .ornpatrble rf the) con,mutc at thcr comcrdeD(c pomts that b !r) - l'lx
wheDevcr r € C(1.") (l7el)

A nrap I rs callcd I- s'cally comrnuturg at r e -{ rf lrr e 
"/r 

If a h:bnd pdtr (/,I) ls

$raklt (ompatrble at i € Cll I) then I rs l-eerkly corlnn trns at r dnd hrDce /"(r) €

- C(1,7:) Hoqevcr, the cotrversc $ not true rn geDeral For a dctarlcd dscussron on thc abo\c

rnenhoned notrons and rhcnmplcarrons we reler thc readcr to [1i] [72] r75 76 77 78] and

th€ rct(rrenccs thercrn

1.3 Single.valued and multivalued a-admissible mappings

Samot et dl [114] mtroduced tlrc notrons ol an o{drDrsrLle ur.ipptrrg

1,3.1 Definition [114]

Let S X - ,( and a -( x -Y - 10, .c) \4'e say that S rs a-admNsrble rf r, y e -Y, and

o(r. y) > I rrnply that o(Sr Sy) ) t

l0



I 3.2 Example [92]

Consrdcr -Y = [0.:o). and dcfinc S .t - -X and ll ,Y, t ' I0:.) l)\ Sr = 2r ft, ill

r y€-)i.and

Thcrr S rs o-admrsstble

\\b dcnnc V tobe the fdmrly of nondecreasrn8 fuctrorr\ L' ll - r.l l(l r\r{rr)r rh"r

Di5""(r) < +3. andL(0) =0forcatlr t >0 $hcret' r.rL( ,'rL p(^\.r.l i

1.3.3 Lemma irl3l

If L,€ *, then r,(,) < I for all , > 0

13.4 Definition [114]

Let (,Y.d) bc a mctnc space and 5 -{ - ,Y be a Srtcn mapptn6 \\'c 5a} that S N an

o-I, contractr\e mapprng rf thcrc cxtst two fulctrons n -t( r Y - [0 -1) arrd L € V nxlr

that

o(r e)d(5r,Sy) < ( (d(r v))

for all a.q € ,\

1.3.5 Definition [113]

L.t S ,Y - -{ and let aa -{x t - J0+:c) b. tso frrn(ruN \\"a\ Ihar \ r'

.ur o'admBsrblo rrapprng $rth rcsp(ct to, rf i<x tat| r V € \ rr r r/l - I/rr r/ rrnPlrr'

that o(Sr,5v) 2 a(Sr 5v) Note th.\t rt\!e t,rke r(r,!) = I tlnn thl' tlehurtrorr rrdu(r' r('

Dcfin,tron l3l Also tf qc t.*c o(r.v) = I thoD S 15 an,)-sul,(lnt)'srb1. Ltl)lnns

13.6 Example

Lct X = J0 r.) and S x -.\ be defined bl Sr =,r/2 Definc alsc, o,/ .t x ,\ '- 10,+.c)

b\ o(r,v)=Jandr(x.y) = I forallr v€,t Then S rs nn o-adn))s)rble mapprDs $ rth respect

I ci ttzyr+o
"r"r=l o rr r<s

l1



1.3.7 Definition [9]

Lcr S,7 X -Xanda X x,\ - 10 +.c) $'c sa) thai thcparr (S'a) r! a'ednnNl,lt,l

tor cach r, e € .t such th.lt a(r, v) > I sc have a(Sz,1"y) )Ltndo(7r,Sy) )l

1.3.E Example

Let X = JO,o.), and defne a parr of sclf'mapprnt S T X-.Yando ,{x-(- [0:c) Ll

Sr=2r Tt=t'? for all r q€X and

'I hcn thc pa,r (S,7 ) ts o'admtsstblc

1.3.9 Definition [87]

LctS -Y --Yando -\ x,{ - i0 +.c) \\cs6\ tl)At s rsindn'{ular'-'!irnrsnl'l( rl r, \

a(r :) > I al)d a(:.v) > I rrnphes th,ll o(r y) 2 I

L3.10 Example [87]

Ler x = l0, ro) Sr = 12 + c' and

(r,r,.e.lo.rl
c(r v) = (- 

[ o orhn 
" 

I'c

Then 5 rs a tnangular o-admNsrbl€ mdpprng

1.3.11 Definitron l87l

Lct5 X --Y an<ta -\ x,Y-R \\'c sar thar S rr a llantul'rr '1'a(lnrrsjln' rlnpprtrs rf

(T1)o(r,v) > 1 rmphcs o(Sr.Sv) > I rorcachr e€x
{T2) o(r:) >l,r(is) >I Impltcs Ihdt (r(, v)> I lora(Lr l/: \

[ ",, ,r, y 2o

[ 0 otrrrwrsc

12



1.3.12 Example [87]

Let,{ = R Sz = .}6 dnd a(a y) : (r-e thcn S ls^trrangnlarrr-uinrr*rl,k n).rpptDq Ind(.(l rt

aQ !)=e'v2l thenr>y \\'hrch,n)p[cs rhat.9r >-sy Ihdlls o((, s,/] -.\' '"' l

Also rfo(r,;) 21 o(:,y) 2lihc r .>t).:-y20 r)trir r\ r r/ 'rrarxi \(,

o(r y) = c'-v > I

1.3.13 Deffnition l9l

Lct S LY . X ando .t \X rR Wc sa) thrt a parr (5,?) rs inansLrlar o adnrN\rble rt

(Tl) o(r,v) : I rmphcso(Sr Iy) ) l anda(Ir S!)> 1, tor ea(I -. r€ Y

(T2) o(,,r) 2 I, o(.z,v) > l, rmphei that a(r y) > I tor erch r v,; €.\

Notc that rf $'c take S = ? thcn thts dcfinrtron reduccs io Dc6nrtxin 1 I 1l

13.14 Lemma [46]

Lct S -Y - ( be a tr)antuldr o'adnrssrble mapprng d'sunx rhar ihcr('c\rsl\ an ro E Y

su(h that o(xo Sr0) > I Dc6n(,rsequ'n(( {r,,) bv r,*r - Sr" Thcn o(r" r",) . I tur all

nr ne Nu{0} Erthr < m

1.3 15 Lemma

Lct S f -{ - X be a parr of trrangular o-admsttl,lc ,\\\Lrnrc r|'l rhcr('r\r\I\^rr /' ' \

s\rch that .t(ro, Sro) 2I Dcfine tho scquer:cc {r,,} srthrr,,r 5rr, ^rrdrr, r=7-l" I

whcrcr=0 t 2. Then a(r,,.r-)> I for.lln,r€ Nui{)i $rthn < 'r

13.16 Theorem [53]

Let (-Y,d) bc a mctnc space and S X - -{ a sclf-mtpprns Supposc that thcrc clsls aJ e O

such th^i, for all z, v € -Y

d(sr ss) S J(d(-r v))d(r'Y)

Thcn S has a 6xcd unrquc pornt p € X and {S"r} conlcrtts to p tot c^(h r € -\

l3



1.3.17 Deffnition [67]

Lct (,{,d) l,c a mctnc spa.o and I ).-f asclf rnapprDg Suppo'.rh,rto, ,Yr { -
0 +:.) .rc i$o funcirons \\'e sa] Ihat I rs an o - r-contrnuors rrapt,rg oL t r/) rI lor a

8r\en.' € ,{ lnd sequence {r"} $rth

r. a(x" r,,-r) > 4(., ,,,-r ) tor ,'ll ,iIl +Tt,. -tt

ID 1962 Edclstcrn pro,'cd thc followrns !ersron otthc Bana(h contractron Pnn(rpl,

13.18 Theorem l50l

Let (-Y, d) be a cornpact mer.nc spece and 'L{ - X a seli m^pp rS Assumc thal

d.(Tr Tu) < dlt,u) holds for cach r q € -{ \rth J I q

Thcn I hrs a unrquc fixed pomt rn X

Ilussarn ct al [69] moarficd the notrons ofa.-admrssrblc 
^nd 

o.-L'contractr!c lnapptDsr '!5

13.r9 Deffnition [69]

LetT X - 2\ be a mulurfunctron ,r, ,/ .\ x,t - l0 +].)t\(,lun(rx,rF uhrrr 1r. l,,rrrrkrl

\\'c sal that 7 rs an a._Adrnrssrble nrdpprng \1tL rcspe(t io 7/ rl ol I ,) - 4 I q rnrl['

o.\T:Jy)>tt.lTr Ty)forcaLhr !€ X sherc,r.(,1 D) =rlri{o1r v) J' I ,'' /l} an(t

r/.(A A) = sup {r(r, y) r € -4. y € a)

If?(r,v) = I for all r v € -Y. then thls definrtron rcduces to Dchnrttolr 'l l169] II) DchDrtton

IJ19 rla(r,r) =l forallr,c€,t thcn ?rscallcd an 4.-srrb.vlmrssrblc mapptng

1.3.20 Definition [94]

Lct (-Y,.?) bc.r m.tnc spa.c Supposc T X - CI(-i-) anrt o ,{x \ - L0 +r') Na

iunct)on W. sa] that I rs an o-conirnrrous mulh\nlued mapprng on (Ca(-{) //) tf lor sr!'n

' €.Y and sequcncc {r"} wrth 
"Im-d(r,,,r) 

= 0 o(,,,,'r,,'r) > I for dll n € ll rrtrpltes thai

1t



"\La(r',,, 
r') : o

1,3.21 Definition

Lct (-{,d) bc a metnc space Suppose that ? ,Y+CB(X) alda,4 ,\ x,Y .- [o.+rc) arc

tqo tunctron\ We sa] that ? Is Drx a 4-contDruous multrvalued mapprIrs on (CA(,Y) n) rt

for a grvcn.r e -r(, and scqucnce [2"] wrthr, ar *',-"" o(z,,,rn-r) > a(-r","+r) ror

all n € N rmphes that ?",, { r", ttut ls,\.1(-r,,r) = 0 and a(r,,.r,.+r) 2 4(r",r,,+r) lo]

all z € N rmphes that hm II(7r,, 
"r) 

= 0

1.4 Single-valued and multiYalued F-contraction mappings

$brdoa\kr et al [121t] defined F (oxtract,on Ls tollow\

141 Definition [123]

- Lct (-Y, d) be a mctrrc space A mapprng T X ' X ls satd tobc dn /'Lontra.tron r1 (herc

cxrsisaT>0suchthrt

tu,ycx, d.(Tt,Ts)>0.+r+I'\d(Tx,Tu))SF(d(r'J)) (11)

*Lere F R- _- R rs d mappxrg satrsttrng the tollo$rng condttrorr\

(F1) a 15 stn(tly rDcrcasrns. re, for aI r,y € R+ such that r < J, a(i) < F(!)

(F2) For cach scquencc {a"}f:r of posrhvc numbcrs, hm,,-- o" : 0 rr aDd unlt rr hrD,-- 
'(o,, 

) :

(F3) Th.rc o(rsts a ir € (0,1) such thnt hma - 0+al,E(o) = 0

\\'e denote b\ f the 5ct ofall tuncttons \atEilrng coDdrtron. lFl)lF.Jl

1.4.2 Exanple [123]

Let F R+ -Rbcgr\enbr the formula F(a ) = ln o ltrs(learth^r f \atrsh(s1F1llF2)-11 l)

toranyl€(0.1) Nore rh.rt (l l)reduccs lothc tollowrrrgd

d(Tt,:ls)<e'd(r,y), for all -t !eX TxiTll

l5



It rs(lear that, Ior r,y € X su.h that Lr : fy, thc mcqualll LllTtTll<, -/iir,r) also

holds Hcncc ? rs a Bana(h .ontult,on

14.3 Example [123]

If a(o) : lno + o. a > 0 then a satr\fics (Fl)-(FJ) and con,ItroD (1 1) r\ ot tbe fon

d9!!!) t,'t""t 'r(r!) <c' for allr v€x rt *Tvd(., v) =

1.4.4 Remark

ftom (t'1) and (1 1) rt N easy to conclude that evcr] F contractron r5 ne(essarrlv (olrtrnuous

\\'ardowskr [123] stated a modrficd \crsron of ihc Banaclt contlactrorr prulcrplc.L5 folk^vs

1.4 5 Theorem [123]

Let (-{, d) be a complete meirlc space dnd ? X - -{ an a-contrdctron Then J" hat a rtnqrr

v 6rcd pornt ,' € X and forcr.crr I €-Y thc rcqucncc [r''r],,51 conrcrqcsto,'

Hussarn et rl [6fl mtroduced the follosrls tau,rl] or lunctrorr'

Lct -\c denotc the set of all tun(trons C R+r - R- satsfrrng

(G) torall,r t2,13.lr€R- wlthlr/rlrlr =[l thereexr\tsar>0nrhthar6(lr lr lr rr]

1.4.6 Definition [67]

Lct(X.d) be a Ect c space and ? be a sclf-urappurs of X Leto.'l -Y x -Y - [0, +Jo) b( t]vo

functron \\'e s.t}. that r rs an o-'rc-F-contr,r(tron rf, for r,y€ X, uth 4(r,7/)< o(r, ii ) nD{l

d(Tr 
"e) 

> 0, wc ha\e

G(d\t 'I.r) d\y,Tt).dlr T!\ d\! Tr)) + t'\d(rr.Iy)) < a(d(r ,))

qhcrcG€lcaxdf€F

Acar et .,1 [11] rntrodnccd the .oncept ol gencraltzcd multr\ahrcd I contract'or mal)|'nq'

and osiablNhcd a fixcd pornt rcsult, shtch w.L5 n proper gcncrallzdtr,rn of.onr. rrrrrltr!,Ih.(l

I6



6\ed pornt theorems. rncludrng r'adlcr's

1.4.7 Definition [11]

Lct (X d) bc a rnctnc spacc ard T .I 
- 

CB(.Y) bc a nhppDg Tlnr-f h rrrt t,, lx a

gener.hzed nmltr!? ued I'-(ontra.tron rf l'€ I 
^r)d 

tl(rr (\Ft\ a r -- 0 'rtrh tll't

r,g E X, H(Tr,Ty)>0-,+Flll\Tr 7y))S / (ll(r q))

.t/{r.y) - n,a-\{J(r !)\ Dtr T!t.D\!.7lt';lO'r.fu' - o,u ,, , t

1.4 E Theorem [tt]

Let (-f,/) bc a complere i lrrc space and T -Y - /i(-Y) hc J seneralz(d lDuhr\ailtrd

F-contractron It ? or F 1s contrnuous thcn ? h^s a 6\cd pornt m \
Sgror and \etro IlIi] pro\cd the fouoBrrrg.s a SeDcrahzatroD ol\.ull(r s I heor(rlr l()b

1.4.9 Theorem [117]

Lct (-Y,d) l,e a conlplctc metnc spa(c and I Y -(Li \ ) ^ 
rnulrr\dlrr' (i DrapJnrrg \\irrrrr

rhat therc custs an F € I and r € R* 'uch 
th^t

2r + F(HCt,Ty)) 1F\od(t,y) - 3dG 'tr) - ^d\v t!) -i'!\r tlt - t-'t I It)

forallx,v€ X,w\thhl Is,whcrco,J l,d aZ0 o+ J+1-26= lrrrd-ll fhen /

1.4.r0 Deffnition l74l

Let (-t.l) be a m.tnc sp.ce and ? \ - Cr(X) be a n)ultr\alued operator f rs '^ll(!l a

multralued scakly Prcard opcrator (brrcfll Il\\'P opcrator) rf and onlr rlor all r € Y and all

y € ?r, thcrc cxbts a sequcncc {r, ) su(h thai

(,) ro = r rr :7,

li



0r) r.r r e ?.r" for all n€Nu{0}
(ur) thc scqucncc {", } ls convcrrcnt and rts Imrt rs a fixcd pornt or ?

Recently Altun et al [18] proved the follo' mt rcsutt

1.4.11 Theorem [18]

Lct (X,d) bc acomplctc mctrrc space and f -{-aB(,{) Assumc that th(r( curt nn F € /

and r,.\ E R+ such thal tor an) r,9 € X Ne halc

fl(Tr ?y) > 0 rnrpLcs that 7 + F(r(Ir fy)) </-(d(r t/ - 
^dlu 

1'1t)

Then T r a multr\dlucd s€ak\ Ptcard opcrator

F(,r thc dchnrtron otd Drultr!alucd 1\caklr Prcard op.raror in(l r.ln({(i r('rrlrs \( r(i(rr"

[.r0]

-,\bbas eL al [2] 8rvcs thc followrng dcEnttron

1.4.12 Deffnition

Let / bc a sclfmrp ofa Inctflc spr.e x and I -Y - C[(-Y) bc a rnulttltJucd mrpprng Then

? b called gtncrahred multrlalucd (/, Z) almost I' .ontraatroo m^pprns rf there cxbt F € /

and r €R+ aDd, > 0such thrt

2a + I'lH(Tr.r!)) < F(,t.l(r v) + L,\ l/ !r)

for cach r, y )n ,Y s rth ?r I 7I and

1r(r y) - ur&\ldrlr lsl d l! T!t.dt!! r!J' ll ' t ''' 't' rc I t \

-\(-t.s) = Inrn(dur .Tl <t\Jy Ty) d\Jr Tv\'<tlJ!t Tt l;

1.4.13 Remark

Talo .E(z) = lna llr r"he Definrtron (l I 12) Then ut ha\.

2a + tttlH(Tr 
"y)) 

< ln(,\1(,, ,) + LA (r, v)

l8



that rs,

IIlTr,Ty)) < a2'tllr t)+t )'L\\t 1t\

: ,r-11(r, r) + ar Y(r !)

where 9r = c 2' € (O,l) Md Lt = c-2tL 2 0 Thus *t harc a generahzcd multr\alu€d

(/, dl, rr )-almost contractron mapprng lt]

1.4.14 R-emark

Takea=J =1=ll1 5 = l/8=I, Note that o + J + 1 + 2d = I Then lll corrtra.lr(u

condrtron of Theorcm I I8 bccomes

2t.F\H,rr rr, . .(j 
la,, u' -,a,. r ,' -,tru. t ,t , '/'I ru '/ ' r' ))

. r[]rr.v,, ,,,r) r.r,rrr,,/r ,,\ , u,.\r " /
ior all r,v€ X,\4tt|.|trITt/ l'hus, for 1- = 0 ard / = /\ tn

.t/(r.yr = m.a{drlr Ia' d,!J.T!t.dtls re1 U' t" 't l! t))l

.r(r v) = mrlr{a(/r.!ll,rlJr,Tr),tt\!1r Ttttl

Thus, I an (/ o)-almost F-contractron, aD rs a spccra) cesc of a ScncraLzed rnrrlrrralucd

(,/ L) alnro"t a contra.troD ( for tr = 0 and r = 221)

19



Chapter 2

Fixed Points of Geraghty

Contractive Mappings in Metric

Spaces

2.1 Introduction

ID 1973 Ccraghtl IsJl rrttroduced o c ot thc first tcncrahz^tron\ (n ilx Barr& h rhr 'r'nr l'lri'

cYtcDslonwllrqotslsnlfic.lnllmportaDc.andcstalrlrs)tedsorntul'lrrlfrrldp.,rlrtlll(.,.llr.l.i

rhc Geraghtr rontractton

II)2012 Sdr)et et Al IIll] r trodrrccd tho (orrcePl of 'I'( ((nrr'nrr\cr\lx rrraIPrrIr' rrrrl

cstabhshed rarrous hxcd pornt theorcm\ for artmDstblc Irral'prnH\ rrl th' {rrrnq ol ({)rnl)l(r'

mctflc spr.cs Attcrwards Karap)nar ct al l88l rcl)ned thc notrnr\ nnd obrrrrrod rarrrt hrrrl

pornt results Hussarn et al 1651, e).tcnded thc concePt oto-ddnnssrl']lc nlwprDss dnd obtam'(l

usctul fi\cd porDt thcorcms SubscqucDtly. Abdcllewad l9l rntrodu(cd parrs oi o-rthrssrblc

m^pprngs sat6fyrng ne* sumcrcnt contra.trve co,rdrl,rons drtTcrent frorn thosc Irr [65 1l l, aDd

proved fixcd pornt and common fixcd pornt thcorcms Re(cntll Sahnn et al Ill3l nxn fied

thc concept ol o't'contractr\e mapprngs and cstabhslcd 6\cd pornl re\trl[s

Hu$.,n ct al {681 proved somc fired pornt rerults f('jr srDglc-valued and 5et-\rlu'(l o-'r

.-contractrve mapprngs )D thc scttrng of a complete metic splcc luohanrmadr tt al [98]
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rnhoduced a neq notron of o-o-contractnc mappurr\ axd sho\ed (hal th)s rs a rcal Bc.Gal

rzat,on oI some prevlous results Hussarn ct al [59] dcr:rcd gcncralzed h\ed pornt th.or.nA

tor multr-lalued a-!'contractrve mapprngs Srncc then mdny paperr harc bcen pubhshed orr

Gcr.rght] (ontra. h\€ tt pe mapprngs rn \ drxm! sp.( cs For rror. dctarl {\',80 sl bl fir and

the rsf(,rcnccs therem

In th)s chapter rt b rmpossrblc to.over all of th€ known e\tensrons/generaluattons of tho

Banach Conha{t)on Pnncrple Hotreler. rn efort has beeD made to presctrt some ei{tensrons

of the Banach Contractron Pnnrrple and to explorc fircd pornt and common fl\ed pomt results

rn completc metrrc sptxes

In thIS chaptd wc contmue these mlestrgdtrorrs and explore 6xcd pornt and commor fixed

pornt rcsults m completc mctn( sp&es In Scctron 22, se dcal stth Geraght\ (ortra.thrrs rn

metnc spaccs and prove the e\stencc rnd unrqcncss ot h\ed pourts ot a-artmtsstLle nrapptngr

*1rh respect to ? satbfyrng an (a 4)-(ontractrlc trpc cc,ndrtron S.(tror 2 I and 2 I deal qrth

Gerdght] contra.trons tn metnc spa(es In Sectton 2 J *e rmpro\l tlie xoh(,1 ol d Geraghr\

contractroD and estabhsh some comr:ron 6red pornt thcorems ior a Patr ot o'adnn$rl,l€ lnal'

purgs underthcnnprovednotronofo-Geraght\conrractt\ct\pe.ondrrtortDa(ompletern'rrx

spacc ltr Se(tron 2l, u'e rtroducc the conccpt of o-C.raghl\ conlra.tro! r\pe maPPnrg: nrll

estabhsh some common tuicd pornt thcorcms tor a parr olo adrnEsrbl dpprDg' ulidcr th( n'\

approach of generalzed r,rttondl a-Gcr.tghty contraclrle tlpc condrtur m d 
'onil)lete 

m'trtr

2.2 Modified Geraghty contraction involving fixed points in

metric spaces

Results aiven in thls section have been pubhshed ir l92l

In thrs sectrotr, Theorem 2 2 1 .Ind Th(orcm ? 2 5 Prole fixed poDt theorcms for o-xlnrNsrble

mapprngs srth respcct to 4, satNhrnt a modrficd (o - a) toDtractrl'c (ondrtrol rn a complotc

\\t rtcnote br Q the famrl: ofall funi tronb J l0 +::)- 0 lrsLrLL rhat for anr houn'lt'l

scquence {t.} of posrtre real\ J(i,,)- I rlnph(s i,, -0
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2.2.1 Theorem

Lct (,(, d) bc a complctc mctrrc spacc and S ar o-admrssrblc mapprng \ rtL r.\pcc( to r/ A.ssun)c

thai there eyrsts. functron J € Q.uch tl,nt

(d(Sr' S!) + l)'(' s'r'(! sv) < (J (d(r v)) d(r v) + l)rrr trr"(v (!r (2 I )

for all r v € -Y eherc I 2 I Also supposc lhdt one ol thc lollo\\ rDg l)oltl\

()) S rs contrnuous,

(r) rl{2,}rasequcuccrn.Ysuchthdta(i^r,+r)>4(r,' r',-rrforall ntN-{tt}and
r,,-p€,tasn .+oo thcn

o(p SP) ) a(P SP)

It tlrcr( cxrst ro rr € -Y such thet o(,0,ir)2 ?(ro,rr) then S has runrque 6rcd pornt

Proof Lct ro € X and dcinc

r^+r = Sr'' for All n > 0

$c shall arsume that r. I z"+r for each n Ouher+rsc therc c\bts eD 5uch that r" =

-r,,-r Then r, = Sr" and r, r. a firori pornt of S Srncc 41r,, rr) > r/(ro rr) rnd 's t' att

o-admr"srblc nrapprng $lth rcspcct to 4 \c halc

o(rr rz) :a(.lro Srr))rl(5ro 5irl ,i/r 'r)

Conirnuurg rn thrs $'a\ wc La\c

o(r, x,-,) a r(r,,r., r),

for all n e N u {0) Fronl (2 2) wc halt

o(i,.,, r,,)o(r,,, r,,+,) > ?(2,,-,, r")?(r" r".,)

e2)
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Thus applyrng rnequ.htt (2 l), eth .x : xr I and y = r^ \c ol)tarn

(d(irr,rr+r)+ I)"('r r '5Jr r)4('r irt)

= (d(Srr r,Szr)+ l)4(rr Isrr,),(rt5'r)

S (d(Srr r,Sri) + I)n('r rs'i-'ro(rrsra)

S (J(d(zr-r,rr))d(ri-r,'*) +l)4{rt-rrrr r)'(n srr)

whrch rmplcs tlat

r1(rL,rr*r) ! 3(d(rr-r Lr)td(rr r rr) .l ])

.l(Jk i^+r)< d(r* r rr)

Thtn wc pro\. that d(j*-r.r^) - 0 It rs clear lhat {d(r^-r ril) r\ d 
'lccrc'Lnnr, 

{tluenr'

Thercforc there exrsts somc nonnegahlc number p such that ltm,, -- d(rr rr I ) = p \otr s'

"lkrll prove thai -, = 0 tlorn (2 3). qc l,avc

d(rr,rt+r) . J(d(.rr r rr)) s1
d(cr - r, rr)

\ow b) takrng hmrt [ - :c we h$e

r - 
d 

= !*l-: ll'Lrt=.ll 
< :,r,,^,.,*,' -,d hrnr '- d(r[-1..r^)

hm J{d(r" r'-r()I = I
l--

B) dchnrtron ot J functron wc hdYc hmr rd(rr I rr) = (l Tlnr\

hrn d(rr rk*r I = 0 t) !

l\os $e pro!c rl)dt the sequm,. {r")ts Cau<h} sequcntt Suppos, ,rnrh.(ontrar\ rhar lr,}

rs not a Cauchl'stlucncc Then thcrc s\rsts 
^n 

( > 0 and wlu.'rc6 {r',,.} and {r',.} su(h
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that for a.ll po\rtrve rntegers /r, wc have nt > rIr{ > t

d(r,,,. r,,.) > (

]Iln d(x",r z,,r) = €

Lrsrng tnangle nr.qu.rlrt\ \e ha\e

d(r-,.r"i) Sd(r-r,.,,,,,)+ d(r-.,, rn,-,)+,11I,,, r,',1

Bv the tflangle rnequDlly, we har€

€ S d(r-!.r,")

S l(-r-r.r", ,)+d(r". , r"a)

< . + d(r"( r,-r,{), (25)

for all l. € N Now t^krs the lrmlt as I - +x, rn (2 5) and unns (2 l) \c ha\€

and

a(-r-,.,,r".*,) < d(r-,.,.r^r) +d(r-! r"r) +d(x". r,,r.,)

Takrns thc Lmrt 15 t - +cc and usrng (2 1) and (2 6) It€ obtdn

(20r

^lga{'..-, '"^-, t = ' 127)
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Usms (2 1). (2 6) and (2 7), ,*c have

slxch nnplcs ilrnt

./(-r,,,,+,, r"r., ) < rtl(?",r r", ))d( r,,^,,,, )

Therefore wc hate
d(r.-_, r,,.-,) 

< .7(d(r-r r",)) s 1 {l s)
d(2,.,.. x"a )

Now takrng the limrt LS [ - +c. ln (2 8), B. Cet

Lm ;(a(:-^.-r,,*)) = I

Ilcnce [mr--d(2",.,r,+)= 0 < e. rhrch s a contradrctton llurce {r,,} tsaCauchl sequence

Sln(e X b complete. thcre exrsLs ap € X such that ri - p \\e noq'pro1e that p: '5p

Supposc th,ri (r) holds, that rs, .5 ls contrnuou5 Then lne get

slp=S Itm r"= hm Sr"= lmr,*1 =2

dnJ p = Sp \oq u, suppo'n that (rr. Iolds

o(rn rn-r) > ,(rn rn+r).

for al) n € N U {0}. by the ht pothese\ ot (r), $! h.rve

a(p, Sp)d(.rr, Sr*) > ?/(I. sp)?(,r, srr )

25



Usrns ihe tnanslc rtrequAltt and (2 1) \c hdlc

(d(Sp,rr+r )+ l)r(p,sP)rG. s-) = (d(Sr, Srr ) + t)rrp sp),(Jr s,!t

S (d(Sr, Sxr ) + l)"(P sP)'rn 5't )

< (d(d(2,rr))d(p,rr)i l),]L'r5'r)'](rr irt ,

whr(h nnpLcs ihdt

d(Sp,rL-t) 3 B\d(p. x\))dlp, rL)

LettrDgk-.c $ehaved(p,Sp) =0 Thusp=gp Suppos€ that q rs anothcr fixcd pornt oiS

(d(p, ./) + l)'/(P se)r(c 5c) = @6L sql + t).lp set,1kl 't,1\

< (d(S/. "tq ) + l)"()'sPr"1q s'rr

S \3(do q)fi\p.ttt - 1r,r,' 
\, rI1, \?

v 
' hr.h rmphes that

d(p,q) + t < i(d(p q))d\p q) + t

By defi tron of lJ tunctron. tl(d(p q)) : 1, mpl€5.1(p,.r) = 0 Thcu q.c ha\c p = q n.u,c s'

has a uDrque L\ed pont r
If a(-x, y) = 1 rr Theorom 2 2 1, u'e sct ihc foUowmg corollar\

2.2.2 Corollary [65]

Let (X.d) bc a complete metnc spacc and S an a,Mm$srble mnpprng Assun)e that thore

exbbs .l functror L? e O s ch that

(ti(St Ss; r-l)"c,sn"{r sv) < J (d(.. y)) d(r, y) - I

for all r J € -Y. wbcrc I > 1 Also supposc that crthcr

(,) s b conrrnuous or

0r)rf {r, } rs 
^ 

rqiren(c rn -t \ chthat o(r,, r,fr)z I f(, all n . N- {u} and ,,, r. \
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d(p,5'p) > 1

II there e\r5t r0 rr €X such that a(ro rr )> I thcn th.lsn fi\e(i po jl

If o(r, y) = 1 rn the Theor.m 2 2 I wc ser the f(,tloi\rrs.orollar\

2,2.3 Corotlary [92]

Let (,Y,d) Le d coxrpletc merrc space,rud S r/-subadrumelrc mapprrs ,,\ssun,( rhdr tljcr.
erosbs a functron /3 € Q sDch thar

(d(Sx..ty) + l) < (d (d(r, y))d(", r) + l)!r' s"r,(v sv)

for a1l .,, y € X where I ) 1 .{lso supposc rhat one of the follo\rmg hotds

(,) s ls ront,nuous,

(rr)rr{r"}rs,}scquencernXsu(hrharq(.r",r^+r)<Irord n€NJ{0}dnd.r,,./€.r
w as n + +oc thcn

4(p, sp) s I

If tliere cxrsts r0 rr €.Y such rhat ?(ro .rr)< I thcn 5 h.]l a fij-cd pornl

2,2.4 Exarnple

Lot X = l0,oc) wrih rhe usuAl mctncil(xu) =r yto.r[rqe \ aurt 5 _I-\
a -Y \ { - [0 co] and J [0, +,x) - [0, ]l for .rll r,, € ,r be dcfine{t b\

s' - { o'r"lo'' }',',,, I'''''' i
[,a,r,.rr.s] .J ' lo n,-,1

and du ' -- t". ,,0, . O ,1
\,/ l

\\'e provc tl)al. Corollal 222 can be apphed to S Lcr r,, e _{ Ctearll Sr S -. and Sy <
y, so that S rs an o-admrlsrble mapprng a(r,y) > 1, an(l o(, Sr) > 1, o(s Sy) > 1 an.l
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o(r, Sr)o(Ji. sv) 21 rmphcs that

rd(Sr.sv).1)o'rs.o'!sli - 5ll 5y tt Jj \!. t. ! { . t
\/I + \/Y

. 2l:=) . t _ Jtd\r ut)\d\r u)t . t- 3'/r s

Ir a(r S,)o(y S!) : 0 then *e have

(d(Sr Sv) + l)"(" s"r"(v sv) = 1 < J('l(r q))('I(r q)) + I

Let.r- 5andy=2 Tlien

d(ss,52)"(5rs)"(r's3) -08218 s J(d(5,3))(d(5 3)) : I -11.12

2 2.5 Theorem

Let (-Y.d) bea(omplcte metnc space and S an o-adm:ssrble mappttrg wrth resPc(t io 4 Assume

rLdr rhcrc e\l\t5 n tun,lron .l € Q .uch rhdt

a(r. Sr )o(9, Sg)d(S r SJ) < a(,. Sr)a(q. Sy ),1 (dlx.!)) dlt v) (2e)

for all r,x € Y Aho suppose that ono of rhc lollostDg hokts

(r) S r: coutrnuous,

(u) r{ {r,,} rs a stquencc rn X surh thdt a(rr rn+r) },r(r,,. r,+r) lor rll n q Il {{)} at(l

r" -p€-Yasnq+!c,then
a(p, Sp) > ,r(p Sp)

If there cxrsts f,o,xr € X such that o(:.o,rr) > 4(r0 rr). thelr .s ha a nr,)que |\.d lnLa'd (o

prove unrquenels) pornb

Proof. Lei ro € X aDd dcfinc

.r'+r = '9'n for all n U tl

rvl'e shall assunre t\aL +, + ,,,+1 for ea.h n Other.vrsc thore ersLs dtr tu snch thdt r,, =
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an-r Then r,: Sri and rn 15 a fixed pornt of 9 Srncc,i(,o,,) > 4(ri) r ran,l .!N
o-admtssrblc mapprng wrth rcspcct to i/, we havc

o(rt,.'r) = o(sro Srr) 2 n(Sru,Srr): ir(rr rz)

ContrDurng m thrs sry we hdve

a(t, z"+r) > l(.r,, r"+r)

for all r, € N u {0} From (2 t0). Fe havc

(210)

olr, r r")o(r,, -r"+r) 2,?(r,,r r.),/(r, r,,,1)

Thus applymg mcqudhtt (2 9), $1th -x: rr I and, = r^. we ol)tdrn

rq
-.vt-4

Lt
F wbrch rmples that

d(ri,:r+r) S J(d(r*-r.11))d(za I ra)

rl(r r- r, Ser-r )l(rr, Srr )(d(r*, rr. +r I

= 4(r* r, Srr-1)4(ri, Sxr)(ll 9r* 1.5r( )

! n(.r*-r,Srr-r)o(:r Szr),l1Srr r,Sr*l

! 4(rr-r, Sr*-r)rl(.,r, S.rr)J (d(:r r,.rr))d(-rr r,rr)

d(rr rr+r) S d(rr r,rr) (2 1r)

TLcn \!c prove tLat ri(-r*-r,rr) - 0 It rs clt'ar that {d(rr r,rrl} ,s a dc(re.Lsrnt nqncn,.

Therclore, there cxrsts some posrtr\( mrmh.r gsuchthdt hnl,--d(r,, i1 ,)=p r-or rerh.ill

provc 1,hat (, = 0 ftom (2 l1), \,!c hn\c
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Nos se provc'th^t thc sequcDce {r,,1x a C'auchY seqrrcnco Srrppore (,, tl,,'cortrarl rhnL

{r,} r not a Cauchl scquence Then there exr\ts an € > 0 d.nd \c(lxr(s lnir} atul {,r } 'r(lr
that. Ior all posrtrvc rntogers l, \\c halc nr > r,r > I

Now, b] takrng the lmrt a5 f * .o, s'e ha\€

, _ d hmr..-J(rr.rr'rt . .ltdtr, _!,i. Ir./ ltmr .- d(rr r r() - '

*1111 
3(d(rr-1 :e11; : 1

Usms defi tron of r, rc halc Lmr-e d(i* r.r*)=0 Thus

*\1d(,r..r*, t : o

{l(r",, r,.)> E

tn) dG,,. r"^ ) = .

AgarD usmg the trDngk rnequahty we h.rve

dG^..x",) S dlr^, r-!*,) +d(r-.r,,r,,r-r) rd1r,t., r"r)

(2 ir)

,J ))

B] the tnangle rncqualrtli, wc harc

( < d(r,,,^.,,,.)

< d(!*\,t", 1) +.i(r,k,,r,!)

< € + d(rir ,,r"r) 1113)

for all k € N 'fakrng thc hmrt as k - +n ln (2 13) and usuls (2 12) $r'haro
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d(r-r-, r",-,) <d(r-r., r-r)+d(r-,,ri() +d(,n, Jn. r )

Takrng the hmrr, as k - +.( nnd usrng (2 12) and (2 l{). sc obtaxr

*I1;a('-'-'''"'-'t: '
By usrns (2 9), (2 14) and (2 15), w. hdle

(? 15)

a(r... sr-. )rr(t,-, sr,. )l(r',,, -, , -r"^ -, t

< o(r-a. s,-, )a(ci. sr',!)d(r-r+,, rnr,, )

< a( r-r. .er",. )o(r"-, sr"! )d(srn, 
"x,.r)

< a(r,,,,.sr,,,, )a(r"., Sr,,- )B(d(r -,. r,. ))d(r-!,.1,. )

$ hch lmp[ei that

d(r,,,.-, r,,r+Ll < J(d(r,,,r r,," r)d(r,,,r r,,.

Thcrefore *e ha\e
,r(r-._, ,,a.,) 

s J(.1(r_,.r,rl) s r (2 tb)
d(r,,. r',.)

No1\,, takrng the hmrt as L - +c! rn (2 16). we sct

,l19 Li(d(r-,. r,, )) : I

Hcncc hnrr-- d(r-., r"^ ) : 0 < r. whrch rs a contrad)ctrox Hence{r,} tsaCartchr scquence

SDCe X ls completc. there exr5is ap €,Y such that,Dn - 2 Now *e pr(J\e that p = 5P

Supposc (r) hold that lS, ,9 $ contrnuous wc get

Sp : S,141r, = 
"llm 

Sr,, = ftm r,,+r : P

aud p: Sp Suppose tlui (r) holds th^t. so (e set Thex

a(r, r,,r)>,(r" r,+r)
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tor all n € N u {0}, by the h\"othcses of 0r). we ha\c

o(p Sp)o(ra -sr() > rr(p Sp)?(rr,Srrl

Usrns thc tnansle rn.quahty and (2 9), we ha\e

nb, Sp)n?x. St t)d(Sp, xa41) = rtb, Sp)rt?r. 5rr )d(.Sp Srr)

< o(p. Sp)a(rr. S.rr )d(,s'p, 5x^ )

S ir(p, sp)'7(r*. scr )(Jldtp r\))d\p.rk)

qLrch rmphcs that

d(sp, rr*r) < J(ak, :rr ))d(p,.rr )

Lettms A - .o we obtarn d(p, S'p) : 0 Thus p = 5p Lct .r be anothcr fixed porxt of S

\\p. Sp)tt l t, Sq) d(Sp s.?) < c(p sp)o(q,5q)d(Sp Sq)

< ,(p Sp)ltl,t Sq\ lldtp q) t\p .tt

wirch rmplrcs that

dlsp, Sq) 1 sllp q))db q)

By dennrtiou oIB, A@lp,,tD: l, rmpLes d(p,q):0 Thenz:.r Ilcnce S h.r' a unrque firtd

(llGqurres proof) po,nt i
ll q?,v) :1 rn Theorem 2 2 5, get the folloq'rns corollarl

2 2.6 Corollary [65]

Let (X. d) bc n comptete metrx space and S an a-admrs:rble mapp,ns  5lumc that th(re

e\rsts a functroD d € O such that

o (', s"r)a(v. sy)d(s,. sy) < 3 \d(x. a)) ttl! , ! )

tor all r,y € ,{ Also supposc tlDt erther
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(r) S ts conttnuous, or

(rr) rf {r") s a scqucncc rn x sucl) that a(r" r,+i ) > I ror all r € N -r {0} and r,, - p € t

o(P, SP) > I

Il thorc c\rsts :.0, rr € -Y such that a(ro "rr) 2 I then S h,rs d fi\.d pornt

2 2.7 Remark

Our results arc rnore gcrreral than those rn I6i 1I.l ltf 
^n(l 

rrDlro\( wrrral tr*ttlt' r rstttta

2.3 Modiffed a-Geraghty e irie typ. theorems

Results given in thrs section have be€n published rn [22].

ln thrs lectron, wc rmpro!c thc notloD ot Ccraght] contra(tron t\ pc mapprDg5 and esial)h\l'

fixed pornt tl)corcrns for a Parr of o'admtt\rblc rnapprngs llrrdcr the rrnpro\cd

notron ol o-Gcraghtl conira(trvc t\pe cond(ron rn a complctc mitrrc !pa(c

Cllo. Bae and Karaprnar [{61 estabhshcd ne\e 6\ed pornt theorcnF tor o Gcras]r1! contraL-

troD typc mapprngs rn. complctc metnc spa.cs \4e hare thc follo* rng ext cnsron / gcncrnh zat ron

of thcsc results

Lct(-{d) be a mtt nc space ard o { Y { * R bc a turctton T\' nliPprnts\ \ I t -\

rs(allcd,r pnrr olgcncrah/(.i o'Geragltt\ (ontractroD r\p. nrapprrrs' rlrh.r'r\r'r' l ': !l 'rr(ll
that ior all .r y €,Y

a(r,v)d(Sr ry) < J(\1lr l/))ll(r !) 1'l l;)

( dr" 5r, r,l/ aurlIr(r.!) = mdy 1d(r.e) d'!.S)\.dly Iyl - ; - l't:)
If S = 7 then T r\ c.Jlcd generalrzed a-Gcraghty cqntr.!ctron tlpe mal)prng rf therc c\rsts J € Q

such thrt for .ll r, y € ,Y,

a\r.lrld(Sr.Ty) < J (Y1r ,))-\'(. y)
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Ior all r € Nu {0} Nos

^I\r2,,a2,+1) 
: ,"*{r1..,,.,,,*,1 d(.r2, Srz,)rl(r:,rr r,,,,,, 'tl't' t':' Lt '"':' ']! }

= -*{r1.,,,,,,.,y <rGz,.tz,+) d(rz,+t tz, t) 1q.f-}

< ** 
{r1",,,',,*,1., 

A^-,,^.r.@r9@}
= mr\ {d(r,,,,,,+1), d(,a*,,,"*z)}

Thus

dQ2,a1.t2,a2) ( d (nr(tz" r:,+r )),{r(12,, r.:,*r )

< p(d(.rr,.rr'+1))d((r2,r),+r)<d(rr,,rr,+rI (2lE1

Thr5 rnphes that

d\l,,+i r,'+,) < d(r,.,r,,*11 for all n€ ir -{(ri

Sothcsequence {d(r,, x,,r r)} rs nonncsatrveand nomncre:r.srng Nos u'pro\erLrr'/(7', '],, r)

0 It r. cl('ar that {d(r,.r,+r)} N d dccrcasrns scquen(( Th.rek're ihel o\t\ts \om' nom'g

atr\e trumber ' ruch that LIr"-- d(r,,.',,+r) : r Irom (2 18) sc hnle

d(r,,*, r"+.J) 
< j(d(.r",r,,+r)) < I

d(r,,, r,,+r )

B] tahns the llmrt n -- co, s€ havc

tSd(d(r",r"+r))St,

that lS

,Im J(d('" r"+r)): l

By drhnrtror of, vc haYe

'!'Ia(r'" 
r" ''r = o Lr lrlr

Nos re shos that sequencc {,r,,} n Cauc}r] Suppose ou tl)e (ontrar} thdt {r,,) r' nor a
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Cauchv sequence Then there cxrsts € > 0 aDd scquences {-r,r} and {r,,r} such that for all

posrh\c mtcgers t se ha\e rn* > nr > A

a(:*^ r".) > r

axd

. < d(.r",,, r,,, )

< d(.r,,,",r,,, r)+d(r,,r , r,,,)

< € + d(r"! ,.ri,) \2 20)

for dll [ € N lD the \re$ of (2 20). (2 19), we have

tsl the tnanBlc rnequahtt we have

.lrm drr-rr,. J", ,'- (

By Lemna 1315 o(r,. "r-,*,)) 1 Thus

Jiar'-"""r = '

ltgarn, usrng thc tnangle rnequdlrty, Re ha!€

dli,,i r"L) ad0-, r",.-,) +d(,",,., ,,, , rl t,,,. t,,,

d(r,.,k-,, r".-, ) < d\t,,,\-, r,,,\) + dO ^r r,,t ) + drr", r",., l

Takrn8 thc hn)rt as k - +- and usrDs (2 ls) and (2 21) \cobtd,n

(2 2l)

d(r,,r,j.r-..,) : d(sr"r.Ira.+r) <o(""r. r,,,+r)d(sr,,,rr-^,1)

S r(-\1(r,a. r-a-, )),{/(a,,,. r-.+1)
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Frnally, we conclude that

< A(titrrk rrL+1))

Kceprng (2 19) 1n mrnd and lettrng t - +.o rn the abolc rncquaht) c obtaD

rhm 
J(d(r,,,.2.,k+,)) : 1

So Lmr--l(.r",,r-,,1)=0<..qlnLhlsa(o)rtrMrctron l-lnt sunrlar r.chrrr.tut tor otlir I

cas6 rt cdn be earb scrn thrt {r,,) r\ a Cducly sequclce SrDcL { ,5 cornplen rl,{,e .\Nr\ ,t

p € -Y suLh that r,, + p rmphcs thdt r2,+r -pand.rr,*.1 p ,-\s 9and Iaretouttttuour se

g.t 7zr,+r .IpttrdSr?,+r .Sp Thus p = Sp Stm,larh p=IP soueharcSp=72=2

Then (S r) have a common tu(od pornt r
Ir the follol\rng Th.orcm 2 3 2, "e ha\e r.mo\ed t[e conhnurt! assumpito]r

2.3 2 Theorem

Ltt (X,d) be a complete metflc spate, o ,l( r -Y - R. a fun(tron dnd .s I -Y - ,Y luo

mapprDgs Supposc that the lollovrtrg hold

(, (S.,1) $ a parr ot scneraLzcd o-Geragbty contrdctron lypc mappnlss

(D) (s, 
") 

t" tttaneuldr a-adm:ss:L,le.

(ur) there exrsis an ro € X such that o(ro,5ro) ) 1,

(rv) rI ir.) rs a \pquorce rn -{ sucl, thar o(.?,, z"+r)>irorallLENr{0}mdr, -r' -\

asn-+nr then ther. e\rsLs.I subse{rucnce{-r',, } of {r,,}nl(ht}tal oir,,, p) llL,,tll A

Then (S, r) ha\e a cornmon 6\ed pornt

Proof. U:IrganargrmcDts)mrlartothatofTheorcm2JI Dcinca'cqu.n.c rr,+r = \1,,

.!ndr2'+)=?'r2,+1,s'heler=0.1,2, con\ergestot€-X Bt hJpothcses ol 1r\)therL(\rts

a sub5equence {r".} ot {r"} su.h that o(arnl.p) > L for all L Now bJ usurs 12lt) for all A

dg2"*11 Tp) = d\Srzn\,:rp) <aQ:,"1 pylls)2"t Tp)

3 3 l^tGza,.p)) ttt\n,,.p)



OD the other hand. {! ol,tarn

( 
"- ,-,-' l(rr".'rP)l drp srr"'r\r1,(JJ,.lp,maxtd(I.:"..p),dlr:,.'S.r:".],d,p,lpl._TJ

Lettmg k + c<, we have

I1I/(rr,.., p) = d(e,1'p) 1222)

Suppose thdt d(p Tp) > 0 From (2 22) for I larsc enouslr se hde 1/(r:", p) > 0 shtrl

SlnlQ),,, P)) < \/(r2,,. r,r

Then

d(rr^.,Ip) < J/l.rr"r p) t) 2 \)

Lcttmg [ - oo rrequallty (2 23) ec obtarn that d(p.?p) < d(p.Tp) shtch s r contradx(rorr

Thur R hnd that d(p,"p) =0, rmpl,cs that p: Sp Thus p: Ip:52 r
' s,r J! i1:!11-i-u') dnd S , f ,n I l,Fotem 2 J tlf .v(r ,) . ma-\ td(r. r/) d(r. sr\. d(y - )

and Theorem 2 3 2. se ha\e the loilostns corollanes

2.3.3 Corollary

Let (-Y, d) be a complcte mctnc spa.e and S .n o admEsrble mapprDg such thai the followrng

hold

(r) 5 15 a scnerdlzcd a Gcraghtt .ontra.tron iype mappms

(u) S l5 rnansxlar o-adD,5srble,

0r) ihere e\Nts an ,! €,( \uch rhdt o(ro 7j]) 21
(rv) S rs contDuous

Thrn S ha\ a unrque fi\ed pornt p e X and S rs .i Pr(ar (l opu ar ot thdtr\ {-s"ru} conlorge\

2.3,4 Corollary

Lcr (-{,d) be e complete m.tnc spa& and.9 an a-admrssrble mapprng su(lr that the tollo\rnt

hold



0) S rs a generalzed o Gerashty (ontractron tlpe mapprns.

0') s 
's 

tnansular a-adD'ssrble,

0u) their exBts an ro € -( such thdt o(ro. Sxo) > 1

0r,l {r"} rs a sequence )n -Y such that a(rn.r"+,) 2 l for all n { NLr{0) arrtlr, -p € x
a-sn ++E thcn therc e.(lsts a subsequence{r"r} of {j,,}luchthdta(r,,,,p) 21i,xallt

Then S hrs a unrqu( h\ed pornt p € .Y and S ls a l'rcard opcr at(n tharr. {S"r0l(ortre)Be\

lf N(rl/) = max{d(1,J),d(-r.Sr)d(J 5?i )} an(l 5=r,nfhc,rerrzllar,l T[errerrr

2.] 2 qe obtdr tle follos)rlg corollarrcs

2.3.5 Corollary [46]

Let (,(.d) he d complete rDetrlc spare, a -Y x X - R a functron nnd S ,{- Y d mapprns

Assume that thc follon mg hold

(r) S ls d scnerahzcd a Ccratlrt\ contrrctroD hpc mapprng

(rr) S lS tnanqular o-adm,s$ble,

(,)r) theie eusts an ro € X such that a(ro, Sxo) > l
0v) s $ cont,nuous

Then S )ras a urrrque fired po,nt p € -Y, and S rs a Prc^rd ope.dtor thatts i-s"ru) cox\.rscs

2,3.6 Corollary [46]

Lct (X,d) bc a completc mcLnc space o -Y x -)r -Rntu(lx,nnn(l -\ -\ \ r nraplurq

Assure that thc follourng hold

0) S ls n gcneralzcd o-Geraghtr contractron rlpe nr.rpprng

(u) -s rs tnansular o a-dmlssrblc

(ur) thcre exrsts an .16 e ,{ such that G(ro, Sro) > I,

0v)rf{r.}lsasequencornXbuchthato(r".r,,+r)>rtora.lln€Nu{0) andr., .p€-t
a5 n - +.. then thcre cxrsts a subquencc {i-".} ot {r,} suctr tllat a(r"r,p) > I for dll t

Thcn S hN a umquc 6x.d poDt p € -Y. and -s ,s a Prcard opc.dlor thdt b {S,ro}(on1.rs(s
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2.3.11 Example

L€t X: {,,J,lr} *'rth mctflc

a(, v) =

and

o t,.a) =

Dcflnc a mappmE ? ,Y - -Y as foUoqs

and J [0 +,c) - [0,1) rheD

alx.y)d\1:r 7!) I d(nI(r, v)) \1(r. r)

Indecd, let -r=l andy=t then

-lr(i,r) =,na*{,i(r,t).d(r r(r)).rp..r(r)) 4!1111!j4rlq L}

fr l 5 1l s= '*1r'7 t rJ=t
Th(!n'nr 2 1[16] cdrnot be u\ed to obtarn a hxed porrr of r sm.c

d(r. ii)d (T(r), r(A)) I !i( rtl(r, [))-t/0 r)

No\ ee pro\c that Theorem 2 31 can be apphed to common 6xed pornt of S and I Let

S -Y - X bc a mapprng such that Sz: i for ea(h x €,t

0 fr:v
+ "ry€x {r}
lrfxy€x iA')

+,r..y€-{ {.)

It
lo

rtr,€Y

J.l



d(Sr, l"r) = ./11,,) = 0

o(r,y){1(.sr Ty) < l(.111r l/))(,\1rr ,)

HenceallofthehlpothesboftheTheorem2J l art satr.fied :o 9and f hare a ronrnbn llrrd

ponrt

2.4 Fixed point results for rational a-Geraghty contraction

Results Brven rn this sectron will rpper rn [21].

In thls sc(t)on an cflort has becD madc to rmprovc thc notron ofo-Geragh$ (onira(trcn tlp.

mapprngs dnd e\tabhsh some common 6-red pornt thcorenrs for a par of ft admrssrbl(' nraPping\

under the rmFoved.ippmach of a generalEcd ratronal G-Gcraghtt contrachve tlpc condrtro

rn r complcte metn. space

Let (,\.d) be a metr:c spa{e, a -{xX + R a functron and S I -t -,Y S and f arc

called a parr of a generalzed ratron.i a-Gcraghiv contra.tlon tvpe maPPx)B rf th.r. e\r\tt a

/, € Q such that, for all r. y € -Y

.t/(J.it m&,{d{r. A) dtJ.stt) 4,1' r,1'',.d{d't Il1lJ1,,'))

= .*{}, },,!}:,

(1(r. q)d(Sr. rv) < r(R(r,v))Rlr i/r 1l lir

( dt r- Stt,l\!- I lJl dlr. ).Ildlv.1!,\
.R(r, s) : max i d(r, y),

I I tdt!!] ttdtsr-t!) J

If S:'I ihcn ?" rs callcd a generahzed ratronal o-Geraghty contrachon tlpe mapprng tf there

1.t



a(r,u)d\rr,7 a) < |, (Q(r, v))Q(r, y),

( ,tU i-n4! ry) q!f!)!,u !!)\Q(r v) = rna i d(r, e) lt t -d(r.s) t d\rr ru) J

2.4.1 Theorem

Let (-Y,d) be a compl.tc metnc space a XxX . R a functroD rnd S,? X - -\ ttvo

rnapprngs su.h that tbc follow'ng hold

(r) (S,7) rs parr of generdlzed rat)ondl a-Geraghtl' contra.Ltron tYpe mappms

0)) (.5, ?) rs trlans lar o-adnN'bl€

(ur) there e\Ets llD ro € X such thdt o(ro,5ro ) > 1

(rv) 5 and r are contrnuous

'lhen (S 7 ) Iave a unrquc conrnLon fired potnt

Proot Lct rr rn ,Y be such that Jr : Sio and rr : Irr CoDlxmrns (hrs proces\ $e

construct a sequcnce rn olpornts rn -Y such th.rl

x), rr = .9rr, and,2,+2=Ir2,+r'whercI=0.1,2,

B) assuioptron a(ro rr) > r and the pnrr (S,") rs c-admtssrble bl L€nrma 1315 \1'e ha\e

exrsts a J € Q suLh that, for all r,y € Y,

a(ri r',+r) > l ror all,i € Nu {0}

d("rr.+r r;,+z) = d(S"rz,,?ea*r) (a(rr, .::'*r)d(5r.:, 7e:,.r)

S J (fi(r,I,.-r.:,+ r)) fl(r.:, rz,-rt

Then
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for rll r e Nu [0) No*'

t ttt r\. S:tz,)d(:..:'+ r ?r:,+rr d(ir, srr,).1(rr,.r /rr,,r)[R(r/,,J,,.l)ma-.tdllj,,Jl,'ll,_ffi_ii.,-r;'l
| , dttz,.rt,,t)d\b,t r!-, tt-Jt, ,.--.)"t ,.,,.' ,...'l- n'a-Ytd:''l'r')'r"' I Jrr:, rrr.r, I J,*; ,...,, I

( max (d(r.:,, e2,+r) d\rz'+t rz'+z))

Thus

d(,,,+r, "rl'+,) I 3 (ft(.r2,, rz,+r )) E(tr,,.r:,*r t

( J(d(r1,rr,a1))d((z?, r2,-r) < tJ(:2, .rr,+1) \2 26)

whrch rmples

d(r,+r ri+r) <.1(h,r"+1) tor all n € Nu {0}

So the sequonrc {d(r, r,,+r)i rs nonnesah\e and lLonrn(red\rn8 $'e shnll nou pr(^" rhar

d(r,,,r^.r)-0Itrsclearthat{d(""r,-r)}rsadecrcasrlg.equcncc [h('r.lore thcre c-trs(s

soxrc no negatr\c number rsu(h thni I)m,--d(r,, r"rrl:, ftorrl22b) $.hr\(

,t(a",r.,"*, 
S r(d(z,, x,,,)) < laG" r"+r)

Takrns thc hmlt Ls n -,.. 
qe h c

I < l](d(r". r"+L)) < 1,

that rs

From dcfintron of J q'e obtarn

lm rr(d(r", r"+r)) = I

hm d(r",r,'+r)= 0 t2 2i)

Now $'e shdll \hoq th.rt \equence {.r,,} s a Carrchr s(quen(t Suppo\e on 1Lc (onrrar\ rhat

(r") r' not a Cauchv scqucncc Then thcr. c\rsts an t > u drnl 5cqu.nc.s {r,',,}dll {r,^}

ll)



On the othcr hand, $e obtan)

( d r'. .Srr,.) drp fp) l i,. (r-,. r drl,7r,,l
/rr,z", p) - m&\td,rr,.. p,. _-ffi _i..,i;". jr j

Lcttrng k * co we ha\€

*!I1nGr". p) = nax At(p Spl'd(p"Ip)| (: 30)

C.tsc I llmi-{ R(? r,!, p) = ,I(p,Tp) Supposc that d(p, Ip) > 0 From (2 30), for l.rrsc cnoush

k +e have fi(-rr".,p) > 0 whrch rmpLes that

y'(fi(.x2"*,p)) < fl(rzn. p)

Ihen "c hate

l\rr",,Tp) < R\xr",,P) i-l l1)

- Letl.rngt-.ornrneq altv(231).weobt^rrtbat.l(p,TP) <d(l 7pr,$hrchNa.ontrndr(trorl

Thus d(p,Ip) = 0 ehrh rmphes thdt P : ?P

Casc II hmk.-il(ir"L,d=dlp,Sp) Slm arl) p=5p Thusp-7'p=Sp .
IrQ(r, g) = marid(r !) d(x Sr)d(!'S l1 +d(r,u) d(r,sr)'/(v Se)/l + d(sr,5v)] and

S = T )n Thcorem 2-1 1 and Theorem 2 4 2, we have the tollosrng coro)larres

2.4.3 Corollaiy

I-et (-Y, d) be a complete mctnc space and ,9 an o-admrssrble Dapprng iuch lhat thc follo\rurg

hold

(r) S rs r geDera}zed rauonal o-Gerashiv contracrrox Lvpe Indpp'ng,

(u) S ls tnansular a-ddmNsrble,

(ln) rherc cxNts rn r0 € X such that a(ro.Sr0)> l,

0v) 5 ts contrnuous

Thcn5hasaumrlucfixedporntp€-t,andSr\ahLardop(rator thatN {-s''.0)(r{i!.rqts

19



2.4.4 Corollary

Lct (-f. d) bc a complete mcinc spacc rnd .9 all o -.dDnssrbl nlappln8 sucl, t har tle iollo$ rra

hold

(r) S rs a gcneral,zcd ratronal o,Gerashtr'(ontractron rypc rndppr r
(r) S rs trrancular o-adnx.srble,

(rlr) therc ersts an ,o € X such thrt o(.r0, Sro) ) 1.

0, rf (,"] ls a sequercc rn x such that o(r,,,.,,rr ) > I {or all n € Nu{0} ard r,, - p € .\

ain+ +oc then th€re cxNts a subsequencc {r"* } of {x" } such that a(r,r,p) > l fordll ft

Then S has a unrque fi-rcd pomt p € X, and 5,s a Prcard operator that N, {S"xol conrdrscs

Lcl(-{ il) bedmetncspa(c,andlcta,4 Xx-Y -Rbetunctrons ThcmapsS? -\ --.Y
are calted the parr ot a gencralzed ratronnl a-Gerqhty contra.tron type rnapprngs rf therc exrsts

a J e Q such that for dll .r, s € x,

o(r.y) >?(r,y) .+ dlk T!) < J (n(r },)) R(r y)

n,,,,- ^^ta,, ,,, 'ht's!tl'a Tr 'lr 'srr'/'u /u I" t t,lts) t tsrtt )

2.4.5 Theorem

(2.11)

Let (-Y,d) bc a complcte m.trc bpace and (S,7) are o adnnssrblc rnapprngs $rth r.spe( r to r/

surh thdt tho followms hold

(r) (S,7) rs a seneralued ratronal o-Gcraght,v contra.tron typc mapprng

(u) (S, ?) rs tnarrsular o-adnrrssrble,

(D)) thore exrsts.rn ro € -{ such that a(ro Sro) > ri(ro,Srot,

(rv) S and 
" 

are conhnuous.

Then (S, ir-) hare a unrque cornmon tr'(.d pornt

Proof Let rr rn -Y be such that rr : Sro and 12 : l"rr Contrnurng thrs process, sc
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a.:,+r =St.z,. and rr,nr=11r,r, sherer=012

By trssumptron o(-ro rr) > ,(ro rr ), and the palr (S r) ls o-adnn$rhle wl(h rc\pecr to r/ fhu'

o(sro,"rr)>a(Sf,o,.rrr),from$4,r(Lwcdcducciliaio(rr r,l >r/(rr r.:) ulrrch al*rnple'

that o("r1.Srr) > a(""r,S,r) ContrDurD8rntlxs$av"eobtarno(i"r,+r)>?(r,r"+r)
roralln€Nu{0)

consiruci a sequcnce {r,,} oI pornts rn -Y such that

d(r,,+r.r,+r) <d(r",r,,+r). lor all n € Nu{0}

51

d(rz,+r.tt +z) = d(Srz,,Tq,rt) < o(rr,. rl,+r )l(Sr.,,.Trr, +r)

(,9 (R(rr,,rz,+r)).4(rz,,r:,rr)

forall?€Nu{0} Noq

^ l, ,1!2,.9,2,)dlr2,.t.T) z,-tt JtlZ, S!2,tJtr,, t.T!,,.1\Htr2,,tt,,tt - mdtld{xrr.-r},-rr. I _;G-r, r ) t . dti.,, T,^" I
t ,. d\!2, r2,,1)r1\r),,1 !\'z' dt!L S:r,r,lr:,- . i ,: . 'lmtuYtdrr'?I 'rr'-rr' t.l-,,,,,. t. 't';:,'.1',, , l

:! ma-x {rl(.rr,, rr,*1) d(rz,+r r.:,+.:)}

Fror! tb( dchrrtron of J tbc casc R(.rt,,:2,+r) = dlt2t+t !\+)\ rs rnrpos:rlnc

dk z,+ r. rz, tz) S|, (1i(",,,.r,,r,)),4(r.J, r r, +, )

( 3 (d(rz,+r, rr,*.: )) d(ry,*r t2,+t) <d(r.:,+r::,+:)

$'hrLh N a contradrctron Tirus

dG>,+t tz,+t) < d (n(r,,, r,,+1)) n(rr' r,,,+r)

<Lj (d(r,..r,'+r)) d(('rr', rr,-r) < d(r?r, rr,. r )

Thrs rmphes that



Usmg an argument srmrlar to bhat of Theorem 2 I l. p 15 ttmque common fixe.t potnt of S and

T.

2,4.6 Theorem

Let (X. d) bc a complete netrr. \Pa{c and (S r) o-utmrssrhle mpptns\ $rth rq\pcct to 4 \uch

that the folowmg hold

(r) (5.?') n a eeneralDed ral,roD,rl a-Cerashty contractron tvpc mapptng

0, (s.7) ls tnansular o'admNs,ble.

(n, there cxrsts an ro € ,t such that o(ro,Sro) > ?(ro .sro),

(rv) rf {x"} ls d scqueuce rn .Y such that o(r,, r,,r) > a(r".r,,fr) tor all n c I'l - {0}

ard r, - p € -t as n - +.o thcn thcrc cxrsts a \L,Ls{'qu.nc. {,,'r) of 1r,,) lth tla'

o(r"r,p) > r(r", p) tor dll k

Thcn S and I havc a.om ron h\cd Pornt

Proof. Ihe proof Is srrmlar to thdt ot Theorem 2 J 2 r
.' tfQ(r,v) :max{d(z,v) dlz'St)d(s'Sv)lr + dlr, v) d(r,sx)d(v sv)/l +dls"sr)}and

S = 7 tn Theorern 2 1 5 and Thmrcm 2l 6 wc gct the lollowrng corollmros

2 4.7 Corollary

Lot (,ri d) he a (omplcte meirtc 5p'(e and S an a-adrnrssrble mapPrng \\'rth respect to ?, sucl)

ih^t the follo$ rng hold

(r) 5 rs a gcnera.Lzed rahonal a-Gerdghtv contractron Llpe maPpntg,

(rr) S rs trrangular a-admtsstblc,

0n) blrerc e\rsts an ,o € ,{ such that a(ro, S-ro) ) l(ro, .t-ro)

0v) S 
's 

cont'nuou5

Thcn S has a unrquc Ihcd pornt p € X and S * a Prcard openitor thalN 1{'ri!)(orr\erqt\

2.4.8 Corollary

Let (-Y d) Le a coDrplcte Inerirc sp^re and S an a admrsit le rnnpprng Nrth r'spo(t to , swlr

that thc followlns hold
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(r) S rs a gencrdtzed ratronAl a-Geraghty contra(tron tvpe mdpptng

(D) S $ tn.]ngular a admEsrble.

tu) there cxrsts atr ro € -Y such thdt o(ro Sro) :4(,0 9rn)

0v) rf{r,} rs asequcncem x such thar o(r,, r,,*r)> ?/(r,,r"rl)n, ill r.",L 10) .u!l

,n-p€Xasn -+c!,thenthcreeNstsa.uUxquenc<{r,^}ol{r,,}\udrrhnrri(r,,, P) i

'/(r"r.p) for all fr

Then S has a unrquc 6xcd polnt p € X, and S rs . Prcard opcrator. that t, {,5".16) contergcs

2.4.9 Exarnple

Lct,Y = i 1.2 3) srth mctnc

.r(1 3) = d(3 1)=: d(1,1) =d(2,2)=d(33)=0

dl1 2) : d(21)=1. d(2,3) =d(3'2)=:

I t ,r.".J..Y. io r'v'l 
l o ",r",-,* /

Dchne the rnapprnss S, ? ,Y - -Y ab foliow!

aG,a)dll'r Is) < J(,41(r. v))-u(r. e)

Let t = 2 and I = 3 Then condriron of Theorcm 2 1 [16] N not satbfie(l

dnd ., [(] +!c) - [0.1], and

Sr: Iforeachr€-Y

r(1) : 
"(J) 

= l. I(2) = 3.

5
d ('rt2),T13)) : d(3. r) = ;,
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-u(r, v) = mar. {d(2 3) d(2 r(2)) d(3 I13 )i
f{ I 5) 5= ,"* ti,r,il = 7

a(z,t)d \r(z),r(t)\ ln (,\r(r, y))n/(r, y)

at2.z)d (t'tz) r(r)) l r(e(, r))e(, y)

-' \I'c now pro\€ that Theorem 211 c.m bc apphcd to S and ? L.t r,y E Y ('l.arlr {S f)
o ddnrssrble mdpprng such thdi a(r,y) > 1 Lct x,J € -Y 

^nd 
so that Sr,r, € -Y nnd

n(Sr,7y) = 1 Hen.e (S.") a admrssrble \4e sho" that (ondrtlon (2 25) of Theoreln 211 rs

satrsfied If .r. y € X then a(r. J) = I Thus

tf

ot,,, = ^z* larz.3, d{2.f{2))d(3.r(3)r dr2 rr2 d,3.r'3))I
lldl2Jt ' 1 ,1,r2 r5 J

[4 2u 20]| I'''* 17;i'drJ 7'

Then t[e (ontractrYe.ondriron does not hold

o(t s)dlsr,Ty) < 3(R(r,s)) (n(r, y)),

^ L.^ ^. d(2.5\2))dt3 r(3/r il(2.S(2))drJ.l't3))lrrr.y, - ,nd 
l.rz.J, -- I 4J.X I . d6,rjr 3, I
rl :0 20) .l

[7 77 19.' 7

.l(S2,73) : /(1,1) - (J

o(r y)rl(Sr,Iy) < 3(R(r,v))lnrr yt)

51



HeDce all oI the hypothcscs ofTheorcm 2 .l 1 are satlsficd. and S I hare a common fi\ed pomr

2.4.10 Remark

For ()rc deia . appir(at)ons dDd c).drnplcs 5ce [a6] ard tl)c rcic'drces tlcr.rrr Our r.\ults dr.

morc 8cneral thaD those m l16 68 llJ] and tmprole \c!(r. resulrs e\rstnrB ur th. hr(rat'rrr

Conclusion. Thrs chapter (ont^)ns some hxed and c.)mmon h)red poxrr rhcor.nN lor rnsl(

rnd a parr ot o-ddmrssrble mapprngs. under the norc g0neral notron of an .r GcrAghtv 
'on

trachve t)?e condrhon The presented bhcor€ms cxtend, generahzc and rmptole nr^n\ ncs

and clarsr(al rcsults rn fixed Potnt theorv, In partrcular! thc vcrl famous Bana.h corrrrtx'r

pflnoplc The presert versron of these results nekc srgnrncant and useful contrrbulron rn thc
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Chapter 3

Single-valued and Multivalued

Theorems for F-Contractions in

Metric Spaces

3.1 Introduction

In metnc 6xcd pornt theort, thc contrn(trie condrtrons on und'rh rng lurr(trotN pln] 'in rmpor

tant rolc [o findnlg soluttoDs of6\d pornt probloms Tlrt Banach 'o tracttox prrncrPle IJI

rs a lu(l.mcntal rcsult rn mctnc 6xcd pornt thcorv Due to rts tnil)ortance an(l srmPhol\

seyeral nuihols hdle gencraLzerl/crtended rt rn drflerent drreclrolr\ ln 2UL2 $:rrdo$skr tl2Jl

pres€ntcd d new tlpe of contr.t{hon (alled dn -F-(ontr,Lctron axd cstalnFh(l a liararL frrc'l

pon,t theoren lor a contracuon H,s fix(irnss q'ere follored l,\ So(elrarr ll15' I'rrrarid kumatlr

11071 Cosentu)o.[ld Vetro {{91 Acar Durmdz and \hrak ilI \(dr nnd \ltun lrl' \lrnnr

Hal\acr and Altun [97] and many othcrs ha\c conqnucd thc5c n!'\Irs^tron on 'I-rontrn(trtrr

and obtarned fixed pornt theor€ms

S$or eb al lr17l cstabl$htd tr\ed Pornt theorcms for multrialucd ?'-(oxtractrons Dd oll

tarncd the solutron of cerL^m fLrnclronJ and rnLcgr.l equahons. *hr(h \as a Proper gcneraltza-

tron ofsome multrlalued 6-\ed porDt theorer rncludDg Nadlcr'\ theorem ReceDtll, Abmad ct

al ll2, 581 usrns the .oncept of an F-.ontracl,ron obtaurcd some frrcd pornt and common fixcd
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pomt result5 m the contert ot (omplete metllc sPaces Recently Iiutbr ct dl [93] c\ten(led the

conccpt of an F-conirr.tron to obtarn somc fixcd porDt results rn a .omPlctc mctnc spa(e

In Sectror 3 2 tlc extend the con(oPt oI dn f-contractron ard lrtro(luce tirc nonon of d

errrc tlpc a-n-CF.contractror Ior n srnglc vnlucd nrapprng and obtarn some neu 6-\ed pornt

theorems rn a complete mctnc sPncc

Ir Sectron 3 3 se lmprolc the notron of a ern6 trpe a-rlcF-contractron lor Inulh\alued

m.rppD8s trnd obtdn some new fixed pornt th.orems

ID Sectron 3 .l \e rntrodu(e a gcr)craluatron of dI F-( onira( txD dlrd '\tablsh 
fNed porrrl

thcorours tor nDltrv,rlued mapprngs under o. 7-F contra(tron ('r a m'tr( spd('

ln Sectron 3 5 $'e €(end an o.-'-F-contr.rciron to an 
'r.-4-'1 

-contra( tron 
^n(t 

ol'Ianr {'n(

nesWardowskrtlp.fl\edpornttheoremsmthcsettrn8ofa'('rrPkt'rrx'trn\Pn((

3.2 Fixed point results for Ciri6 type n-4-GF-contractions

Results siven rn thls sectron hawe been published in [93]

ln thrs s€ctron \lc dcfinc a nes contra.Lron, called a 6rru ivpe o 
'/-GF-contraf,tron 

aud

obtamsoDtenelvfi{edpo)nttheoremsforsuchconLractlonslnthe\ettlngofcompletenx'tn(

spaccs \\t <]efine a erlt type a-,,-cF-conrrdhon a tollows

3.2.1 Definitron

Lct (-Y d) bt a metrrc spa(e and I a selrmappmg on -t Also suppose ti)at o 7/ Y < \ -

[0. tr) are two functrons $'e sav thdt I rs 6ur6 tvpc a-4-G-E-contractron rf lor 'rll r q E Y

$1th a(, Tr) ( a(r, v) and d(Tr.Iv) >0 \c havc

G(d(x Ir) d(v T!) .t\! T!)'d(v Trl) ) t (ttTr rq)r! I- \l1r '/) i I

( Jrr -i-u,, du rr )
Ir(r. v, - mdl {drr rt dlx.Trt'J(! Te\. 2 - lt

C€,.\candI.€/
Noq we state our result
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3.2.2 Theorem

Lct (,Y l) bc d complctc Ectrl( sp&c Supposc T rs a Crr6 t]'pe o-,lcli (o tr.u !x,r satrsliur8

the follow,ng,rsscrtrons

(r) f rs ar a-adm:ssrble mapprg wlth respect to 4,

(I) therc eusts an ro € X such thdt a(.ro.7ro) 2l(:o,7ro),
(D) ?- )s o - ,-contDuous

Thcn I has a fixed pomt ln -{ \Ioreover ?h.rsaumque6-xedpornt\hena(r.v) >,1(r,-r)

Ior all r.s e f.rc(7)

Proof. Let ro rn Y bc such tllat o(ro,?ro) > ?("0 lro) For ro e ,Y $. (onstrucr a

scquurc {r"}[r su(h that rr = 7'ro !2 = Tt1 : 7>'o Contruung rhr\ pr(]c's\ I,,-r :

1"r,, = I''+tr0, fDr aU ,r € N No\'. 5rn(c I rs an a-admrrsrhl. n.iPprng srth r(\l!Y I to '/ tb(n

o(ro xi): o(ro.Ir0) 2 t(ru,"ro): a(ro,rr) B\ conttnums m lhrs Pr({ c\s, s e lld\ e

n(.r,, r 7.r, ,):a(.r" r r")Sa(-rn-r.h) forall ne Il (J.r)

If th.re ex,\ts 
^r 

,, € N such that rl(r,, I"r") = 0 ih.,. r5 notlnns to Pror(' So $e a'nrlDc tlht

d('I+-r,7't',) = d(r", Ir") > 0 Vn € l{

Srncc ? s a Crrrt type a-7, GF contrdctton, for anv fu € N, "e 
have

d(d(c" r'7.r, r) d(r"."r"),d(',, r,11"),d(r,,,fr" r))

+F(d("r, 1."r")) < F(nr(," r,',))

shrch nnphes that

G(d(.,. r t,).,1(r".r,+1) /(J" r r,'rr)t)l

+1 (d(?r" r,Ir")) I a(.v(r,,-,, rr)) rl3)

Now b] thc dcli tror of G. d(I,.-r r,)d(r,, r,,+r)d(e"-r,:,+rt0:0 thcrcr\r\lsar>{)
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C(d(r"-r r"),d(r",r"+r),.1(x" I r"+r).0) =,

t'ld(r" )".1\) , F(dtt!" t.Tr")t S F(.1r,r,, I r,,,) r (i J)

Now

,rr(z^ 1,-r,),,,*{*'. 1,2"),rr(r,-1.r,).1(r,, r,-,) t-r+@}
: ^*{rt,"-,,,,,,,r(r, , r,r ii(r,,,-,1 dt'r '1'.,r1

s -*{a"" ,,r,),d(r, r,+,r '('' ' '"5-!-'"t!}
= rD'-\ {d(r" I r,).d(r" r,,+,)}

F(d.(r",r"+)): F (d(:rrn I rr")) < F(d(r,,,.?,,+r)) r <Fldlx,,.r,,+t))

whrch l5 a contradrctron So

,1I(r., r,r") : rna\{dk,, 1.r,,),d(r,,,r,,-11} =d(r,, r,,,,)

Thus from (31), *'c havc

r (a( r", z"+r )) <,F(d(r" 1,r")) ,

F(d(r" r"+r)) = r'(d(rr. r ?.r,)) < r'(rn&\{d(r, r r,,) r/(r" .,,r)}) r

In th,s crse,u(r,,-r,r,,) = mdx {d(r,, r.r,,),d(-r,, r,,-r)) = d(r,,,r"-r), \hrch b trnpossrble
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ConiDumg thrs prccc\s ]^e get

F(d(r",r,,+,)) < F\dla" 1.r,,)t r

= F \d.laft ",, Tr."-r)l a

: F (d(r" ,. r,. . ,) - 2-

: F \d(Tx" tTr" zl) 2r

' F td\!"-1. !,,-,)1 - 3,

! F(d(r6,r1)) nr

'I'hrs mpLcs that

r(a(r","r"+r)) s r(a(ro. rr)) nz

From(J5) s e obtarn |m"-- I' (d(r, ri+r))= rc Stncc F.f \ehate

(J 5)

hm d(i" x"+1) = 0

From (FJ), therc cxrsts n r € (0.1) such that

rJ 6)

(J 7)

From (3 5) ror all n € N se obta'n

(.r(r*.r,,+,))* (r' (d(x,,..r"+r)) r- (rl(ro.rr)))( (d(r,,.r,.+r))rrrrS0 (J8)

B] uslns (J 6) (3 7) and lettrng n - ). rn (3 8) e€ ha\c

,r,- (, (d(r, ,,,,))-) = o

,rrm ((d(,,, r^*r ))r F (.r(x,. r, +1) )) :o

(3 e)

\\'c obserlc that frorn (39) thcrc e\tsts an,ir e N \rrch thn( ,r1.I(,., r,,,r))r < t tor.rll
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?t > nr Thus
I

dir,,.:",1y ' -, for all ,, ar I'rr

Now for m. n € N \uch tllat nL > t > \1, usrng l.h. trrdn8le nr.(lurhr'!, and troui (J lut trc

have

d(r,,,"r-) < d(r",r"+r)+d(r,,+r,,"+r)+rr(r,.+r.t',+i)+ +d(2",-r.",) (Jll)

- \- a1.,,,,.,11-'
;,

' \- at',' 
', -, 

r

';
< \-'rt

Thescnes D:, i t/* rs conretsent ts] takrnsthehmrt a!n -.crn(3 lt) \ehaYchm,'---d(r,,r",)-

0 Hen.e tr"] b e CaDclry scquencc Stncc X rs a completc mctnc spa(. th(rre cxrsts arr r' 
' 

X

* \uch that rc I N a 4-conhnuous and 4(r" r r,,)<0(r,, r:,)totallncl
Thus.r"-1 = Tr,,-Tf a!n ... thats r': Ir' Hen<r r' rs a hxctl lornt ol I I'o

provr untqucness, let r I s be arv two fixcd pomt\ of 7' Tlien trorrr (3 1) \e Lavc

C\d\r Tr) d\a Ty) d\t Ta) d\v 'rr)\ - F ldl'rr 'f q\t < t \ \!tr I t

whrch rmpLcs that

r + F(d(a.Y)) < F(d(r v))

whrch ls a contradrctron Hcnce r = J and thcreforc ? h.ls a unrque fixed pomt .

3.2.3 Theorem

Let (-Y, d) be d completc metnc \pace Snpposc thdt ? $ n self mapprns sditsft )Ds the ftnlowttts

(r) 
" 

ls an a-Jdmrssrblc mapprng Erth rcspect to 4,

(u) ? r\ CDc tlpe a 4-GF-contr&tron

(ur) thcre custs att r0 € -Y such that o(ro Iro) > r(ru./r0)
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(,v) ,r [,"] N a sequcnce ,n -Y luch that o(rn.,,.1) > ?(r" -En+, ) qlth ,,
thcn crther

alT t 
^, 

t ) 2 n(T r ", 
T2 t,) or o(I?.r,. r) > \lT') t,, 71 r,,)

hold for rll n € N

Then T ha-r a fired pornt tn ,Y liloreorel I has a urtrque lired porut \Len rrlr v) : r/L t rl

ror all .. J € Frr(")

Proof. Thc proof rs srm)lar to tlDt of Thcorcm 3 2 2 Bi can

a(c",.r"+r) > a(r"',"+r) and 'n - r' as n - >:

a("r,,. r') > ?("r,'12 r ") 
or a(1t + r' ) 2 t 1Q) +, Tr r',)

for all n € N Thrs rmpl,es thrt

a(-x,+r,x') 2 ?(x"+r.r,1r) or o(o,*r, r') 2 rt(r,*r.,"nr)' for dll tl € N

Then there e\6ts a suLscquelrce {r". } ot {r,} such that

a(r"r Ir"()= r("."k r,r+1) < a(r,,, r')

From (3 l) $e ha\e

Cld?",.Tr,,,),dQ',lrt')'dQ"-.'tt'), d\r'.'r\,1) - r \dt'I r,,k t )')t

S F (.u(r"r,,'))
t ( ..---d\!,,..Tr')-d(J''?-r,..rl\- I (m,"\ 1drJ"..r').dt!",.Tr"t).d(r'. 

t r

: . (-* {(,,^. "). 
d(r,!, r,,+, ). d(r', rr' ) d(r"'"r')'ldrr'r""+r)})

UsrnS th. corlrnurtJ of I anil Ih. [,1.] t]rat

}m rl(.r,, z') :0 = 
^hm 

d(r,r+r ,')
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, + r (d(r'. ?r")) < F (dk', rr')) .

$hrch rs d cotrtradrctron Theretore d(r',,1"-r') = 0 rmpl,cs that follow\ along l)r)es rmrldr to

ihose of the argumcnt rD Theorem J 2 2 t
Itr the folloqrDg we ext.nd tle \\hrdosskr tt'pe fixed ponrt th.rreni

3.2.4 Theorem

Let ? bc a contrnuous 5elf-mdpprng of a complcte mernc \pdce t If, lor r,y a Y {rth

tt\r,7r.)SttQ J) andd(?'i,"e) >0 i\. ha\c

GldG :rr) dl! Tsl,dQ T!) d(! Tr)) - t' (<l\7 r Tyt ) .- I lllt t ltl

l ^ - drlu d,q":]r
.\r{r.v, = mdxtdrr.y).dlr.Ttt.d(y.Ta\ , l

G € Ac and I' € f Then 7 has a fixed pornt rn ,X

Proof Lot us defrne d,4 -Y x -Y - [0, +rc) 11

f + f \d(Ta.T!)) < .ir (,rl1(r, v)) ,

o(a.!l : d(r,!) and ,(r y) : d(r y) ror J] r y € \

Nor, d(.c.v) irl(:,y) foraUx,y€X, soa(r,y) >r(tr,J) turallr v€ x fhat r\, Londrtr(,rs

(r).!Dd (trr) of fheorcm t22 hold tnre Srnce ? a contrnuou' f rs,F4<oDtrrruou5 Stn(e

,/(r, Ir) < o(r, y) !"nd dl1 x.Ty) > 0 we ha\e d(r, .l'J) < d(r y) Thcn

G(di Tx) dllr :ty),d(r Ty\ d\e,'I'r)) + F kL\T r Tq\) < I tftt r utl

Thatrs I rs a err6 tlpc o-?fcF-contracttor mapprng llen.e allolrh(Lon(Ltk,rqol Iheorct!

3 2 2 are sat$hcd and I has a trxed pornt Lct T l)e a contrnuous selt-xrapprnq on a (,,nplcre

metflc spac.,Y If fo.r,v€Xsrthdlr Tr)<dlr 9)^nddlTr T!) >{r qeha\c
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"hcre 
r > 0 and t'€ 4. thcn ? has a fixed poutt rn X t

3.2.5 Corollary

Lct f bc a coltrnuous sclfmapprng on a .omPlete nrctrrc spA.e -ll lt for I v € -Y wrth

a(-r, r.r) < a(r.s) lnd d(?i, Tu) > 0. .le have

r + F \d(T.r,'ta)) | F kt\t,Yt)'

where i > 0. and a € f, then T has a tr\ed pornb m -Y

3.2.6 Corollary [67]

L.t (X,zl) bc a cox,pletc mctnc spacc Supposc ihat ? -f . '{ )s n s(lrrnappnrt sdh\fllnq

the follown,g asscrhon\

(r) f s an a-Mmtssrblc mappDs s'ltL respcct to ,,
(D) 7 rs atr d-4-GF-co rracron,

(x, there ex$ts an,0 € x 5uch that a(ro 
"ro) 

2 a(ro lro)

('v) ir- 
's 

ft 4-col't'nuous

Then Ihasahxcdpornt rnX \loreover 7' has a untque fixed PoDt \ hcn o(r. J) : r(' r)

for all .r, y e Frz(T)

3.2.7 Corollary 167l

Let (-Y,ri) be a complete metrrc spdce Suppose that T X-X ls.i self maPprns satrslvrng

the folloi\ Ing a.ss.rtrons

(r) I rs an o-admrssrblc mapprns wrth rcsPcct to ?,

(r) ? r> nn a,rcl'contra{hon,

(nr) rhere exrsts an ro € X such that o(ro, ?ro) > ,i ('ro, Iro),

(,rrr {x^} ,s a scq en(o,n.Ysu(hthato(x",1,,-I)>?lr" r,, ,)$rlh r"

o(TL, x) > \(74 T2 *,) or olT'1t^ t) > nt t'/t- T3 t,,t

l)olds Ior all n € N



Then f hai a fixcd pomt rn ,Y \loreo\er, ? h.s a umque tr{ed pomt \vhen n(r,y) >'/(r,r)
for all r, s e Fr-r(")

3.2.8 Example

Consrder the sequence.

Sr=lrJ*2x5
53=Ir3+2x5iJx7
S,, = 1x 3 +? x 5 + J \ 7 + n \ (2n + 1)- n(tr - l)(ln+ 5),'6

r,et -r={S" n€N} and dQ,y) = t y Then (x.J) l5 a compl(te mctfl( spacc If

F(o) =a+lna, o > 0and G(tr,lz tr,tr) =r whercr:1 Dcnnc the DlapprDs 7 -Y- I
b], T(s1) = sr and 

"(5") 
=S" r,n ) 1, and o(r v) :1f r€xa(r Ir) = 1/2 for du

. drr(S,).4(Sr)) S, r .3 (, l/n({,, -lr .ld
,'* ,rlsJr) -,1'T. s, .l ,,1, .- r),.rn r r, 'ru

So ue conclude the follouDr two clEes

Forelcn,n€ N nr > 2,n = l or,:1andm> 1 Thcrr o(S,., S,) >a(S- T(!" )) 
^nd

dlTlS-).TtS),t,d,.1t5..,,.r,r, 
^/,i", 

s,r S: I J.s-., 
"-.l/ t5". sr) s- j

t'n,lt,(Jn, r1r I5 --.' '-.
m(m+r)(4n,+5) 18

C.s6 2

For n > n > 1 o(S,,,,.S,) 2 n(S",."(S-)), and
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d(f (S-). 
" 

(Sn)) _dll.<-) ls^)) 
^,(s,, 

s^r
.,' / (s-JJ "

S- r-S^ r.,s^ s" ,+s--, s^

(rn lrmr{nr tlr (n- l)n(ln- L) !:]-r.r .- '"..:,
-(- ' I,ilr,.l 5,- nrn , l,l4n -5rr

ThsalloIthecondltronsofTheorcmJ22andThcorem3!Jnres.tEhrilso.ah.rsaIixed

poDt rn ,Y

Lct (-Y,d.1) be d partrally ordered rnctflc spdct Let,l- -Y --{srcl,thn( io,7 ri \ ,l

r: vnnphcs Ir:1?v thclr thc mapptng ? ls 5.nd tohc non'dccrr'.srng \\t dcrrro frnlotrrLA

ntrportant result rn pflrtrally ordcred m.tn. spd.es

3.2.9 Theorem

Let (X. d, l) be a completc partrallt' ordercd motnc space .{ssume tlDt the followrng asse, iiors

(, 7 rs nondecrcasrng dnd ordered Ca-contractron

(n) therc e\rsts an -r0 € -Y such that,o I Tr0

(n, crher for a s,\en x € -{ and sequencc {r,,} rnXsrclthat r" -r dsn -6and
r" < r..r for all , c N wF hdvc rr" - fr.

or rf {r"} rs a scquence tn -t srch that r" I2,,+r Nrtll r,, :. then ctthcr

Tr,, l r or lrr, l-r

holds for a.ll n € N

Then ? ha5 a 6xcd porrt rn -{

Defino r : {d R+ -. R+ o rs a Lcb.ssuc rnttqral mapprng sluch rs surrrn,ihle

uonnegat,l.e and satrshes Id(0dt > 0, for eath e > 0)
0

r'\'e can ea.srly dcduce tollown)s rcsult rDvolrmg Intesr.rl tlpc rncquairtre\
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3.2.1o Theorem

Let ? be a contrnuous sellmapprng on a compleic mctnc sp.rce ,Y If. for r, g € 'Y and

rt\r,Tx) d(.,!,) d(T.,re)

I ptrl,tr . I a\t)dL and I ott)dr >0.]JJ
000

( - ^ d\r-fe,'dts. Itll.1,{r.J, ma-x( r.!, dG Ilt.t u.tut -"t:)
O€ l.G€ Ac a d ,F.€ / TLen Thas a tr\ed pornt rn,Y

3.3 Fixed point results for multivalued 0iri6 type o-4-GF-contractions

Results srver in this section will be published in [23].

lD thrs sectron &c mtroducc multrvalued errr6 tYpc a-4-GF-(ontr.r.tlon and cst,btrsll som'

new fixed pomt rcsu)ts rn ., complete metrrc sPace $-e ertend th(, concept ofan a-(ont..\ctron

to multr\alued mapprngs a5 folloss

3.3,1 Definition

Lei (X d) be a rnetrc space and 7 -Y-CA(-Y) Usoslppo\cthnt o /i \ ' {-lo +\)

are tso functrons \\esa\ that ? rs d multr\alued Ctrt( t\pt,i-4-GI'(ontrn(trorrrl lo1 I ,' \

$)tli a.(r,"r) < a,(r ,) aDd Ir I ry we haYe

2GlD(r.'f x), Dl!,Tu), DQ..ty), Dltr,7:r)) + F (H\7.r T1r)) S a(-t1t'r r)) (J 12)

dtr trt dtvTt) dtt rt) <t.t 1t) / d t trt) \
cr I o',,ar. I o\ttt. I ort,,tr I o',,0,', rl [ "',r,1o o o Jo \l )

.,l"i'.,,,)
\,i )
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( ^ ^ ^ D\, Tst DtY. I11)
U,r u,_,,,a_\ 

td(r.v) 
Dr.rr,,.D,u.r,t\._. = 2 I

G€Acandf€F

3.3.2 Theorem

Let (X, d) Le a complete metrlc spd4e Srppose thai 7 X 
- 

ClJ (X) sat]sfvnrs thc iollowms

0) ? rs an a.-admrsstblc mdpprns wtth respect to ,,
(r, ? 15 a multt lud Clrl6 t}"c o-?-GF-cotrtractron,

(ru) ihcre exrsts an ,o € X such lhdt a'(ro, ?ro) 2 ri.(ro. ?ro),

(rv) T rs an a rcontrnuous multr\?]ued mapprng

Then ? ha\ a 6xed pont m X

Proof. Let ro € -Y Le such that o.(-ro,?ro) > 4.(.ro,Tro) Srncc T r an d. adrrssble

mapprnA wrth rcspe(t to t/, therc exNts atr rr € Tro such that

If:rr € lar thcn .I1 s a fircd pornt otT So \e a.$urnc that ro I rr tlerr Ir0 l T rr Slrr(t

a ls contrnuous from thc rrght, therc exrsts a rcal numbcr h > 1 5u(h thdl

F (hII (T4,Tx1)l < F (H lT4,Trtl) +

G (D(x6,Tlo)' Dlt1.Trl), -D(r u.Ir 1), D(rr 
""0))

Not!, from , (r r Trt) < hH (Tao,Tr't) , wc deduce that bhere cxNts ' xr€?rt!rr'hthat

dlr1,r) < hH (Tq,Tar) Consequcntll', i!c obtarn

-E(r(rr,It1)) S I(/rIr(?ro, 
"rr))

< F(Ir("r0, 
"rr 

)) + G lDlro.Tra) ' D(rt 'rr ) D(!a'I'xt) D(rt txo)l

a(ro rr)=.).(ro Tro) > r/.(r0 ?r0) : ,/lr{ rr) I I ir
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qhr.h rmolcs thdt

G(r(ro, 
"ro). 

r(rr, Trr ) ,(ro,ftrt0)+F('1'l(Iro Trr)l lJlll

' F(maxr/tro''rt'i) tto'rrat'Dttt T!tt Dtla'I rt) D't'rr"t)
\

\o$ slncc d(ro .rr)d(rr rr) d(ro,rr) 0 = 0, so from (d) thcrc '\rsts 
a 7 > 0 such th^r

]r hrch rmpLes that

c:(D(4,'r4), D\a'Tt,)',(,0, rrr ).0) : 7

Tlrcrcfore from (3 l't). Rc dcducc that

2C(D\z).74) D\trTq) DGo,Tq) r(ar.rro))+ F(r(rr rr))

2G (DGx,Trs), D1x1,Tr1). D(c6, ?r1). D(11, 
"ro)) 

+ r (fl(r,0. 
"r1)) 

+

G\D(ro.Trd D(rr, ?r1). r(-ro 7rr),D("rr Tr0))

F(,\/(ro rr)) +G(D(ro.-Cro),D(rr lrr),r(ro Irrr D(11 t tt)))

r + r'(d (rr, 
"4,))

. (*.. {ar". 
rr) D(ro, rro),, (rr, rrr),

r (-.* {ar,,,.,r, 
o r,u.'r,o) ,(rr.rr,),

r(-*{ar-' r,) D(ro rro) D(r,,rr,)

r (mar {r (ro 7'xo) . D (rt rrt)\ ) T

p(," r,, i!141))
?r"i'lj', ' ))

I\
J

, (rr 7ro+
1

D (ro -Irr I

1] l-,

If m.rx {, (.r o. T-ro) ,, (.rr. Trr )) = D (rr, 
"er), 

thcn (3 1") Lecomcs

r(D(r1 Ir1)) < F(r(rr rxl)) r
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"hrch 
ls Dot truc Thus mer {, (r0 Tra). D (a | 7rr)} =, (.0, 7 r0) Conscquontl}

,E (D(rr 7rr)) < r (r(ro. Iro)) - ?

By contrnurns ths proces5 and se obtarn a sequencc {r,} c 'Y su(h that t" I T+ t"+t e

rr".
\G" I t) =q.(h r,"r,, 1) S a.(r,, r,?r,, 1): a(r,, 1 r,) (l tb)

,+F(d(r",r,+1))<
| ( Dtr,, I Tr..t , r, fr'. r '[\Fllua"\(,],J,,l,J.,'/)t".'.|T,',-.l'DlI,',Tl"l---_])
\L

r (.", {a 
r,,,-'. ."r. o o "- t. 

r r,, I t. D t r ^ t,,, 
l"-t rtlj'' 

})
< rtrrax{D(.r,-r Tr" t),Dl!",h")l) ,

lf m.\x {, (," 1."r" r),D(2,,.rc")}=r(r,,rr") then

F(DG" Tl,,)) S F(Dlr,,,rL,)) r

Thus ma-\ {, (r, ,, 
"t"-1). 

D (r", 
",")} 

= Dlr,, t'Trn ,) sc obtatn

F(d(r,.i,,-r)) < F(D(r,, I l'r,, ,)r r

for nll n € N u {0} tsi' lJ r7) sa have

F(d(.r" r.+r)) ! ,E{D(r,-1 rt" rtJ r

< F(r(r" 2.Tr,, 1)) 2r

3 F(DGo Tqt) nt (3 18)

{317)
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for.1l fl €N Srnce F€ /-, by takrng Lmrt asn+ rc m (318) we deduce that

hm F(d(r",1,+r))= -rc <- hm d(r', r,,-r)=0 {J Lq)

Frorn (fj). there exrsts a A, 0 < ,( < 1 such th^t

.!u11 La (r, . r,, + r )la r td (r,,, r,,r r)) o 'll0

By (J 17) wc havc

d.lx^ r,+t)k F(d(r^ r"+1)) -,J(r,,r"+l)tF(d(xo ir)) (321)

S d(r,,, x,,+1)t [F (.r(ro,r,) - n,)] - d (r,,, x,,+,)rF. (d (ro, r,))

= _nrIdG_,"+,)lr ( 0

LettDs n - cc rn (3 2r) and dppl"\.lns (i 19) ard (3 20), *c ha\e

"lT-n 
fdt"^,r,,*r)lt : o 1l22r

Frorn (3 22). ihcr. cxrsts an 7rr € N, such that n (rJ(r, c" rr ))r ! I for all n > nr \hl(h,oUres

that

,/(r,, r,,+,) s 1. fo, .tt , . ,, i 2 r)

Now rn,n € N such that r7r > r > nr Ther), br the tnans,le m,'qu^Lt\ .lnd lrorrr (3lJ) (e

d(",, r^) < d(r,,,r"fl) +d(r,+r,r",:)+d(r"*z r-3)+ +d(3- r r-)
ml
\- r,_ _ .

:: 2,t1l1"r'+t )

. \-r

7l



The sencs ll,z-1lt rs conlrrgent Th$ rmph6 that {r") rs a Cauctrr sequence Srnce X rs

a complctc mctnc space. thcre cxrsts an i'€ -Y such that ,,ltm ./(r,,,r') = 0 81 (3 16) dnd

thc o-4 conirDurty of the multr-ldlued mdppmg 7. we 6et

Irrr H(rr". ?r') = 0

D\r- 7t'): hm,(.r,,+r,Ir')< ltu Hl7r,, Ii')=0

Thcrefore r' e 7r' and hcnce ? ha a h\ed pomr .

3.3.3 Theorem

Let (X.d) br a complele metnc spacc Srpposc T I 
- 

CBIX) satrsfes the tollow,ng

(, I rs an o. admEsrble mapprns erth respe.t to r,

(rr) 
" 

rs a multrralued 6lna t]-pe o-r'Ga-coDtrd.t,on

0x) therc exrsts an ru € X such that o.(r0,7.r0) > ,,(ru Ir,)),

(n ) rr {r"l rs a sequcncc rn ,r such that o(r,, r"+r ) > ?(}" -r,,,1) qlth x,

o-l'Ir,, a > \(Tr" 7 r"+r ) or .}.1T?,+r r ) > 1t.t f I 
^- t'I r,, t ))

holds for dll n € N

Then ? hds a fi\ed pornt rn -Y

Proof Thc proof r! srrrlar to th,rt ot Theorcm J J 2, u'e caD (on( lude thdt

o(r,.x"+,)> ?(r, rr+r) and r" - r ,rs n - oc

a.(.tr",r) > n,Qr",Tr,+r) or o.(rr"+1. r) > rt-\Tt "+t,Tr"tz)
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holds for all n e N. *e have

a(r,,+r, r) > a(r"+1 r,+s) or a(r,.-2. r ) > ,(r.+,, r"+r)

Thus therc exbts a subs€quencc {r".} of tr,} and r"r+1 € rr"r such thdt

n.G"-,'t'+,) = a(x,r,.x",+r I < o.(r,,.,.r)

dnd so, from (J 12), we dcducc thnt

zc (DG",,rt",), DG. rr). r(r"r. ?-,) D(r,?r,r))+F(D('r".*r 
"r))

< 2c \D(r,,{Tr"k). Dk.rt) DQ"r,rr),D\: 
"r",))+ 

F(1I("r,.,7'r))

< . (-,-.. {, r,". 'l .o\r,,,ra^).oG,r"),D(rq'rr"')+'(r'7r")})

Usug the (ontrnurty of F .nd the fa.t tLst

Im d(r,,.,J)=0= 1,,,, d(r,,,r, ,)

| + F \DG.Tr)) S F lD(r Tr))

thal $ D(r,I.r) :0 Srrrce Ir rs closed \e 8et that r € rr and htrr'e r s a fired porrrt of

Ta

)

I1))
f tnt

,))Tt,,
Dl

2G lDlr,,\,Tr"\), D\r Ta) D\x,,,'rt) D(r,

a FlrnJ\{.r,r,...r).Dtt,." 7 t,." .Dk t.rt\t



3.3.4 Theorem

Let? ,Y 
- 

CB(-{) b( d contrnuous mulhralucri rnapprlg rrr acorrrplcl.xl.rrr.spa(c \ If

forr.y€xtrth Dlx Tx)<d(r.!) d'Id ?r I Is. \e hale

zG\DQ.Tr), D(y,'Iy). Dk.Tv). D\a,rr)) + F \H(Tr r!))

S r(,11(-8, v)),

( Dtr fut- D\u f!l)
11{.r.e) mL\td(r.}).Dtr'Tr).D(!.T!). -- r' I

and C€ Ac. F€ t, ard ? htrs a fi\cd Pornt rn X

Proot Define n,4 r x -Y + [0,+.c) bY

c(r y) : d(r, q) and ?(r q) : .l(-r q) 1or rll I v € '\

No*', d(r y) !d(ry)forallrU€-Y\oa(r,J)>r(rY)fordllrr€-ttLatr'(ondrtr'nrst)
and (rr) of Theorcm 3 J 2 arc sattsncd I I\ contmuour arrd ? rs an " ,-t''ntrnuuus rnrrlrr\ilu'tl

mdpprns Let 4,(r'?r) < o.(r,J) dxd T" l7v 'fhen ll(r' l"r) < '/(i q) $rrli T t :' rv and

2GlD(r.rr t. D\!,T!) D\r rv) D\! rt)) + F lHlrt rv))

I at-\.r(-x, v))'

thai rs. T 15 a multr\alued 6trrL tvpe o ri GF-contractron mapprng Hencc all of thc condrrron\

Theorem 3 3 2 are satbhed and T ha-s r. 6-\cd pornt .

3.3.5 Exarnple

Lrt X = [0, r], 'f -Y - CB(X) bc dcfincd br rt = l0'tlz) and d Lc th' ustral nrt'r' orr -Y

Dehneo, -YxX - l0.o!) C R+'- n+ andl -R+ --l?Lv

|,,,r,o.u (,,'t'.."
u(r v) :( alr,Y) =(

I u orh.,*,se I o L']nrsF'
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2C (Dlr.'rr), D\y,T!) Dlr,Ta) D\!'Ta)) + t'\H(Tx Tv))

:2r+F(H(rI.fuD

= ln(-l) + l(.H("r.Tu)l + H\Tx,I v)

- 1n,a; - rnrj,v- ,1, I ,,- "
- tnrtl 'tn1lr-r",ltv ,'r,1v-.,

)l
: F(d(i, v))

< F(n/(r, e))

Therefore ? rs a multrralued Crrrc tvpe a-n-GI' contraciron Thus all ot the above con'h'

trons of Thcorcnt 3 3 2 arc sahsfcd, and 0 ls a fixcd pomt of ?

3.3.6 Theorem

Let (,Y, d) be a completc metrr( sPace and T -Y 
- 

CB (-t) nnrstlrre the follo$rrts dss(rhon\

(r) r rs an o. admbsrblc mapPrrig

(,r) 
" 

,s a rnultr\alucd C1n6 tlpc a-CF contr'rctron

(n, there c{st5 ar xo € '{ such that o'(ro,Ixo) > 1

(n )7 ts contmuou'

Thcn I hds a ftxcd Porni ll) X

3.3,7 Corollary

Lct (,Y,d) ],e n completc mctnc spate Supposc that ? '{ - -Y s 'r ornz t\pc o 'rCF-
contradron satrsryrng the follo*ug a'serttorrs

(r) r rs an o-admrssrble maPprns urth rcspcct to 4.

(u) tl,erc e\Ets an r0 € X such thlt a(ro.7r0)'2 a(ro 7'ro),

(ur"lSo-rrcont'nuous

C l,r.t2,h, ti = r wh.re, = ln (vA) dnd a(r) = tn(f ) +. for a1l I :' 0 Then for all r v €'t

, Tr I ?v, Ne obtarn
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Then ? has a L\cd pornt ln -t l\foreover T has a unrque fixcd pornt when .i(x J) > ?(r, x)

tor all r, v € a,r(T)

3.3.E Corollary

Lct (,Y.d) be a compl(te Dctflc spacc Suppose that f rs d solfrDdp sah'fYrns ih(' tollo$rn8

0) .I ls an o-adxxssrble mdpprng {rth respcct to,
(u) ? rs CurL typc o-a-GF-contra( tron,

0x) thore exNts an r0 € X such that o(:e -fzq) ) ?{ro lro)

0v) rr {r"} rs a sequenc. m x such that o(r". -r"+r ) > ri(r,,, ."+, ) wrtir

a(T t 
^. 

r) 2 q\Tt^,T2 t*) or n(I'1r,.r) 2 \(72 t..71 t^)

holds for all n € N

Thcr I has a Exed pomt rn ,{ \loreorer T has a unrque 6red pornt \-hcn o(r v) > ?(r, r)

tor all r, y € i'r:L(?)

3.3.9 Corollary

Let ? bc a conhnuous selfmappmg of .! completc mctnc spacc -{ If for r'1 € -Y srth

d1.'h) < dlr y) and d(rr.:ry) > 0, N'e havt

r+FlttlTr T!)) < F(I1(r J)r

shcrer>0,andF€t then T ha-\ a fixed pornt tn -Y

3.3.10 Corollary

Let f bc a conhnuous selfmappmg of a completc mctrrc !pa{e 'f If. for r,1 € x wrth

(tlx,'tx) S d(r y) dad d(rt,Ty) > 0. \e havc

r + F (d(rr, l'J)) < F(d(.r.v))
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where r > O. and F € F, then T hr-s a trxed pomt m X

3.3.11 Corotlary [67]

L.t (X..J) bc .L completc llrei c spacc Supposc thdt ? ,Y - -Y a a sclf-napprng 'Itlsfvmg

the Iollow rg aiscrtrons

(r) ? rs an a-adrmssrble mapprng lrth rclPect to ?,

(n) 1 ls an o-r-G-E-contrdctron.

(rn) thcre cxrsts.'n xo € -\ such that o(-16,".16) ) a(c6,It6),

('v) T rs o - ?'cont'nuous

Thcn?hasah\ed pon)t ln,Y \loreoler 7 ha\ a unrquc fii\c(l p('trrt$h'n'tlr u).tt t t\

rordllrq€F,r(T)

3.4 Generalization of fixed point results for F-contraction

The definition rnd results siveD rn thls section have been Published in [63]

ln thrs sectron se dcfinc a contractron. callcd an a.-'-]" contractron for d multrvalued nap-

prng dDd obtmn some neq 6xcd potnt theorems lor such conira(trons rn the scthng of completc

mctnc spaces We definc a multrvalued d.-r F contractron ds follo&5

3.4.1 Deffnition

Let (-Y,dl be a m.tuc space and I -Y 
- 

CBI-Y) an a-'adtntrsrble n)ultr\alucd mapPurg

Also suppose that 7 R+ - R+ u an rncrcdsrng funclton $'e sav that I ts a nllllfilalDed

o- ,-F-contractroD for r,i/ € t, and H(Tr Tv) > 0 $1 havr

2il-tl (r, v)) + o. (T.1, 
"v)F 

(H(Tt, Tv)) I I'i-11(1, u)) (t2t)

.lr(r y) : ma-x {a(r v) D(t.?'t\'D\v rv)J

o.(4,ts) =mf {a(x !) xeA !eDl



Our Inan result IS the follo\ms

3.4.2 Theorem

Lct (,\ l) bc,r completc nretnc spa{c Supposc that T X 
- 

CBtX) sntEfics thr follouns

0) r rs an a. admlsJrble multr\alued mapprns,

(r)) ? ls multrBlued o.-7-F contractton

(ru) therc exrsts an 
"o 

€ X such that d'(ro, ?30) > l,

(rv) vr>o hrn rnf,-r. 7(! ) > 0

(v) 
" 

ls cont'nuous

Tl,en ? ha-s a 6xed lrou,t rn -Y

Proot Let ro € -Y, \ucL that n.(ro,?ro) > I Surcc I rs dn 'I' admssrtt)e nrappuiq thett

exr5Ls an rr € ?ro such that

o.(zo, ?ro) > 1

It 
"r € frr, then rr Is d fixcd potnt ot ? So we assrmc that ro I rr Then ho I lrr Stn(e

F rs contmuous from thc nght. th.rc e'osts a rcal Dumbcr h > l such that

f (hfl (r.ro, 
"rr 

)) < F (H (Tro, Ti.r)) + ' (max {d(-ro rr)'(ro 
"r0)' 

D(rr 
""rt 

)} )

From r(rr,7'.rr) < lJl lTto,Tq) we dcduce that tllere exrsts 'm ?'r € Ir1 \u'h r'liat

d\at,rr) < hH lTlo I.r1) Consequentlv *robtan

Flr(rr ,frl)) < F(/rfl(?ro r'1))

< F\H(T4I"rr )) + ' (md {d(ro rr)D(ro rr0) 
'(rr 

Irr)))
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! a(d(ro :r)) ,(d(,0 rr)) 7(rl(rn I 'rn)r

: F(d(ro rr)) (7(d(ru,rr))+ +r(/(r'r r r"'))r

-('(d(r"o r,o+r)) t +a(dl!', I r")))

< F(d("o,"r)) (n no). 1lr")

Srnce F € F. b) takrns ltmrt (3 25) qe dcducc that

there exrsts a c > 0 and n € N such that 7 (d(,h 2"11)) >rforalln>no l\tthcnobtarn

F(d(2" r,,+,)) ( .(d(r, r.r")) -r(d(r"-r r,,))

( -E(d(c" 2,"r"-r)) - rld(rn4.r" ,)) - r(d(r" r.r,,))

l,m r(d(,,,,"+1)) = -cc <- -irm-d(r,, r,,tr) = 0 (J 26)

ftom (F3), there exsrs a k, 0 < I < l such rh{{

^q,_ 
td (," ",r')lr F(d (ri. x,,+,)) = o tt 27)

B, (3 25) '*c have

d (r,,r,,+r)a F(d (x,, r,+r))-d(r, r,+1)k''(d(ro,rr)) (l2r')

< d(r,,.,-1)tlF(,1(ro rr) (n rro)c)l l(r" r"-r)tF(d(r! rr))

= (,l 1l0)cld(c,,,s,,+,)li < o

LettDsr -!cm(328) and apPlJrng (326) dnd 13 27) weha\L

^trm_n 
Ia(2",o.-r)lr : o (3 2s)

$'e obse^c that fron (s29), thcre exEts an n1 €N,su'hthntn('l('"''r"+r))r<rforall

n U nr, wh(h rmphes that

d(r",.r,+r) ! 4 L. 
"lr " > "' (l 30)
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Nowm,n € N ar. such that m >n >nr Then by the trtansle )nequd(Y and hom (3 l0) $c

d(r",r^l < d(,.,4"*r)+d(r,+r.r"+z) +d(.r,,+2,"+3) + +d(r," I '-) (331)

\- ,,= 2, u|l|\l+|]

';"
< \-,lt'. r.-. r

,;,
< \- l

The sencs !i, r r/^ rs con\crgent Bytahngihchmrtdsn-"m(JJlr\\cha\cLm'"'--'l I'' r-

0 H.ncc {x,} rs a Cauchl sequence Smce X N 
^ 

complele mctflc sPd'e thcre orsts nn r- ' \

such that Lm d(r",:r') :0 Bv (v). I rs conirnuous Thus

hm ri(Tr.,'1'1") :0

, ("r', 
"r') 

= 
"lm-D(r"+r, 

Ix') < 
"llm'ry(Tr "' 

Ir') = 0

Therefore f,' € ?x', and henc€ ? hd-s a fi\cd Pornt t

3.4.3 Theorem

Let (-Y d) be d complete metrrc space and T X - 
''B 

(-I) 'arrshs the tolloi\ln8 a'sertrolrs

(r) ? r5 rnulh\alu.d o. ddmrssrblc mapprng

(u) T h Inultrvalued .}.-7 -E-contra'tlon,

(rn) therc e).rsis an ru € X such that a.(ro.7r0) > 1'

(rv) Y12r hm rnl, 1. r(s) >0

h) rf(r,) rs a scquence D.Y suth that a.(r,, '"-1) > I q1thr" - r'an . - then

a.(r",r') > t holds for dll n € N

Then I has a fi,<ed pornt u -Y
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Proof. The proof,5 smrlar to that of Theorem J 12 BY (\1, a.('1nrr 1') U l tor rll

', € N Then thcre cxst5 d subscqu.ncc {r"r) or {r,) \uch that

c.(r".rr,r')> I

Fron, (3 2l) qc hatc

2'(-Ir(,,r r')) + o(?-r,,,.Tx-)F (HlT4, Tr')) < F1l1(r"r x'))

s ixch rmples that

2,(m.u {dG"r, r'). Dk"^. rr,*), ,(r' Ir')} ) + o(rr.". :rr'lF \H\rt'"1 Tr'))

< F (max (dGi, r'). t.r(2,., ro".), D(r'. rr')))

Usnrg th. Lontn)urt) ol F and the fact that

.!i dG,, r')=0:rln d(t,,+r x'),

zr (Dlr'.r;D + r @(r'' rr')) 3 r (D(r'' rr')) ,

s'I ch rs a contrad:ctton Thcrefore r' € ?r' rmphes ihat r' N a fircd pomt ot f '

3.5 Modified fixed point results for F-contraction

The definition and results aiven in thls section have been published ir [63]'

ln thN sc(tron we cxtcnd trx o" r-F-contrrctron to ')n o1-4 rF-(ontractton nnd obt'un {mc

ncr \lbrdowskr tlpe fired pornt th(lrctus rn the setl.rng of d complet€ n€trtc \pacc $i d'hno

an o,-a-rF contra.tror as follows
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3.5.1 Dennition

Lct (-Y, d) bc a metrrc spacc and ? X 
- 

CB (X) rn o.-adnussrblo multrvdlLrcd nrippnlB wtth

respect to?. AIso supPosc l,hat o,4 Xx-tf -[0.+cc),r ]R+ -R+ drc thrcc frrnctn')s \\c

laythatflsamultr\aluc.to.-4-7f-contractronfloralrv€-{wrth?.(r7r)<o'(rv)
and ll(h.l"v) > 0, wc have

2rlJtk t))) + tlH('rx.7J)) < F(-t1(r'y)r'

,rr(r. t/) = ma-\ {d("r, v) , D\s,Tr). D(a r!)}

a.(,a,8):,nf{a(r.r) t. A !e Bl.\,(A'B) =sup{a(' '/) !eA' qeB}

andF€f
Now we state our result

3.5.2 Theorem

Lot (-Y,.i) bc a complete mctrrc spa(o axd ? X 
- 

CD (X) sat]5fr's tllc lollowrns a'ss''tnDs

(r) 1r rs multnalrrcd a. ad nssrble mapprns wrih rc\pe(t to ?)

(rr) ? N m[ltrYalued a.'4-7.-conl I &tron,

( ) theR crtsts an ro € X such that o.(ro ?ro) 2 I

0v) vru o hm rnf,-,. r(s) > 0

(v) ? N an a 4.ontrnuous multr!.rlucd mappxtg

Thefl ? has a fixed Pomt rn -{

Proof Lct ro € -{ Ior whch o.(ro Tro) > a.(ro,"ro) Surcc I rs au a'-adn)r!5rbh

mapprng lrth respect to 4, then there exst\ 'tD 'r € ?ro such that

a(ro,rr) = (r.(ro,"ro) > 4,(ro,T.ro) = 4(ro.rr)

If rr € ?rr, thcn ,r rs a fi,(cd Pon( of ? So, we shall that ru + rr TLen ?:o I Trt Stncc

83



I b conirnuous from the nght thcre c\rsts a real numbq h > I such th.t

Flhq \fao.Tr)) < FIH \Tro,T4)) +r (ma-\{d(ro zr)D(ro rro) ,(rr, Trr )} )

From, (rr.?r1)< hE(?ro,?rr), rt folows that thereensts..nx? € Irl such that 'l(rr er) <

LH lTq,Tq) Consequeotly ! e obtatn

r(r(rr rrr)) < F(hH('rxo 7'rt))

< I'lH(T4 rrr)) +'(mdtd(ro xr)r(r,, Iro) ,(rr 7rr)))

s hrch mplrcs that

2r (max {d(r6, a1)D(r6 Txo) r(r,."rr)}) + i'(d(rr r.,))

s 2,(m.u{d(ro r1)D(r0 ?rs),D(r1 lzl )}) + }'(H("x{r Irr))+

r (max {r(zo, ,l"zo). D(rr,7'zr)})

ln thts casc, ma\ [D(ro rr o), D(]t Ir1)] : D(rr' rr r) rs rnrpos:rble hecause

r"(r(rr,rrr)) < a-lTry rr)FlH(rlo r11))

< I(D('r,Irt)) - 'l Dtrt Trt))

< F ('(rr lrr ))

\\'hrch ls a contradrctro)r Thus

I'\D(4 Ta)) < d.("ro lrr)a(H(7.r0 Trr))

I r (D(rr, 
".16 

)) -z(r(ro 
"r0))

Contmums thls process, r'e obtar e sequcncc [""] c X such that r" 4Ta" r"+t eTr"

nlz"t 4) : ,j.lt").Tr. r)<o.(,,,,,7r^ r)=a(r" ).r")
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The rest of the proof rs slm ar lo that of Theorem 3 I 2 .

3,5.3 Corollary [67]

Let (X,d) be a compl€te mctnc spacc Supposc tllat T X ' X ts a sclhnappurg sattsfvug

the lollowms a.sscrtrons

(:) T rs an o-admrssrbh mappmg wrth rcspcct to ?,

(r, If, for x,e € -Y wrth ,(,. 
"r) 

S a(r, s) and d(ft,TJ) > 0, wc haw

7+F(d(I.r 7v)) S F(d(r Y))

shcrer>0andFeF
(ln) thcrc c\rsts nn ro € X sr(h that a(xo lro) 2l(ru I.ro),

(rv) T )s }lI d -4 conhnuous

Then T ha! a fiyed pornt m -{ Moreoler, ? hr's a umque 6xed pornt whcll o(r, v) > a(r, J )

for Jl x.s € Flx(?)

3.5.4 Example

Lct x : [0.1], end T -{ - CB(.Y) be deincd bv T.r : [0 .r/31 dnd d Le the usual metnc on

-X Dehne o,?/ Xx-t-[0,m),r R1 -RaandF R1 
-RLr

"(,,r) = I "+1t 
ir'!zo

( o othcrwLse

I t-u nt>p
,(r. q) : (

I o othermv

[ -lnirort€(u,1)
'{t) : I r,rtori €ll,c.,)
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dnd r'(r) = ln(t) + , for all t > 0 Then, for all r. y€-Y ?rr7! \+c obtarn

, (r\/ rx, y)) + a(d("r,7J))

= In(0 + ln(d("r,Ie)) + dlrr.r!)
!1. lni,) rlnt:ltr rlr- ilu rlJ'" J-
rlI

< ln(rl llnr:) ,ln(1lr-r).J1, r'

: r(d(t, v))

! F(.l/(c Y))

Thereforc I ts .uI o.-4-7F conir.rctron, and d1l of ihc condrtron\ of Tbcorem 3 t 2 and

Thcorem3l2arcsatEhcd

Conclusion: The mnr arm ol oDr chdpter $ l.o Present ne!; concepts of a CL c lvpc F-

contra(tron for smtle'valu"d and multrvalued mapprnS, drficrent fronr the f contr a( lrol)s gne!

rn 167 107, I23l Thc e\sten.e ot fitcd pornt results for srslc-Hlued and multl a lued tnapprts

of F-contraciror rn a complete meLrtc spac€ are cstabltshcd h cach 'cctrorr 
qc nrtrodtr(c

De* con.epts of F conrrachon and otablsh some rcsults Thc r)'q corrc'pts lcad to iurthcr

mvcstrgdtrorls and apptrcatrols It $rll be also rntercstrns to ap]'l] thesc coDcol)(s to drllercnt
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Chapter 4

Dynamic Process for Generalized

(/, I)-AImost P-Contraction

The arm ot thls (hapter rs to rniroducc the notron ot a dvnamrc pro(ess for generalt?ed (/' 
')

.llmost F contra.tron mapPmgs, and to obtartr corncrdcncc and commor fixed potDt rcsults

for generatrzert dyramrc processcs It rs worth mentronrng that our rcsults do rol' rel) oD lhe

commonlr used range rnclusron (oDdrtron \\'c pro\ rdc some cxamplcs to 5upport otrr resulrs

As .rr apphcdtron of our results seobtmn the orlstcncc and unrqueness ofroluttons ol dlndrrx'

progrannnmg and ntcgral equatrons our results prolrde iln cxtensron as $cll a\ substi'lral

g(.ner.irzAtrons and rnrproYemcrrts ol sc\erdl sell LnowD rcsults rrr the ('\rstnig (ompdmLle

,\Lba et al ([.1]) cxtended the concept of rn r'contra{tron mapprng and obtarntd con)nron

fixcd porut r.sults Thc-,- cmployed thcrr rcsDlts to obtarn 6\cd Porrrts of a gencrnhzed rtuD'\

pansrve mapprngs on star shaped subsets of normed hncar space\ Reconrh Ahl"L\ et dl [2]

rntroduced the conccpt of a multt\alucd l-ahnost F-(oDtracttoD $ hrch gcneralz's thc 'hss 
of

mulhlalued almost contrarhon mapprngs. md obtarned cornctdence Pornt results NhDak [97]

proved lorDe fixcd poDt results for a Crnc tvpe gcneralzed F contractronS on 
'ompl'te 

rb{!trt'

spaces vcry r(ently, Budhta et al l15l xrtroduccd hno ncq (onccpts of 'u) o tvpc alnrost F-

contra(troD and an o-tlPe f Suzukr contraciron and proved some h\cd pornt thcorcms for su'h

mapprngs rn a complet,e mctn. spacc
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4.1 Introduction

Theory, Examples and the d€finitior grven ill thrs section

[60]

In l,hN se.tron $e utroduce a concept of a tetrerahzcd dvnamrc

l)e an rrb,trdrv but fixcd element rn ,\ Th. sct

have been pubhshed rn

process D(,f 7 ro) Let ro

D(l T qt = {t.r,,,t,.n.,0, Ir,€'rx,, I rorarr ne N)

ls called a generahzed dlnamrc proces5 of/ an(l T btartrng at x0 Nore thar 1J(/ ? ro) r''lrt"\

to th€ dvndmrc process ot I sl,artrng at x0 rf / = Ix (the td€nttt) maP on x ) l90l Thr

generalzed d1'namrc proces D(1,?,rs) wlll srmply Lc wrrtten a5 Ur") The stluence (r,,)

for wllch (lr,) rs a scDerahzed dlnamlc process ts callcd an / rt'ratr\c sequencc of I starturg

Notc that, If the hybnd parr {/ ?} ls sard to satbfr- thc rangc rnclusron condrtron thcn for

an) xo € -{, constructron ot an / ilerstr\e sequcnce of ?, starhng dt r0 r\ rmmedrate and hencc

,(1. r,,o) IS nonemtpy

Thcre are many srtuatroff where ,(l.I,.ro) rs noncmptv, cven whcn thc range r"chrton

(ondltron does not hold The follo$'rng are the cxamples of such ca:cs

4.1.1 Dxanple

Lct -Y: [0.r) Dehnc / -Y - -t andT x - CL(.Y) b\ /('r:Jr 1] -11 +r 1)

re5pectr\el] Notc that ot)e c.m coDstruct s(!erdl / rtcratre {\lrLences o[ f 'tartrrrq "t \orr''

por t.?o€-Y
3

rn - -;(l - r', I'

rs an I rlerdtr\e scquence of 7 stdtrng at 0
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4.1.2 Example

Lct -Y: I0..o) Dcfine / x - X and? x - CL(x) bI /(r) = r'2. Tr =12ir t')
rcspectrvely Thc scquencc {e"}, where

'" = "e; +l

r\ an / rterdtri! scqucnce of ? startlng .t th€ pomt 0

4.1.3 Example

Let-Y:R Dcfin. / X*-Yand? x -CLIX) br/(r)=, 1,/2 
^nd

- liil wL'r'I o

[ {01 ort'"*'""

rcspectrvelv Dcfiac a sequencc {.r"} Lv -r, =-r" r+1lf .ro=1,then

r tll1tt : i€"ro=[-, ]

l
llq): 1€rxr=l 1l

3 13
/(r3) = ; € rr, = Lt, rl and so on

Here

Dt l r. t) - tf, t r, z !, t

rs a gcncralrzcd dynamrc process of I and 7 startrng .rl i.u : 1

4.1.4 Definition

Let I X - X and ro bc an frb,trarl potrrt rtrX A multlalutd mappurs il- -Y - (-,(\)

b callcd a generdlzcd multrvalued (/ a) almosi a contrachon srth respect loa gcncrahzcd

dynarnrc proccss ,(/, 
", 

r0). tf r.hcre c{st F,' lR+ - R+. nort dccrerlsrns, and , > 0 nrch
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that

v"€Nd(/r,,/r*+r)>0+i(-1I(," I r,,))+F(d(/x,, Ir"+t))<F(M(r,, l irl+,\'(rn I r"))

l\r(r, r,:e,) = nax{d(/x"-. 1, /r,) ,dl!r^ t,Trr tt,dlJr^,tr") 
d\lr" r'Tr") !2d\lx''rr" ) 

'

.Y(:,-1 r,) = mrn [d(/r"-r,"r,, I ). dU,,,,Ir'i ). d(/r,,- t.Tr ,dlJr".Tr,' t)l

an<l bm rnJ,-r+ r(s) > 0 for all , > 0

4,1.5 Rrmark

Take I'(-r) = lnr m Dehnrtron J I 1to obtani

,(,u(r" r.x"))+ln(d(!"",1."*n) S ln(,\r(r', , r,,) -r,\(r,' , ,"),

d(Jq,Jq+i < . '(rr(r,, ,""))-U(s, r,r^) +€ rt{,1r" 1r',)rIi(r v)

= 02M(h r,r") + rrN(r"-r,r,)

uhercd2=6 r(nr(r" rr4)) €(0 1)and L2:e a(ntt'^ I r")lI > 0 I'hufe obtam d Bencral

lzed Dulhvatucd (/,r)-.rlmo!t l. contraciron wrth respect to a dvnamtc ptocess

4.1.6 Example

Consrdcr Exanplc J 13 For thc arbrtrarv pornts.. = 0 and Y = 2 qe h.*'e

.1/r0 2) m*\\dt Jo !2' dtlo.'lot J,12 T2' 
J 10'72) ,'l.l! 

l0\ 
l

[. rr I I I '1 -', it d]"I
- m.qtd( - a).dr ,0) d,,. I rr. : 1

: ,"..{r, },0,lt = r
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-v(0.2) = mmtd(10.To),d\12,Izl d\lu,'t)),dtl2' 1 0)\

: -'"{; .,i i}='
Tdko F(r) : lnr,7 > 0, dnd a > 0 to set

2r + F(H\T\I2)) I r('1r(0,2)+rN0 2))

z,,lnl { tnrtr,I-

Hence I rs not a seneral,zed multttalue(l (/, a)-almost F-contr^ctrorr On the othcr hand

the contractrrc condrtrcn ls satEfied for cvery pornt ltr the 5et D(/ 
" 

1) For cxamph. take ]
and 1 tl,e sct D(/.7 1). se obtarn

I I I I ll",tt)_dtlt.T:t.
,rr/ r;, r ) - n:,l{dtl;.ltt.dtI2.t;).dllr.t.r) 

-l

= --lr, L n,..1,-I I ,n I I., a'-l 1.)rr-a,o lr\= '- i" i u/.u, - r..l. r.o'u. t t) - - ]- J
I I13 1= '*t{ r r b}:,

dt!t!2t.ttrJ)t - a,t.f,' ). o

r'-rj r; : *-tau] rf,t autru.alt\.n ) ,1(/r,"]))
11 l 1rl I= .",,tr.r,,{i:.r
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I tnrr r {t for I c r0,l)
F(r) -lnraod r(r) ( ' andL-1.

I lD3lor, ' Jt :or

'(.rr| ,r) "r'1, . nr.rrrj r'-Lr, lr'\./

'(i) ,.j = ol 'l
-1.t,u,l < r. l

Hencef)sage erahzedurultrvalued(/r)-alnrost,Econtracirotr\uthre\pe(tlorhegcnerdhTcd

dynamrc process ,(/, 
", 

r)

4.1,7 Example

LctX =[0,1] and d be the usual metnc on X Dcfine / X-.Yand? x+CI(-Y) l1

( o,t*cln. lr flo,;l r, ,-(url
Irtt I '' andf.r - (' I r orhe."xe It.z,t.=o

Then. for aDy ti(o poDts r = 0 and I : I wc ha\t

I/r0. lr - ma-\{d(,fo.Jt\ dtJI.TOt.J !t ,r' O'lu'"-r''!"0 
|

= .* 
{rr, 

1), d(o 11 2r) a, l, }] , 
ry ! 

'D 
{ '' 

il'l 
}

= m.,-{r 1 ;,0} = r

and

r(o.t) = mrn{a(lo. r0), d(/1 
"l), 

dU0,.l), d(/l 70)}

= *,"{r10.p.r11,r1' [,.i], *..[, i], *, u a,]

: -*1r j,o,oy = o
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Consequcntlt the contraatrvc condrtlon ls not satrsfred,

2r + F(H(af\,'tr)t I a(,lr(0,1) + rN(0.I))

P(-x) = lnr aDd 7 > 0 and , > 0 Then

2,+rni/rnr.

and hencc I ls not a gcncralzed mulhvalucd (/, Z)-)lmost r-contractron

4.2 Fixed point results for generalized (/. Z)-almost F-contraction

Results siveD rn this sectron have been pubhshed in 16r)l

ln thr5:ectron qc a-lsume thal thc mapprng F a rtght contrnuorrs ln lhc {qu.l \e !trll

consrdcr only the d)Dannc processcs (/r,) 5dtrsfvrng tlte tollorvrrrg rondrtrorr

(r) For an) n rn N d(/2",/-r"+r) >0+d(/",, r /r.)> 0

If a dynamrc procsses (/r") docs not satsit' properi] (r) Lben therc exrsts 
^o 

7r0 € N

surh that d(l;r,., /r-11) > 0 and d(/-r""-1, /r"") = 0, whrch rmp[es that !,," t : J.",, <

7r,r r. ihaL ls, the set of comcdence pomis ot a hybnd patr (/, 7 ) rs nonemptl Under surt^ble

condrhons on the hvbfld par (1, 
"), 

one ol,tarn the oxrstence of a (ortmon fixed pornt of (1,7')

4.2.1 Theorem

Let x0 be an arbrtr^r) ponu rn -Y and I Y * Ca(X) a eencralucd multnalued (/ I )- al:rrost

F- contrd.tron th rospe(t to a d)-rlrmrc process ,(1,I, .o) TLen C(/,7) + o pro\rl€ tlDt

/(-{) h complcte dnd Fr! contrnuous or T ls a .lGed multr\.!lu( d nrapprn8 Nlorcorrr Fi/ Ir

I 0 rf one of the followrng condrtrons holds

(a) lor somc r € C(l ?) I 15 7- weakly ronmutms at / /'?x: lr
(b) /(c(/,I)) rs r srnsleton subset ot C(/ r)

Proof Let .ro be a sr!en pornt rn X Srn.e T rs a seDcrahzed multrlalucd (/,I)' alnosr
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f- contrMtron wrth respect to dynamtc pro(ess D(/.".ru) e halc

,(^r(?"-r,r,,))+F(d( 1," J,"*t)) <F(.11{r" r,x,,r+I-v(.,, | /,,))

{hrch rmples th.rt

F ld\tr^, k^+t)) < F(ma-\{d(/r,, t,Ir,,),d(lr^. t.rr,, .1) dl!L,'rr,,) d\IL' tTa")+d(li":rx"-\))
2

+ L]o.-]',;.lti.l I a"-t.'I+,-t). dll +,.Tx"), d\ ! rr t,ra"). d\J r 
",T 

r,,-t)\ )

-r(max{a(/.r,-r,/r,).dll+ rTt. )) dtlr^ rr^) dllr" t'ran)+d(h"'ta" t

2

\ F{ma}ld{/r,-, lr"t.dtlr"-t.l!"t.,lt1,. 1,,, ,' d-'l!t'1!r!: jlJ:" 1""',

+Im,n{d(/,,, t, lx,,) dlla,,, Jr',+)),d\Jr,,-t, I r"+t),dUr,'. lr,,)})

-r(rnax{d(/rn t,lrr).d\lr" I Ira) Jllx,, 1,,,*', 
d(J'" ' I'"*') + dtJ'" I'"t

< r(max{d(/r* ,. 1,.1. ag,,. 1,,,,,1.d|J:-tJ:rl +}1!! t'si1

,(max{d(/x, t,Jr^\,dtlr,,.Ir.+|) 
dlt'" t l ''!!!l1il:r:!:! I)

: r'(rna\{d(/r" | !r) d\11,, la"+r)})-r(r,tu\{r/(/2, I fL,,) dtlt,, fri+t l)

Thcn e'e harc a sequene {'"} ,n -r such thrt /r,, I € Tr,, i r( Y) altd rr \itr.l)e.

F,(dur,,. /r,,+r )) s I.(m.H {d(/r"- r, /r,, ). d(/r,, /-r"+r)})-r(nrdx{d(/r,, I 11,, ) t1tl.,, tr,,-t)})

for all n e N As ?" ls stlctly mcr€dslng

d([t,,,lr"-) < ln&\{dUr, t.lr") d(lr".la,,+nl

fi
ma-r{d(1r,,1 lx"t,.t\l r". J t"n) = rl(/," /r,,+,)

a(J +. lt"-t) < d(/r", /r,+r )
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Arve a contradr(hon and hence we have

Consequentl),

r@lJr" r'l )+ r@(/'",/'"+r)) < F(d(/r,, r,/r',))

for a[ n € N By the assumptron on 7. therc exrsts a b > 0 dnd 'ln n € N slr(h that

r (a(s,, r',*r)) > b for Jl n > ne Thus we oblarn that

p(d(J+'IT"+t)) < f\dllh 1,!a")) -r\dtl4 1'la"))

S I'(dUr, ,,Jr" t)) -r(d(!r" ,./r,, 1)) 'T(d(/r, r'l'"))

< F\d\lro, Jrl)) rGUq.!q))- r\dlJx"'1 Ir"))

= r(d(/Jo.lrr)) (r(d(lro./rr)) + +rld(JL"o r Ir"rul

(r(d(/r," lr,"rr))+ +rt't\Ir,' 1 lr"))\

< F(dllro /r,)) (n tuo)b

On t,krns thc lmrt as n - co. r'e trarc JIL r(a \J\ I,"tll: r' Bv (F2) ,lnrt d(/i" I1"*r I

0 By (F3) thcre etrsts dn r € (0.1) such thai

dUr,,, /,"+, ) <d\J1,. t,!r")

trm (d(1r., /r"+r))' r@Ur",l h+tD = .x.

Hetr.e rt lolloe s thdt

td (/r". lr.+,))' r(d (.r." fr,+r)) td (/r',. /r,,+,))' F (./ (/ro lrr))

s d(1.r", /.r"+r)'lr (ii (/ro, /,r) -(n - no)b)l -a(2.,,.r".r)'r(d(/ro /rr))

= -(n- ndbldl!r",-fr"+r)l'< 0
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On takrns l)r t rs n tends to .o we obtarn thrt -hm 
n {d (/,", 1.,-r)}' = 0, that rs

),"t"1/"d(t,,,. 1,"*r) = o

Thr5 rmphcs ttut i a(/,",/.,,r,) rs conversent and hen(e thal thc serlucncc {1r,,} t" a
n=l

Cauchy srquence," j1-rt r1"." ,s.t p € l{.Y) srxh tl,at ,lll /r " = I SrrpPUy thar rher'

exrsts a u' rn ,Y su.h that /u' = p $t(larDrthat/u'€Iu'Ifnot lhcDdt/r''l'u') >U L\

?u' l5 closcd Srncc.F ls stnctly tncrcasrng wc deducc fro Dchnrtron I I1l that

H(ta",Tu') < ,u(-E", u') + a-V(r, x')

for all n€N Therefore

d(!r.,,+\'tu') < H('l4,ru') < .11(r,,, t') + a.\(r", u')

From condrtroD (F1) rc have

,(.rt/(,", u')) + F(d(/r"+,, ?u')) < F(.rl/(2", t') + IN(r", 1,')l'

tor all 2 e N Ne\t suppo\e that F ls contrmrous Srnce

hrn ,11(r,,, r') = dllt' Tu'\

Lm -V(r" L') :0

so, by the (ontrnurtl of I,

\n n(l!,,,'fr'): tttJ; '1' u' t

r @( J u'. r u' )) + F (d( J u','1' u' ) ) s F (d\ l t', T' ) )
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whrch ls a contradrctroD $'e concludc that d(/u',7u') = 0, and thus lu' € fu'

Nos'suppos. thdt (a) hold, that rs lor r e d(/,"), I s ?-*cal<lr commutrns at x We r,hcn

get !)r eTlr tsy the grten hpoihes)s, /.r = /'?r and hence /r = l2r €TIr CoDsequenth

[x e F\I,'t) (b) rhe condrtrons llcll,TD = i'] ( *t ) and . € C(l r) rlnplr that

r: Jx eTr Thus a(/,?) + 0 r

4.2,2 E,xa}J)ple

Lct X = [1 co) bc thc usual mctrrc space Dcfixc / ,t - -Y.,

bv .lr = t2 and T.z = [x + 2,o.) for all r € -\ and r(l) =

a(f) = ln(4 for dll t' > 0 Notc that /(-Y) ls complcte

wt\h Tr + T! (equlldlcnth srth r I y), one has

r(l\r(r s)) + F(fl(Ix. 
"e)) 

< 1j(,\r(r.. r) + z,v(x, v))

Nos apply Theorcm 121

4.3 Applications

Applicatrons siwen in thls section hawe been published in [60]

In tbls scctroD. r\€ dEcuss apphcatrons ofThcorcm I2 1 $i have obt^rrod ihe c\r\ren(c 
^nd

unquencss of a common soht)on ot a sl'stem ol tun€honal equdlroos rD d\nnmrcal proqrdurng

and the exrstence and unrquencss ot common solutron of sy\tem of n)tegral crluattt,ns

(r) Application to tunctional equations in dynamrc progranming.

Decrsron spacc and a stal,e space are two ba-src (omporents ofdlnaxnL protram rtrg r)rol!

lcm! Thc state spa.e rs a set of states rncludrng uutral \tatcs dctron \tdtcs and trans(ronnl

states So a statc spacc ls sct of par^mcters rcprc.eDtrng drfl.rcnt statcs A dccrsron spaLe rs

ihcsct of possrbl. aclrons thaican bc tak.n (o sotl( the problen Thesc gcnerdl s((trDBs allo\

ui to formulate many problcms ln mathematr.al optmratron and computcr programmrng ln

pdrtrcDldr the problem of dl.lramrc programmrng related to rnultstage process rcduces to the

R+-R" I {-Cl( \)
[ -ru, r,,, re 1,, t11 nr',l

I tnrr"', r'\)
1(, cLerk t|at lor all: y,. \
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problem of solyrng functronal equatrons

p(r) =
,r(,) :

whcre U a.nd l' arc Banach spaces. tt' q U and, g t/.rnd

sup{s(r, y) + Gl(2, e, p(((r, y)))},

sup{si (r.s) + cr(r.y,q(((r v)))}.

for r € lI:

for r € l1',

(11)

(12)

(t 3)

(J {)

(l 5)

ail\,

I
9,9

cr,Ct

It'xD -11.
u xD-R
t'l'rDxR-R

For morc dctarls on dynamr( proBranmrng wc refer to U5 J6. 17 3S l(ltl Snl)lx']\e th^r ll nnrl

, arc thc stdte and de(tsron spa.es rospectrveh $'carmtogne th( (\r\teli{( and unt'luenes'

of cornmoD and boundcd soluhons of tuncttonal equattoN srveD m t l l ) arrl lll) L'l D(lt )

denote the set of all bounded real valued t nctrons on tl' For ar arbrtrtr /r € A(lI ) dclir€

lh = sup'.11 n(a)l tren (s("')' l!) rs a Banach spare cndo*ed wrth thc metrrc d d'fined

.i(h,e) = suP ,h-r - trl

Suppo5e that thc follomng coDdltrons hold

(Cl) Gr,Gr.9, ald 9' aro bounded

(C2) tor re lI'. I € B0r) andb>0.definc

h'h(r) = sup,€D{r('. J) +Cr(r,y,n1€(,,J)))},

Jh.(r) = supv€D{e'(r,y)+C,(r,J /,(€(,r y)))}

Ilormrer, assumc that r R- - Rs and i > 0 arc such that lor c\er\ (r !)

/,, i' € ,(ll') and r € It',

ldr(r,y.,.(t)) -dr(r J,k(r))l < c "ir)[-11(fi(r).4(r)) +rN(1,(t).r(r))] (l (,)
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,\/((I(l) A(l)) = m.L\{d(Jn(i) ,Ii.(tl),d(/A(l) lit(trr ./1 ,f/,(/ Alllrl
dl lhtt,. hL,t t' I dl lktt,.Khtt\) 

,
2

N((/i(f) r(f)) : mm(d(h(t) (ir(t)).d(k(.) frr(t)) d(/,0) AA(i))d(l-(r),ILh(t)))

(C3) ror any h€ E(lI') there exrsts aI € B(II') such that, tor r € lt'

Kh\r) : JkG)

(C 1) Therc exrsts an A € A(II') such thlt

Khlx) = JhG) IrnpLcs that JKh(x) = K ltLlr)

4.3.1 Theorem

Ar'sumc ihat condrtrolrs (Cl) (Cl) are ldilsfred If J(,(lt )) r\ d closed (olrvel 'llb\ltce
of B(ll'). thcn thc tunctrondl equatro[s (4 1) and {'l 2) hayc a untquc comnon alld boundcd

Prooi Notc th^t (r(11').d) ls n comDlctc Dctrrc tPac( B\ (Cl) / A nr( s'lrtrrnP: 
"1

B(B') Thc condrtron (C3) rmptres that I(B(l{/)) q ./(B(ll )) It toll('ws trom i' l) that

J and ( commute at thcr co rc)donc€ pornts Let ) be a]l arLrtrdrl po'rtr\e numh|r antl

hrh2 € B\ll') Choo\c 1 € tll and vr,g2 € D such that

Kht < s(r yt) + Glk, y,. hr (r,) + ,\,

wherc c, = ((r , e.7 ), : = 1, 2 Further. from ({ 4) and(45),wchale

Kht > s\r.!2)+Gt (r,y, hr(ir)),

Kh2 > lG,y))+G1(r y1 i,r(rr))

\17)

({ b)

(l())
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Kht(r) - Kh)k) < cl(,,u,h("r))-Gr(r,vr'hr(z?)r+.\

1 Gr(r.yr.nr(rr)) - Gr(r Jr nr(tr))l+ r
. " 't'r1,t.ri(hft).ft(l))+ l,N(/r(t), k(r))) +.\ (l I0)

Then (4 7) and (4 8), toscthcr wth (1 6), nnpl)

/ihr(x) - Khr(-E) S G1(r,ur,h?l'r)) Cr(.r yr /rr(rr))

! lGr(r Yr hr(rr)) Gr(r Y, h,(r?))

< " "')(J/((h(t),/'(t))+rYh(i) tit))r rlllr

From (a 10) and (4 11) qe ha\c

flr.n (17, dnd {{ 9) !oge(h.r qrth r{ 6). rmplr

rrrr(c) raz(r)l <c '(')(ir((A(r) r(r))+ z-vr/,(r) l.(r))) (l1!)

lncquahty (l 12) nnplcs

d(Khttrt - Khrlx)) <.'(01(M((h(f),4(l)) +r.v(h(f) A(t)))l

'(f) + rnu(r(hr (r) - 1(/,r(r))l s ln{(.11((n(r) r'(r))+.-\'(h(i) r(r)))l

Therefore, by Theorem 1 2 I, the parr (A, J) ha.s a connron fired pornt h' lh.tt 15 /,'(J] b thc

uDrque, bounded and comlnon 5olutroD of (4 l) and (a 2) r

(2) Application to systems of rntegral cquatrons.

\\'c no$ d$cuss aD applxatroD of n 6\ed pornt theorem whrrhrcharel)ro\(drrthetn.r\ror.

sectron rn sohrrrs the systen ot\blterra tlpe rntearal equatrons SuLhasl\tenrr\8r!er'b\ thL
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follo\r rng equatrons

(l 13)

(l 1.1)

for t e [0,o1, whcrc o > 0 We first flnd a solutron of bhe svstcms (l tJ) and ('1 11) Lct

C({0,dl,m) bo th. spice ot all contrnuous fDncr.rons denned on [0.a] ForL€C([0,d] lR) definc

suDrcmum Dorm r! llu l, = sup {u(i)r-'(')'} whcre r R+ + R+ rs tdken 'n d functton Let
r€odl

C([0 o], R) be endorcd wlth the metnc

.1,(tl.u) : sup u(r) t(rllc 'Lf)r ' lt l-)l
/€ l0 ol

r<xallu.re C(10,al,R) w,th thesc.5ettrDs C({0,,,1 R.ll li-) bccorrxs a I)anach spacc

No\r'&e prolc ih{r follosrng theorem to cns re the e sten(c of i \olrttrox of tire sr\tl ol

rntcgral cquatrons For more dctarls on such apphcntron5 qe rcfcr thc rcadcr to i29 1031

4.3.2 Theorem

Assumc the followrng condttroDs axe satrned

G) Kl,I{2 [0,4] x [0.a] x R - R an<l /,e [0.o] . R are cont'nuous

(r) dcfine

Suppose therc e st r R* . R+ drd I 2 0 such th.tt

Ifr(t s,u) -lir(i s,r) <,(l). -1'[\/1t r),4\1r, r)

u(l ) = / 11,(i,s.u('))ds+e(t)
0

u(f) = / Artt r,L(r))dr+/lr)

rlnlt) = I Kr(i,s.u(s))ds+e(1),

I
Su(t) : / Kr(r,s u('))ds+l(tl
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for all t. s € [0. a] and r, r € C([0. al, R), shere

I 5 tt\l t 7'rtt) S' \' ' l'" 
' ' I

i/ru.u) - max{Surr, Sui,,,.lsu{rr -Ir{r'l.,Su{i) -l tt\ - -- a-l
L

A'(z o) = mln{lu(t) - rz(t)l ,lu(r) - ro(t)l lu() ru(t)l ,lr(tt 7u(t)l}

(n, there e sts u € C([0,d],R) such that T (t) = Su(t) rmples I'su(t) : S"u(') Then the

system of rntcgral equrtron5 grven rn (1 13) rnd ({ 11) has a solutron

Proof. By assurnPtron (x,

t ...
r r{rte "'l/tu. lVru.,, / -'d'

J
0

.l-,
-,r c-"rj11-11{u.rr' l-vtU.r',, - .'r''

'iI)< €-n4llrrr(r,u) + r'(u, u)11"1(')'

Ttub rmphes that

l?,(r) 
",(r)le 

'(41 <c-ni)i-\I(L r)+r-\'(u t') ',

ihat ls

ll"u(,) 
".,(t)1, 

< e-'(r)llnr(u, u)+ IN(u,,')1,

s hrch further rmphes that

t
,fu(l)-fu(t) / Artr's.utsr Arri.s uts)))lLlr

,l
0

< /,,irr '")rl.\lru rr LA{u,,r, ''tr'.,-'r)'d'
I

/ rrrr, ''r'1/.r rt-1.\r" '- "'r'
0

7(l)+ln 7'u(r) rr(l)lL-<ln ,\I(r r')+1--\ir r '
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So rll of thc condrttoDs of Thmrem I 2 I arc satrsficd Hcnce thc svstem of mtegra'l equatrons

grleD rn (411) dnd (414) has a umquc cotnmon solutron t

Conclusron The malx arnr otour chaptcr rs lo pr(sent nc$ con(ePts oIgexerahzed d]naInIt

procet5 for generalred (f L)-dlnost !"(ontrdctron, drfiercnl from the 1-(ontr^(tron' 3]\cn xL

[67 107 12J] The c\rstenc. of corn( I (lcnc( .xrd (oDnton E\(d k'r sen' raLzod drrauc 1'rot'"

rn a conptete metnc sPa.e arc estabhshed Ourrcs[ltsPro\rd(c\tentrona\we]]'Esuf'\r^nriil

generahz.itloDs and mprovemcnts ofserveral wcll kno$n r'sult\ xr thc e strug and conp'uaLlt'

htcrature The new concepLs lcad to furthcr rnvcstrgatrons and apphcatrom lt urll b( al\o

mterestrng to applv thesc concepts to dtfiercnt metrrc spaces
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Chapter 5

Fixed Point Theorems for Local

F-Contraction on a Closed Ball in

Metric Spaces

5.1 Introduction

Thls chrptcr Is a contmuatron of thc rnv6trgatton of F-contraLtrons $t rntroduce a new

approach of Crrt6 tl?c F-contra.trons on a closed ball and estrblEh lired porrrt rheorctns for

an I'contractron oa a closcd ball rn thc frame$ork ot a complete metrr( spa(e There 'rc

nnn) srtuatloG rn $brch such rnrpprngs:re no1 coDtractr\e on the whole space bnt tht\' de

contra{trve on rts suLsets

Ir 1971, e,rra I47l rnttoduced scncrahzed contr^(tron\ and Pro\ed sorno fixed pornl theorems

Sn)ce ihen mdn]' scncraLzahons hdve beer 6rvon rr thc hteratur€ :cc [-ttr] ana manv oth(r\

Shoarb.t al [1r9] prcscnted srsnrfi(ant resulti cl'ntcrnrlrg tll' e\rstcn(c of hrtd pinnls r)t

domrndtcyl selfrnapptngs srhstymg some contrnctrve condtl'xnr on a ( lo'ed lnll ur I 0 cornpletc

qu.t$-partnl met c spa.e Other rcsults on 
^ 

clo5ed Lnll(^n bi'5'en rn l; 2\ 12 lil

For '€ x rind: >0 Bi' e) = {s( X d\x'u) !:) rsartosc'd ball rr t\ dr I|c

followug result, regardrDg the exrstence of the fixcd ponlt of the mapprng 5atbf\ rns a (ontr&t)\ e

co drr.,on on the clos.d ball, rs grvcn tn [s1 Theorenr 51 1] The result rs \ery usol l rn tho
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sense that rt requrres thc contractron of the mapprng onl] on a clo\ed ball rn:tead of on thc

5.1.1 Theorem [91]

Let (,Y d) be d complete nretnc spa.e I -t - -{ be .r m,ipprns r > 0 and xo be .!D arbrtrnrv

pornt rn X Suppose that therc eusts a l-€ [0, ]) wlth

d(Tr,Tv) < kd(t,!t), for dll r, v € v = ,(xo r)

.lnd ./(ro ho) < (1 - t)r Thcn thcrc e$sts a untq,,t ro,,,t r' rr, ar,*.t suct, that r' : T1'

5.2 Fixed point theorems for eiri6 type F-contraction on a

closed ball

The result siwen in thrs scction has been pubhshcd rn [64]

In tbrs 5ectron we rntroduce a fixcd pornt theorcm for a modrfied I conlraLtron on a Lloserl

ball nr a conplcte rDetnc spdccs

Now we statc oUI Theorem

5.2.1 Theorem

Lct I bc a coDtmuous sclf-map tn a complcte mctrrc space (,Y d) and,o aI arbrtrdry porni rn

x Assum. thrt r > 0 and F € F fo. oll t,v eB(r0,.)- q x wril, d('Ir,?v) > 0 srrch that

'r + FldlTr'rY)) < r(-\/(r v)l

( tttr-lu ,htlt \
.r,rJ v' - m,L\ 

td(r et dk Tlt ,t ! 7 r\ .) i

it

t d(ro, ?'ro) S ,, ror all , € -\ and , > 0
)=0

(s I)

(5 2)
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Then tilere c\bts a porni r' ln ,B(xo, r) surh that Tr' = r'
Proof' Choo\e a pornt :rr rn -{ such ihat x] = rro Colrhnumt rrr thr5 wat

r,,r = ?r,, for all n 2 0 dnd thls rmpLes that (r") s d nonrncred\rns scquenc'

lhow th,rt r" e A(ro,r) ror att n € -\' bl usrns matltelnatrcal Dnlu(trorr nonr (12)

F(d(rt rtn)) < F(d(r,,,r;+r)) r'

\\hrch rmphes tllat 7 S 0, a contradrctron So

Frrst (,

1i t)d(ro ./r) = dlro rro) I r

Thus,rrer(r0,") Suppose that 12 ,, e 8("6, 
' I fo' sonre .7 € ,\ Froro(51) we obtanr

r(a(a,,:r,+r)) F(d\Trr.r Tr)) ( ,F(tl/(e,-1.r,)) r

" (^* {a,, 1.r,) d(:,-1,r,),rr(r,,2,.,, qg'utlr@})'

,(-,,.{*,,-, r)).d(x) 1,r1).dlar'ri.,,''"-;"."}) -"

o (-*{rr",,,,),r(,,.',.,),41rolny@}),
I'(md{d(rr 1 r,),a(rl r,-L)})- z

So sc harr

F(l(.2r, r,+r)) : F (rl(?rr-,. ?r,)) < a (ma-\ {d(-x,, I x" r dlr" r" r )))

lu th,s casc, m,t({d(x,,-, r,,),d(r,, r,,+r)} = d(r,, r,-1) ts rrnpostble hccau'e

ma-r{d(r, r.c,),d(2,,r,*r)} = d(r1 ,.17)

As F ts stnctly mcrcssrng we heve

d(rr.xr+r) < d(r.,-r rr) (5J)
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Now

rl(.16,r,11) ! d(ro, -r1)+ +d(rlrr+r)
N

< \_d(ro,rr,: ,

J=O

TL* rr*, e s(ro .) n""c" ', e B('o ') fn' all ?r € '\ Corrtrliurns rh)s pu rss $c set

F(d(r,i.,"+1)) S F(dlt" r't")) r

1 F \dlTr"-t Tt"-r\ t ;

\ F{Jrr" 3.-''. lJ) - 2-

S r (d(Te " 3'Tx,'4)) 2.r

: Fld(r,. r r, 2r) - i

< F (d(ro, r, )) -?r'

Thrs rmples that

i? (d(:", c"+r)) S r (.1(ao, rr)) - D,

Frorn (55) we obtarn hm"-- F (d(r",r,+r)) = c' SInc'F€F w(. Ilave

hm d(r"'r"+1) = 0

From (/'3), th.re exrsts.! A € (0 l)su(lL rhat

hm (('l(:1,'r"+1))"r(d(r" 'r''+r ))) : 0

From (5 5) for all n € N v"c obiarn

(5 5)

(5 0)

(r;)

(d(r, r,+r))^ (.(.1G, r,+,)) - r('l(ro rr))) < - (d(r"'J"+r))^n' < 0 (5 8)
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By rrsrng (5 6) (5?) and lcttrs,r -:. rn(58),$ehd\e

JIl (n (d(r', r.*t))-) = o (5 e)

Wc ob5erve that. from (59), therc exbts an nI € N such that 2(d(r",'',+r))^ S I for all

,r 2 nr, so that Ne gct

d(r",r"+r) < I ro, ull n > 'r (5 lo)

No\, Iet ,n.n € N be such that m > n 2 nr Thcn b: the trranqle tncquahtr arrd from (5 10)'

iJ(r,,.',,) S d(r,, r"+r)+d(r"*l r,,+2)+ +'lrI- r r-) r-r ll)
ml
la't' "'' 

' 
1t

'S'
Thcsen,st=,rrl&rsconvcrgent Br-takrntthcltmttLS'r-'o,rn(511) qe l)'r'e ltn' "'.- 'l(r' r-):

0 Hence {r,,} rs a Carrchy sequcncc Srnce ,Y ls a compl('ie metri( space therc e\bt\ 'rn

,' e -a1"6,, )- such that ," .. Srncc r rs a (ontrrnroDs r"+r : Ir'' ' Ir'

,s n - rc that )s, r' : fr' H.n.e r' ts a hxcd pornt of T To prore rurrquenes\ l't

-r,yeB*rq,an,l,. I y l,e aIlv tBo flxed pornt of T thcn ftonl 151) $cha\r

a + F (d(trr'T:y)) < F(l/('' Y))

from $ h,.h wc obtan

t + F(dG.!)) < F 1d(J J))

$'lxcl, rs r Loorrddrrtron Hencrr e lhrrefure f harunr'tu"h\rrl po rr "' D"' " t
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5,2.2 Example

Lct ,Y = R.+ aDd d (r. y) = r-vl ThL.n (,\'d) N a complctc nr't r( 'p'1Lc D(fiD'th' rnnpPtnq

I ( --Iby, I i'r,' orl
) trl = I

I r- lrrJ € {r )'r

:s= t,"=z.BGor) =lo,tl If F(a) =lno a>0and'>0 then

IId(l.Il)= I - -
3

l

I
Jlr-sl < lx-Y

l-l'r'-v
dlTt,Ts) < d(z v) S \1(r Y)

Thrs rmpbcs that

r+F\.1\Tr7'v))=r+l.|d(lr'TvI < ln j/(r vr= F rlllr l/rr

lfr,y€(I,cc),thcn

lfr y€B(r0,.),thcn

I llr-i-v+; , v
l-
a+Tr-TU > lr-lg1

t + F \d(Tx"lv)) > F(d(r x))

rhon thc contra.hve .olrdrtron docs not hold on X
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5.3 Fixed point theorems for eirie type Gfl-contraction on a

closed ball

The result $ven in this sectron has been publ$hed in [64]

In thrs seciron *e deline e nc* contrartron c.rlled an o-4-Gl--(ontractton on a closed bdll

an{l obtar a 6\ed pomt theorem for such.t contrachon, m the settrng of coml)l(t( nx'trtc spa( 
'5

\\'c define a Ctni typc a-?fGF contractto on .t tlosed ball as follo*s

5.3,1 Deffnition

Let ?Le a self mapprrg rn a melnc spacc (,{,d) aDd let ro be an arbrtrarr ponrt r \ Also

supposc thato X ,<X -I coltr(0.+!c),1 -Y x,Y -R+ are two funLtrons \\'e sa\ thar

T rs called a 61116 trpe n ?Gl'-contrartron oD d closed ball rflor dll r v e E(ro.') q r ' *'tl'

q(e, r.r) S n(r. y) and d(72, Iy) > 0 we hrve

c(a(.c,?.r).d(s ry),d,G,ry),d(!,rr)\ + F (dlTt'rv)) <F(Ir(r v)) (5 12)

ir(r, v) = .a-{ 
{,i(r 

r), d\,, r 4, da, r u). 
d):f!+q!} 

.

td(ro,rro) <r, Iorallj €Nand? >0 (5lJ)

J:0

*hcreG€AcardF€f

5.3,2 Theorem

Let (-Y, d) l,e a complete metnc spa.c L€i ? .Y - X be a Crn6 tvpe a-,-G' contrx tron

mappmg on a closcd ball satrsfi'rng the iollowrng assert)ons

0) 
" 

ls an o-admBsrbl€ mapplng wrth respcct to 
'),

(r, thor. cnsts a]l ro € X such that o('o lro) > ,(ro, rro).

(rD) ? rs a - 4-conhn'ro"s

Thcn rhcrc.xrsls d pornt r' rn dr-rs.") su.h ihat lnr' ' r'

110



Proof. Let to rn X be such that a(ro,?Jo) / tl\ro,Tts) For xo € -Y we construct a

scqucncc {r"}Ur s\rch that 11 = T+, tt = Trr = T2ra Contrnurng thls sd}', rn+r =

Tr^:T'"+tao. tor..lln€N Now, smcef l5ano adm)ssrble mdpprng nrth respect to r. then

o(ro, 11) = a(,o, 7x0) >\(aoT4)=n\ro,rt) B] contrnurn8 rn thts thr5 manncr ue ha!e

4(r. r.Tr" r) = 4(x" r r") < o(r, r r.) fot dll Tr € N (5 rl)

1f there crrsts an n € N such that d(ri Ir,):0. thorc rs nothtng to Prole So \\e e\sum' that

dlTr"a,Tr") = dl1"'Tr,,l > 0, for all ,r € N

Irstqeshowthstr,,ert.ro,r) forall"e -Y SrncP?$aCrnat\peor-Cf{olltrdclr'r(trr

a closerl ball, q'c harr

d("o, rr) = d(ro 7 ro) < r (5 15)

Ihu\. rr C B(ron Suppo"e rhar r, rr e 8{Jo."r for.om'| J C .\. 'DcL thal

G(d(rt L'hi r) d(.r, 
"2,) 

d(r, l.Tt'1.db, Tt'l r))

+F (.1(Trt tTxr)) < F\AI(rta,r))

Thcn

CtdQ, 1 t,).rt(t' ?r'r) d(rr L irrr) 0)

+F(d(r.rr L,Trr)) < F(r\/(,r-r'rr)l illhl

tlsrns thc dcfinrtron of G.d\xt4 tr)dlr) at+l d(\ t rr+r)l):0 thcrc oxrsts a 7 > 0 {tlh

ihat

G(d(rt-t r1)'d(r)'t +r) d(o; r,rrrr) t)) = r

Thercforc

r(d(r,.r,+r)): F(d("rJ-,.?-rJ)) < F('\1(rr Lrr)) r (5 t7)

The rest of thc proof ls srmrlar to that of Theorem 5 2 r Srnc' -f l5 a completc metnc space
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th€r. exrsts an r' e s(ro r) 
'uch 

tbat r" - r' as n - :o Srncc I s an o-acontrnuorrs and

,(r,-r,r") < o(,^-r,..), for all n € N r,i =Tr,, - Iz'as rr - :c that rs r'= Ir'

Hencc r' ls d hxed pomt of ? .

5,3.3 Example

LctX=R+anddbcthcusualmctocon,Y Definc? '{--Y o Xx\ .(-'c}L(0 +..)

a XxX-Rl,G (R+)r - Rr arrd F Rr -lRbl

,, _ I n ,rr€lo. ll, o,,r,-["'.-''t"o'
[2, rrr.rl xt. [ 1'+^'"'

a(r, y) = I/2forallr,!€X Gltt t2'Lt lrl=t>0and Fll)=lnt{tthI>0

.o = l.' = r,a(,0 ,r= lo tl tt'"n

,1, = ]l l:o2o7ru<r'2' 12 './2\

li-r v e a(.ru,r), rhcn o(z,v) =,'*" > , = a(r,q) On thc other hand ?z € {0 Il tor

rll r € [0 I] Thus a(?r ?e) 2 a(r,Ir) wrth d\1\'Tv) = l"G -,/'tl > 0 and clcarlY

n(0, To) 2 a(0. T0) Hence *c harc

dlh.Tv) =
rt "A, "G 

+ Jt
rt+,6

.,,1
-+,1:I < r-v ! \/(rq)
,/r +,JY

d\:

Conscqucntl).

t+Fkt(TrTltD=t+]l)d(Tr'Tu) Jllr \/l' fr }- (-I/(r vr

lf,( B(,0 ,torv( alrorJ thcno(r v) = 1/31rl2 = r/(r v) crtl)cr

zlz yl > .z-Y

12!-2y > a-!

Tt -Tyl > t-Yl
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r + F (dlrr'TY)) > F \d(r'u))

then the cortractrve condrtron does not hold on X

Conclusion: Thc marn arm of our chaptcr 15 to preseni ne$ coDcepts ol d Crrl( l\pe

F{ontrrctron oD a closed ball, drtrcreDt from tlie F contractrorrs gl\en rn [67 10? 123] Tho

exrstence of 6xed pomt rcsults Ior luch a t]?e ot f-contractron on a Lloscd bal m a complete

metnc sp&. a,re cstablshed The rcsults of such a study are verl' uscful rn the scnse that thc)

requre th€ F contrdctron maPPrng rs deflned only on a 
'los€d 

ball rnstead of on t'he qhole space

Thc ncw conccpts lead to turther mvc5trgatrons 
^nd 

apphcatrons It s l be a'lso rntercstrng to

appl] tbese concePts to drtrcrent mctnc spMcs
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