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0.1. Literature Review

In real life situations, we often face imprecision or uncertainties due to several
measures. To cope with such imprecise events, Zadeh introduced fuzzy set (FS) [1] in which
an object or element of a set is assigned a membership grade in unit interval [0, 1]. The
membership grade 0 points towards no satisfaction at all while membership grade 1 means full
satisfaction. The partial satisfaction is denoted by other values in the unit interval based on
their degree of satisfaction. FS theory has been applied to many situations like in intelligent
systems by Yager and Zadeh [2], pattern recognition by Pedrycz [3], soft sets by Maji et al. [4],
traffic and transportation by Trabia et al. [5], clustering by Xie and Beni [6] and many other
areas. For some recent developments in FS theory and other tools of uncertainty and their

applications one is referred to [7-9].

Zadeh’s FS was a success indeed but there were some events which could not be deal
with using ordinary FSs and therefore Atanassov [10] developed the concept of intuitionistic
fuzzy set (IFS) as an extension of FS that deals with uncertain situations in a better way as its
structure is not limited to membership grade only. The concept of IFSs is a better tool to use
due to its diverse structure describing membership as well as non-membership grades of an
element. The theory of IFSs have been remarkably used in some areas so far. In [11] medical
diagnosis is discussed based on IFSs by De et al. and in [12], Xu defined some aggregation
operators for IFSs which have been applied to multi-attribute decision making (MADM) by Li
in [13]. Some similarity measures for IFSs are discussed in [14] by Szmidt and Kacprzyk and

applied to medical diagnostics problems.

There is a limitation exists in Atanassov’s structure of IFS that it restricts the sum of
membership and non-membership grades on a scale of [0, 1]. In some situation, the IFS cannot

describe effectively the opinion of human being due to weak limitations. For handling such



types of problems, Yager [15] proposed the notion of Pythagorean fuzzy set (PyFS), as an
extension of IFS to deal with uncertainty. The constraint of PyFS is that the sum of the square
of membership grade and the square of non-membership grade is restricted to [0,1]. Further,
Fei and Deng [16] applied Pythagorean fuzzy sets in multi criteria decision-making problems.
The study of PyFS is very rich due to its larger domain as [17-21] focused on the aggregation
theory of PyFS and its application in MADM. In [22] by Garg, the concept of linguistic PyFSs
is developed and a MADM problem is discussed in such environment. In [23] by Garg, the
strategic DM with some probability is examined using the framework of PyFSs and in [24] by

Garg the famous TOPSIS method is performed in the environment of PyFSs.

When a decision maker provides (0.85,0.82) for membership and non-membership
grades, the IFSs and PyFSs cannot deal effectively i.e. 0.85 + 0.82 = 1.67 > 1 and 0.85% +
0.822 = 0.72 + 0.67 = 1.39 > 1. For handling such kinds of problems, Yager [25] again
initiated the notion of g-rung orthopair fuzzy set (g-ROFS). The g-ROFS is a generalization of
PyFS to deal with unknown and unpredictable information. The limitation of g-ROFS is that
the sum of the n-power of membership grade and the n-power of non-membership grade is
restricted to [0,1]. The q-ROFS is more general and more feasible than PyFS, IFS and FS.The

geometrical interpretation of g-ROFS and their existing approaches are captured in Figure 1.
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FS and IFS assigned single values to objects from unit interval which proved to be handful in
most of the places, yet these concepts are further improved and the concepts of interval-valued
FS (IVFS) in [26] by Zadeh and interval-valued intuitionistic fuzzy set (IVIFS) by Atanassov
and Gargov [27] are proposed. The theory of aggregation of IVIFSs and their applications in
MADM is discussed in [28-31]. These new concepts of IVFSs and IVIFSs are improved than
FSs and IFSs because these described the membership/non-membership grades in terms of
closed interval [0, 1] instead of a single value. Furthermore, the concept of interval valued
Pythagorean fuzzy set (IVPYFS) and interval valued g-rung ortho pair fuzzy set (IVq-ROFS)

are introduced by [32,33]. For some other relevant work one may refer to [34-36].

The concepts of FS, IFS,PyFS and g- ROFS couldn’t be applied in circumstances
where human opinion isn’t of the type yes and no but it has some sort of abstinence or refusal
degree as well. To agree with such demands and to model a concept close to human nature,
Cuong [37] proposed the concept of PFS based on four possible situations like satisfaction,
abstinence, dissatisfaction and refusal degree. The geometrical representation of all picture
fuzzy numbers is demonstrated in Figure 2. Some other basic study about PFSs can be found
in [38, 39]. The framework of PFS has be greatly utilized in several real-life problems as the
aggregation operators of PFSs have been developed and utilized in multi-attribute decision
making (MADM) by Wei [40] and Garg [ 41] respectively. The similarity (distance) measures
of PFSs and their applications are comprehensively discussed by Son in [42]. Thong [43]
developed a new computational intelligence-based method for picture fuzzy clustering. For

some other relevant work one may refer to [44-45].



D=s(x)+ ilx)+ dx)=1

Figure 2 (Space of all picture fuzzy numbers)

By studying the structure of PFSs, it is derived that it generalizes FSs, IFSs and can
manage the data or situations that FSs and IFSs could not. But there is a restriction in the
structure of PFS that the sum of membership, abstinence and non-membership grade must be
less than 1. Because of the condition on PFSs, it is difficult to give values to its membership,
abstinence and non- membership tasks by their self-choice. Mahmood et al. [46] introduced
the notion of spherical fuzzy sets (SFSs) and (T-SFSs) that make better the construction of
PFSs. Such type of structure of T-SFSs, shapes both human attitude and opinion along with
yes/no, and can manage any sort of data with no constraints. For instance, if we observe the
limitations of PFSs and T-SFSs, then it becomes obvious that the structure of T-SFS has no

constraints. The limitations of IFS, PFSs and T-SFSs are as follows:

o fOrIFSA= {tl-, (S(t),B(ti))}, we have 0 < §(t,) + D(t) < 1;
o fOorPFSsA = {xl-, (S(ti), T(‘gl-),B(tl-))}, we have 0 < S(t) + 1I(t,) + P(t) < 1;

o forT-SFSs A4 = {xl-, (3(‘9), T(‘gl-),B(tl-))}, we have 0 < §™(t) + 1*(t,) + P"(t;) < 1 for

somen € Z*.



From the relationship with existing structures and its constraints the comprehensive
structure and originality of T-SFSs is obvious. Some other useful work on T-SFSs can be found

in [47-51].

Dealing with uncertain situations and insufficient information required some high
potential tools. Graph is one such mathematical tool which effectively deals with large data.
When there is some sort of uncertainty factors, FG is a tool that needs to be used. Due to its
capacity of handling large data, graph theory is of some special interest as it can be applied to
many problems. The theory of fuzzy graphs (FGs) has its own significance as application of
fuzzy set (FS) theory has no limits. Zadeh’s FS provided a solid ground for the theory of FGs
which have been introduced by Kauffman [52] in 1973. After that, FGs have been
comprehensively studied by Rosenfeld [53]. The study of FGs lead many scientists to
contribute in this field such as Bhattacharya [54] discussed several graph theoretic results for
FGs. Bhutani [55] worked on automorphisms of FGs and Mordeson and Chang-Shyh [56]
developed operations on FGs. FGs have been applied to many practical situations like
optimization problems by Kéczy [57], clustering by Yeh and Bang [58], shortest path problem
by Klein [59] and social networks Nair and Sarasamma [60] etc. For some other work on FGs

one may refer to [61-64] etc.

The concept of Intuitionistic fuzzy graphs (IFGs) is introduced in [65] by Atanassov.
Like IFSs, some quality works on the theory of IFGs are also being done. Parvathi,
Karunambigai and Atanassov [66] studied operations on IFGs, Gani and Begum [67] discussed
the size, order and degree of IFGs, Akram and Davvaz [68] investigated strong IFGs, Parvathi
and Thamizhendhi [69] discussed domination in IFGs, Akram and Dudek [70] proposed
intuitionistic fuzzy hypergraphs, Karunambigai, Akram et al. [71] presented the concept of
balanced IFGs, Karunambigai, Parvathi et al. [72] studied constant IFGs and Chountas et al.

[73] discussed intuitionistic fuzzy trees. For some other noteworthy work on IFGs one may



refer to [74, 75] etc. The concept of PyFSs leads to the development of Pythagorean fuzzy

graphs (PyFGs) [76]. For more related concept we may refer to [77, 78].

A generalization of FG known as interval valued fuzzy graph (IVFG) was introduced
by Akram and Dudek in [79] where the nodes and edges are in the form of interval valued
fuzzy numbers (IVFNs). Some other aspects of IVFG were discussed in [80-85]. The concept
of interval valued IFG (IVIFG) was proposed by Mishra and Pal in [86] and some other terms
and notions related to IVIFG can be found in [87,88]. The concept of single valued
neutrosophic graph (SVNG) introduced by Broumi et al. in [89], has been extensively used in
several problems such as shortest path problem [90, 91], communication problem [92], decision
making [93] etc. The concept of SVNG was further generalized to interval valued neutrosophic
graph (IVNG) proposed by Broumi in [94] where the membership, abstinence and non-
membership grades are described by closed subintervals of the unit interval. The framework of
IVNG is the most sophisticated one among all existing graph structures. For some other work

on IVNG, one may refer to [95-97].

Shortest path problem is one of the famous problems that have been greatly discussed
in different generalized fuzzy structures. In [98] by Okada and Soper studied the shortest path
problem using fuzzy arcs and in [99] by Deng et al. proposed fuzzy Dijkstra algorithm for
finding shortest path. In [100-102] some good work on fuzzy shortest path problems was
provided. In [103] by Gani, and Jabarulla proposed a way of finding shortest path in
intuitionistic fuzzy environment and in [104] by Mukherjee used Dijkstra algorithm to find
shortest path in IFG. For some other works on shortest path problems, one may refer to [105-

107].

Clustering is a technique in which objects of similar nature are grouped together into

clusters. The objects that are in a cluster have some common attributes different from those



which are not in the cluster. Cluster analysis is widely used in different fields such as data
mining [108], recommender systems [109], image segmentations [110] and wireless sensor
networks [111] etc. The concept of FSs and its different extensions have been extensively
applied in clustering problems for example [112] is based on some techniques of fuzzy
clustering, [113] provided the application of hesitant fuzzy sets in clustering, [114] is about j-
divergence of IFSs and its application in clustering, [115] is based on some hierarchal

clustering of IFSs and [116] is about a new clustering algorithm choquet aggregation operators.

Further, Clustering in the environment of FG has been studied in [117], while the same
algorithm is studied for IFG in [118]. The algorithm is used in a decision-making problem in

[118] for both fuzzy and intuitionistic fuzzy environment.
0.2. Chapter wise study

In chapter 1, we describe some very pioneer ideas of FS, IFSs, PyFSs, q-ROFSs, PFSs
and TSFSs etc. The relationship between the definitions of each concept is demonstrated.
Further, the ideas of FGs, IFGs and PyFGs are also demonstrated with the help of some

examples. These notions are helpful in establishing new studies.

In chapter 2, a new concept of intuitionistic fuzzy graph of n type (IFGNT) is proposed as
a generalization of intuitionistic fuzzy graphs (IFGs) and intuitionistic fuzzy graphs of second
type (IFGST). Some light has also been shed upon the concepts of constant intuitionistic fuzzy
graphs of second type (CIFGST) and constant intuitionistic fuzzy graphs of n'" type (CIFGNT).
Moreover, some basic definitions of and results from IFGNT have been developed, supported
with examples. Besides, the advantages of proposed new concept over the existing concepts
have been highlighted and a comparative study of new and existing works made. Further, an

application of IFGNT has been demonstrated in social networks context.



In chapter 3, a novel clustering algorithm in the environment of picture fuzzy graphs is
developed. The proposed clustering algorithm is an improved version of clustering algorithm
of fuzzy graphs and intuitionistic fuzzy graphs. Chapter 3 thoroughly investigated the existing
clustering algorithms proposed in the frameworks of intuitionistic fuzzy graphs by pointing out
the deficiencies and suggesting a solution which is applicable in handling real-life scenarios.
The proposed clustering algorithm is supported with the help of a numerical problem discussing
those cases which have not been discussed in the existing algorithms and the results are
examined. To develop the new algorithm a study of picture fuzzy graphs along with some
interesting result is established. A comparative study of the new work with that of existing
work is established proving the worth of the proposed new work. Some drawbacks of the
existing concepts and advantages of new theory are also discussed. Chapter ended with a

summary of proposed work and possibly related future work in these directions.

In chapter 4, a social network and a wifi network using the concept of picture fuzzy
graph (PFG). For this purpose, the concept of PFG and some basic terms are demonstrated
including complement, degree and bridges. The main advantage of the proposed PFG is that it
describes the uncertainty in any real-life event with the help of four membership degrees where
the traditional FG and IFG fails to be applied. The viability of PFG is shown by utilizing the
concept in demonstrating two real-life problems including a social network and a Wi-Fi-
network. A comparison of PFG with existing notions is established showing its superiority over

the existing frameworks.

In chapter 5, some developments based on fuzzy graph theory are discussed in detail.
A notion of a T-spherical fuzzy graph (T-SFG, for short) is presented as a generalization of
fuzzy graph, an intuitionistic fuzzy graph and a picture fuzzy graph. The originality, the
imperativeness and the importance of this notion is discussed by showing some results, giving

examples and a graphical analysis. Some theoretical terms of graphs such as a T-spherical fuzzy



sub-graph, a complement of T-SFG, degree of T-SFG are clarified and their attributes and
aspects are analyzed. The main goal of this chapter is to study two types of decision-making
problems using the framework of T-SFGs. These two problems include the problem of the
shortest path and a safe root for an airline journey in a T-spherical fuzzy network. The
comparison of this new approach towards these problems with existing approaches is also
established. A new algorithm is put forward in the event of T-SFGs and is used to seek out the
shortest path problem. The overall analysis of the suggested notion under the prevailing theory
is conducted. The advantages of the proposed approach were discussed based on the existing

tools and a short comparison of the new with existing tools was established.

In chapter 6, some serious flaws in the existing definitions of several root level
generalized FG structures with the help of some counter examples are shown and these issues
are fixed. First, to improve the existing definition for interval valued FG, interval valued
intuitionistic FG and their complements as these existing definitions are not well-defined i.e.
one can obtain some senseless intervals using the existing definitions. The limitation of the
existing definitions and the validity of new definitions is supported with some examples. It is
also observed that the notion of single valued neutrosophic graph (SVNG) is not well-defined
either. The consequences of the existing definition of SVNG are discussed with the help of
examples. A new definition for SVNG is developed and its improvement is demonstrated with
some examples. The definition of interval valued neutrosophic graph is also modified due to
the shortcomings existed in the current definition and the validity of new definition is proved.
An application of proposed work in decision making is solved in the framework of SVNG

where the failure of existing definitions and effectiveness of new definitions is demonstrated.

In chapter 7, the notion of graph for newly established concept of interval-valued PyFS
(IVPYFS). Introduced the concept of interval-valued Pythagorean fuzzy graphs (IVPyFGs) and

discussed its related ideas with the help of examples. The significance of using interval valued



fuzzy concepts over non-interval valued fuzzy concepts are demonstrated numerically. Further
the advantages of using the new approach are over the pre-existing ideas is demonstrated with
the help of numerical examples. The main goal of this chapter is to study three types of
decision-making problems using the framework of IVPyFGs. These three problems include the
problem of selection of best university in a network of universities, supply chain management
problem, and shortest path problem. The comparison of new approach towards these problems

with existing approaches is also established.

In chapter 8, a new notion of interval valued g-rung ortho pair fuzzy graph (IVq-ROFG)
and to study the related graphical terms such as subgraph, complement, degree of vertices and
path etc. Each of the graphical concept is demonstrated with an example. Another valuable
contribution of this chapter is the modeling of some traffic networks, telephone networks and
social networks using the concepts of 1VQ-ROFGs. First, the famous problem of finding a
shortest path in a traffic network is studied using two different approaches. A study of social
network describing the co-authorship between different researchers from several countries is
also established using the concept of 1Vg-ROFGs. Finally, a telephone networking problem is
demonstrated showing the calling ratios of incoming and outgoing calls among a group of
people. Through comparative study, the advantages of working in the environment of 1\Vg-

ROFG are specified.



Chapter 1

Preliminaries

In this chapter we describe some very pioneer ideas of FSs, IFSs, PyFSs, g-ROFSs, PFSs
and TSFSs etc. The relationship between the definitions of each concept is demonstrated.
Further, the ideas of FGs, IFGs, PyFGs are also demonstrated with the help of some examples.

These notions are helpful in establishing new studies.

1.1. Fuzzy Sets and Their Generalizations

In this section the notion of FSs and their generalizations are discussed.

1.1.1 Definition [1]

Let X be a universal set. Then FS in X is defined as
A={{t5(D)/teX}

Here S,4: X — [0, 1] is the membership function of the FS on A.

1.1.2 Definition [10]

Let X be a universal set. Then IFS is defined as
B ={<tS5(t),Pg() >:t€X}

Here Sp: X — [0, 1] represents membership degree and Bg: X — [0, 1] represents non-
membership degree of t € X with a condition 0 < Sp(t) + Dg(t) < 1. Furthermore,

(Sg(©), Pg(v)) is known as a intuitionistic fuzzy number (IFN) denoted as IFN = (Sg, Dp).
1.1.3 Definition [15]

Let X be a universal set. Then PyFS is defined as



P={<t5®),Dp(t) >t€X}

Here Sp:X — [0,1] represents membership degree and D,:X — [0,1] represents non-
membership degree of t € X to set P provided that 0 < S2(t) + P2(t) < 1. The extent of

indeterminacy here is defined by

m® = (1~ %0 - 93()

Figure 3 (A comparison of spaces of IFSs and PyFSs)

Furthermore, (§p(t),Dp(t)) is known as a Pythagorean fuzzy number (PyFN) denoted as b =

(Sp,Pp). All the above discussed theory and geometrical compression clearly shows the
significance of PyFS as it is the generalization of FS and IFS. The above Figure 3 shows that

every fuzzy number and IFN is PyFN but converse is not true.
1.1.4 Definition [25]

Let X be a universal set. Then g-ROFS is defined as

F={<t51),D:() >t eX}



Here S::X - [0,1] represents membership degree and D;:X — [0,1] represents non-
membership degree of t € X to set ¥ provided that 0 < S7(t) + P{(t) <1 for g € Z*.The

extent of indeterminacy here defined by

w(® = |(1- 810 - p)

Furthermore, (Sf('_c),Df(t)) is known as a g-rung orthopair fuzzy number (g-ROFN) denoted
ast = (gf, ‘Df)
1.1.5 Definition [37]

A PFS on a universal set X is characterized by three functions S, Tand B on [0,1] fulfilling 0 <
S(t) +1(t) + B(t) < 1. The values of S, T and D in the unit interval describe the membership
degree, the abstinence and the non-membership degrees of t in X. Also 1 — (S(t) +1(t) +
D('_c)) denotes the refusal degree of t € X. The triplet (S T,D) is known as a picture fuzzy

number (PFN).

Figure 4 (Picture fuzzy space)



The problem with PFSs and its constraint is depicted in figure 4. Realizing this issue
Mahmood et al. in [100] proposed a new concept of SFSs and consequently T-SFSs. The
following definitions are described along their geometrical representation in order to make the

point clear that SFSs and T-SFSs generalize IFSs and PFSs.
1.1.6 Definition [46]

A SFS on a universal set X is characterized by three functions S, T and B on [0,1] with the
condition 0 < §2(t) + 12(t) + P?(t) < 1. The value of S, T and D in the unit interval describe

the membership, the abstinence and the non-membership degree of t in X. Also R(t) =

\/1 - (SZ(';) + 12(0) + Dz(t)) denote the refusal degree of t € X. The triplet (5,1,D) is
known as a spherical fuzzy number (SFN).

1.1.7 Definition [46]

A T-SFS on a universal set X is characterized by three functions S, Tand b on [0,1] provided
that 0 < S™(t) + 1(t) + P™(t) < 1 for somen € Z* . The values of S,T and P in the unit

interval describes the membership, the abstinence and the non-membership degrees of t in X.

Also R(t) = 1;/1 - (Sf‘(t) + In(t) + Dﬁ(t)) denotes the refusal degree of t € X. The triplet
(5,1,D) is known as a T-spherical fuzzy number (TSFN).

The following figures describe SFSs and T-SFSs, showing its novelty and diversity in structure.

Moreover, Figures 5, 6 and 7 show that T-SFSs have no limitation.



Figure 5 (Space of spherical fuzzy sets)

Figure 6 (T-SFS (n=5))



Figure 7. T-SFS (n=10)

It is easy to conclude that the concept of T-SFS is a generalization of the concept of FS, IFS,

PyFS, g-ROFS, PFS and also SFS, without the limitation in its structure.
1.2 Score Functions

In this section we discussed the score function of IFSs, PyFSs, q-ROFSs, PFS, SFSs and T-

SFs.
1.2.8 Definition [11]

The Score function of an IFN (Sg(t), Dg(1)) is defined as Sc;py = Sp(t) — Dg(t). Here
§B: X — [0, 1] represents membership degree and by: X — [0, 1] represents non-membership

degree of t € X with a condition 0 < Sg(t) + Pp(t) < 1.
1.2.9 Definition [49]

The Score function of PyFN (S,(1), Dp(v)) is defined as Scpyry = Sa(t) — DE(t). Here
Sp:X — [0, 1] represents membership degree and D,: X — [0, 1] represents non-membership

degree of t € X to set b provided that 0 < S2(t) + PZ(t) < 1. The extent of indeterminacy here

defined by



mp(t) = J (1-82 - P2)
1.2.10 Definition [25]

The Score function of a g-ROFNs (Sy(t), Dy(1)) is defined as Scy_rory = ST(D) — DI (D).
Here S;:X — [0,1] represents membership degree and P;:X — [0,1] represents non-
membership degree of t € X to set P provided that 0 < SI(t) + DI(t) < 1 for g € Z*. The

extent of indeterminacy here defined by

w(® = °J(1- 810 - BI(0)
1.2.11 Definition [38]

The score function of a PFN is defined by P, = S — R. D, where S, P represents the
membership, non- membership degrees and R = 1 — (5(t) + 1(t) + D(t)) represents the

refusal degree for PFN.
1.2.12 Definition [46]

The score function for a SFN is defined by Sc, = §%2 — R2. D2, where S, P represents the

membership, non- membership degrees and R(t) = 2\/1 — (SZ )+ 12(0) + Dz(t))
represents the refusal degree for SFN.
1.2.13 Definition [46]

The score function for a T-SFN is defined by TS, = S* — R™. B® where S, b represents the

membership, non- membership degrees and R(t) = i/l - (Sfl(t) + In(t) + Df‘(t))

represents the refusal degree for T-SFN.



1.3 Aggregation Operators

In this section the aggregation operators of IFNs, PyFNs, g-ROFNs, PFNs, SFNs and TSFNs

are discussed.
1.3.1 Definition [12]

The intuitionistic fuzzy weighted averaging (IFWA) operators of an IFNS t;4, tiz, ..., tin IS

denoted and defined by

. . w;
Wj n J

i
t = IFWA(tiy, tiz, o tin) = | 1 — 1_[(1 -S) b
j=1 j=1

1.3.2 Definition [12]

The intuitionistic fuzzy weighted geometric ( IFWG) operator of an IFN t;q, t;3, ..., ti; IS

denoted and defined by

t = IFWG (ti, by e tn) = s -] [a-»y)

1.3.3 Definition [15]

The Pythagorean fuzzy weighted averaging (PyFWA) operator of PyFN t;q, t;5, ..., ti; IS

denoted and defined by

ti = PYFWA(tip, tigy o tin) = | |1 — (1 - (Sij)z) ) HDU )

1.3.4 Definition [15]

The Pythagorean fuzzy weighted geometric ( PyFWG) operator of PyFN t;4, ti5, ..., tiy IS

denoted and defined by



=

ti = PYFWG (tiy, tig, o, tin) = Sy | 1= (1—(Di,-)2)>

1.3.5 Definition [34]

The g-Rung orthopair fuzzy weighted averaging (q-ROFWA\) operator of q-ROFN

ti1, tiz, -, tin 1S denoted and defined by

N . Wi
n Wj J

n
ti =q — ROFWA(tiv, tiz, - t) = | @ |1 n(l CODEE HD”
j=1

Jj=1

N~——

1.3.6 Definition [34]

The g-Rung orthopair fuzzy weighted geometric ( g-ROFWG) operator of g-ROFN

ti1, tiz, -, tin 1S denoted and defined by

R Wi . .
n J n Wj

ti = q — ROFWG (ti1, tiz) o tin) = S| .q|1- 1_[(1 - (Dij)q)

1.3.7 Definition [40]

The Picture fuzzy weighted averaging (PFWA) operator of an PFN t;4, t;5, ..., t;; 1S denoted

and defined by

W

fl ]
I/ 1— l_[(]_ — gij) ) \I
j=1
ti = PEWA(ti, tiz) - tin) = i i/ i



1.3.8 Definition [40]

The Picture fuzzy weighted geometric ( PFWG) operator of a PFN t;4, t;2, ..., ti 1S denoted

and defined by

a Wj n Wj
gij ) TU ’
=1 =1
ti = PFWG (i, tigy o tin) = | A j Wi
k 1- l_[(l - Dl]) /
j=1

1.3.9 Definition [48]

The spherical fuzzy weighted averaging (SFWA) operator of SFN t;4, t;5, ..., t;; IS denoted

and defined by

j=1

1— H (1- (Sij)z) \I

n
Wi

I
I
ti = SFWA(tiy, tiz, e tin) = L

n n J
1) ([T
j=1 ]:1

Where w; be the weight vector with a condition that is Z?zl w; = 1.

1.3.10 Definition [48]

The spherical fuzzy weighted geometric ( SFWG) operator of SFN t;4, t;o, ..., t;; IS denoted

and defined by: t; = SFWG (t;1, tip, ..., tiy) =

((H?ﬂ Sij)Wj: (H?=1 iij)Wj:\/l - 5‘1:1 (1 - (Bij)z)wj>'



1.3.11 Definition [48]

The T- spherical fuzzy weighted averaging (T-SFWA) operator of TSFN t;q, tiz, ..., tiy IS

denoted and defined by

ti = TSFWA(tiq, tiz) o tin) =

1.3.12 Definition [48,50]

The T- spherical fuzzy weighted geometric ( TSFWG) operator of TSFN t;q, t;z, ..., tiy IS

denoted and defined by

t; = TSFWG (tiq, tiz, s tin) =

1.4 Addition and Multiplication Operations

In this section operations of addition and multiplications of g-ROFN and TSFNs are

deliberated.

1.4.1 Definition [34]

The addition and multiplication of g- ROFNs is denoted and defined as

1) (50,9) + (52,D;) = (ﬁ (6 + )" - (sl)“‘(gz)ﬁ,mm)

2) (8,01) x (32,82) = (318 0/ BT + (B — B (B)")



1.4.2 Remark

Replacing n = 1 reduces the above defined equations in the environment of IFNs and for n =

2 reduces defined equations in the environment of PyFNs.

1.4.3 Definition [48,50]

The addition and multiplication of TSFNs are denoted and defined as:

D ol by) + (oo by) = (nJ )+ () = (5 1112,5152>

2) (Sl'ib Dl) X (SZJTZJBz) =

(Sléz, 2 (1) + (1) (1) ()", A B + () = (m)ﬂ(az)ﬁ)

1.4.4 Remark

Replacing n = 1 reduces the above defined equations in the environment of PFNs and for

n = 2 reduces defined equations in the environment of SFNS.
1.5 Fuzzy Graphs and Their Generalizations

In this section, we recall definitions related to graphs of FSs, IFSs and PyFSs underlying the

main considerations of this Thesis.
1.5.1 Definition [52]

AFG is apair G = (V,E) where V is the set of nodes and E is the collection of edges between

these nodes such that

1) Everyt € V is characterized by a function S: V — [0, 1] denoting the degree of membership

ofteV.



2) Every t € E is characterized by a function S:V x V — [0,1] denoting the degree of

membership t € V x V satisfying the condition 5(t;, t;) < min (S(ti), Sj(tj)).

1.5.2 Definition [65]

An IFG is a duplet G = (V, E) where the set of nodes is denoted by V and E is the collection

of edges between these nodes such that

1) Everyt € Vis characterized by two functions S: V — [0, 1] and B: V — [0, 1] denoting the
membership and non-membership degree of t € Vwhich satisfies the condition that 0 <
S+ P < 1. Moreover, the term R defined by R = 1 — S — D, denotes the hesitancy level
ofte E.

2) Every t € E is characterized by two functions $:V x V — [0,1] and B:V x V - [0, 1]
denoting the membership and non-membership degree of t €V x V satisfying the

conditions:
(1) < min (36, 3(1))

D(t;,t;) < max (B(ti)' B(tj))

with a condition that 0 < S + D < 1. Moreover, the term R denotes the hesitancy level of t €

EsuchthatR=1—-S —P.



1.5.3 Example
The following Figure 8 is an example of IFG.

(0.1.0.4)

{(#'000)

{(0.3.0.5}) (0.1,0.5)

(0.2,0.5)

Figure 8 (Intuitionistic fuzzy graph compatible with definition 1.5.2)
1.5.4 Definition [76]

A PYFG is denoted and defined as G = (V, E) where

1. V= {t,,t,ts, ..., ty} such that S:V — [0, 1] represents membership degree and D:V —
[0, 1] represents non-membership degree of t; € V respectively provided that
0<82+P2<1 Forallt,eV,(i=1,23,..10)

2. EcVxVwhere $:VxV - [0,1] and D:V xV - [0,1] are such $(t;,t;) <
min[S(t;), S(t;)] P(t:, t;) < max[D(t,), B(t;)]with the condition 0 < S?(t;,t;) +
b2(t;,t;) <1

forall (t;,t;) € E.



1.5.5 Definition [52]

A pair H = (V',E") is considered as fuzzy subgraph (FSG) of FG G = (V,E) if V' € V and

E'cEie§y;<8;and 85 <85 (Lj =12, ..,n).

1.5.6 Definition [65]

A pair H = (V',E") is considered as an intuitionistic fuzzy subgraph (IFSG) of IFG G =
(VE)ifVeVandE cEie §y; <5;,D'y; =Dy and Sy < Sy, D55 =

BZij (l,] = 1,2, ey fl)

1.5.7 Example

An IFSG H of IFG of Figure 8 is shown in Figure 9.

(0.1.0.4)

—
sl
g

(#'0°0'0)

(0.3.0.5) (0.1,0.5)

,._
=
)
=
i

Figure 9 (Intuitionistic fuzzy sub graph of Figure 8)
1.6 Complement, Degree, Density and Path of FGs and IFGs

In this section, the complement, degree, density and path of FGs and IFGs are discussed.



1.6.1 Definition [53]

The complement of FG G = (V,E) is defined by G¢ = (V¢,E€) where V¢ =V and the
membership grade of E is defined by () (t;,t;) = min (S('_cl-), S(tj)) -5 ((ti, t,-))-

1.6.2 Example

The following Figure 10 is an example of an FG while Figure 11 represents the complement

of the FG depicted in Figure 10.

(0.4) (0.4)

(0.4) (0.6) (0.4)

(0.6)

Figure 10 (Fuzzy graph compatible with definition 1.5.1) Figure 11 (Complement of

fuzzy graph depicted in Figure 10)

1.6.3 Definition [66]
The complement of an IFG G = (V, E) is defined as

1. Ve =V.
2. §,°=8,andb,;;S =Dy foralli = 1,2, ...n.

3. §2ijC = min(gli, glj) — gZij and 'Dzl'jc = max(Dli,Dlj) — BZij for every l] =12, ..n.



1.6.4 Example

The following Figure 12 is an example of IFG while Figure 13 represents the complement of

the IFG depicted in Figure 12.

(0.1.0.4) (0.1.0.4)

(ro‘t0)

N 0
(0.3.0.5) (0:1.10:5) {0.2,0.5) (0.3.0.5) (01105 (0.2,0.5)
Figure 12 (Intuitionistic fuzzy graph Figure 13 (Complement of Intuitionistic
compatible with definition 1.5.2) fuzzy graph depicted in Figure 12)

1.6.5 Definition [67]
The degree of any vertex of an IFG is denoted and defined by
) = (ds(t), d})(t)) where dg(t) = X S, (ts, tj)and dg (D) = Xz da (L, t)).

1.6.6 Example

Consider a graph G = (V, E) where V = {t;,t,, t3} be the set of vertices and E be the set of

edges. Then the degree of vertices of an IFG in Figure 14 is given below.

£.(0.3,0.2)

(05,03 0399 t,(0.3,0.6)



Degree of vertices of the above Figure 14 is
d(ty) = (0.3,0.6), d(t,) = (0.5, 1.0),d(t3) = (0.4,0.8).
1.6.7 Definition [56]

Let G = (V,E) be a FG. Then its density is defined as

2 Z'_c,wev(gz(t' w)) )

DN(G) = (DNg(6)) = (Z@,W)EE(SKU/\SNW))

1.6.8 Definition [71]

Let G = (V, E) be an IFG. Then its density is defined as

2 Yywe (S2(6w))

DN(G) = (DN4(G), DNg(G)) = | Zawies (gl(o/\gl(w))’
2 wev(P2(tw))
YaweeP1(DVD1(w))

1.6.9 Example

The density of an IFG depicted in Figure 12 is calculated as

2(0.2+0.3+0.1)

2(0.4+0.6+0.2)
—) = 1.6
0.3+0.3+0.3

0.6+0.6+0.3

The density of DN¢(G) = ( ) = 1.3 and DNp(G) = (

1.6.10 Definition [66]

An arrangement of distinct vertices t;, t,, ..., t; is called a path in an IFG if one of the
following conditions is satisfied:
1. §2ij > 0 and DZij =0

2. gZij =0 and BZij >0



3. §2ij > 0 and DZij > 0.

1.6.11 Example

The following Figure 15 is an example of IFG which is explain below.

M t.(03,02) W 5 (02,02)

i i
tg{ﬂ.E,ﬂ.gj (D.2.0,.6) t: [3.3.{].6]

Figure 15 Intuitionistic fuzzy graph

In the above Figure 15, t;, t, and t,, t3 is a path.

1.7 Aggregation Operators of IVIFNs and Their Generalizations

The aggregation operators of IVIFNs and their generalizations discussed in this section.
1.7.1 Definition [28]

The Interval valued intuitionistic fuzzy weighted averaging (IVIFWA) operators of IVIFNs

ti1, tiz, -, tin 1S denoted and defined by

— n W]
1—r(1—sLl]) ,
j=1
n wj |’
b= VIFWAG t o to) = | [17] [1-870)
L j:l
n i/ n Wi
[t ) AL



1.7.2 Definition [28]

The Interval valued intuitionistic fuzzy weighted geometric ( IVIFWG) operators of IVIFNs

ti1, tiz) -, tin 1S denoted and defined by

S

Wj

~
Il
=
u»
=~
~.
1l S
=
w»
()

ti = IVIFWG(tig, tiz, s tin) =

—_
I
.AP-—-I S
> ~
—_
|
wr)
~
<
N—r

1.7.3 Definition [29]

The Interval valued Pythagorean fuzzy weighted averaging (IVPyWA) operators of IVIFNs

ti1, tiz, -, tin 1S denoted and defined by

n Wi
N 2
1—1_[(1_(511)) ’
j=1
n Y ’
t; = IVPFWA(ti1, tizy ooos tin) = 1- (1 - (SUU)Z)
j=1 |
n W]' n Wj
Bty |, HBUU



1.7.4 Definition [29]

The Interval valued Pythagorean fuzzy weighted geometric (IVPyWG) operators of IVIFNs

ti1, tiz) -, tin 1S denoted and defined by

n Wi n Wj
SLij ) SUij )
j=1 j=1
n w;
2
t; = IVPFWG (t;1, tig ., tin) = 1- (1 — (Bty)) )
j=1
n w;j
1 (1- ()"
j=1

1.8 Addition and Multiplication of IVPyFNs
In this section the addition and multiplication of IVPyFNs are discussed.
1.8.1 Definition [29]

The addition and multiplication in an IVPYFNs is denoted and defined as

3) ([8%4,874]. "1, BY41) + ([82,8%;]. [B*5,BY,]) =

([ + @) - 0"

UJ(SUI) +(8%2)" - (312)(5%) J/l

[DL,PL,, DY, DY, ]

4) ([§L1J§U1]J [BLlJBul]) X ([SLZ'SUZ]' [DLZﬂDUZ]) =

[3E,5,,8Y,8Y,],
JBE)2 + (DE,)2 — (BLl)Z(BLz)Z,l
JBY)2 + (BV,)2 — (BV;)%(DY,)?




1.8.2 Remark

Replacing n = 1 reduces the defined score function in the environment of IVIFSs.



Chapter 2

Intuitionistic Fuzzy Graphs of n'" Type with Applications

In this chapter, a new concept of IFGNT is proposed as a generalization of IFGs and
IFGST. Some light has also been shed upon the concepts of constant intuitionistic fuzzy graphs
of second type (CIFGST) and constant intuitionistic fuzzy graphs of n" type (CIFGNT).
Moreover, some basic definitions of and results from IFGNT have been developed, supported
with examples. Besides, the advantages of proposed new concepts over the existing concepts
have been highlighted and a comparative study of new and existing work is established.

Further, an application of IFGNT has been demonstrated in social networks context.

2.1 Intuitionistic fuzzy graphs of n" type

In this section, the notion of IFGNT is discussed with examples. The concepts of subgraph and
complement of IFGNT are also discussed and exemplified. The degree of IFGNT is defined

and illustrated with an example.
2.1.1 Definition
A Pair G = (V,E) is known as IFGNT if

1) V={t,tst3 ..t,} is the set of vertices such that S;:V — [0,1] and P;:V — [0,1]
represents the degrees of membership and non-membership of the element t; € V
respectively with a condition that 0 < Sln(ti) +Db,"(t) <1forallt; eV (i €.

2) ECVxV where $,:VxV—[0,1] and P,:V x V — [0,1] represent the degrees of

membership and non-membership of the element (ti,tj) € E such that Sz(ti,tj) <



min{S; (t;),5:(t;)} and P,(t;,t;) < max{P,(t),D,(t;)} with a condition that 0 <

S,  (tut)) + D"t t)) < Lforall (t,t;) € EG € D).
2.1.2 Example

Consider the following graphs where Figure 16 represents an IFGNT while Figure 17 is not an
IFGNT because of the edge (ts, t,). The vertices in the below figures are purely intuitionistic

fuzzy numbers (IFNs) of n-type for n = 4.

t,(0.8,0.8)

(#'0°9'0)%
(L0‘s'0)4

t,(0.7,0.5)

Figure 16 (Intuitionistic fuzzy graph of nth type)



t,(0.8,0.8)

(+'0'9°0)%
(L'0's0)%

(7, 0:5)
Figure 17 (Not an intuitionistic fuzzy graph of nth type)

2.1.3 Remark
An IFG and IFGST are surely IFGNT but converse is not true in general.
2.1.4 Example

For n = 4, the graph in Figure 16 is an IFGNT but the graph in Figure 17 is not an IFGNT
and clearly shows that none of them is either IFGST nor IFG. Because, for t; = (0.8,0.8), we

have 0.8 + 0.8 = 1.6 < 1 also 0.8%2 + 0.8%> = 1.28 % 1.

2.1.5 Definition

A pair H = (V°,E") is known as intuitionistic fuzzy subgraph of n-type of G = (V,E) if V' c
Vand B’ C Ethatis $,; <3$,:P," =P, and Szl-jo < 85i;iDaij =Dy foralli,j =12, ..n.
2.1.6 Example

The graph depicted in Figure 18 is an intuitionistic fuzzy subgraph of n-type of IFGNT
portrayed in Figure 16. Moreover, the vertices in the below Figure 18 are purely IFNs of n-

type for n = 4.



t;(0.8,0.8)

(L'0's'0)%

t5(0.7,0.5)

2.1.7 Definition

The set of all triplets for vertices is denoted by (V,, S1,P1¢) inan IFGNT G = (V,E) where
Sie ={t; € V:(S1)? = t}and By, = {t; € V: (Py)? < ¢} forsome i.j = 1,2,...n is a subset
of V for 0 < t < 1 and the set of all triplets for edges is denoted by (E;, S,, ;) where S;, =
{(tut;)) EVXV:(S;p2 =1t} and Dy, ={(t;t;) €V XV:(Dyj)? <t} for some i.j=

1,2,..nis asubset of E for 0 < t < 1. Here (V,, E,) is a subgraph of G.

2.1.8 Theorem

If G = (V,E) is an IFGNT. Then (V, E;) is an intuitionistic fuzzy subgraph of (V,,E,) for
any x,ysuchthat 0 < x <y <1.

Proof: Consider t; € Vy then t;;" < xs0 ty;" <y implies t; € V. Therefore, V; € V,. Now,
consider (t;t;) € Ey then t,;; < X S0 t;;™ < y. Therefore, x <y implies (t;,t;) € E, and

hence E; S E,. So, (Vy, Ey) is an intuitionistic fuzzy subgraph of (V,, E, ).



2.1.9 Theorem

Let H = (V,, E;) be an intuitionistic fuzzy subgraph of an IFGNT G = (V, E ). Then for any
0<x<1(Vy,E ) isan intuitionistic fuzzy subgraph of (Vi Ey)

Proof: Given that V,” €V and E, C E. To prove that (VB ) is an intuitionistic fuzzy
subgraph of (Vy, E;). For this we have to show that V;~ € V; and B, CE, Assume thatt; €
v,” implies (8, )" = x implies §;;" = x. Therefore, ($,; )" < $,;" implies t; € V, implies
Vi € Vi

Now consider (t;,t;) € E; implies (Szl-jo)” > % implies (S,;;)™ = %. Therefore, (Szijo)" <
S, implies (t,t;) € Ey implies B, C B, Therefore (VX EX) is an intuitionistic fuzzy
subgraph of (Vy, Ey).

2.1.10 Definition

The complement of an IFGNT G = (V, E ) is defined as

1. V=V.

2. §,=8,;and Py, =Dy, foralli =12, ..n.

3. SZU = min(sli, Sl]) - gZij and Wl} = max(Dli,Dlj) - BZij for everyi.j =12, ..n.
2.1.11 Example

Consider the graphs in Figure 19 and Figure 20, where graph in Figure 20 represents the
complement of graph depicted in Figure 19. Moreover, the vertices in these graphs are purely

IFNs of nth type for n = 3.



t,(0.5,0.7)

(9:0'9'0)%
(8'0'9°0)%

t,(0.7,0.7)

Figure 19 (Intuitionistic fuzzy graph of nth type)

(9°09°0)%
(8'090)4

t,(0.7,0.7)

Figure 20 (Complement of Figure 19)

2.1.12 Definition

Let G=(V,E) be an IFGNT. Then the degree of vertex t is defined by d.(t) =

(ds(D), dp (1)) where dg(D) = TSz (4 u) and dip (1) = ¥y D, (4 ).



2.1.13 Example

Consider an IFGNT depicted in Figure 21 where all the nodes are purely IFNs of nth type for

n = 4. The degrees of all vertices are determined below using Definition 2.1.12.

d(t3) = (0.8,1.3), d(t,) = (1.0, 1.5).

ty, (0.7,.0.9) t2(0.8,0.6)
[ =
il &
(0.5,0.8)
o -
= =
=] o
e !
(0.4,0.7)
= il
t4(0.8,0.5) 1:(0.5,0.6)

2.2 Constant Intuitionistic Fuzzy Graphs of n-Type

This section is based on the novel concept of CIFGNT and CIFGST. These concepts are
illustrated with the help of examples. The notion of total degree and constant function are also

studied and supported with examples.

2.2.1 Definition

An IFGNT G = (V,E) s said to be CIFGNT of degree (k;,k;) or (k; k) —IFGNT if

ds(t;) = k; and dp(t;) = k; forall ¢, t; € V.

2.2.2 Example



The graph portrayed in Figure 22 is an example of CIFGNT where all nodes are IFNs of nth

type for n = 4. The degree of all vertices is same i.e. (0.9, 1.6).

t,(0.7,0.9) t-(0.6,0.7)
s |
(0.5,0.8)
- L)
=) =
S -
o o
e 2
(0.5,0.8)
L |
t,(0.8,0.5) t;(0.5,0.8)

2.2.3 Remark

Definition 2.2.2 reduces to the definition of CIFGST if every element of V and E are purely

IFNs of second type.

2.2.4 Remark

A complete IFGNT need not be CIFGNT.

This remark is demonstrated by the following example.

2.2.5 Example

Consider the following IFGNT depicted in Figure 23 where all nodes are purely IFNs for n =

3. Further, this IFGNT is complete but not constant.



t,(0.7.0.8) t,(0.5,0.7)

(0.5,0.8)

= '(u. 4,0.9)

t,(0.5,0.9) t,(0.4,0.6)

Figure 23(Complete intuitionistic fuzzy of nth type)
2.2.6 Definition

For an IFGNT G = (V, E ). The total degree (z4,7,) of a vertex t is defined as:
(D) = | Y dg, (0 +8,0, ) dp, () +Dy(®
teE teE

If total degree of each vertex is same, then G is called IFGNT of total degree (7, 7,) or (71, T5)-

totally CIFGNT.
2.2.7 Example

Consider an IFGNT in Figure 24 where all the nodes are purely IFNs for n = 2. Further, total

degree of each vertex is (1.5, 2.3).



t,(0.5,0.8) t,(0.5,0.8)

[ |
(0.5,0.8)
'S 'S
o w
o =]
! 3
(0.5,0.8)
[ |
t,(0.5,0.8) t;(0.5,0.8)

Figure 24 (Intuitionistic fuzzy graph of nth type)
2.2.8 Example

Consider an IFGNT in Figure 25 where all the nodes are purely IFNs for n = 3. Further, G is

totally constant.

t,(0.7,0.8) t,(0.7,0.8)
[ ]
(0.5,0.8)
® ]
» -
= =
® @
(0.5,0.8)
[ L]
t,(0.7,0.8) t,(0.7,0.8)

Figure 25 (Intuitionistic fuzzy graph of nth type)
2.2.9 Theorem

Let G be an IFGNT. Then (S,,D;) is a constant function iff the following are equivalent.

1) is CIFGNT.

2) istotally CIFGNT.



Proof. Assume that (S;,D,) is a constant function. Consider S, (t;) = ¢; and B, (t;) = ¢, for
all t; € V where ¢; and ¢, are constants. Suppose that G is a (Ri,kj) —IFGTN.Then dis(t;) =
k; and dp(t) =k, for all t; €V. So, tds(t;) = dg(t) +S:(t), tdp(t;) = dp(ty) +
D, (t), tdg(t) = Ky + ¢, tdp(t;) =k, + ¢, for all t; € V. Therefore G is totally CIFGNT.
Hence (1) = (2) is proved. Now to prove (2) = (1). Suppose G is totally CIFGNT to prove
G is CIFGNT. As G is totally CIFGNT then td.s(t;) = £, tdp(t;) = £, forall t; € V. dis(t;) +
S1(t) =1, dp(t) + Dy (t) =P dg(t) + ¢4 =By, dg(t) =1 — 4. Likewise dp(t) +
b,(t;) =1,,dp(t;) + ¢4, =14, dp(t)) =1 —¢;. Therefor (1) and (2) are equivalent.
Conversely, suppose that (1) and (2) are equivalent i.e. G is CIFGNT iff G is totally CIFGNT.
Assume that (S, ;) is not a constant function. Then S; (t;) # S;(t,), P, (t;) # D, (t,) for at
least t,, t, € V. Let G is totally CIFGNT. Then d.g(t;) = ds(t,) = ky, dp(ty) = dp(ty) = k.
So, tds(ty) =dg(t) +S1(t) =k +5,(t)) and  tdg(ty) =k, +5,(tp). Likewise
tdip(ty) = dip(ty) + P1(t1) = ky + D1 (ty) and tdp(t,) =k, + P, (t,). Therefore, $;(t;) #
S1(t2), P1(t1) # P1(t2). We have tds(ty) # tdg(ts), tdp(ts) # tdp(ts). So, G is not totally

CIFGNT which is contradiction to our supposition. Now, consider G is totally CIFGNT. Then
tdbs(ty) = tds(tz), dg(ts) + S1(ty)

= dig(t2) + S1(t2), ds(t1) — dbs(ts)

= 51(t) — S1(t2) (ie.# 0) dg(ty) # dus(tz)

Likewise, dp(t;) # dop(ty). So, G is not constant which contradiction to our supposition.

Therefore (S;,D,) is a constant function.
2.2.10 Theorem

If an IFGNT G is constant and totally constant. Then (S, D,) is constant function.



Proof. Consider G is (kq,k,) —constant and (74, t,)-totally CIFGNT. Then by definitions
ds(t1) = &y and dop(t1) =k, forty € Vand tdg(ty) = 74, tdp(t) = 7o fort, €V, de(ty) +
Si(t)) =1, forall teV. k; +S;(t;) =7, implies that S;(t;) = (r; —k,), for all t € T.

Hence S, (t,) is constant function. Similarly, P, (t;) = (z, — k;), forall t € V.

2.2.11 Remark

Converse of the Theorem 2.2.10 does not hold. We show this by the following example.
2.2.12 Example

The following IFGNT depicted in Figure 26 where each node is purely IFNs for n = 3 support

the above Remark 2.2.11 i.e. (S;,D;) is constant function, but neither CIFGNT nor totally

CIFGNT.
t,(0.6,0.8) t,(0.6,0.8)
[ _ |
(0.4,0.8)
w w
- =)
@ &
(0.3,0.8)
[ |
t,(0.6,0.8) t;(0.6,0.8)

2.3 Application

In this section, we discussed the application of IFGNT in social networks. It is discussed
that the framework of IFGNT is diverse in nature than that of IFS and IFSST. It allows the

membership and non-membership values to be chosen from anywhere in the interval [0, 1]



regardless of any condition. So, this type of structure can be applied to many real-life problems

with no limitations.

2.3.1 Social networks

We discussed the application of IFGNT in social networks where the relationship
between different countries based on different matters has been studied. We used IFGNT to
determine the level of relationship. For this purpose, we consider different matters that are
important in the relationship of different countries with each other. These includes culture,
area, religion, behavior of peoples, budget for defense expenditure, visa policy, trade, political,

border management and media.

Consider Figure 27 where a list of countries is taken into account and their relations are
studied keeping in mind the above discussed matters in the environment of IFGNT. The
countries are India, Saudi-Arab, Iran, Pakistan, and China. The following graph gives us a brief

information about the relationship of these countries with each other.

(0.7,0.8)

Saudi (0.5,0.8)
arah

(0.6,0.8)
India

- pakistan o
= =
= —~ 2

(0.6,0.7) o

o
b
china Tran
{(0.6,0.7)

(0.7,0.8) (0.7,0.9)



The edge between two countries represent their relation. We list the edge values of each
pair of countries in Table 1. These edges are in the form of IFNNT having a membership and
non-membership grade which mean that if the membership degree is greater compared to the
non-membership degree then the relationship is considered as strong otherwise weak. The
degree of each vertex will give us the strength of relationship of a country with all other

countries.

Country Country Relationship
Pakistan India (04,08
Iran India (06,08
China Saudi-Arab (0.7.0.8)
Pakistan China (05,07
India Saudi-Arab (05,08
Palaistan Iran (06,08
Pakistan Saudi-Arab (05,07
China Iran (06,07

Table 1(relation of every pair of countries in the form of IFNs of nth type)

Now the degree of relation of each country is calculated based on Definition 2.1.12.
The high degree of membership shows the good relation of it with other countries and vice

versa. The degree of relation of each country is listed in Table 2.



Country Degree
Iran (1.8.2.3)
Pakistan (2.0.3.0)
Saudi-Arab (1.1, 1.6)
India (1.5.2.4)
China (1.8.2.1)

Table 2 (Degree of relation of each country determined from Figure 27)

For simplicity, the strength of each vertex is measured by using the effective degree
which is defined as the difference of membership degree and non-membership degree. The

effective degree of each vertex is calculated in Table 3.

Country Score
India -0.9
Saudi-Arab -0.5
Pakistan -1
China -03
Iran -0.5

Table 3 (Effective degree of relation of each country)

From the calculation in Table 3 it is clear that on different matters, china has better
relationship with other countries. The effective degree of Saudi-Arab and Iran shows that their

relationship is not as much stronger compared to china but better than Pakistan and India.



2.4 Advantages

The proposed framework IFGNT generalizes both IFG and IFGST. The main advantage
of proposed framework is that the space of IFGNT is much larger than that of IFS and IFSST
and is free of any barriers i.e. it allows the decision makers to assign membership and non-
membership values from anywhere in the interval [0, 1]. All the works done so far in IFG and
IFGST can be done in the proposed structure of IFGNT. On the other hand, the work
information in the form of IFNNT could not be processed using the notions of IFSs or IFSSTs
because of their limited structures. For example, if we look at Figure 27 of social networks, all
the information is in the form of IFNs of nth type, hence IFGs and IFGST are failed to describe

it.

2.5 Conclusion

In this chapter, the theory of IFGNT, CIFGST and CIFGNT have been proposed. Some
basic graph theoretic concepts are defined for IFGNT and their properties are investigated. The
structure of IFS, IFSST and IFSNT are compared and it is proved that IFSNT generalizes IFS
and IFSST which also prove the generalization of IFGNT over IFG and IFGST. A real-life
application of proposed IFGNT is discussed showing is worth. In future some further
contribution to this theory could be made such as the concepts of cycles, tree could be defined
in this frame work. The minimum spinning tree problems could be discussed along with some
other real-life problems. Further this study could be extended to the directions of soft set theory

and rough set theory to deal with some multi attribute decision making problems.



Chapter 3

An Improved Clustering Algorithm for Picture Fuzzy Graphs and

its Applications in Human Decision Making

In this chapter, we developed a novel clustering algorithm in the environment of PFGs.
The proposed clustering algorithm is an improved version of clustering algorithm of FGs and
IFGs. We thoroughly investigated the existing clustering algorithms proposed in the
frameworks of IFG by pointing out the deficiencies and suggesting a solution which is
applicable in handling real-life scenarios. The proposed clustering algorithm is supported with
the help of a numerical problem discussing those cases which have not been discussed in the
existing algorithms and the results are examined. To develop the new algorithm a study of
PFGs along with some interesting result is established. A comparative study of the new work
with that of existing work is established proving the worth of the proposed new work. Some
drawbacks of the existing concepts and advantages of new theory are also discussed. We ended

with a summary of proposed work and possibly related future work in these directions.
3.1 A Note on Picture Fuzzy Graphs

In this section, the concepts PFG, subgraph of PFG, density of PFG, balanced PFG and
single-valued edge density PFG (SEDPFG) are developed. The defined concepts are supported
with the help of examples and some results based on balanced PFGs are also studied. These

concepts are the essential parts of clustering algorithm proposed in Section 3.4.



3.1.1 Definition

A pair G = (V,E) is known as PFG if

V denotes the set of vertices such that S;:V — [0,1],1,:V — [0,1] and P;:V —
[0, 1]denote the degrees of membership, abstinence and non-membership of vertex t; €
V respectively with a condition 0 < S; +1, + b, < 1foranyt; e V(i € I).

EcVxVwhereS,:VxV —[0,1],1,:VxV — [0,1]and P,:V XV —

[0,1] denote the degree of membership, abstinence and non-membership of
edge(t;,t;)) eVxV  such  that  S;(t,t;) < min[S; (%), S:(t)] L(tt)) <
min[f; (t,),1;(t;)] and D, (t;, t;) < max[D; (%), D4 (t;)] with a condition that 0 <

S, +1, + P, < 1. Moreover, 1 — (5;; + 1;; + D;;) denotes the refusal degree.

3.1.2 Example

Consider the two graphs below where the one depicted in Figure 28 is a PFG while the one

depicted in Figure 29 is not a PFG.

t (0.2,0.2,0.3) 0.3.0.2)

LED "0 "0l
LE D "E Ol o

(0 2:0.3.0.3)

t,(0.4,0.3,0.3) $;(0.3,0.5.0.2)

Figure 28 (picture fuzzy graph)



t,(0.2,0.2.0.3)

(30,3, L2)

fy(0.3,0.5,0.2) (02, 0.3, 0.2)

Figure 29 (Not a picture fuzzy graph)
3.1.3 Definition
Anpair H = (V',E') is said to be picture fuzzy subgraph (PFSG) of aPFG G = (V,E) if V' € V
and E’ c E that is Sli’ < glijll', < Tlii Dli, = Bli and §2ij, < §2ij’ TZij, < izij,Dzij, = DZij
foralli,j=1,2,..,n

3.1.4 Definition

The density of a PFG G = (V, E) is denoted by D(G) = (Ds(G), D;(G), Dp(G)) and defined as:

2% wey (326 w))
St ($1(DAS W)’

D(&) = (Ds(6), (6, Dy(®) = | _2Zuwey (126 w)) a
Z(ew)ek (T1 (DAL (W)) ’
2 Z'_c,WEV(BZ (t, W))
Z(t,w)EE(Dl (OVD;(w))

3.1.5 Example
The density of PFG depicted in Figure 28 is calculated as:

2(02+02+02+01+02+02) .
024+034+024+02402+02

Ds(G) =



2(034+0.3+02+02+03+02)
03+034+02+02+03+02

Di(G) =

2(024+03+4+03+4+03+0.3+0.2) _

Dy (G) = = 1.88
b(G) 0.2+ 03+ 03+03+0.3+0.3

D(G) = (1.69,2.0,.1.88).
3.1.6 Definition

A PFG G=(V,E) is balanced if D(H) < D(G) that is Ds(H) < Dg(G),D;(H) <
D;(G) and Dy (H) < Dy(G) for all subgraphs H of G.

3.1.7 Definition

A PFG G = (V,E) is said to be complete PFG if S,(t;,t;) = [S:(t) A Si(t))], (ki t) =
[T A T1i(t)] and Dy (i, t;) = [P1(t) v Dy(t;)] forevery t,t; € Eand aPFG G = (V,E)
is said to be strong PFG if S;(t;,t;) = [S1(t) A Si(t))], L(tt;) = [L ) A T1(t;)] and
D,(ti,t;) = [P1(t) v Dy(t;)] for every t,t; € E. Further, the complement of a PFG G =

(V,E) is represented by G¢ = (V¢, E€) and defined by

1. Ve=V.

2. 5;(t)° =51t L (1) = 11 (t), D1 (1) = D1 (t), Vt € V.

3. 8a(tu )" = [S200) ASa(t)] = 8ot 1)) Lt ) = [L(0) A T2(t))] —Ta(tity)  and
P, (tt;)" = [D2(t) Vv Do(t))] =Dt t)) Vst € E.

3.1.8 Theorem

Every complete PFG is balanced.

Proof. Let G = (V, E) be a complete PFG. Then we have

§2 (tw) = §1 (t)/\§1 (w)



Lt w) = (AL (w)

b,(t,w) =D, (D VD (w).

Because,

Yewey(S2(t W) = Xy (S1(DAS (W)
Sowev(T2 (6 W) = T ezda (DAL (W) and

iwey(P2(t W) = X w)ee(P1(DVD1 (W)

Now
ZtheV (Sz (t, W)) 2 thev I 2 (%, W) \
(@) = | Zamet (1 OASW)) s (LOALW)) |
k 2% weV(Bz(t W)) /
Y wet(P1(OVD (W)
(2 2:(t,W)EE t)/\gl(w)) 2 Z(gw)eé (il (t)/\T1 (W)) \‘
= 2:(t,W)EE (:AS (t)/\sl(w)) Z(gw)eé (Tl(t)/\f1(W)) , |
k 2% ewyee(P1(DVD; (W) /
Y ewet(P1(OVD; (W)
= (2,2,2)

Let H be a PFSG of G. Then D(H) = (2,2,2) and hence G is balanced.
3.1.9 Remark

For the above Theorem, converse statement is not true.



3.1.10 Example
The graph in Figure 30 is balanced but not complete.

t (G, O, 0. ) G (0.5,0.1,0,.4)
Bl ]
(@375, 0,0.3)
= in
=1 -+
[ e
-] B
e o
w ]
Lo
(D225, 0.0, 45}
[ £
(0.3, 0.1, 0.3 t, (0.3, 0,0.6)

Figure 30 (Balanced picture fuzzy graph but not complete)

D(G) = (Ds(6), Di(6), Dp(G)) = (1.5,0,1.5)

Let H; ={t;, 0}, H, = {t;, 3}, H3 = {ts, ta}, Hy = {t2, 3}, Hs = {tp, tu}, Hg = {t3, tu}, H; =
{t1, 12t} Hg = {tu, t3, ta}, Ho = {t1, t2, ta}, Hio = {t2, t3, T4}, Hi1 = {t1, 12, t3, 84} be @ non-

empty subgraphs of G.
Now we find the densities of all subgraphs:

D(H,) = (1.5,0,1.5), D(H,) = (0,0,0), D(Hs) = (1.5,0,1.5), D(H,) = (1.5,0,1.5), D(Hs) =
(0,0,0), D(Hg) = (1.50,1.5), D(H,) = (1.5,0,1.5), D(Hg) = (1.5,0,1.5), D(H,) =

(1.5,0,1.5), D(H,,) = (1.5,0,1.5) and D(H,,) = (1.5,0,1.5).

Hence, G is balanced PFG as D(H;) < D(G) for i = 1,2,...n. So, it is observed from above

graph that
S2(tw) # S;(DAS; (W)
L w) = LOAL W)

b,(tw) # B,(D VD, (w)



Which shows that G is not complete. Hence, we proved that G is not complete but balanced.
3.1.11 Corollary
All strong PFGs are balanced.

3.1.12 Definition

If G = (G°). Then G is considered as self-complementary PFG.
3.1.13 Theorem

For a self-complementary PFG, the density of G is D(G) = (1,1,1).

Proof. Straightforward.
3.1.14 Theorem

Let G = (V, E) be astrictly balanced PFG and G¢ = (V¢, E) be its complement. Then D(G) +

D(G) = (2,2,2).

Proof. Proof is straightforward.
3.1.15 Definition

Let G,=(Vy, E;) and G, = (V5, E;) be two PFGs. A homomorphism f: G, — G, is a bijective

mapping f: V; — V, which satisfies the following conditions:

L Si(t) < S (f(t)), L (t) < L (F(t)) and By (1) = D, (f (1))
2. S;(usty) < S;(f(uy), f (1)), Lut) < L(Fw)f (1) and by(usty) =

D,(f(uy), f(t,)) forallt; € V; and uy, t; € E;.



3.1.16 Definition

Let G,=(Vy, E1) and G, = (V,, E;) be two PFGs. An isomorphism f: G, — G, is a bijective

mapping f:V, — V, which satisfies the following conditions:

Lo 8i(t) = S2(F(t), I (ty) = L.(F (1)) and B, (t1) = Do (f (1))
2. S1(uity) = S;(f (ug) F(t)), I (uaty) = L (f (ua)f (t1)) and By (usty) = Do (f (wy) f (t1))

forall t; € V; and ust; € E;.
3.1.17 Theorem

Let G, = (V. E;) and G, = (V,, E,) be two isomorphic PFGs. If G, is balanced, then G, is

balanced.

Proof. Let f:V, — V, be a bijection such that for every u, t € V;
5,0 =8i(F®)

L =LW®)

b:() =D1(f (D)

S2(tw) = S3(f (D), fF (W)

Lew) =L(f®,fw)

D, (tw) = D3(f V), f(W))

Then

Tewev, S1(0) = Zpwey, S1(V)

Tewev, 1(®) = Tpwey, 1)

Z'g,wevl b,(») = Zgwevz D;(D



and

Yiwev, S2(6 W) = Tpwey, S5t w)
Yiwev, (W) = Dewey, (G w)
Yiwey, P2(tw) = X wey, D3 (L w)

IfH, = G (V(Hl), E(Hl)) is a PFSG of G, and H, = G (V(Hz), E(HZ)) is a PFSG of G, where

for every t,w € V(H;) we have
S =81(f®)
INGESHIG)

B (1) = Pi(f (V)

and

S2(tw) = S3(F (D), f (W)
Lew) =L(f©,fw)

D, (tw) = B3 (f(©), f(w))

Since G, is balanced so D(H,) < D(G,) i. e. Ds(H,) < Ds(G,), D;j(H,) < D;(G,) and

Dp(H,) < Dy(Gy). Now

2 Buwerom $:EW)  _ 2 Tgwer, 36 W)
S et SO ASW) ~ Zguer, 1O ASHW)

2 Zg,wev(Hl) i; (tw) < 2 Zgwevz i; (tw)
Zewyekmn LO ALW) — Xewyer, 1O AT (w)

and



2 Zt,weV(Hl) B; (t,w) < 2 Zgwevz D; (tw)
Yaewyebw) P1O ADTW) ™ Xwyer, P1(D A DI (W)

Z(pw)eE(Hl) ST AST(w) Z(;,w)eél SI®O AST(w)

2 Zt,weV(Hl) i2 (tw) < 2 Zgwe\/1 T1 (tw)
Zewyekwn HOALTW) — Zwyer, 1O ATT(W)

and

Z(g,w)eE(Hl) bi(® ADbI(w) — Z(g,w)eél bi(H) Ab1(w)

i.e. Ds(Hy) < D3(Gy),Di(Hy) < D;(G;) and Dyp(H;) < Dp(G,) because D(H;) < D(Gy).

Hence G, is balanced.
3.1.18 Definition

Let G = (V,E) be a PFG. The index matrix representation of PFG is of the form [V, E,(G) <

V x V], where V = {ty, t,, t3, ...t} and

t t2 th
L o El (511,P11) (glzﬂDlz)...(gln'Dln)
En(G) = {(Sij'lij'Dij)} =21 (S21,P21) (522'922)___(5211»9211)
(% e e
(Snl' Bnl) (Snz' Dnz) (Snn; Dnn)
Where (S;;,1;;,D;;) € [0,1] x [0,1] x [0,1] and (i,j = 1,2, ...,n). An edge between two

vertices t; and t; is indexed by (S;;,1;;, By).

3.1.19 Definition

Let G = (V,E) be a PFG. Then the edge density of an edge e of G is defined as



2 (Sz(t, w)) 2 (Tz (t W)) 2(D,(t,w))
Y wek S1OAS (W) Twyes (L OAL (W) " ey (P1 (VD1 (W)

DG(e) = (2)

3.1.20 Definition

APFG G = (V, E) with edge density on its each edge is called edge density PFG of G and is

denoted by EDPF(G).

3.1.21 Example
The edge density PFG of the graph depicted in Figure 28 is given in Figure 31.

t,(0.2.0.2.0.3) £2(0.2.0.3.0.2)

(IZ0'C0%Z0)
(Z0'E0FZ0)

(0.24.0,3.0.22

£ {0.4.0.3.0.3) t3(0.3.0.5.0.2)

Figure 31(Edge density picture fuzzy graph)
3.1.22 Definition

The single valued edge density of an edge e of a PFG G = (V, E) is defined as:

2(8.w)
. Z(t,w)eé(gl(t)/\gl(w))
SED(e) = - 3)
( 2(D,(t,w)) )+ 2 (1. w))

Z(;,W)EE(D1 (OVD;(w)) Z(LW)EE(L ® /\Tl (W))




3.1.23 Definition

A PFG G = (V, E) with single valued edge density on its each edge is called single valued

edge density PFG and is denoted by SEDPFG.

3.1.24 Definition

The single valued edge density of picture fuzzy matrix (SEDPF,,) is defined as

SEDPF,(G) = [D;;] where

‘ 2(8,(w))
Z(t,w)eﬁ(gl(o/\gl(w))
fort#w
P =) ( 2(B,(t,w)) ) 2(1,(w) (4
Z(LW)EE (B1(HVD1 (W) Z(t,w)eé(n (DAL (W))
\ 0 fort=w

3.1.25 Example
The SEDPF,, of PFG defined in Figure 28 is given by:

t [ bt tz  t ]
] | 0 023 059 047
SEDPF,(G) =21023 0 047 0.39]
t3 [0.59 047 0 039

41047 039 039 0

The next section briefly illustrated the clustering algorithm for PFGs and its applications in

human decision-making.

3.2 Pre-Existing Study on Clustering in the Environment of FG and IFG and Some

Challenges

This section is divided into three subsections. In the first subsection, the clustering

algorithms of FG and IFG proposed by [117, 118], are discussed followed by numerical



examples. In the second subsection, some lapses are pointed out in while working in the

environment of FG and PFG and their solutions are proposed.
3.2.1 Fuzzy Clustering Algorithm [117]

In this subsection, the clustering algorithm in the environment of FGs followed by an example

for demonstration of the algorithm.

1. Establish the edge density fuzzy matrix EDFy,(G) with m vertices.
2. Based on step one, establish the single-valued fuzzy matrix SEDF,,(G).

3. Now for the SEDF (G), construct the narrow slicing.

Here arise two cases:

Case 1: If SEDF (G) is balanced. Then SEDF(G) = SEDF (G,).
Case 2: If SEDF (G) is not balanced. Then proceed as follows:

a) For every row of SEDF,,(G), find the sum of its entries.

b) Chose the least value corresponding to a vertex t in SEDFy, (G).

c¢) Develop an induced subgraph i.e. SEDF (G;) with the help of remaining vertices.

d) Repeat step (a), (b) and (c) and continue doing so until the selection of m — 1 vertices.

e) Arrange the vertices obtained in each step into groups.

f) Thus, we have obtained narrow slicing of SEDF (G).

4. In order to compute the t-edge components of SEDF (G), we proceed as follows:

a) From SEDF(G) obtained a SEDF,,(G).

b) Utilizing the concept of edge cohesiveness and by grouping the vertices into clusters, a

minimal t-edge connected subgraph is obtained.

Now an example is presented in support of the above algorithm in which a human decision-

making problem is illustrated.



3.2.2 Numerical Example

Consider a FG having five vertices and each vertex is connected with the other in Figure
(32). The five vertices represent five different attributes among which a group of human needs
to decide which of them are substantial for assigning a good brand or object. Here we used the
notions of FG to solve the problem of determining best attributes among the list of attributes.
In our case, the five vertices t;, t,, t3, t, and ts represents the attributes Quality, Service, Price,
Technology, and Advertisement respectively. The fuzzy clustering algorithm is demonstrated

stepwise below.

h{.i] (0.1) t3(0.3)

Figure 32 (fuzzy graph based on information of human opinion)

Step 1. First, we used the concept of edge density of FGs [117] to obtain an EDF,,(G).

t,[ b t2 t3 ta ts
ol 0 0167 0167 0167 0.083
. 210167 0 0167 025 0.083
=t
EDy (G) Zlo167 0167 0 0.083 0.083|
'4[0.167 025 0083 0 0.083J

ts 0.083 0.083 0.083 0.083 O

Step 2. The sum of every row is calculated and listed in Table 4



0.584 0.167 0.5 0.583 0.332

Table 4(Sum of values in SEDF matrix)

t,(0.3)

t,(0.5) (0-083)  t(0.3)

Figure 33 (Single-valued edge density fuzzy graph)

Based on calculations in Table 4, the least value occurs for row 1. Hence, we have the first
cluster ¢; = ({t;}, {t,, t3, ts, ts}). Now the SEDF,,(G)induced by the remaining vertices is

denoted by SEDF,,(G;) and is given by:

tz[ £ t3 ts ts '|
| 0 0167 025 0083
. l0.167 0 0.083 0.083!
-4l0.25 0.083 0 0.083J

510.083 0.083 0.083 0

Proceeding similarly, we have

0.5 0.33 0.42 0.25

Table 5 (Sum of values in SEDF matrix)



Based on calculations in Table 5, the least value occurs for row 2. Hence, we have the second
cluster C, = ({t,},{ts,ts, ts}). Now the SEDF,,(G)induced by the remaining vertices is

denoted by SEDF,,(G,) and is given by:

t3 t4 ts

t3
.v_2| o 0083 0083
SEDIFy(G2) =t4] 0083 0 0.083

00083 0083 0

Proceeding similarly, we have C, = ({ts}, {ts}, {tsD) and

{({t1} {tz, t3, ta, ts3), ({t2}, {ts, ta, ts3), ({ta}, {ta}, {tsD}is the required narrow slicing. It is
clear that SEDIF,,(G,) contains C3,5 = 0.083. Hence, the parameters service and Technology
corresponding to t3, t, and ts respectively are the factors that influenced the consumer decision

for a brand.
Now we moved towards step 3 where t-edge components of SEDF (G) are evaluated.

Step 3. For various values of 7, the t-edge components of SEDF,,(G)are shown in Table 6.

T T —edge components
(0.25, o] ({t 1 {tz} {ta}, {t 1. {tsD
(0.167,0.25] ({ta, te tsd, {ta ), {£2)
(0.083,0.167] ({t2, ta, tas tsd {82 D)
(0,0.083] ({tt2 tas ta t51)

Table 6 (t-edge component of fuzzy graph)

Now we discussed the clustering algorithm for IFGs proposed by [118].



3.2.3 Intuitionistic Fuzzy Clustering Algorithm [118]

In this subsection, the clustering algorithm in the environment of FGs followed by an example

for demonstration of the algorithm.

1. Establish the edge density intuitionistic fuzzy matrix EDIF,,(G) with m vertices.
2. Based on step one, establish the single-valued intuitionistic fuzzy matrix SEDIF,,(G).

3. Now for the SEDIF (G), construct the narrow slicing.

Here arise two cases:

Case 1: If SEDIF(G) is balanced. Then SEDIF (G) = SEDIF (G,).
Case 2: If SEDF(G) is not balanced. Then proceed as follows:

a) For every row of SEDIF,,(G), find the sum of its entries.

b) Chose the least value corresponding to a vertex t in SEDIF, (G).

c) Develop an induced subgraph i.e. SEDIF (Gq) with the help of remaining vertices.

d) Repeat step (a), (b) and (c) and continue doing so until the selection of m — 1 vertices.

e) Arrange the vertices obtained in each step into groups.

f) Thus, we have obtained narrow slicing of SEDIF (G).

4. In order to compute the t-edge components of SEDIF (G), we proceed as follows:

a) From SEDIF(G) obtained a SEDIF,,(G).

b) Utilizing the concept of edge cohesiveness and by grouping the vertices into clusters, a

minimal t-edge connected subgraph is obtained.

Now an example is presented in support of the above algorithm for IFGs in which a human

decision-making problem is illustrated.



3.2.4 Numerical Example

In this numerical example, we consider the same problem as discussed in FGs but with

intuitionistic fuzzy information. Consider the graph in Figure 34.

t,(0.3,0.5)

]

L(0.5.0.4) (0.L0.2) t(0.3,0.6)

Figure 34 (Intuitionistic fuzzy graph based on information of human opinion)

Step 1. First, we used the concept of edge density of IFG [118] to obtain an EDIF,(G).

t t2 t3 t4 ts
(0,1) (0.167,0.039) (0.167,0.12) (0.167,0.078) (0.083,0.078)
5D, (6 = | (01670039)  (01)  (01670039) (0.250.039) (0.083,0.078)

M 01 (0.167,0.12) (0.167,0039)  (0,1)  (0.083,0.078) (0.083,0.12)
1':5 (0.167,0.078) (0.25,0.039) (0.083,0.078) (0,1) (0.083,0.16)
"1(0.083,0.078) (0.083,0.078) (0.083,0.12) (0.083,0.16) (0,1)

6
t2

And based on SEDIF (G) depicted in Figure 34, the EDIF,,(G) is developed.

t, t t2 t3 ta ts
éz[ 0 428 1.39 2.14 1.064]

: 428 0 428 641 1.064
=t

SEDIFy(G) f' 139 428 0 1.064 0.69

-4[2.14 641 1.064 0 0.52J

511064 1.064 069 052 0

Step 2. The sum of every row is calculated and listed in Table 7.



8.87 16.03 7.42 10.13 3.34

Table 7 (Sum of values in SEDIF matrix)

t,(0.5.0.4) (1064  t,(0.3,0.6)

Figure 35(Single-valued edge density intuitionistic fuzzy graph)

Based on calculations in Table 7, the least value occurs for row 2. Hence, we have the first
cluster C; = ({t,}, {t1, t3, t4, ts}). Now the SEDIF,,(G) induced by the remaining vertices is

denoted by SEDIF,,(G,) and is given by:

[ =1 t3 ts ts

| 0 139 2.14 1.064|
l 1.39 0 1.064 0.69 |
[2.14 1.064 0 0.52J
1

064 0.69 052 0

ot
[uN

SEDIFy(Gy) = {

ot (s
u A w

Proceeding similarly, we have



4.59 3.15 3.73 2.28

Based on calculations in Table 8, the least value occurs for row 1. Hence, we have the second
clusterC, = ({t;}, {t3, t4, ts}). Now the SEDIF,,(G)induced by the remaining vertices is

denoted by SEDIF,,(G,) and is given by:

t3 ta ts

_t,| O 1064 0.69
“411.064 0 052
“L.69 052 0

t3
SEDIFy (G,)

Proceeding similarly, we have

1.75 1.59 1.21

Based on calculations in Table 9, the least value occurs for row 3. Hence, we have the third
clusterC; = ({t3}, {ts, ts}). Now the SEDIF,,(G)induced by the remaining vertices is denoted

by SEDIF,(G3) and is given by:

. t t4- t5
SEDIF,(G3) = £4 0 0.52
*los52 0

Proceeding similarly, we have C, = ({t,}, {tsD) and

{({tz}, {tlf t31 ta) tS})l ({tl}f {tBI L4 ts}), ({t3}f {tél-' tS})’ ({t4}' {tS})} is the reqUired narrow

slicing. It is clear that SEDIF,,(G3) contains C,s = 0.52. Hence, the parameters service and



Technology corresponding to t, and ts respectively are the factors that influenced the consumer

decision for a brand.
Now we moved towards step 3 where t-edge components of SEDIF (G) are evaluated.

Step 3. For various values ofz, the t-edge components of SEDIF,,(G)are shown in Table 10.

T T —edge components
(6.41, o] (Lt 3 {t} {ta), {tad {ts D)
(4.28,6.41] ({te, ts2, {1t} {ta} {621)
(2.41,4.28] ({ta, te, ts 3 Ity 3, {t21)
(1.39,2.41] ({1 ta ta, ts 1, {12 1)
(0,1.39] ({ty, ta, ta, te, ts 1)

Now we discussed the parameters of IFG and pointed out the limitation in it.

a. Parameters Assigning for Intuitionistic Fuzzy Graphs

In [118], a human decision-making problem is portrayed using the concept of FGs and
IFGs. In the problem that is solved in the environment of IFGs, human opinion was established
about 10 brands under some attributes such as quality (Q), service (S), price (P), technology
(T) and advertisement (A). It is discussed that human decision about a brand could be yes or no
or between yes or no, i.e., hesitancy. The human opinion is taken in the form of intuitionistic

fuzzy numbers (IFNs). The influence chart of human-decisions is given as follows:



S. | Bramds | Quality | Service Price | Technology | Advertisement
No Q) (8) (P) () (A)
1 i @b ? - ® -
2 Y, o @ S S o
3 Ya S] S e e S
4 Y, i ) ® ® @
5 i e ) ? ® e
6 Y, ? = e @ S
7 Y, ? e e e 2
8 Ya e & 2 ? 2
0 T & & @ e
10 ¥io S ? = & 2

Table 11 (Chart representing human opinion about brands [118])

This problem was modelled using IFGs where vertices are represented by the attributes

Q, S, P, T and A, and the edges show the relation of these edges. The opinion yes, no and

hesitancy are symbolized respectively by @, © and ?. Some rules were set which are:

e All +te values were considered as membership of a vertex.

e All —te values were considered as non-membership of a vertex.

e All values marked as ? were considered as hesitancy degree of a vertex.

e All +te values of consecutive vertices are termed as membership value of an edge.

e Difference in —te values of consecutive vertices is termed as non-membership value of

an edge.




b. Limitations Occurred in Assigning Parameter for IFGs and Solution to Overcome

these Limitations:

By observing Table 4, it becomes clear that the approach of [117, 118] to assign
parameters for FGs and IFGs are good enough, but it could not explain some aspects which
somehow effects the reliability of model. Here are some reasons based on which IFG is of

less significance.

e The model assigned values to membership, non-membership and hesitancy but refusal
degree was ignored.

e The abstinence or neutral value has not been discussed in the model.

e The refusal degree of an edge has been defined.

e For edges @, @ is considered as membership degree of an edge while ©, @ is considered
as non-membership degree but the cases like(®,0),(©,0),(®,?7), (©,?) and (?,?)

have not been given any attention.

The reason behind these types of limitations is the structure of IFSs i.e. in an IFSs one only
models the membership, hesitancy and non-membership degree. To overcome the situation, in
this article we developed the clustering algorithm in the environment of PFGs. A PFSs is the
only framework which described not only the membership and non-membership degree of an
element but it also described the abstinence and refusal degree and is considered as very much
suitable to model human opinion. We took the problem defined in [118] to the environment of
PFGs and solved the decision-making problem. Now we discussed some basic graph theoretic

concept in the field of PFGs.

Now we present the algorithm in the environment of PFG and illustrate it with the help of an

example.



3.3 Edge Density Picture Fuzzy Clustering Algorithm

In this section, we provide an algorithm for clustering in the environment of PFG, a

flowchart to describe the steps of algorithm and demonstration for the parameter of PFGs.
3.3.1 Picture Fuzzy Clustering Algorithm
A detailed picture fuzzy clustering algorithm is described as follows:

c) Establish the edge density picture fuzzy matrix EDPFy,(G) with m vertices.
d) Based on step one, establish the single-valued picture fuzzy matrix SEDPF,,(G).

e) Now for the SEDPF (G), construct the narrow slicing.

Here arise two cases:

Case 1: If SEDPF(G) is balanced. Then SEDPF(G) = SEDPF (G,).
Case 2: If SEDPF(G) is not balanced. Then we proceed as follows:

g) For every row of SEDPF,(G), find the sum of its entries.

h) Chose the least value corresponding to a vertex t in SEDPF,,(G).

i) Develop an induced subgraph i.e. SEDPF (Gy) with the help of remaining vertices.

j) Repeat step (a), (b) and (c) and continue doing so until the selection of m — 1 vertices.

k) Arrange the vertices obtained in each step into groups.

I) Thus, we have obtained narrow slicing of SEDPF (G).

f) In order to compute the t-edge components of SEDPF (G), we proceed as follows:

g) From SEDPF(G) obtained a SEDPFy,(G).

h) Utilizing the concept of edge cohesiveness and by grouping the vertices into clusters, a

minimal t-edge connected subgraph is obtained.



3.3.2 Demonstration of Parameters for Picture Fuzzy Graphs

Consider the collection of m attributes and n number of people are involved to vote in favor,
vote against, remain abstain or did not vote. Such a phenomenon can be modeled using the
concept of PFGs where each attribute will denote a vertex of the PFG and the relation between
them is considered as an edge of PFG. In the following we demonstrate the meaning of each

component of vertices and edges of PFGs.

o A vertex t; is of the shape (5,1, D) where S & D denote the number of people who voted
in favor (against) respectively while T denote the people whose vote is not counted at all
and the term 1 — Sum(S,1,D) = r denote the people who did not vote at all i.e. who
refused to vote to any option.

e Anedge ey, is having the form (S, 1, Dj ) where S, denote who vote for bothj & k, T,
denote the people whose remain abstained for jk while bj, denote the people who voted
against jk. The term 7y, = 1 — Sum(S;y, I;x, Djx ) denote the people who did not vote to

any jk.

A flow chart of the algorithm proposed is depicted in the next subsection.



3.3.3 Flow Chart:

Start

4

Input [Evaluation of Objects by
Human in the form of PFG)

hd

Compute EDPF(G) and
SEDPF(G)

[ Not Balanced ]l—[ IfSEDPF(G] is ]—"

[ Construct SEDPF,(G) ] Stop

Compute 5um along each

row in SEDPFy,(G) "

Continue

b4 until the

Select the minimum value corresponding tov; | | selection
in SEDPF,,(G) and geta cluster C; of (m —1)

l vertices

Construct induced SEDPF,(G;)
based on remaining vertices Stop

Figure 36 (Flow chart of picture fuzzy clustering algorithm)

Now we illustrate the proposed algorithm with the help of a numerical example where we

assumed a picture fuzzy decision graph based on the demonstrated theory.
3.3.4 Numerical Example:

Consider a PFG having five vertices and each vertex is connected with the other. The
five vertices represent five different attributes among which a group of human needs to decide

which of them are substantial for assigning a good brand or object. We use the approach of



clustering algorithm for PFGs to solve the problem of determining best attributes among the
list provided. In our case, the five vertices t;, t,, t3, t, and tg represents the attributes Quality,
Service, Price, Technology and Advertisement respectively. The picture fuzzy clustering

algorithm is demonstrated stepwise below.
t;(0.3,0.2,0.5)

{0, 1,0 1,0.2)

t,(0.5,0.1,0.4) t;(0.3,0.1,0.6)

Figure 37 (Picture fuzzy graph based on information of human opinion)

Step 1. First, we used Eq. (1) to obtain an EDPF,(G).

t1 t2 t3
(0,0,1) (0.167,0.29,0.039)  (0.167,0.14,0.12)
(0.167,0.29,0.039) (0,0,1) (0.167,0.14,0.039)
(0.167,0.14,0.12) (0.167,0.14,0.039) (0,0,1)

%11(0.167,0.14,0.078)  (0.25,0.14,0.039)  (0.083,0.14,0.078)

. 21(0.083,0.29,0.078) (0.083,0.29,0.078)  (0.083,0.14,0.12)
EDM(G) = t-:3 t4 t5
t - .
iy (0.167,0.14,0.078)  (0.083,0.29,0.078)
*5

(0.25,0.14,0.039) (0.083,0.29,0.078)

(0.083,0.14,0.078)  (0.083,0.14,0.12)
(0,0,1) (0.083,0.14,0.16)

(0.083,0.14,0.16) (0,0,1)

And based on SEDPF (G) depicted in Figure 37, the EDPF,,(G) is developed.



[ 4 t2 ts ta ts
{:2 0 0.51 0.64 0.77 0.23
SEDPF,(G) < t.|051 0 093 140 023

([ 064 093 0 038 0.022
41 0.77 140 0.38 0 028

51023 023 0022 028 0

Step 2. The sum of every row is calculated and listed in Table 12.

2.15 3.07 1.972 2.83 0.762

Table 12 (Sum of values in SEDPF matrix)

t,(0.3,0.2,0.5)

t,(0.5.0.1,0.4) t;(0.3,0.1,0.6)

Figure 38 (single-valued edge density picture fuzzy graph)

Based on calculations in Table 12, the least value occurs for row 5. Hence, we have the first

cluster C; = ({ts}, {t1, t2, t3, t4}). Now the SEDPF,,(G) induced by the remaining vertices is

denoted by SEDPF,,(G,) and is given by:

tl[ t1 t G 1 '|

&l 0 051 064 077

SEDPF,(G,) =él 051 0 0.93 1.40]
31064 093 0 0.38J
-4[0.77 1.40 0.38 0



Proceeding similarly, we have

ty ty ts ty

1.92 2.84 1.95 2.55

Based on calculations in Table 13, the least value occurs for row 1. Hence, we have the
second clusterC, = ({t;}, {t, t3, t4}). Now the SEDPF,,(G) induced by the remaining

vertices is denoted by SEDPF,,(G,) and is given by:

t2 3  ty

t2
. : 0 093 1.40
SEDPFy(G2) =% 093 0 038

Y0140 038 o0

Proceeding similarly, we have

2.33 1.38 1.78

Based on calculations in Table 14, the least value occurs for row 3. Hence, we have the third
cluster C; = ({t3}, {t,, t4}). Now the SEDPF,,(G) induced by the remaining vertices is

denoted by SEDPF,,(G) and is given by:

_ Ll b
SEDPFy(G3) = 2| 0 0.38
“10.38 0



Proceeding similarly, we have C, = ({t,}, {t,}) and

{{tsd {to, ta, ta, ta D), () {to s, ta ), ({t3), {ta, ta]), ({2}, {ts}) }is the required narrow
slicing. It is clear that SEDPF,,(G3) contains C,, = 0.38. Hence, the parameters service and
Technology corresponding to t, and t, respectively are the factors that influenced the

consumer decision for a brand.
Now we moved towards step 3 where t-edge components of SEDPF (G) are evaluated.

Step 3. For various values ofz, the t-edge components of SEDPF,,(G)are shown in Table 15.

T 7 —edge components
(1.4, 0] (e 3 {2} {tsh {ted {tsD)
(0.93,1.4] ({ta, ted {1y} {t), {t61)
(0.77,0.93] ({to, ta tad {63 {E5D)
(0.64,0.77] ({t1, ta, ta, ted, {ts D)
(0,0.64] ({ts, t2 ta, ta ts1)

3.4 Advantages of Picture Fuzzy Clustering over Fuzzy and Intuitionistic Fuzzy

Clustering

It is already discussed in Section 3.3.2 that a PFG handle model the human opinion with the
help of four membership functions denoting membership, abstinence, non-membership and
refusal degree. On the other hand, and IFG uses two kinds of values to describe an imprecise
event while a FG has only one kind of membership grade. We refer to the PFG depicted in
Figure 37. If the abstinence values are dropped, the IFG used in Section 3.2.4 is obtained.

Similarly, if we dropped the values of non-membership and abstinence grades both, the FG



used in Section 3.2.2 is obtained. Now we analysed the results obtained in case of FG, IFG and

PFG to show the superiority of PFG over IFG and FG.

Clustering results using FG obtained in Section 3.2.2 are:

({t1} {t2, t3, ta, ts 1),
({tz }; {t3! 1.:4-' t5 })'
({ts} {ta} {tsD)

Clustering Results using IFG obtained in Section 3.2.4 are:

(({tz}: {t1, ts, ta ts}):\

({t} {ts, tar ts ), }
({t3}, {ts, ),

(AR,

Clustering Results using PFG obtained in Section 3.3.2 are:

(({ts}: {t, t2, ts, t4}):\
{ ({tu}, {t2, ta, ta ), }
({ts} {t2, ta ),
({t23 {taD)

The results clearly show that results obtained using IFG are improved than FG while results
obtained using PFGs are improved than FG and IFG. Hence the clustering approach in the
environment of PFG is relatively effective than FG and IFGs. Further, information provided in
both fuzzy environment and intuitionistic fuzzy environment can be processed using the

concept of PFG but not conversely.
3.5 Conclusion

In this chapter, a novel clustering approach in the environment of PFG is proposed due to
the shortcomings existed in the clustering algorithms of FGs and IFGs. We have briefly
discussed some notions and terms related to IFGs and have explained them with examples. We

have studied the drawbacks of intuitionistic fuzzy clustering algorithm and have provided a



solution by developing the algorithm to the environment of PFGs. To illustrate the new
algorithm, an example is provided where a decision-making problem is solved using picture
fuzzy clustering technique. To show the viability of the new picture fuzzy algorithm, it is
explained that under certain conditions the new algorithm can be used to solve the problems
that lies in the environment of FGs and IFGs. PFG is a useful generalization of FGs and IFG.
In the near future, we plan to study some other decision-making problems in the environment
of PFGs. The concept of PFG can also be used networking problems and shortest path

problems.



Chapter 4

Analysis of Social Networks and Wi-Fi Networks by Using the

Concept of Picture Fuzzy Graphs

In this chapter, we analysed a social network and a wife network using the concept of
PFG. For this purpose, the concept of PFG is proposed and some basic terms are demonstrated
including complement, degree and bridges. The main advantage of the proposed PFG is that it
describes the uncertainty in any real-life events with the help of four membership degrees
where the traditional FG and IFG fails to be applied. The viability of PFG is shown by utilizing
the concept in demonstrating two real-life problems including a social network and a Wi-Fi-
network. A comparison of PFG with existing notions is established showing its superiority over

the existing frameworks.
4.1 Picture Fuzzy Graph

In this section, the concept of PFG is introduced and several related results are
discussed. Further, some basic terms of PFGs are demonstrated including complement, degree

and bridges.
4.1.1 Definition
A pair G = (V,E) is known as PFG if

(i) V={ty,tp...,t,} such that S;:V — [0,1],1;: V — [0,1] and P,: V — [0, 1] represents
the degrees of truth membership, abstinence membership and false membership of the element

t; € V respectively with a condition0 < §; +1, +P, <1

Foranyt; €V, (i €l).



(i) ESVxVwhereS,:VxV — [0,1],1;: VXV — [0,1] and P,:V xV — [0,1] such
that S,(t;t; ) < min[S;(t,),5:(t;)], T(tut;) <min| 1,(t), L(®] and Dy(t,t;) <
max| D;(t;), D,(t;)] with a condition that 0 < S,(t;,t;) + I, (i t;) + Pa(ti,t;) < 1 for

any (t;,t;) € E, (i € ). Moreover, 1 — (Sy; + I;; + Dy;) represent refusal degree.

The amount of truth membership, abstinence and false membership of the vertex t; represented
by (t;, S1;,11;,D1;) and the degree of truth membership, abstinence and false membership of

the edge relation e;; = (t;, t;) on E represented by (e}, Sij, 1oi, Dai)-
4.1.2 Example

Consider a graph G = (V,E) where V = {t;,t,,ts,t,} be the set of vertices and E =

{tity, tots, thty, tst,, tyt, } be the set of edges. Then the following Figure 39 is an example of

PFG.

t,(0.2,0.4,0.3) t,(0.3,0.3,0.2)

{0.1.0.3.0.3)

(0.2,0.1.0.2)

1,(0.3,0.4,0.1) 1:(0.4,0.4,0.2)

Figure 39 (Picture fuzzy graph)



£,(0.2,0.4,0.3) £,(0.3,0.3,0.2)

(0.3,0.3.0.1)

(0.2.0.1.0.7)

To (0.3, 0.4,0.1) Ty (0.4, 0.4, 0.2)

Figure 40 (Not a picture fuzzy graph)

4.1.3 Definition

A pair H = (V',E') is called picture fuzzy subgraph (PFSG) of the PFG G = (V,E) if V' <
vandE' c Eorif §; <8, 1 <huPy’ =Dy and Sy <851, <1y ,Dy" = By, for
any i €.

4.1.4 Definition

The score function of a PFG is defined by P, =1 —r.D; where b, represents the false

membership and r = 1 — (5; + 1, + D) represent the refusal degree in PFG.
4.1.5 Definition

An arrangement of distinct vertices t;, t,, ..., t, is called a path in PFG if one of the following

conditions is satisfied:
4, SZij > OJTZij > 0and DZl'j =0
5. SZi}' = OfTZij =0and DZij >0

6. Syi;>0,1,;; >0and Dy; > 0.



4.1.6 Example

The following Figure 41 is an example of PFG for a path which is explain below.

t,(0.2,0.4,0.3)

t,(0.3,0.4,0.1)

13[1]'.3,1].3,1].2] T (0. &, O, O0,.Z)

Figure 41 (Picture fuzzy graph)

In the above Figure t;ts, t5t, is a path.
4.1.7 Definition

An open walk in no which vertex appear more than one is called path on a graph.
4.1.8 Definition

If P =t;ty, ..., thepand t; = t,41 forn = 3, then it is called cycle.

4.1.9 Definition

A path is called connected if two vertices are joined trough this path.

4.1.10 Definition

For a path P

1. TheS — strengthis Sg = mll'} {823

2. Thel-— strengthis S; = "”l']' { iztj}



3. The D — strength is Sp = ™} { D2y}

4. The strength of the path Sp =(Ss, S, Sp)-
4.1.11 Definition

If G = (V,E) be aPFG. Then the degree of any vertex t is denoted and defined by

deg(t) = (ds(D), d;(t), dp(D)) where degs(t) = Yry S2(t ), degp() = Yiwu P2 (6 w) and

degi() = Yizu l2(4 0.
4.1.12 Example

Consider a graph G = (V,E) where V = {t;,t,,t3,t,} be the set of vertices and E =

{tity, tots, toty, tat; } be the set of edges. Then PFG and the degree of its vertices is given below.

£,(0.2,0.4,0.3) 1,(0.3,0.3,0.2)

(0.1.0.3.0.3)

(0.2,0.1.0.2)

$,00.3,0.4,0.1) b (0.4, 0.4, 0.2)

Figure 42 (Picture fuzzy graph)

The degree of vertices are:

d(t,) = (0.2,0.6,0.6), d(t,) = (0.3,0.5,0.5), d(t5) = (0.4,0.3,0.4), d(t,) =
(0.3,0.4,0.5).



4.1.13 Proposition
A PFG is a generalization of IFG.
Proof. This is obvious as by taking abstinence equal to zero PFG reduces to IFG.
4.1.14 Definition
The complement G¢ of PFG G = (V,E) is
4. Sp(t)° = Sa(t), Ta(t)¢ = T4(t), Pa(t) = Pa(t),Vt; € V.

5. 85(tt)” = min[Sp(t), S5 (t))] = $a(t t)) 1a(to t;)" = min[ L), L(t)] -

I (t t;) and B, (t;,t,)” = max| D,(t), Pa(t))] - Ba(tut)) Vtut; € E.
4.1.15 Remark
If G = (V,E) isaPFG, then definition 4.1.14 implies that G¢* = (V<¢,E<*) = G.
4.1.16 Proposition
G = G“ iff G is a strong PFG.
Proof. This result is obvious by the definition of G¢.
The following figures provided a verification of proposition 4.1.16.
4.1.17 Example

Consider a graph G = (V,E) where V = {t;,t,,ts,t,} be the set of vertices and E =

{tit,, tots, t3ty, taty } be the set of edges. Then, PFG and its complement is given below.



t,(0.2,0.4,0.3) 1,(0.3,0.3,0.2)

(02,0.3.0.3)

(0.2.0.1.0.2)

£ (0.3, 0.4,0.1}) ta (0.4, 0.4, 0.2)

Figure 43 (Picture fuzzy graph)

t,(0.2.0.4,0.3) t,(0.3,0.5,0.2)

{0.1,0.3.0)

1,(0.3,0.4,0.1) T (0.4, 0.4, 0.2

Figure 44 (Complement of Figure 43)

4.1.18 Definition

A PFG G is called self-complementary If G = G¢°

4.1.19 Example

From the above Figure 43 and Figure 44, it is clear that G is self -complementary.
4.1.20 Definition

The composition of two edge relations (e;;, S;;, 12i7, D2:;) and (ejx, Szjx, 12k, D2ji) isaPFG

represented by e;;°ejy is of the form (ejx, Syjk, Ik, P2jx) Where



§2ik = max{mh}[gzw §2jk]}' i2ik = max{mir}[TZij"I\ij]
and Dy =min{™*i[D2, Do [} V 11, i € V.
4.1.21 Definition
An edge relation (e;;, Sz;7, 12i7, Daij) is
1. Reflexive if (eii, §2ii'iZiiIDZii) = (ti, gli’ili’Bli) .
2. Symmetl’lc if (eij, SZij'TZijl BZij) = (eji, SZji'TZji'BZji) .
3. Transitive if (t;, t;) and (t;, tx) implies the edge relation (t;, t,) V t;, t;, tx € V.
4.1.22 Definition
If e;; is the edge relation then powers of e;; is defined as:

1

o= €ij = (e, S21j, 121/, D2ij)

~ 2 A 2
2 _ _ 2
e eij°eij = (€ijy Saij »lzij »Pa2ij”)
3=¢;i%;%;; = S 5 I 5 b,;:? d
e el-j el-j eij (el-j, 2ij »12ij »D2ij )an SO on.

Also

(o]

A~ 0 A (o] 0
e;= €ij = (€ij, Sz s laij 4 Paij )

PO maxe. gy . oo maxe. oo min k
Where SZij = K12 n{SZij }, IZij = K12 n{lzij }, and DZij = k=12 ...n{DZij }, are the

S — strength, 1 — strength and D — strength of connectedness between only two vertices

t;and t;,
Also

0={0,if t; # tjand (t;,S1; 115, Pyy) if tiis equal to t;} .

el-]-



The following Theorem 4.1.23 signifies the relation of subgraph and a graph in context of the

Definition 4.1.22.

4.1.23 Theorem

IfH = (V',E') is a PFSG of PFG G = (V,E). Then S, < 8,7 1 <1y
D,y;'” = Dy forany (t;,t) € E.

Proof: AsV' € Vand E' C E.

=S, <8;.1; <1;;,P;;' =Dy, foreveryt; €V

A 1A
and SZij < SZij

Forevery t;, t; € V.

Suppose a path t;t,, ..., t, of H.

min

A 100 A 1A
Here Sy;; = k=1,2,...n{(82ij )k}

10

" _ min, . K
Lij = k=1,2,...n{(12ij) }

max

By = k=1,2,...n{(B2if,)k}

and

min

SZUOO = k=1,2,...n{(§2if)k}

N o ming » k
L2ij = perg. nt(2e)")



max

BZUOO - k=1,2,...n{(DZif)k}

Therefore,

1co

& _ min, . 'k
Saj = k=1,2,...n{(82i1') }

min

= k=1,2,...n{(§2i1')k}

A oo
= Saij

& fo min, . X
Lij = k=1,2,...n{(12i1) }

= k=1,:.l.z{(12if)k}

Il

Pt >
N
[y

also

max

BZU,OO - k=1,2,...n{(BZiJ',)k}

max

= k=1,2,...n{(DZi1')k} , by (12)
=Dy ”

Hence proved.

4.1.24 Definition

If G = (V,E) be a PFG and let t;,t; be any two different vertices. If deleting an edge (t;,t;)

reduces the strength between some pair of vertices then it is called bridge in G.



4.1.25 Example

In Figure 43 the strength of (t;t,) is (0.1, 0.3, 0.3). Here (t;,t,) is a bridge, because if an edge
(t,,t,) remove from G in Figure 43 then the strength of the connectedness between t; and t, is

reduced.

In the following Theorem 4.1.26 it is proved that if an edge is a bridge, then it can never be the

part of a cycle and conversely.

4.1.26 Theorem

If e;; = (t;,t;) be an edge. Then for any two vertices in PFG G = (V,E) the following are

equivalent:

Q) e;j is a bridge.
(ll) §2ij < SZijJTZij < Tzijand 'Dzl'jloo > BZij'

(iii)  e;; is not an edge of any cycle.

Proof. (ll):(l) Suppose gZij’OO < SZijl izijloo < Tzijand DZij/oo > 'Bzij.TO show that (|) is true.
Suppose on contrary (i) is not true, then

1o

A A (o] PN A 100 A (o] a 100 0
Saij  =Sa2ij =Sz laiy =lay Zlyjand Dy~ =Dy < Dy

= S5 =8 Ty =1y and Dyy;"® < By, leading to a contradiction. Hence (i) is
true.(i)=(iii) now if (i) is true. To prove (iii). If e;; is edge of a cycle, then including the edge
e;j to any path can be transformed into a path not including (t;,t;). As cycle is a path from t;

to t; = e;; can not be a bridge which is contradiction so our supposition is wrong. Therefor,

e;j is not an edge of any cycle. (iii)=(ii) is straight forward.



4.1.27 Theorem
If G=(V,E)beaPFG. Then

(i) S, 1217 and D,;; are constants then no bridge contains in G V t;,t; € V..
(i) §2ij, izl-j and b,;; are not constants then there is at least one bridge in G forall

(titj) € E.
Proof. Straight forward.
4.2 Applications of picture fuzzy graph

As studied, in a PFG, the nodes and edges are picture fuzzy numbers (PFNs) and hence
described the uncertain information better than discussed in the environment of IFS and FS.
Therefore in this section, applications of PFG in social network and Wi-Fi network system are

discussed.
4.2.1 Application in social network

A social network basically established the relationship between a group of people or
members of a society or organization. Whenever the networks are large, computing the strength

of relationship between the members of that network is a challenging task.

Here, a social network of some peoples a a certain group is considered where the
relationship of every member with other is defined in terms of a PFN. In such network, vertices
represent the people and edges represent the relationship between them. Consider the
representation of a social group and its members in the environment of a PGF. Let the given
social network is a PFG denoted by G=(V,E) , whereV = {Stone, Michal,
Parera, Mathews, Raina, Julie, Watson. Hissy, Messy, Charly, Sting, Shaun}. Each
vertex represents the social skills of a person in the form of a PFN. The larger the membership

grade is the more social a person is and vice versa. In this network, if two peoples share some



common characteristics including good personality, good behavior, best skills and social
sympathy, then they are connected, and their relation is described in the form of a PFN. The
set of all edges of this social network are given in Table 13 followed by the social network G =

(V,E) in Figure 45.

Table 16 shows the relationship of the peoples connected to each other in terms of picture fuzzy

numbers. Greater membership grade corresponds to more social values of a person.

Relation Edges Values
Raina-Charl dy (0.2,0.1,0.4)
Parera-hissy da (0.3.0.2.0.3)
Missy-hissy dy (030302
Shaun-Mathews d, (0.2,0.2.0.3)
Sting-Shaun dg (0.2,0.2,0.3)
Stone-Michal dg (0.2,0.2.0.4)
Mathews-Parera ds (0.2.0.1,0.3)
Mathews-Charli dg (03,0003
Stone-sting dg (0.2.0.2,0.5)
Shaun-Charli dip (0.1,0.1.0.3)
Stone-Julie dyq (0.2,0.2,0.5)
Stone-Watson s (0.1.0.1.0.5)

Table 16 (Edge values of social network depicted in Figure 45)

The social network connecting different people is shown in Figure 45 where the edge

values are in the form of picture fuzzy number showing their social skills. The larger



membership grade shows that a person is more social. The larger non-membership grade shows

the low sociality of a person in connection.

(0,3 0.3.0.3,

__| Hissy .

|_ Missy

Watson |

| Shaun

Sting | A5 (0.2,0.2,0.3)

Figure 45 (Social network of a group of people)

In order to compute the strength of the socially connected members, the concept of degree of
PFG is utilized. The degree of a node determines how much social a person is. For this purpose,
first the degree of each node is computed in Table 17 and then based on the difference of

membership and non-membership grade of the degree, the strength is decided.

In the Table 17 below, the degree of each person in social network is calculated. These degrees
are utilized to compute the score values of each person in social network. The more is the

degree of a person means the more social a person is.



Vertex(candidate) Degree of vertex

Table 17 (Degrees of vertices of Figure 45)

To compute the most social person, the difference of the membership and non-membership

grade is calculated and shown in Table 18 below.



Vertex Difference of the membership and non-membership grade

Charli 0.5
Raina -0.2
Parera -0.1
Michal -0.2
Stone -1.2
Mathews -0.2
Julie -0.3
Messy 01
Shaun 04
Sting -0.4
Watson -0.4

Table 18 (difference of the membership and non-membership grade of degrees given in Table
17)

Results in Table 18 clearly indicates that the difference value of the membership and non-
membership grade of Charli is greatest among all values hence making him the most social
person in this network. Hissy and Messy stands at No 2 with a difference value of 1. The rest

of the ranking is shown in a bar graph depicted in Figure 46.
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Figure 46 (Analysis of the difference of the membership and non-membership grade)

The observations in Table 15 are shown geometrically in Figure 46. Clearly Charlie has the

greatest score value and is declared as most social person in this social network.

4.2.2 Application in Wi-Fi system

Consider a Wi-Fi system containing 12 devices {C;, C,, C3,C4, Cs, Cs, C7,Cg,Co, C10,C11, C12}
each device connected to the main server (C,). The given Wi-Fi system is described using IFG
as well as PFG in Figure 47 and Figure 48. The membership function show the connectivity of
the device with the main server (C,) and the non-membership function shows the dis-

connectivity of the device with the main server (C,) in IFG.



[0.4,0.4) & Cr

Figure 47(Intuitionistic fuzzy Wi-Fi-network)

Upon observing Figure 48, the connectivity of devices is discussed in terms of picture fuzzy
numbers where the membership, abstinence and non-membership grades represent the
connectivity, technical error and the dis-connectivity with the main device (C,) respectively.

Further, the refusal degree represents that the device is not connected at all.
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Figure 48(Picture fuzzy Wi-Fi network)

Now, the effective degrees of devices of the Wi-Fi network depicted in Figure 47 are computed

and given in Table 19 followed by a bar-graph showing the strength of connectivity of all
devices.



Device Edge score
(Co.C1) (0.6.0.2) 0.56
(Cor C2) (0.4.0.1) 0.05
(Co. C3) (05.0.1) 0.46
(Co: C4) (0.4,03) 0.31

(Co. Cs) (0.5.0.2) 0.44
(Co. Ce) (03.03) 0.18
(Co. C7) (03.03) 0.18
(Co» Ca) (03.04) 0.18
(Co: Cs) (0.4,02) 0.32
(Co:C10) (0.4,03) 0.31
(Co,Cy1) (0.7.0.1) 0.68
(Co: C12) (03.02) 0.2

Table 19 (Score values of the Wi-Fi network based on intuitionistic fuzzy information)

The results of Table 19 suggest that the strength of connectivity of device C;, is highest among
all. This means that device C;; gain maximum signals from the server. The connectivity

strength of other devices can be observed from the bar-graph given in Figure 49 below.
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Figure 49 (Ranking of the signal strength of Wi-Fi devices of intuitionistic fuzzy W-Fi

network)

Similarly, the effective degrees of devices of the Wi-Fi network depicted in Figure 49 based
on picture fuzzy information are computed and given in Table 20 followed by a bar-graph

showing the strength of connectivity of all devices.



Device Edge Score
(Co.C1) (0.6.0.1,0.2) 0.58
(Co. C2) (04.0.1.0.1) 0.36
(Co, C3) (0.5.0.1,0.1) 0.47
(Co.Ca) (0.4,0.1,0.3) 0.34
(Co. Cs) (0.5.0.1,0.2) 0.46
(Co. Ce) (03.0.1.03) 0.21
(Co. C7) (0.3.0.1.0.3) 0.21
(Co. Ca) (03.0.1.04) 0.22
(o, o) (0.4.0.1,0.2) 0.34
(Co, C10) (0.4.0.1,0.3) 0.34
(Co. C11) (0.7.0.1,0.1) 0.69
(Co:C12) (03.0.1.02) 0.22

Table 20 (Score values of the Wi-Fi network based on picture fuzzy information)

The effective degrees of all devices of Table 20 shows the connectivity strength. The
results displayed in Table 20 are more significant than that of provided in Table 19 because of
the nature of information of picture fuzzy numbers. Here C,, is the strongest connected device
but the score value is different from that in intuitionistic fuzzy environment because of the
abstinence grade involved. The ranking of connectivity strength of all devices in picture fuzzy

environment is shown using a bar graph depicted in Figure 50 below.
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Figure 50 (Ranking of the signal strength of Wi-Fi devices of picture fuzzy W-Fi network)

Figure 50 presents the geometrical representation of the effective degrees of the information
provided in Table 20. This analysis clearly indicates that device C;; has the greatest signal

strength while devices C¢ and C, are the lowest signal providing devices.

4.3 Conclusion

In this chapter, the concept of PFG is introduced and some of its basic terms and notions such
as picture fuzzy subgraphs, strength of PFG, degree of PFG and bridges in PFGs are defined
are defined followed by numerical demonstration. The novelty of PFGs over IFGs is studied
with the help of some results. The concept of degree of a vertex is proposed which shows the
strength of connectivity of a vertex with other vertices. The proposed concept of PFG is utilized
in describing a social network where the relationships of the people of a certain social group
are discussed using the degree of PFG. Further, a Wi-Fi network is also studied where the nodes
and edges are based on picture fuzzy information. The strength of signals is briefly described
using degree of PFGs. The significance of the using PFGs over IFG and FG is demonstrated

numerically via a comparative study. In near future, our aim is to define some other terms of



graph theory such as operations on PFGs, modular product on PFGs and picture fuzzy

hypergraphs and applied them to practical situation.



Chapter 5

An approach towards decision making and shortest path problems

based on T-spherical fuzzy information

In this chapter, we propose some developments in fuzzy graph theory. An original notion of a
TSFG is presented as a commonality of FG, an IFG and PFG. The originality, the
imperativeness and the importance of this notion is discussed by showing some results, giving
examples and a graphical analysis. Some theoretical terms of graphs such as a T-spherical fuzzy
sub-graph, a complement of TSFG, degree of TSFG are clarified and their attributes and
aspects are analyzed. The main goal of this chapter is to study two types of decision-making
problems using the framework of TSFGs. These two problems include the problem of the
shortest path and a safe root for an airline journey in a T-spherical fuzzy network. The
comparison of this new approach towards these problems with existing approaches is also
established. A new algorithm is put forward in the event of T-SFGs and is used to seek out the
shortest path problem. The overall analysis of the suggested notion under the prevailing theory
is conducted. The advantages of the proposed approach were discussed based on the existing

tools and a short comparison of the new with existing tools was established.
5.1 T-Spherical Fuzzy Graphs

The TSFG is an extension of TSFS [46], characterized by membership, abstinence and
non-membership grades. The limitations of TSFS is that the sum of n-power of membership,
n-power of abstinence and n-power of non-membership grades is less than or equal to 1. The
T-SFS is a modified version of the SFS [46], PFS [37], q-ROFS [25], PyFS [15], IFS [10] and

FS [1] to cope with complicated and unknown information in the environment of fuzzy set



theory. Keeping the advantages of the T-SFS, In this section, we will introduce the concept of

TSFG and present its most important properties.
5.1.1 Definition
A graph G = (V,E) is called TSFG if

(i) V = {t;, t,,t3, ..., t,} be the set of vertices for which S:V — [0,1],1:V — [0,1] and

b:V — [0, 1]represent respectively, the membership degree, the abstinence degree and the

non-membership degree of the element t; € V under the condition 0 < §1n(tl-) + Tln(ti) +

P,"(t) < 1for nez*, for all , €V(i€l) and ’1\/1 — (S @) + 1,7 (@) + M)
represents the refusal degree of tin V.

(i) EcVxV where $,:VxV—1[0,1],1,:VxV—[0,1] and D,:VxV — [0,1]
represents the membership degree, the abstinence degree and the non-membership degree
of the element (t;,t;) € E such that S,(t,t;) <min{S;(t,),5:(t)}, Lt <
min{l; (t;),1,(t;,)} and D,(t;,t;) < max{P;(t;),D1(t;)} under the condition 0 <

S, (tu t)H, (tut) + D"t t) < 1 for all (t;,t) € B, and

1;/1 — (5" (tu t) + 1" (ti t)) + D2 (t, 1)) describes the refusal degree of (t;,t;) in E.

5.1.2 Example

Consider a graph G = (V, E) contains the set of vertices and edges. The following graph shown
on Figure 51 is an example of TSFG for n = 4. In turn, Figure 52 shows an example of a non-

TSFG.
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Figure 51 (T-Spherical fuzzy graph)

t(0.7.0.5,0,8)

t(0.6,0.7.0.8) (0.5,0.8,0.8) 1,(0.2,0.9.0.6)

Figure 52 (Not T-spherical fuzzy graph)
5.1.3 Theorem

Every T-SFG is a generalization of PFG, IFG and FG.
Proof: It is easy to verify that

(i) if n = 1, then the definition of T-SFG reduces to PFG;
(i) if n = 1 and T = 0, then the definition of T-SFG reduces to IFG;

(iii) ifn = 1,1 = 0 and b = 0, then the definition of T-SFG reduces to FG.



The above result shows the importance of the new concept, because it generalizes all existing
structures and may cope with situations in which existing structures fail due to limitations in

their structures.
5.1.4 Definition

For T-SFSs A = {S,,1,,D,} and B = {S5, 15, D}, we define

a@B =11t USA"@HSB"(@)—SA”@.SB”@), ’JTA”@)+iB"(o—iA"(o.iB"(o
b,.Dbg

A8 B = {{x (G403, (.10, VD"© + D" () — D,"©.5," )

Comparison rules have always been a challenge in fuzzy environment because at some
occasion the function for comparing two values could not differentiate between the numbers
due to the ill structure of the score function. If we look at the comparison rules of IFSs, it
becomes quite clear that several score functions have been developed from time to time. In
[48], an improved score function for IFS is developed and it is discussed that the existing score
functions have their limitations, as demonstrated by the examples. In addition, we have
significantly fewer results regarding PFSs and there is no score function in the literature.
Therefore, here we developed a new score function as a generalization of the score function
defined in [48]. This new score function will be used in the shortest path problem (Section

5.2.2).

5.1.5 Definition

The score function for a TSFN 4 = (§,1,D) is defined as:

®) (1—(1) ~®)") c

SC(A) = [0,1] (5



5.1.6 Remark

For I = 0 and n = 1, the defined score function (5) reduces to the case of IFSs.

5.1.7 Definition

ATSFG G’ = (V',E') is T-spherical fuzzy subgraph (T-SFSG) of the graph G = (V,E) if V' <

Vand E' C E.
5.1.8 Definition
Let the representation G = (V, E) is called the complement of T-SFG, if

i) V=vies =5

:»—o
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(ll) §2U = min(gi, S]) - SZij,TZLJ = mln(il,ij) — §2ijand Wl} = maX(Di,Dj) - DZij,i'j =

5.1.9 Example

In this example, we give a TSFG and its complement.
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Figure 53 (T-spherical fuzzy graph)
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Figure 54 (Complement of the T-spherical fuzzy graph in figure 53)
The vertices of the above Figures 53 and Figure 54 are entirely T-SFNs for n = 3.
5.1.10 Definition
The degree of a TSFG G = (V, E) is defined by d(t) = (ds(t), d;(t), dp(t)), where ds(t) =
Tt S2(6 1), di(®) = Tyw L2 (b w) and dp (1) = Xy dp, (tw) for tu € V.
5.1.11 Definition

A TSFG is said to be
1) semi S strong: if S(t;,t;) = min (§('_cl-),§(tj));
2) semi I strong: if I(t;, t;) = min (i(ti),i(tj));

3) semi b strong: if B(t;,t;) = max (D(ti),D(tj));

4) strong: if (1), (2) and (3) hold.



5.1.12 Example

Let G = (V, E) be a graph, where V is the set of vertices and E is the set of edges, which is

presented in Figure 55.

t

1 (.7, 0.9, 0.3)
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Figure 55 (T-spherical fuzzy graph)

The vertices of the above Figure 55 are entirely T-SFNs for n = 4, where the degrees of the

vertices are

d(t,) = (0.9,1.1,1.3), d(t,) = (1,1,1.1), d(ts) = (0.8,0.8,1.4), d(t,) = (0.7,0.9,1.6).
5.1.13 Definition

A graph G = (V, E) is defined as a strong TSFG, if

1. V= {t;,t,ts, ..., t,} is the set of vertices such that S:V — [0,1], I:V — [0, 1] and
b:V — [0, 1] represent, respectively the membership degree, abstinence and the non-

membership degree of the element t; € V under the condition 0 <, (t) + 1, () +

b,"(t;)) < 1forn e z* forallt; € V(i € I) and n\/l — &) + 1, () + b, (ty) is

represents the refusal degree of tin V.



2. ECVxV where S,:VxV—1[0,1], I,:VxV —[0,1] and P,:V xV — [0,1]
represent, respectively the membership degree, the abstinence degree and the non-
membership degree of the element (t;, t;) € E such that S,(t;, t;) = min{5, (t;), S1(t)}.
I, (t,t;) = min{l; (t), 1, (t) } and D, (t;, ) = max{D; (t;), D1 (t;)} under the condition

0< 8, )+, () + P (L) < 1 for all (t;, ) € E, and

n\/l — 5, t) + Tzn('gi,'g]-) +D," (;, t;)) describes the refusal degree of (t;,t;) in E.

5.1.14 Theorem
If G is a strong TSFG, then its complement G is also a strong TSFG.

Proof. Two cases to consider. If tu € E, then it follows from the fact G is strong TSFG that

$2(tw) = min(81(®), 51 (W) — 8, (tw) = min(S; (1), $1 () — min($,(V), $: (W) = 0,
I (tw) = min({, (0,11, () ~ T (tw) = min(1; (©, 1 W) ~ min({, (0, ;@) = 0

and

b, (tw) = max(D; (1), D, (w)) — P, (tw) = max (D, (1), b1 (W) — max(D, (1), B (W) =

0.

If tu & E, then 5, (tw) = min(3, (1), 81 (w)) — $(tw) = min($; (®), $, W), () =
min(f; (©), 1 (W) — T,(tw) = min(l; (©), I W) and B, (fu) = max(D; (D), B; (W) -
D, (tw) = max(P; (1), B; (W),

5.1.15 Definition

In TSFG a path is a sequence of some distinct vertices t;(j = 1, 2, 3 ...n) one of the following

conditions hold for some (j,j = 1,2,3, ...n)

o SZU> O, Tzu > 0 and DZM> O,



e 5;=0,1,;=0and Dy; > 0;
e 5,;>0,1,;>0and b, =0.
5.1.16 Definition

Lett = tq,t,, t3, ... the1(n > 0) be a path. Then, its length is n. This path is called a cycle, if

t; = tu4q for (n = 3). Moreover, we say that two vertices combined by a path are connected.

5.1.17 Example
Let V = {t;,t,,t3,t,} and E be the set of edges illustrated by Figure 56.

tl (o5, 0.7, 0.9)

ts

(0.6, 0.8, 0.4) 2 1_;3|,|}?.|}G.::'9;| (0.7, 0.8, 0.6) 4

4

(0.4, 0.5, 0.7) (0.5, 06, 0.8)

Here t;t,t5t, is a path, and hence t,, t,, t3, t, are connected vertices. The length of this path is

3. Moreover t;t,t5t; form a cycle.

5.2 Application in Finding Shortest Path in a Network

The most common problem of graph theory is the shortest path problem. It has been
extensively tested for almost every fuzzy structure [104-107] with an algorithm, which is
relatively easy and thanks to that we obtain the best results expected. The comprehensive steps
of the algorithm, are implemented in this section using the numerical example and a series of

relative tests.



5.2.1 Dijkstra Algorithm

Dijkstra algorithm is the most widely used algorithm for computing shortest path in a
network. From time to time, some modifications have been made in Dijkstra algorithm and
several formulae are included to get optimum results. These formulae include distance and
similarity measures and aggregation operators etc. Some useful work in this regard have been

done in [104, 105].
The steps of the Dijkstra algorithm are as follows.

1. Take the first node as (0, 0, 1) and the distance of every node to itself is zero.

2. Take i=1.

3. Find j for P;; = P11 @ Axenp(1)Pik and determine Py; where "A" denotes the minimum of
P, for k € NP(1) which can be calculated using score function. Further NP (i) denote the
collection of all nodes having some relation with i.

4. Puti=j.

5. Find k for Px = Py; @ Anenp(j)Pjn and determine Py.

6. This process should be continued until destination node is obtained.

7. When destination node is reached, then the algorithm is stopped.
5.2.2 Example

Let us consider a network of 6 nodes as in Figure 57, where the distance of every two,
connected nodes, is provided in by the form of TSFNs. We proceed with the algorithm as

follows.



3 (0.7.0.4,0.3) 4

(0.8.0.4,0.8)

2 {0.9,0.6,0.8) 5

Figure 57 (T-spherical fuzzy network)

In the above graph it is shown that the source node is node 1 and the destination node is node
6, so forn = 6 and for the first step P;; = (0,0,1). Note that P,; = (0,0,1) because the distance

at node 1 is zero so its non-membership grade is 1 and membership and abstinence grades are
zero. At firsti = 1, so it needs to find j by the equation

Plj =P, ® /\jeNP(1)P1j =P, ® /\je{2,3}P1j =P, @ (P12/\P13)
We are doing the first iteration in details and the rest are similar so we just omit the details

there.

Note that P;,/AP;3 means the minimum of P,, & P;5. To compute the minimum between

P;, & P, 3, we calculate their score values i.e. SC(P;,) and SC(P;3). If

L] SC(Plz) < SC(P13) then P12AP13 = P12

L] SC(Plz) > SC(P13) then P12AP13 = P13

By using Eqg. (1).

0.5%(1 — 0.5 — 0.7°
SC(P;;) = 5€(0.5,0.5,0.7) = ( 3 ) = 0.0045

Similarly



SC(Py3) = 5€(0.3,0.6,0.8) = 0.000168
As SC(P;,) > SC(Py3). Therefore, P;,\ P;3 = P;5 and
Py; = Py @ Ajenp()Prj = P11 ® AjezsyPij = Piy @ (P1aAPy3) = Py @ Py3
= (0,0,1) & (0.3,0.6,0.8).
Then by using Def. (4.1.8), we have
= (0.00405,0.064,0.8)

This implies that j = 2, P;; = (0.00405,0.064,0.8). similarly, we continued the processes.
For the next step, for i = 2, we need to find j by the equation

Plj =P, D /\jENP(Z)PZj =P, D /\je{3,5}P2j = P13 @D (P34/\P35)

= (0.045,0.18,0.8) @ ((0.7,0.4,0.3) A (0.7,0.8,0.9))

= ((0.045,0.18,0.8) & (0.1225) A (0.008095))
= (0.00405,0.0648,0.8) @ (0.7,0.8,0.9) = (0.058825,0.131072,0.72).
This implies that j = 2, P;s = (0.058825,0.131072,0.72).
First subsequently for i = 3, we must find j by the equation
Plj =P;; D /\jENP(3)P3j =P D /\je{4,5}P1j = P15 @ Pse
= (0.058825,0.131072,0.72) 6 (0.6,0.5,0.3) = (0.181107,0.131442,0.216).
This implies that j = 2, P, = (0.181107,0.131442,0.216).

So, the shortest path in the above graph is P, — P; — Py — P,. Hence, by using a modified
Dijkstra algorithm, we have successfully computed the shortest path from source node to

destination node. The results obtained here have greater precision because of its diverse



structure and a detailed comparison showing the validity and superiority of the proposed

algorithm is discussed in Section 5.3.
5.3 Proportional Study and Merits of Proposed Algorithm

In the current part, we will explain that the proposed algorithm can be applied in intuitionistic
fuzzy environment and to Pythagorean fuzzy networks. Consider the intuitionistic fuzzy

network illustrated in Figure 58.

3 (0.3.0.4) 4

2 (0.4.0.2) 5

The proposed algorithm for computing shortest path can be applied in finding the shortest path
form node 1 to node 6 by considering the abstinence grade as zero i.e. every duplet given in
intuitionistic fuzzy network can be considered as a T-SFN. Hence this overall network based
on intuitionistic fuzzy information can be considered as a T-spherical fuzzy network and can
be solved accordingly. In addition, if we consider Figure 59 where a network of nodes is given
in Pythagorean fuzzy environment. This too can be considered as T-spherical fuzzy

environment by the abstinence grade as zero in every duplet and take n = 2.



3 (0.7,0.5) 4

(0.4,0.7)

L% |

5.4 Observation of a Safe Root for an Airline Journey in a T-Spherical Fuzzy Network

The proposed concept of T-SFG can be applied in important part of mathematics and can
be also used as a tool in various fields, including biology, physics, transport networks and social
networks. The traffic network of an airline system is always of importance. Usually, those
routes are selected for an airline which relatively less expensive and safer.

We assume a set of five different countries at our disposal and we want to travel to and
from these countries by plane. Airline companies keep goal to make best amenities available
for passengers. Air traffic controllers must strictly follow the schedule of arrivals and
departures of company airplanes, and this work can be done by planning efficient routes for
airplanes. The efficiency of an airline route can be defined in terms of less expense and safety
i.e. an airline is considered as more efficient if it is less expensive, take less time (pick shortest
route) and choose a safe route. A network of T-SFG airlines and five countries is showed in
Figure. 60, where vertices and edges represent countries and flights respectively. In Figure 60,
the edge values between two countries represent information about the efficiency of the route.

The larger value of the membership grade means the more reliable is the airline.



3
y Germany

United-states

Mexico

(0.3.0.6.0.8)

Figure 60 (T-spherical fuzzy airline network)

Country Country Edge

Mexico China (0.7.0.5,0.5)
Mexico Brazil (0.3.0.6,0.8)
United states  Mexico (0.8.0.4.0.8)
Brazil China (0.5.0.4.0.8)
Germany China (0.9.0.6,0.8)
United states  Germany (0.7.04,0.3)
United states  Brazil (0.9.0.8,0.7)
China United states (0.6.0.5,0.3)

Table 18 (T-spherical fuzzy edges of Figure 60)



For convenience, the edges of the above Figure. 60 are summarized in the above Table 18.

Note that all the triplets given in Table 18 are purely TSFNs for n = 6.

The truth membership degree of each vertex represents the strength of airline route.
This means that a larger value of truth membership degree means the more efficient the airline
route and vice versa. The indeterminacy membership degree of each denotes the
unpredictability in the airline route. The falsity membership degree of each vertex shows the
errors of that system and the rejection degree shows the chances of cancelation of the flights.
For instance, the edge between Germany and China denotes that flight safety for this travel is
90%, 60% is dependent on unlikely systems and 80% is unsecure. The truth membership
degree, the indeterminacy membership degree and the falsity membership degree of each edge

is quantified by applying a specified relation or it is determined by some experts in the system.

Now we discuss a special circumstance that often due to weather, technical problems
or personal problems, the passenger renounces its direct flight between the two selected
countries. So, if he wants to go there straight away, he has to choose an indirect connection, as

usually connecting flights exist between these countries.

For instance, if a passenger missed or skipped his flight from Germany to United States then

four connecting flights exist which are denoted by routes R; such as

Ry: Germany — China — United States

R,: Germany — China - Mexico — United States

R3: Germany — China — Brazil - United States

R,: Germany — China — Brazil - Mexico — United States

By calculating or quantifying the length or duration of all flights, the most appropriate flight

can be identified by taking the maximum truth membership value, the minimum indeterminacy



membership value, as well as the falsity and rejection membership values. For this purpose, we
utilize Definition 5.1.10 by means of which we could get the degree of each vertex i.e. the
degree of each route. The lager membership value in the degree of a node will give us the
suitable route.

The algorithm for our proposed problem is as follows:

5.4.1 Algorithm

The detailed steps of this algorithm are

Step 1. Enter the truth membership degree, the indeterminacy membership degree and the

falsity membership degree of all vertices (countries);
Step 2. Compute all boundaries using subsequent relations;
Step 3. Compute all the possible routes R; between the countries;

Step 4. Compute the lengths of all the routs R; applying the subsequent formula given in

Definition 5.1.10 i.e. for (t,u) € V

d® =) Stw

mm=Z#MW)

dD (t) = DZ (tr u)

y#t

Step 5. Locate the confirmed route with the maximum truth membership level, minimum
indeterminacy-membership level and minimum falsity membership level.

Using this proposed algorithm, we have the degrees computed as:



d(R,) = (1.5,1.1,1.1)

d(R,) = (2.4,15,2.1)

d(Rs) = (2.3,1.8,2.3)

d(Ry) = (2.5,2.0,3.2)

These results show us that R, is the best route as the difference of the membership and non-
membership values is less comparative to other degrees. However, if we investigate the
diagram of the airline route in Figure 60, it seems that the direct route from Germany to United
States is the efficient route.

5.5 Application of T-spherical fuzzy graphs in Supply Chain Management (SCM)

In the problem of SCM, the performance of the components which are usually the partners
in a supply chain is measured. Companies usually run on several aspects and in SCM problems,
we aim to know about the most significant aspect. We adapt the example discussed in [28]
where four aspects of a company are assessed. We assume the four aspects as “standard of the
service”, “cost & price”, “quality” and “response time” which we denoted by z;(i =
1,2, 3,4). Three decision makers gave their preferences in the decision matrices R,, R, and R5
respectively in the form of TSFNs where the membership, abstinence and non-membership

grades of the four aspects are investigated.

(0.7,0.8,0.9)  (0.73,0.84,0.95) (0.74,0.45,0.9) (0.77,0.56,0.67)
_1(0.55,0.78,0.67) (0.86,0.77,0.45) (0.67,0.56,0.6) (0.67,0.66,0.55)

Ri=1""109,0807) (0.8,0.3,0.7) (0.9,0.8,0.7)  (0.45,0.46,0.47)
(0.5,0.4,03)  (0.64,0.63,0.62) (0.8,0.7,0.8) (0.67,0.87,0.69)
(0.72,0.82,0.29) (0.74,0.85,0.91) (0.71,0.25,0.39) (0.78,0.56,0.67)

o _ [(0.65,0.48057) (0.66,0.67,0.65) (0.77,0.76,0.76) (0.69,0.66,0.55)

2

~ [(0.69,0.48,057)  (0.38,0.3,0.7)  (0.97,0.87,0.77) (0.49,0.46,0.47)
(0.58,0.48,0.39) (0.64,0.73,0.72) (0.77,0.87,0.75) (0.68,0.87,0.69)



(0.77,0.78,0.79)  (0.78,0.84,0.85) (0.54,0.35,0.39) (0.77,0.56,0.67)
_ 1(0.65,0.68,0.57) (0.66,0.67,0.55) (0.77,0.66,0.63) (0.67,0.36,0.55)
~ [(0.29,0.28,0.27) (0.68,0.63,067)  (0.8,0.7,0.6)  (0.45,0.66,0.47)

(0.56,0.46,0.36) (0.74,0.73,0.72)  (0.8,0.7,0.8)  (0.67,0.77,0.60)

Rs

Here we utilize the averaging aggregation operators of TSFSs studied in [48] to obtain a

single decision matrix R from R, R, and Rj.

n m m m
TSFWA(Ey, Tig) o tim) = | |1 — 1_[(1 -5, n(i,-)w" . H(D,-)Wj
=1 j=1 '

J Jj=1

(0.73,0.8,0.59)  (0.75,0.84,0.91) (0.70,0.34,0.55) (0.77,0.56,0.67)
_ 1(0.59,0.64,0.61) (0.79,0.71,0.54) (0.74,0.65,0.66) (0.68,0.57,0.55)
~ [(0.82,0.51,0.51) (0.73,0.36,0.69) (0.93,0.80,0.70) (0.47,0.50,0.47)

(0.55,0.44,0.34) (0.68,0.69,0.68) (0.79,0.76,0.78) (0.67,0.84,0.67)

R

This newly obtained regrouped data is depicted using a T-SFG in Figure 61.

(0.59,0.54.0.51)

T Lz
A (0.75.0.84,0.01) =

{(60°0°0£°0°EL0
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(£9°0'95°0°LL'0)
(FE'0'F+'0'5C'0)

(0.79.0.76.0.78)

{0.47.0.50.0.47)

Figure 61 (Directed Network four aspects in the form of T-SFG)

Taking $?L > 0.60 (The highest membership score of every edge in the above figure 61) The

T-SFG depicted in Figure 61 converted into another T-SFG depicted in Figure 62 below.
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Figure 62 (Partial Directed Network based on T-SFGs)

To compute the out-degree of the four aspects for their ranking, we use the following formula
as given below.

Out —d(z) =
Based on given definition 5.1.10 of out-degree, we have
Out — d(z;) = (0.75,0.84,0.91)
Out — d(z,) = (0.68,0.57,0.55))
Out — d(z3) = (0.77,0.56,0.67)
Out — d(z,) = (0.68,0.69,0.68)

After having a look at the membership degree of the out-degrees, we have the following
ranking.

Out — d(z3) = Out — d(z,) = Out — d(z,) = Out — d(z,)
Impliesthat z; >z, > 7, > 74

Hence, using the concept of T-SFGs, an SCM problem is solved successfully where the most
significant factor in a supply chain is determined. The ranking shows that the factor z5 is most

significant factor on which we could count.



5.5 Comparative Study and Advantages

The proposed approaches are more general and more reliable than Existing methods
due to its limitations, the sum of the n-power of membership, n-power of abstinence and n-
power of non-membership grades are bounded to [0,1]. The characteristics comparison

between proposed methods and existing methods are described below in Table 22.

Methods Whether Contains two  Contains Generalization | Powerful
flexibility to dimension three of FG characteristic

wide range of | information | dimension

information information

ES [8] Yes No No No No
IFS [17] Yes Yes No Yes No
PyvES [23] | Yes Yes No Yes No
g-ROFS Yes Yes No Yes No
[27]

PES [31] Yes Yes Yes Yes No
SES Yes Yes Yes Yes No
(proposed)

T-SES Yes Yes Yes Yes Yes
(proposed)

Table 22 (Comparison of T-spherical fuzzy networks over other existing networks)

The importance and imperativeness of the proposed approach are due to the fact that the novel
approach can solve problems in the environment of PyFSs as well as IFSs. Now we investigate

two examples consisting information in the form of PyFNs or IFNSs.

Consider the information in the form of PyFNs as follows in Table 23.



Country Country Edge

Mexico China (0.7,0.5)
Mexico Brazil (0.3,0.8)
United states = Mexico (0.4.0.8)
Brazil China (0.5.0.6)
Germany China (0.7,0.6)
United states | Germany (0.7.0.4)
United states = Brazil (0.7.0.4)
China United states  (0.6,0.3)

Table 23 (Pythagorean fuzzy edges)

Currently, this type of information can simply be organized using the Definition 2.1.12

with B = 0. In addition, we have information in the form of IFNs given by Table 24.

Country Country Edge

Mexico China (0.3,0.5)
Mexico Brazil (0.3,0.4)
United states Mexico (0.4.0.3)
Brazil China (0.5.0.1)
Germany China (0.2,0.6)
United states Germany (0.3,0.4)
United states Brazil (0.2.04)
China United states (0.1,0.5)

Table 24 (Intuitionistic fuzzy edges)



Therefore, Definition 5.1.10 could employ the proposed approach. Any other way, due to their
constraints structures, the tools of PyFSs or IFSs cannot be used to the information of T-SFSs.
All this reveals the significance of novel presented approach. When we are considering the
value of parameter n = 1 and taking the value of abstinence as zero, the proposed work in def.
(5.1.10) is reduced for IFG and similarly, when we consider the value of parameter n = 2 and
taking the value of abstinence is zero, the proposed work in def. (5.1.10) is reduced for PyFG.
If we are taking only the abstinence degree will be zero, then the Def. (5.1.10) is converted for

q-ROFG.

The proposed methods are more general than existing methods due to some reasons discussed

as below:

The T-SFG is an extension of SFG, IFG, PFG and PyFG, characterized by membership,
abstinence and non-membership grades. The diversity of T-SFS is that the sum of n-power of
membership, n-power of abstinence and n-power of non-membership grades is less than or
equal to 1. The T-SFG is an enhanced version of spherical fuzzy graph (SFG), PFG, g-ROFG,
PyFG, IFG and FG to cope with complicated and unknown information in the environment of

fuzzy set theory.

Due to these all reasons, the T-SFG is proved to be a better tool to deal with all kind of problems
in real-life having uncertainty. Therefore, handling problems using T-SFG is more reliable and

more feasible than existing methods.

5.6 Conclusion

In this chapter, the notion of T-SFG has initiated based on the new theory of T-SFSs. The
significance of T-SFGs has studied in analysis of the novelty of T-SFSs, and it has examined
that T-SFGs are generalizations of IFGs and PFGs and can be helpful in those situations where

IFGSs and PFGs failed to be useful. Several fundamental theoretical terms of graphs have been



defined including T-spherical fuzzy subgraphs, complement and strength of T-SFGs, degree of
vertices and bridges in T-SFGs. Several operations have also defined for T-SFGs and related
results are studied. For T-SFGs, famous Dijkstra algorithm was created and in a network of T-
SFGs the shortest path problem has been solved. The core advantage of the proposed work can
be used in practical situations, which can be managed using IFGs or PFGs, but those structures
are tunable to manage the data provided in T-spherical fuzzy situation. In a short period, from
application point of view, the structure of T-SFGs could be very valuable in some problems
including optimization in networks, traffic signal problems, and other problems of engineering

and computer sciences.



Chapter 6

Some Root Level Modifications in Interval Valued Fuzzy Graphs

and Their Generalizations Including Neutrosophic Graphs

FG and its generalizations played an essential role in dealing with real life problems
involving uncertainties. The goal of this chapter is to show some serious flaws in the existing
definitions of several root level generalized FG structures with the help of some counter
examples. First, we aim to improve the existing definition for IVFG, IVIFG and their
complements as these existing definitions are not well-defined i.e. one can obtain some
senseless intervals using the existing definitions. The limitation of the existing definitions and
the validity of new definitions is supported with some examples. It is also observed that the
notion of SVNG is not well-defined either. The consequences of the existing definition of
SVNG are discussed with the help of examples. A new definition for SVNG is developed and
its improvement is demonstrated with some examples. The definition of interval valued
neutrosophic graph is also modified due to the shortcomings existed in the current definition
and the validity of new definition is proved. An application of proposed work in decision
making is solved in the framework of SVNG where the failure of existing definitions and

effectiveness of new definitions is demonstrated.

6.1 Improvements in Interval Valued Fuzzy Graphs and Interval Valued Intuitionistic

Fuzzy Graphs

In this section, first, the existing definitions of IVFG and IVIFG are reviewed and the
shortcomings of these algebraic structures are pointed out with the help of examples. New
definitions for IVFG and IVIFG are developed and their fitness are verified with the help of

some examples.



First, we review the definition of IVFG defined in [79] and provide an example to show

the limitation of the definitions.

6.1.1 Definition [79]

An IVFG is a duplet G = (V,E) where V denotes a collection of nodes and E denotes the

collection of edges between these vertices such that

1) Every t € V is characterized by a function S representing the membership degree of t € V.
Basically, S = [St,SV] is a closed subinterval [0, 1].
2) Every e € E is characterized by a function S denoting the degree of membership e € V x
V. Basically S = [St, SY] satisfying the conditions:
§(ts, 1) < min (84(t), 8 (1)), 8% (t.ty) < min (89 (t), 8V(t)))
6.1.2 Example

Consider the following Figure 63 where we observed that while determining the edge values,
we get undefined intervals as highlighted. This shows that the current notion of an IVFG is

not satisfactory and that is leads us to develop a new definition.

[0.2.0.4]  p.2.0.0] [0.2.0.3]

(0.3.0.0]

[0.3.0.5]



6.1.3 Definition

An IVFG is a duplet G = (V,E) where V denotes a collection of nodes and E denotes the

collection of edges between these vertices such that

1) Every t € V is characterized by a function S representing the membership grade of t € V.
Basically, S = [SE,SY] is a closed subintervals of the unit interval [0, 1].
2) Every e € E is characterized by a function S denoting the membership grade of e € V x V.

The closed subinterval S = [SE, SU] satisfying the conditions:
8t (t; ;) < min (SL(tl-),SL(tj)) and

§(t:,t;) < min (8Y(t,), 8" (t;) ) such that $¥(t;,t;) = min (84 (t:), $*(t,)).

This definition is supported with the help of following example in which we show that none of

the intervals is undefined and that Definition 6.1.3 works perfectly.
6.1.4 Example

The following IVFG depicted in Figure 64 is in accordance with Definition 6.1.3.

[0.4,0.8] [0.1,0.3]

[0.1.0.2]

[0.1,0.4]

[0.4.0.6]



Next we provide a critical study of IVIFGs with a definition which is based on IVIFG
which yield undefined closed sub-intervals. First, we review the existing definition and the
existing shortcomings with the help of examples. Then the new definition is developed and

supported by an example.

6.1.5 Definition [85]

An IVIFG is aduplet G = (V, E) where the set of nodes is denoted by V and E is the collection

of edges between these nodes such that

1) Everyt € V is characterized by two functions S and P denoting the membership and non-
membership grades of t € V. Basically, S=[S%,5Y] and b = [PL,DY] are closed
subintervals of the unit interval [0, 1] with a condition that 0 < SV + BU < 1. Moreover,
the term R = [R%, RY] denote the hesitancy level of t € V such that RV = 1 — §¢ — p* and
RE=1-8V-pv,

2) Every e € E is characterized by two functions S and B denoting the membership and non-
membership grades of e € V x V. Basically S = [St,5Y] and B = [P}, BY] satisfying the
conditions:

S (t,t;) < min (34(t), 84(t)), ¥ (tu 1) < min (8¥ (), 8% (1))

PL(t;, tj) = max (BL(ti)'BL (tj))1 Bu(ti'tj) = max (BU('FL'),DU('F]'))

provided that 0 < SY + BV < 1. Moreover, the term R = [RE, RY] denote the hesitancy level
ofe € Esuchthat RV =1 — S —PLandRF =1 -5V — pY.
This Definition 6.1.5 seems to be weak in two ways. The first reason is that IVIFG is a

generalization of IFG where the non-membership grade of edge is defined as D(ti,tj) <

maX(D(ti),D(tj)) which is not followed in defining IVIFG raising a question on its



perfection. Another shortcoming in Definition 6.1.5 is we may sometime have obtained
undefined closed intervals which should be avoided. For further illustration, consider the

example as follows.

6.1.6 Example

Consider the following IVIFG in Figure 65 where it is observed that we get some undefined

intervals by applying Definition 6.1.5. The undefined closed intervals are highlighted.

([0.2,0.51.10.2, 0.4])

({0.1,0.0].10.5.0.4])

({0.3.0.5].(0.1,0.3]) (l0.1,0.3).[0.2,0.4])
Figure 65 (Interval valued intuitionistic fuzzy graph obtained using Definition 6.1.5 having

undefined intervals)

Keeping in mind the weakness of Definition 6.1.5 as demonstrated by Example 6.1.6 , we

propose a new definition of IVIFG which is well defined and truly a generalization of IFG.
6.1.7 Definition

An IVIFG is a pair G = (V, E) where the set of nodes is denoted by V and E is the collection

of edges between these nodes such that

1) Everyt € V is characterized by two functions S and P denoting the membership and non-
membership grades of t € V. Basically, S=[S%,5Y] and b = [PL,DY] are closed

subintervals of the unit interval [0, 1] with a condition that 0 < SV + PV < 1. Moreover,



2)

the term R = [R%, RV] denotes the hesitancy level of t € V such that RV = 1 — St — bt
and R =1 -5V —pU,

Every e € E is characterized by two functions S and  denoting the membership and non-

A

membership grades of e € V x V. Basically S = [S£,SV] and B = [P, BY] are such that:
8t 1) < min (84(6), 8(t,)).

§¥(ts,t;) < min (8Y(t,), 8" (t;) ) such that $¥(t;,t;) = min (3 (t:), $*(t,)).

P (t;, t;) < max (DL(t) L (t; )

DY(t;,t;) < max (DU(t ), DU(t])) such that BY(t;, t;) = max (DL(t ), BE(t; ))

provided that 0 < S8V 4+ BV < 1. Moreover, the term R = [RL, RU] denote the hesitancy level

ofe e EsuchthatRV =1 -8 —pPLandRt =1 -8V —

The following example shows that Definition 6.1.7 improves the concept of IVIFG and there

is no chance of getting undefined intervals.

6.1.8 Example

Consider the graph depicted in Figure 66 demonstrating the new definition of IVIFG.

({0.3,0.5],(0.2,0.4])

((0.1.0.3].[0.2,0.5])

({0.1,0.3),[0.1,0.5]) ({0.3,0.5].[0.1,0.3])



The next section is based on shortcomings of existing definitions of the complement of an
IVFG and of an IVIFG together with the development of new definitions. The existing and new

definitions are demonstrated with examples.

6.2 New Definitions for Complement of Interval Valued Fuzzy Graph and Interval

Valued Intuitionistic Fuzzy Graph

It is observed that the definition of complement of IVFG did not provide justifiable results
on some occasions. The results obtained using the current definition of IVFG leads us to obtain
some undefined intervals, and therefore in this section we propose a new definition for

complement of IVFG.

For the first time, the complement of IVFG was defined in [84]. First, we review the existing

definition and with the help of an example we pointed out its shortcomings.

6.2.1 Definition [84]

The complement of an IVFG G = (V,E) is defined by G¢ = (V¢,E¢) where V¢ =V and the
membership and non-membership grades of E satisfying the conditions:

(84)"(ts t;) = min (SL(ti):SL(tj)) - ((Fi:tj)) HACINE

min (gU(ti); Su(tj)) - SY(tu t).

6.2.2 Example

In the following two IVFGs, Figure 68 represents the complement of IVFG depicted in Figure
67 based on based on existing definition which leads us to certain undefined intervals as

highlighted.



([0.2.0.5]) (l0.2.0.3)

([0.1.0.3])

#0000l
([£"0'z 0]

([o.1.0.3))
i [

([0.1.0.4]) ([0.3,0.5])

Figure 67 (Interval valued fuzzy graph)

(l0.2,0.5]) ([0.2,0.3])

[0.1,0.0]

[o0°'F 0l

([0.1.0.4]) [0.3.0,5]

Figure 68 (Complement of graph depicted in Figure 67 based on Definition (6.2.1) giving
us undefined intervals)

Another definition of complement of IVFG is defined in [79] which is described as:
6.2.3 Definition [79]

The complement of an IVFG G = (V,E) is defined by G¢ = (V¢,E€) where V¢ = V and the

membership functions of E€ satisfies the following:

0 if  S"(tut;) 20

SLY (¢, t.) =
(5) (1)) min (SL(ti)' SL('Fj)) i Sy) =0



0 if SU(ti;tj) =0
min (89 (t),89(t))) i 8U(tut;) =0

(SU)C(Fi,tj) =

This definition is not well defined as it is not valid for all types of IVFGs. The problem in this
definition of complement is that it does not possesses the property (G¢)¢ = G. This is

demonstrated in the following example.
6.2.4 Example

The complement of IVFG as exhibited in Figure 67 is depicted in Figure 69 below and it is
observed that all the edges have disappeared surprisingly which seems insignificant. Now we
determine the complement of Figure 69 again and put it on display in Figure 70 which clearly
indicates that the basic result of complement i.e. (G¢)¢ = G does not hold true for Definition

6.2.3.

(l0.2.0.5]) ([0.2,0.3])

S

([0.1.0.4]) [0.3.0.5]

Figure 69 (Complement of Figure (67))



([0.2.0.5]) ([0.2,0.3])

@ (l0.2.0.3]) @

Cl ]
- 1
e e
£ o
& ([0.1.0.4]) ¥
(l0.1,0.4]) [0.3.0.5]

Figure 70 (Complement of Figure (69) based on Definition (6.2.3))

Moreover, Definition 6.2.3 is used to find the complement of a complete IVFG in [79]
by Akram and Dudek where this definition possesses the property of a complement i.e. (G¢)¢ =
G. But we need a definition of complement which can be used for entire range of IVFG and not
only complete IVFG therefore we develop a new well-defined definition for the complement

of IVFGs as follows.
6.2.5 Definition

The complement of IVFG G = (V,E) is defined by G¢ = (V¢,E€) where V¢ =V and the

membership grades of E satisfies the following properties:

(SL)C(ti»tj) = min (SL(ti)’gL(tj)) —§t ((ti’tj))-
(39)"(toty) = min (8 (1), 8V (t;) ) — 8¥ (¢ t;) + min (34(t), $4(t;) ).
In the following examples, we not only demonstrate the new definition but also verify

that the basic property of the notion of complement as presented in definition 6.2.5 is available,

i.e. (G =G.



6.2.6 Example

In what follows, Figure 71 represents the complement of Figure 67 and Figure 72 represents
the complement of Figure 71. Hence, as we claimed the equality (G¢)¢ = G holds true for our

proposed new definition.

([0.2,0.5]) ([0.2.0.3])

10.1.0.2]

[T 010l
[z'0'0 0l

[0.0.0.2]

([0.1.0.4]) [0.3.0.5]

Figure 71 (Complement of graph depicted in Figure (67))

([0.2.0.5]) ((0.2.0.3))
s {[0.1.0.3]) .
= A
o b
= 2
- ,
a (10.1.0.3)) '
(l0.1.0.4]) [0.3.0.5]

Figure 72 (The complement of graph depicted in Figure (71))

Now we develop the definition of complement for IVIFGs because the existing definition does

not make any sense in some cases as we described for IVFGs.

6.2.7 Definition

The complement of IVIFG G = (V,E) is defined by G¢ = (V¢,E€) where V¢ =V and the

membership and non-membership grades of E satisfied the conditions:



(34 (tty) = min (852, 8*(1))) — 8 (Gt

(8)(to ty) = min (8V(t,89(y)) = 8¥ (¢ ty) + min (841, 8 () ).
(®Y)(t;, t;) = max (DL(t) DL(t])) pt ((ti.tj))-

B®Y)¢(t;, t;) = max (BU(t) DY(t; ) bY(t;,t;) + max (BL(g-),DL(tj)).
6.2.8 Example

Consider the following IVIFGs where the graph depicted in Figure 74 represents the

complement of Figure 73. Moreover, through some easy calculations, one can easily verify that

(G =G

Figure 73 (Interval valued intuitionistic fuzzy graph)



(lp.0.2). [0.1.0.3])

Figure 74 (Complement of interval valued intuitionistic fuzzy graph depicted in Figure (73))

In the next section, we discuss the limitations of SYVNGS, IVNGs, and their complements. In

addition, we develop some new valid definitions.

6.3 Improvements in Single Valued Neutrosophic Graphs and Interval Valued

Neutrosophic Graphs

In this section, we study the SVNGs proposed in [89] and IVNGs developed in [94]
and we describe their shortcomings with some examples. Then a new definition is proposed
for both SVNGs and IVNGs and their complements are discussed. In support of these new

definitions, we present some examples.
6.3.1 Definition [89]

A SVNG is a pair G = (V,E) where V is the set of nodes and E is the collection of edges

between these nodes such that

1) Everyt € V is characterized by three functions S: V — [0,1],1: V = [0, 1] and B: V — [0, 1]
denoting the membership, neutral and non-membership grades of t € V which satisfy 0 <

S+i+b<3.



2) Every e € E is characterized by three functions S:V xV — [0,1],1:V x V = [0,1] and
b:V xV - [0,1] denoting the membership, neutral and non-membership grades of e €

V x V satisfies:
3(t 1) < min (5(6),3(t,))
I(t;, t;) = max (T(ti)'i(tj))
D(t;t;) > max (D(ti)'B(tj))
Which satisfy the inequality 0 < S+ 1+ b < 3.

It is observed that this definition is not suitable and needed to be modified based on two
reasons. The first reason lies in the fact that as SVNG is a generalization of IFG. So, by
exempting the indeterminacy value Definition 6.3.1 should reduce to IFG but in actually it does

not happen as the non-membership degree of an edge in IFG and in SVNG are defined in a

different way i.e. the non-membership degree for IFG is defined as B(ti, tj) <

max (D(tl-),D(tj)) while in case of SVNGs it is defined as D(t;, t;) > max (D(tl-), D(tj)).
The second reason is based on definition of complement of SVNGs. As the complement

of an SVNG needed to be an SVNG but it did not happen in some occasions. We present the

current definition of complement of SVNG and with the help of an example describe that the

complement of an SVNG is not well defined.

6.3.2 Definition [89]

The complement of SVNG G = (V,E) is defined by G¢ = (V¢,E€) where V¢ =V and the

membership, neutral value and non-membership grades of E satisfies the conditions:

(9) (o)) = min (8. 3(t;)) = 8 (1))



(D°(t ) = max (1), 1(t)) — 1((t0 1)),

(B)C(ti'tj) = max (D('.fi);B(tj)) —-b ((ti; '.:j))-

Keeping in mind Definition 6.3.2 and consider the following example, where talking the
complement of an SVNG does not remain an SVNG. All this leads to some modification in the
basic definition of SVNG which not only generalizes an IFG but also compatible to satisfy the

basic properties of taking complement.
6.3.3 Example

In the following figures, Figure 75 represents an SVNGs and Figure 76 represents the
complement of SVNGs depicted in Figure 75. It is clear from Figure 76 that the complement

of SVNG is not an SVNG.

(0.3.0.508)

(s'0'¢#'0°Z0)
k090 % 0}

(0.4.0.3.0.6)

Figure 75 (Single valued neutrosophic graph)



(0.3.0.5.0.8)

(50°%0°Z0)
#0"9'0°%'0}

(0.4.0,3.0.6)

Figure 76 (Complement of single valued neutrosophic graphic depicted in Figure (75))
Now we present a new definition for SVNG as a generalization of IFG which is well-defined.
6.3.4 Definition

An SVNG is a pair G = (V,E) where V is the set of nodes and E is the collection of edges
between these nodes such that
1. Everyt € Vis characterized by three functions S: V — [0,1],1: V = [0,1] and P: V - [0, 1]
denoting the membership, neutral and non-membership grades of t € V which satisfy the
inequality0 < S+1+b < 3.
2. Every e € E is characterized by three functions S:V x V - [0,1],1:V x V = [0,1] and
b:V x V - [0, 1] denoting the membership, neutral and non-membership grades of e €
V x V satisfying
S(ti,t;) < min (S(ti)rg(tj))
i(ti’tj) < max (i(ti),i(tj))

providedthat0 < S+1+D < 3.



6.3.5 Example

In the following figures, Figure 77 represents an SVNG compatible with the new definition

and Figure 78 represents the complement of the SVNG depicted in Figure 77.

(0.3.0.5.0.8)

(s'0¥'0°20)
L0900}

(0.4.0.3.0.6)

Figure 77 (Single valued neutrosophic graph)

(0,3.0.5.0.8)

Z'o)

(50'% 0"
(#0'90°%0)

(0.4.0.3.0.6)

Figure 78 (Complement of graph depicted in Figure (77))

Likewise, in SVNGs the same kind of flaws exists in the definition of IVNGs. First, we
present the existing definition of IVNG and point out its limitation with the help of an example.

Then we develop the new definition for IVNG and support it with an example. After developing



the new definition for IVNGs, we discuss the concept of complement for IVNGs by considering

the defects exist in forming complements of IVFG and IVIFG.
6.3.6 Definition [94]

An IVNG is a pair G = (V,E) where V is the set of nodes and E is the collection of edges

between these nodes such that

1. Everyt € V is characterized by three functions S, 1 and P denoting the membership, neutral
and non-membership grades of t € V. Basically, S = [S£,5Y],1 = [i£,1V] and B = [P%, Y]
are closed subintervals of the unit interval [0, 1] which satisfy the inequality 0 < SV + 1V +

pv < 3.

2. Every e € E is characterized by three functions S, T and D denoting the membership, neutral

[PE, B] are such that:
St(ti,tj) < min (gL(Fi)lgL(tj)) §U(titj) < min (Su(ti);gu(tj))
I*(t; tj) = max (TL(ti)»iL(tj)) 1V(t; t;) = max (iu(ti)riu(tj))
P (t;, ;) = max (DL(H)'BL (t,-)) BY(t;tj) = max (DU(R)DU(?J’))
which satisfy the inequality 0 < SV + 1V + BV < 3.

Likewise, IVFG and IVIFG are defined, Definition 6.3.6 sometime leads to undefined closed

sub-intervals as shown in following example.
6.3.7 Example

Consider the following example of an IVNG as exhibited in Figure 79 based on Definition

6.3.6 leading us to some undefined intervals.



(0.3 0.5, [0.2.0.4],[040.7])

([#0°2 0] Te 0"e 0] T+ 01 0])

[&'0'6'0] (L 080 [+0'00))

{([0.0,0.3.[0.8.0.7].[0.5. 0.4}

([0.2,0.6).10.50.7).[0. 1.0.4])

Figure 79 (Interval valued neutrosophic graph with undefined intervals)

Now we present a new definition of VNG as follows.
6.3.8 Definition

An IVNG is a pair G = (V,E) where V is the set of nodes and E is the collection of edges

between these nodes such that

1) Everyt € V is characterized by three functions S, 1 and P denoting the membership, neutral
and non-membership grades of t € V. Basically, S = [S£,5Y],1 = [I£,1V] and B = [P%, Y]
are closed subintervals of the unit interval [0, 1] with a condition that 0 < SV + 1V + PV <
3.

2) Every e € E is characterized by three functions S, T and B denoting the membership, neutral
and non-membership grades of e € V x V. Basically S =[S£, SE],1=[it,1V] and D =

[DE, BE] are such that:

S$:(t,t;) < min (gL(ti); gL(’.Ej)) S§Y(t;t;) < min (SU(ti)rgU(tj))



iL('.fi:tj) < max (TL(ti)»TL(tj)) Tu(ti:tj) < max (Tu(ti)’iu(tj))
DL(ti'tj) < max (DL('.CL');DL('E]‘)) DU(ti:tj) < max (DU(ti)'DU(tj))

provided that Su(ti'tj) < SL(HJ;‘) TL('.Ci;tj) < iU(ti:tj)’ DL(ti;tj) < DU(ti;tj) and 0 <
SU+1V+pY <3
6.3.9 Example

Consider the graph depicted in Figure 80 demonstrating the new definition of IVNGs.

(f0.3,0.5].[0.2,0.4].[0.4.0.7])

([#0't a]l s 0's o] [2 02 0]
([#'0'c 0] T 0 e 0] [+'0°1 a])

([0.1,0.51.[0.2,0.4],[0.1,0.6])

Figure 80 (Interval valued neutrosophic graph)

Next, we discuss the existing definition for taking the complement of IVNG and show
its limitations with the help of examples. Then we propose a new definition for the complement

of IVNG as the existing definition leads us to some undefined intervals.

6.3.10 Definition [89]

The complement of IVNG G = (V,E) is defined by G¢ = (V,E®) where V¢ =V and the

membership, abstinence and non-membership grades of E are satisfying:

(89)°(tt)) = min (34, 84(t))) = 8 (8 ty)).



(8)°(toty) = min (8(t,3°())) - ¥ (tu -
(i) (ti tj) = max (TL(E)»TL(E')) — I ((?i»tj))-
) (tt) = maX( D10 (Y ) — ().
(®1)(t t;) = max (BL(t), P (t;) ) — P* ((tut))):
®Y)(t;, tj) = max (DU(t) DY (t; ) DY(t;t5).

6.3.11 Example

The following IVNG depicted in Figure 81 shows that the Definition 6.3.10 for complement

of IVNG leads us to some undefined intervals.

([0.3.0.5].[0.2.0.4],[0.4.0.7])

I'[E 0 1o

[T 0—"T'0-
([+0°c 0)'[sa'c 0] [+'0 1 0])

(00— 10~

{{o.1,0.10.(
[]

{[0.2,0.6),10.50.7L[0. 1.0.4])

Figure 81(Complement of Figure (79))

As IVNG is a generalization of IVFG and IVIFG so its complement defined in [89] is not well-

defined therefore we propose a new definition for complement of IVNG as follows.
6.3.12 Definition

The complement of IVNG G = (V,E) is defined by G¢ = (V¢,E€) where V¢ =V and the

membership, abstinence and non-membership grades of E are satisfying the conditions:



(89)°(tty) = min (8, 8(1))) = 8+ ().

(8)(to ty) = min (8V(t,89(y)) = 8¥ (¢ ty) + min (841, 8 () ).

(1) (to ) = max (20, 14(ty) ) - 1 ((to 1))

(1) (ts t;) = max (V4,1 (t;) ) = 1 (1. t;) + max (T4(t), T(t;) ).

(B (& ;) = max (B*(t), B (t;) ) — B* ((t1))).

6.3.13 Example

Consider the following IVNGs where the graph depicted in Figure 83 is the complement of

the graph depicted in Figure 82. Moreover, through some easy calculation, one can easily verify

that (G°)¢ = G

(BY)(t,t;) = max (BV (), BY(t;)) — BV (&, t;) + max (B (t), B1(t;) )

([0.3 0.5] [0.2.0.4] [0.4,0.7])

z'0])

[9'a'+0] [0

([+'0°z 0] Te0e 0] Teo T 0]

([5°0°€"0]

([o.0.0.3].[0.4.0.6].[0.1.0.4])

([0.2,0.6],[0.5,0.7].[0. 1.0.4])

Figure 82 (Interval valued neutrosophic graph)



([0.3,0,5],.[0.2.0.4].[0.4.0.7])

([0 1T0]'[90TO

| ([#0'Co)]fs0e o] FoT 0]

i[0.1.0,2].[0.1.0.6]. [0.1.0.2])
[

{[0.2,0.6),[0.5,0.70L[0.1,0.4])

So far in our study, we have developed the theory of IVFGs and its generalizations providing

examples that explained the limitation in existing definitions and the fitness of new definitions.

6.3.14 Remark
The work done proposed is applicable whether the graphs are directed or undirected.

Now a real-life application is presented to show the feasibility of proposed work. The

process of ranking universities is explained based on SVNGs.
6.4 Ranking of Universities by Higher Education Commission

The higher education commission (HEC) of Pakistan needed to evaluate the Pakistani
universities in research perspectives. HEC Pakistan plan to give away some financial support
to those universities whose research is comparatively better. The university with good research
score will earn greater financial support. Here we shall discuss the case of federal capital
Islamabad. Four universities z,, z,, z3 and z, from Islamabad are chosen representing Quaid e
Azam university, National University of Science and Technology, Comsats university and

International Islamic University Islamabad. The criterion for ranking of universities is



“’research productivity’’. The members of quality assurance cell (QEC) of HEC provide their
information in the form of a single valued neutrosophic preference relations (SVNPRs) as given
in Figure 84. The weight vector in this case is given by w = (0.2,0.1,0.3,0.2)". The detailed
steps of algorithm for this process are explained followed by stepwise calculations of this

problem.
6.4.1 Steps of Algorithm

Step 1: Establishing SVNPRs: This step involves the evaluation of objects by decision

makers in the form of SVNGs.

Step 2: The SVNPRs forms a relational matrix known as single valued neutrosophic

relational matrix (SVNRM) denoted by R = (Fij ) nxn-

Step 3: This step involves the aggregation of information provided in the relational matrix in

Step 2.
Step 4: This step involves the ranking of aggregated data based on score function.
Now we solve the problem stepwise demonstrating all calculations.

Step 1: this step involves the information from QEC of HEC Pakistan about universities in

the form of SVNGs as exhibited in Figure 84.



(0.3.0.4.0.5)

(0.5.0.5.0.5)

(F'0'F'0'C0)
(¥ D'E'DE'D)

(T'OEDE"D)

‘“\ (20'C0%'0)

(0.1,0.50.3)

| — ﬂ (0.5.0.5.0.5)
(D.5.0.5.0.5} 7 w—/za
L2 .

Figure 84 (Directed Network of the Single valued neutrosophic information)

Here, the importance of new definition of SVNG is clear. In decision making problems,
we usually have two types of attributes known as attributes of cost type and of benefit types.
In case the attributes are of cost types, the data is normalized using the definition of
complement of SVNGs. Therefore, if we utilize the existing definition of SVNGs and its
complement as we have done in Example 11. We obtained some undefined results. Similar is
the case with other structures. All this shows the importance of new proposed definitions of

several fuzzy graphs and their complements.
Step 2: From SVNPRs provided in Figure 83, we have the following relational matrix.

(0.5,0.5,0.5) (0.3,0.4,0.5) (0.4,0.2,0.3) (0.4,0.2,0.2)

R = () axa = (0.3,0.4,0.5) (0.5,0.5,0.5) (0.2,0.4,0.4) (0.1,0.4,0.5)
b Jaxd (0.2,0.4,0.1) (0.3,0.3,0.4) (0.5,0.5,0.5) (0.1,0.5,0.3)
(0.3,0.3,0.1) (0.3,0.2,0.3) (0.3,0.1,0.3) (0.5,0.5,0.5)

Step 3: Using single-valued neutrosophic weighted averaging operator on relational matrix to

aggregate the data.



n n
f'i = iVPFWA(f'il,f'iz, ...,f'in) = 1-— (1_[(1 - SU) B TU B HBU
i j=1

j=1 j=1
The aggregation results are given as:
i, = (0.349302063,0.3552344,0.4102356)
i, = (0.204404888,0.4912912,0.5371592)
r; = (0.266048598,0.5219262,0.3675541)
i, = (0.297165899,0.2919586,0.3393458)

Step 4: The aggregated data obtained in Step 3 is ranked based on the following score
function and the ranking results are given below.

S+1-1+1-D)

s(f;) = 3

s(fy) = 0.527944021, s(i,) = 0.391984829, s(i3) = 0.458856099, s(i,) =

0.555287166

Finally, we have the following ranking

24> 71> 23> I

The ranking results indicate that International Islamic University Islamabad stands at number
1 in research productivity among four universities of federal capital of Islamabad in the
evaluation of quality assurance cell of HEC. If we use geometric aggregation operators instead

of averaging aggregation operators, the results would be same.



6.5 Conclusion

In this chapter, we successfully pointed out the shortcomings existing in the current
definitions of IVFG, IVIFG with the help of examples and developed a new improved
definition for these concepts. It is also discussed that the current definitions of complement for
IVFG and IVIFG leads us to some undefined results, therefore some new definitions for
complement of IVFG and IVIFG are proposed and supported by examples. Further it is
observed that the definition of SVNG has some serious flaws, described by examples. So, a
new modified definition for SYVNG has been developed and supported by some examples. The
concept of IVNG is also modified and the validity of the modified definition is tested with
examples. Throughout this chapter, we defined all those terms which were not previously
defined well. In near future, we shall investigate some other results of IVFGs, IVIFG, IVNG,

SVNGs for any possible shortcomings if existed and then try to improve them.



Chapter 7

An Approach Towards Decision Making and Shortest Path
Problems Using the Concepts of Interval-Valued Pythagorean

Fuzzy Information

7.1 Interval Valued Pythagorean Fuzzy Graphs

In this section the concept of IVPYFG is defined and some other useful graph related
idea are explored. To make these ideas more understandable, each concept is supported with

examples.

7.1.1 Definition [32]

An IVPYFS (over a universal set X) is of the form A = {x, (S(x),D(x))} where S and P are
mappings from X to some subinterval of [0, 1] i.e. S(x) = [S¥(x),SY (x)] and B(x) =
[BL(x), B ()] with a condition 0 < (3V(x)) + (BU(0))" < 1.

Now we defined a score function for ranking purpose of IVPyFNs.

7.1.2 Definition

The score function for an IVPyFN A = ([S,8Y], [BE, BV]) is defined as:

(3971 = (012 + GV)((1 - (BV)?))
2

Sc(a) = Sc(A) € [0,1]
7.1.3 Definition

An IVPYFG is a pair G = (V, E) where V is the set of nodes and E is the collection of edges

between these nodes and



1) Everyt € V is characterized by two functions S and B denote the degree of membership

and non-membership of t € V. Basically, S = [St,S¢] and D = [P%, D] are subintervals

of the unit interval [0, 1] with a condition that 0 < (SU)Z + (PY)2 < 1. Moreover, the

term R = [RY,RY] denote the refusal degree of teV such that RY =

’:/1 —(8)* — (B4)zand RL = ’:/1 — (8v)* — (V)2
2) Every e € E is characterized by two functions S and B denote the degree of membership
and non-membership of e = (5,P) € V x V. Basically S =[S£, 5] and P = [P, B]

are defined as:
8t (t; ;) < min (SL(tl-),SL(tj)) and
§¥(ti,t;) < min (8V(t),8"(t;) ) st 8V = min (84(t), $4(t)).
P (t;, t;) < max (BL(ti),BL (tj)) and
PY(t;,t;) < max (DU(;i),BU(;j)) st PV > max (BL(gi),DL(gj)).

with a condition that 0 < (8¥)” + (BU(x))” < 1. Moreover, the term R = [RV, RL] denote

the refusal degree of e€E such that Ruzn\/l—(SL)z—(DL)Z and Rl =

- (50 - vy

7.1.4 Theorem

IVPYFG is a generalization of IVFG and IVIFG.
Proof: We prove this result as follows:

1) If we take n = 1. The definition of IVPYFG reduces to IVIFG.



2) If wetake n = 1, B* = BV = 0. The definition of IVPFG reduces to IVFG.
This result shows the significance of the new concept as it the generalization of all the

existing structures and can deal with the situations where the existing structures fails due to the

limitations in their structures.

7.1.5 Example
The following Figure 85 is an example of IVPYFG.

([0.4,0.6].[0.3,0.5]) ([0.2,0.7].[0.5,0.6])

([0.1.0.5].[0.4.0.5]) -

S

<

)

S

y

s

i

([0.3.0.5].[0.4.0.6])

([0.4.0.7].[0.4,0.5])

([0.4.0.6].[0.3,0.6])
Figure 85 (Interval valued Pythagorean fuzzy graph)

7.1.6 Definition
An IVPYFG G’ = (V',E’) is said to be interval valued Pythagorean fuzzy subgraph

(IVPFSG) of the graph G = (V,E) iff V € Vand £’ € E.



7.1.7 Example
The following Figure 86 provide is an example of IVPYFSG in Figure 85 of IVPYFG.

([0.2,0.7].[0.5,0.6]) B}

T
=
A
S
S
=
el
S
([0.3,0.5].[0.4,0.6])
[ |
([0.4.0.6].[0.3.0.6]) ([0.4.0.7].[0.4.0.5])

One of the important concept in graph theory is complement of a graph which has been
discussed widely in the frameworks of FGs and IFGs and other fuzzy algebraic structures. Here
we defined the complement of IVPYFG which is a generalization of the complement of IVIFG
and IVFG under some restrictions. The defined concept is then supported with the help of some
examples and results.

7.1.8 Definition

The degree of a vertex in an IVPYFG G = (V, E) is denoted and defined by

d(u) = (qgu (w), dS;p (W), dPy, (W), ClDw(u))Where dS:, (W) = Zuz\s; Sz (wy), dSip(w) =

Duzy Szu(“)’) and by, (w) = X uzy Do (uy), dP1y (W) = X uzy Doy (uy).
ueyv u,yev u,yev

Here (dS;,(w),dS;y(u)) represents the lower and upper degrees of membership function of
the vertex and (db,; (u), dP,y (w)) represents the lower and upper degrees of non-

membership function of the vertex.



7.1.9 Definition

The complement of IVPYFG G = (V,E) is defined by G¢ = (V¢,E€) where V¢ =V and the

membership grades of E are defined by:

(81)"(ts ;) = min (SL(B')'SL(?])) - & ((Fi'tj))-

(8)(to ty) = min (8V(t,89())) = 8¥ (¢ ty) + min (841, S ().
(B1)(t,t;) = max (PH(t), BH(t;) ) — P (8 ty).

®)(t ;) = max (BU (1), BU(t;) ) — BV (&, t;) + max (L (t,), B (t;)).
7.1.10 Theorem

For IVPYFG G = (V,E), (G)° = G.

Proof: Let G = (V, E) be an IVPYFG. Then by definition of complement, we prove this result

(89)°(t ) = min (34, 84()) = 8 (8 ty)).

(899 (o)) = min (SL(H)'SL(U)) - (min (34, SL(B')) - St ((tvt;))) =
St ((Fi’tj))-

(SU)C(ti:tj) = min (Su(ti)’ Su(tj)) — 8Y(t;,t;) + min (SL(ti)' gL('Fj))-

(1)) () = min (3V (2,8 (1)) — (min (3V (1,8 (t;)) - 8V (tu ty) +

min (SL(ti), SL('_CJ-))) + min (SL(ti), SL(’_cj)).

(69 (tot) = 8°(tty).



Similarly, we can prove that

((BL)C)C(ti’tj) = BL(ti’tj)-
((DU)C)C(ti)t.:j) = Bu(ti;tj)-
Hence, (G°)¢ = G.

7.1.11 Example

Consider the following IVPYFGs where the graph depicted in Figure 88 is the complement of
the graph depicted in Figure 87. Moreover, through some easy calculation, one can easily verify

that (GS)¢ = G.

([0.4.0.6].[0.3.0.5])

[0.3,0.4].[0.3,0.5])

([0.2,0.7].[0.5.0.6])

([0.1.0.5].[0.4.0.6])

([0.4.0.6].[0.3.0.6])

Figure 87 (Interval valued PyFG)

([0.4.0.6].[0.3.0.5])

([0.1,0.6].[0.0.0.4])

([0.2,0.7].[0.5,0.6])

([0.1.0.3].[0.1,0.5])

([0.4.0.6].[0.3.0.6])



Figure 88 (Complement of IVPYFG in Figure (87))

7.1.12 Definition
An IVPYFG is known as:
5) Semi S strong: if S¥(t;, t;) = min (§L(ti), §L(tj)) and SY(t;, t;) = min (3”('9), SU(';]-))
6) Semi D strong: if PX(t;,t;) = max (BL(ti),DL(tj)) and BV (t;,t;) =
max (DU(ti), DU(tj))
7) Strong: if (1) and (2) holds true.
7.1.13 Example

The graph in Figure 89 is strong IVPYFG.

([0.4.0.6].[0.3,0.5]) ([0.2.0.7].[0.5,0.6])

([0.4,0.6].[0.3,0.6]) ([0.4,0.7].[0.4,0.5])

Figure 89 (Strong IVPYFG)
7.1.14 Definition
In an IVPYFG, a set of distinct nodes t; (i = 1, 2,,3 ...m) is considered as a path if there exist

an edge between every two vertices t; and t; for i, j = 1,2,,3 ... m. Or a set of distinct nodes

t; (i =1,2,,3...m) is considered as a path if at least one of the following holds true.



1) S(t;t;) is a non-zero subinterval of [0, 1].

2) D(t,t;) is a non-zero subinterval of [0, 1].
Consequences of Definition 7.1.14.

1) If a path consists of m vertices. Then its length is m — 1.
2) A path is known as cycle if its first and last vertex coincides.

3) Two vertices are said to be connected if they are joined by a path.
7.1.15 Example

The following Figure 90 is an example of Path in IVPYFG.

([0.4,0.6].10.3.0.5])

Eﬂﬂ

(F0'1°0]'[£0°Z°0])
=)
b
o
)
s
w
o
@,

([0.1.0.51.[0.4.0.6]) ({0.1.0.31.[0.4.0.7])

=i +
] L

i ([0.2,0.4].[0.4.0.7])

ts I
([0.4.0.6].[0.3,0.6])

Figure 90 (A path in an Interval valued Pythagorean) fuzzy graph)

In the above Figure 90, t,tst, is path.
7.2 Applications in Decision Making

In this section, the developed approach of IVPyFGs is utilized in two decision making
problems. The first problem is about the selection of best university among some universities

while the second one is the famous problem of supply chain management.



7.2.1 Decision Making for the Evaluation of Best University:

In this problem, a network of universities is evaluated in a capital to obtain the best
university based on performance. For this we consider a network of four universities denoted
by z;(i = 1, 2, 3,4). These four universities are being monitored and must be evaluated under
the attribute “efficiency”. A group of decision makers anonymously evaluated these

universities and gave their opinions in the form IVPyFGs displayed using IVPyFGs.
The process of decision making is based on the following steps:

1. Obtaining information from decision makers.

2. Forming a relational matrix based on the information provided in Step 1.

3. Using interval valued Pythagorean fuzzy weighted averaging (IVPFWA) or interval valued
Pythagorean fuzzy weighted geometric (IVPFWG) operator to aggregate the information
of relational matrix.

4. Use ranking function to obtained optimum results.
A detailed numerical example is discussed as follows

Step 1: information from decision makers about universities is obtained in Figure 91



L'DZ'D?J:I
m;nﬂ

zlv/rm Za

[0.4.0.7]
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[s'0'g'0]
TLow 0l
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L“'z'“"”'}.
[0.5.0.7]/

Figure 91 (Directed Network of the Interval valued Pythagorean fuzzy relation IVPyFR)

Step 2: forming relational matrix.

[0.4,0.5],\ ([0.3,0.6],\ ([0.4,0.7]\ ([0.5,0.7],
([040 5]) ([040 7])'([0.2,0 5 )'([0.2,0.7])
[0.2,0.7],\ ([0.4,0.5],\ ([0.4,0.6] ([0.3,0.6],
o ([ 506]) ([0405])'([0507)'([0.4,0.6])
R=(idaxa =1 10.40.6]\ ([0.5,0.7]\ ([0.4,0.5]\ ([0.3,0.5],
[0.2,0.6])’\[0.1,0.3]/)\[0.4,0.5] )’ \[0.5,0.8]
(10.2.0.61)(10.1.0.31) (04051 (0% 08])
[0.4,0.7])\ ([0.3,0.6],\ ([0.2,0.4]\ ([0.4,0.5],
([0 3,0. 5]) ([0 2,0.4])'([0 5,0.7 )'([0.4,0.5]>

Step 3: Using IVPFWA operator on relational matrix to aggregation of data.

f'l. = IVPFWA(rll, I..iZ; ---if.in)

l1—(1—[ 1-(34)°) ,1—(1_[ 1-(8v;;)) ]

Sl
Sl

j=1

J& S
EARY



i=12,..,n,

We aggregate r;;, j = 1,2, ...,4 corresponding to the university z;, and then get the complex

IVPFN r; of the university z;, over all other universities.
i, = ([0.408609,0.636849], [0.0016,0.030625])
i, = ([0.337536,0.608982],[0.0.01, 0.315])
i» = ([0.408609,0.587717],[0.001, 0.018])
i, = ([0.337536,0.57149],[0.003,0.0175])

Step 4: Now we find the score values of i; by using the score function:

((8)° (1= B D) + ()21 - (BY))
2

s(fy) =
s(fy) = 0.00028, s(i,) = 0.000356,s(i;) = 0.000106, s(i-,) = 0.000107
According to s(i;) i = 1,2, ...,4 we get ranking of the universities z;, i = 1,2, ...,4 as:
22> 721> 74> 13
Therefore, the best university is z,.
Now the problem is solved again using IVPFWG operators and we repeat from Step 3.
Step 3: Using IVPFWG operator on relational matrix to aggregation of data.

f'l. = IVPFWG(rllJ I..1'2; ...,f'in)

1 o
(I=e 854 (IT7=1 874",

wl-m?-l(l—@Luf)%»Jl—(H?-l (1—@%)2)%/




We aggregate r;;, j = 1,2, ...,4 corresponding to the university z;, and then get the complex

IVPFN r; of the university z;, over all other universities.

i, = ([0.006,0.03675],[0.319378,0.617585])

i, = ([0.0024,0.0315], [0.454175, 0.608982])

;3 = ([0.006,0.02625],[0.34691, 0.608508])

t, = ([0.0024,0.021],[0.372401, 0.547141]
Step 4: Now we find the score values of i; by using the score function:

s(i;) = 0.000434,s(i,) = 0.000314, s(i3) = 0.000233,s(i,) = 0.000157
Therefore according s(i;) we get ranking of the universities z;, i = 1,2, ...,4 as:
21> 22 > 13> 74

Therefore, the best university is z,.

Analysis shows that the results obtained using different aggregation techniques are different.

So, the choice of using aggregation operators is up to decision makers.
7.2.2 Application in Supply Chain Management

In supply chain management the partners of a company assessed based on their
performances towards a supply chain. The coordination of companies depends on many
aspects. In this problem, our aim is to find out most influential aspect in a supply chain. Let us
consider we have four aspects i.e. service level, cost and price, quality and response time
denoted by z;(i = 1, 2,3,4). To rank these factors, three decision makers are asked to give

their preferences in the form of IVPyFNs in three matrices below.



The information of three different reviewers are regrouped using IVPyYFWA operators as:

IVPFWA(t11, Figy e

[0.5,0.6],
(0506
[0.3,0.7],
(0407
[0.2,0.6]
<O406
[0.3,0.5]
<m407

[0.5,0.6]
(0506
[0.2,0.7]
(0507
[0.1,0.6],
(0307
[0.1,0.6],
(0206
[

(j05061)
(fo506])
(06061)

1,

<m53072
[\ [0.1,0.2]

)
)
)
)
)
)
)
)

[0.7,0.7]
m205)
[0.5,0.6],
m506)
[0.2,0.4],
m506)
m207)
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[0.5,0.7]
(0106)
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[0.5,0.5],
(050@
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0407)
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0406)
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[0.43,0.46], [0.44,0.48], [0.35,0.45], [0.38,0.46],
([0.042,0.072]) ([0.002,0.05]) ([0 005,0.07 ) ( 0.03,0.056] )
[0.38,0.47], [0.43,0.46], [0.4,0.45], [0.43,0.47],
R - ([0.03,0.098]) ([0.042,0.072]) ([0 02,0.098 ) ( 0.007,0.06] )
[0.38,0.47], [0.41,0.43], [0.43,0.46] [0.36,0.44]
([0.024,0.084]) ([0.008,0.084]) ([0.042,0.072]) ( 0.02,0.05] )
[0.39,0.46], [0.39,0.46], [0.38,0.43], [0.43,0.46]
_([0.003,0.028]) ([0.006,0.05]) ([0.016,0.05]> ([0.042,0.072])_

The regrouped data is transformed into a directed IVPyFG depicted in Figure 92.
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Figure 92 (Directed Network OF IVPYFR)

Using the condition $* > 0.46, The IVPYFG in Figure 92 reduces to another IVPYFG which

is depicted in Figure 93.
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Figure 93 (Partial Directed Network OF IVPYFR)

Now we used Definition 7.1.8 to compute the out degrees of every vertex z; as follows:
Out — d(z,) = ([0.82,0.94],[0.032,0.061])
Out — d(z,) = ([0.81,0.94],[0.05,0.196])
Out — d(z3) = ([0.38,0.47],[0.024,0.084])
Out — d(z,) = ([0.78,0.92],[0.009,0.078])

By observing the degree of membership, where the score function is available in step 4, it is

clear that

Out — d(z;) = Out — d(z,) = Out — d(z,) = Out — d(z3)

Hence z, > z, > z, = z3; which shows that cost and price is the required factor that one must

keep in mind.

Now again all the steps are repeated and instead of IVPyFWA operators, we used IVPYFWG

operators to regroup the data of first three matrices.



First, the information of three different reviewers are regrouped using IVPyFWA operators as:

1 1
n n n n
| |AL | |AU
j=1 j=1

IVPFWG(r‘ll, f‘iZI ey I.‘in) =
n n n n
1- (1 - (DLU)Z) (1= 1_[ (1 - (Duij)z)
j=1 j=1
[0.042,0.072], [0.035,0.011] [0.001,0.058],\ ([0.007,0.084],
( [0.43,0.46] ) ( [0.36,0.44] ) ( [0.39,0.46] ) ( [0.43,0.45] )
[0.008,0.098], [0.042,0.072] [0.015,0.072] [0.042,0.098],
R = ( [0.42,0.47] ) ( [0.43,0.46] ) ( [0.41,0.47] ) ( [0.40,0.45] )
[0.003,0.084], [0.02,0.04], [0.042,0.072],\ ([0.004,0.036],
( [0.42,0.47] ) ([041047) ( [0.43,0.46] ) ( [0.40,0.45] )
[0.005,0.072], [0.01,0.06], [0.012,0.037],\ ([0.042,0.072],
( [0.37,0.45] ) ([o 39,0. 44]) ( [0.39,0.44] ) ( [0.43,0.46] )

The regrouped data is transformed into a directed IVPyFG depicted in Figure 94.
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Figure 94 (Directed Network OF IVPYFR)

Using the condition $?* > 0.058, the IVPYFG in Figure 94 reduces to another IVPYFG which

is depicted in Figure 95.



The regrouped data is transformed into a directed IVPyFG depicted in Figure 93.
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Figure 95 (Partial Directed Network OF IVPYFR)

Now we used Definition 7.1.8 to compute the out degrees of every vertex z; as follows:

out — d(z,) = ([0.008,0.142],[0.82,0.91])

out — d(z,) = ([0.065,0.268], [1.21,1.39])

Out — d(z;) = ([0.003,0.084], [0.42,0.47])

out — d(z,) = ([0.005,0.072],[0.37,0.45])

By observing the degree of membership, where the score function is available in step 4, it is

clear that

Out — d(z,) = Out — d(z;) = Out — d(z3) = Out — d(z,)

Hence z, > z; = z3; = z, which shows that cost and price is the required factor that one must

keep in mind.



Hence by using even different operators, we get same results i.e. cost and price is the factor we

must looked for.
7.2.2.1 Comparative Study and Advantages

The significance of the proposed new approach lies in the fact that the new approach can solve
the problems that occur in the environment of PyFSs as well as IVIFSs. Here we discuss two

examples having information in the form of PyFNs or IVIFNs.
Consider the decision matrix where information is in the form of PyFNs as follows:

(0.6,0.6),(0.3,0.8),(0.7,0.6),(0.5,0.6)
R = (1 Yars = (0.8,0.3),(0.6,0.6),(0.5,0.7),(0.6,0.5)
TV u/ax4d TN (0.7,0.4),(0.2,0.8),(0.6,0.6),(0.7,0.6)
(0.3,0.7),(0.5,0.6),(0.4,0.7),(0.6,0.6)

Now this type of information can easily be processed using the IVPFWA and IVPWG

operators by assuming S¢ = B% = 0.

Further, if we have information in the form of IVIFNs as in decision matrix below:

[0.3,0.5],\ ([0.3,0.4])\ ([0.4,0.5],\ ([0.5,0.6],
[0.2,0.5]/’\[0.4,0.5] '([0.2,0.3] ’\[0.2,0.3]
[0.2,0.4]\ ([0.3,0.5],\ /[0.1,0.4],\ ([0.2,0.5],
S _ ([0.2,0.5])‘<[0.2,0.5])'([0.2,0.6])'([0.4,0.5])
R= (Fijaxa = [0.1,0.6],\ ([0.3,0.7])\ ([0.3,0.5],\ ([0.1,0.3],
([0.3,0.4])’([0.1,0.3])'([0.2,0.5]>'<[0.5,0.6]>
[0.4,0.5],\ ([0.3,0.4])\ ([0.2,0.4]\ ([0.3,0.5],
([0.3,0.5])’([0.2,0.4]>'([0.5,0.6])'([0.2,0.5])

Then the proposed approach can still be used by utilizing averaging and geometric aggregation
operators of IVIFSs as defined in [30]. On the other hand, the aggregation tools of PyFSs or
IVIFSs cannot be applied to the information of IVPyFSs due to their limited structures. All this

shows the worth of new developed approach.

7.2.4 Application in Finding Shortest Path in a Networks:



Shortest path problem is one of the renowned problem of graph theory. In fuzzy graph theory,
shortest path problem has been greatly studied in almost every fuzzy structure [104-107]. Here
the algorithm proposed by [104] which is relatively simpler and get us optimum results. The
detailed steps of algorithm along with a flowchart are next in this section followed by a

numerical example and some comparative study.
7.2.4.1 Algorithm for Finding Shortest Path:
The steps of algorithm are:

8. Take the first node as ([0, 0], [1, 1]) as distance of every node to itself is zero.
9. Takei=1.

10. Find j for P;; = Py + Ajenp(1yP1j and determine P, ;.

11. Puti = j.

12. Find k for Py = Pyj + Axenp(1)Pix and determine Py

13. This process should be continued until destination node is obtained.

14. When destination node is reached. Then algorithm is stopped.

To further demonstrate the algorithm, a flowchart is depicted in Figure 96.
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Figure 96 (Flowchart of proposed algorithm)




7.2.4.2 Example
Now consider a network of 6 nodes in Figure 97 and the distance of every two, connected

nodes, is provided in the form of IVPyFNs. We proceed with the algorithm as follows

P3s(13,71[4,.6])

3([.3,5],[.5,7])

e,

P,:(15,6]L6,.6])

Figure 97 (Interval value Pythagorean fuzzy graph)

In In the above graph shows the source node is node 1 and the destination node is node 6, so

for n = 6 and for the first step P,; = ([0,0],[1,1]). At first i = 1, so it needs to find j by the

equation.

Pyj = Piy + Njenp)Prj = Pi1 + NjeayPrj = Piy + (P12A\Py3)
= ([0,0], [1,1]) + (([. 2,.5],[.4,.6]D) A ([.3,.5],[. 4,.6]))
= ([0,0], [1,1]) + (0.0968 A 0.1178)
= ([0,0],[1,1]) + ([.2,.5],[- 4,.6])
=([.2,.5],[.4,.6])
Hence for j = 2, P, = ([.2,.5],[. 4,.6)).

Now set i = 2, we need to find j by the equation



Py; = Piy + Njenp2)P2j = Pia + NjerasyP2j = Pia + (Paz/\Pys)
= ([0.2,0.5],[.4,.6]) + (([.3,.5,[.5,.7D A ([.5,.6],[. 6, .6]))
= ([0.2,0.5],[.4,.6]) + (0.,0975 A 0.1952)
= ([.36,.66],[. 2,.42])
Hence for j = 2, P53 = ([.36,.66],][.2,.42]).
Now set i = 3, we need to find j by the equation
Pij = P13+ Njenp3)P3j = Piz + NjepasyPrj = Pis + (P3a/APss)
= ([0.36,0.66],[0.2,0.42]) + (([.3,.7], [.4,.6]) A ([.4,.5],[.5,.6]))
= ([0.36,0.66],[0.2,0.42]) + (0.1946 A 0.14)
= ([.52,.76],[.1,.25])
Hence for j = 2, P;s = ([.52,.76],[. 1,.25]).
Now set i = 5, we need to find by the equation
Pyj = P15 + Njenps)P1j = Pis + NjeeyP1j = Pis + Pse
= ([.52,.76],[.1,.25]) + ([0.3,0.4],[0.4,0.7])
= ([.58,.80],[.04,.175])
Hence for j = 2, P, = ([.52,.76],[. 1,.25]).
So, the shortest path in the above graph is P, — P, — P; — Py — P,

If we observe Figure 97, one can say that shortest path may be P, — P; — P, — P

or P, —» P, — P — P, or P, — P; — Ps — P, but in actual the shortest path neither of



these and it is P, — P, — P; — Py — P,. This shows how accurately the imprecise

information is processed and shortest path is found using IVPyFGs.
7.2.4.3 Comparative Study and Advantages of Proposed Algorithm:

In this section, it is described that the proposed algorithm is applicable in the
environments of IVIFSs as well as Pythagorean fuzzy networks. If we take a network in the

environment of 1\VVIFSs as depicted in Figure 98.

((0.1.0.3). [0.2. 0. 4]}

(10,3051 (0.2, 0.4y

Figure 98 (Interval valued intuitionistic fuzzy network)

The shortest path in this case can similarly be found with the help of proposed algorithm using

the proposed operations of addition with some conditions.

Further if we consider this kind of problem in an environment of PyFSs e.g. consider a network
of nodes in Pythagorean fuzzy environment in Figure 99. The shortest path algorithm can be

carried out using proposed operation with some conditions over it.

(0.7.0.5)

(0.4,0.7)



Some advantages of the algorithm are:

1. The algorithm we used is very easy to be used and the results can be obtained much
quicker than the existing algorithms.

2. The algorithm can be used for any kind of fuzzy structure.

3. The results obtained in current situation would be better than the results in the

environment of FSs, IFSs, IVIFSs. PyFSs as IVPYFS generalizes all these structures.

7.3 Conclusion

This chapter contributed towards the theory of IVPYFGs as the concept of IVPYFG is
proposed and some graph theoretic ideas were explored. Each graph related concept is
supported by an example. Then the described concept of IVPYFGs is used in two decision
making problems and a shortest path problem. Using the weighted averaging and weighted
geometric aggregation operators, first decision making problem is solved involving the
selection of best university among some universities. In second decision-making problem, a
supply chain management problem is solved using the same aggregation operators and degree
of an IVPYFG. The next problem was to find a shortest path in a network where path length
was in the form of IVPyFNs. This problem is solved using a novel approach and the results ae
discussed. We discussed the advantages of the proposed work and a comparative analysis have
been established. In near future, we shall try to discuss some other shortest path algorithms and

then make a comparative study.



Chapter 8

Analysis of Social Networks, Communication Networks and
Shortest Path Problems in the Environment of Interval Valued g-

Rung Orthopair Fuzzy Information

8.1 Interval valued g-rung orthopair fuzzy graphs

The aim of this section is to briefly introduce the framework of 1Vq-ROPFG and to study
its consequences. Some related graphical concepts are also demonstrated with the help of
examples. These basic notions are used in applications discussed in section 8.2 , section 8.3

and section 8.4.
8.1.1 Definition
A graph G =< V,E, A, B > is known as IVg-ROPFG if

1. V={t,tsts .., tg} such that S,,:V - [0,1], Spy: V - [0, 1] represent the lower and
upper limits of membership degrees and D,;:V — [0,1], D,y:V - [0, 1] represents the
lower and upper limits of non-membership degrees of t; € V respectively provided that 0 <
(Sap)? + (Pay)' <1 forqgeztforallt, €V,(i=1,2,3,...m)

2. EcVxVwhere Sg, Py, : Vx V- [0,1] and Sgy, Py : Vx V - [0,1] such as

gm(ti;tj) < min[SAL(ti)' gAL('.Ej)] ' SBU(tiftj) < min[gAu(ti)' gAU(tj)] such that
Spu(to t;) = min[Sy, (t), Sa(t;)] and Py (ti,t;) < max[Py, (), Par(ty)] Peu(toty) <

max[Day (1), Pay (t;)] such that Dgy(t;, t;) = max[Da (1), Py (t;)] with a condition 0 <

(SBU(ti,tj))q + (DBU(ti,tj))q < 1forq € Z* forall (t;, t;) € E.



Moreover, the lower and upper limits of membership and non-membership values of a
vertex t; are denoted as (t;, Sa., Pa, ) and (t;, Say, Doy ) and that of an edge relation ¢;; =
(ti,t;) is denoted by (e;;, S, D, ) and (e;;, Sy, Ppy ). Edge between two vertices t;, t; exist
unless SZU = 0 = Dy;;. Further, the notion A used for maximum and the notion V used for

minimum.
Now we defined a score function for ranking purpose of IVq-ROPFG.
8.1.2 Definition

The score function for 1Vg-ROPFN A = ([St,5Y], [P, DY]) is defined as:

(31— ®9)9) + BY)9((1 - (BY)D))

SC(A) = -

SC(A) € [0,1]

8.1.3 Theorem
IVg-ROPFG is a generalization of IVPYFG, IVIFG and IVFG.
Proof: We prove this result as follows:

3) If we take g = 2. The definition of IVq-ROPFG reduces to IVPYFG.
4) If we take g = 1. The definition of IVq-ROPFG reduces to IVIFG.

5) Ifwetake g = 1,and By, = D,y = 0. The definition of g-ROPFG reduces to IVFG.

This result shows the significance of the new concept as it is the generalization of all the
existing structures and can deal with the situations where the existing structures failed due to

the limitations in their structures.
8.1.4 Example

Let V = {t;,t,, t3, t,} and E be the collection of vertices and edges, respectively. Then, we have

the following IVg-ROPFG for q =3.



ty ([0. 4. 0.8].[0.5, 0.7])

([£'o90][o0e0n®
t;([0.4.0.6].[0.5 0.7])

t2([0.6,0.81.[0.3,0.7])

Figure 100 (Interval valued g-rung ortho pair fuzzy graph)
8.1.5 Definition

A graph H =< V', E’ > is considered as IVg-ROF subgraph (IVg-ROFSG) of an IVq-ROFG
G =<V,E>ie H <; Gif V'and E’ are subsets of V and E respectively. or H =< V', E’ > is
considered as 1Vg-ROFSG of IVQ-ROFG G =< V,E > if Sy;; < Saui, Shui < Savi, Paw =
Dari Phyi = Payi and Sp1; < Spii s Shui < Spui s Phri = Ppri Ppyy = Dpy; for all i) =
1,2,3,4,..m.

8.1.6 Example

An 1Vg-ROFSG of 1IVg-ROFG mentioned in previous example 8.1.4 is given below

t,((0.4,0.6).[0.5,0.7])
£,([0.3.0.61.10.6.0.7]) o

t,([0.6,0.8].10.3,0.7])

Figure 101 (IVQROPFSG of Figure (100))



8.1.7 Definition
An IVQ-ROPFG G =< V, E > is considered as

1. semi—Sstrong if S, = A(SaLi»Sar;)s Seu = A(Savi » Sau;) forall i, .
2. semi— D strong if D, = V(Pai,Parj), Pey = V(Payi , Pay;)forall i, j.
3. strong if G is semi — S strong and semi — D strong or G is strong if

Ser = A(Sasi» Savs). Seu = A(Savi, Sauj) and By = V(Bysi, Dary), Py =

V(Pavi, Payj) forall (t;,t;) € E.
8.1.8 Definition
An IVg-ROPFG G =< V, E > is considered as

1. Complete—S strong if Sp, = A(Sasi, Sar;), Sev = A(Savi, Sau;) and Py, <
V(PaLi,Darj), Py < V(Payi, Pay;)forall i,j forall i, ;.

2. Complete—D strong if if S, < A(SaLi,Sas;) Sev < A(Saui, Savj) and By, =
V(PaLi,Darj), Py = V(Payi, Day;)forall i, forall i, ;.

3. Complete if Sz, = A(Sasi, Sarj), Sev = A(Savi» Sav;) and Py, = V(DyLi, Pasj),

DBU = V(DAUi 'DAUj) for all (tl,t]) € E‘:
8.1.9 Definition

The complement of an IVq-ROPFG G =< V, E > is denoted and defined as G¢ =< V¢, E¢ >

where V¢ = V and the grades of E are defined by:

L (860) (6o ty) = A (Spu . Spu (8)) = S ()

2. (SBU)C(ti:tj) =A (SAU(ti)ﬁSAU(tj)) - ggu ((ti'tj)) +A (SAL(ti)' gAL(tj))



3. (Ppu) (o)) = v (Bt Pau (1)) = P ((t0r)):
4. (DBU)C('.Ci»'.Cj) =V (BAU('.CL');DAU('.C]‘)) — bgy ((ti,tj)) +V (BAL(H);DAL(B‘))
8.1.10 Example

Let V = {t;,t,, t3, t,} be the set of vertices and E be the set of edges. Then the complement of

an 1IVg-ROPFG of example 8.1.4 is given below

t; ([0 4. 0.8].[0.5 0.7])

|

t;([0.6,0.8].[0.3.0.7])

Figure 102 (Complement of IVQROPFG of example 8.1.4)
8.1.12 Remark

Likewise, in crisp sets, ((G°)¢) = G.

8.1.13 Definition

The degree of a vertex in an IVq-ROPFG G =< V, E > is denoted and defined by

dt = (qgu (©,dS1y (1), dP1. (D, Cle('.f)) Where dS;,(t) = X t=y Sy,(ty), 4510 (1) =

tyev

Y =y Sou(ty) and dD (1) = X ey Doy (ty), dD1y (D) = X =y Doy (ty).

tyev Lyev Lyev
Here (45, (1), dS;y (1)) represents the lower and upper degrees of membership function of the
vertex and (db,;(t),dP,y(t)) represents the lower and upper degrees of non-membership

function of the vertex.



8.1.14 Example
Let V = {t,,t,, t3, t,} and E be the collection of vertices and edges, respectively. Then, we have

the following IVg-ROPFG for g =3.

t; (0. 4.0 8].[0.5 0.7])

ty([0.6,0. 81.[0.3.0.7])

Figure 103 (Interval valued Q-rung ortho pair fuzzy graph)

Degree of vertices are:
dt, = ([0.6,1],[1.1,1.4],dt, = ([0.5,1],[0.9,1.4],dt; = ([0.5,1],[0.9,1.4],dt, =
([0.6,1],[1.1,1.4],

8.1.15 Proposition

Let G =<V, E > be a complete—S strong or complete—b strong q-ROPFG. Then its
complement is complete 1Vq-ROPFG.

Proof: Let G be a complete—S strong g-ROPFG = Sg;, = A(SaLi, Sasj), Sev =

A(SAUi , SAU]) and DBL < V(BALL 'DALj)’ DBU < V(DAUL ’BAU]) for all l,] To prove GC is
complete we have to prove either 1 or 2.

1 S5 >0,8° > 00rPgf > 0,Dp,° >0

2. gBLC = O, SBUC =0or 'DBLC > O, DBUC >0



0if Sp,>0

~ C N ~ N Cc A N A~
Now as Sg,~ = A(SaLi, Sar;) — Ser = { a5y = A(Saui, Savj) — Seu =
SALi lf SBL =0

{ 0if Sgy >0
SAUi lf SBU =0

And Dy, ¢ = V(PaLi, Darj) — Ppr > 0, Pgy® = V(Payi , Dayj) — Py > Oforall i,j =

1,2,3,..q as G =< V,E > be a Complete—S strong. Hence G =< V, E > is complete. The

second part can be proved analogously.
8.1.16 Definition

In an IVQ-ROPFG a path is a sequence of some distinct vertices t;(i = 1, 2,3, ..., q) if either
one of the following holds for some (i,j = 1,2, 3, ...,m)

e Sguj >0, Sgy;; > 0and Dy >0, Dyyij >0

e Spuj =0, Sgyi; = 0and Dgy;; > 0, Dyy;; >0

e Spuj >0, Sgy;; > 0and Pyy;; =0, Dyyij =0

8.1.17 Definition

Let P = ty,t5,t3, ..., tmer (m > 0) be a path. Then its length is m. This path is known as a

cycle if t; = t,,,41 for (m = 3) while two vertices combined by a path are known as connected.

8.1.18 Example

Let V = {t;,t,,t5,t,} and E be the set of edges. Then, refer Figure 103.



ty ([0.4.0.8].[0.5.0.71)

([0.2.0.5].[0.4.0.7]) ([0.3.0.5].[0.5.0.7])

E ty([0.3.0.6L[0.6.0.7])

t; ([0.4,0.61.[0.5.0,71) tz([0.6,0.8].[0.3.0.7])

Figure 104 (Interval valued Q-rung ortho pair fuzzy graph)

Here t;t, t5 t, is a path and hence t;, t,, t3, t, are connected vertices and the length of this

path is 3. Moreover t;t, t3t; is a cycle.
8.1.19 Definition

Let ¢t € [0, 1]. Then the triple <V, [ Sase, Savel [ Pare, Pape]l > S Vand <

Ee, [ Sere Seuel [ Poier Dpue] > < E forsome i = 1,2,3,...m where

Sare = {ev: SaLi = t}, Saue = {t eV Savi = t}and Pare = {ev: Pani <
t}, Paye = {ti € V: Payi < t}, Spre = {(t 1)) € VX V: Sy > t}, Spye =
{(ti t) € VX V: Spyyj = thand Pyye = {(ti, t;) € VX V: Pyyyj < t}, Pyye =

{(tut) € VX V: Dyyy; <t}
8.1.20 Theorem
For x,y € [0,1] suchasx < y, let H =< V,, E, >and G =<V,,E, >. Then H < G.

Proof: To prove H <; G. We show that V,and E, are subsets of V,, and E,, respectively. Let
ti€EV,Ss0Dy; <x <yasx<y = Dy, <yandt; €V, =2V, SV, Dyy; <x <yas

X<y = DAUiSyand'_cl-EVy :ngVy



Let (t;,t;) € E, which implies that Dg;; < x
<yasx <y
= P < yand (4, t;) € E,
=>E, cE,.
Let (t;,t;) € E, which implies that Dgy;; < x
<yasx <y

= Dgy;; <yand (t,t;) € E,

Hence H <; G.
8.1.21 Theorem

Let H =< V',E’ >and G =< V,E > such that H <; G. Then for x € [0,1] < V., E} >
<c <V, E, >
Proof: Lett; € Vi = Sy = xSy, =xas Sy, <Sp 24 €V2Vy SV, > Sy =

x:>§AUl-2an §"ASSAUl:>tlEVx:>V;CQVxLet(tl,t])eﬁ);ﬁ §f3u12x=>

u»
~

Spij = xas Sp, < Sp, = (ttj) €E
if‘:;gﬁﬁ SIISULIZ'X:SBUUZ'an S]%USSBUz(tl,tj)EEif‘:, gé
Hence < Vi, E\ > <;<V,E, >

8.2 Applications

In this section, we aim to apply the proposed idea of 1VVg-ROPFS to some real-life

engineering problems including, shortest path problem which is a famous problem utilized in



civil engineering to compute the shortest route among some possible routes. Second, we present
an application of proposed ideas to discuss two engineering decision making problems. Further,
IVg-ROPFGs are used in analysing a social network where the social network of co-authors of
different countries is demonstrated. At last, an application of IVg-ROPFGs is studied in
observing a telephone network where the incoming and outgoing calls are observed followed

by a dynamic algorithm.

8.2.1 Shortest Path Problem

In advanced transportation problems of traffic engineering, the computation of shortest
route is often a challenging task. Several algorithms exist in literature in order to compute the
shortest route among some possible routes such as Dijkstra algorithm and Floyd’s algorithm.
Whenever the information about the path has lack of precision that is the information is fuzzy
in fact, then fuzzy Dijkstra algorithm is utilized to compute shortest path among all possible
paths. Some comprehensive work on fuzzy Dijkstra algorithm and its application in finding
shortest path problem has been done in [104-107]. We followed the algorithm used in [104].
The comprehensive steps of algorithm next to a flow chart are in this section using two methods
to find the shortest path subsequently pursued by two numerical examples and several related

studies.

8.2.1.1 Dijkstra Algorithm for Finding Shortest Path Problem.

Dijkstra algorithm is the mainly sound or most suitable way to locate shortest path in a
network. The Dijkstra algorithm’s comprehensive steps for [Vg-ROPFGs are acknowledged as

follows:

1. Record the source node as permanent node (P) and allot it the label ([0,0],[1,1]) because

in shortest path this node is integrated by defect and the covered distance at this stage is 0.



2. Compute the label [Ui @ d;j, i] for each node j whose pathway is from node I, condition
is when j is not a permanent node, in addition if j is labeled as [v;, k] by means of some
additional node then substitute [v;, k] by [v; @ d;;, i] only if SC(v; @ d;;) is less than
SC(vj).

3. If all the nodes are enduringly labeled, the algorithm eliminates. Moreover, choose

[v,, s] having shortest distance v, and do again step 2 by setting i = r.

4. Discover the shortest path from SN to DN, by means of information of the label.

8.2.1.2 Example

Consider a traffic engineering problem of several stopes/nodes connected by roads of a certain
city. The aim is to compute the shortest route from node 1 to node 6. We apply the Dijkstra
algorithm to this problem in order to compute the shortest route. The information about
suitability of roads from one node to another node are given in terms of 1Vg-ROPFNs where
the first interval shows the suitability of a road while the second interval shows the non-
suitability of a road. A brief demonstration of computing shortest route using Dijkstra

algorithm described in section 8.2.1.1 is demonstrated as follows.

3  pui(0.5.0.6],[0.6.0.8]) 4

Paa(10.3.0.97,fo0.5,0.91,

Y2 ps(l0.3,0.61,[0.2,07] 3

Figure 105 (Interval valued Q-rung ortho pair fuzzy graph)

The edges involved in this network are listed in Table 25.



Edges Interval valued QQ-rung ortho pair Fuzzy Distances

(Pn]—’z] ([G'4ID'8]- [05‘:{]?])
(1. ps) ([0.5,0.7), [0.2,0.7])
(Pz: pﬂ] ([G'SID'Q]- [GEIU?])
(2. Ps) ([0.3,0.6],[0.2,0.7])
(Pg: P4] (['DE,[}EF], [ﬂﬁ,ﬂB])
(Pmpsj ([D.3,D.?]. [D-lrﬂ'?])
{p‘i-r pﬁ] (['D.‘l',D.S]. [ﬂ-’-l-,ﬂE])
(Ps:?—’ﬁ] ([D'?-D-S]- [ﬂ.ﬁ,ﬂ.ﬂ]:l

Table 25 (Weights of edges)

Now we apply the modified Dijkstra algorithm and the step by step computations are as

follows:
Step 1: Mark node 1 as permanent as this node is in the shortest path by default.

Step 2: There are two ways directed from node 1 i.e. we may either move to node 2 or to

node 3. Therefore, we have the following list of nodes in Table 26.

Nodes Label Status
Py ([o,0],[1,1]) Permanent
p>  (([0.4,0.8],[0.5,0.7]), p;) Temporary
p:  (([0.5,0.7],[0.2,0.7]), p,) Temporary

Table 26 (List of nodes)
Now we to find the score of ([0.4,0.8],[0.5,0.7]) and ([0.5,0.7],[0.2,0.7]).

SC([0.4,0.8],[0.5,0.7]) = 0.196192

SC(([0.5,0.7],[0.2,0.7]) = 0.24495

Therefore, the score of ([0.4,0.8],[0.5,0.7]) is less than the score of (([0.5,0.7],[0.2,0.7]), so

we mark node 2 as permanent and labeled it by (([0.4,0.8],[0.5,0.7]),t;).

Step 3: There are two ways directed from node 3 i.e. we may either move to node 4 or to

node 5. Therefore, we have the following list of nodes in Table 27.



Nodes Label Status

Py (0,01, [1,1]) Permanent
P2 (([0.4,0.8],[0.5,0.7]), py ) Permanent
Da (([0.5,0.7],[0.2,0.7]), py) Temporary

ps  (([0.016746,0.398481],[0.25,0.49]),p,) Temporary
Ps (([0.016746,0.243058], [0.1,0.49]),p-) Temporary

Table 27 (List of nodes)
Now we find the score of ([0.016746,0.398481],[0.25,0.49]) and

([0.016746,0.243058], [0.1,0.49]) as follows:
SC([0.016746,0.398481],[0.25,0.49]) = 0.107892
SC([0.016746,0.243058], [0.1,0.49]) = 0.069515

Here we note that the score of ([0.016746,0.243058], [0.1,0.49]) is less than the score of
([0.016746,0.398481],[0.25,0.49]), so therefore we mark node 5 as

(([0.016746,0.243058],[0.1,0.49]), t,) is label is permanent.

Step 4: There is only one way directed from node 5 i.e. we can only move to node 6. Therefore,

we have the following list of nodes in Table 28.

Nodes Label Status
P4 ([o,0],[1.1]) Permanent
P (([0.4,0.8],[0.5,0.7]), ) Permanent
Pa (([0.5,0.7],[0.2,0.7]), ) Temporary

ps  (([0.016746,0.398481],[0.25,0.49]),p,) Temporary
ps  (([0.016746,0.243058],[0.1,0.49]),p.) Permanent
N,  (([0.12005,0.20583],[0.06,0.392]),ps)  Permanent

Table 28 (List of nodes)

As there is only one way from node 5 to 6. Therefore, we mark node 6 as

([0.12005,0.20583],[0.06,0.392]) and labeled it permanent.



Step 5: Nodes 2 and 4 are the remaining temporary nodes, so their status is changed to

permanent and we have the following list of nodes in Table 29.

Nodes Label Status
Py ([o,0],[1,1]) Permanent
Po (([0.4,0.8],[0.5,0.7]), ;) Permanent
Pa (([0.5,0.71,[0.2,0.7]), p,) Permanent

ps  (([0.016746,0.398481],[0.25,0.49]),p>) Permanent
ps  (([0.016746,0.243058],[0.1,0.49]),p,) Permanent
N,  (([0.12005,0.20583],[0.06,0.392]),ps) = Permanent

Step 6: From Table 30, we have the following sequence of shortest path form SN to DN i.e.

from node 1 to 6.

N¢ (([0.12005,0.20583],[0.06,0.392]), p;)
ps  (([0.016746,0.243058], [0.1,0.49]), p,)

P2 (([0.4,0.8],[0.5,0.7]), p1)

Hence the shortest path according to modified Dijkstra algorithmist; — t, - ts — t,. Despite
there are more ways from node 1 to node 6 but considering the information of the decision
makers about the paths we found that the shortest path ist; = t, - ts — t,. Now we consider

the same problem using a new algorithm which is demonstrated in section 8.2.1.1.
8.2.1.3 A New Algorithm for Finding Shortest Path

In this subsection, the aim is to compute the shortest path from node 1 to node 6 of Example
8.2.1.2. This new algorithm is proposed by [106] and the reason to follow this algorithm is the
easy way of its computations. The programming of this method is also easy compared to the

previously discussed algorithm.
8.2.1.4 Algorithm for Finding Shortest Path

The steps of algorithm are:



15. Take the first node as ([0, 0], [1, 1]) as distance of every node to itself is zero.
16. Take i = 1.

17. Find j for P;; = Pi; + Ajenp(1yPyj and determine P, ;.

18. Puti =j.

19. Find k for Py = Pyj + Axenp(1)Pix and determine Py

20. This process should be continued until destination node is obtained.

21. When destination node is reached. Then algorithm is stopped.

To further demonstrate the algorithm, a flowchart is depicted in Figure 106.
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Figure 106 (Flow chart of the new algorithm)
8.2.1.5 Example 8

Here we consider the information of Example 8.2.1.2 to compute the shortest path using

proposed new algorithm. The detailed steps are demonstrated as follows.



In the above Figure 105 graph shows the source node is node 1 and the destination node is
node 6, so for m = 6 and for the first step P;; = ([0,0], [1,1]). At first i = 1, so it needs to

find j by the equation.

Pyj = Piy + Njenp)Prj = P11 + NjezayPrj = P11 + (P12APi3)

= ([0,0], [1,1]) + (([- 4,8, [.5,-7D A ([.5,.71, [. 2,.7]))

= ([0,0], [1,1]) + (0.196192 A 0.24495) = ([0,0],[1,1] + (0.196192)

= ([0,0],[1,1]D) + ([.4,.8],[.5,.7]) = ([.4,.8],[.5,.7])

Hence for j = 2, P, = ([.4,.8],[.5,.7]).

Now set i = 2, we need to find j by the equation

Pyj = Piy + Njenp2yPaj = Pia + Nje@siPzj = Pra + (P23/\Pys)

= ([.4,.8],[.5.7D) + (([.3,.91, [.5,.7D A ([.3,.6], [. 2,.7]))

= ([.4,.8],[.5,.7]) + (0.,253082 A 0.135) = ([.4,.8],[. 5,.7]) + (0.135)
= ([.4,.8],[.5,.7]) + ([0.3,0.6], [0.2,0.7]) = ([0.044636,0.308704], [. 1,.49])
Hence for j = 2, P;s = ([0.044636,0.308704],[. 1,.49]).

Now set i = 5, there is only one way from node 5 which is node 6. we need to find by the

equation
Pij = Pis + Ajenp(s)P1j = Pis + AjegeyP1j = Pis + Pse

= ([0.044636,0.308704], [. 1,.49]) + ([0.7,0.8], [0.6,0.8])

= ([.120052,0.207448], [. 06,.392])

Hence for j = 2, P, = ([.120052,0.207448], [. 06,.392])



So, the shortest path in the above graph is P, — P, — Ps — P,. This is exactly the same
path that is obtained using Dijkstra algorithm, but this method has an advantage over the

Dijkstra algorithm as its computation is easy and takes less time comparatively.

8.2.1.6 Comparative Study and Advantages
As it is already discussed that 1Vq-ROPFS generalizes FS, IVFS, IFS, IVIFS, PyFSs,

IVPYFS and g-ROPFS. Here we assume the same problem in the environment of fuzzy graphs
i.e. the information of the edges is now taken in the form of fuzzy numbers as depicted in
Figure 107. We apply the proposed Dijkstra algorithm as well as the new algorithm for finding

the shortest path to problem with fuzzy information and analyze the results in Table 28.

2 Pas(0.3) 5

Figure 107 (Network of roads in fuzzy environment)

The shortest paths using the two algorithms in above traffic problem with fuzzy information

are given in Table 31.

Algorithm Shortest Path
Dijkstra Algorithm Py —=P; =P, — P
New Algorithm Pp— P, — P, — P

Table 31 (shortest path obtained using the proposed algorithms in fuzzy environment)

These results are clearly different than the results obtained in the environment of 1Vg-

ROPFGs. This is because the information in the form of 1IVq-ROPFNSs not only describe the



membership degree, but it also describes the non-membership degree and hence provide better
results. In case of fuzzy membership grading, the non-membership degree about the suitability
of a path is not available thus increasing the vagueness. The results obtained using both
algorithms in two different environments are demonstrated in Figure 108 and Figure 109
respectively where the shortest path is represented by 1- 2 - 5 — 6. The following Figure

107 shows the shortest path in the environment of IVg-ROPFGs.

3 pPy([0.50.6],[0.6,0.8])

pas([0.3.0.6],[0.2.0.7] 5

Figure 108(shortest path in Interval valued Q-rung ortho pair fuzzy environment)

The Figure 109 shows the shortest path using both algorithms in the environment of fuzzy

graphs where the 1- 3 - 4 — 6 path shows the shortest path.

P34(0.6) 4

3
E

2 p2s(0.3) 5

Figure 109 (shortest path in fuzzy environment)



8.3 Application of social networks

A social network is considered as the network of peoples/ groups/ countries which are
socially connected. The mathematical modelling of such social networks is very essential to
study the behaviour of people/groups/countries involved. Graph theory provide such platform

as a graph can be considered as a network of socially connected persons or objects.

In research community, several co-authors from different countries are usually connected.
The aim of this section is to apply the concept of IVQROPFGs to a social network of several
co-authors of different countries. In such networks, the nodes represent the countries which the
authors belong to and the edges denote the strength of their co-authorship relation i.e. to how
much extent the authors involve with each other. Such networks can be very large because of
the large number of scientists from enormous countries. In our case, we present a social
network of research collaborators from few countries and analyse it using the concept of

IVQROPFSs.

Co-authorship required due to following reasons

1. Field of expertise: In interdisciplinary research, authors from different fields of expertise
join together to work on a problem which involves more that more than one field for its
solution.

2. Language barriers: Sometimes to maintain the quality of language in a research project,
authors from different countries required professionals from the same field but with high
skills of language as well.

3. Supervision: At many occasions, authors did collaboration with high ranked researchers in
order to give the research a better look by supervising the research project.

4. Funding: Funding a research project is also considered as an essential part as in some cases

authors approach other researches from the same fields but with some funding sources.



In Figure 110 below, we have shown the relation of several co-authors from five countries
with other countries. The nodes represent the country of the researcher while the edges show
their mutual relation keeping in mind the 4 points discussed above. We analyse the degree of
each node which shows the strength of relation of the authors from that country with the

researchers of other countries.
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Figure 110 (Social network)

In above Figure 110, the relationship between the co-authors of every two countries is
characterized by the edge in the form of IVQROPFN. In Table 29, the degree of each node is
given in the form of IVQROPFN showing the strength of the relationship of the researchers of
that country with the researchers of other countries. The membership grade of each value of
degree shows the intensity of strength and the non-membership value shows the weakness of

the relation among the co-authors. So, if the non-membership degree is smaller in contrast to



membership degree then the relationship is measured as strong or else weak. Each apex degree

will present us the relationship of the researchers of a country with other countries.

Country Degree

Iran ([06,16].[1.5.2.1])
Pakistan ([1.3.2.1].[2.3.29])
Saudi-Arab ([09,19].[1.42.1])
India ([09,19].[1421]
China ([1.2.15].[1.6.2.2])

At the present, on basis of Definition 8.1.13 the relation’s degree of each country is
quantified in terms a score value. The strength of Relationship of the researchers of one country
with that of other countries is fine if there is a high degree of membership otherwise the relation

will be neutral or poor. The quantified terms of degrees are given in Table 33, by using the Def.

(8.1.4).
Country score value
India -0.35
Saudi-Arab -0.35
Pakistan -0.9
China -0.55
Iran -0.7

The computed score values of the degree of each country is given in Table 33 which clearly
indicated that the score of India and Saudi-Arab is less negative, so the researchers of these
countries have a better rate of co-authorship with that of other countries. Pakistan stands at
number 3 in this Table. The above information is represented by a bar graph in Figure 111 for
a better understanding of score values. Such bar graph analysis of data is very useful when we

have large type of data that happened in real life.
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Figure 111 (Analysis of score values of Table 30)
8.3.1 Comparative Study and Advantages:

Now we establish a comparative study of the analysis of social networks in the
environments of FGs and IVQROPFGs. We observe the network of co-authorship by
representing the edges and vertices of the social network discussed in Figure 110 using fuzzy

numbers. Consider a collaboration network of co-authors in the environment FGs in Figure

112.
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Figure 112 (Co-authorship network using fuzzy numbers)

The strength of relationship between the co-authors of different countries using fuzzy

numbers are given in Table 31.

Country
Pakistan
Iran
China
Pakistan
India
Pakistan
Pakistan
China

Country
India

India
sandi-Arab
China
Saudi-Arab
Iran
Saudi-Arab
Iran

Eelationship
(0.2)
(0.3)
(0.4)
(0.4)
(0.3)
(0.3)
(0.4)
(0.3)

Table 31 (Relationship of co-authors in terms of fuzzy numbers as depicted in Fig 112)

Note that the information provided in Figure 112 are taken from Figure 110 but in the form of

fuzzy numbers. The degree of each county using the definition of degree of fuzzy numbers in

order to rank the countries is given in Table 32.

Country
China
Pakistan
Saundi-Arab
Iran

India

Degree
13
13
1.1
1.1
09

Table 32 (Degree of each node of Fig 112)

The information of Table 32 clearly indicates that China and Pakistan stand at number

1 in co-authorship network while Saudi-Arab and Iran stands at number 2 with degree 1.1.

India in this regard at number 3. However if we refer to Table 30 then we came to know that

India and Saudi-Arab was on top in collaboration network. The bar graph of degrees of each

node of Figure 112 is depicted in Figure 113.
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Figure 113 (Analysis of degrees of Table 32)

Note that the analysis of social network using 1IVg-ROPFG is more effective than using
FGs because an IVQ-ROPFG describes the non-membership degree as well along with
membership degree while traditional fuzzy graph can only describe the membership grade of

the relation of co-authors of the two countries.
8.4 Applications of IVQROPFGs in Telephonic Networks:

Telephone network is another area where graph theory is applicable as telephones connect
peoples to each other. In a telephone network, people act as nodes while the edges denote their

connectivity sources. There are three major types of telephone networks known as:

e Public Switched Telephone Networks (PSTNs): These networks are usually termed as
public telephone networks e.g. Landline networks connected public of the world.

e Wireless Networks: These are commonly used mobile networks that connects individuals.

e Private Networks: These types of networks are used within an organization connecting the

employee of that specific organization.

With a rapid increment in the usage of mobile networks, the incoming and outgoing calls gained

considerable importance. In fuzzy graph theory one cannot find significant amount of work



dealing with the incoming and outgoing calls which is a dynamic problem. Therefore, in this
subsection, we develop an algorithm for storing the number of incoming or outgoing calls using

the approach of IVQROPFGs.

In a wireless mobile network, whenever a call is made, there are three kinds of circumstances

that a person can face, that are:

e Call is received
e Call is not received or rejected

e Call gets hanged or a network error accrued.

The above discussed three kinds of circumstances can be easily modeled using the membership
grade, non-membership grade and the hesitancy grade of an IVQROPFN. We present a

dynamic algorithm to handle the incoming and outgoing calls in a wireless mobile network.
8.4.1 Algorithm:

Let us assume a network of some peoples that are connected to each other using mobile
phones. An incoming or outgoing call could face a situation of 1. call is received, 2. call is not
received and 3. call is left unattended or call gets disrupted i.e. a network error accrued. The
first and second situation can be considered as the membership and non-membership grade
while the third case can be considered as the hesitancy degree of an IVQROPFN. The algorithm

for such IVQROPF telephone network can be described in the steps given as:

1. Setup the set of wvertices V={t,i=1,23,..,q } In our case each t; =
([Sta,SYa), [P¥a, DY,]) represents a telephone number where [SE,, SY,] is the tendency

of calling while [P%,, DY, ] is the tendency of not calling to other numbers.



2. Establish the set of edges E={([S'p;;,8"5i;] [PtsijPVsi;]) foralli,j =
1,2,3, 4,...,q.} and calculate the degree of membership and non-membership for all
([S¥8i 7, 8V5ij |, [P i j, PV ;]) using the relation

Spu(ti t;) < A[Sar(t), San(t))]  Seu(titj) < A[Sau (), Sau(t))]

and

P (totj) < V[Par(td), Par(ty)] Peu(tot)) < V[Pau (), Pau(t))]

3. Obtain an IVg-ROPFG G =< V,E >
8.4.1 Example

Consider V = {t;, t,,t3,t,, ts}, the set of 5 telephone numbers making an IVg-ROPFG

network. Let E = {(ty,t,), (ty, t), (t2, ta), (t2 ts), (ta, t3), (ta, ts), (ts, t1), (ts, t3)} be the set

of edges whose values are given in Table 33 below in the form of IVg-ROPFN for gq=2.

Edges IVg-ROFNs

(Pp]—’z] ([‘D.E,ﬂ.ﬁ], [04':{]?]]
(ps,ps)  ([0.2,0.7],[0.5,0.7])
(p2,ps)  ([0.1,0.7],[0.1,0.2])
(Pz: PE] ([D'4!D'5]! [ﬂ.3,ﬂ.3]]
(pér Ps] ([G.E,ﬂ.ﬁ], [03‘:{]?]]
(P4, ps)  ([0.2,0.4],[0.5,0.8])
{p.'irpi] (['D.E,D.E], [GEIUE]]
(ps,ps)  ([0.2,0.4],[0.5,0.7])

Table 33 (The number of calls between different phone numbers in the form of
IVq-ROPFNSs)

The telephone network discussed in Example having edges in the form of 1Vq-ROPFG given

in Table 33 is portrayed in Figure 114.
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Figure 114 (Telephone network in the environment of 1IVq-ROPFGs)

We use Definition 8.1.13 to find the degree of each vertex telephone network depicted in

Figure 114. All the degrees are given in Table 34.

Vertices Degree
Pi ([0.5,1.3],[0.9,1.4])
p.  ([051.2],[06,15])
Ps3 ([0.3,0.9],[0.5,0.7])
pe  (10.41],[0.8,15])
Ps ([0.5,0.9],[1,1.5])

Table 34 (Degree of vertices of Figure 114)

To analyse the degrees more explicitly, we use the score function of IVg-ROPFN to compute

the score of degrees provided in Table 34. The score values are given in Table 35 below.



Vertices Score

P (—0.25)
Pz (—0.2)
Pz (0)

Pa (—0.45)
Ps (—0.65)

Table 35 (Score of vertices of Figure 114)

Analysing Table 35, we came to know that P; has zero degree which is better than the
degree of other vertices which are negative showing that the effective calling ratio of t5 is better
than the calling ratios of other callers. t, is at number 2 in this effective calling list. For a better

view, the bar graph of the data available in Table 35 is given in in Figure 115.

SCORE VALUES OF TELEPHONE
NUMBERS SHOWING EFFECTIVE
CALLING RATIOS

Scores
o

-0.25
-0.2

-0.45

-0.65

Figure 115 (Score values of degrees of effective calling ratios of telephone network discussed
in Figure 114)

8.4.2 Comparative Study and Advantages

Here, we present a comparison of telephone network based on IVQROPFGs with a telephone

network based on FGs. The information about the incoming or outgoing calls are shown using



fuzzy numbers and a fuzzy telephone network is depicted in Figure 116 where the values of

edges between several telephone numbers are given in Table 36.

pi(0.4)

Figure 116 (Telephone network based on fuzzy graphs showing the effective number of
incoming or outgoing calls)

The incoming calls received are demonstrated using fuzzy numbers while there is no
information about the number of calls rejected or the calls that go interrupted by network errors.
That is the main reason an FG cannot be able to demonstrate a telephone network in a better
way as an IVg-ROPFG does. The information of incoming or outgoing calls in terms of fuzzy

numbers is given in Table 36.

Edges FNs

(Pp Pz) (0.3)
(p‘.lr Ps) (0.4)
(p2.p3) (0.5)
(’P:r P‘s) (0.2)
(ps 23) (0.2)
(P4 ps) (0.6)
(Fsr Pt) (0.3)
(Psr Ps) (0.1)

Table 36 (information about the incoming our outgoing calls in terms of fuzzy numbers)
numbers)



To get a clear image of the telephonic network demonstrated in Figure 116 using FGs, we
utilize the concept of degree of FGs. The degrees of each node of the FG are given in Table 37

followed by a bar graph showing the effective ratio of incoming or outgoing calls.

Vertices Degree
P 1.1
Pz 1
Pa 0.8
Py 0.5
Ps 0.9

Table 37 (Degree of vertices of telephonic network depicted in Figure 116)

Effective degrees of nodes of the fuzzy telephonic
network depicted in Figure 18

1.2

0.8
0.6
0.
0.
0
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Figure 117 (Bar graph of degrees of fuzzy telephonic network)

Analyzing Table 37 and Figure 117, it is quite clear that t; has the highest number of incoming
or outgoing calls. t, is at number second in the list. However, if we investigate the results
obtained in the case of telephonic network of 1IVg-ROPFG in Figure 114, we came to know

that t5 has better rate of incoming calls.



8.5 Applications in Engineering Decision Making

Decision making is one of the important tools that is highly used in several scientific fields
including, engineering, economics, management sciences and other fields of machine learning
and soft computing. The aim of this section is to utilize the concept of IVQROPFG in solving

engineering decision making problems.

8.5.1 Algorithm

In decision making problems using graphs, we considered the family of alternatives, which
are connected to each other using the edges of the graph. The aim is to evaluate all the
alternatives on equal weights and to determine the best among them using some aggregation

operators.

Consider a list of n alternatives needed to be evaluated under a common attribute and
connected to each other by edges whose information is provided in the form of IVQROPFNs.
This IVQROPFG is obtained by the information of decision makers. The steps of decision-

making problem are given by:

Step 1: Formation of IVQROPFGs by decision makers in which information about the

alternatives are given in the form of IVQROPFNS.

Step 2: Using the information of the IVQROPFG provided in Step 1 to construct a relational

matrix.

Step 3: Using the weighted averaging and weighted geometric aggregation operators of

IVQROPFSs to aggregate the information given in the relational matrix obtained in Step 2.

Step 4: Use score values to rank the alternatives for finding the best alternative among the given

list of alternatives.



8.5.2 Decision Making to Evaluate the Best Engineering Project

Consider four civil engineering projects needed to be completed by the government of
Pakistan in the financial year 2019-20. These four projects are denoted by z;(i = 1,2,3,4)
including “building a hospital”, “building a road connecting two cities”, “building a school in
the nearby urban area” and “reconstruction of government oil refinery”. The government of
Pakistan needs to complete all these projects but in order of importance and need. The
recognized building authority evaluate the feasibility of all these projects with the help of
experts to prioritize the projects. The decision-making panel consisting of engineers, economist
and other government officials. The detailed steps of this decision-making problem using the
proposed algorithm are demonstrated as follows:
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Figure 118 (Directed Network of the Interval valued g-rung ortho pair fuzzy relation I\VVg-

ROFR)

Step 1: Formation of IVQROPFG connecting the four projects describing their suitability in

terms of IVQROPFNSs.



Step 2: Formation of matrix relating the four projects.

0.4,0.6],) ([0.3,0.8] ([0.4,0.7],) ([0.5,0.7],
([0406)'([0407)'([0208])'([0.5,0.8])

[0.2,0.8],\ ([0.4,0.6],) ([0.2,0.6]) ([0.3,0.8],

R = (4))ans = ([3533)’([3:366)’([35367]>’<[3.;1,3.§]>
L4 4,0.9], , 4,0.6],\ ([0.3,0.8],
([[0207)'([[0108)'([[0406]]>'<[[0.5,0.8]]>

[0.4,0.8],\ ([0.3,0.8],) ([0.2,0.8])\ ([0.4,0.6],
([0308)'([0204)'([0 5,0.7])'([0.4,0.6])

Step 3: Using IVQROPFWA aggregation operator given below on the matrix obtained in Step

2.
f'i = IVQROPFWA(rll, f‘iZ' ey f‘in)
1 1
[ ;
-] ] (1—(sa,) ) 1‘[(1_(5 DN |
| - [
= 1 1
n 7/ 7
j=1 j=1
i=12,..,n,
Now all 1, j = 1,2, ...,4 are aggregated and the results are given below.

= ([0.4184,0.7154], [0.3557, 0.7200])

= ([0.3103,0.7295], [0.4472,0.6701])

= ([0.4184,0.7819], [0.2515, 0.6260])

t, = ([0.3516,0.7444],[0.3310, 0.5856])

Step 4: Using the score function defined for IVQROPFSs to rank the aggregated data obtained

in Step 3. The score values are given below followed by the ranking results.



(8 )'a - @)D+ ($Y)1(1 - B®Y)D)
2

s(fy) =

s(fy) = 0.1847,5(f,) = 0.1629,s(5) = 0.2525, s(i,) = 0.2067

23> 74> 71> I

Hence, the projects are ranked as:

e Building a school in the nearby urban area is at priority ONE.
e Reconstruction of government oil refinery is second in priority list.
e Building a hospital is at number 3 in priority list.

e Building a road connecting two cities is at last in priority list.

Now we solve the same problem using IVQROPFWG operators and to do so, we start the

process from Step 3.

Step 3: Using IVQROPFWG given below to aggregate the information given in matrix

obtained in Step 2.

t; = IVQROPFWG (fi, Fiz, ..., Fin)

|
3
3|
3
S|
—

u»
=
<
u»
)
Ry

1 1

[ n n n ﬁ]
{ - Ja- @) - Ja- 009 ]

t, = ([0.3936,0.6964], [0.4129, 0.7444])

t, = ([0.2632,0.6928],[0.4586,0.6973])

; = ([0.3936,0.7135],[0.3885,0.7159])



t, = ([0.3139,0.7200], [0.3966, 0.6358]

Step 4: Using the score function defined for IVQROPFSs to rank the aggregated data obtained

in Step 3. The score values are given below followed by the ranking results.

s(f;) = 0.1559,s(f,) = 0.1264,s(f5) = 0.1724,s(f,) = 0.1674

23> 74> 71> I

Hence, we got the same ranking as we did by using the IVQROPFWA operators:

e Building a school in the nearby urban area is at priority ONE.
e Reconstruction of government oil refinery is second in priority list.
e Building a hospital is at number 3 in priority list.

e Building a road connecting two cities is at last in priority list.

Note that, it is not necessary that the results obtained using weighted averaging and weighted
geometric aggregation operators will always be the same. However, the use of weighted

averaging or weighted geometric aggregation operators are up to the decision makers.

8.6 Decision Making in Supply Chain Management

Supply chain management involves the assessment of companies based on their
performance in a supply chain. There are several aspects which plays vital role in a supply

chain and our aim is to find out the best among those aspects.

Consider a supply chain of some engineering companies and assume that there are four factors
i.e. service level, cost and price, quality and response time denoted by z;(i = 1, 2, 3, 4) playing
a vital role in this chain. To compute the most influential factor among those four, we utilized

the following four simple steps to evaluate the most influential factor.



1. Obtain information about given number of factors by decision makers in three or more
decision matrices.

2. Regroup the information obtained in Step 1 using IVQROPFA or IVQROPFG aggregation
operators into a relational matrix which results in the formation of the IVQROPFG as well.

3. Use the Definition 8.1.13 to compute the out-degrees of each factor.

SN

. Rank the values of out-degrees to get the most influential factor.

The information about the four factors towards their importance in the supply chain are given

in three matrices below followed by the stepwise demonstration of supply chain management

problem.

) () G G

B=|loz0ly (0204 (10506)) (10504
([0406,) ([0506') ([0506’) ([0507’)
(os071) (oz061) (oros) (osoer)
(05061) (or06) (osoe) (o504

o _|osom) (osoa) (oxon) (ice)
(0z071) (fosoel) (josoel) (oaos)
(oz061) (tosner) (fosoer) (osoer)

(osoer)  (03051) (w307) (osoer)
o | (osoat)  (ozoe) (o307) (1osos1)
(oeos)  (o1071) (oaoer) (a0
[0.53,0.72],\ ([0.53,0.63],\ ([0.4,0.5]\ ([0.5,0.6],
([0.1,02]) (012042) [0305]) ([0506)



2. Now we use the IVQROPFA operators to regroup the information given in above three
decision matrices. Using the following IVQROPFA operator, the relational matrix R is

formed given below.

IVQROPFA(i1, Fig, ) Fin)

[To- (éa-»‘*)) Ji-(TTa-e).

-/ [0.43,0.46), [0.44,0.48], [0.35,0.45], [0.38,0.46],
([0.042,0.072]) ([0 002,0.05 ) 0.005,0.07 ) ( 0.03,0.056] )
[0.38,0.47], [0.43,0.46], [0.4,0.45], [0.43,0.47],
. ([0.03,0.098]) ([0 042,0.072 ) 0.02,0.098 ) ( 0.007,0.06] )
[0.38,0.47], [0.41,0.43] [0.43,0.46], [0.36,0.44]
([0.024,0.084]) ([0.008,0.084]) ([o 042,0.072 ) ( 0.02,0.05] )
[0.39,0.46], [0.39,0.46], [0.38,0.43], [0.43,0.46]
_<[0.003,0.028]) ([0.006,0.05]) ([0.016,0.05]> ([0.042,0.072])_

HDLU

1
n n
| | U
j=1

)
[
(i

This relational matrix is clearly an IVQROPFG depicted in Figure 1109.
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Figure 119 (Directed Network of IVQROPFG sowing the relation of four
factors in the supply chain)

The Figure 119 reduces a partial 1Vg-ROPFG by using the condition $?¢ > 0.46 which is

depicted in Figure 120.
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Figure 120 (Partial Directed Network of supply chain factors)

3.Utilizing the formula of out-degree to compute the out-degree values of each factor given as:
0St — d(z,) = ([0.82,0.94],[0.032,0.061])
0St — d(z,) = ([0.81,0.94],[0.05,0.196])
0St — d(z3) = ([0.38,0.47],[0.024,0.084])
0S8t — d(z,) = ([0.78,0.92],[0.009,0.078])
By observing the degree of membership, it is clear that

0St — d(z;) = 0St — d(z,) = 05t — d(z,) = 05t — d(z3)



Hence z, > z, > z, > z3 which shows that cost and price is the required factor that one must
keep in mind. The results would be the same if we use IVQROPFG aggregation operators

instead of IVQROPFA operators

8.6 Conclusion

In this chapter, a novel idea of IVq-ROPFG is introduced as a generalization of FG, IVFGS,
IFG, IVIFG and PyFG. With the help of some remarks, the generalization of proposed work is
proved. Several graphical concepts are developed for IVq-ROPFG such as the concept of
subgraph, complement, degrees, out-degrees and paths etc. Each concept is demonstrated with
examples. In the environment of IVg-ROPFG, a shortest path computation problem is analysed
and demonstrated with the help of two different techniques. A co-authorship network of the
authors of several countries and their relation is also analysed using the concepts of 1\Vg-
ROPFGs. A telephone network model is presented where the extent of calls between two or
more persons is analyzed using the approach of 1IVq-ROPFGs. Two engineering decision
making problems are discussed using the approach of IVq-ROPFGs. For every application that
is assessed, a comparative study is established and the advantages of working in the area of
IVg-ROPFG are demonstrated with the help of examples. In future, we plan to study few more

decision-making problems using some different aggregation tools of IVg-ROPFGs.
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