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ABSTRACT

App|catton ofBayeslan economctric techntques !o anallze rcal economrc phenomena are not

common and llmrtcd tn the lrterarure Thls study ts conducted ro tnvestlgate the tmpact of

human capital tradc openness and phlstcalcapltal on econorhtc gro\}lh ofpaklstan by ustng

Bayeslan econometric tcchntques Data rs coreflng 50 years Iiom 1965 to 2014 Human

caprtal rs represcntcd by cducatton and health capttal Model ts eshmatcd uslng non_

lnfoimatlve pnors. I e J€ffiey's pno6, umform prrors and weekly lnformahvc pdors as l}ell

as rnformatr!e pnors elrcrted on thc basrs ofinformatrvc p ors Results ofthc four eshmated

models are compared Three ma.;or conclusrons are drawn Flrstly, usc ofJelIiey's pfl ors glves

larger precisron as compared to uniform prrors and wcekll informahlc plors Secondly,

ncorporatlon ofpnor lnformatlon on the basls of experts, knowledge rncreases prectslon of

estrmates as well as overall model Thrrdly, cocffic ren ls, es tlmates o f all cxplana tory van ables

sho* slgnlfrcant posltl!c tmpact on econom,c gro*th tn paktstan Hcncc, human capltal can

te consrdered as a vttal factor to achrelc long-run cconomic grolrth in paktstan



Hoxever, all thcsc empncal sfudles contaln econometric anallsrs bascd on classlcal

rcgresslon tcchniques To the best ofour kno*ledge. there ts not a slngle study rn the

Irtcraturc that analyscs tmpact ofhuman capttal upon economlc growth by ustng Balcslan

regressron tcchnrques Bayesran mferencc rs consrdered as superior to lhe Classtccl

rnferentral approach Ba)eslan approach considered parametcrs as random !anablcs and

hcnce arc estlmatcd on the basrs ofpostc or probabtltty drst butlons Posteflor dtstnbution

rs constructed on the basis of sample data as rlell as prror rnformalon othcr than sample

rnformation. The Balcsian mcthodology adopts that thc useful tnformatlon on the sample

rs constant and that the modcl paramelcrs are stochasttc Thc postenor dlstnbutlon of

parameters is constructed on the real data and the pflor dtst button ofparameters On the

hand, Classrcal approach consldered parameters as constants and are esttmated on the basls

of samplc data The frequenusl methodology adopls that the apphed data rs a random

sample ard paramctcrs are unknown but stable arld constant through the repeated samples

Estimatcs arc obtarned on the basts ofsampllng distflbutton ofthc lnformauon

Ba;csran analysis rcsponses problcms constructed on the distribution ofconslratnts

condltronal on the delccted sample, but frequenttst cxamlnatlon replles compltcatrons

based on thc dlstributton of rnformatton attatned from frequent hypothctlcal samples.

which would be produced b) thc rdentrcal procedure rhar formed thc dcrected sample

sp€cified that paramcters are unrdenhficd but fixed Thls supposrtlon ma) not consrantly

be achicr'able Frequentist eramlnatlon rs fully data-drrlen but Balestan anallsts

lmplements a fu(her robust appro\lmatron melhodolog) b) ustng not srmph the data at

the rndlcator. but also about preseflt eltdence or rnformatton about model ]lmltattons

Baresran rnference rs constructed on the basts ofposte or drstflbutlon ofthe pammeters



and grves summancs of the distnbuiion. containtng postcrior means along wtth MC

standard errors and credlble rntervals Crcdlble lntervals are lnterpreted wlth probabllity

statement. Howcver. Frequcnttst confidence tntenals cannot bc lntcrpreted with

probablllstic cxplanatlons as do Bayestan crcdiblc rntcrvals

The dlscusslon may be summa zed tha! the Ba)estan I nferenha I approach has some

supenor features as comparc to Classical Inferentlal approach Hcncc. apphcatron of

Baycsran technique to analysc the tmpact of human caprtal along \ rth other components

ofCob-Douglas productlon lilnctlon on economtc gro\!th may be a stgntficant contnbutlon

in the htcrature ofeconomlc gror{h as uell as Applied Stattstlcs.

1.1. Objecaiycs of thc study

Keeprng rn liew of the above drscussrons, oblectrves ofthc study are specrfied as

follows

I Spcclficalron ofmodclto analyze the tmpact ofhuman capttal on cconorlltc gro\lth

2 ELcitation ofhl per paramerers on the basis ofexpens (Dumm),) mformatron

3 Bayestcn estlmahon of the model under Jeffcry,s pnors. Untform pnors, Weekly

hformahve pnors and Infonnatlvc pflors

il. Compa son ofthe results obklned under drfferent priors

5 Polcy rmplcatrons

1.2. Plan ofthc Study

To achrele the above spectfied obJech\es thls stud\ has bcen dr\lded lnto ille

chapters Aftcr tnrroductton ofrhe toptc tn first chapter a detatled revlew of llterature ls

prcscnted rn Chaptcr 2 It follows Chapter 3 whrch contarns mateflal and methodology



Thls chapter presents a detarled drscusslon about specificatlon ofthe model. data to be used

rn thc stud), derrvatron of posterror dlstnbutlons, clicltation of hyper parameters and

procedure of Markov Charn Monrc Carlo (MCMC) srmulatrons Chapter 4 presents

estlmatron results along wlth drscussion Chapter 5 contatns summary of the stud).

concluding remarks, poltcy impllcatlons on thc basrs offindrngs and fufure rescarch \ ork

on the toprc



CHAPTER2

LITERATURE REVIEW

2.1. Introduction

In this chaptcr. we brrefll explarn the prerrous accessrble studrcs rclated to our

stud) Scctlon 2 contains revlew ofstudres analvzrng rmpact ofhuman capttal on economrc

growh Sectton 3 presents some bastc conccpts rclated to Ba)estan lnferencc A revre\r of

cmprncal studics regardrng applcatron ofBayesran econometnc technrques ls presented ln

Sectron 4. Thc last Scction 5 contatns concluding rcmarks ofthc chapter

2.2. Rcvicw ofthe Litcraturc

Shah el d/ (2015) rn\csttgarcd thc lmpact of human lnvestmcnt on cconomlc

groMh uslng the data of selected Aslan countnes Human capltal conslsts ofgo\emment

expendltures on health and gross school enrolmcnt Bestdes human caprtal, the study uses

labour force, Gross Foxcd Capltal Formatton and personal remlttances as cxplanatory

variables Thc study contatns descrrp \e analysls. correlallon anallsls and estrmatcd fi\cd

as qell as random cfTcct models Thc stud) concludes ihat human capltal slgntficantly and

posrtr\ely affects economic grouth ln thc countries

Kaflmzadeh and Kanmzadch (2013) presents a model ofeconomlc groBth \!here

trade openness, human capltal, forclgn dtrect ln\lstment. exchangc rate and domestic

rnvestment arc takcn as thc cxplanatory lariables Data forthestud) has been taken from

a hand boo!. of Indra econom; and economy sun c) for 1980-10l I Uslng Ordlnarv Least

Squarcs (OLS) technlquc. the study conclude that trade openness and humcn capltal

srgnrficand; and posrtlvely affect cconomlc gtor\th



ladoon et al (2015) analyses thc tmpact of lrade hberaltzarron and human caprtal

on econornlc growth Thrs study utlhzes trme sc es dataofPaklstan cconomy for the span

of 1971-72 to 2009-10 Thrs stud) uscd the classtcal econometrrc technrque (ARDL) for

both long run and short run The study concludcs that educatton effects has signlficant

positlve but poverty has signrficant mverse lmpact on economlc groMh Almesi e/ a/

(2015) estimates a modcl of emergtng cconomres takmg GDP gro\ath as a dcpendent

vanable whlle productlon gap. stabtliry of the human capltal. the structure of human

capital, physical caprtal. and the rate of produchvity as explanatory varrables Classrcal

cconometnc tcchnlques have apphed and ( ls concluded that all the cxplanatory vaflebles

have pos,trve and slgnrficant tmpacton economtc groMh Ja!ederal (2013) examincd thc

rmpact ofhuman capttal development on cconomlc growrh ofPaklstan The study estlmates

error correctron model (ECM) on the basrs ofclassrcal approach Publlc expenditurcs on

health. educatron. pnmary and secondary school memberships and labour forcc arc taken

as e\planaton vaflables All the erplanatory vaflablcs sho$ posrtive and stgnlficant tmpact

on economrc groMh Asghat et al (2012) conducted co-lntegratlon and causallt) analrsls

ln order to exammc the impact ofhuman capltal on economlc growrh Classtcal spproach

rs folloi\ed b)'usrng the data from 1974-2009 ofPakrstan cconomy Educahon rnde\ and

health rndcx represents human capltal Vector error correctron model (VECM) bascd on

classrcalapproach is folloued Thestudldetermlnessrgnrficantandposltl\croleofhuman

caprtal for economrc gro*Ih rn Pakistan Mana et al (2013) estrmares ECM bascd on

classrcal approach by taktng economrc grouth as rhe dcpendent ranable and publtc

e\pcnditures on health. educatron, pnmar), and secondary school enrolments. total

lnvestment, and labour force as e\planator) varlables The study uses ttme serres data from



1978 to 2008 of Pakrstan economy The rcsults shou that all e\planatory vanables havc

srgnlficant and poslo\e rmpact on cconomlc groMh tn Pakistan Abbas and Foreman

(2008) analysed thc assocrahon regarding human caprtal and economlc grol\lh ln Pakrstan

wrth the trme se[cs data for the perrod of 1960-2003 ECM ls estrmatcd based on the basrs

ofclassrcal approach and the rcsults show that human caprtal stgnlficantl) and posrttvcly

atTect economic groMh ln Paklstan

Revrew of abole studies show that all studies regarding human capltal and

economrc gro*lh havc been conducted using classtcal econometnc techniques No such

study rs avallable tn the llterature that has becn estrmated on the basts of Baycslan

approach Moreover, all sludtcs show that human ccpttal has srgnrficant and posrtrve

lmpact on economrc gro*1h

2.3. Introduction to Bryesirn Analysis

Baycslan technrquc based on Bayes Theorem and rs consrdered as superior to

classrcal technlque due to the combrnatron ofprror tnformatron Thc follo.Nrng pornts

rllustrale the csscntlal clemcnts of Bayesran rnfercnce

I Constructtonof llkelthood functton

2. Formulatron ofpnor dtstnbutlon of unknor\n 0, P(0)

3 Deflvatron of postenor dtstnbutlon P(0,^0 by updahng our belefs about 0 by

combinlng rnformahon from prior dlstributton and hkelrhood funcaon

Baycs' theorem enablcs us to comblnc the p ordtstnbuoon and the model rnformatron

ln the follo\{lng $ay

Pro y)-p(y.0)/(p(y) p(Y/el:ptet - !I#4<ordrory dtrp(y) / p(;)pr€)d6



P(Y) = I p(Y/ 0) p(0)

2.3.1. Mcanings end Objcctivcs ofPriors

A pnor distflbutron represanrs vagucness abour the paramctcr bcfore the cuncnt

data are sludred Multrpllrng the pnor dlstrrbutron and the llkclrhood funchon Ervcs

postcnor drstnbuhon of thc paramcter The posle or dlstnbutton used to bring out all

tnfercnces Priors may bc of fivo types, I c non-informattve pnors and informative priors

When no rnformatron are available about unkrno$n paramercrs. thcn non-lnfornatlvc pnors

hke Jeffrey's or unrform pnors are uscd to apply Bayesran rnference

An lnformatl!c prror ls a pnor that ls not domlnated by the hkellhood and that has

a control on thc posterior dlstributlon An rnformative prror rs a prccrse demonstratton of

prior be|efs when $c are concemdd ln a prror erlstence part ofsome conJugatc famlly

Ehcltatron, m ttlls sltuatron, rs the mcthod of convertlng someonc's beLefs mto a prror

drst butlon ofparameters Thesc arc sensrble prrors to Lrse rfone has rcal ptlor lnformatlon

from an earher comparable study Informatrvc pnors must be ldcntlfied wtth care tn actLral

practrce OtheNrse. tvc can get mlsleadlng results Sometlmes tt is supeflor to a\,old

complelel) flarsmooth priors. especlall) tfflat pnors lcad to effec !el) tmproper posteflor



densrtres or poor rdentlfication ofthe paramcters The key source of lnformative plor are

preceding studles, pubhshcd work. lntcnrcwrng cruclal e\perts Also nonparametnc and

other data derlred sources, whtch can obvlousll be ovcrlapprng dcfinitions

A non-rnformatrvc prror or dlffuse p ore\press vague or gcneral tnformatton about

the parameters A prtor is non lnformative lf tt ls flat to the ltkellhood firnctton A non-

lnformahle p or P(d) is non rnformatrlc whcn rt has mlntmal lmpact on thc poste or of

there rs absence ofpflor beliefs rn Bal,esran estlmatton Thc estlmator converted a funchon

of the |kelhood only A f.equent non rnfomatlvc unrform pnor a (0) c( l. u hich assigns

cqual likelrhood to all posstble values ofthc parameter Slmrlarly other non-lnformattve

p ors hkc rcference pnors. Jeffrey prior and wcak tnformatton pflor arc called dtffuse

prio.

Jcffery prror ts tnvaflant to a paftlmcter transfonnatlon and are choscn tn such a

\!ay that the pnor is proportional to the squarc root of the Flsher informahon matrix

representatl!ely, the rule ts raken as

P (0)a(1@)

Wherc I(9) ls the F,sher hformahon funchon The Flsher tnformatlon ls a lery

signrficant conception tntroduccd by Frshcr rn 1922 Thls rulc turns out to be

transformation invaflant There are vanous reasons for thlnkrng that thls pnor mtght be a

useful p or but

a2uo otlr
ue)=-E6l- ;1

Hence. p(0) <.,[(6)



A pnor rs sard to be a conjugatc prior for a famlly dlstnbutton. lf lhe pnor and

posteflor dlst butrons are from the same famtl) In Conjugate pflors. pflor and postelor

both have same class ofdlstnbulons A prior ts conJugate for a famlly ofdtstnbuhons lf

the prior and the postcnor are ofthe same famlly Thc conJugate pflorfornormaIis gamma

for variance unknown case and for mcans normal, that ts called normal gamma conjugate

pnors

2.3.2. Posterior Distribution

Posterior drstrtbutron rs denvcd by multrpl) rng the hkelrhood functron wrth prior

drstnbutron r.e

Posterlor d PrLor x Ltkelthood

The posteuor dtstnbutlon ls used for estimatron of parameters and for predictron

All Bayesran inferencc rs based on thc posterior dtstnbutton Bayestan rnference rs

achlevcd through Monte Carlo tntegratlon whcrc samplcs of poste or dtst button can be

obtarncd from MCMC slmulahon

2.4. Review ofBeyesian Analysis

Tlao and Zellner ( 196{) demonstrates that p or knowledge can be rncorporated

urth sample rnformatlon constructtng tnferences about the parametcrs of the model of

regressron Thc maln concern of the stud) ls to makc lmprovement in precrsron by

rncorporatrng pflor lnformation The t$o samples are used ere drawn lrom the normal

populatlon *lth bias Yarrances Thc posterror dlst button formed rn sectton ro rs a

product ofmultrva ate normal and muhlvanate-t form

10



Zellner (1983) presents thc apphcatlons of Baycslan Analysrs rn Econometncs

Thrs study polnts out that dlffuse p or are very useful and also suggests that reference

mformatrvc Priors (RlPs) uill probably be useful too Thc stud) descnbcs thc procedu.e

ior formulatrng RlPs for rcgresslon models. For compltcated hkelhood functrons.

numeflcal rcgrcssron rechnrques ha!e bcen \ery helpful in analysrng PDF and checkrng the

legality of as),rnptottc and otherapproxlmattons

Chen and Dcely (1996) applied Bayeslan model for hnear regressron for problem

ofcstimatron The constrarnts aLrise naturally in the conte\t ofexpectlng the comrng crop

of applcs for the ycar on\rard In thrs stud). the Ba)eslan mcrhod \\rth Clbbs samplcr to

determrne the solutlon ofJoining rssues connccted with Baycslan e\amlnauon Thc

Bayesran methodology wrth the Crbbs sampllng rs sho*n to be partrcularly sutred to thc

constrarned problcm. Usmg Just onc Crbbs sample. tt ts posslble to obtam the Bayesran

estrmates of model parameteE. margrnal posteflor dcnstt) csttmatcs and Bayeslan

predlcttons Altcmatlve methods such as ordrnary and inequallty constratned least square

cstlmauons are in\esltgated, and compaflson among Ba)es,an, ordrnary, and rnequalrty

least square estlmations are also used

Slnay and Hsu (201.1) studrcd the specrficatron offlc\rble pnor for thc covaflancc

structure ofmulti\a ate regrcssion model The study dtscussed the Bellman's solutlon of

linear Volterra lntegral cquatlon Thc study dtscusses thc postenor mean of coiaiancc

structure and p or mformatron tn the restricted data Postenor estlmates calculatcd by

numerrcal results of MHWG procedure MH algonthm applied to takc sampltng from

postenor dlstflbutron of rhc covaflance structurc Rash$an and Salem (201-{) present thc

Bayesran method to esttmate the parameters ofregressron rnstcad ofclasslcal method The

11



stud) concluded that thc standard de\tatton ls lcss than of regresslon cshmates in casc of

non-rnformative prior Song and Xia (2016) sludres the generalrzed framework ofBa]csran

lincar regressron with Gausslan assumptlons to studenFt ltnear rcgresslon assumptions In

thc fiame work. both conjugatcprror and cxpectatlon maxlmum algo thms aae generaltzed

Thc study concludcd that Balesran hnear regresslon \ th Causstcn cstlmates are ldentlcal

to student-t estimates

Screno (2016) srudred lhc Balcsran itnear regressron model that mvohc a multrple

number ofparametcrs In this stud) thc analysis ofthe hlerarchlcal rilodels performed urth

the help of MCMC srmulattons and all the models are demonstrated as condllronal

probabrhucs. thc postcnor estimates can bc efficrently c\plored wlth Crbbs samplrng Thc

degree to selcct the best hrcratchrcal can bc effected b1' currcnr and future sarnples

information. The R-package LIRA ls uscd for analysrs ofthe hrerarchrcal analysrs

12



CHAPTER3

Material and Methodology

3.1. Introduction

Thrs chapter contains spcctfication of the modcl along *tth data sources m sectton 2

Secuon 3 presents derivatron oflrkelhood functlon Posterror dlstrrbutrons under drfferent

pflors are den!cd rn Sectlon 4 For rhe purposc ofesttmatlon ofthe modcl under Bayeslan

framexork, ellcttatton of hyper parametcrs ls prcsented ln Sectlon 5 Scc on 6 contalns

drscussron about mcthodology ofesttmatlon and dragnosrrc tests trsed tn the stud), Thc last

sectlon prcscnts conclusron of the chapter

3.2. Model's specificetion

Thrs section contatns dlscusslon about model's specrficatron and data to be used tn

the stud, Modcl rs speclfied on the basrs ofertended SoloE gro*rh model b1 rntroducrng

human caprtalalong $rrh phlstcal caprtal tn thc model Frnal form ofthc model rs derived

L[e as Rahman (201 I ) Assumrng Cobb-Douglass produchon function I e

Y (t) = K (t)" A(t) L(t)t- "

where f(f) represent CDP ar facror cost, ((r)rep.escnt phls,cal caprtal. L(t) represenr

Labor force ar ailable and A(t) represent technology at drfferent ttme periods Dlvidrng L(t)

on both srdes grres us thc followmg equatlon for outpur per untt oflabor

v(t) = k(t)" A(t)
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Srnce 1990, countrllwrse Human developmcnt lnde\ has bccn constructtng by

INDP on the basrs of three lndlcators. I e "average Lfc" of a new-bom person. llteracy

rate and hvtng standard Accordmg to (Keskrn 2011 128). rhe conccpt of human caprtal

rncludes thc informatron. sktlls, abllrties, e\pcnences as \\ell as phlstcal and mental fitness

or strength of the lndivtduals These vrews are supported by many othcr studres ln rhe

lrterature. (e.9., Bloom/Cannrng/Sevllla 2001) Hencc. Human caprtal can be lncluded by

rntroducrng educatton capital and health cap,tal rn the abore productlon functton That ts,

y(t) = kc)aEG)Bh(o'.,4G)-------.--- -----------.--(3 l)

Makmg transformahon and addrng trade opcnness as control varrable to capturc the

effect of foaclgn sector. the above functton can bc unftcn as follows after some

simplificatrons

ia(y(r)) = po + pJn [k(t)l + p2tnlE(t')) + htn[h(t)] + p.QG)+e (t)--(3 2')

Ihc aborc theoretical specrfication ma1'bc untten as follo\ s

Yt = Po + PJl + p2X2 + p3\ + plx.+€ (t)

(3 3)

Here, CDP pcr $orker = I/,. Trade openness = Xr. Educatron caprtal= X2 Physical

capital = X3 and Health caprtal = Xa

The study uses lrme se es annual data ofPaktstan's Economy fiom years 1965 to

201.1 The secondary data used rn the anal)sis was obtatned ['om Pahstan Eco/jomrc

,t 
^eJ Data ofReal GDP at factor cost and total populatlon ts taken to obtarn GDp pcr

r\orker Total trade as pcrccntage of GDP ts taken as pro\\ for tradc openness Ltteracv

14



rate ts used as proxy for cducatton capltal Health cxpendllure ls taken as proxy for health

capltal \lhcre as physrcal capltal ts deri!ed from rhe data of lnvestment.

3.3. Dcrivations of Likclihood

Consrder the abore spectfied model to dcrlve hkelrhood function

\ = Po + B2xr1+ B3Xe + hxB + psx& + q, Where t= 1.2, 3,

The model can be wfltten more compactly tn matn\ represcntotion as follows

Yt=

rtt
xt2
xtl

xzt
xzz

azz

x=

fr
Y2

Y3

1

I
7

!t
Y2

!t

L

1

1

tv l+t
432 r12
lzz r+l

V;l

el
e2

e3

vn

p=

Xtt X2! X37

Xr2 XzZ X3Z

xB X23 X33

Y=xp+E

l+z
lca

el
e2

e.

a+t

Whcre Y=nx I \cctor ofc)rplanattons

X=nx5 mat.rx. ulth rank ofobservatton on.[ lndcpendent \,anables

P=5x I vcclor of regressron of co-effi crcnt

€: nx I veclor ofdlsfurbance terns
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Assumhg that e rN(0,02)

,(,/r,r) fiexp1)ie1

r(Y / x, B. o\-fi; e*p1:11v - xP1'1r - x P11

Thc hkclrhood functron wrll be as follorrs

L(Y \ :P (Y / x, P, 4=(*)" expl; (y - x p)' (y - x p)l

Considering the cxponenr term whrle addlng and subtractrngP.

(y-xp)'(y-xp) =(y -? +? -xp),(y -9 +? - xp)

= (Y - xB + xp - xp1,1v - xp + xp - xp-|

= t(y - xB) - x(f - p)t,t(y - xB) - x(p - p)l

= (y - xb'(y - xB) - G-xB),x(B- p) - 1p -p;,x,(v-x0) + (p -B),x,x(B

0)------------------------ (3 4)

(Y-xp)',(y-xB) = (n - /<)s2 +(p-b,x,x(p-B)+o

(Y - xp)'(Y -xp) = u"'+ (p - b'x'x(p - a)

lvhere o =n-k ana vsr=1v -xp\'(r-xp)

In the abo\e equatron (3 4) the zcro tcrms are such as cqurlalent to zero

(P - P)'x'(Y - xi) = (fi - B)'G'v - x'xi)
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= G _ b' 6'y _ x, x(x,x)-tx,Y)

= (p - b,(x'Y - x,Y) = o

Srmilarly. other tcrm (Y - xh'x(P - B) = ('- i'X')X(P - B)

= (v'x - B,x,x)(p - B)

= {Y'x -l(xtx)-1x'Yl'x'x}(F - B)

= lY'x - (x'Y)'((x'x)-1' x'xl(f - B)

=(Y'x-Y',x)(p-b:o

Hcnce. replacng the above results tnto cquation (3 4) the hkeLhood can be $rirrcn as

follows

P(Ylx,p,r)" rfr;,*n[j(^, +$ -Aw,x@ - il)l

Or

p (y / x, p, r) 0, .i"^p [:: (,,, + @ - ilx, x(p - p))] ---------- ..- G st

3.4, Derivrtion of postcrior distributions

Posterior dlst bution ts deflved b) multlpllrng Ikehhood functron $rth prior

drstnbrjttons There are t\!o tlpes of pnors. I e non-tnformalve p ors and ]nformatlve

prrors An rnformatrr'c pflor rs rmportant t)pe of Baleslan analysts that have much

influence for parameters oflnteresrs InformatNe prror bases on prerrous studres. pubLshed
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work, research lnturhon, rnterylewrng expcrts Jeffcry priors. Unrlorm prror and wcekly

informative prrors arc consrdcred as important non-lnformatl!c p ors The folloi\lng four

scctrons contaln dcflvatrons of postertor drstflbutions under informatl\,e and non-

mformatrve prrors

3.4.1. Dcrivation of Posterior Distribution undcr informetive priors

Wc assumc that pfollo*s multl\ariate normal dtst buhon I e

p-MN(po,ao)

p(.p) = l2rool-lexpt+(B - pl),a"(p - po)l-.-.--------- (3 6)

Assumlng thal prcclslon follot!s gamma drstnbuuon re

tG(a,b) *hcrc o =? ana 6='$

r1t;J@1,;?-1",0 [-'Yl for, > 0-------- (3 7)

- prtor x ltkclthood P(0) x P(xl9)
Dact ott^t 

= margotaL IP(0)xp(xl9)de

Posterior ls proportronal to pflor multtplled by lkelhood firnctron

P(9,r /Y. x) < P(Y / p,t)P(p)PQ)

Usrng Equatrons (3 5). (3 6), (3 7) get the follorYrng results
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g,r/y,x)* r,r?-'*p(-.14)**rli* - 
^roo6 

-fo)l

, (.)i"*p#(,,,) ""plj6 - p1,x,x1p - p)l

P (p. r / y, x)* 14(?-i)-' 
",.0 (-, rnlE,)

, *r(|6 - p"1,n"(0 - po) + (p - p),,(x,x)@ - il)

P(p,r/Y, X) < ro'-1 exp(-rb') ,. 
"*p 

(1gr - po;,o o@ - pi + (B -

fi''1x'x1(p - fi)-- ---------------(3 s)

Solvrng exponent pouer

(f - Bi' oo(B - 0) + (p - B)' t (x, x)@ - A)=(0, no B - F' aol, - 0i ao| +

plnopo + B,x(x x)p - p,r(x'x)p - p,r(x'x)p + B,r(x'nB)

=p' an p - 2 p' an p s + p i)nopo + p' r (x' x) B - 2 p' x (X' X) p + B' t (x, x) P

:p'asp + p'r(x'x)p -2p,aopo-zp,x(x,x)i + p|aopa + a,xu'x)B

= p'(Ao + x(X'X))p - 2p'@spn + t(X,X)p)+ sruffthat does not depend on B

Complenng the squarc.oot b) add and subtract

/- - -"" \'
(Jro, -'rx if r) e' - zpJroo' t(x x) )'+:::: -(s!,..:larr!- ) -

.Jrno+ ({ x)r \ jroo.arnr /

/'q*'""''\'
\ ' "'-''"'' 7
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(Oo + r(X X)) p -

Takrng .o.mon ,,/@e TiffT) from square roor wc gct

=1oo + r(x'x)) p - t'#;"ii#,;'f'l'. ,r"that docs not depend on p

P (p/Y, X) ( exp(-0 5V;1(F - M')2)

u;-1 = 1ao + 4x,x1)AndM. =ffi
p(p,t/y,x) d (r).'-Iexp[-rb.] ""re(]6 - u-lr)

The postcnor esttmatcs ofthc parameters becomc as

And b' = (r!i:E)

v' = (ao + d' X)-r and M' = V.-l(nolo + rX, XB) ot M, = \ooPo+txtxA)
(Oo+rx'x)

3.4.2 Dcrivation of Posterior using Jcffrey priors

A numbcr ofnon-rnforrnatl!e pnors arc used JefTrel, prrors and untfolIn p ors arc

consrdered in thts study for compaflson Accordlng to Jeffrey prrors. prror could be

achre\ed by up-to-date the square root ofthe detcrmrnant of Frsher rnformation matrrx rn

multivanate casc So the Jeffrel prror rs taken as fello*s

P(0)1/i(o

rler-e,(1:!41

(:s + r)

\\'here
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Considelng the llkclihood functton prescntcd as equatron 3 5

L=L(y=p(y /x, p.d,)=fi,,,,1"*n [] 1v - xp'1,1v - xp'1)

tnL(y)=tnP(y /x, p,d;=rn1q+r_;"expfi (y - xp),(y - xp)l\

tnL(Y',t=c1tno, * (Y - x p), (Y - x B)

dlnLly) ^ 2*(Y-Xg) ^0B 2d,

O2tnl(y) _ fx
ap,

a2hlty) ity -xBt ^
Ad,a9 2o4

ataL(Y) tu (Y -X B),ly - \ R)
ao2 2oz 2o1

a,hL(y) _ n _(y-x '(y-xp)
Ada 2d.

d2I^L(Y)

ldzhltyt azhLtytl

tto, =_u 
1,,?::,, , ,1",,:":o ,lLi.w a", )

,,r):-a 
[-;+

-r,=lf

-- r!,urn,-rrf

+l
21

xX(4-2k)



p(0) ( U(0)1,

P(p'd'z) ( c '' [+]r 5

Jeffrcy pflor drst button for the k parameters rs taken as follor\s

rrp.o,l .. (l)*-----------r: rr

prrcr x hkehhood p(0) x p(xl9)
fostertor = _ margtnal Ip@)xp(xlo)do

Postenor c( pnor x llkelthood

p(p, 02 /y, x) = p(y,x / p,drp (y /8, o.,) e1p.1c1o,1

Puftrng the resulrs from (3 5) and (3 9)

p t!. o2 /y, x) o (o, )- 
r, tfil" *vt) t 

" 
s, + (p - p ), x, x (p - B)l

p(p,o2 /y,x) d (o2)-k x (o)lexp1$1, *01J;1p - p1,o-zx,x(p - p)l

Whrch bccomes marginal t distnbutton and mrerse gamma drstrrbutton ln unl(no\,rn case

ofbcta and varrance rvlth paramcters

0- Ntp, or 1,1';1y- 
t I o, - Icr I.lL r

Results are approxrmatell equr!arent to the crasslcar results of the ma{lmum rrkerrhood

cstrmates (MLE) and Bhere E (p) = (X'X)-1 X,I and ranance ofB rs \at lp\:6-2(X,X)
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3.4.3. Posterior Derivation using Uniform prior

Dcfine the non-informarrre unrform pnorP(p,o2) o( co\er the hmrts forp from [-co.co]

and o2from [o.co], rndrvrdually TheJoint posrcrror from thc lrkclihood function is derrved

as follows

p(Y/x,B,o)"*"-r(-#@-nts, +(p - p),x,x(p - fi))

Posteflor c( pnor x likelftood

p (p, 02 /y, x) " * *o (- # @ - k) s, + (p - B), x, x fo - pl1) *,

p(p,d2/y,x') "**o(-#Q', + (p - p),x,x(p - g))

p(0,o2/y,x)*]*01-lLrp*o (-#@ - O,r,r(p -O))

p (g. oz / y, x) n 1o1-2 "*, 6 fi|.-, (- n;* (@ - p), @ - il))

p(p,t.2/y,x) d.(or-;+r-,expey:)*r(-r+*(@ - A),G - il))

p (p. 02 / y, x).. 1o,1 *D, *r. *, *, (- ;ii @ - n,, o _ nl)

p (F, 02 / y, x) d 1o,l, -,"*p1- {; u^, (- # tA - n, A _ d)
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Postenor pammetcrs are as folloNs

n vs2
v. =dz\,X\_t i = (X,X)_tX,y" -|-', " - 2

3.4.4. Posterior Derivrtion using Weckly Non-Informeiive Priors

In the case ofueekly non-lnformatlve pnorc, parameters ofthc model are assumed

to follow lormal dlstrrbutron wrth zero mcans and large vanances Preclsion 1s assumed to

follow gamma drst butlon \ tlh scalc paramcter (a) as $cllas shapc parameter (b) ts equal

to 0 0l Denvahon ofpostenor dlslributlon as follows

The conlugatc normal drsiflbutton for p rs as staled m Equatron (3 6) follows

p -M N (Ro, Ao)

p(p) = lznool-rexp llfg - Oo),a,O - B,l)

For precrsron r-6(a, b)

Whcre a = scale and b = shape paramcters respechvely

P1z)=ft (r.1"-texpl-rbl forr > 0----------.(l t0)

prnr x ltkelthood P(0) x PGle)
?ostefLor = margmaL I p(0) x p(xl9)de

Postcnor is propo(lonal to prror and hkelrhood functron

P(p,x/Y,x) d P(Y / p.r)P(p)P(r)

Mathematrcall) combrng the Equatron (3 5). (3 6) and (3 l0)



(P,t/Y,x) < (r)o-1exp(-rb) , "*p116 - 
po;'o o@ - Bo)l

^-t-Tx (r);exp(- (usr)) e*ol7\0 - 0)'x'x\A - gll

Solvrng exponent power (p - p)'ao(B - p) + (p - Bh6,x)@ - A)

Solvlng the exponcnt power for beta's

l-1 -\exn\7(l - go)'no(F - 9o) + (p - p)''(x,x)(p _ p) 
)

Solvtng only thc cxponent pouer for p

=(R'ao0-O'ar\"- Bi)aop + p[nopo + p't(x x)p - p,x(x x)B - 0,x(x' x)p +

' B',t:'ni)

:p'no P -2p'aoPo + PLnoBo + p't(x'x)p - 2p,r(x'x)p + B,t(x,nB

:p'no B + p,x(x,x)p _2p'nopo _ 28,.t(X'X)p + piaopa + p,{x'x)p

= P'(Ao + r(X'X))P - 2p'(Asps + t(X,X)p)- stuITthat does nor depend on p

To complete the square root b) add and subtract

25

P(p,x/Y.x)< 1,;('.i)-'e*o (-.t, * 4, ))

' "*(*o -nl'n oG - oo) + (F - B)'.(x' nG - il)

P (p , t /Y , X) < t"'-1 exp(-t b')

^ "*r(jg - o"l'no(- - Po) + (P - E)',(x'x)(p - il)



,6*,u rl,;' o' - 116, -.(, D'ffi - (m)'
/,r.0,-nr rr,\'
\ 1,,,"-,,", /

(Oo + r(X X)) P -

Takrng comm r(X'X)) from squarc root we get

t,
on

=(oo + r(x'x)) [p - @*"*,,r,J'* 
'tu.t'at 

docs not dcpend on p

P (p,ry, X) ( exp(-0 5V"'1(p - M')2)

vn'-1 = (oo +r(x'x))AndM'= qe{si'(-!lD

P(9,r/Y,x) d(r)o'-l exp[-rb'] * *v(]W - ,t)

G-l)

v' = (no +' x)-1 and M' = v''' (AoPo + tX' X P) ot M' ='ti;:::,' ;!t

The requrred final posterror cstlmates bccomc abole The mean of condltronal

drskrbutron ls the wcrghtcd avcragc ofpnor mean and NILE estrmator ulth thc \\erght

gr!cn b) the recrprocal ofthc vanances ofprior and MLE The largc valuc ofprror varrance

utll tmply thar *€ak \\erght on the prror and approrrmatel) postcnor s dcmonstrated by

OLS cstlmates
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3.5. Elicitetion of Hypcr Paremetcrs

Eshmatlon of the model under Bayesran framework rcquires knouledgc about

parameters of prror drstrbuhon whrch are called hyper parameters Whcn lnformatlve

pnors arc used, hlper paramcters are ehcrtated on the basls cxperts' mformatron Hencc,

Ehcrtauon ls the proccdure of hansformrng somconc's vrews mto a drstrlbutlon as somc

pnor paramelcrs PV method ofeltcltatton ts used tn thrs stud\ wherc fire cxpens are asked

fi\'e quantrlc values for cach parameter and thcn a slmple regtcsston ls run by takmg

cxperts'values as tha dependent vanable and Z valucs for thc quantlles as explanatory

varlablc Estlmates ofintercept are taken as clicrtated mcan value while slopc rs considered

as the standard e or ofthe parametcr E\perts, guesses about paramctcrs are given Tablc

3 I whereas ehcrtated results ate grren rn Table-3 2

Besldcs parameters of the model, precision of thc model follo$s gamma

drstributron wrth "a" and "b" hlper paramcters r.c r-6(a, b)rrhere a = ': onl 6-""ii

Here oo2= 0 024781 which rs from the classrcal csrimate ofrhc model Ehere as uo=48 as

the dcgrees of freedom Hencc. o=24 and b=001{73gj5 arc taken as values of h}per

parametcrs ofthe gamma prior drstnbutron for precrsron
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Pa.ameters Experts No Probabrlities at lhc guess ts taken at dtffeaent quantllc pohts

P:0 r P:0 t5 P=0 5 P=0 75 P=0 95

0^ Erpert l" gucss -2 t5 -0.5
Expen 3tu puess -23 l9 -t .t -09 -04

B. Exoc( 3d guess -2 2s t8 -l 3 -08 -03
0. Expen .ls guess -2 45 -l 85 -l 45 -95 -0 .15

B^ Expert 5h euess -t 40 -t99 -l 35 -0 85 -0 35
B. Expcrt ln guess 0 0076 0.0082 0 0088 0 094 0 0t
s, Expert 2nd guess 0 00761 0 008r 0 00881 0 00942 0 0114
0, Expen Jd euess 0 0075 0 008 t5 0 00885 0 00945 00113
0, Expert 4h euess 0.o0752 0.00822 0 00877 0 00948 0 0l0l
s, Expert 5ft guess 0.00755 0 00t25 0 008rE 0 00939 0 0103
B. ExDert I'i guess 0.00087 0 00388 0 006 r 06 0 008724 0 0 34
9, Elpcn 2d quess 0.0087r 0 003185 0 006 r09 0 00E7t9 0 01t30
B, Expen 3d guess 0 000874 0.003481 0006lll 0 008712 0 0r 125
B, Expcn 4s guess 0 000t69 0 003.19 0.00609 0.008709 0 0|22
B, Expcn 5s guess 0 0008755 0.003192 0 006088 0 00872 0 ll20
0. ExDen l" qucss 0.7685 0 8349 0.90t25 0 96762 t03.1*
B. ExDcrt 2nd gucss 0 7680 0 8115 0 90 t2 0 967 65 t030*
0, Expen 3'd guess 0 7575 0 8342 0 9018 0 9676 I032r
B. Expert 46 quess 0 7688 0 8352 0 9009 0 96758 t028*
0. E x pcrt 5s gucss 0 767t 0.8155 0 90ltE 0 967 57 1.035*
B. Expen l't gucss 01388 0156075 0 l7ll50 0 190625 0 2079r
9. Expen 2to guess 01385 0.t 560 0 1730 0 19060 0 2078+
B. Expen 3'd gucss 01382 0 1558 0 1735 0 19062 0 2075+
g, ExDert ilG quess 01380 0 t56l 01732 0 1905 0 2080+
B. Experl 56 gucss 0 1392 0 1565 0 t729 0 19063 0 2082*

Table J.1: Ermrts Gucsscs rbout Paramctars

'dcnotcs rhar rh.sc \elucs erc htcn at p=O gs rnsat;iiE

Tebl. 3.2.Elicrt.lcd Values of Hr.per prrrmctcrs

Parametcrs Mean Precrsron
lntercept -l 44561 (0 68315)r 2113
Lrtcracv rate 0 00E812 (0 000968t)r 1065446 727
Trade openness 0 005.168s (0 002973): u3l]E.1387
Phtsicalcapiral 0 885508 (0 07286-l,r 188 3s36
Health caprtal 0 t692637 (0 019116)J 2728 561
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3.6. Estimation Mcthodology rnd Diagnostic Tests

After dcrrvatron ofpostcnor dlstnbuhon. thc ne\l stcp ls to obtaln esttmatcs of parameters

along uith ficrr standard anors Forthrs purpose. MCMC srmulatrons are conducted using

Grbbs sampling to srmulate esttmatcs from postenot dlst butlons Proccdurc of MCMC

slmulatlons under Glbbs sampling rs as follous

Grbbs samphng rs onc member of a famrl) ofalgonthms ftom rhe Markov Chaln

Monte Carlo (MCMC) framcivork The MCMC algoflthms arms to construct a Markov

chaln that has the tzrget posteflor dIstnbutton as its stat,onary dlstdbutton [nstmpleuords,

after a number of tteratlons of stepplng thtough the chaln. sampling from the dlst buhon

should converge to be close !o samplmg from thc desrred poste or Gibbs sampltng ts

bascd on samphng from condttlonal distflbutions ofthc !ariablcs oflhc posterror

Thrnnrng rs a process uscd to makc thc explanatlons more nccrl) lndependent,

hence morc ncarly e mndom samplc from the postc or dtstflbutton of the parameters The

purpose ofe\pedrtion approaches ts to decrease the autocorrelat,ons A baslc deceptlon to

lo*er the autocorrelalion contalns tn rctatnrng only every Mth !alue in the charn. v,hrch rs

so-called thrnnlng lhe chain In derall, the thtnncd Markov chatn can be elen berng rumcd

mto a charn $lth all autocorrelatlons equal to zero for lags greatcr than one lhrs is

completed through takrng the thrnnrng factor equal the lag for whrch the ongrncl Markor

chaln has autocorrclahon equal to zero Though, thc thlnned chatn has a hlgher Monte

Carlo error than thc orrgrnal onc In detatl. ln practlcally all crrcumstanccs. the

rmpro\ement ts onl) !\lth rcspect to computer loadrng programs The bum-ln peflod ls the

number ofrcpetittons lt tallng for an MCMC arrangemcnt ro reach statlonary dlstnbutton

Identifies the number of rcphcatrons for the burn-u peflod of MCMC Ihe valucs of
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parameters slmulated during bum-rn me used for adlustmcnt determtnatlons Just and are

not used for cslmation In bum-ln period. the first B repetltions arc removed startrng the

sarnple rn order to arord by thc effcct ofthe prehmmar) \'alucs Ifthe produccd samplc ls

largc enough, rhc effcct of rhts period on thc estlmcoon of postcflor suftrnarles ts

msrgnrficant Dropping the carly obscrvattons ls rcferred to as usrng a bum-m perrod

The formula lor rcmarnrng rolal MCMC stze m Wm Bugs rs as rhe total number of MCMC

rterations rs calculated

burnrn(rter a?ons) - tucmcsne (Lterattons
x chaln(ttetatLons)thlnnhg (tter atlons)

The formula for rematnrng total MCMC srze rn STATA 14 rs as the total number of MCMC

rteratrons rs calculatcd by way of burnln (lterottons) + (mcmcsrze (tteratlorls) -
1) * thrnnrng(rter.rtrons) + 1

Large numbers ofsrmulatlons are conducted $hrle bumrng and thrnning some

of thc esumates Avcrages and standard deuations are obtarned from the final selected

simulatlon rcsults Thesc esttmates are uscd to construct credtble lntervals whrch are used

to test slgnll'lcance of parameters Somc dlagnostrc tests arc also apphed ro establrsh

!alidit, ofstmulated estrmatcs Thcsc mclude Cusum chart lor con!crgence ofthe rcsults,

Trace plots uhrch expresses lhat hoN a longet burn-m penods rs rcqulred. a charn rs mrung

well. and gt!es us a\\arcness about the stattonarl formal ofthe charn Autocorrelatlon plots

are used to ldenttB non-randomness Stnce. i\,tCMC stmulatlons mai consist ofvanous

charns and hencc. Gelman-Rubtn dragnosr,c tesl are applled to test conlcrgence ofeach of

the chaln
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3.7. Summary

This chapter presents spectfication of economet c modcl where CDp per

worker depends upon educahon caprtal. hcalth capital, phlstcal caprtal. trade openncss

The llkclrhood and ful| derilatron of postcflor distflbutton by using drffercnt pnor's

distributrons arc obtarncd Thc different pflor distrrbutlon llke lnformattve, unlform.

Jeffrey ard '.leakly non-rnformative are also used for the estlmation of model parametcrs.

Thc elicrtahon ofunknown paramerers ofprror distflbution Thrs chapter also drscussed the

drfferent dlagnostrc test for the convergences ofpostcrior drstnbution
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CHAPTER4

RESULTS AND DISCUSSIONS

4.1 Introduction

Thrs chapter contains four maJor secUons Aftcr tntroduchon. estrmatron results undernon-

rnformahve r e Jef&cy's pnon, Unrform pnors and *eekly non lnformatrve pflors are

prcsentcd and compared Scction 3 contains csttmatton results on thc basrs of Informah\e

pnors lhesc results arc compared *lth the bcst model under non-lnformatl.Le pnors.

Hence, selcction ofthe best model amorlg all the estrmatcd models under non-rnformatrve

and rnfomahve pnors rs followcd by discnssion about results and pollcy rmpllcations The

last sectron prescnts concluding rcmarks

4.2. Rcsults undcr tron-informative Priors

The modcl is cstrmatcd uslng thrcc typcs of non-rnformatrve prrors These prrors

lnclude Jeffrey pnors, Unrform prrors and \}eelly lnformatl\e pnors

Hlpea paramcters of Jcffrey priors rnclude the square root of thc determlnant of

Frsher rnformatron crrtena, le P(9,o2\q. (oz)-kf.l. prror k parametcrs Varrance of

rcsrduals rs obtarned on the basts of classlcal esfimates One hundred thousand MCMC

srmulatrons are conducted Flrst fi!e thousand stmulattons are dlscarded whercas rhrmrng

rs fixed as 35 The dlagnosttcs tcsts ofcsttmated model under Jeffre) p ors arc presented

ln Appcndr\-A Dlagnosltc tests lnclude Cusum plots. Autocorrelatron funcrron plots.

Kcmel densrties plots and tracc plots Trace plots ofall paramcters prcsented rn Flgu.e A I

uhlch sho\\ convergence ofestrmstes Autocorrclatton plots presented rn Figure A 2 shou

that srmulated estlmates are free ofautrxorrelatton Kemel densttles are prcsentcd ln Fiqurc



A 3 show that all parametcrs follou normal dlstobutlon Cusum plot prcscnted rn Frgurc

A.4 show that the graphical summa es ofdetecllng the pcrsrstence trends rn MCMC and

faster mrxmg ofchatns ln slmulatton kcause the cu sum cur!c consrstcntly crosses rhe x

,Lxrs sc\cral trmcs Hence, thcsc diagnostlc tests establtsh !alrdlty ofthc csttmated modcl

For Unrform priors, Hyper paramcters arc assumed to follow unlform dlstnbutton

with a:0 and b=l One hundrcd thousand MCMC simulatrons are conducted Ftrst fi\,e

thousand simulatlons arc dlscarded whereas thrnnrng rs fixcd as 35. The dlagnostlcs tests

ofJeffrey priors are presented ln Appcndlx-B Tracc plots ofall parameters prcsented in

Figure B I show that convergence ofcstimates Autocorrclatlon plots presentcd rn Frgure

B 2 shows thal slmulatcd cstlmates arc frec of autocorre lat I on Kemel dcnsrttes presentcd

rn Frgure 8.3 show that allpa.ametcrs follo\r normal dlstflbutlon Cusum plot prcscnted tn

Flgure B { sho\l that thc graphrccl summa es ofdetectlng the persrstence trcnds tn MCMC

and faster mttlng ofchatns in s,mulatton becausc the cu sum cunc conslstently crosses the

x axls sevc.al llmes Hence, these dragnosttc test estabLsh valtdrty ofthe esttmated model

For weckly rnformah!e pnor's. hlper paramcters arc taken as follows

8",- (0,10000)

and ?-G(0 01,0 01)

Crbbs samphng rs used to conduct ren mlllton MCMC slmulattons wtth five

hundrcd thousand bumrng and nlnc hundred filly thlnnlng The dlagnosttcs tests of\aeakl)

non-mformatrve pnor's autocorrelahon functton plot, kemel denslhes, quantrle plots and

trace plots are presented tn appendtr D Trace plots ofall Parametcrs prescnted rn Frgure
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C I show that convergcncc ofestlmates Kemcl denslttes prcsenlcd tn Frgurc D 2 show

that all parameters follor\ normal

T.bl. l.l: Estimrtiotr Rcsults under Non-itr[ormativc Prrors

! ddor6 lh. SD of lh. posfior p(Ma.s ind , dcnd6 rh. qj. r cr.d6l. mro.l

Drstflbutrons Autocorrelatton plofs presented tn Flgure C 3 sho$s that stmulatcd cstlmates

are frce of autocoEelation Cusum plot presented ln Frgure C.4 sho\\ thar the graphlcal

sLrmmanes ofdetecung thc perslstence trends ln MCIUC and faster mr\lng ofcharns rn

slmulatlon because the cu sum cune conststently crosses the \ axts se!eral ttmes Hencc.

Parameters Results under Jcffrey
Pnor

Rcsults under
Unrform Prrors

Results under Wcakly
non-lnformatl \,e Pnors

Estimates
(SE)
lCredrblc Intervall

Estlmates
(SE)
lcredrblc Intervall

Estrmates
(s. E.)

ICredible Intcrvall
P,I -t 3766

(0 8426f
l-3 04072.0.273821"

-t 3711
(0 E6o75r
t-3 0788.0 3r79ll"

-1 307
(0 8621)'
l-3 053.0 3.rEE]"

9r 0 0090.18
(0 00067t
t0 00772. 0 0103621"

0 009043
(0.00068s)'
t0 00769. 0,0 r0391"

0 00905s
(0 00073f
t0 007631. 0 01051"

0: 0 0060989
(0 00265)'
[0 000859, 0 01 r33]'

0 0061067
(0 002726)'
[0,00072. 0 011.19]"

0 006045
(0 002891)'
[0 000369. 0 01181"

0r 0 90156
(0 06773)'
[0 7685.r, r 035561"

0 90155
(0 069 t8,
10.76559. I 038551"

0 8958
(0 06935f
[0 762 r. I 036]"

0r 0 t132751
(0 017s2)'
t0 1391. 0 2081'

o t734278
(0 0r80187f
t0 13798. 0 208911

0 1741
(o ore2t
l0 r363.0lr I7l"
0 9752
(0.005198)'

[0 9626.0_98351'
),9- Y 0 0022949

(0 00051)'
[0 0015 t. 0 00351"

0 0024087
(0 000519t
t0.00r57. 0 0037t"

o 0027 47
(0 000s97f
t0 001825.0 00411"

Tau Y 3801
(78 st
I24l 60. 547 91"
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these dEgnostic test establish validlry of the estlmated model Estimatron results under

above threc tlpcs ofprrors are prcsented in Table 4.I

Thc posterior csttmates under threc tlpes of non-rnformat c pnor shor\' that all

pammcters arc srgnlficant as srmulated estrmates lte wlthtn the credlble lntenals

Moreo\cr. estimates show that all the explanatory \ariablcs have posrtrvc lmpact on thc

economlc growth rn Pakrstan Howe\,er, thc above three estimated models are compared

on the basts ofstandard errors ofestimates It shows that estlmatcd modelbyusrng Jellrey

priors contains smaller standard craors for all parameters as compare to th€ standard cnor

ofestlmates under unlform pnors and weekly hformahve pnors [t lmplles rhat Jefliey,s

pnors give morc prcctse cstimates as compare to other t$o tvpes of pflors Hencc. the

estlmated model under Jeffrey s pnors may be constdered as the best model among the

three estlmated modelp.escnted ln Table.l I

4.3. Results under Informativc Priors

Usrng updated rnformatton ts consldered as one ofthe malor advantage ofBal,esian

economctflcs Hencc. Bayesran esttmahon of the model rs donc undcr rnformahvc pnors

on thc basts ofexperts' lnfomahon For thls puIl,ose. ellctted values ofh,?er paramcleN

prescnted ln Table 3 I are taken Estlmates arc obtarned from the posterior drsrnbuoon b)

conduction srx mrllons MCMC slmulations $tth four chalns Frrst fire hundred thousand

estlmatcs are drscarded uhereas thrnnrng is fi\ed as fi\e hundrcd fifty Estlmatlon results

are presented rn Table J f whlch conratns postelor mcan. standard errors and 95yo credrble

rnten,al of postcflor estlmates of parametcas
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Different dragnostrcs tests are applred to estab|sh ralrdrty ofsrmulated estlmates

Kemel densltres presented in Frgurc 4 I show that all paramcters follow normal

dlstribuhon Traceplots ofall parameters are prcsented ln Frgure 4.2 whcrc each colour

reprcsents a different chain The trace plot ofall the parameters drsplays well mrxing and

convergencc ofcstimates Quantrleplots ofallparameters are presented in Frgure 4 3 These

plots spcclry that algoflthms convcrgc in condlhon of postcnor Thcse all quanttle pornts

indlcate the con\ergence ofthe parametcrs of all postenor dlsmbutlon Moreo\cr. thcsc

quantrle plots Lc withrn a 95o% credlble rntenal for all the perrods uhich sho$s thar rhey

reach lhcrr stahonar) ofthe distnbution ofthe paramcteas Frgure 4.1 contarns graphrccl

prcscntation ofBGR tcst of convergencc BGR tcst stahshcs lie on the ccntral llne ln all

graphs *hrch sho$'s the convcrgence ofthe parameters In our modcl *e have used three

charns for convergence and allthe diagnosttc graphs ofpostcrror parameters shor\'s a good

conlcrgencc to own target dlstflbutton. Autocorrelation plots of all paaametets are

presented ln Figure 4 5 whrch shows that therc rs no autocorrclatlon rn the stmulatcd

estlmates ofall parameters I! ts obscr!cd that autocorrelatlon for allparameters come to

an end at 156 lag lcngth Thts graph of autoconelallon lndlcates that the parameters

converge to a slatronary target dlstnbuhon Hence.dtagnosltclestscstabltsh\aldttlofthe

es!,mated modcl under tnformative prrors Estrmatron rcsults under rnformatrre priors are

presented rn Table 4 2
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Teblc J.2: Rcsults und.r lnform.tiv. Priors

' ddoG rh. 5D of fi. pon.nor p.md.6 and r. d.nor.: rh. s5! r cEdibl. 
'nr.flal

Parameters Estrmates Srsnificcnce
lntcrceDt (&r) -l 371(0 4372ft-2 216 -0 50851 Srsnificcnt
Educatron caDital (Br) 0.0090(0 00049t10 0081 0 00991' Srgnrficant
Tradc ODcnness (Br) 0 0058(0 00t9)'f0 0020 0 00951 Srgnrficant
Phlsical CaDrtal (0r) 0.9025(0 0352)]0 8328 0 970r Srmr ficant
Healrh C.piral(0j) 0 1725(0 0t2lflo 1484 0 r9631 Srgnrficant

0 9803(0 00297)'t0 9737 0 98531' Srmrficant
Srs2 Y 0 002 r 75

Tau Y 470 0
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Figur. a.l : EgMkE!!!lt!s!9lps!Eg!q!
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Figrrc,l.2: Tr.c. Plot! ofthc PrEm.t.rs
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Figur. aJ: Qgglllqtqi4s
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Figu rc ,l.4:
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Figurc 4.5: Autocorrchtion Plots
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Tablc.ll contalns parametc$ estlmates, along ulth srandard e(ors and 95o,o

credrblc rntervals Resrdual varrance of the modcl rs 0002175 whrch ts smaller than rhe

rcsidual lcriance ofthe cstlmated models uslng non-rnformatlvc pnors mcludrng Jcffrcy's

priors Moreo!er, standard errors ofall esttmales obtalned by usmg lnformattve pflors are

smal ler than that o f standard enors of all estim ates obtarned b, emp loy r ng Jeffrey ,s pnors

Hcnce. the model cstimated under lnformatt\e priors ts the best model among thc four

cnimaled modcls

Rcsults sho\-! that education capltal slgnlficantly and posrtrrely affect cconomrc

groMh tn Paklslan. It ls bccause cstlmate of educatton capltal ltcs \rrthin 95o% credrble

rnter\'al with posltl\c sign The coemclent of the educatron caplral dcmonst.ates that lo%

rncrcasc ln the llteracy rate can ratse 0 009olo posterror mean gro*1h in GDp pcr worker

$rth slandard error 0 00049 and halmg a 957o Credrble Intcrval as (0 0081 0 0099) It rs

because more educated people are more emclent to allocatc resources that arc tmporlant to

lncrease economlc grol\lh The economtst accepts that tn\,estment on educatlon ts the mam

souace ofcconomtc growrh bccausc educatlon lncreases the gro\\lh oflabour productrvrty

The educated Labour po\\er ls extra adaptrve and tnformal to transpoftablc

Coclficrent esttmate of lrade opcnness lndtcates that trade openness has postltve

and signlficant impact on GDP output per workcr lt ls dctermlned that I f trade opcnness

rises. thc sltuatlon be able to simrlarly rmprole lhc cconomtc growlh The co-efficlcnt of

the tmde openness speclfies that rf rhc I o% changc m rradc openness. tt causes a dlrecr

change ln output per worker as lo% lncrcase rn tradc openness causes a dlrect chanqe ln

posterron mean as 0 0058% urth SD (0 0019) and ha\rng a [95c6 CI (0 0020), (0 0095)]
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Co-emcrent estrmate ofph)sical caplul has a posrtive and significan! impact on

economrc grorrlh lt lmphes that a nse in physical capital causcs an rncrease rn CDP per

worker. The co-efficient ofphysical capitalspccrfies that lo% risc in phlsrcal caprtal ralses

postenor me.n ofCDP per worker by 0 9025% with SD (0 0352), and havrng a [95% CI

(0 8328), (09701, In casc that therc rs development rn construcrrons srmrlar

manufacturing of rarluays, compflsing tmnsportatlons hrgh$a)s. admrnrstrattve centres.

manufactunng and commercral structues. equlpment's of obtarmng and technology. rts

conccms simllarly wrll rncreasc (cnhancemcnt) in monetary gro\ th

Co{fficrcnt cstrmate ofhealth cap(al indrcates statistrcally srgnrficant and posirrvc

rmpact upon output CDP per worler This shor\s that e\tenslon tnhcalth expenditures also

causc the se rn CDP output per $orker The co-efficrcnt ofhcalth caprta indtcates that l7o

mcreasc rn health expenses mcreases the GDP output per \\orker by 01725% \ lth SD

(0 0l2l), and havmg a [95% CI (0 148{), (0 1963)] lr mcans that Bhenever pcople are

hcalthl. they arc much cffcchve tn thetr creatt\e. whlch wlll lead towards the increase ln

economic oulpr]t gro$lh pcr *orker Healthl labour stands spr tually and substanttally

addrtronal forceful and aggresslvc Healthy uorkers get higher camrngs and exlra crcattve.

smaller expccted to vague as of thetr work

As estlmates ofeducatlon capltal as tvcllas health capltal ls stgnrficant tvith posttlve

srgn. it rmphes that rolc ofhuman caprtal to ratse output per uorker ln Paklstan is \ ttal To

achreve sustarnabl. cconomrc CJo$th, human capltal may pla) an lmportanr role tn the

comlng years Hcnce. govemment must ha\,c to dl!ert lts resources ln order to competc the

other reqronal economres Ike as Indra
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4.4. Summary

Thls chapter conta[s estrmalron results along \ rth dlscussion. comparison and

po|cy rmplicatlons Sectlon 2 presents results ofcstrmated models under non-lnformattve

pnors, rc Jcffrcy's pnors, Unrform pnors and weekly tnformahvc pnorc The three

cstlmated modcls are compared on thc basls of srgrrficancc and precrsron ofparamcters,

estrmates Hcnce. the estimated model usrng Jeffrcy's' pnors ts taken as the best among

the thaee models on thc bas,s of precislon Sactlon 3 presents results ofestrmatcd modelon

the basrs ofrnformatrre pnoN ehclted on the basts ofcrperts' kno* ledge and the model rs

comparcd wlth the estlmated modelbased on Jefftey's pnors It proves that hcorporahon

of experts' rnformahon through pnors tmproves precrcron of the eshmates as well as of

ovcrall model Hcncc. the model based on rnformatrvc prrors rs declared as thc best modcl

According to estimation results, physical capttal, trade openness. educatton capltal and

health caprtal srgnrficantly and posrti\,ely affect output per \rorker rn Pakistan Hence. tuo

lmportant pornts are concluded here Frstly. [corporatlon of pnors' rnformatron besrdcs

curaent data may tmprovc prectslon ofestlmatcs as *ell as o!erall model_ Secondl,, human

caprtal can be consldcrcd as stg ficant factor to oblarn cconomlc gro\a4h ln paklstan and

hence. golemmcnt must ha!c to dtvert stgnrficant rcsources to lmprove human resources

rn Paklstan
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CHAPTER5

SUMMARY AND CONCLUSIONS

Thc study contains five chaptcrs Chapter I prcsents an lntroductlon to thc

toprc, Bayesran versus Classrcal desc ptron and thc goals ofthe sfudy Marn oblccttve of

thc study are set as estlmatlon of modcl to analyze lmpact of human cap(al on cconomtc

glowth by usrng Bayesran lnfercnlal approach. Chaptcr 2 comprrses an olcrvre\ of

llteraturc, and h,?othetical materral of formerly studtes o glnatcd in literature assocrated

to area of study The chapter concluded that the lllcrature does not contarn any study

contarnlng Bayeslan rnferenhal approach ln order to anal)ze the impact of human caplral

on economlc gro\\Ih for any country. Chapter 3 prcsents speclficatton ofmodcl, drscussron

about data and mcthodology ofanalysrs We try to elaboratc the basrc Bayes theorem, typcs

of dfferent pnor's. hkellhood, ehcltatror methods. dragnostrcs rcsts of the postenor

dlst buhon esumatlon In thls chaptcr diagnosttc tests are lllumtnated trace plots, Clbbs

sampling. MCMC, ACF plots. BGR plol for postcnor dlst burron convergencc and

stahonary Chapter 4 prescnts results and dlscusslon about results Sechon ;l 2 contalns

estlmalron results under non-lnformall\,e pnors. r c Jeffreys' pnors, unlform pnors and

weekly rnformatrve pnors Coefficlents' eshmatcs of all parameters are slgnlficont wlth

positl\'c srgn rn all the threc cstimated models Whereas. prectslons ofcoeffictent estrmates

of thc model eshmated under Jeffrey s prrors are larger than other two models The

followrng sectron contains esttmatlon rcsults ofthe modcl usrng rnformatt\ e pnors cllclred

on the basls of experts' knoNledge and rts compaflson \\tth other esttmated models

Prccrsion of coeffictent esttmates as well as olerall preclslon of the model under
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rnformalive pno6 are better than that ofall other models It lmplles that lncorporation of

p or lnlormatron through Bayesran mfcrence may bc effechve to rmprove preclston ofthe

model Three major conclustons arc dra\m on thc basts results ln fiis stud) Frstly. use of

Jcffrey's pnor mcreases precrclon of csumatcs as comparc to untfolm p ors and weekly

rnformatlvc priors Secondly, use of pnor hformatlon through Balestan inference ls an

cffectlve methodology to rmprove paramcters' cstlmates ln rcgressron model Thirdly,

human caprtal has srgnlficant and posittve rmpact on economtc gro\{h in Paktstan

In the Lght of the emprflcal findrngs, thrs study recommends that rhe

govemment should mcreasc the educatlon capttal by lncreastng thc education factlrtres rn

the countr) and maklng the good standard ofthe cducatton m rhc lnstttutes lnre5lrngnl rn

ph)slcal caprtel can also tncrease the output ofthc countr) ltke roads. rarluays. burldrngs.

rndustnes etc. Expandlng the lnvestment ln human resources fields \ lll rakc an tmmensc

lncremcnt rn thc output ofthc counrr) per worker and talent also boost up thc etliclcncy of

labourand thcir erpeflences It$rll rmprove the value ofthe output ofgoods Bytheseall

rncreasrng the trade also tncrease. whtch ts lcry beneficral for a dereloprng country

Accordrng to lhc results ofthe study a dc!eloping country should rncrease the rnvcstmen!

rn the human capttal llke educatton sector as wcll as heclth capltal and phlsrcal capital to

increase hrs economrc grouth

The current study uses the Ba)eslan merhod for esttmation to elaborate thc

rnfluence oIEducatlon caprtal. trade openness. Health expendirures and phlsrcal caprtal

Thrs snrdy can also estrmare thc Bayeslan wrth dtfferent pnor's specrficatron l <e graphrcal

method. emplncal method and pnor predlctr\,c methods also drffercnt methods for prror

paramcter estrmatton Thrs study has funher e\tendcd b) esttmatlng the influcnce ofhuman
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caprtal upon economrc gowth by addlng othcrs rndependcnt !aflablcs tn the model ofthe

human caprtal hkc Lfe cxpcctancy, labour force. po!ert,, personal remlttrnces and much

more varrables for analysls to tncrease the model specrficatron Other spectficatton ofprior

methods is also applred for gettlng the appropnate results of Baycsran Econometncs
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APPDENDIX-A

Diegnostics of Jelfrey Prior Grrphs
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APPDENDIX-B

Diagnmtics of Uniform Prior
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APPDENDIX-C

Dhgrosaics Wcrkly Nor Informrtiy. Prior
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Figurc C.2. Kcrtrcl Dctrsitic!
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