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Preface

For a mapping J : L — L, an element a € L is said to be fixed point of J if Ja = a.
Choosing a member ag of L and using the pattern a,+1 = Ja,, generate a sequence {a,} from
ag in L, where n being from N, such a sequence is described to be a Picard sequence in the
literature. Iteration of such a sequence plays a key role in the iteration of a fixed point of some
given mapping with special contractive impositions. The study of fixed point theory has been a
wide field of research since the existence of non-linear analysis and researcher opted to locate a
solution point of different mathematical and engineering problems via reshaping the problems
in the frame of fixed point numerical and then iterating its fixed point, indeed the solution of
the problems.

Banach (1992) tendered debate of the metric fixed point theory by establishing the first
theorem termed as Banach contraction principle, directing researchers to a new field in mathe-
matics fixed point theorem, that is composed of topology, geometry and analysis. For a metric
space, a self-mapping J on L is said to be Banach contraction if J satisfies the inequality
d(Ja,Jy) < kd(a,y) for each a,y € L provided that 0 < k < 1. The statement of Banach
contraction principle states that for a complete metric space L, and a mapping J, J has a
unique fixed point in L. Despite of the brief statement and proof, the theorem accommodate a
comprehensive knowledge of finding solution to complex problems in various fields of studies,
such as game theory, functional analysis, dynamical system, PDEs and even biosciences. As
the iteration process is involved in the theorem, thus it can be easily applied on a computer
system. It was proved that Banach contraction is uniformly continuous on the set L, however,
to extend this idea with a weaker condition, Kannan [55] was the first who gave the idea of
non-continuous operator satisfying a new contractive condition. He proved the persistence of a
fixed point even if the operator is non-continuous. He described a weaker form of the Banach
contraction as d(Ja, Jy) < k[d(a, Ja) +d(y, Jy)] for all a,y € L where 0 < k < 1. This was
further exploited by Chatterjee [37] in somehow closer form but quite different in nature. He
replaced the Kannan inequality by d(Ja, Jy) < k[d(a, Jy) + d(y, Ja)] for all a,y € L where
0<k< % One can observe that these three principles are independent of each other and had

provided base to the research of fixed point theory.



The results of fixed point in the entire field had played an important role in different research
activities, for instance (see [12, 20, 23, 24, 28, 38, 39, 47, 48, 58, 82, 103]). Fixed point theory
has applications in various fields of mathematics and other sciences, for example [10, 52, 65, 69].
Fréchet [45] tendered debate on the topic of metric which now a days contribute a central part
in both applied and pure mathematics. The metric space and its generalized forms are essential
as well as the inevitable part of many branches of mathematics. After exploring its application
in various fields of mathematics and other sciences, mathematicians were compelled to come up
with the more general and extended versions of metric spaces like Matthews [68] put forwarded
the concept of partial metric version of Banach contraction theorem [27]. Several authors, then
presented interesting results on partial metric spaces and its topological properties [3, 46, 89].
Ran and Reurings [78] explaining the notion of partial order and gave applications. In 2008,
Jachymski [51] had the excellent idea to use the metric space endowed with a graph and the
contraction condition of Banach will be satisfied only for the edges of the graph.

In parallel to this, Bakhtin [26] and Czerwik [41] introduced the definition of b-metric space.
Several authors interesting the notion of b-metric space to establish the persistence of fixed point
for contraction maps for instance, see [7, 20, 22, 42, 86, 104]. Also, among all these extensions of
metric space is the quasi metric space that was introduced by Wilson [101]. The second condition
i.e., commutativity, does not hold in general in quasi metric spaces. Using this generalization,
various authors investigated fixed point for different mappings [25, 35, 60, 67, 83, 102]. This
discussion was followed by the topic of dislocated metric space [6, 15] and dislocated quasi
metric space [16, 30, 92, 96, 103]. Dislocated quasi b-metric space was investigated by Klin-
eam and Suanoom [64], for fixed point and fixed point theorems in complete dislocated quasi
b-metric space was explored [1, 77]. Moreover, Kamran et al. [56] elongated the concept of
b-metric space to extended b-metric space while replacing the parameter s > 1 in the triangle
inequality by the control function 6 : L x L — [1,+00) see also [87]. The same notion was also
generalized by Mlaiki et al. [71] in a different way with inserting a control function instead of
the constant ‘s’ and hence named his newly defined metric as controlled metric type spaces.
The arguments continued and Abdeljawad et al. [2] added another notion labeled as double
controlled metric type spaces.

Besides all the extensions of metric space mentioned above, a big portion of the literature



is composed of the multi-valued maps instead of single-valued maps. It was Nadler in 1969 [72]
who commenced discussion on maps that map on a set of points rather than those mapped
to single points only. He took Banach contraction as a special case of the Hausdorff Pompeiu
metric and establish fixed point theorem for multi-valued mappings. Later, this approach
was furthered by many renown researchers [22, 29, 92, 95, 98, 99] and likewise results were
established in a variety of metric spaces. To study fixed point in the area, the definition of fixed
point was rephrased as, for a multi-valued mapping J, a point a in the set L is named as fixed
point of J if a € Ja. Applications in engineering, economics, Nash equilibria and game theory
in fixed point results of multivalued mappings have introduced see [11, 18, 36, 66].

This thesis is a composition of theorems based on fixed point for both single-valued and
multi-valued mappings having certain contractive imposition. Fixed point concept is exploited
for iterating common fixed point of such maps. The dissertation is a mixture of diverse knowl-
edge of metric space and its extensions having different methodology of iterating a solution or
fixed point of distinct maps. This dissertation is split into four chapters. Following is a chapter
wise content distribution of our thesis.

Chapter 1, focuses fundamental notions and definitions that are primarily involved in the
main results or helps in understanding the results. Similarly, some important pre-existing fixed
point theorems are given in the chapter.

Chapter 2, explains in detail, notion of complete left (right) K-sequentially quasi metric
space. Also, we have presented the concept of a-Alt mapping and using that fixed point results
which established for F'— u, — pi-contraction in the setting of quasi b-metric space. The chapter
further throw light on the applicability of the main theorems with concrete arguments.

Chapter 3, is related to common fixed point of coincidence as well as common fixed point
of four maps carrying specific impositions. Working in partial metric space, theorems has been
proved for fixed point. The multi-valued maps of fixed point is iterated for F-contractions in
abstract spaces with application.

Chapter 4, this chapter demonstrate fixed point of distinct contractions in left double con-
trolled quasi and dislocated quasi metric type spaces. The main results are explained using
concrete examples. Throughout this thesis N, RTand R denote the set of all natural numbers,

the set of all non-negative real numbers and the set of all real numbers, respectively.



Chapter 1

Preliminaries

This chapter is based on discussion about the evolution of fixed point theory. It throws light
on metric fixed point theory and its gradual upbringing in the field of non-linear analysis. The
fundamental notions and founding fixed point theorems are described in this chapter, these
notions/theorems enable us to understand our main work and also help us in proving these
important results. This chapter portrays the said results as generalizations of the renown metric
space. Section 1.1, tender discussion on the topics quasi metric, quasi b-metric, dislocated quasi
metric and dislocated quasi b-metric spaces. Section 1.2, define double controlled metric type

spaces while Section 1.3, all others basic that empower our research.

1.1 Quasi and Dislocated Quasi b-Metric Spaces

1.1.1 Definition [64]

Let L # {} and s > 1 a real number. A mapping dg : L x L — [0,+00) is called a dislocated
quasi b-metric , if the below conditions satisfied:

(a) if dgp(a,y) = dgp(y,a) = 0, then a = y;

(b) dgp(a,y) < s[dgp(a,e) + dg(e,y)], for any a,y,e € L.
The pair (L,dg) is called a dislocated quasi b-metric space. The following remarks can be
observed:
(a) if s = 1, then a dislocated quasi b-metric space becomes a dislocated quasi metric space

[92];



(b) if s =1 and a = y implies dg(a,y) = dg(y,a) = 0, then (L, dg) becomes a quasi metric
space [101, 102][;

(c) if dgp(a,y) = dg(y,a) and a = y implies dg,(a,y) = 0, therefor (L, dg) becomes a b-metric
space [104]. For a € L and ¢ > 0, By, (a,e) = {y € L : max{dgp(a,y),dp(y,a)} < €}
and m = {y € L : max{dgp(a,y),dp(y,a)} < €} are open and closed ball in (L, dg)

respectively.

1.1.2 Example [88]

Let L = {1,2,3}. Define the function ¢s on L x L as gs(a,y) = a% for every a > vy, qs(a,y) =1
for a < y, and gs(a,y) = 0, for a =y, with ¢s(a,y) # (1,2) and ¢5(1,2) = %6. Then (L, qs) is a
quasi b-metric space with coefficient s = 2. It is neither a b-metric space since ¢s(1,2) = 1@6 #*
qs(2,1) = % , mor a quasi metric space since gs(1,2) = % > % =qs(1,3) + q5(3,2).

Reilly et al. [83] established the concept of left as well as right K-Cauchy sequence and left

(right) K-sequentially complete quasi metric space.

1.1.3 Definition [83]

Consider (L, q) is a quasi metric space. Then a sequence {a,} in (L, q) is called:

(a) Left (right) K-Cauchy, if for every ¢ > 0, 3 ng € N such as ¢ (am,an) < € (respectively
q(an,am) < ¢) for all m > n > ny.

(b) A converges to a, if lim, o ¢ (an,a) = lim, 1 g (a,a) = 0 and the point a in this case
is called a limit of the sequence {a,}.

(c) (L,q) is called left (right) K-sequentially complete if each left (right) K-Cauchy sequence

in ¢ convergent such as ¢ (a,a) = 0.

1.1.4 Example [77]

Let L=R*" and p > 1. Define dyp, : L x L — R" by dy(a,y) = |a —y[’ + |a|’ for all a,y € L.
Then (L, dg) is a dislocated quasi b-metric space with s = 2P > 1. But it is not a quasi b-metric
space. Also is not a dislocated b-metric space. It is obvious that (L,dg) is neither b-metric

space nor dislocated quasi metric space.



1.1.5 Definition [30, 83]

Let (L, dg) be a dislocated quasi b-metric space. Let {a,} is a sequence in (L, dg), then

(a) {an} is called left (right) Cauchy if for each ¢ > 0, 3 ng € N such as dg (am,an) < €

(respectively dgp(an,am) < €), for all m > n > ng.

(b) {an} dislocated quasi b-converges to a € L, if lim dg(an,a) = lim dg(a,a,) =0 or for
n—+0o0o n—+o00

any € > 0, 3ng € N, such as V n > ng, dp(a, an) < € and dg(an, a) < € and the point a in this

case is called a dg-limit of {a,}.

(c) (L,dg) is a complete if and only if every Cauchy sequence in L is convergent.

1.1.6 Definition [30]

Let (L,qs) is a quasi b-metric space. Then a sequence {a,} in (L, gs) is called:

(a) Left (right) K-Cauchy if for every € > 0, there exists ng € N such as ¢s (am,an) < €
(respectively gs (an,am) < €) for all m > n > ny.

(b) Converges to a, if lim,— oo gs (an,a) = limy, 4 gs (a,a,) = 0. In this case, the point a is
called a limit of the sequence {ay}.

(c) (L, qs) is called left (right) K-sequentially complete if every left (right) K-Cauchy sequence

in it is gs-convergent.
1.1.7 Definition [32, 92]
Let (L,dg) is a dislocated b-quasi metric space. Let A be a nonempty subset of L and a € L.

We say, an element yg € A is a left (right) best approximation in A if,

dgp(a, A) = dg(a,yo), where dg(a, A) = ;relgdqb(a,y)

and dgp(A,a) = dg(yo,a), where dg(A,a) = ingdqb(y,a).
ye

If every a € L has a best approximation in A, then A is called a proximinal set.
It is clear that if dg(a, A) = dgp(A,a) = 0, then a € A. But, if a € A, then dg(a, A) or

dgr(A, a) may not equal to zero. We denote P(L) the set of all proximinal subsets of L.



1.1.8 Definition [92]

The function Hy,, : P(L) x P(L) — [0,+00), which defined as
qub (Ca F) = max{sup dqb(l)F)a Sup dqb(cv b)}
leC beF

is called Hausdorff dislocated quasi b-metric on P(L). Also (P(L), Hg,,) is known as Hausdorff

dislocated quasi b-metric space.

1.1.9 Lemma [95]

Every closed set A in a left (right) K-seqnentially complete quasi metric space L is a left (right)

K-sequentially complete.

1.2 Double Controlled Metric Type Spaces

1.2.1 Definition [56]

Let L # {} and 0 : L x L — [1,400). The function ¢ : L x L — [0,+00) is called an extended
b-metric, if for each a,y,e € L the below satisfied:
(¢,) a(a,y) =0 a=y;

(¢2) a(a,y) = q(y,a);
(g3) q(a,y) <0 (a,y)q(a,e)+q(e,y)]. The pair (L, q) is called an extended b-metric space.

1.2.2 Definition [71]

Given : L x L — [1,4+00), where L is nonempty. Let ¢ : L x L — [0,400). Suppose that for
all a,y, e € L the below conditions satisfied:

(i) g(a,y) =0 = a =y,

(i) ¢(a,y) = q(y; a),

(iii) q(a,y) < B(a,e)q(a,e) + B(e,y)q(e,y). Then, ¢ is called a controlled metric type and

(L, q) is called a controlled metric type space.



1.2.3 Definition [2]

Given thye functions a, pp: L x L — [1,400). If ¢ : L x L — [0,4+00) satisfies the follows: for
all a,y,e € L,

(i) g(a,y) =0 = a =y,

(i) q(a,y) = q(y, a),

(iii) q(a,y) < ala, e)q(a, e) + e, y)ale,y)-

Then, ¢ is called double controlled metric type with the functions «, p and the pair (L, q)

is called double controlled metric type space with the functions «, p.

1.2.4 Example [2]

Let L = [0, +00). Define g by

0,&a=y,

1 ifa>1andye€|0,1),
q(a,y) =

%, ify>1andae€l01),

1, if not.

Consider a, pu: L x L — [1,400) as

a, if a,y > 1, 1, ifa,y <1,
a(a,y) = pla,y) =

1, if not. max {a,y}, if not.

Then, ¢ is a double controlled metric type but, ¢ is not an extended b-metric when consid-
ering the same function p = a. Indeed,

2 1 1 1 1
:1 _——_ - —_ = —_— — .
10.3) =155 =343 =a03)203) +a(3.5)a(33)

1.2.5 Definition [2]

Let (L,q) is a double controlled metric type space with two functions, the sequence {a,} is
called:

(i) A convergent to some a in L, if for each € > 0, there is some integer N, such as q(an,a) < &
for each n > N.. It is written as lim,— 400 a4, = a.

(ii) A Cauchy if for every € > 0, g(am,an) < € for each m > n > N, where N is some

integer.



(iii) (L, q) is called complete if each Cauchy sequence is convergent.

1.2.6 Theorem [2]

Let (L, q) is a complete double controlled metric type space with the functions a, pu: L x L —

[1,+00) and let J : L — L is a given map. Assume that:
q(Ja, Jy) < kq(a,y), for each a,y € L provided that k € (0,1).

For r¢ € L, choose r, = J"™rg. Assume that

sup lim a(rig1,rip2)
m>1 1—+00 (T‘Z’, ’I“i+1)

x| =

l’L (T’i"l‘l? Tm) <
In addition, for every r € L, we have

lim a(r,r,) and lm pu(r,,7) exist and are finite.
n—+oo n—-+400

Then, J has a unique fixed point r* € L.

1.3 Some Basic Concepts

1.3.1 Definition [9]

Consider p € ¥ and ¥ denotes the set of functions p : [0, +00) — [0, +00) satisfied the follows:
(U1) p is non decreasing.
+o00
(W) For all t > 0, such as > p” (t) < 400, where p¥ is the k'" iterate of p. The function

k=0
u € W is called comparison function.

1.3.2 Lemma [9]

Let 4 € ¥. Then, we have
(i) p(t) <t, forallt >0,

(i) 4 (0) = 0.



1.3.3 Definition [53]

Consider S and @ are two self-mappings on L. If Sa = Qa, for some a € L, then a is called

coincidence point of .S and Q.

1.3.4 Definition [53]

A pair (S, Q) of self-maps defined on L is called a weakly compatible if they commute at there
coincidence points. (i.e. if Sa = Qa, for some a € L, then SQa = QSa).

1.3.5 Definition [84]

Consider (L, d) be a metric space, J : L — L be a given map and o : L x L — [0,+00). The
map J is called an a-admissible if, for each a,y € L,

ala,y) > 1= a(Ja,Jy) > 1.

1.3.6 Definition [73]

Let J,S,5,Q : L — L are maps of a non-empty set L and « : J(L) US(L) x J(L) US(L) —
[0, +00) is a mapping. A pair (S, Q) is called an a-admissible with respect to J and S, if for

all a,y € L, a(Ja,Sy) > 1 or a(Sa, Jy) > 1, implies
a(Sa,Qy) > 1 and o (Qa, Sy) > 1.

1.3.7 Definition [68]

Consider L # {} and p : L x L — [0, +00) such as, for each a,y,e € L, if the below conditions
satisfied:

(i) a =y < pla,a) = p(a,y) = p(y,y);

(i) p(a, a) < p(a, y);

(iii) p(a,y) = p(y, a);

(iv) p(a,y) < p(a,e)+p(e,y)—p(e, e). Then the pair (L, p) is called a partial metric space and

p is called a partial metric on L. If p is a partial on L, then the function p* : L x L — [0, 400)

10



defined by p*(a,y) = 2p(a,y) — p(a,a) — p(y,y) satisfies the conditions of a metric space on L

and hence it is a usual metric on L.

1.3.8 Lemma [3]

A sequence {a,} in a partial metric space (L, p) is:
(i) A Cauchy sequence if and only if it is a Cauchy sequence in a metric space (L, p®).

(ii) A complete if and only if a metric space (L, p®) is complete. Moreover,

lim p°(a,a,) =0« lim p(a,a,) = lim p(anp,am)=p(a,a).

n—-4o00 n—-4o00 n,m—-400

1.3.9 Lemma [3]

Consider (L, p) be a partial metric space and J : L — L is a given map. J is called a continuous

at ag € L, if it is sequentially continuous at ag, that is, if and only if

V{a,} C L, lim a, = agimplies lim Ja, = Jayp.
n—-+00 n—-+400

1.3.10 Lemma [3]

Assume that a,, — e as n — 400 in a partial metric space (L, p) whenever p(e,e) = 0. Then

lim p(an,y) =p(e,y), for all y € L.

n—-+o0o

1.3.11 Definition [78]

Let (L,=) be a partially ordered set and J : L — L is a given map. We called J is non
decreasing with respect to < ifa,y € L, a 2y = Ja =X Jy.

1.3.12 Definition [78]

Let d is a metric on L and (L, =) be a partially ordered set. We called (L, <,d) is regular
if for all nondecreasing sequence {a,} C L such as a, — a € L as n — +00, there exists a

subsequence {an(j)} of {a,} such as a,(; = a for all j.
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1.3.13 Definition [100]

Consider F is the set of all functions F : [0,+00) — R such as:
(F1) F is strictly increasing, that is for each a,y € [0, +00) whenever a < y implies F(a) <
F(y);
(F2) for all sequence {¥,,},: of positive numbers, lim 9, = 0ifand onlyif lim F(¢,) =
n—+0o00 n—-+o00

(F3) there exists k € (0,1) such as lim 9*F () = 0.

9—0+

1.3.14 Definition [100]

Consider (L, d) be a metric space. A mapping J : L x L is called F-contraction if there exists
7 > 0, we have

V oa,yeL,dJa,Jy)>0= 71+ F(d(Ja,Jy)) < F(d(a,y)).

Ali et al. [7] see also [40] extended the set of mapping F defined by [100] to the set Fg of
each functions F': [0, 4+00) — R such as

(F4) For every sequence {t,} of positive real numbers such as 7 + F(st,,) < F(J,-1) for

each n € N and some 7 > 0, we have 7 + F(s™,) < F(s" '9,_1), for each n € N,

12



Chapter 2

Fixed Point Results for Locally
Contractive Multivalued Mappings

in Quasi and Quasi b-Metric Spaces

2.1 Introduction

After, many authors extended the Banach contraction theorem by using many different type
of contractions in many spaces. The concept of a quasi metric space was first introduced in
1930 [101]. Many authors have provided several extensions of this result by considering various
types of contractions and extended this concept to quasi b-metric space see [21, 43, 88]. Nadler
[72] gave a new direction to the field when he mapped the contraction maps on a set of points
instead of a single point. Various authors investigated fixed point theory for such mappings
in many directions. On the other hand, Reilly et al. [83] presented the concept of left (right)
K-Cauchy sequence and complete left (right) K-sequentially in complete quasi metric space.
Recently, Altun et al. [9] proved a significant result concerning the existence of common fixed
point satisfying a contraction with new restriction of order in a complete ordered metric space.
Arshad et al. [16] observed that there were mappings which had fixed points but fixed point for
results were not established for such maps and introduced a contraction on closed ball satisfied

common fixed points for such maps.
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In Section 2.2, we extended the result given by Altun et al. [9] in five ways: a pair of
multi-valued maps, open ball with new generalized contraction, left K-sequentially complete
quasi metric space and generalized a function o : L x L — [0,4+00). We applied our results to
obtain the contractions along with a graph and a partial ordered spaces.

Wardowski [100] introduced the concept of F-contraction and investigated fixed point results
for different mappings (see also [4, 5, 7, 17, 49, 50, 58, 62, 76]). In Section 2.3, we discuss a
recent generalization of quasi b-metric space and introduce F' — u, — pt contraction which is an
extension of many announced contractions. Fixed point results for some of such contractions
have been obtained. We achieve results endowed with a graph and in ordered left K-sequentially
complete quasi b-metric space. An application is presented to ensure the existence of unique
common solution point for integral equations and lastly we give an application to obtain the

unique solution of functional equations that rises in dynamic programming.

2.1.1 Lemma [95]

Let (L,qs) be a quasi b-metric space. Let (P(L), Hy,) be a Hausdorff quasi b-metric space on
P(L). Then, for each C, F € P(L) and for all [ € C, there exists b; € F such as H,, (C,F) >
qs(1,by) and Hy, (F,C) > qs(by, 1), where gs(I, F) = qs(I,b;) and ¢s(F,1) = qs(by, 1).

2.1.2 Definition

Let L # {} and a : L x L — [0, +00) is a map whenever a (a,y) > 1 and « (y,a) > 1 implies a =
y. Let M C L, define o* (a, M) = inf{a (a,l), | € M} and o* (M,y) = inf{a (b,y), b€ M}.
2.1.3 Definition

Let L # {} and p, : LXL — [0,400) isamap. Let M C L, define p% (a, M) = inf {p, (a,l), | € M}
and p§ (M, y) = inf {p; (b,y), b€ M}.

2.1.4 Definition [76]

Let F is the set of each strictly increasing functions F' : [0, +00) — R, i.e for each a,y € [0, +00),
if a <y, then F(a) < F(y).
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2.1.5 Definition [31]

Let s > 1 and let a function p, : [0, +00) — [0, +00) satisfies:

(Ps1) 1y is non-decreasing;

(Us2) for each t > 0, such as io: sFuk (t) < 400, where p¥ is the k' iterate of ug. Then
the function p is called b—comparizzgl function. Let s > 1, the function pg (t) = bt, t € [0, +00)
with 0 < b < % is a b-comparison function. For each value of ‘s’ in the given example, we can
obtain infinitely many b-comparison functions by taking different values of ‘b’. Denote the set of
all b-comparison functions by Us. If we take s = 1, then pu, is called (c)-comparison function. If

w(t) = l%rt, then p is a (c)-comparison function. Denoted the set of all (c)-comparison functions

by W.

2.1.6 Lemma [31]

Let pu, € ¥,. Then, we have
(1) spg (t) < t, for each ¢t > 0,
(ii) p (0) = 0.
Clearly su, (t) < t for each ¢t > 0 implies s" 12+ (t) < s"u?(¢).

2.2 Fixed Point Results for A pair of Multivalued Mappings in
Quasi Metric Spaces via New Approach

Results given in this section have been published in [90]

Let (L,q) be a quasi metric space, ag € L and J : L — P(L) be a multi-valued map on
L. Since Jay is a proximinal set, so there exists a1 € Jag such as ¢(ag, Jag) = ¢(ag,a1) and
q(Jag,ap) = q(a1,ap). Now, for a; € L, there exist ag € Jay such as g(a1, Jai) = q(a1,a2) and
q(Jai,a1) = q(ag,a1). Continuing this way, we generate a sequence a,, of points in L such as
ant1 € Jan, qlan, Jan) = q(ap,ant1) and q¢(Jap,an) = q(an+1,a,). We denote this iterative

sequence {LJ(ay)} and say that {LJ(a,)} is a sequence in L generated by ag.
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2.2.1 Theorem

Consider (L, q) be a left K-sequentially complete quasi metric space, S,J : L — P (L) be the
multivalued mappings, € ¥, ag € L, 7 > 0 and o : L x L — [0,400). Suppose that:
(i) For every a,y € By(ao,r) N {LJ (a,)} with a* (Sa,a) > 1, a* (y, Sy) > 1, we have

mas{H, (Ja, Jy) , Hy (Jy. Ja)} < (P, (a.3) 2.1)
where
~ maxdala . Ja). @ Ja)a(a Jy) +a(y, Jy) a(y, Ja)
Pq(CL?y)_ {Q( 7y)7Q( 7'])7 q(a,Jy)+q(y,Ja) }
J
(ii) Zmax {* (¢ (a1,a0)), 1P (q(ap,a1))} <r, for each j € NU{0}. (2.2)
p=0

(iii) If a € By(ao,7), q(a,Ja) = q(a,y) and ¢ (Ja,a) = q(y,a), then

(a) a* (a,Sa) > 1, implies o (Sy,y) > 1, (b) a* (Sa,a) > 1, implies o™ (y, Sy) > 1.

(iv) The set G(S) = {a : a* (a,Sa) > 1 and a € By(ap,r)} contains ag and closed.

Then, the subsequence {ag,} of {L.J (a,)} is a sequence in G (S) and a sequence {az,} —
a* € G(S). Also, if inequality (2.1) satisfied for a,y € {a*}. Then a* is a common fixed point
of J and S in By(ag, ).

Proof. As ag is any element of G (5), from condition (iv) a* (ag, Sag) > 1. Consider the

sequence {LJ (ay)}. Then there exists a; € Jag such as

q(ao, Jao) = q(ao,a1) and q(Jao,ao) = q(ai,ao).

From condition (iii) a* (Sai,a1) > 1. In particular, (2.2) holds for j =0, so

max {q (a1, a0) , ¢ (ao, a1)} <.

Therefore, ¢ (a1,a0) < 7 and ¢ (ag,a1) < r. Hence a1 € By(ag,r). Let ag,...aj € By(ag, )N
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{LJ (an)}, o* (aj,Sa;) > 1 and a* (Sajt1,a;41) > 1, for some j € N, where j = 2p, p =

2,3, ..., % By using Lemma 2.1.1, we have

IN

q (azp, azp+1) Hy (Jagp—1, Jagp)

< max {Hq (Jagp_l, Jagp) N Hq (Jagp, Jagp_l)} .

As agp_1,a2, € By(ao,r) N{LJ (ayn)}, o (agp, Sazy) > 1 and o (Sagy—1,a2,-1) > 1, by (2.1),

we have

q(azp,azpy1) < p(max{q(agp_1,a2p),q(azp—1,a2),
q (agp—1,a2p) q (azp—1, Jazp) + q (a2p, azp+1) q (a2p, Jagp—1) })
q (agp—1, Jagp) + q (azp, Jazp—1)

q (azp, azp+1) < pu(q (azp-1,a2p)) - (2.3)

It implies that,

q (azp, agp+1) < max {1 (q (agp—1,a2p)) , 1 (q (azp, azp—1))} - (2.4)

Again by Lemma 2.1.1, we have

IN

q (a2p—l) a?p) Hq (Ja2p—2’ Ja2p—1)

< max {Hq (JCLQP,Q, Jagp,l) ,Hq (Jagp,l, Jazpfg)} .

As agp_1,a2p—2 € Bgylag,m) N{LJay}, o (Sazp—1,a2p—1) > 1 and a* (agp—2, Sazp—2) > 1, by

(2.1), we have

q (a2p71a a2p) < p(max{q (a2p71a a2p72) »q (a2p71a azp) »4q (a2p72a a2p71)})

= (maX {q (62p71, a2p72) »q (02p72, a2p71)}) .

As p is non decreasing function, so
1 (g (azp-1, ap)) < max {4 (g (azp-1, azp-2)) , p? (¢ (a2p-2, a2p-1)) } - (2.5)
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Using (2.5) in (2.3), we have

q (azp, azpr1) < max {p? (q (agp-1,a2p-2)) , i (¢ (a2p-2,a9p-1)) } - (2.6)

Now, by Lemma 2.1.1

q(agp—2,a2p—1) < Hy (Jagp—3, Jagy—2).

As a2p—3,a2p—2 € Bq(ao,T) N {LJan}, a* (agpfg, Sagp,Q) > 1 and o* (Sa2p73,a2p,3) > 1, by
(2.1), we have

q (agp—2,a2p—1) < (g (azp—3,a2p—2)). (2.7)

It implies that,

12 (g (azp—2,a2p-1)) < pi® (1 (max {q (agp-3, agp-2) , q (azp—2, a2p-3)})) - (2.8)

Now, by Lemma 2.1.1

q (a2p—17 a2p—2) < Hq (Ja2p—27 Jan—S) .

As agp_3,a2,-2 € By(ag,m) N {LJa,}, o (Sagp—3,a2,—3) > 1 and a* (agp—2, Sagp—2) > 1, by

(2.1), we have
q (azp—1,a2p—2) < p(max {q (azp—2, azp—3) , q (azp—3, azp—2)}) .
As p is non decreasing function, so
12 (g (azp-1, azp-2)) < p* (u (max {q (azp-2, azp-3) , 4 (azp—3, azp-2)})) - (2.9)
Combining inequalities (2.6), (2.8) and (2.9), we have
q (agp, agpy1) < max {p’q (agp—3, a9p-2), p*q (azp-2, a2y 3)} - (2.10)
Following the patterns of inequalities (2.4), (2.6) and (2.10), we have

q (a2p, a2p+1) < max {sz (q (ao,ar) ,M2p (q (a1, GO)))} . (2.11)
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Also, by Lemma 2.1.1, we have

q (agpt1,a2p) < Hy (Jagyp, Jagp-1) .

As agp_1,a2, € By(ao,r) N{LJ (ap)}, o (Sazp—1,a2,—1) > 1 and a* (agy, Sagzy) > 1, by (2.1),

we have

q (agpt1,a2p) < p(q(agp—1,a2p)),
which implies that,
q (agp+1,azp) < max{u(q(azp—1,a2p)), p (g (azp, azp—1))}.

Using (2.5) in (2.12), we have

q (azpt1, azp) < max {4 (q (agp—1,a2p—2)) . 1* (q (azp—2, a2p-1)) } -

Combining the inequalities (2.8), (2.9) and (2.14), we have

q (a2p+17 a2p) < max {ng (a2p—37 a2p—2) ,ng (@2p—2, a2p—3)} .

Following the patterns of inequalities (2.13), (2.14) and (2.15), we have

q (azpy1,a2p) < max {H2p (¢ (a1,a0)), 1 (g (ap,a1))} -

Now, by using the inequalities (2.11), (2.2) and the triangle inequality, we have
2p
q (a0, azp41) <Y max {plq (a1, a0), g (a0, a1)} <.
j=0
Similarly, by using inequalities (2.16), (2.2) and the triangle inequality, we have
2p

q(azpi1,00) <Y max {p (q (a1, a0)), 1’ (q(a,a1))} <r.
=0
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By inequality (2.17) and (2.18) , we have agp41 € Bg(ag,r). Also q (agpt1, Jagp+1) = q (azpt1, azpt2)
and q (Jagp41, a2p+1) = q (a2p42, a2pt1) . As o (Sagpi1,a2p41) > 1, so from condition (iii), we

have a* (agp42, Sagp+2) > 1. Similarly, we have

q (azp41, azpr2) < max {p* ™ (¢ (a1, a0)) , p** ™ (q (a0, a1))} (2.19)

and

q (azpt2, agps1) < max { P+ (q (a1, a0)), " (q (a0, a1))} - (2.20)

Also,

q (ao, azpr2) < 7 and q (agpr2,a0) < 7.

It following that agpi2 € By(ag,r). Also

q (a2p+2> Ja2p+z) =q (azp+2> a2p+3) and ¢ (Ja2p+2’ a2p+2) =4q (a2p+3> a2p+2) .

As o (agpt2, Sagpy2) > 1, so from condition (iii) we have a* (Sagpis, agpt3) > 1. Hence by
mathematical induction a,, € By(aog, ), o* (agn, Saz,) > 1 and a* (Sag,+1, a2n+1) > 1, for each

n € N. Also, ag, € G (S). The inequalities (2.11), (2.16), (2.19) and (2.20) can be written as
q (an; an+1) < max {u" (q(a1,a0)), 1" (¢ (a0, a1))} (2.21)

q (an+1a an) < max {Mn (q (ala ao)) ) Mn (q (a07 al))} ) (2'22)

for each n € N. Let k; (¢) € N and fix ¢ > 0 such as
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Let n,m € N with m > n > k; (¢), then

m—1

q(an,am) < Zq(ak7ak+1)
k=n
1

IA
(]
=
"

{1 (g (a1, 0)) . 4" (q (a0,01)) }

q(an,am) < Z max {4"q (a1, a0) , 1" q (ap,a1)} < e.
kal({i)

This proved that {LJ (ay)} is a left K-Cauchy sequence in (L, q) and since (L, q) is a left K

sequentially complete, so {LJ (a,)} — a* € L and

lim ¢(agp,a) = lim g¢(a*,a2,) =0. (2.23)

n—-+o0o n—-+o0o
As {ag,} is a subsequence of {LJ (a,)}, so agz, — a*. Also, {az2,} is a sequence in G(S) and
G(S) is closed, so a* € G(S) and therefore
a* (a*,Sa*) > 1. (2.24)
Now,
q (a*v CL*) < q (a*a a2n) +4q <a2na CL*) .

It implies that ¢ (a*,a*) = 0. Now, by Lemma 2.1.1, we have
q(a*,Ja*) < q(a”,am+2) + Hy (Jazny1, Ja™).

By assumption, inequality (2.1) holds for a*. Also a* (Sagn+1,a2n+1) > 1 and a* (a*, Sa*) > 1,
SO
q(a*,Ja*) < q(a”, azny2) + p (max {g (azn+1,a") , ¢ (a2nt1, azn+42),

q (a2n+1, a2n42) ¢ (a2n+1, Ja*) + q(a*, Ja*) g (a*, Jagn+1) })
q (a2n+17 JCL*) + q (a*7 Ja2n+1) )

Since7 q (CL*, Ja2n+1) < q (CL*, a2n+2) .
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Putting limit as n tends to infinity of above inequality, we get

lim ¢ (a*, Jagp4+1) = 0. (2.25)

n—-+00
Putting limit as n tends to infinity and using inequality (2.23) and (2.25), we get
q(a*,Ja*) =0. (2.26)

Now,

q (J(L*, (L*) S Hq (Ja*, Ja2n+1) + q (a2n+2a Ja*) .

As inequality (2.1) hold for a*, a* (a*, Sa*) > 1 and o* (Sagn+1,a2n+1) > 1, then

q(Ja*,a*) < (max{q(agn+1,a"),q(a2n+1,a2n+2) .

q (agn+1, a2n42) ¢ (a2n+1, Ja*) + ¢ (a*, Ja*) g (a*, Jagn11) .
* * +q (a2n+27 a )
q (a2n+17 Ja ) + q (CL ) Ja2n+1)
Putting limit as n tends to infinity and using (2.23) and (2.26), we get

q(Ja*,a*) =0. (2.27)

From inequalities (2.26) and (2.27), we have a* € Ja*. As a(a*,Sa*) > 1 and ¢ (a*, Ja*) =
q(Ja*,a*) =¢q(0,0), then from (iii)

a* (Sa*,a*) > 1. (2.28)

From (2.24) and (2.28), we have o* (a*, Sa*) > 1, a* (Sa*,a*) > 1. This implies « (a*,y) > 1,
a(y,a*) > 1, for all y € Sa*. Thus, by Definition 2.1.2, a* = y. Hence, a* is a common fixed

point of S and J. m
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2.2.2 Example

a+ 2y ifa#y

Let L = [0,+00) and ¢ (a,y) = , for (a,y) € L x L, then (L,q) is left

0 ifa=y

(right) K-sequentially complete quasi metric space. Consider y is a function on [0, 400

by u(t) = %. Let R is a binary relation on L defined as

a 111
_ . Ly =
R {(a’4) ¢ {0’ '16” 256 4096’ :}}

@ i fL L1
PR RNVARTI-Y A

Define the pair of multivalued mappings J, S : L — P (L) by

[4’2] ifae€ [0 1] {%}7 ifae [07 1]7

Ja , Sa =

[a+1,a+2],if a € (1,+00). {2a}, if a € (1,400).

Define av: L x L — [0, 400) as follows:

L, if (a,y) € R,
aa,y) = ,1fay€[0 10) A (a,y) € R,

3, otherwise.

A = {a:a"(a,Sa)>1}

B = {y:a"(Sy,y) > 1} =

I
—N
=
-

Let ap = 1 and r = 21, By(ag,r) = [0, 10). Then,

G(S) = {a:a"(a,Sa) >1and a € Byap,r)}

1 1
= 1, — —, -
{0’ 7167 256’ }
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Clearly G(S) is closed and contains ag, so condition (iv) is satisfied. Now, as 4,1%1 € By(ag,r),

for each n € N
1 1 1 1

q(4n—1 ’ J4n—1) = q(4n—1’ 4 x 4n—1

).

and
1 1 1 1
gn—1’ 41171) = q(4 x 4n—1’ 4n71)'

q(J

As o* (4n 1,547111) > 1 implies o* (S4><4” 1’4><4” 1) > 1,ifnis odd. Also, o* (54,}1,47}1) >

1 implies o* < L5 1 ) > 1, if n is even. Also, 0 € By(ag,r), ¢(0,J0) = ¢(0,0),

Ixan—T) P Togn—T
q(J0,0) = ¢(0,0). As «*(0,50) > 1 if and only if o*(S0,0) > 1. Hence, condition (iii) is

satisfied. Now, 2,3 € By(ag,7) with o* (53,3) # 1,a* (2,52) # 1,
max {H, (J2,J3),H,;(J3,J2)} = max {11,13} = 13 > P,(2, 3),

this explain that a contractive condition is not satisfied on whole B,(ao, ). Now, when we take

11,12 € L with a* (S11,11) > 1, a* (12, 512) > 1, we get
max {H, (J11,J12), H, (J12, J11)} = max {40, 38} = 40 > P,(a,y).

Therefore, the contractive condition is not satisfied on L and By(ag,r).
Now, if we take a, y € By(ao,r) N {LJa,} with o* (Sa,a) > 1, a* (y, Sy) > 1, then in general
a= M%l, Yy = 4,%1, where n is even, m is odd.

Case i: For n < m, we have

1 1 1
H(Ja, Jy) = H( A= 1’2><4n 1]’[4><4m—1’2><4m—1D

4 %
1 1 1
2><4”1’4><4ml 4 x 4n=1" 2 x gm-1

1 1 1
= max 4n 1 2 x 4m—17 4 x 4n—1 + gm—1
{4m n+1 4mn+4} 4mfn_‘_1
= maXx =

2 x 4m=17 4 x gm—1 [ 9 x gm—1"

144" 144 x4m"
H(Jy,Ja):max{2X4m_l, o }
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Now, we have

3 4xdmn42) 3 442x4m—"
< 3 2x4n—1 Ax4m—1 2x4m—T Ax4m—T
4 x 4gm-1 4 (4x4mfn+2) + (4+2x4mfn) ’

4x4m—1 4x4m—1

1+4x4m™m

or max {H, (Ja,Jy),Hy (Jy,Ja)} < p(Py(a,y)).

Case ii: Similarly, for n > m, we have

max {Hy (Ja, Jy), Hy (Jy, Ja)} = %
H e RG0
Case iii: If a =0, y = 4m%1, we get
max {H, (Ja,Jy),H, (Jy,Ja)} = max{ 17 , L — }21
gm0 9 5 qgm—1 [ T gm-1

ot = n(Pala,n).

Case iv: If a = M%l, y =0, we get

1

max {Hq (J(L, Jy) ) Hq (Jya Ja)} = 4n—1

< n(Pyla,y)).
Case v: Inequality (2.1) is trivially satisfied when we take a = 0 and y = 0. Also,
J
> max {u” (¢ (a1,a0)) , 4 (q (a0, a1))} =9 < 21 =r-.
p=0

Thus, all the hypothesis of Theorem 2.2.1 hold. Moreover, 0 is a common fixed point of J and
S.
By dropping a left K-sequentially complete quasi metric space and taking complete metric

space, we have the below result.
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2.2.3 Theorem

Consider (L, d) be a complete metric space, r > 0, ag € L, S, J : L — P (L) be the multivalued
mappings on B(ag,7), p € ¥ and o : L x L — [0, +00). Assume that the below assumptions
satisfied:

(i) for each a,y € By(ag,r) N{LJ (an)} with a* (Sa,a) > 1,a* (y, Sy) > 1, we have

Hq(Ja,Jy) < p(Py(a,y)),

(ii) z]: P (d(a1,a9)) <r, for each j € NU{0}.
(iii)pi?oa € B(ag,r), d(a,Ja) =d(a,y), then
(a) a* (a,Sa) > 1, implies o (Sy,y) > 1, (b) a* (Sa,a) > 1, implies o* (y, Sy) > 1,
(iv) G(S) ={a:a(a,Sa) > 1 and a € B(ag,r)} is closed and contains ag. Then, the sub-
sequence {az,} of {LJ (ay)} is a sequence in G (S) also, a sequence {ag,} — a* € G(S5) and

q (a*,a*) = 0. If inequality (i) satisfied for a*. Then J and S have a common fixed point a* in

B(ao,T‘).

2.2.4 Theorem

Consider (L, q) be a complete left K-sequentially quasi metric space, a : L x L — [0, 4+00),
wev ayeLand S, J: L — P(L). Suppose that:
(i) for all a,y € LN{LJ (a,)} with o* (Sa,a) > 1, a* (y, Sy) > 1, we have

max{H, (Ja, Jy), Hy (Jy, Ja)} < u (P, (a,y)),

where

q(a,Ja)q(a,Jy) +q(y, Jy) q(y, Ja) } _

Py (a,y) = max {q (a,9).4q(a, Ja), q(a, Jy) +q(y, Ja)

(i) if ¢ (a, Ja) = ¢ (a,) and g (Ja, ) = q (3 a) , then
(a) a* (a,Sa) > 1, implies o* (Sy,y) > 1, (b) a* (Sa,a) > 1, implies a* (y, Sy) > 1,
(iii) the set G(S) = {a: a(a,Sa) > 1} contains ag and is closed.

Then, the subsequence {ag,} of {LJ (ay)} is a sequence in G (S) also, a sequence {ag,} — a* €
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G(S) and ¢ (a*,a*) = 0. If inequality (i) is satisfied for a*. Then J and S have a common fixed
point a* in L.

By taking self mappings, we obtain the below result.

2.2.5 Theorem

Consider (L, q) be a complete left K-sequentially quasi metric space, o : L x L — [0, 400) is a
function, r > 0, u € ¥, S,J: L — L, ag € L and a, = Ja,_1 is a Picard sequence. Assume
that the below assumptions satisfied:

(i) for all a,y € By(ao,r) N {ap} with o (Sa,a) > 1 and «a (y, Sy) > 1, we have

max{q (Ja, Jy),q(Jy,Ja)} < (P (a,y)),

where

P, (a,y) = max{q(a7y) q(a,Ja), q(a,Ja)q(a,Jy)+q(y,Jy)q(y, Ja) } .

q(a, Jy) + q(y, Ja)

ii) Z max {pf (q (a1, a0)), 1P (g (ap,a1))} <, for each j € NU{0}.
p=0
iii) if a € By(ap,r), then

(
(
(a) a(a,y) > 1 implies a (SJa, Ja) > 1,
(b) o* (y,a) > 1 implies « (Ja,SJa) > 1,
(vi) G(S) = {a:a(a,y) > 1 and a € By(ap,r)} contains ap and is closed. Then, the sub-
sequence {ag,} of {a,} is a sequence in G (S5) also, a sequence {az,} — a* € G(S) and
q(a*,a*) = 0. If inequality (i) satisfied for a*. Then J and S have a common fixed point
a* in By(ag, ).

Now, we apply our results to obtain the contractions endowed with a graph and a partial

ordered spaces as follows;

27



2.2.6 Definition

Let (L,q) be a quasi metric space along with a graph G and S,J : L — P (L) be multivalued

maps. Consider that for » > 0, ag € By(ao,r) and pu € ¥, the following conditions hold:

max{H, (Ja,Jy),Hy (Jy,Ja)} < p(Py(a,y)), (2.29)

for all a,y € By(ao,7)N{LJ (ay)} with {(y,v) € E(G) : v € Sy} and {(u,a) € E(G),u € Sa},

where

P, (a,y) = max {q (a,y),q(a, Ja), q(a,Ja)q(a,Jy)+q(y,Jy)q(y, Ja) } '

q(a, Jy) + q(y, Ja)

Then, the pair (S, J) is called a p-graphic contractive multivalued maps on open ball.

2.2.7 Theorem

Consider (L, q) be a complete left K-sequentially quasi metric space with graph G. Let ag €
By(ag,r), 7 > 0 and S, J : L — P (L) is p-graphic contractive multivalued mappings on

By(ao,r). Suppose that the below assumptions are satisfied:

(i) ZJ: max {uPq (a1, ao) , uPq (ap,a1)} < r, for each j € NU {0} ;
(ii)pigoa € By(ao,r), q(a,Ja) =q(a,y), ¢(Ja,a) = q(y,a), then
(a) (a,u) € E(G), for each u € Sa implies (v,y) € E (G), for each v € Sy,
(b) (u,a) € E(G), for each u € Sa implies (y,v) € E (G), for each v € Sy.

(iii) The set G(S) = {a: (a,y) € E(G) for each y € Sa and a € By(ap,r)} is closed and
contains ag. Then, the subsequence {as2,} of {LJ (a,)} is a sequence in G (S) and a sequence
{agn} — a* € G(S). Also, if inequality (2.29) satisfied for a*. Then J and S have a common
fixed point a* in Bg(ag, ).

Proof. Define o : L x L — Ry, by a(y,v) = 1, for all v € Sy, if and only if y €
By(ag,m)N{LJ (an)} with {(y,v) € E(G) : v € Sy}. Also a(u,a) = 1, for all u € Sa, if and only
if a € By(ag,r) N {LJ (ay)} with {(u,a) € E(G),u € Sa}. Moreover « (a,y) = 0, otherwise.
Now, as (S,J) is a p-graphic contractive multivalued mappings on open ball, so inequality

(2.29), implies inequality (2.1). Assumption (i) of Theorem 2.2.7 implies assumption (ii) of
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Theorem 2.2.1. Assumption (ii) of Theorem 2.2.7 implies assumption (iii) of Theorem 2.2.1.
Assumption (iii) of Theorem 2.2.7. implies assumption (iv) of Theorem 2.2.1. So, all hypothesis
of Theorem 2.2.1 hold. Thus, the subsequence {as,} of {LJ (a,)} € G (S), for each n € NU{0}
and a sequence {agn} — a* € G(s). Also if inequality (2.29) is satisfied for a*, then inequality

(2.1) is satisfied for a*. Then J and S have a common fixed point a* in By(ag,r). ®

2.2.8 Theorem

Consider (L, <, q) is an ordered complete left K sequentially quasi metric space, 7 > 0, ag € L
and S, J : L — P (L) be a non decreasing mappings on By(ag,r), with respect to < and there
is some p € V. Suppose that:

(i) for all (a,y) € By(ao,r) N{LJ (a,)} with Sa < a and y < Sy, we have

max{H, (Ja,Jy),Hy (Jy,Ja)} < p(Py(a,y)), (2.30)

where

q(a,Ja)q(a,Jy) +q(y, Jy) q(y, Ja) } _

Py (a,y :max{q a,y),q(a,Ja),
o (0:9) (@) ale, Je) q(a, Jy) + q(y, Ja)

—

(ii) i max {pPq (a1,a0), pPq(agp,a1)} <r, for each j € NU{0}.
(iii)pi?oa € By(ag,7), q(a,Ja) = q(a,y) and ¢ (Ja,a) = q(y,a), then
(a) a < Sa, implies Sy <y, (b) Sa < a, implies y < Sy.

(iv) G(S) ={a:a = Sa and a € By(ap,r)} contains ap and is closed.

Then, the subsequence {ag,} of {LJ (a,)} is a sequence in G (5), for each n € NU {0}. Also
{aon} — a* € G(S). If inequality (2.30) satisfied for a*. Then there is a single common fixed
point a* of J and S in By(ag, ).

Proof. Define o : L x L — Ry, by a(y,v) = 1, for all v € Sy, if and only if y €
By(ao,r) N {LJ (ap)} with y < v, v € Sa. Also a(u,a) = 1, for all u € Sa, if and only if
a € By(ap,r) N{LJ (ap)} with a = u, u € Sa. Moreover « (a,y) = 0, otherwise. Then, clearly
Assumption (i)-(iv) of Theorem 2.2.8 implies assumption (i)-(iv) of Theorem 2.2.1. Hence, the

subsequence {ag,} of {LJ (a,)} € G(S5), for each n € NU {0}, a sequence {az,} — a* € G(s)
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and if inequality (2.30) holds for a*, then inequality (2.1) is satisfied for a*. Thus, J and S have

a common fixed point a* in By(ag,r). ®

2.2.9 Remarks

(i) By taking six proper subsets of P, (a, y) instead of P, (a,y) , we can obtain six new corollaries
for each of theorems; Theorem 2.2.1, Theorem 2.2.3, Theorem 2.2.4, Theorem 2.2.5, Theorem
2.2.7 and Theorem 2.2.8.

(ii) Fixed point result in right K-sequentially quasi metric space can be obtained in a similar

way.

2.3 Fixed Point Results for F' — i, — p: Contraction in Quasi
b-Metric Spaces with Some Applications

Results given in this section will appear in [94]

2.3.1 Definition

Let (L,qs,s) be a left K-sequentially complete quasi b-metric space, p, : L x L — [0,4+00)
and S,J : L — P(L) are the multivalued maps. The pair (S, J) is called F' — p, — p% con-
traction on the intersection of a sequence and open ball, if u, € ¥, FF € F, ag € L, r,7 > 0,
a,y € By,(ao,r) N {JS (an)}, p5 (Sy,y) = s, p5(a,Sa) = s, gs(a, Jy) + qs(y, Sa) # 0 and
max{H,, (Sa, Jy), Hy,(Jy, Sa),Qs(a,y), Qs(y,a)} > 0, then

7+ max{F (Hy, (Sa, Jy)), F (Hy, (Jy,5a))} < F (15 (Qs (a,9))) (2.31)

where

Q. (o) = max g (0.9) g (0,50, B850 L020) (0 50) |

gs(a, Jy) + qs(y, Sa)
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Also, if gs(a, Jy) + ¢s(y, Sa) = 0, then max{H,, (Sa,Jy),Hy, (Jy,Sa),Qs(a,y), Qs(y,a)} = 0.

Moreover,

Z Pan [max {12 (¢s (a1,a0)), pu® (¢s (ap,a1))}] < r, for each j € NU{0}. (2.32)
p=0

2.3.2 Theorem

Let (L, qs, s) be a left K-sequentially quasi b-metric space, p, : L x L — [0,+00), S,J : L —
P(L) and (S,J) is F' — pi, — p’ contraction on open ball. Suppose that:
(i) If a € By, (ao, ),

(a) pg (a,5a) = s, s (a,Sa) = gs (a,y) and g5 (Sa,a) = gs (y,a) implies pg (Sy,y) > s,

(b) p5 (Sa,a) > s, qs(a,Ja) = qs (a,y) and gs (Ja,a) = qs (y,a) implies pg (y, Sy) > s.

(ii) The set G(S) ={a: p} (a,Sa) > s and a € By, (ap,r)} contains ag and is closed.

Then, the subsequence {agy} of {JS (ay)} is a sequence in G (S5), {a2,} — a* € G(S) and
gs (a*,a*) = 0. Also, if inequality (2.31) is satisfied for a*. Then J and S have a common fixed
point a* in By, (ag,T).

Proof. Consider the sequence {JS (ay)} generated by ap. As ag is any element of G (S),
from assumption (ii) p¥ (ag, Sap) > s and ag € By, (ao,r). Then there exists a; € Sap such as
s (ap, Sap) = qs (ap,a1) and g5 (Sag, ap) = ¢s (a1,ap) . From condition (i) p (Sa1,a1) > s. By
(2.32), we have

J
max {g; (a1, a0) , ¢ (ag, a1)} < D " [max {418 (g5 (a1, a0)) , 15 (g5 (a0, a1))}] < 7.
p=0
That is ¢s (a1,a0) < r and g5 (ap,a1) < r. Hence, a1 € By, (ag, ). Also

¢s (a1, Jar) = ¢s (a1,a2) and gs (Jay,a1) = g (az,a1).

As pf(Sai,a1) > s, so from assumption (i), we have p? (az, Saz) > s. Now, by Lemma 2.1.1,
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we have

qs(azp, agpr1) < Hy (Jagp-1,Sa2p), qs(azp+1,azp) < Hy, (Sazp, Jagy-1) (2.33)

and

gs(agp+1, agpt2) < Hy,(Sagp, Jagpi1), qs(azpt2,azpt1) < Hqs(Ja2p+1: Sagp). (2.34)

By the triangle inequality, we have

gs (ag, a2) < s[gs (ap,a1) + gs (a1, a2)] . (2.35)

By using (2.34), we have

T+ F(qs (a1,a2)) < 7+ F (Hy, (Sag, Jay)),

T+ F (g5 (a1,a2)) <17+ max {F (Hy, (Sap, Ja1)),F (Hy, (Jai,Sap))}. (2.36)
Now, let agy, agy+1 is two consecutive elements of the sequence {.JS (ay)}. Clearly, if
maX{Hqs (Sa2p’; Ja2p’+1)7 Hqs (Ja2p’+17 Sa2p’)a Qs(a2p’; a2p’+1>7 Qs(a2p'+17 a2p')} } 07
for some p’ € NU {0}, or if gs(agy, Jagy+1) + qs(agp 1, Sagy) = 0, then
Hg, (Sagy, Jagy 1) = He,(Jagp 41, Sagy) = Qs(azy, agy+1) = Qs(agy+1,a2y) = 0.
If Qs(agy, azy 1) = 0, then gs(azy, agp 1) = 0. Also, if Qs(azy 11, azy) = 0, then gs(agp 11, agy) =
0. S0, agy 1 = agy and agy € Sagy. Now, Hy (Sagy, Jagy 1) = 0 implies gs(agy 41, Jagy+1) =

0 and Hy, (Jagy+1,Sagy) = 0 implies gs(Jagy +1,a2p+1) = 0. So, agy 41 € Jagy 1 and hence

ag,y is a common fixed point of S and J. Therefore, the proof is done. Now, suppose

max{Hgy, (Sazp, Jasp+1), Hy,(Jagpt1,Sazy), Qs(azp, azpi1), Qs(azpt1,azp)} >0,
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and qs(azp, Jagpt1) + qs(agp+1, Sagp) # 0 for all p € {0} UN. As ag, a1 € By, (ao, ) N{JS (an)},
pE(Sai,a1) > s, and pf (ag, Sag) > s, by using (2.31) in (2.36), we have

T+ F (g5 (a1,a2)) < F (s (Q, (a0, a1))) = F (u, (g5 (a0, a1))) -

Since F' is strictly increasing and 7 > 0, so ¢s (a1,a2) < p, (gs (a0, a1)). Now, inequality (2.35)
implies

1
(a0, az) < Y s [max {1 (g5 (a1,a0)) , 1€ (g5 (a0, a1))}] <.
p=0

Now, by using (2.34), we have

T+ F(gs (az,a1)) < 74 F(Hg, (Jai,Sap))

IN

T+ max {F (Hy, (Jai, Sap)), F (Hy, (Sag, Jar))} .

As a1,a0 € By (ag,m) N {JS (an)}, pk(ag, Sag) > s and p} (Sai,a1) > s, then by (2.31), we
have

T+ F(gs (az,a1)) < F (p, (Q, (a0, a1))) < F (15 (g5 (ao, a1))) -

Since F' is strictly increasing and 7 > 0, so
gs (a2, a1) < pg (max {gs (a1,a0) ,gs (ao, a1)}) -
Now, by the triangle inequality
J
d(az,a0) < 3 5 fmax {4 (gs (a1, 00)) , 4% (g5 (a0,a1))}] < 1.
p=0
That is, gs (a0, a2) < 7 and gs (az,ap) < 7. So az € By, (ap,r). Also

¢s (ag, Saz) = gs (az,a3) and g5 (Saz,a2) = ¢s (as, az) .

As p} (a2, Saz) > s, so from assumption (i), we have p} (Sas,a3) > s. Let as, ...a; € By, (ag,r

)
and p: (ao,Sao) > S, p: (Salaal) > S, ,0: (CLQ,SCLQ) > S, P: (S(Lg,ag) > Syt P: (Saj+1>aj+1) >
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s, for some j € N, where j =2p, p=1,2,3, ..., % Now by using (2.33), we have

T+ F(qs (agp,a2p+1)) < 7+ F (Hg, (Jag—1,Saz,))

< 7+ max{F (Hy, (Jagp-1,Sazp)), F (Hg, (Sazp, Jazp-1))} -

As agp—1,a2p € By (ao,m) N {JS (an)}, p; (azp, Sagy) > s, ps (Sagp—1,a2p-1) > s and
maX{H s (Ja2p*17 Sa?p)v Hqs (Sa2p7 Ja2p71)7 Qs(a2p717 a2p)7 Qs(a2p7 a2p71)} > 0, by (2'31)7 we

have

T+ F(gs (azp, azp+1)) < Fug(Qs(azp, azp-1)))

= F(ps (max{qs (agp, azp—1) ,qs (a2p, a2ps1) , s (a2p—1,0a2p)})) -
If max{qs (azp, azp-1), qs (a2p, a2p11), qs (a2p—1, a2p) } = qs (a2p, a2p11) , then
T+ I (gs (agp, azpi1)) < F (s (gs (azp, azpr1)))
implies g5 (azp, azpt1) < ps (gs (a2p, a2pt1)) < Spig (gs (a2p, azp+1)) - A contradiction, so
T+ F (qs (agp, azpi1)) < F(p, (max {gs (agp-1,azp) , ¢s (azp, azp-1)})) ,
Since F' is strictly increasing and 7 > 0, so
qs (azp, agpy1) < max{p, (gs (azp-1,a2p)) , s (qs (azp, azp-1))} - (2.37)
Now, by (2.34), we have
T+ F(qs (azp—1,a2p)) < 7+ F (Hg, (Sazp—2, Jazp-1))

< 7+ F (max {Hy, (Sagp-2, Jagy-1) , Hy, (Jagp-1,Sazp-2)}) -

As agp-1,a2p-2 € By(ao,m) N {JSan}, ps(Sagp-1,a2p-1) > s, p§ (azp—2,Sazp—2) > s and

max{Hy, (Sagp—2, Jagpy—1), Hy, (Jagp—1,Sa2p—2), Qs(azp—2,a2p-1), Qs(agp—1,a2p—2)} > 0, by
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(2.31), we have

T+ F(gs (azp—1, azp)) < Fpg (Qs(agp—2,a2p-1))) = F (u, (g5 (azp—2, azp—1))) -

Since F' is strictly increasing and 7 > 0, so

ds (a2p—17 a2p) < Wy (qs (a2p—2> a2p—1)) s

s (agp—1,a2p) < pg (max {gs (azp—1, a2p—2) , ¢s (a2p—2,a2p—1)}) .

As pg is non decreasing function, so

i (qs (azp—1, ap)) < max {112 (qs (azp—1, azp—2)) , 2 (qs (azp—2, azp—1)) } - (2.38)

Now, by (2.34), we have

T+ F(qs (azp, azp-1)) < 7+ F (Hy, (Jagy_1, Sazy—2))

<7+ F(max {Hy, (Sagp—2, Jagy—1), Hy, (Jagy—1, Sazp—2)}) .

By (2.31), we have

T+ F (g5 (azp, azp—1)) < Fpg (Qs(azp—2,a2p-1))) = F (15 (g5 (azp—2, azp-1))) -

Since F' is strictly increasing and 7 > 0, so

qs (a’2p7 a2p*1) < g (qS (a2p*2’ a2p*1)) < Uy (maX {qs (a2p71a a2p72) y Qs (a2p72a a2p71)}) .

As p, is non decreasing function, so

s (s (azp, azp—1)) < max {42 (¢s (agp—1, azp—2)) , 112 (qs (azp—2, azp-1)) } - (2.39)
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Now, by merging (2.38) and (2.39), we have

max {:U’s (qs (a2p71a a2p)) )y s (qs (a’2p? a2p,1))}

< max {Mz (QS (a2p717 a2p72)) ; /Lz (QS (a2p*27 a2p*1))} . (240)

Using (2.40) in (2.37), we have

Gs (azp, azps1) < max {112 (qs (azp—1, azp—2)), 113 (qs (azp—2, azp-1))} - (2.41)
Now, by using (2.33) , we have
7+ F (gs(azp—2,a9p-1)) < 7+ F (Hy, (Jagp—3, Sazy—2))

< 7+ max {F (Hy, (Jagy-3, Sag-2)) , F' (Hg, (Sagp—2, Jagp-3))} -

As a2p—3,A2p—2 € qu(ag,r) N {Jsan}a p: (Sa2p*3aa2p73) > S, p: (a2p*2a5a2p*2) > s and

max{Hgy, (Sagp—2, Jagp—1), Hy,(Jaz,—1,Sa2,—2), Qs(azp—2,a2p-1), Qs(azp—1,a2,—2)} > 0, by
(2.31), we have

T+ F (gs(agp—2,a2p-1)) < F(ps(Qs(agp—2,a2p-3)))
= F(p, (max{qs (azp—2,a2p—3) , qs (a2p—2, a2p—1) , ¢s (a2p—3, a2p—2)}))

= F (:U’s (max {qs (a2p72a a2p73) y4s (a2p73a a2p72)})) 3
which implies that,
QS(a2p—2> a2p—1) < ,us(max {QS (a2p—2> a2p—3) y QS(a2p—3> a2p—2)})7

12qs(azp—2, azp—1) < p3(max {gs(agp—3, asp—2), ¢s(azp—2, azp—3)}). (2.42)

Now, by using (2.34), we have

T+ F (QS(CLQp—la a2p—2)) <T7+4+F (I’Iq5 (Sagp_z, Jagp_3))
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< 7+ max {F (Hy, (Jagp-3, Sazp-2)) , F' (Hy,(Sagp—2, Jazy-3))} -

As a2p—3,Qa2p—2 € qu(ao,r) N {JSCLn}, p:: (Sa2p,3,a2p,3) > s, p: (agp,Q,Sagp,Q) > s and

max{Hg, (Sagp—2, Jasp—1), Hy, (Jazy—1,Sazp—2), Qs(azp—2,a2p—1), Qs(azp—1,a2,—2)} > 0, by

(2.31), we have
T+ F (gs(agp—1, a2p—2)) < F(pg (Qs(azp—2,a2p-3)))

=F (:U’s (maX {qs (a2p727 a2p73) » Qs (@2p72, a2p71) » s (a’2p737 a2p72)})) .

As,
gs(agp—2,a2p—1) < pg(max{qs (azp—2,a2p—3),qs(azp—3,a2,—2)})
< spg(max {gs (agp—2, a2p—3) , ¢s(a2p—3, azp—2)})
< max{gs (agp—2, a2p—3) , gs(a2p—3, azp—2)} .
So,

T+ F (gs(agp—1, azp—2)) < F (p, (max {gs (agp—2, a2p—3) , gs (a2p—3, azp—2)})),

which implies that,
QS(a2p717 a2p—2) < :UJs(maX {QS (a2p72> a2p73) 5 QS(a2p737 a2p72)})7

Mg%(@p—l, a‘2p72) < ui’(maX{qs(azpfs, a2p72)7 qS(a’2p727 a2p73)})‘

Now, by (2.42) and (2.43), we have
max {qus (a2p—27 a2p—1)7 :u’qu(G’Qp—l; a2p—2)}

< p2(max {gs(azp-3, azp—2), gs(azp—2, asp—3)})-

Using (2.44) in (2.41), we have

qs(azp, azpt1) < max {Mg(qS(a2p73v azp-2)), NE(QS(GZ;D*% a2p73))} .
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Following the patterns of inequalities (2.37), (2.41) and (2.45), we have

qs(azp, azpy1) < max {12 (qs(ao, a1)), 2P (qs(a1, ao)) } -

As j =2p, so

gs(aj, aj1) < max {1l (gs(ao, a1)), pd (gs(a1, a0)) } - (2.46)

Now, by using (2.33), we have
T+F (QS(a2p+17 a2p)) <Tt+F (Hqs (SCLQp, J(Lgp,l))

< 7+ max {F (Hy, (Jagp—1, Sazy)) , F (Hy, (Sagp, Jagy-1))} -

As agp_1,a9, € By, (ag, ) N {JS (an)}, pi(azp, Sasp) > s, pi(Sazp—1,a2,—1) > s and max
{Hg,(Jagp—1,Sazp), Hy, (Sazy, Jagy—1), Qs(azp-1,azp), Qs(azp, azp—1)} > 0, by (2.31), we have

T+ F (qS(a2p+1> a2p>) S F(Ms (Qs(a2p7 a2p—1)))

= F (u, (max{qs (azp, azp—1) , qs (a2p, a2p11) , s (a2p—1,a2p)})) -
By inequality (2.37), we have
T+ F (qs(azpt1,a2p)) < F (ps (max {gs (azp—1,a2p) , ¢s (agp, azp-1)})) -

Now,

qs(azpt1, azp) < max {p (qs(azp—1, azp)) , s (qs(azp, azp-1)} - (2.47)

Now, using (2.40) and (2.47), we have

qs(agpi1, agp) < max {p2(qs(agp—1, agp—2)), 13 (gs(azp—2, azp—1)) } - (2.48)

Now, using (2.44) and (2.48), we have

qs (a2p+17 a2p) < max {ME(QS(a2p—37 a2p—2))7 Mg(QS(CQp—Q; a2p—3)>} . (249)
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Following the patterns of inequalities (2.47), (2.48) and (2.49), we have

qs(agpy1, azp) < max {ng(qS(ao, a1)), u2P(gs(ax, ao))} .

As j =2p, so

gs(aji1,a5) < max {pl(gs(a0, a1)), 1l(gs(a1, a)) } - (2.50)

Now, if j = 2p — 1, then inequalities (2.46) and (2.50) can be obtained by using similar argu-
ments. Now, by using the triangle inequality, (2.46) and (2.32), we have

s (a0, aj11) < sqs(ao,a1) + s2qs (a1, a) + ... + 87qs (aj_1,a;) + 57 qs (aj,aj41)

< sgs(ag,a1) + ...+ squ (aj—1,a;) + 5j+1q5 (aj,aj41)

3]+1

< 8¢5 (a0, a1) + 8% s (ag, ar) + ... + 'l gy (ao, a1)

J

< sP 7 [max {1 (¢s (a1, a0)) , & (¢s (ao, a1))}] < 7.
p=0

Similarly, by using the triangle inequality, (2.50) and (2.32), we have

j
gs (aj41,a0) < Y 8P [max {1 (g5 (a1, a0)) , 1 (gs (a0, a1))}] <,
p=0

qs (ap,aj11) <7 and gs (aj41,a0) <7

It following that a1 € By, (ao,r). Also p} (Sajy1,aj41) > 8, s (@41, Jaj41) = ¢s (@41, aj42)
and g (Jaj4+1,aj41) = ¢s (aj42,a41), so from assumption (i), we have p} (ajt2, Sa;12) > s.

Now, if as,...a; € By, (ag,r) and p} (ag, Sag) > s, pi(Sar,a1) > s, pi(Saz,a3) > s, -+,

-1

ps (a1, Sa141) > s, for some | € N, where [ = 2p + 1, p = 1,2,3,..., 5,

then similarly
we obtain a;41 € By, (ag,r) and p} (Saj+2,a;42) > s. Therefore, by mathematical induction
an € By, (ag,7), pi (azn, Sazn) > s and pf (Sazn+1,a2n+1) > s, for each n € NU {0}. Also, ag,

€ G (95). Now inequalities (2.46) and (2.50) can be written as

Gs (an, ant1) < max {pg (¢s (a1, a0)) , 1§ (¢s (a0, a1))} (2.51)
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qs (an+1, an) < max{pg (gs (a1,a0)) , p5 (gs (a0, a1))} (2.52)

for all n € N. As > s¥ul(t) < +oo, then the series

+oo
> s (max {4 (g5 (a1, a0)) 15" (g5 (a0, a1)})

converges for each e € N. As su (t) < t, so

s (max {7 (g5 (a1, 00)) , 157" (g5 (a0, 1)) })

< sy (max {,u (s (a1,a0)), p<~* (gs (ao, a1))}), for all w € N.

So, for fix € > 0, there exists k1 (¢) € N such as

ZS] <max{ ki (e)—1 (gs (a1,a0)), ulgl(g) (g (ao,al))}> <e.

Let m,k,h € N with m > k > k; (¢), then

Gs (A, am) = s (ag, apan) < 5Gs (A, apr1) + 52qs (Qpr1, Gpga) + oo + 55 (Qpin_1, apan)
< Sﬂf (max {gs (a1, a0) ,qs (a0, a1)}) + 52#’;“ (max {gs (a1, a0) , s (a0, a1)})
h kth—1

+oo 4 sk (max {gs (a1,a0) ,gs (a0, a1)})
= susmaX{uf_l (45 (a1,a0)) , " (gs (a0, a1 }+
)}

o sl ma {1 (g (a1, @0)) 1t (g4 (a0, 1)) }

)
5% p2 max {M’i’l (gs (a1,a0)) , 5 (g5 (ag, ar)

+oo
< Y st (max {pt ™ (g, (a1, 00))  pE (s (a0, 1)) })
j=1
+o0o
< Y sud (max (O (g (ar,a0) 1O (s (a0, ) ) <.
> (masx { 1ag 0an)})

Thus, {JS (ay)} is a left K-Cauchy sequence in (L,qs). As (L,qs) is a left K-sequentially
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complete, so {JS (ap)} — a* € L and

lim gs(an,a*) = lim g¢s(a*,a,) =0. (2.53)

n—-+o00 n—-+oo

As {agy} is a subsequence of {JS (ay)}, so agy, — a*. Also, {a2,} € G(S) and G(S) is closed,
so a* € G(S) and therefore
ps(a*,Sa*) > s. (2.54)

Now, we show that a* is a fixed point for S. We claim that g5 (a*, Sa*) = ¢ (Sa*,a*) = 0. On

contrary, we assume that g¢s (a*, Sa*) > 0. Now

ds (CL*, Sa*) < S(QS (a*7 a2n+2) + s (a2n+27 Sa*)) (255)

Then, there exists ng € N such as ¢s (agn+2,Sa*) > 0 for each n > ng. By Lemma 2.1.1,

0 <gs (a2n+2a SCL*) < Hqs(Ja2n+17 Sa*)a SO

maX{Hqs (Ja2n+17 Sa*) 5 Hqs (Sa*7 Ja2n+1)a Qs(a2n+17 a*), Qs(a*7 a2n+1)} >0,

for all n > ng. By Lemma 2.1.1, we have

T+ F (¢ (agn+2,5a")) < 7+ F(Hy, (Jagnt1,Sa™))

< 74 max {F (Hy, (Sa*, Jasas1)) , F (Hy, (Jagny1, Sa%))}.

By assumption, inequality (2.31) holds for a*. Also p¥ (a*, Sa*) > s and p% (Sagnt1,a2n+1) > s,
by (2.31), we have

T+ F (g5 (aznt2, Sa7)) < F(ps (Qs(a”; azni1)))-

Since F' is strictly increasing, we have

qs (a2n+2a SCL*) < g (Qs(a*7 a2n+1)) .
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Putting lim im the above inequality, we get

n—-+o0o
lim gs (agn42,5a) < lim p, (Qs(a”, azn+1)) - (2.56)
n—-+o00 n—-+400
Now,
Qs(a*a a2n+1) = max {qs (a*a a2n+1) ,ds (a*a Sa*) )

gs (a*, Sa*) qs (a*, Jagn+1) + ¢s (a2n+1, Jazn+1) ¢s (agn+1, Sa*) }
gs (a*7 Ja2n+1) + gs (a2n+17 Sa*)

< max {qS (CL*, a2n+1) e ((1*, SCL*) ’
gs (a*7 Sa*) gs (a*7 a2n+2) + gs (a2n+17 a2n+2) gs (a2n+17 Sa*) }
qs (a*, Jazni1) + qs (azny1, Sa*)

Putting lim in the above inequality, we get
& n—-+0o00

nEI—&I-loo (Qs(a*y a2n+1)) < qs (CL*, Sa*) .
Now, inequality (2.56) implies
EI—&I-IOOqS (a2n+27 SCL*) < g (qs (CL*, SCL*)) .

n

Putting limit as n tends to infinity on inequality (2.55) and using the above inequality, we have
4 (0%, %) < iy (g5 (0%, Sa*)) < spiy (g5 (a*, Sa*)) .

As su, (t) < t, so our assumption is wrong and ¢s (a*, Sa*) = 0. Now, assume that ¢;(Sa*, a*) >
0, then there is some ny € N such as ¢5(Sa*, azp42) > 0 for all n > ny. By Lemma 2.1.1,

0 < qgs (Sa*,a2n+2) < HqS(SCL*, Ja2n+1), SO

max {H s (JaQnJrlv SCL*) ) Hqs (SCL*, Ja2n+1), Qs(a2n+1; CL*), Qs(a*a a2n+1)} > 0,

for all n > mj. As inequality (2.31) hold for a*, p% (a*, Sa*) > s and p% (Saznt1,a2n4+1) > S,
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then by Lemma 2.1.1 and (2.31), we have

T+ F (QS (SCL*, a2n+2)) < F(:U’s (Qs(a*7a2n+1)))'

Since F' is strictly increasing, we have

qs (Sa*, a2n+2> < Uy (Qs(a*, a2n+1)) .

Letting lim in the above inequality, we get
& n—-—+00

lim g (Sa*, agni2) < Jm (Qs(a”, azn41)) < gs (a*, Sa*) = 0.

n—-+o00

Now,

¢s(Sa*,a*) < sqs(Sa*, agnt2) + sqs(agnt2,a”).

Letting lir}_l in the above inequality, we get
n—roo

gs(Sa*,a*) < 0.
Which is a contradiction, so ¢s(Sa*,a*) = 0. Hence a¢* € Sa*. As pf(a*,Sa*) > s and
gs (a*,8a*) = ¢s(Sa*,a*) = ¢s(a*,a*), then assumption (i) implies that p (Sa*,a*) > s.

Now, following similar lines as above we obtain that a* is a fixed point for J. Hence, a* € Ja*.

Hence, the pair (S, .J) has a common fixed point a* in By, (ag,r). ®

2.3.3 Example

Let L = [0,400) . Define ¢5 : Lx L — [0, +00) by ¢s (a,y) = (a + 2y)?, if a # y and ¢ (a,y) = 0,
if a = y. Then (L,qs) is a left (right) K-sequentially complete quasi b-metric with s = 2.
Consider R is a binary relation on L defined by

a 1 1
_ ay, 1
R {(“’5) o €{0.1, 5 5o5 }}

a 1 1 1
U {(5,(1) rac {5, ﬁ’ 3125,}} .
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Consider p, a function on [0,400) defined by p, (t) = 2. Define the pair of multivalued map-
pings J,S: L — P (L) by

[2,4], ifa€0,1], S {¢}, ifaec0,1],
a=
[4a®,a% + 5], if a € (1, +00). [a*,d"], if a € (1,400).

Ja =

Define p: L x L — [0, +00) as follows:

2, if (a,y) € R
play)=q _
5, otherwise.

1 1
A = 2 P > 2} = 1, — — .. .
(s 30,502 2) = {0 g o)

111
— : * > = Y Tar) o1ar ) """ :
B {y: p3(Sy,y) > 2} {0’5’125’3125’ }

Let agp = 1 and r = 49, then B, (aop,r) = [0, 3). Now,

G(S) = {a:p5(a,Sa)>2and a € By (aor)}
Cfo L
7772576257

Clearly G(S) is closed and contains ag. Therefore, the condition (ii) of Theorem 2.3.2 holds.

As, 5"1—1 € By, (ag,r), for each n € N, we have

11 1 1 11 1 1
05(gnm1r I 5mt) = O (g g gnt) a0d as( o ) = asle et )

Obvious, p* (571%1,5’5"%1) > 2, for all n € {1,3,5,...} implies p* (SM%, W) > 2, for all
n € {1,3,5,..}. Also, p* (Sz:iy, sr) > 2, forall n € {2,4,6,...} implies p* (5X51n_1,55x51n_1) >

2, for all n € {2,4,6,...}. Also, 0 € By, (ao,r), ¢s(0,J0) = ¢5(0,0), ¢s(J0,0) = ¢5(0,0) and
p*(0,50) > 2 if and only if p* (S0,0) > 2. Therefore, the condition (i) of Theorem 2.3.2 hold.
Now, for each a,y € By, (ag,r) N {LJa,} with p5 (Sy,y) > 2, p3 (a, Sa) > 2. In general for n is

odd, m is even, n,m € N
1 1
- Fn—1’ y= Fm—1°

a
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Defined F : [0, +00) — R by the formula F(a) = In(a) and 7 € (0, ). After some calculation,
it can easily be proved that (S,J) is a F' — pu, — p% contraction on open ball. Hence, all the

hypothesis of Theorem 2.3.2 hold. Hence, the pair (.S, .J) has a common fixed point 0.

2.3.4 Theorem

Consider (L, d) be a metric space and S, J : L — L. Assume that the below hypothesis satisfy:

(i) the set G ={a € L: p(a,Sa) > 1} is closed and non-empty,

(ii) there exists a function u € ¥ such as for every (a,y) € Lx L, p(a,Sa) > 1, p(Sy,y) > 1
implies d (Sa, Jy) < u(d(a,y)),

(iii) for every a € L, we have p(a,Sa) > 1 implies p(Ja,SJa) > 1, and p(Sa,a) > 1
implies p (SJa, Ja) > 1. Then, for any ap € G, the Picard sequence {.J"ag} converges to some

a* € L and a* is a common fixed point of J and §.

2.3.5 Remarks

(i) By taking non-empty proper subsets of Qs (a,y) instead of Qs (a,y) in Theorem 2.3.2, we
can obtain six different new results.
(ii) By taking non-empty proper subsets of Qs (a,y) instead of Qs (a,y) in Theorem 2.3.4, we
can obtain six different new results.

Now, we achieve fixed point results for graphic F-p-p% contractions in quasi b-metric space.

2.3.6 Definition

Let (L, gs) be a quasi b-metric space along with a graph G and S, J : L — P (L) are multivalued
mappings. The pair (S, J) is called F' — u,-graphic contraction on the intersection of an open
ball and a sequence, if p, € ¥, FF € F, a9 € L, r,7 > 0, a,y € By, (ag,7) N {JS (an)},
{(a,v) € E(GQ) : v € Sa} and {(u,y) € E(G) : u € Sy}, qs(a, Jy) + qs(y, Sa) # 0 and

max{Hgy, (Sa, Jy), Hy,(Jy, Sa), Qs(a,y), Qs(y,a)} > 0, then

(i) 7+ max{F (Hy, (Sa,Jy)), F (Hy, (Jy,S5a))} < F (1, (Qs (a,9))) (2.57)
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and if ¢s(a, Jy) + ¢s(y, Sa) = 0, then max{H,, (Sa, Jy), Hy, (Jy, Sa),Qs(a,y),Qs(y,a)} = 0.

J
(ii) Z sPT [max {p? (gs (a1,a0)) , 12 (gs (ap,a1))}] <, for each j € NU{0}. (2.58)
p=0

2.3.7 Theorem

Consider (L, qs) be a left K-sequentially complete quasi b-metric space along with graph G.
Let ap € By, (ao,r), 7 > 0 and (S, J) is a F' — p,-graphic contraction on the intersection of a
sequence and open ball. Suppose that the below assumptions are satisfied:

(i) if @ € By, (ao,7), (a) {(a,v) € E(G) :v € Sa}, g¢s(a,Sa) = ¢s(a,y) and g5 (Sa,a) =
gs (y,a), then {(u,y) € E(G) : u € Sy}.

(b) {(v,0) € E(G) : v € Sa}, g, (a,Ja) = g, (a,3)

and g5 (Ja,a) = gs (y,a), then {(y,u) € E(G) : u € Sy};

(ii) the set A(S) ={a: (a,v) € E(G) for all v € Sa and a € By, (ap,r)} is closed and con-
tains ag. Then, the subsequence {aa,} of {JS (a,)} is a sequence in G (S) and {ag,} — a* €
G(S). Also, if inequality (2.57) satisfied for a*. Then, J and S have a common fixed point a*
in By, (ao, 7).

Proof. Define p : L x L — [0,+00) by p(a,v) = s, for all v € Sa, and a € By, (ag,r) N
{JS (an)} with {(a,v) € E(G) : v € Sa}. Also, p(u,y) = s, foreach u € Sy and y € By, (ap,r)N
{JS (an)} with {(u,y) € E(G) : u € Sy} . Moreover, p(a,y) = 0, for all other element of L.
Now, as (S,J) is a F' — pg-graphic contraction. So inequality (2.57) implies inequality (2.31).
Inequality (2.58) implies inequality (2.32). Assumption (i) of Theorem 2.3.7 implies assumption
(i) of Theorem 2.3.2 and assumption (ii) of Theorem 2.3.7 implies assumption (ii) of Theorem
2.3.2. So, all assumptions of Theorem 2.3.2 hold. Hence the subsequence {ag,} of {JS (an)}
is a sequence in A (5), for each n € NU {0} and {ag,} — a* € A(s). Also, if inequality (2.57)
holds for a*, then inequality (2.31) holds for a*. Thus, J and S have a common fixed point a*

in By, (ap,r). =

2.3.8 Theorem

Consider (L, d) be a complete metric space along with graph G and S, J : L — L are the self

maps. Assume that the below assumptions satisfied:
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(i) there exists a function p € ¥ such as for every (a,y) € L X L, (a,Sa) € E(G), (Sy,y) €
E(G) = d(Sa, Jy) < p(d(a,y));

(ii) if (a,Sa) € E(G), then (Ja,SJa) € E(G) and if (Sa,a) € E(G), then (SJa,Ja) €
E(G);

(iii) G(S) ={a: (a,Sa) € E(G)} is closed and non-empty.

Then, J and S have a common fixed point a* in L.

Now, we will apply the various fixed point results on a complete left (right) K-sequentially

quasi b-metric space endowed with a partial order as following.

2.3.9 Theorem

Consider (L, <) be a partial order set and (L, gs) be a complete left (right) K-seqnentially quasi

b-metric space. Let ap € L, 7,7 > 0 and S, J : L — P (L) are the mappings on By, (ag,).

Assume that there is some function p, € ¥, F' is strictly increasing mapping and suppose that:
(i) for each (a,y) € By, (ao,7) N{JS (an)} with Sy <y and a < Sa, if

max{H,, (Sa, Jy), Hy, (Jy, Sa), Qs(a,y), Qs(y,a)} > 0 and ¢s(a, Jy) + ¢s(y, Sa) # 0, we have

7+ max{F (Hy, (Sa, Jy)), F (Hy, (Jy,5a))} < F (15 (Qs (a,9)))

where,

Qu (o) = max g (0.9) g (0,50, B850V 0200 050 |

qs(a, Jy) + qs(y, Sa)

if ¢s(a, Jy) + qs(y, Sa) = 0, then
max{H,, (Sa,Jy), Hy, (Jy,Sa), Qs(a,y), Qs(y,a)} =0.

J
(i) > P [max {uPqs (a1, a0) , 1Pqs (ag, a1)}] < r, for each j € NU {0} ;
p=0
(iii) if @ € By, (ao,r),
(a) a = Sa, g5 (a,Sa) = qs (a,y) and g (Sa,a) = gs (y,a) implies Sy = y;
(

)
b) Sa < a, g5 (a, Ja) = gs (a,y) and g5 (Ja,a) = gs (y, a) implies y < Sy;
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(iv) G(S) = {a:a =% Sa and a € By, (ap,r)} contains ag and is closed. Then, the subse-
quence {ag,} of {JS (an)} € G (S) and {az,} — a* € G(S5). Also, if assumption (i) is satisfied
for a*. Then J and S have a common fixed point a* in By, (ag, 7).

Proof. Define p: L x L — [0,400), by p(a,v) = s, for all v € Sa, where a € By (agp,r) N
{JS (an)} with a < Sa. Also p(u,y) = s, for each u € Sy, where y € By, (ao,r) N {JS (an)}
with y > Sy. Moreover p (a,y) = 0, for all other element of L. It is easy to see that assumptions
(1), (i), (iii) and (iv) of Theorem 2.3.9 implies inequality (2.31), inequality (2.32), assumption
(i) and assumption (ii) of Theorem 2.3.2 respectively. So, all assumptions of Theorem 2.3.2 are
satisfied. Thus, the subsequence {ag,} of {JS (a,)} is a sequence in G (5), for each n € NU{0}
and a sequence {ag,} — a* € G(s). Also, if assumption (i) holds for a*, then inequality (2.31)

satisfied for a*. Hence, J and S have a common fixed point ¢* in By, (ag,r). m

2.3.10 Theorem

Consider (L, <,d) be an ordered metric space and S,.J : L — L are the self mappings, suppose
that:

(i) the set G = {a € L : a < Sa} is closed and non-empty,

(ii) there exists p € ¥ such as for every (a,y) € L X L, a < Sa, y = Sy = d(Sa,Jy) <
p(d(a,y)),

(iii) for every a € L, we have a <X Sa = Ja = SJa, a = Sa = Ja <X SJa.
Then, for any ag € G, the Picard sequence {J"ag} converges to some a € L and a* is a common

fixed point.

Application to system of integral equations
Let S, J: L — L are two self maps and ag € L. Let a; = Sag, as = Jaq, ag = Sag and so

on. In this way, we generate a sequence a,, in L such as

agpt1 = Sagy and agpto = Jagp1, (where p=0,1,2,...).

We say that a sequence {JS(a,)} € L generated by ap.
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2.3.11 Definition

Let (L,q,) be a left (right) K-sequentially complete quasi b-metric space and S,J : L —

L. S and J is called an F' — pg contraction, if there is some F' € F, 7 > 0, a,y € L,
maX{qS (Sa’7 Jy) » Qs (Jy7 S(L) 7@3 ((L, y) 7QS (ya CL)} > 0 a‘nd qs(aa Jy) + QS(y; S(I) ?é 07 then

7+ max{F (g (Sa, Jy)), F (¢s (Jy, Sa))} < F (s (Qs (a,9))), (2.59)

if gs(a, Jy) + qs(y, Sa) = 0, then

max{qs (Sa, Jy), qs (Jy,Sa), Qs (a,y), Qs (y,a)} =0

where,

(2.60)

Q. (. y) = max {qs (@.9) .45 (a, Sa), %@ 530 45 (@ Ty) + s (¥, Jy) 45 (y,Sa)}.

qs(a, Jy) + gs(y, Sa)
2.3.12 Theorem

Let (L,qs) be a left (right) K-sequentially complete quasi b-metric space with a parameter
s> 1land (S,J)is an F' — ug contraction. Then, {JS(a,)} — a* € L. Also, if a* satisfies (2.59),
then S and J have a unique common fixed point a* in L.

Proof. We have only to prove a uniqueness. Let u is another common fixed point of S and
J. If max{qs(Su, Ja*),qs(Ja*, Su), Qs (a*,u),Qs (u,a*)} # 0, or if ¢s(a*, Ju) + ¢s(u, Sa*) =0,
then ¢s(Su, Ja*) = 0 and ¢s(Ja*, Su) = 0, which further implies ¢s (u,a*) = ¢s(a*,u) = 0
and hence v = a*. Now, suppose ¢s (a*,u) > 0, then max{qs(Su, Ja*), gs(Ja*, Su), Qs (a*,u),
Qs (u,a*)} > 0 and gs(a*, Ju) + ¢s(u, Sa*) # 0. Then, we have

T+ F (¢s(Su, Ja*)) < 74 max{F (¢s(Su,Ja")),F (gs(Ja*, Su))}

F (s (Qs (a®, 1))

IA

This implies that,

qs(u, a”) < g (gs(u, a%)) < spg(gs(u, a”))
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which is contradiction. Then, we get ¢s (u,a*) = 0. Similarly we obtain g5 (a*,u) = 0. Hence
a*=u. m
Now, as an application, we discuss Theorem 2.3.12 to find solution of the system of Volterra

type integral equations. Consider the following integral equations:

t

u(t) = / Ki(t, 5, u(s))ds, (2.61)

0

t

o(t) = / Ko(t, s, 0(s))ds (2.62)

0
for each t € [0, 1]. We find a solution of (2.61) and (2.62). Let L = C([0, 1], [0, 4+00]) is the set of
all continuous functions on [0, 1], endowed with the complete a left (right) K-sequentially quasi
b-metric. For v € C([0,1],[0,+00]), define supremum norm as: |Jull, = sup {(u(t))e "},

te[0,1]
where 7 > 0 is taken arbitrary. Then define

2

gr(u,v) = | sup {(u(t) +20(t)e ™}| = [lu+ 203,
te[0,1]

for each u,v € C([0,1],[0,400)), with these settings, (C([0,1],[0,+00)), ¢r) becomes a quasi

b-metric space.

2.3.13 Theorem

Assume that the below conditions are hold:
(i) K, Ko : [I] x [I] x [0, +00[ — [0, +-o0f;
(ii) Define

Ju(t) = K(t,s,u(s))ds,

K(t,s,v(s))ds.

O L O~
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Let, 7 > 1, such as

S(u, v)

max{K(t,s,u) + 2K (t,s,v), K(t,s,v)+ 2K(t,s,u)} < TSu) £ 17

(2.63)

for each t,s € [0, 1] and u,v € C([0, 1], [0, +00[), where

|+ 20|, [lu + 2Su|?,

lut-25ul|||ut2Jv]|2+|lv+2Jv]2 ||v+2Sul|?
||u—l—2JvH2—l-||v—}—2Su||2

S(u,v) = pg | max

Then, the integral equation (2.61) and (2.62) have a unique common solution.

Proof. By condition (ii)

|max{Su + 2Jv, Jv+ 2Su}|
t

= max /(K(t,s,u) + 2K (t,s,v))ds, /(K(t,s,v) + 2K (t,s,u))ds
0

¢
< /%(u,v) e™ds < _Swy) /e”ds,
78 (u,v) + 1 78 (u,v) + 1
0 0

lmax{Su + 2Jv, Jv + 2Su}| < S(uw0) 4 1 %
,T S(u, v)
[max{Su +2Jv, Ju +25up|e”™ < 7S(u,v) +1°
S(u, v)

||max{Su + 2Jv, Jv 4+ 2Su}||. <

This implies

< .
S(u, v) ||max{Ju + 2Jv, Jv + 2Ju}||.
That is,
1 < 1
S(u,v)  |max{Su + 2Jv, Jv + 2Su}||_’
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which further implies

1 —1
- <
T ||max{Su + 2Jv, Jv + 25u}||, S(u, v)
1 —1 —1

Sut 200]. [0+ 254].)

A

T + max{ S(u0)’

Therefore, all assumptions of Theorem 2.3.13 are satisfied for F'(v) = \_/—117, v >0 and ¢ (u,v) =
|+ 2v||2. Thus, integral equations given in (2.61) and (2.62) have a unique common solution.
[

Application to functional equations

We derive an application for the solution of a functional equation arising in dynamic pro-

gramming. Consider U and V' two Banach spaces, P C U, Q C V and

f: PxQ—P
gu : Px@Q—R

M,N : PxQ@QxR-—>R.

For further results on dynamic programming, we refer to [33, 34, 74]. Assume that P and Q
are the state and decision spaces, respectively. The problem related to dynamic programming

is reduced to solve the following functional equations:

p(v) = zgg{g(% a) + M(vy, o, p(f(v,a)))}, (2.64)
q(v) = ilég{U(% @) + N(v, o, q(f(v,a)))}, (2.65)

for v € P. We aim to give the existence and uniqueness of a common and bounded solution of
equations (2.64) and (2.65). Suppose B(P) is the set of all bounded real valued functions on
P. Consider,

ds(h.k) = |h = k| = Slelglh(’v) — kM7, (2.66)
Y

for all h,k € B(P). Then (B(P),ds) is a quasi b-metric space. Assume that
(C1): M,N,g, and u are bounded.
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(C2): Forye P, he B(P), S,J : B(P) — B(P), take

Sh(’y) = igg{g(’yv a) + M(’Y? «, h(f(’% a)))}v (267)
Jh(y) = 228{“”’ a) + N(v,a,h(f(v,a)))} (2.68)

Moreover, for every (y,a) € P x Q, h,k € B(P), t € P and 7 > 0, implies

[M (7, , h(t)) = N(v, . k(t)| < D(h, k)e™" (2.69)

where,

Dih. B — h(t) — k@), |h(t) — Sh(t)]*,
(ho k) = s { MBX 4 0 i) 2{h(e) ~Th(e) P o))~ The) P () S () '
(&) Tk (1) P+ k(1) —Sh() |

2.3.14 Theorem

Assume that the conditions (C1), (C2) and (2.69) hold. Then equation (2.64) and (2.65) have
a unique common and bounded solution in B(P).
Proof. Take any A\ > 0. By using definition of supremum in equation (2.67) and (2.68),

there exist hy, ho € B(P) and ag, s € @ such as
(Sh1) < g(v,a1) + M (v, 01, ha(f (v, 1)) + A, (2.70)

(Jh2) < g(v,a2) + N (v, a2, ha(f (7, a2))) + A. (2.71)

Again using definition of supremum, we have
(Sh1) = g(v, a2) + M (7, a2, ha (f (7, @2))), (2.72)

(Jha) = g(v, 1) + N(v, a1, ha(f (7, 1)) (2.73)
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Then equation (2.70) and (2.73) together with equation (2.69) implies

(Sh1)(v) — (Jh2)(v)

IN

M (v, a1, ha(f(v, 1)) — N(v, a1, ha(f (v, 1)) + A
= |M(7aa17h1(f(77a1))) - N(’%al’ h2(f(’7,0&1)))| +A

< D(h,k)e ™ + A

A

Since, A > 0 is arbitrary, we get

|Shi(y) — Jha(7)]
e" |Shi(y) — Jha(v)] < D(h,k).

IN

D(h,k)e ™

Which further implies that,

7+ 1In|Shi(y) — Jhe(y)| < In(D(h, k).

Therefore, all requirements of Theorem 2.3.14 hold for F(g) = Ing, g > 0 and d.(h, k) =
|h — k||2. Thus, there exists a common fixed point h* € B(W) of J and S, that is, h*(7) is a

unique common solution of equations (2.64) and (2.65). m
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Chapter 3

Fixed Points and Common Fixed

Points in Abstract Spaces

3.1 Introduction

Since Banach contraction principle has been exploited by number of researchers in different
ways (see [44, 53, 61]), Meir and Keeler [70] are among the mathematicians whose idea got
attention by many scholars and academicians. They demonstrated their contraction as, for
each € > 0, there exists d (¢) > 0 such as ¢ < d(a,y) < € + J (¢) implies d(Ja, Jy) < € for
any a,y € L. Various authors [19, 54, 73, 80, 85] worked on the topic and found interesting
extensions of their works. Rhodes and Jungck [53] set in motion the use of weakly compatibility
and made a comparative analysis of weakly compatible and compatible maps. They claimed
that the first one implies the later one but the converse does not hold. Moreover, since, the
debate of common fixed point of two or more maps is under discussion since long, Patel et al.
[73] investigated common fixed point theorems of a-admissible maps whenever there were four
maps under consideration. In addition to the said ideas, Karapinar [59] used contractions that
involve rational expressions and discussed the existence of a fixed point in metric space. There
are also modified results of multi-valued F-contraction by Rasham et al. [79] that comprise of
a pair of maps.

Section 3.2, following the pattern of Patel et al. [73] and examine common fixed point

theorems for single-maps based on the merged (o — 1)-Meir-Keeler-Khan type contractive in
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complete metric space via a-admissible mappings. These results also reflect the idea presented
by Redjel et al. [80]. In section 3.3, focuses on partial metric space and using o — ¢ — K-
contractive maps, iterated fixed point which extend the results of Karapinar [59]. The same
results are also deduced in ordered partial metric space. In section 3.4, searches for fixed point
of a pair of multivalued maps accommodating certain impositions on the proximinal subsets
of L. Modified versions of F-contraction on a sequence in dislocated b-quasi metric space and
Fpt Khan type contraction are stated while considering b-quasi metric space. The section
imply application of the proved theorems to the solution of integral equations. Following are
the results we intend to use in our research. Fisher [44] revised the Khan [61] idea with an

improved version given below.

3.1.1 Theorem [44]

Consider J be a self mapping on a complete metric space (L, d) satisfied:

d(a,Ja)d(a,Jy) +d(y, Jy)d(y, Ja)

d <
(Ja, Jy) < p d(a, Jy) + d(y, Ja)

, p€10,1]

if d(a, Jy) + d(y, Ja) # 0 and d(Ja, Jy) = 0, if d(a, Jy) + d(y, Ja) = 0. Then J has a unique
fixed point a* € L. Moreover, for each ag € L, the sequence {J"ap} converges to a*.
3.1.2 Lemma [7]

Let (L,dp, s) be a b-metric space and {a,} be any sequence in L, there is some 7 > 0 and
F € Fg such as 7 + F(sdg(an,ant1)) < F(dgp(an—1,a,)), n € N. Then {a,} is a Cauchy

sequence in L.

3.2 Common Fixed Points for Generalized (a — ¢)-Meir-Keeler-

Khan Mappings in Metric Spaces

Results given in this section have been published in [13]
We introduced the class of common fixed point results for two pairs of weakly compatible

self maps in complete metric space satisfies (« — 10)-Meir-Keeler-Khan type contractive via
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a-admissible mappings.

3.2.1 Definition

Consider (L,d) be a complete metric space. The self-mappings J,3,5,Q : L — L are called
(a — 9)-Meir-Keeler-Khan type, if there exists ¢ € ¥ and « : J(L) U (L) x J(L) US(L) —
[0, 400) satisfied the below condition:

For each € > 0, there is some ¢ (¢) > 0 such as,

d(Ja,Sa)d(Ja,Qy) + d(Sy, Qy) d (Sy, Sa)
< d(Ja.Qu) +d(3y, 5a) ) <e+o00

implies

a(Ja,Sy)d(Sa,Qy) < e. (3.1)

3.2.2 Remark

It is easy to see that if J,S,S,Q : L — L be (a — 1)-Meir-Keeler-Khan type mappings, then

d(Ja,Sa)d(Ja,Qy) + d(Sy,Qy) d (Sy, Sa)
d(Ja,Qy) + d(Sy, Sa)

a(Ja,%y)d(Sa,Qy)<¢< >,foralla,y€L.

(3.2)

3.2.3 Theorem

Consider (L, d) be a complete metric space and J, S, S, @ : L — L be an (a — 1)-Meir-Keeler-

Khan type mappings such as Q(L) C J(L) and S(L) C I(L). Assume that:

(i) the pair (S5, Q) is a-admissible with respect to J and < (shortly o jg-admissible);

(ii) there exists ag € L such as a (Jag, Sag) > 1;

(iii) one of J, ¥, S and @ is continuous.

(iv) (S, J) and (@, ) are weakly compatible pairs of self-mappings.
Then J, 5, S and @ have a common fixed point u* € L.

Proof. By hypothesis (ii), there is some a9 € L such as a(Jag,Sag) > 1. Define the

sequences {a,} and {y,} in L such as

Y2p = Sagy = Sagp1 and yop 11 = Qazpr1 = Jagpyo. (3.3)
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This can be done, since Q(L) € J(L) and S(L) C I(L). Since (S5,Q) is o jg-admissible, we

have

a(Jag, Sap) = a(Jag,Jay) > 1 implies « (Sap, Qai) > 1 and «a (Qag, Sar) > 1,

which gives,

v
—_
I

a(Say, Jag) a(yo,y1) > 1.

Again by (i), we have
a(Sar,Qar) = a(Say, Jag) > 1 implies a (Qai, Saz) > 1 and « (Sa, Qaz) > 1,
which gives,
a(Jag,Sa3) = a(y1,y2) > 1.

Inductively, we obtain

« (y2p7y2p+1) > 17 p= 07 17 27 (34)

That is « (Jagy, Sagp+1) > 1 and a (Sagpt1, Jagy+2) > 1. By (3.2) and (3.4) , we get

d(Y2p, Yop+1) = d(Sazp, Qazpi1) < a(Jagy, Sazpr1) d (Sazp, Qazpi1)
< <d (Jagp, Sagp) d (Jazp, Qazpr1) + d (Sazpt1, Qazpr1) d (Sagps1, Sa2p)>
- d (Jazp, Qazpt1) + d (Sagp+1, Sazp)
< <d (Qagp—1, Sagy) d(Qazp—1, Qazpi1) + d (Sagy, Qazpt1) d (Sazp, 5a2p)>
- d(Qazp—1, Qazpt1) + d(Sazp, Sazyp)
d(Qazp—1,Sazy) d(Qazp—1,Qazpy1)
S 1/] < ’ d (Qa;;—17 Qa2z+1) ) ) S ’l/}d (Qa2p71’ Sa?P)
< d (y2p—1,Y2p), for all p € N.
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Now,

d(yop-1,Y2p) = d(Qazp—1,Sa2) < a(Saz—1,Jazy)d(Qazp—1,Sazy)
< ﬂJ <d (%a2p71, Qagp,l) d (%agpfl, S(Z2p) + d (Ja2p, Sagp) d (Jagp, Qagpfl) >
- d (%CZprl, Sazp) +d (Jagp, Qagpfl)
<

" <d (Sagp—2, Qagp—1) d (Sagp—2, Sazp) + d (Qazp—1, Sazp) d (Qazp—1, Qa2p1)>
d (Sagp—2, Sazp) + d (Qazp—1, Qazp—1)
< Yd(Sagp—2,Qazp—1) < Y (Y2p—2,Y2p—1) -

That is,

d (Yap, Y2p+1) < ¥d (y2p—1,Y2p) < V2d (y2p—2,Y2p—1) -

Continuing in this manner, we obtain

d (Yap, yop+1) < ¥*d (yo,y1) -

We can write a above inequality as,

d(yn7yn+1) < wnd (y07y1) :

Now, we show that {y,} is a Cauchy sequence. For each & > 0 there is some n (¢) € N with
2 onzn(e) ¥ (d(yo,y1)) < e. Let n,m € N such as n >m > n (¢), by the triangle inequality, we

get

n—1
d(Ym,yn) < Y d e vri) < Y ¥ (Ao, 31)) < Y ¥ (d(yo, 1)) <e.
k=m k=m k=n/(¢€)

Which shows that {y,} is a Cauchy sequence in a complete metric space (L,d). 3 u* € L such
as limy, .1 yn = v* and sequentially, Sag,, Sa2n+1, Qaont1, Jasnta — u*, as n — +o0o. By
assumption (iii)

lim Sag, = lim Sagpi1 = lim Qagpr1 = lim Jaguio = u*.
n—-+oo n—-+4oo n—-+o0o n—-+oo
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As, Q (L) C J (L), there exists u € L such as u* = Ju. By using (3.2) and (3.4), we have

d (Su7 U*) S d (Su, Qa2n+1) + d (Qa2n+1, U*)
< a(Ju,Sagn41) d (Su, Qazny1) + d(Qaznt1, u”)
d (Ju, Su) d(Ju, Qazni1) + d (Sazn i1, Qazni1) d (Sazni1, Su) «
<
<9 ( d (Ju, Qagni1) + d (Sagnt1, Su) +d(Qazni1, )
<

y (d (u*, Su)d (u*, Qagnyi1) + d (Sagp, Qaspi1) d (Saz,, Su)

d n+1, .
d(U*aQa2n+1) +d(5a2n,5u) ) + (Qa2 +1,U )

Letting lim,,_, o, of above inequality, we get d (Su,u*) < 0. Thus, Su = u*. So, Ju = Su = u*.
Therefore, u is a coincidence point of J and S. Since the pair of mappings S and J are weakly

compatible, we obtain

SJu = JSu,

Su* = Ju*.
Since S (L) € ¥ (L), there exists a point v € L such as v* = Sv. By (3.2) and (3.4), we have

d(u,Qu) = d(Su,Qv) <a(Ju,Sv)d(Su,Qu)
d(u*,u*)d(u*, Qu) +d(u*,Qu)d(u*,u
¢< d(u*,Qu) +d

IN

That is d (u*, Qv) = 0. Thus, u* = Qu. Therefore, Qu = Sv = u*. So v is coincident point of

and Q. As, the pair of maps & and () are weakly compatible

Now, we show that u* is a fixed point of S. By (3.2) and (3.4), we have

d(Su*,u*) = d(Su*,Qu) < a(Ju",Sv)d(Su*,Qv)
< d (Ju*, Su*)d (Ju*, Qv) + d (Sv, Qv) d (Sv, Su*) _o
s ¥ < d (Ju*, Qu) + d (Sv, Su*) > -

So, d (Su*,u*) = 0. Thus, Su* = u*. Therefore, Su* = Ju* = u*. Now, we show that u* is fixed
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point of @. By using (3.2) and (3.4), we get
d(u*,Qu*) =d(Su*,Qu*) < a(Ju*,Ju*)d (Su*, Qu*) < ¢ (0) = 0.

Thus, d (u*, Qu*) = 0. Therefore, u* = Qu*. So, Qu* = Su* = u*. Thus, Su* = Ju* = Qu* =
Su* = u*.

Hence, u* is a common fixed point of J,&,.5 and ). =

3.2.4 Theorem

Let (L,d) be a complete metric space and J, S, S, Q : L — L are an (« — ¢)-Meir-Keeler-Khan
type mappings such as Q(L) C J(L) and S(L) C J(L). Assume that:
(i) the pair (S5, Q) is o jg-admissible;
(ii) there exists ag € L such as a (Jag, Sag) > 1;
(iii) if {y,} is a sequence in L such as a (ypn,yn+1) > 1 for each n € N and y,, — v* € L as n
tends to infinity, then a (y,,u*) > 1, for each n € N.

Then, J,S,S and @ have a common fixed point u* € L provided (S,J) and (Q,S) are
weakly compatible pairs of self-mappings.

Proof. Similar lines of Theorem 3.2.3, we obtain a sequence {y,} in L defined by:
Yon = Sagn = Sazn41 and yopi1 = Qazgni1 = Jazny2,
for all n > 0, which converges to some u* € L. Sequentially,
Sagy, Saon i1, Qaspi1, Jasmia — u*, asn — 4oo.
Since Q (L) C J (L), there exists u € L such as u* = Ju. By (iii) and (2.4), we get

d(Su,u*) = d(Su,Qazn+1) < a(Ju,Sag,+1) d (Su, Qaznt1)
" <d (Ju, Su) d (Ju, Qa2n+1) +d (E‘sa2n+1, Qa2n+1) d (%agnﬂ, Su)>
d (Ju, Qazni1) + d (Saznt1, Su)
y <d (u*, Su) d (u*, Qagn+1) + d (Sazn, Qasnt1) d (Sagy,, Su))
d (u*, Qagn+1) + d (Sag,, Su) '

IN
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Letting limy,—, 40, in above inequality, we have

d(Su,u*) <0

Thus, Su = u*, so, Ju = Su = u*, Therefore u is a coincidence point of J and S. As, the pair

of mappings S and J are weakly compatible, we have

SJu = JSu,

Su* = Ju*.

Similarly, as S (L) C (L), we get d (u*,Qv) = 0. That, u* = Qu. Therefore Qu = Jv = u*.

So v is coincident point of & and @. As, the pair of maps (3, Q) are weakly compatible so,

We can easily show that u* is fixed point of S and ) and the proof is completed. m
For a uniqueness of the fixed point of our results we considered the below condition:
(H) For all common fixed points a and y of J, &, S and @), there is some v € L such as a (a,v) > 1

and «a (y,v) > 1.

3.2.5 Theorem

Adding the condition (H) to the statement of Theorem 3.2.3 or 3.2.4, we get the uniqueness of
common fixed point of S, J, ) and .

Proof. The existence of a fixed point has proved in Theorem 3.2.3 (respectively Theorem
3.2.4). Now, assume that w is another common fixed point of J, ¥, S and @ such as u* # .
By using condition (H), there is some v € L such as o (Ju*,v) > 1 and « (3w, v) > 1. Define a

sequence {v,} in L by

vg = Svg = Qv1, vy = Svgp = Jvgp41 and

v1 = Qui=Jvs,vep11 = Quapr1 = Juzpyia,
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for all p > 0. Since the pair (S5, Q) is a.jg- admissible, we obtain
a(u*,vgp) > 1 and a (W, vyy) > 1, for all p.
Now, by using Remark 3.2.2, we have

d(u*,vopr1) = d(Su*,Quapt1) < a(Ju™,Svapyr) d (Su™, Quapti)
y <d (Ju*, Su*) d (Ju*, Quapt1) + d (Svapt1, Quapt1) d (Svapyi, Su*))
)

<
- d(Ju*, Quaps1) + d (Svgpi1, Su

" (d(SU*, Su*) d (Su*, Quapi1) + d (Svapy1, Quapit
d (Su*, Quaps1) + d (Svopi1, Su*

S d(%vng,Su*)) .

)
)

By the triangle inequality

IN

d (Su*, Quapt1) + d (Svopy1, Su*)

" (d (Svps1, Quapr1) d (Svopya, SU*)>
d (Su*, Quaps1) + d (Svapy1, Su*)

d (Svapt1, Su™) < d (u*, vgp) .

d (C\\SUQp—i-l ) QUZp-‘rl )

IN

IN

Iteratively, this inequality implies
d * + < 2p+l d * for all
(u ,ng 1) _wl ( (u ,’U())), T p.

Putting p — 400, in above inequality, we get

pEIJPood (v2p,u™) = 0. (3.5)
pEI-Pood (v2p, ) = 0. (3.6)

By the uniqueness of the limit (3.5), (3.6) we get v* = . ®

The below example is to illustrate Theorem 3.2.3.
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3.2.6 Example

Consider L = [2,20] and (L, d) be usual metric space. Define J, &, S and @ as follows:

2, ifae[2,5) U6 20],
a+1, ifaels6).

S(a) =2, forall a. Q(a) =

2, ifa=2
a, ifae(2,7],
J(a) = S(a) = 3, if a € (2,5)U16,20],

7, if ac(7,20].
a+3, ifa€][56).

Indeed, Q (L) C J (L) and S (L) C S (L), we note Sa = Ja for which a = 2 implies SJa = JSa
and Qa = Sa implies QFa = FQa. Thus the pairs{S, J} and {Q, I} are weakly compatible.
Consider € = % and suppose that ¥ (t) = %, then J, 3, S and @ satisfy the (o — 1)-Meir-Keeler-
Khan type contractive condition with the mapping o : J(L)US(L) x J(L)US(L) — RT which
defined by

1, if a,y €[2,5)U19,20],

L
10>

a(a,y) =
otherwise.

Clearly a = 2 is our unique common fixed point. Indeed, hypothesis (ii) is satisfied with ag = 2

€ L with «(2,2) > 1. Thus, all the hypothesis of Theorem 3.2.3 are hold.

3.2.7 Corollary

Consider (L,d) be a complete metric space and @) : L — L is an (a — 9)-Meir-Keeler-Khan
mapping. Assume that:
(i) @ is an a-admissibl and continuous;
(ii) there exists ag € L such as a (ap, @ (ap)) > 1. Then, @ has a fixed point in L.
Proof. Immediately by taking S = Q = 3 = J in the Theorem 3.2.3. =

3.2.8 Corollary

Consider (L, d) be a complete metric space and let @ : L — L is an («, v¢)-Meir-Keeler-Khan

map. Assume that:
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(i) there exists ag € L such as « (ag, @ (ao)) > 1;
(ii) @ is an a-admissible;
(iii) if {a,} is a sequence in L such as a (an,any1) > 1 for each n € N and a,, — a € L as n
tends to infinity, then « (a,,a) > 1, for each n € N. Then, @ has a fixed point in L.
In the Theorem 3.2.4, if we take 1 (t) = At, where A € (0,1) and « (Ja,Sy) = 1, for each

a,y € L, we obtain the below results.

3.2.9 Corollary

Consider (L, d) be a complete metric space. Let J, &, S, @ : L — L be the mappings satisfies
the below condition:

For € > 0, there exist § > 0 such as,

C (d(Ja, Sa)d(Ja,Qy) +d (Sy, Qy) d (Sy, Sa)

d(Ja,Qy) + d(Sy, Sa) > <e+o (3.7)

= d(Sa,Qy) < e.

Then, J,$,Q and S have a unique common fixed point u* € L. Moreover, for each ag the
sequence {Q"ap} converge to u*.
Proof. Let u €]0,1[ and choose Ao € ]0,1[ with A9 > p. Fix ¢ > 0. If we take § =

1_ 1
€ (ﬁ )\0) . Assume that

1 _da Sa)d(Ja,Qy) +d(Sy,Qy)d(Sy,5q) _ 1
)\U o d(Jany)+d(%yvsa) )\0

e+,

it following that

d(Ja,Sa)d(Ja,Qy) + d(Sy,Qy) d(Sy, Sa)
d(Ja,Qy) + d(Sy, Sa)

d(Sa,Qy) < p
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Hence (3.7) is satisfied which makes Theorem 3.1.1 an immediate consequence of Corollary
3.29. m
Following the idea of Samet [85], according of Corollary 3.2.9 we obtain an integral version

for Fisher’s result. Now, we start by the below result.

3.2.10 Theorem

Consider (L,d) be a complete metric space and J,3,5,Q : L — L, A € ]0,1[. Suppose that
there exists p : [0, +oo[ — [0, +o0] satisfied the below assumptions;

(i) p is nondecreasing and right continuous;

(ii) p(0) = 0 and p (t) > 0 for all t > 0;

(iii) for each & > 0, there exist § > 0 such as

1 p(d(Ja, Sa)d(Ja,Qy)+d(§y,Qy)d(%y,Sa)> 1

A° S d(Ja,0y) + d(3y, Sa) <3

implies p (%d (Sa, Qy)) < %5, for all a,y € L. Then inequality (3.7) hold.

Proof. Fix ¢ > 0, since p (%5) > 0, by assumption (iii) there exists 8 > 0 such as

(1) o (et ) 1) .

implies p </1\d(Sa, Qy)) <p (ig> . (3.8)

Since p is right continuous, there exists ¢ > 0 such as;

p <i\5+5’> <p <i€> + B.

For all a,y € L, such as

1 d(‘]aa Sa) d(Ja7 Qy) + d (%ya Qy) d (%ya SCL) 1 4
— - 0.
NS d(Ja,Qy) + d(3y, Sa) <3t
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Since p is nondecreasing, we have

1 d(Ja,Sa)d(Ja,Qy) + d(Sy, Qy) d (Sy, Sa)
g (A) = ( d(Ja,Qy) + d(Sy, Sa) )

< p(ia—i—é') <p<§\€> + 6.
p (id(Sa, Qy)> <p <16> ,

which implies that d (Sa, Qy) < €. Then (3.7) is satisfied. m

Then by (3.8), we have

Now, E denote the set of all map g : [0, +o00[— [0, +o0] satisfied the below assumptions:
(i) g(0) =0 and g(¢) > 0 for all ¢ > 0;

(ii) g continuous and nondecreasing.

3.2.11 Corollary

Let (L,d) be a complete metric space and J, 3, S,Q : L — L are mappings, let g € = such as

for £ > 0 there exist § > 0, with

i d (Ja7 SCL) d (JCL, Qy) + d (%y, Qy) d (%y7 Sa) i 3
NE <9< d(Ja,Qy) + d(Sy, Sa) <3Eto
implies g ( ~d (Sa,Qy) | < -
implies g | + a, Qy 3 &

Then, (3.7) is satisfied.
Proof. Since every continuos function g : Rt — R™ is right continuous, the proof follows

immediately from Theorem 3.2.10. m

3.2.12 Corollary

Consider (L, d) be a complete metric space and J, &, S and @ are four maps from L into itself.

Let ¢ : [0, +00[— [0,+0o0] is a locally integrable function such as

t
/ ¢ (u)du > 0, for all t > 0.
0
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Assume that £ > 0, there exist § > 0 such as

d(Ja,Sa)d(Ja,Qy)+d(Sy,Qy)d(Sy,Sa)

1 a, Sy,Sa ]_ .
gg/ Gy s p)dt< —e+0
N )\
3d(5a,Qy) 1
implies / e (t)dt < 1 (3.9)
0

Thus, (3.7) is satisfied. Now, we obtain an integral version of Khan result as follows.

3.2.13 Corollary

Consider (L,d) be a complete metric space and J,3,5,Q : L — L be self mappings. Let
¢ : [0, +o00[— [0, +0o0o[ be a locally integrable function such as fg ¢ (u)du > 0, for each t > 0
and let A € ]0,1[. Assume that J, <, S and @ satisfied the below condition. For all a,y € L,

d(Ja,Sa)d(Ja,Qy)+d(Sy,Qy)d(Sy,Sa)

Ld(Sa,Qa) ak

A d(Ja,Qy)+d(Sy,Sa)

/ o (t)dt < 4 / ey o (1) dt, (3.10)
0 0

where, 1/ € (0,1). Then J,S,S and @ have an unique common fixed point. Moreover, for any

a € L, the sequence {y" (a)} converges to a*.

Proof. Let ¢ > 0. it is easy to observe that (3.9) is satisfied. Take § = £ (i - 1) , then

(3.7) is satisfied. m

3.3 Some Fixed Points of o — ¢ — K-Contractive Mapping in
Partial Metric Spaces

Results given in this section have been published in [14]
We are starting to introducing the generalized of a@ — ¢ — K-contractive in the context of

partial metric space as follows:

3.3.1 Definition

Let (L,p) be a partial metric space and J : L — L is a map. J is called a — 1) — K-contractive

if there exists functions o : L x L — [0,4+00) and ¢ € ¥ such as for each a,y € L, a # y, we
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have

a(a,y)p(J(a), J(y)) < V(K (a,y)) (3.11)

whenever,

p(a,Ja) +p(y,Jy) p(a,Jy)+py,Ja)
2 ’ 2 ’

K (6, ) = max {p<a,y> |

p(a,Ja)p(y,Jy) p(y,Jy)[1 +p(a, Ja)]}
p(a,y) ’ [1+p(a,y)] '

3.3.2 Theorem

Let (L,p) be a complete partial metric space and J : L — L be a — 1) — K-contractive map
satisfies the below hypothesis:

(i) J is a-admissible;

(ii) there exists ag € L such as a(agp, Jag) > 1.

(iii) J is a continuous. Then u € L such as J (u) = u.

Proof. From hypothesis (ii), there exists ag € L such as a(ag, Jag) > 1. We generate a
sequence {a,} in L as follows: a,+1 = Ja, for each n € NU {0}. If ano = anos1 for some
no € No, then u = ay, is a fixed point of J. Suppose that a,, # an+1 for each n € NU{0}. By

(i), we have

a(ag,a1) = alag,Jag) > 1= a(Jag,Ja1) = a(a1,a2) > 1,

a(ar,a2) = af(ar,Jar) > 1= a(Ja,Jaz) = a(az,a3) > 1

By induction, we get

a(an, any1) > 1. (3.12)

From (3.11) and (3.12), we have

D (an+1a an+2) =Pp (Jana JanJrl) <« (ana anJrl)p (Jana JanJrl) < (K (ana an+1))
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P (an, Jan) +p (an—i-la Jani1) plan, Jany1) +p(ans1, Jay)

< QJZ) max {p (CLn, an+1) ) 9 ) 9

b (ana Jan) b (an+1a JanJrl) p (an+1a JanJrl) [1 +p (ana Jan)] }
p (ana an+1) ’ [1 +p (ana an+1)]

p (ana an—‘rl) +p (an+17 an+2) p (ana an+2) +p (an+17 an-‘,—l)

= ZDmaX {p (an,an+1) ) 2 s 9

P (n, Gny1) P (Ant1, Gni2) P(@ni1, ans2) [+ p(an, anit)]

p (CLn, an+1) ’ [1 +p (CLn, an+1)]
’¢ max {p (an7 an—i—l) y P (a’n-i-ly an-i—?)} P

IN

p (an+17 an+2) < ’¢ (max {p (aTH an+1) y P ((In+1, an+2)}) ’ for all n.

If max {p (an,ant1),p (ant1,ant2)} = p(ani1, Gny2), then

p (an+1, an+2) < (p (an+1, an+2)) <p (an+1,an+2).

|

i

)

Which is contradiction. Thus, max {p (an, a@n+1),p (Gnt1,n+2)} = p(an,ant1), for all n € N.

Hence,

p (an—Ha an+2) < ¢ (p (arw an+1)) .

Continuing in this process inductively, we obtain

P (an; ans1) < ¢P" (p(ag, a1)), for each n € N.

Using the definition of partial metric, we have

max {p (ana an) D (an-i-ly an+1)} <p (ana an—H) .

Using inequality (3.14), we have

max {p (CLn, an) P (an+1a an+1)} < wn (a07 CLl) .
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By (3.15) and (3.16), we have

ps (anv aTLJrl)

Using inequality (3.17

ps (an+k7 an)

= 2p (ana anJrl) -Pp (am an) -p (an+1a an+1)

< 2p(an,an+1) +p(an, an) +p(an+1, an1) < 49" (ag,a1) . (3.17)

), we get

S ps (anJrk: anJrkfl) + ... +ps (an+1a an)
n+k—1

4wn+k—1p (ao,a1) + ... + 4¢"p (ag,a1) < 4 Z Dip (ag,ar).

i=n

IN

As ;;087 ¥'p (ag, a1) is a convergent. We obtain that {a,} is a Cauchy sequence in a metric space

(L,p*). Now, by using Lemma 1.3.8 and the completeness of (L, p), we conclude the complete-

ness of (L, p®). Therefore the sequence {a,} is a convergent in (L, p®), say lim,,—, 4 o0 p°* (an,u) =

0. By Lemma 1.3.8, we have

p(u,u) = lim p(ap,u)=_lm p(am,a,). (3.18)

n—-4-o00 m,n—-+00

Now, since {a,} is a Cauchy sequence in (L, p°), we get

lim p°®(am,a,) =0. (3.19)

m,n—-+00

View of inequality (3.16), we have

lim p(ap,a,) =0. (3.20)

n—-+4o0o

From (3.19), (3.20) and definition of p®, we conclude that

lim p(am,a,) =0.
m,n—-+00

On using (3.18), we have

p(u,u) = lim p(ap,u)= lim p(am,a,)=0. (3.21)

n—-+o0o m,n—-+00
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Now, we show that Ju = u. By Lemma 1.3.9, we get

p(Ju, Ju) = IiIE p(Jan, Ju) = linr}Ir p(Jam, Jay) . (3.22)
That is,
p(Ju, Ju) = lini_ P (@m+1, Gny1) = 0. (3.23)

Using inequality (3.21) and (3.23), we get

p (u,u) =p(Ju, Ju) = 0. (3.24)
By Lemma 1.3.10, we have
liI_~I_1 p(an, Ju) =p(u, Ju) . (3.25)

Therefore, using (3.22), (3.24) and (3.25), we have
p(Ju, Ju) =p (u,u) = p(u, Ju) = 0.
Thus v = Ju. Hence u is a fixed point of J. =

3.3.3 Theorem

Consider (L, p) is a complete partial metric space and J : L — L is an a — ¢ — K-contractive
map. Suppose that:

(i) there exists ag € L such as « (ao, J (ag)) > 1;

(ii) J is a-admissible;

(iii) if {ay} is a sequence in L such as « (an,an+1) > 1, for each n € N and a,, — a € L as
n tends to infinity, then there exists a subsequence {an(j)} such as « (an(j>,a> > 1, for each
7 € N. Then, J has a fixed point in L.

Proof. Following the similar lines of the Theorem 3.3.2, we obtain that a sequence {a,}

given by an+1 = Jap, where n = 0,1,2,... converges to some u € L. From (3.12) and given
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hypotheses, there exists a subsequence {anm} of {a,} such as
« (an(j),a> > 1, for all j. (3.26)

Now, we proceed to prove that u is a fixed point of J. Suppose the contrary p(u, Ju) > 0.
Therefore, by using (3.11) and (3.26), we have

plu, Ju) < (U, angypy) + Plangy s J4) = Plang, s ang,)

IA

(W, angy 1) +Dang, 5 Ju) = p(u, ang, ) + p(Jang,, Ju)

IN

p(ua an(j)+1) + a(an(j) ) u)p(]anm, JU) S p(ua an(j)+1) + 77Z) (K(an(j)u U)) .

p (an(j) 9 an(j)+1> + p(u7 JU)
2 9

p(”? Ju) S p<u7 a‘n(j)+1) + w max p (an(j) 9 u) Y

p (a"@)’ J“) TP (“’ an(ml) p (“"(jwa”(ml) p (u, Ju) p(u, Ju) [1 TP (a%)’an(jm)}

: p () (12 ()]

Letting limit j tends to infinity in (3.27), we get

(3.27)

p(u, Ju) < (p(u, Ju)) < p(u, Ju).
Which is a contradiction. Therefore, p(u, Ju) = 0. Hence Ju = u. =

3.3.4 Corollary [59]

Consider (L, d) be a complete metric space and J : L — L is an a — 1) — K-contractive map.
Assume that:
(i) J is an a-admissible and continuous;

(ii) there exists ag € L such as a (ao, J (ap)) > 1. Then, J has a fixed point in L.

73



3.3.5 Corollary [89]

Consider (L,p) be a complete partial metric space, o« : L x L — [0,400) be an a function,
a € ¥ and J is generalized oo — ¢ contractive type mapping on L. Suppose that:
(i) J is an a-admissible and continuous;

(ii) there exists ag € L such as a (ao, J (ap)) > 1. Then, J has a fixed point in L.

3.3.6 Corollary [57]

Consider (L, d) be a complete metric space. Let J : L — L is a mapping. Suppose that there

exists ¥ € ¥ such as

d(J(a), J(y)) < (M(a,y)),

for each (a,y) € L x L, where

M(a,y) :max{d(a’y),d(a’Ja)‘;d@vJy)’d(a,Jy)-;d(y,Ja)}'

Then, J has a unique fixed point.

3.3.7 Example

Let L = R" where, (L, p) is a complete partial metric space with partial metric defined by
p(a,y) = max{a,y}. Defined J: L — L by

&, ifa€l0,1], 2, ifa,y € 10,1],
Ja)=4 ¢—1 ifac(1,2] Let o (a,y) = 3%, ifa,y € (1,2],
a—3, ifa>2. 0, otherwise.

-3,
Clearly J is a continuous for all a € L. To show that J is a-admissible: Let a,y € L such as

a(a,y) > 1, by definition of « we have a,y € [0,1] implies « (Ja, Jy) = a (a,y) > 1. Similarity
in the case a,y € (1,2]. Now, the cases arises:

(i) In the case a,y € [0, 1], we have

Oc(a,y)p(Ja,Jy) = Oé(avy)p(* *>:2max{g7g <1p(aay>

INA
=
=
B

s
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(ii) Also, holds in the case a,y € (1,2].
(iii) In the case a € [0,1], y € (1, 2], we have

a(a,y)p(Ja,Jy) = a(a,y)p (g,g— é) =0.

(iv) For y € [0,1], a € (1,2], we have

(v) If a or y is not in [0, 2], then « (a,y) = 0, that is

a(a,y)p(Ja, Jy) < (K (a,y)) .

Thus, J is o — ¢ — K-contractive with ¢ (t) = %, for each t > 0. Indeed, for ag = 1, we have

o (a0, J (a0)) = a (1, J1) = a (1, é) _».

Now, all hypothesis of Theorem 3.3.2 are satisfied. In fact, 0 is a fixed point.
We can not apply Corollary 3.3.4 because, 2 5 ﬁ L Indeed, if a = %, y = 2, then

3 112 1 4,5 (1 1 4 11 11 1 1\] _ 2
a(3.2)p" (3 -53—5) =30 (372) 312033 —r(5:3) —p(33)] =5 and

p°(3.2)=20(3.2) =0 (5.3) - =1l yd)=1

3.3.8 Example

Consider L = {1,2,3,4} and the function p: L x L — [0,+00) defined as
p(3,4)=p(1,2)=3,p(1,3) =p(2,4) =5,p(1,4) =p(2,3) =4, p(a,y) =p(y,a),
p(1,1)=0,p(4,4) =p(3,3) = p(2,2) = 2. Define a self mapping J as: J(1) =4, J(3) =3

J(2) =4, J(4) = 3, for all a € L. Obviously p is a partial metric on L, but not metric (since

p(a,a) #0, for a € {2,3,4}). Clearly J is an o — 1) — K-contractive map with ¢ (¢) = #t, ¢ > 0.

In fact, for each a,y € L, we have
a(a,y)p(J(a), J(y)) < P(K(a,y)), a(a,y) =
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Moreover, there exists ag € L such as a(ag, Jag) = 1. In fact, for ag = 1, we have

a(l,Jl)=a(1,4) =1.

Let {a,} is a sequence in L such as «(ay,ant1) > 1, for each n € Nand a,, — a € L, as n
tends to infinity, for some a € L. From the definition of «, for all n, we have a, # 0. Thus,

a # 0 and we have a (a,,a) > 1 for all n. Also, J is a-admissible. For this, we have

alay)>1=a#3, y#3=Ja#3, Jy#3=a(Ja,Jy) > 1.

Consequently, J has a fixed point. In this case, 3 is a fixed point.
We denote by fix(J) the set of fixed points of J, for the uniqueness, we need the below
additional condition:

(H) For each a,y € fix (J), there exists e € L such as a(e,a) > 1 and a(e,y) > 1.

3.3.9 Theorem

Adding the condition (H) to the hypotheses of Theorem 3.3.3, we get that u is a unique of fixed
point of J.

Proof. Assume that v is another fixed point of J. From (H), there exists e € L such as

ale,u) > 1, ale,v) > 1. (3.28)

Since J is a-admissible, from (3.28), we have

al(J"(e),u) > 1, a(J"(e),v) > 1, (3.29)

for all n > 0. Define the sequence {e,} in L by e,+1 = J(ey) for each n =0,1,2,... and ey = e.
Suppose that d(e,,u) > 0. By (3.29) and using the technique given in Theorem 3.2.5, it can

easily be proved that u =v. m

We apply our results to obtain fixed points partial metric spaces endowed with a partial

ordered.
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3.3.10 Corollary

Let (L, =) be a partially ordered set and p is a partial metric on L such as (L, p) is complete. Let

J : L — L is a nondecreasing mapping with respect to < and satisfies the following inequality:

p(J(a), J(y)) < ¥(K(a,y)), for all a,y € L with a = y,

where
p(a,Ja)+p(y,Jy) pla,Jy)+p(y,Ja)
2 b 2 b

K (a,y) = max {p(my) :

pla,Ja)p(y,Jy) p(y,Jy)[1 +p(a, Ja)]}
p(a,y) ’ [1+p(a,y)] '

Assume that the below conditions satisfied:

(i) (L, =, p) is regular or J is continuous;

(ii) there exists ag € L such as ag = Jag. Then J has a fixed point. Moreover, if for a,y € L,
there exists e € L such as a < e and y < e. Then, J has unique fixed point.

Proof. The proof comes easily from the follows. Define a map a : L x L — [0,400) by

l,ifa<yorary,
a(a,y) =
0, otherwise.

3.4 New Types of ['-Contraction for Multivalued Mappings and
Related Fixed Point Results in Abstract Spaces

Results given in this section have been published in [8]

3.4.1 Lemma

Let (L, dg, s) be a dislocated b-quasi metric space. Let (P(L), Hg,,) be the Hausdorff dislocated
b-quasi metric space on P(L). Then, for each C, F € P(L) and for each [ € C, there exists
by € F, such as Hy , (C, F) > dg(l,b) and Hg, (F,C) > dg(bi, 1), where dgp(l, F') = dg(l,by)
and dgp(F, 1) = dgp(by, ).
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3.4.2 Lemma

Let (L, dg, s) is a dislocated b-quasi metric space. Let {a,} is any sequence in L there is some

7> 0 and F € Fg such as

T+ F(smax{dg(an, ant1), dgp(ant1,an)}) < F(max{dgp(an—1,an),dgp(an,an—1)})  (3.30)

for each n € N. Then {a,} is a Cauchy sequence in L.
Proof. Let ¥,, = max{dg(an, ant1), dgp(ant1,an)}, for all n € N. Therefore, by (3.30) and
property (F4), we have
7+ F(s"9,) < F(s" 19,_1), n €N,

Similar the technique as given in [7], we obtain {a,} is a Cauchy sequence in L. m

Let (L,dg) be a dislocated b-quasi metric space, ag € L and S,J : L — P(L) be multi-
functions on L. Let a1 € Sag is an element such as dg(ag, Sag) = dg(ag, a1), dgp(Sag, ap) =
dgp(ai,a0). Let ax € Jay be such as dg(ar, Jar) = dg(ar,a2), dp(Jar,a1) = dglaz,ar).
Let a3 € Say be such as dg(az, Saz) = dg(az,a3) and so on. Thus, we generate a se-
quence a, of points in L such as asnt1 € Sag, and agpi2 € Jagni1, with dg(asn, Saz,) =
dgp(A2n, a2n+1), dgp(San, azn) = dgp(a2nt1,a2,), and dgp(azni1, Jaon1) = dgp(a2nt1, a2ni2),
dgp(Ja2n+1, a2n+1) = dgp(a2n42, @2n41), where n = 0,1,2,--- . We denote this iterative sequence
by {JS(an)}. We say that {JS(a,)} is a sequence in L generated by ag. If J =S, then we say

that {LJ(ay,)} is a sequence in L generated by ag.

3.4.3 Definition

Let (L,dg,s) be a dislocated b-quasi metric space and S,J : L — P(L) are two multivalued
mappings. The pair (S, J) is called a DQF-contraction, if there exists F' € Fg and 7,¢ > 0
whenever for any two consecutive points a,y belonging to the range of an iterative sequence

{JS(CLn)} with maX{qub (SCL, ‘]y)v qub(‘]ya SCL), qu(a’a y)v qu(?/, CL)} > 0, we have

7+ max{F(sHq,(Sa, Jy)), F(sHq,,(Jy, Sa))} < min{F(Dg(a,y)), F(Dg(y,a))}  (3.31)
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where,

dqb (a7 Sa) 'dqb (ya Jy)
’ c+ maX{dqb (Cl, y) 3 dqb (y7 a)} ’

Dipfa.y) = s {dp(e.) e S0). (T b (332)

3.4.4 Theorem

Consider (L, dg, s) be a complete dislocated b-quasi metric with s > 1 and (S, J) be a DQF-
contraction. Then {JS(a,)} — w € L. Also, if (3.31) holds for each a,y € {u}, then S and J
have a common fixed point v in L and dg,(u, u) = 0.

Proof. Let {JS(a,)} is the iterative sequence in L generated by a point ag € L. If
maX{qub(S@p/, Jagy 1), Hg, (Jagy +1,Sa2p ), Dgp(a2pr, a2y +1), Dgp(agpr 41, a2 )} # 0
for some p’ € NU {0}, then
Hg,, (Sagy, Jagy y1) = Hy,, (Jagy 11, Sagy) = Dyp(agy , azpry1) = Dgp(agp 41, azy) = 0

Clearly, if Dgp(agy,agy+1) = 0, then dgy(agy, asy+1) = 0. Also Dgp(agy41,a2y) = 0 implies
dgp(agp 11, a2y) = 0. So, agy = agy 41 and agy € Sagy. Now, Hy ,(Sagy, Jagy 1) = 0 implies
dgp(agp 41, Jagy 1) = 0 and qub(Ja2p/+1,Sa2p/) = 0 implies dg(Jagp41,a2y41) = 0. So,
agp+1 € Jagy 1 and agy is a common fixed point of S and J. So the proof is completed in this

case. Now, let

max{Hy,, (Sazp, Jagpt1), Ha,, (Jazps1, Sazp), Dep(azp, azpt1), Dgp(azp+1,azp)} > 0,

for all p € NU {0}. By Lemma 3.4.1, we have

dgy(azp, azpi1) < Hy,, (Jagp-1, Sagp), dgp(azpi1, azp) < Ha,y (Sazp, Jagy-1), (3.33)

and

dgb(agpt1, azpra) < qub(sa%a Jagp 1), dgp(azpt2, azpt1) < qub(JCLZpHv Sagp). (3.34)
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From (3.34), (F1) and using the condition (3.31), we get

F(sdg(agp+1,azpi2)) < F(sHg,(Sazp, Jagp+1))
§ maX{F(Squb(Sagp, Ja2p+1)), F(stqb(Jang, Sagp))}
< min{F(qu(a2p7a2p+1))aF(qu(a2p+1>a2p))} -7
< F(Dg(azp, azp+1)) — 7
From (3.32), we have
dgp (aop, Sasgy) .dgp (a ,Ja
Dgy(agp, azpt1) = max{dg(azp, azps1), ab (a2, S2y) A (A1, Jazp1)

¢ + max{dg, (azp, azp+1) , dgp (azpt1, azp)}’
dqb(@pa Sa?p)a dqb(a2p+1, Ja2p+1)}

dgb (a2p, a2p11) -dgp (A2p+1, A2p+2)
¢+ maX{dqb (a‘2p7 a2p+1) ) dqb (a2p+1a a2p)} ’

dgp(a2p, az2pt1), dgp(a2p 41, azpi2)}

= max{dqb(@pv azp+1),

< max{dqb (azp, azp+1), dgb (a2pt1,a2p42)}-

If, max{dgy(azp, azp+1), dgp(az2p+1, a2py2)} = dgp(azpt1, agpy2), then

F(sdgp(azpt1, a2pt2)) < F(dgp(azpt1, agpt2)) — 7.

It is a contradiction due to (F1) and s > 1. Thus,

F(sdgy(azp+1, azp2)) < Fldgy(azp, azpr1)) — 7, (3.35)

F(sdgy(azpt1, azp+2)) < F(max{dg(azp, aspr1), dgp(azpr1,a2p)}) — 7. (3.36)
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From (3.34), (F1) and using the condition (3.31), we get

F(sdg(azpt2, a2p+1)) < F(sHg, (Jazp+1, Sazp))
< maX{F(stqb(Sagp, Jagpi1)), F(stqb(Jang, Sagp))}
< min{F(qu(agp,a2p+1)),F(qu(a2p+1,a2p))} -7
< F(Dg(azp; azpi1)) =7

F(max{dqb(a2p7 a2p+1), dqb<a2p+17 a2p+2>}) -7

By using (3.35) and (F1), we get

1

S

IN

F(sdgp(agp+2, azpt1)) F(max{dg(azp, azpi1), —dgp(ap, azpi1)}) — 7
= F(dqb(@paa?pﬂ)) - T

< F(max{dqb(@pa a2p+1)7 dqb(a2p+la a2p)}) - T.

F(qub(a2p+2: agp+1)) < F<maX{dqb(a2pv azp+1); dqb(a2p+1: agp)}) —T. (3.37)
Combining (3.36) and (3.37), we get
max{F(sdg(azp+2, azpt1)), F(sdgp(agpt1, agpi2))} < F(max{dg(azp, azpi1), dgp(agp+1, agp)})—7.

(3.38)
By using (3.33) and (3.31), we have

F(sdgp(azp, azpt1)) < F(sHa,(Jagy-1,Saz))
< max{F(sHy,(Sazp, Jazp-1)), F(sHy,, (Jazp-1,Sazp))}
< min{F(Dgy(azp-1,a2p)), F(Dgp(azp, azp-1))} — 7
< F(Dg(azp, azp-1)) — 7.
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From (3.32), we have

dap (a2p, azpr1) -dgp (a2p—1, azp)
¢ + max {dgy (azp, azp—1) , dgp (a2p—1, a2p)}’
dgv(azp, azp11), dgp(azp—1,a2p)}

Dgp(agp, azp—1) = max{dg(azp, azp1),

< max{dg(azp, azp-1), dgp(azp—1, azp), dgp(azp, azpi1)}-

If max{dg(azp, azp—1), dgp(a2p—1, a2p), dgp(a2p, a2ps1)} = dgp(azp, azpy1), then

F(sdgp(azp, azpt1)) < F(dgp(azp, azp1)) — 7

A contradiction due to (F1). Thus,

F(sdgy(azp, azp+1)) < F(max{dg(azp—1, azp), dgp(azp, azp-1)}) — 7 (3.39)

By using (3.33) and (3.32), we have

IN

F(sdgy(azpy1, azp)) F(sHa,, (Sazp, Jazp—1)) < F(Dgp(azp, azp-1)) = 7

< F(max{dg(azp, azp—1), dgp(azp—1, azp), dgp(azp, azp41)}) — 7.
From (3.39), dg(a2p, azp+1) < max{dg(azp—1,a2p), dgp(azp, azp—1)}, so
F(sdgp(agpt1,azp)) < F(max{dg(azp, azp—1), dgp(azp—1,a2p)}) — 7. (3.40)
Combining (3.39) and (3.40), we get
max{F(sdgp(azp, azp+1)), F(sdgp(azp+1, azp))} < max{dgy(agp, azp-1), dgp(azp—1,a2)} — 7.
(3.41)

Combining (3.38) and (3.41), we get

T 4+ F(smax{dg(an, ant1), dgp(ant1,an)}) < F(max{dgp(an—1,an), dgp(an, an—1)}). (3.42)

By Lemma 3.4.2, {JS(a,)} is a Cauchy sequence in (L, dg). As, (L, dg) is a complete dislocated
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b-quasi metric space, so there exists u € L such as {JS(a,)} — u

lim dg(an,u) = lim dg(u,a,) = 0. (3.43)

n—-+00 n—-+oo

Now, suppose dgp(u, Ju) > 0, then Dy,(agn,u) > 0, so
max{qub (Sagn, Ju), qub(Ju, Sagn), qu(a2n, u), qu(u, agn)} > 0.
By using Lemma 3.4.1 and (3.31), we have

T+ F(sdg(agnt1, Ju)) < 7+ maX{F(stqb(Sagn, Ju)), F(sHg,,(Ju, Sasgn))}

S min{F(qu(a2n7 u))v F(qu(u7 a27’b))} S F(qu(Qan u))
As, F is strictly increasing, so
sdgp(a2n+1, Ju) < Dgp(an,u).

Taking lirf in above inequality, we get
n—-roo

lim sdgy(azny1, Ju) < lim Dgy(agn, ) (3.44)
n—-4-o00

n—-4oo

From (3.32), we have

dqb (aZna a2n+1) -dqb (u> JU)
¢ + max{dg (azn, ) , dg (u, asy,

Dgp(agn,u) = max{dg(aznm,u), T dgp(a2n, a2n41), dgp(u, Ju)}.

Taking limit as n tends to infinity in above inequality and by using (3.43), we get

lim Dgy(agn,u) = dg(u, Ju). (3.45)

n—-+o0o

Using inequality (3.45) in (3.44), we get

lim sdgy(aznt1, Ju) < dgp(u, Ju). (3.46)

n—-4oo
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Now,

dgp(u, Ju) < sdgp(u, aont1) + sdgp(aont1, Ju).

Taking hIJ_l on above inequality, we get
n—-1+00

dgp(u, Ju) < s liI_’I_l dgp (U, a2n1) + liI_~I_1 sdgp(a2n+1, Ju). (3.47)
Using inequality (3.43) and (3.46) in (3.47), we get
dgp(u, Ju) < dgp(u, Ju).

Which is a contradiction, so dg(u, Ju) = 0. Now, suppose dg,(Ju, u) > 0, then there exists ng €
N such as dg,(Ju, aznt1) > 0 for all n > ng. By Lemma 3.4.1 dgp(Ju, azpy1) < qub(Ju, Saay,),
SO

maX{qub (Sagn, JU), qub(Ju, Sagn), qu(a2n, u), qu(u, agn)} > 0,
for all n > ng. Following similar arguments as above, we get
lim sdg(Ju, agnt1) < dgp(u, Ju) = 0. (3.48)
n—-+00
Now,
dqb(Ju, u) < qub(Ju, a2n+1) + qub(a2n+1, u)

Taking lim on above inequality and using inequality (3.43) and (3.48), we get

n—-+o00
dgp(Ju,u) <O0.
Which is a contradiction, so dgp(Ju,u) = 0. Thus v € Ju. Similar lines as above we obtain

that dg,(Su,u) = 0 and dgy(u, Su) = 0. Hence, the pair (5,J) has a common fixed point u in
(L, dqb)- NOW,

dgp(u,u) < dgy(u, Ju) + dgp(Ju,u) <0

Therefore dgy(u,u) = 0 and the proof is completed. m
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3.4.5 Example
Let L = {0}UQ" and dg(a,y) = (a + 2)% if a # y, and dgp(a,y) = 0,if a = y. Then (L,dg) is
a dislocated b-quasi metric space with s = 2. Define the mappings S, J : L — P(L) as follows:

S(a) = [}La,5 ]ﬂ(@-i- for all a € {0, 7’4’12’478""}7

[a+1,a+4]NQT, otherwise.

[Ly,3y] nQ*, forally € {0,7,7, T, &, -},
[y + 3,y +6]NQT, otherwise.

Case 1: If, 7 + max{F(sHq,,(Sa, Jy)), F(sHa,(Ja,Sy))} = 7 + F(sHq,(Sa, Jy)) <

min{F (Dg(a,y)), F'(Dg(y, a))} satisfied. Define the function F : [0, +00) — R as F(a) = In(a)
for all a € [0,400) and 7 > 0. Since a,y € L, 7 = In(1.2) and let ag = 7, so the sequence defined
as {JS(an)} = {7, 1,5, %, -} € L and generated by ag = 7. Also, {JS(an)} — 0. Now, if
a,y € {JS(a,)} U{0}, we have

1 2 1 3
stqb(Sa,Jy) = 2H, 4@,5a],[3y,8y]>

|
ot (1[50 2] ) s ([1020] o)

I
[\)
=
IS
"
— 7 N

Also,

dqb( [4>5])d ( [% %yD

1+ max{dg(a,y), dgy(y,a)}

AT )

qu; (a7 y) = max dqb(a7 y)7
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dgp(a

y %)'dqb(gﬁ %)

max {dqb(aa y):

(5ay)?

max {(a +2y)%,

Case (i). If max { (%a

Which implies that, 7 + F(sHg,,(Sa, Jy) <

Case (ii). Similarly, if max { (%a + %y)? ’ (% N iy)Q}

have
48 (3a + 5y)*
6 (2 2\’
5\5 3
20 2y 2
In(1.2) +In —=
2+ (%4 )
Hence,

41+ (a + 2y)%)

1 4+ max{dg(a,y), dgp(y,a)}

<

<

) dut )}

s dqb(a 1

() (@)}

, and 7 = In(1.2), then we have

20 (a + 2y)?

(a+2y)°

In (a + 2y)*.
2a 2y 2

(? + g) and 7 = In(1.2), then we

1125 (a + 2y)?

(a+2y)°

In (a4 2y)%.

7+ F(sHy,, (Sa, Jy) < F(Dg,(a,y)).

Case 2: If max{r + F(sHq,(Sa, Jy)), + F(sHy,(Ja,Sy))} = 7+ F(sHq,(Ja, Sy)) holds.

sHy,, (Ja, Sy) 2 max [

beJa

{sup dgp
beJa
d <3a y>

2 max

|
8
(G

sup dgy(b, Sy), sup dgp(Ja,l)

ya

sup dgp

3])
(52))

(2 )]

a

4 <3+45y>}’



where

o (0, [3.2) s (. [3.2])

1+ max{dg(a,y), dgy(y,a)}

oelsE) 2]

dqb(a7 %)'dqb(% %)
1+ max{dg(a,y), dg(y, a)}

_ 2 (say)’ 3a)* (5y)*| _ 2
qu(y,a)—max{(y—|—2a) 74(1+(y+2a)2)’<2> ,<3> }—(y+2a) )

Case (i). If, max { <3§1 + %)2 , <% + 45?”)2} = (% + %)2, and 7 = In(1.2), then we have

Dy, (y,a) = max< dg(y,a),

a
= max{dqb(y, a), s dgp(a, 4)adqb(y,g)}

12 (5a 4+ 12y)* < 1125 (y + 2a)?

6 (a 4y\> 5
22y ) < 2
ss(:fr 5) s (y+2a)
a 4y
In(1.2) +1 (3—|—5y> < In(y+2a)*, so

T+ F(sHa,(Ja,Sy) < F(Dg,(y;a)).
.. 3a 2y 2 a 4y 2 3a 2y 2
Case (ii). If max (§ + T) , (§ + ?) = <§ + T) , and 7 = In(1.2), then we have
12 (3a +4y)*> < 320 (y + 2a)?
6 (30 2’
5\8 4

3a 2y2
In(1.2) + In —=
(1.2) + <8+4>

(y + 2a)?

IN

IN

In (y + 2a)?.

Hence, 7+ F(sHy,,(Ja, Sy) < F(Dy,(y,a)). Now, note that if a,y ¢ {JS(an)}, the contraction
is not satisfied. Thus, all assumptions of Theorem 3.4.4 hold. In fact 0 is a common fixed point.

Drop J in Theorem 3.4.4, we obtain the below Theorem.
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3.4.6 Theorem

Consider (L,dg,) be a complete dislocated b-quasi metric space with s > 1 and S: L — P(L)
be a multivalued mapping such as for every two consecutive points a,y belonging to the range

of an iterative sequence {S(a,)} with Dy, (a,y) >0, F € Fg, 7,¢ >0
T+F(5qu<sa7 Sy)) < F(D%(aa y))> (3'49)

where

dqb (a7 S(L) 'dqb (ya Sy)
c+ dqb (CL, y)

Dy (a, ) = max {dqbw, ), dy(a, Sa), dgs(y. sw} S 3a0)

Then {S(an)} — u € L. Moreover, if (3.49) is satisfied for {u} and dg(u,u) = 0, then S has a
fixed point.

3.4.7 Remark

Taking the different values of Dgy(a,y) in (3.32), different results on F-contractions can be

obtained as corollaries of the Theorem 3.4.4.

Fpi-Khan type contraction in quasi b-metric spaces

Piri et al. [75] restated the notion of Khan [61] and Fisher [44] however, included rational
expressions in discussion. Piri et al. [76] also revised the results of Fj-Khan-type self-mapping
into a new form inside a complete metric space. We also demonstrated a new kind of rational
contraction investigated its fixed point using b- quasi metric space. This furthers Khan fixed
point theorem. Finally, we stated multi-valued F'p}-Khan-type multivalued for more than one

maps in b- quasi metric space.

3.4.8 Definition

Let L #{}, s >1and p, : L x L — [0,400) is a map such as p, (a,y) > s and p, (y,a) > s, im-
pliesa = y. Let M C L, define pf (a, M)=inf {p, (a,l),l € M} and p% (M,y) = inf {p, (b,y) ,b € M}.
Let S,J: L — P (L) be the multivalued mappings, then the pair (S, J) is called p*-Alt multi-
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valued mapping, if a € L
(a) ps (a,Sa) > s, qv(a,Sa) = qy(a,y) and g, (Sa,a) = g, (y,a) implies p; (Sy,y) > s,

(b) ps (Sa,a) = s, gy (a,Ja) = g (a,y) and g, (Ja,a) = g (y,a) implies pg (y, Sy) = s.

3.4.9 Definition

Let (L, g, s) be a b-quasi metric space and (5, J) is a pair of p¥ multivalued mapping. Then
(S,J) is called Fp¥ Khan type contraction, if 7 > 0 and there exists F' € Fg whenever for
any two consecutive points a,y belonging to the range of an iterative sequence {.JS(a,)} with

pi(Sy,y) > s, pi(a,Sa) > s and max{Hy,(Sa, Jy), Hy, (Jy, Sa), ¢(a,y), gp(y,a)} > 0, we have

7+ max{F(sH,,(Sa, Jy)), F(sH,,(Jy, Sa) < min{F (Qs (a,y)) , F (@ (y,a))},  (3.51)

where,

@ (a, Sa) gy (a, Jy) + qv (¥, Jy) v (y, Sa)

@ (a,y) = max{q, (a, Jy) ,q (y, Sa)}

(3.52)

3.4.10 Theorem

Consider (L, g, s) be a complete b- quasi metric space with s > 1. Let p, : L x L — [0,+00)
and (S,J) is a pair of Fp! Khan type contraction and the set G(S) = {a: pf (a,Sa) > s} is
closed and contains ag. Then {JS(a,)} — w € L. If (3.51) is satisfied for each a,y € {u}. Then,
there is a single common fixed point of S and J in L and ¢,(u,u) = 0.

As ag is any element of G (.5), from condition of the theorem p? (ag, Sag) > s. Let {JS(a,)} €
L is a sequence generated by a point ag € L. Let agy,agy,1 are elements of this sequence.

Clearly, if

max{Hg, (Sagy, Jagy 1), Hy, (Jagp 1, Sazy), qp(a2y, a2y 1+1), qp(a2pr+1, a2p0) } # 0,

for some p’ € NU {0}, then

Hy,(Sagy, Jagy 1) = He,(Jagy 41, Sagy) = qp(agy, azy+1) = qp(azp 11, azy) = 0.
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As Qb(agp/, agp/+1) = qb(a2p1+1, agp/) = 0, SO Qgp! = A2p/+1 and a2y’ S Sagp/.
NOW, qu (Sagp/, Ja2p1+1> =0 implies qb(a2p/+1, Jagp/+1) =0 and qu(Ja2p1+1,Sa2p/) = 0 im-
plies gp(Jagp+1,a2y+1) = 0. So, agy 11 € Jagy+1 and agy is a common fixed point of S and J.

So the proof is done. In order to find common fixed point of S and J, when

max{Hg, (Sazp, Jagpt1), Hy, (Jazp+1, Sazp), @(a2p, a2p11), @p(azps1,a2p)} > 0,

for all p € {0} UN. Since pj (a0, Sao) > s, g (a0, Sao) = gy (a0, a1) and g, (Sag, ao) = g (a1, ao).
As (S, J) is pi multivalued mapping, so p% (Sa1,a1) > s. Now, pi (Sai,a1) > s, qp (a1, Jar) =
g (a1,a2) and @ (Ja1,a1) = g (a2, a1) implies that p¥ (a2, Saz) > s. By induction we deduce
that p% (agp, Sagp) > s and pf (Sagpt1,azpt1) > s, forallp=0,1,2,---. Now, by Lemma 2.1.1,

we have

@ (az2p, azpr1) < Hy, (Jagp—1, Sazy), qp(aspt1,a2p) < Hy, (Sazy, Jas,—1) (3.53)

and

ap(azp+1, azpy2) < Hg,(Sagp, Jazpi1), qplazpt2, azpi1) < He,(Jagpi1, Sazyp). (3.54)

As s > 1, then (3.54) implies

IN

F(sqy(azpt1,azpr2)) F(sHg,(Sazp, Jagp+1))

A

max{F (sHy, (Sazp, Jagpi1)), F(sHy, (Jazpi1, Sazp))}-

As agp, agpi1 € {JS(an)}, pk (azp, Sagp) > s and pk (Sagpy1,a2p+1) > s, by using the condition

(3.51), we get

IN

min { F (Qp(azp, azp+1)) , F' (Qplagpt1, azp))} — 7

< F(Qb(a2paa2p+1)) —T.

F(sqy(azpy1,azpi2))
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From (3.52), we get

qy(azp, Sazp)qy(azy, Jazpi1) + qpazpr1, Jazpi1)qp(azpi1, Sazyp)
max{qy(azp, Jazpr1), qp (Sazp, azpr1)}
qv(az2p, azpy1)-qp(asp, Jazpi1) + qy(azpi1, azpra) x 0
max{qb(agp, Ja2p+1), 0}
= Qb(a@pa a2p+1)-

Qb(a2pa a2p+1) =

Therefore,

F(sqp(agpt1,azpr2) < F(gp(agp, azpy1)) — 7. (3.55)

This implies

F(sqp(agpy1, azpt2)) < F (max{qy(azp, a2p+1), @(agpt1,a2p)}) — 7. (3.56)

As s > 1, then (3.54) implies

IN

F(qu(a2p+2, a2p+1)) F(qub(Jang, Sa?p))

A

max{F(sHg,(Jagpr1, Sazy)), F(sHy,(Sagp, Jagpt1))}

As agpy1, a2, € {JS(an)}, pi (Sagpt,, azp+1) > s and pf (agp, Sazy) > s, then using the condi-

tion (3.51), we get

F(sqy(agpy2,azpr1)) < min{F (Qy(azp,azpi1)), F (Qulazpr1,azp))} — 7

IN

F (Qv(azgp, azpt1)) — 7 = F (qp(azp, azpt1)) — 7.

Therefore,

F(sqp(agpy2, azp1)) < F (max{qy(azp, a2p+1), @(a2pt1,a2p)}) — 7. (3.57)

Combining (3.56) and (3.57), we get

max { F'(sqp(agpt1, a2p+2)), F(sqp(agpra, agpy1))} < F (max{qy(agy, azp+1), gp(azpr1,a2)}) — 7.

(3.58)
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As s > 1, then (3.53) implies

IN

(SH%(JG2P*1> Sa2p))

< max{F(sHgy, (Sazp, Jagp—1)), F(sHy, (Jazy—1,Sazp))}.

F (sqp(agp, azpt1))

As agp,azp—1 € {JS(an)}, pi(agp,, Sazp) > s and p% (Sagp—1,a2p—-1) > s, then by using the

condition (3.51), we get

F (sqp(agp, azp+1)) < min{F (Qp(azp, azp-1)), F (Qplazp-1,a2))} — 7

< F(Qulazp,azp-1)) — 7.

IN

S Jagy— 1, Jagy— 1,8
F (sqp(asp, azps1)) 7 <Qb(a2p7 azp)qv(azp, Jagp—1) + gp(azp—1, Jagp—1)gp(azp—1, a2p)> .

max{qy(azp, Jazp—1), @p(azp—1, Sazy)}
< F(qb(Qprla a2p)) —T.

Therefore,

F (sqp(agp, azp+1)) < F (max{qgy(azp—1,a2p), gp(azp, azp—1)}) — 7. (3.59)

Similarly, by using (3.51), (3.52) and (3.53), we get
F (sqp(agpi1, azp)) < F (max{gy(azp-1, azp), gy(azp, azp-1)}) — 7. (3.60)
Combining (3.59) and (3.60), we get
T+F (s max{qy(azp, azp+1)), F(qp(azp+1,a2p)) < F (max{gy(azp—1,azp), gp(azp, azp—1)}) . (3.61)
Combining (3.58) and (3.61), we get
7+ F (smax {qy(an; an+1), @p(ant1,an)}) < F (max{gs(an-1, an), g(an, an-1)}).  (3.62)

By Lemma 3.4.2, {JS(ay,)} is a Cauchy sequence in (L, g5). As p% (agn,, Sa,) > s for all n € N,
so {agn} is a subsequence of {JS(ay)} contained in G(S). As G(S) is closed, so there exists
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u € G(5) such as {az,} — u,

lim gp(an,u) = lim @(u,a,)=0. (3.63)

n—-—+o00 n—-+oo

Also, p¥ (u, Su) > s. To complete the proof similar arguments as Theorem 3.4.4, we obtain
Proof. ¢,(u,Su) =0 and ¢,(Su,u) = 0. Hence u € Su. As p% (u, Su) > s and gy (u, Su) =
qp (Su,u) = g5 (0,0), then Definition 3.4.8 implies

P (Su,u) > s

Similar arguments as above, we get

qp(u, Ju) = 0 and gp(Ju,u) = 0. Hence u € Ju. Hence, the pair (S, J) has a common fixed
point w in (L, gp).
|

Single valued result with application to system of integral equations

Let S,J : L — L are the self maps and ag € L. Let a1 = Sag, ag = Jai, ag = Sas and so

on. We generate a sequence a, in L such as

a2n+1 = Sagn and a2n+2 = Ja2n+1, (Where n = 0, 1, 2, PN )

We say that {JS(ay)} is a sequence in L generated by ap.
The following result is obtained by replacing the multivalued mappings with the single
valued mappings in Theorem 3.4.4. Our results generalizes Theorem 24 in [79]. Also, we prove

uniqueness of common fixed point in our results.

3.4.11 Theorem

Consider (L, dg,) be a complete dislocated b-quasi metric space, s > 1 and S,J : L — L are
two self maps. If there exists F' € Fg and 7, c > 0 whenever for any two consecutive points a, y

belonging to the range of an iterative sequence {JS(ay)} with max{dy(Sa, Jy), dgp(Jy, Sa),
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‘qu(a)y)a qu(y,a)} > 0, we have

7+ max{F(sdg(Sa, Jy)), F(sdg(Jy, Sa))} < min{F(Dg,(a,y)), F(Dg,(y,a))},  (3.64)

where

dqb (CL, Sa) ‘dqb (yv Jy)
"e+ max{dy (a,y) ,dgp (y,a)}’

D, (a,y) = max {dqb(a, y) dgp(a, Sa), dg(y, Jy)} . (3.65)

Then, {JS(a,)} — u € L. Also, if u satisfies (3.64), the pair (S, J) has a common fixed point
in L and dg, (u,u) = 0.
Proof. Consider that a* is another common fixed point of S and J and dg(Su, Ja*) > 0.

Then, we get

T+ F (sdgp(Su, Ja™))

d Su) .d * Ja*
< F (max {dqb(uu CL*) qb (u7 u) qb (a y J QA )

"1 4 max{dg (u, a*), dg (a*,u)}’

dgp(u, Su),dqb(a*,Ja*)}> ,
this implies that
sdgy(u, a™) < dgp(u, a®).

Which is contradiction. Then dg,(Su, Ja*) = 0. Also

T+ F (sdgp(Sa™, Ju))

< F (max {dqb(a*,u) dgp (a*, Sa*) .dg, (u, Ju)

"1 4 max{dg (a*,u), dgp (u,a*)}’

dgp(a®, Sa™), dg(u, Ju)}) ,
Then, we get dg(Sa*, Ju) =0. So, a* =u. m

3.4.12 Corollary

Consider (L, dg,) be a complete dislocated b-quasi metric space, s > 1 and S,J : L — L are two
self mappings. If there exists F' € Fg and 7,c¢ > 0 such as for any two consecutive points a,y
belonging to the range of an iterative sequence {.JS(ay,)} with max{dg(Sa, Jy), Dg(a,y)} > 0,
we have

T+ F(sdg(Sa, Jy)) < F(Dg,(a,y)), (3.66)
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where

dgy (a, Sa) .dgp (y, Jy)
c+ dqb (a7 y)

qu (a7 y) = Inax {dqb(a7 3/), 7dqb<aa Sa)? dqb(yv Jy)} .

Then {JS(an)} — u € L. Also, if u satisfies (3.66), then S and J have a unique common fixed
point in L and dg, (u,u) = 0.
Let F is the set of all functions F': Ry — R defined by [100].

3.4.13 Corollary

Let (L,d,,) be a complete dislocated quasi metric space and S, J : L — L are two self mappings.
If there exists F' € F and 7,c¢ > 0 such as for any two consecutive points a,y belonging to the
range of an iterative sequence {J.S(ay,)} with max{dgy(Sa, Jy), dgw(Jy, Sa), Dg(a,y), Dg(y,a)} >

0, we have
7+ max{F(dg(Sa, Jy)), F(dg(Jy, Sa))} < min{F(Dy,(a,y)), F(Dq,(y,a))}, (3.67)

where

dqb ((I, Sa) ‘dqb (ya Jy)
¢+ max{dgy (a,y),dp (y,a)}’

DQb (a> y) = max {dqb(av y): dqb(a7 Sa): dqb(y, Jy)} .

Then {JS(an,)} — u € L. If u satisfies (3.67), then the pair (S,.J) has a unique common fixed
point v in L and dg, (u,u) = 0.
Now, as an application, we discuss the application of Theorem 3.4.11 to find solution of the

system of Volterra type integral equations. Consider the following integral equations:

u(t) = /Kl(t,s,u(s))ds, (3.68)
0
t

o(t) = / Ko(t, 5, v(s))ds (3.69)
0

for each t € [I]. We find the solution of (3.68) and (3.69). Let L = C([I], [0, +o0]) is the set

of each continuous functions on [/], endowed with the complete dislocated b-quasi metric. For
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u € C([I],[0,+00[), define supremum norm as: |[ull, = sup {u(t)e™"'}; 7 > 0 is arbitrary.
te(0,1]

2

dr(u,0) = | sup {(u(t) +20(t))e ™} = [lu+ 207
te[0,1]

Then define

for each u,v € C([I],[0,+0oc[), with these settings, (C([I], [0, +0oc[),d;) becomes a dislocated
b-quasi metric space.

In the below theorem we prove the existence of solution of integral equations.

3.4.14 Theorem

Suppose that the below assumptions hold:
(i) K1, K5 : [0,1] x [0,1] x [0,400) — [0,+00) and f, g : [I] — [0, +00) are continuous;
(ii) Define

Su(t) = /Kl(t,s,u(s))ds,
Ju(t) = /Kz(t,s,v(s))ds.

Also, assume there exist 7 > 1

max{ K1 (t,s,u) + 2K (t,5,v), Ka(t, s,v) + 2K1(t, s,u)} < /725" min{ M (u,v), M (v,u)},
(3.70)
for any ¢, s € [I] and u,v € C([I], [0, 4+00[), where

||u—|—2Su||2||1;—|—2Jv|\2
ctmax{[[u+20]|%,|[v+2u|[*}’

lJu+ 2Su| %, |Jv + 2J 0|

[lu+20]?,

M (u,v) = max

Then, integral equations (3.68) and (3.69) has a unique solution.
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Proof. By assumption (ii) and (3.70), we have

max{Su + 2Jv, Ju + 25u}

IN

¢ ¢
max /(Kl(t,s,u) + 2K2(t,s,v))ds,/(KQ(t,s,v) + 2K, (t,s,u))ds
0 0

/ V71e2s=T min{ M (u, v), M (v, u) }ds.
0

¢
(max{Su + 2Jv, Jv+2Su})? < re " min{M(u,v), M(v,u)} / e*ds
0

This implies,

(max{Su + 2Jv, Jv + 2Su}6_”)2 <

That is,

IN

1
56_7 min{ M (u,v), M (v, u)}e*™.

e " min{M (u,v), M (v,u)}.

DN |

2|| max{Su + 2Jv, Jv + 2Su}||2 < e~ min{ M (u,v), M (v,u)},

which further implies,

74 21In || max{Su + 2Jv, Ju + 2Su}||? < Inmin{M (u,v), M(v,u)},

7+ max{sIn ||Su+ 2Jv|2,sIn || Jv + 2Su}|2} < Inmin{M(u,v), M(v,u)}.

Thus, all the assumptions of Theorem 3.4.11 are hold for F(a) = Ina, d,(u,v) = ||u + 2v]2,

s = 2. Thus, the system of integral equations given in (3.68) and (3.69) has a common unique

solution. m
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Chapter 4

Double Controlled Quasi and
Dislocated Quasi Metric Type

Spaces

Theory and definitions given in this section have been published in [91, 93, 97].

4.1 Introduction

Abdeljawad et al. [2] generalized the idea of controlled metric type spaces and introduced
double controlled metric type spaces. They replaced the control function 6(a,y) in the triangle
inequality by two control functions a(a,y) and p(a,y). In this chapter we introduce double
controlled quasi, dislocated quasi metric type spaces and obtain fixed points, common fixed
points of single-valued and multivalued mappings satisfying different type contractions.
Section 4.1, contains some basic definitions of the concept of double controlled quasi and
dislocated quasi metric type spaces. In section 4.2, we introduce and prove some unique fixed
point results involving new types of contraction single-valued maps in double controlled quasi
metric type spaces. In section 4.3, we introduce some fixed points of multivalued mappings
satisfying rational type contractions, common fixed points of Reich type and Kannan type
contractions in double controlled quasi metric type spaces. In section 4.4, we obtain fixed point

results for a pair of multi-valued maps satisfying Kannan type double controlled contraction in
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a left K-sequentially complete double controlled dislocated quasi metric type space.

4.1.1 Definition

Given o, i : L x L — [1,400). If p, : L x L — [0, +00) satisfies the below conditions:
(Pgl) pgla,y) = pg(y,a) =0, then a = y;
(pg2) pyla,y) < ala,e)p,(a,e) + ple,y)py(e, y), for all a,y,e € L.

Then, p, is called a double controlled dislocated quasi metric type with the functions a, u
and (L, p,) is called a double controlled dislocated quasi metric type space. If u(e,y) = a(e, y)
then (L, p,) is called a controlled dislocated quasi metric type space. If a = y, then (L, p,) is
called a double controlled quasi metric type space. For a € L and € > 0, B, (a,a) ={yeL:
pgla,y) < e and p,(y,a) < e} and B, (a e)={y € L:pyla,y) <eand p,(y,a) < e} are open
and closed ball in (L, p,) respectively.

4.1.2 Remark

Any quasi metric space, double controlled metric type space and controlled quasi metric type
space are double controlled quasi metric type space but, the converse is not true in general (see

examples 4.1.3, 4.2.2, 4.2.5, 4.3.4, 4.3.12 and 4.3.15).

4.1.3 Example

Let L = {0,1,2}. Defined ¢ : L x L — [0,4+00) by ¢(0,1) =4, ¢(0,2) =1, ¢(1,0) =3 =¢q(1,2),
q(2,0) =0, (2,1) =2, ¢(0,0) = ¢(1,1) = ¢(2,2) = 0.

Defined o, : L x L — [1,400) as a(0,1) = (1,0) = a(1,2) = 1, a(0,2) = 2, a(2,0) = %,
a(2,1) = 13, (0, 0) = a(l 1) = a2,2) =1, p(0,1) = u(1,0) = p(0,2) = p(1,2) =1,

#(2,0) = 3, u(2,1) = g, w(0,0) = p(1,1) = u(2,2) = 1.

Note that the usual trlangle inequality in quasi metric is not satisfied. Let a =0,e =2, y =1,

we have

q(0,1) =4 >3=¢(0,2) +¢(2,1).
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Clearly q is double controlled quasi metric type for all a,y,e € L, but it is not a controlled

quasi metric type. In fact,

q(0,1) =4 > 2%5 =a(0,2)q(0,2) + a(2,1)q(2,1).

Also, it is not double controlled metric type space because, we have

Q(Ov 1) =d=a (07 2) q(O, 2) + /‘(27 1)Q(27 1) - Q(L O)'

4.1.4 Definition

Let (L, pq) be a double controlled dislocated quasi metric type space with two functions. A se-
quence {a.} is convergent to some a in L if and only if lim.—, 100 p,(ac, a) = lime—, 100 p,(@; ac) =

0.

4.1.5 Definition

Let (L, p,) be a double controlled dislocated quasi metric type space with two functions.

(i) A sequence {ac} is a left Cauchy if and only if for every e > 0 such as p,(am,ac) < ¢, for all
¢ > m > ¢, where c. is some integer or lim. ;400 pq(am, ac) = 0.

(ii) A sequence {a.} is a right Cauchy if and only if for every € > 0 such as p,(am,a.) < ¢, for
all m > ¢ > c., where c. is some integer.

(iii) The sequence {a.} is a dual Cauchy if and only if it is left Cauchy as well as right Cauchy.

4.1.6 Definition

Let (L, p,) be double controlled dislocated quasi metric type space, then
(i) Ever left-Cauchy sequence in L is convergent <> it is left complete.
(ii) Each right-Cauchy sequence in L is convergent < it is right-complete .

(iii) Every left-Cauchy as well as right-Cauchy sequence in L is convergent < it is dual complete.
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4.1.7 Definition

Consider (L, p,) be a double controlled dislocated quasi metric type space. Let A be a nonempty

subset of L and [ € L. A point yg € A is called a best approximation in A if

pq(l,A) = py(l,y0), where pq(l,A)zgggpq(hy)

and p,(A,1) = py(yo,1), where p (A1) = ;ggpq(y,l)-

If each | € L has a best approximation in A, then A is known as proximinal set. P(L) is equal

to the set of all proximinal subsets of L.

4.1.8 Definition

The function H, : P(L) x P(L) — [0, +00) defined by

1,,(C.F) = max {sup p, (0, ). supp,(C.0)}
a aeC beF

is called Hausdorff double controlled dislocated quasi metric type on P(L). Also (P(L),H, )
is known as Hausdorff double controlled dislocated quasi metric type space. Following similar

arguments of Lemma 1.7 given by Shoaib [92], we obtain the below Lemma.

4.1.9 Lemma

Let (L, py) be a double controlled dislocated quasi metric type space. Let (P(L), H,, ) is a
Hausdorff double controlled dislocated quasi metric type space on P(L). Then, for all C, F €
P(L) and for each | € C, there exists b; € F, such as H, (C,F) > p,(l,b;) and H, (F,C) >
Pq (b, 1)

4.1.10 Remark

Any dislocated quasi metric space or double controlled metric type space is double controlled
dislocated quasi metric type space but, the converse is not true in general. Also, a controlled
dislocated quasi metric type space is also double controlled dislocated quasi metric type space,

but the converse in general is not true (see examples 4.1.11 and 4.4.4).
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4.1.11 Example

Let L = {0,1,2,3}. Define p, : L x L — [0,+00) by: p,(0,1) = 0, p,(0,2) = 1, p,(0,3) =
T £(1,0) = 3, 0, (1,2) = 2, p,(1,3) = 3, py(2,0) = 3, pg(2,1) = 1, py(2,3) = 3, p,(3,0) =
%7 pq(?’al) = 2, pq(372) = ia pq(0,0) = %7 pq(171) = 0, pq(272) = 2, pq(?’v?’) = 0. Define
a,pu: Lx L —[1400)as: a(0,1) =a(1,2) = «(0,2) =1, a(1,0) = %, (2,0) =2, (3,1) = 3,
Oé<273) = 37 a(07 3) = %7 Ck(l,?)) = 37 &(2, 1) = 17 Oé(?),O) = %7 Oé(3,2) - 27 a(0,0) - Oé(l, 1) =
a(2,2) = «(3,3) =1,

n(1,2) =p(2,1) = %7 w(2,0) =2, u(3,0) = p(0,3) = pu(1,0) = u(0,1) = u(1,3) = pu(3,1) =
L, p(3,2) = 4, pl(2.3) = 1, w(0,2) = 4, u(0,0) = p(1,1) = p(2,2) = u(3,3) = L. Tt is obvious
that p, is double controlled dislocated quasi metric type for all a,y,e € L. It is clear that p, is
not double controlled metric type space. Also, it is not controlled dislocated quasi metric type.
Indeed,

3
p(1,2) =25 5 = a(1,3) p,(1,3) + 0(3, 2)p,(3,2).

4.2 Double Controlled Quasi Metric Type Spaces and Some
Results

Results given in this section have been published in [97]
In this section, we generalize the definition of fixed point for double controlled quasi metric

type spaces with two incomparable functions o and p which are follows:

4.2.1 Theorem

Consider (L, q) be a left complete double controlled quasi-metric type space with the functions
a,p: L x L —[1,400) and let J: L — L is a given map. Assume that the below restrictions
are satisfied:

There exists k € (0, 1) such as

q(Jv, Jy) < kq(v,y), for all v,y € L. (4.1)
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For ag € L, choose a. = Jy. Assume that

: o (ait1, ait2) 1
1 —_— T i1, < —. 4.2
i,ml—rg-oo (67 (ai, a7;+1) H (alJrl am) k ( )
In addition, for every a € L, we have
lim «(a,a.) and lim p(ac,a) exist and are finite. (4.3)

c——+00 c——+00

Then, J has a unique fixed point a* € L.
Proof. Let ag € L is any element. {a.} is the sequence defined as above, if ag = Jag, then

agp is a fixed point of J. By (4.1), we have

q(ac,acy1) < kq(ap,a1), ¢ € N. (4.4)

For each natural numbers ¢ < m, we have

q(ac, am) < aface, aey1)q(ace, Gep1) + p@ert, am)q(aert, am)
< a(ac, ac1)q(ac, ey1) + p(@ct1; am)a(aert; aer2)q(actt, aeto)
+i(act1, am)(@ct2; am)q(act2, am)
< afac, aer1)q(ac, Get1) + pact1, ) (Ao, Ger2)q(aet1, Aeta)

F(acr1; am) p(@er2, am)a(aes2, ac3)q(act2, aers)

+:u(ac+l7 am)#(ac+2a am)/l(ac+33 am)‘](achSa am) <.
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m—2

7
a(ac, acs1)q(ac, ac+1) + Z H w (aja am) | a(ai, ait1) Q(ai: ait1)

<
i=c+1 \j=c+1
m—1
+ H e (aks am) @(am—1, am)
k=c+1
m—2 7
< e, aer1)q(ac ac) + Y [ [ #laj am) | alai,ain) Kq(ao, ar)

a (a;, ai1) k'q(ao, ar)

IN
2
<
¢
S
o
+
—
oy
o
Q
—~
e
e
S
—
~
+
A\
=
)
<.
S
3
~—

m—1

+ I # (i am) K™ o (am-1,am) g(ao, a1)
i=c+1

m—1

i
= ofac,act1)kq(ao,ar) + Y | ] #(as,am) | e (as, aisr) Kq(ao, ar)
i=ct1 \j=c+1

m—1 %
< afa, acr)kq(ao,ar) + > | [ 1 (a5, am) | a(ai aipr) Kq(ao, ar).
iZet1 \j=0

Let, S. = Y. ( 1 (aj,am)> a(a;,a;1) k.
i=0

i=0
Hence, we have

Q(ac; am) < Q(G’Ov al) [kjca(aa ac+1) + (Sm,1 - SC)] . (4'5)

Let, r; = (lou(aj,am)> a(aj,a;+1) k'. By using (4.2), we have lim T;—*Zl < 1. By ratio

b 1——+400

+o0 7 .

test the infinite series ) (H p(aj, am)> a(a;,a;41) k" is convergent and let ¢, m tending to
i=1 \j=0

infinity in (4.5), it implies that

lim g¢(ac,am) =0. (4.6)

c,m—+
Since (L,q) is a left complete double controlled quasi metric type space, there exists some
a* € L such as

lim ¢(ac,a®) = lim ¢(a*,a.) =0. (4.7)

c——+00 c——+00
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By (4.1) and using the triangle inequality, we have

q(a”, Ja*) < a(a”, ac41)q(a”, actr) + placy1, Ja*)q(actr, Ja¥)

< a(a’; ac1)q(a’, acer) + kplacts, Ja*)gq(ae, a”).

By taking limit ¢ tends to infinity together with (4.3) and (4.7), we get ¢(a*, Ja*) = 0, that

is Ja* = a*. Now, we have to show that the fixed point of J is unique for this, let £ € L is

another fixed point of J such as J§ = £ and a* # £, we have

q(a”,§) = q(Ja’, J§) < kq(a”, §).

So a* = &. Hence, a* is the unique fixed point of J. =

4.2.2 Example

Let L = {0,1,2}. Define g: L x L — [0,400) and «, pt : L X L — [1,+00) by

q(v,y) 0 1 2 a(v,y) 0 1 2 plv,y) 01 2
0 0 % 3 0 1 3 2 0 1 i 3
4 87 20 and 10 3

1 20 % 13 11 111 Y
2 1 1o 2 1 11 2 1 2 1

It is easy to see that (L, q) is a double controlled quasi-metric type and the given function ¢ is
not a controlled metric type for the function a. Indeed,

4 63
5

> — =«a(1,0)q(0,2) + a(0,1)q(0,1).

1,2) = =

Take JO=J2=0,J1=2and k= % We observe the below cases:

(i) If v =0, y = 1, we have

X

N
>~ w
(0¢)

q(Jv, Jy) =

|

Also, hold if v =1, y = 0.
(ii) It is clear, in the case v =0, y = 2. Also, if v =2, y =0,
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(iii) If v = 1, y = 2, we get

IN

N |
O >
[N}

Q| =

Similarly, in case v = 2, y = 1. So (4.1) holds. Now let ap = 2, we have a1 = Jag = J2 = 0,

CLQIO, a3:0,---

lim « (ai+1, ai+2)

1
; =1<2=—-.
i,m—+00 (ai, ai_H) # (aH_l’ am) k

That is, (4.2) holds. In addition, for each a € L, we have

lim «(a,a.) =a(a,0) < 4+ooand lim p(aca)=p(0,a) < +oo.

c——+00 c——+00

That is, (4.3) holds. Hence all hypothesis of Theorem 4.2.1 hold and a = 0 is a unique fixed

point.

Now, we introduce the concept of a — u — k double controlled contraction and prove related

fixed point results with some examples.

4.2.3 Definition

Let L # {}, (L, q) be a left complete double controlled quasi metric type space with the functions
a,p: L x L — [1,400) and J : L — L is a given mapping. Assume that there exists a real

number k such as

1
hy = SUp{kO&(’U,y), ’U,yEL}<*-

2
1
hy = sup{k:,u(v,y), v,y € L} < 5
Suppose that:
q(Jv, Jy) < k[q(v,Jy) +q(y, Jv)], for all v,y € L. (4.8)

For a9 € L and a. = Jag, we have

a (a1, a; 1—-~h
lim Mu(ai+1,am)<h7

4.9
i,m—+o00 (ai, ai+1) ( )

106



where max {h1, ha} = h. Then, J is called o — u — k double controlled contraction.

4.2.4 Theorem

Let (L, q) be a left complete double controlled quasi metric type space with the functions «, p
:LxL —[l,+00)and let J: L — L is o — u — k double controlled contraction. Suppose that,
for each a € L, we have

lim «(a,a.) < 400 and lim p(ae,a) < +oo. (4.10)

c——+00 c——+00

Then, J has a unique fixed point a* € L.
Proof. Consider ag € L is any element. {a.} is the sequence defined as above, if ag = Jay,

then ap is a fixed point of J. By (4.8), we have

Q(aa ac+1) = Q(Jac—la Jac) <k [q<ac—la Jac) + Q(am Jac—l)]

IN

k [Q(O’C*l? a6+1) + Q<aca ac)]

IN

ka(acfla ac)Q(acfla ac) + kﬂ(aca ac+1)Q(aca ac+1)

IN

hiq(ac—1,ac) + haq(ac, acy1), (by Definition 4.2.3)

IN

hQ<ac—la ac) + hQ(aca ac+1)

h

1_ hQ(ac—hac)- (411)

IN

Q<a07 ac—H)

Now,

Q(ac—ly ac) = Q(Jac—% Jac—l) <k [Q(ac—27 ac) + Q(ac—h ac—l)]

IN

kZOé(CLC,Q, acfl)Q(acf% acfl) + k#(acfla ac)Q(acfla ac)

IN

hiq(ac—2,ac-1) + haq(ac—1,a.) (by Definition 4.2.3),

h
ﬁq(a@72,acfl). (412)

IN

Q(acfla ac)

Combining (4.11) and (4.12), we get

h 2
Q(aaac—i—l) < (1 — h> Q(ac—%ac—l)- (413)



Continuing in this way, we obtain

q(ac, ac1) < <1 f h) q(ao, a1). (4.14)

Now, to prove that {a.} is a Cauchy sequence, for each natural numbers ¢ < m, by (4.14) and

using the technique given in Theorem 4.2.1, we have

Se = i ﬁ p(ag, am) | o (as, aiyr) <1ﬁh>l

i=0 \j=0
Hence, we have

h

oesam) < alonan) | (124 ) alaesaen) + (S =50 (1.15)

The i'" term of the sequence {S.} is 7; = | [] ,u(aj,am)> a(ai,ait1) (ﬁ)l By (4.9), we
=0

have lim
1——+00

+o0 in (4.15) yields

Ti4+1
r

< 1. By ratio test {S.} converges and so {S.} is Cauchy. Letting ¢, m tend to

lim g¢(ac, anm) =0. (4.16)

c,m—-+

So the sequence {a.} is a left Cauchy. As (L, q) is a left complete double controlled quasi metric

type space, there is some a* € L such as

li na)=0= li * ae). 4.1
L0 ") = 0= L gla”,a) @1n

We claim that Ja* = a*. By (4.8), we have

q(a®, Ja") < a(a®; ac1)q(a”, acrr) + placrr, Ja*)g(actr, Ja¥)
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< afa’, acy1)q(a’, acr) + placsr, Ja*)k [q(ac, Ja®) + q(a®, acia)]

< ald*, ac1)q(a*, acpr) + placer, Ja*)k? [q(ac—1, Ja*) + q(a*, ac)]
+ulacy1, Ja*)kq(a®, acy1)

< ala*, aci1)q(a”, acr) + placr, Ja* )k a(ac-1, a*)g(ac-1, a%)
+u(a*, Ja*)q(a*, Ja*) + q(a*, ac)] + placyi, Ja*)kq(a™, act1)

< o(a, acy1)q(a®, ace1) + pilacs, Ja*)k?aac—1, a*)q(ac—1, a*)

+ (h2)2 q(a*v Ja*) + :u’(ac-‘rlv Ja*)k2q(a*7 aC) =+ /L(ac-‘rl: Ja*)kQ(a*v ac—‘rl)'
By taking limit as ¢ tends to infinity together with (4.17), we get
(1 - (h2)2> g(a*, Ja*) < 0.

Hence, a* = Ja*, which is a contradiction. Let a** in L is another fixed point of J such as

Ja** = a™ and a* # a™*, we have

IN
o
=)
—
S
*
*
*
~—
+
>Q
—~
S
*
*
S|
*
=

IN
7N
—t
[ | o
x5
~ ~'_" O
)
—
S
*
*
s}
*
S~—

IN
VN
—t
| | o=
o>~

k an * kk
< (1—k> q(a*,a™).

By taking limit as n tends to infinity, we have a* = a**. Hence, a* is a unique fixed point of J.

4.2.5 Example

Take L = {0,1,2}. Define ¢: L x L — [0,+00) and «a, pt : L X L — [1,4+00) by
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dwy) 0 1 2 afay) 0 1 2 play) 0 1 2
0 0 % 0 1 2 0 1 6 U
X 5 j 7 ) 100 and 5 10
1 5 0 % 1 5 11 1 1 1 1
17 11
2 L I 9 2 A1 2 11 1
It is easy that (L, q) is a double controlled quasi-metric type. The given ¢ is not a controlled

metric space for the function a. Indeed,

7 307
a(2,1) = 15 > to = a(2,0)4(2,0) + a(0, 1)g(0, 1),

Take JO=J2=2,J1=0and k = %, we observe the below cases:

(i) If v =10, y = 1, we have

1 8 2 4
= < — = — _
¢ (Jv, Jy) 5= 25 5[(”5]
= klq(v,Jy)+q(y, Jv)].
Ifv=1,y=0, we get
1 8
Q(Jv,Jy)ZZS%ZK[q(v,Jqu(y,Jv)]-

(ii) It is straightforward, in the case v =0, y = 2.

(iii) fv =1, y = 2, we get

—_

2 274 1
515 5

15 +]=k[Q(v,Jy)+Q(y,Jv)]-

Similarly, in the case when we take v = 2, y = 1, that is the inequality (4.8) holds. Now, we

have

1 1
h1 =sup{ka(v,y), v,y € L} < 3 and hy = sup {ku (v,y), v,y € L} < 7

h = max{hy, ho} = % Now, let ag =2, we have a1 = Jag=J2=2,a3 =2, a3 =2, --

. a (it1, aiv2) 1—h
lim ML)y — 1< 0
i,mf}roo (07 (ai, ai+1) a (aH_l am) h
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which shows that (4.9) holds. Now, for each a € L, we have

lim «a(a,a.) < +ooand lim p(aea) < +oo.

c——+00 c——+00

That is, (4.10) holds. All hypothesis of Theorem 4.2.4 are satisfied and a = 2 is unique fixed

point.

4.2.6 Definition

Let (L, q) be a complete quasi b-metric space. J : L — L is called Chatterjee type b-contraction

if the following conditions are satisfied:

q(Jv, Jy) < klq(v,Jy) +q(y, Jv)],

for all v,y € L, k € (0, 1) and

1— kb
b< ——. 4.18
< (4.18)

4.2.7 Theorem

Consider (L,q) be a complete quasi b-metric space and J : L — L is Chatterjee type b-

contraction. Then, J has a unique fixed point.

4.2.8 Remark

16

In the example 4.2.5, ¢ is quasi b-metric with b = 13,

but we can not apply Theorem 4.2.7

because J is not Chatterjee type b-contraction. Indeed, b £ 1;—{)‘”3, for all b > %.

4.3 Fixed Point Results in Double Controlled Quasi Metric

Type Spaces

Results given in this section have been published in [93]
Let (L,q) be a double controlled quasi metric type space, ap € L and J : L — P(L) be

multifunctions on L. Now, we consider the arguments of a sequence {LJ(a.)} as appearing in
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the beginning of section 2.2 and we say that {LJ(a.)} is a sequence in L generated by ag under

double controlled quasi metric type g. We can define {LJ(a.)} in other metrics in a similar way.

4.3.1 Definition

Let (L,q) be a complete double controlled quasi-metric type space with the functions «, u
: Lx L — [1,400). A multivalued mapping J : L — P (L) is called a double controlled rational

contraction if the following conditions are satisfied:

Hy (Jv, Jy) < k(Q (v,y)), (4.19)

forallv,y e L, 0 <k <1 and

Q (v,y) ZmaX{Q(v,y),Q(v,Jv),‘J(”’ J”)Q(W?J)+Q(y,Jy)fJ(y,Jv)}‘

q(v, Jy) + q(y, Jv)

Also, for ag € L, take a. € {LJ(a.)} such as

sup lim a(aiy1, ait2)

4.20
m>1 i——400 QU (a,-, ai+1) ( )

=

H (ai-‘rl: am) <

Now, we prove that an operator J satisfying certain rational contraction has a fixed point

in double controlled quasi metric type space.

4.3.2 Theorem

Consider (L, q) be a left complete double controlled quasi-metric type space with the functions
a,pu: L x L —[l,400) and J : L — P(L) is a double controlled rational contraction. Suppose

that, for every a € L

lim «a(a,a.), lim p(ac a) exist and are finite. (4.21)
c—+00 c—+400

Then, J has a fixed point a* € L.

Proof. By Lemma 4.1.9 and using inequality (4.19), we have

q (a07 ac—i—l) S Hq (Jac—h Jac) S k (Q(ac—la ac)) .
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Q(ac—la ac) < max {q (ac—h ac) yq (ac—17 ac) s
q (acfla ac) q (acfb Jac) +q (am ac+1) q (aca Jacfl) }
q (acfly Jac) +q (am Jacfl)

= Q(acflv ac)'
Therefore,
q(ac,act1) < kq(ac—1,ac). (4.22)
Now,
q (ac—la ac) < Hq (JCLC_Q, Jac—l) <k (Q(a6—27 ac—l)) .
Qac—2,ac-1) = max{q(ac—2,ac-1),q(ac—2,0c-1),
q (ac—27 ac—l) q (ac—2u Jac—l) +q (ac—la ac) q (ac—la Jac—?) }
Q(ac—27Jac—1) + q(ac—lajac—2) ’

Therefore,

q(ac—1,ac) < kq(ac—2,ac-1). (4.23)

Using (4.23) in (4.22), we have

q (ac’ ac—H) S k2(](ac—27 ac—l)-
Continuing in this way, we obtain

q(ac, ac+1) < k°q(ao, ar). (4.24)

Now, by (4.24) and using the technique given in Theorem 4.2.1, it can easily be proved that
{ac} is a left Cauchy sequence. So, for each natural numbers with ¢ < m, we have

lim g¢(ac, am) =0. (4.25)

¢, m—-+00

Since (L, q) is a left complete double controlled quasi metric type space, there is some a* € L
such as

lim ¢(ac,a*) = lim ¢(a*,a;) =0. (4.26)

c——+o0 c——+00
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By using the triangle inequality and then (4.19), we have

q(a™, Ja™)

IN

a(a®; ac1)q(a’s acer) + placyr, Ja*)g(acr, Ja¥)

Jr
< a(a®, acy1)q(a”, acy1) + plact1, Ja*) max {q (ac, a*) , q (ac, ac41) ,
q (am ac—‘rl aw a*> +4q (a*, Ja*) q (a*7 ac-l—l) }
q(ac, Ja*) + q(a*,act1) )
Using (4.21), (4.25) and (4.26), we get g(a*, Ja*) < 0. That is, a* € Ja*. Thus, a* is a fixed
point of J. =

4.3.3 Theorem

Consider (L, q) be a left complete double controlled quasi metric type space with the functions

a,pu: L x L —[l,400)and J: L — L is a map such as:

q(Jv, Jy) < k(Q(v,y)),

forallv,ye L,0 <k <1 and

Q (v,y) = max {q (0,9),q (v, Jv), L (v, Jv) q (v, Jy) + q(y, Jy) a (y, Jv) } .

q(v, Jy) + q(y, Jv)

Suppose that, for every a € L and for the Picard sequence {a.}

lim «(a,a.), lim p(aca) are finite and sup lim Mu(aﬁ_l,am) <

c——+00 c—+00 m>1 i—+o00 (U (al, CLH_l)

=

Then J has a fixed point a* € L. We present the below example to illustrate Theorem 4.3.3.

4.3.4 Example

Let L = {0,1,2,3}. Define ¢ : L x L — [0,4+00) by ¢(0,1) =1, ¢(0,2) =4, ¢(0,3) =5, ¢(1,0) =
0, ¢(1,2) = 10, ¢(1,3) = 1, ¢(2,0) = 7, ¢(2,1) = 3, ¢(2,3) = 5, ¢(3,0) = 3, ¢(3,1) =
6, ¢(3,2) = 2, ¢(0,0) = ¢(1,1) = ¢q(2,2) = q(3 3) = 0. Define a,pu : L X L — [1,400) as
a(0,1) = 2, (1,3) =2, a(2,1) = % a(3,0) = 35, «(3,2) = 35 and a(v,y) = 1, if otherwise,

#(172) = /L(27 1) = 'u(270) = U(S’O) = 'UJ(O’ 3) = 'UJ(2>3) = ,UJ(S, 1) =1, 'UJ(LO) = %7 M(()? 1) =
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2, w(1,3) =3, u(3,2) = 4, p(0,2) = 3, u(3,3) = u(2,2) = p(1,1) = p(0,0) = 1. Clearly (L,q)
is a double controlled quasi metric type space, but it is not a controlled quasi metric type space.
Indeed,

q(1,2) =10 >4 = a(1,0) ¢(1,0) + «(0, 2)¢(0, 2).

Also, it is not double controlled metric type space. Take JO=J1=0,J2=J3=1and k = %
We observe that
q(Ju, Jy) < k(Q (v,y)), forall v,y € L.

Let ag = 2, we have a1 = Jag=J2=1,a3 =Ja1 =0,a3 = Jas =0, --

sup lim a (@it1,ai42)

1
Qit1,0m) =2 < 3= —.
m21i—>+oo Ol(ai,ai+1) lu’( 1+ m)

k

Also, for every a € L, we have

lim «a(a,a.) < +ooand lim p(aea) < +oo.
c—+400 c—+400

All assumption of Theorem 4.3.3 hold and a* = 0 is a fixed point.

4.3.5 Theorem

Let (L, q) be a left complete quasi b-metric space and J : L — L is a map. Assume that there

is some k € (0, 1) such as

q(Jv, Jy) < k(Q (v,y))

whenever,

Q (v,y) ZmaX{q(v,y),q(v,JU),q(U7JU)Q(UaJ?/)+q(y"]y)q(y,Jv)}7

q(v, Jy) + q(y, Jv)

for all v,y € L. Assume that 0 < kb < 1. Then, J has a fixed point a* € L.

4.3.6 Remark

In the example 4.3.4, note that q is a quasi b metric with b = %, but we can not apply Theorem

4.3.5 for any b = 13—0 and k = %, because kb «£ 1.
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4.3.7 Theorem

Let (L,q) be a left complete quasi metric space and J : L — P(L) is a multivalued map.

Suppose that there is some 0 < k < 1 such as for any v,y € L

(v, Jv) q (v, Jy) + q (y, Jy) q (y, Jv)

q
Hy (Jv,Jy) <k (max {q (v,9),q (v, Jv), q(v, Jy) + q(y, Jv)

Then, J has a fixed point a* € L.

Now, we consider a sequence {JS(a,)} as in the beginning section 4.4. We introduce double

controlled Reich type contraction.

4.3.8 Definition

Let L # {}, (L, q) be aleft complete double controlled quasi-metric type space with the functions

a,p: Lx L —[l,400) and S,J: L — P(L) be a multivalued mappings. Assume that:

Hy(Sv, Jy) < t(q(v,y)) + k(q(v, Sv) + q(y, Jy))
and
Hy(Jv, Sy) < t(q(v,y)) + k(q(v, Jv) + q(y, Sy)),

for each v,y € L, 0 < t + 2k < 1. For ag € L, choose a. € {JS(a.)}, we have

a(a;11, ;190 1—-k
Mﬂ(azﬁrlaam) <=

sup lim P

m>1i—+oo @ (a;,ait1)
Then the pair (5, J) is called a double controlled Reich type contraction.

The following results extend the results of Reich [81].

4.3.9 Theorem

(4.27)

(4.28)

Let S,J: L — P(L) be the multivalued mappings, (L, q) be a left complete double controlled

quasi metric type space and (S, J) is a pair of double controlled Reich type contraction. Suppose

that, for all @ € L

1
lim «(a,ac) is finite and lim p(aca) < —.
c——+00 c——+00 k
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Then, S and J have a common fixed point z in L.

Proof. Consider the sequence {JS(a.)}. Now, by Lemma 4.1.9, we have

q(CLQC) a2c+1) < Hq<Ja20—17 Sa?c) (430)

By using the condition (4.27), we get

q(age, a2c4+1) < t(g(age—1,a2:) + k(q(age—1, Jaze—1) + q(age, Saze)

IN

t(q(aze—1,a2c) + k (q(age—1, a2c) + q(aze, aze+1))

t+k
m (q(azc—l, a20))

1 (q(aze-1,asc)) - (4.31)

q(aze, a2eq1) <

Now, by Lemma 1.11, we have

q(a20—17 CL2c) < Hq(SGQC—Qa Ja2c—1)-

So,by using the condition (4.27), we have

Q(GQC_l, CLZC) < tQ(CLQc—Qv a2(:—1) +k (Q(a20—27 Sa2c—2> + Q(a2c—1a Ja2c—1))

< tq(age—2,a20-1) + k (q(aze—2, aze—1) + q(ase—1, azc))
t+k
S 1 (¢(aze—2, aze-1)) = 1 (q(aze—2, aze-1)), (4.32)

where n = % Using (4.31) in (4.32), we have

q(ase, azc11) < N°q(age—2,ae—1)- (4.33)
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Now, by Lemma 4.1.9 we have
q(age—2,a2c-1) < Hy(Jage—3, Saz.—2).

Using the condition (4.27), we have

q(age—2,a2.-1) < tq(age—3,a2c—2) + k (q(agc—3, azc—2) + q(azc—2, agc—1))

< 17 (q(aze—s3, age2))- (4.34)
From (4.33) and (4.34), we have
1% (q(age-2, age-1)) < 1°(q(age—s3, age—2)). (4.35)
Using (4.35) in (4.31), we have
q(age, ager1) < 1°(q(age—s3, age—2)).-
Continuing in this way, we get
q(age, azet1) < 1°°(q(ao, ar)). (4.36)
Similarly, by Lemma 4.1.9, we have
q(age—1,a2c) < 1> (q(ag, a1)). (4.37)
Combating inequality (4.36) and (2.37), we have
q(ac, act1) < n(q(ao, a)). (4.38)

Now, by using (4.38) and by using the technique given in [2], it can easily be proved that {a.}

is a left Cauchy sequence. So, for all natural numbers with ¢ < m, we have

lim g¢(ac,anm) =0. (4.39)

¢,m—-+00o
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Since (L, q) is a left complete double controlled quasi metric type space. So {a.} — 2 € L, that
is

lim g¢(ac %)= lim ¢(%,a.) =0. (4.40)

c——+00 c——+00

To show that Z is a common fixed point. We claim that ¢ (2,J2) = 0. On contrary suppose

q(2,J2) > 0. Now by Lemma 4.1.9, we have
q(a20+1, JZ) § Hq(SCLQC, JZ)

q(azci1, J2) < Ug(aze, 2)) + K [g(aze; aze1) +4(2,J2))] (4.41)

Taking ligrn of inequality (4.41), we get

C— 100

lim g(aget1,J2) < Llim g(az, 2) +k lim [q(age, azet1) + q(2, J2))] -

c——+00 c——+00

By using inequalities (4.39) and (4.40), we get

lim g(aget1,J2) < k(q(2, J2)). (4.42)

c——+400

Now,

Q(Z7 JZ) S a(za a2c+1)Q(27 a26+1) + /J/(a2c+].7 JZ")Q(CLQC—i-lv JZ)

Taking lim and by using inequalities (4.29), (4.40) and (4.42), we get

c——+00

q(2,J2) < q(2,J2%).

It is a contradiction, therefore ¢(z,.J2) = 0. Thus, 2 € JZ. Now, suppose ¢(%,S5%2) > 0. By
Lemma 4.1.9, we have

q(a267 SZ) < Hq(Ja2c—17 SZ)

By inequality (4.27), we get

q(age, S2) < t(q(age—1,2)) + k[g(aze—1, a2:) + q(2, 52)].
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Taking lilll of above inequality, we get
C——100

lim q(ag., S2) < k(q(2,5%2)). (4.43)

c——+00

Now,

q(2,52) < a(2,a2:)q(2, aze) + plage, S2)q(age, S2).

Taking ligl and by using inequality (4.29), (4.40) and (4.43), we get
C——100
9(5,5%) < q(2,52).
A contradiction. Thus, 2 € S2. Hence, Z is a common fixed point for S and J. =

4.3.10 Theorem

Let (L,q) be a left complete double controlled quasi metric type space with the functions
a,pu: L x L —[l,400) and S,J : L — L be the mappings such as:

q(Sv, Jy) < t(q(v,y)) + k(q(v, Sv) + q(y, Jy))

and

q(Jv, Sy) < t(q(v,y)) + k(q(v, Jv) + q(y, Sy)),

for each v,y € L, 0 < t + 2k < 1. Suppose that, for every a € L and for the Picard sequence

{ac}

. o . 1
cEI-Pooa (a,ac) is finite, Cl}gloo,u (ac,a) < z and
; ; 1—k
sup lim wu (@itt, am) < —.

m>11—+0 « (ai, ai+1) t+ k

Then S and J have a common fixed point a* € L.
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4.3.11 Theorem

Consider (L, q) be a left complete quasi b-metric type space with the functions o, p: L X L —
[1,400) and S,J : L — L be the mappings such as:

q(Sv, Jy) < t(q(v,y)) + k(q(v, Sv) + q(y, Jy))

and

q(Jv, Sy) < t(q(v,y)) + k(q(v, Jv) + q(y, Sy)),

for each v,y € L, 0 < t+2k < 1land b < ;k Then S and J have a common fixed point

E

a* € L.

4.3.12 Example

Let L = {0,3,1,1}. Define ¢ : L x L — [0,400) by ¢(0,3) = 1, ¢(0,1) = 1, ¢(3,0) =
%7 Q(%ao) = 17 q (iv %) = 37 q (iul) =

34 y
a,p: L x L — [1,400) as follows « (%,%) = %, a(O,%) = %, a(%,l) =3, a(l,%) = % and

(1’ i) = % and q(U, ) = |’U — y‘ s if otherwise. Define

a(v,y) = 1, if otherwise. (0, %) = %, (1, %) = 3 and p(v,y) = 1, if otherwise. Clearly ¢ is
double controlled quasi metric type for all v,y,e € L. Let, JO = {0}, J% = {%}, Ji = {0},
J1l = {%}, S0 = S% = {0}, S% = {%}, S1={0} and t = %, k= %. Now, if we take the case
v:%,y:i,wehave

Hy(S3,J%) = Hy ({3} .{0}) = q(3,0) = L < & = t(q(v,)) + klq(v, Sv) + q(y, Jy)).
Also, satisfied for all v,y € L. That is inequality (4.27) satisfied. Now, let ap = 1, we have
a1 =Sag=0,ay=Ja; =0, a3 = Sas =0

(0% (ai+1, ai+2) 15 1—k

sup lim wl(ait1,am) =1<

m>1t—+too & (ai7 ai+1)

13 t+k

which shows that inequality (4.27) and (4.28) holds. Thus the pair (S, .J) is double controlled

Reich type contraction. Finally, for every a € L, we obtain

lim «(a,ac) is finite, lim p(aca) <
c—+00 c—+00

I =
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All assumption of Theorem 4.3.9 are hold and 2 = 0 is a common fixed point.

Note that ¢ is a quasi b-metric with b = 3, but Theorem 4.3.11 can not be applied because
b £ % = ;—]]j Therefore, this example shows that our generalization from quasi b-metric space
to double controlled quasi metric type spaces is genuine. Also, It is not controlled quasi metric

type space. Indeed,
11 6 1 1 1 1
ig3)=3> £ =a(30)a(5:0) +a(0.3)a00.5).
Taking t = 0 in Theorem 4.3.9, we obtain the below theorem of Kannan-type.

4.3.13 Theorem

Consider (L, q) be a left complete double controlled quasi metric type space with the functions

a,p: L x L —[l,+00)and S,J: L — P(L) are the multivalued mappings such as:
Hy(Sv, Jy) < k(q(v,Sv) + q(y, Jy)) and Hy(Jv, Sy) < k(q(v, Jv) + q(y, Sy)),

for each v,y € L, 0 < 2k < 1. Suppose that, for every a € L and for the sequence {JS(a.)}, we
have

. e . 1
Cginooa(a,ac) is finite, CETwu(ac,a) < Z and

a(air1, a0 1-k

sup lim 2

m>1i—+oo  a(aj, ait1)

Then, there is a single common fixed point for S and J in L.

Taking S = J, we get the below result.

4.3.14 Theorem

Consider (L, q) be a left complete double controlled quasi metric type space with the functions

a,pu: L x L —[l,400)and J: L — P(L) is a multivalued map such as:

Hy(Jv, Jy) < k(q(v, Jv) +q(y, Jy))
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for each v,y € L, 0 < 2k < 1. Suppose that, for every a € L and for the sequence {J(a.)}, we
have

1
lim «(a,ac) is finite, lim p(ac,a) < — and
c——+o0 c—+00 k

a(@it1,aiq2) 1—-k

li i1, < —.
rSnuZpl %—}inoo a(a;, ait1) (i1, am) k
Then, J has a fixed point.
4.3.15 Example
Let L =[0,3). Defined ¢ : L x L — [0,400) as
0, ifv=uy,
q(v,y) = )
(v —1y)” + v, otherwise.
with
2, ifv,y>1, 1 ifo,y>1,
a(v,y) = , (v, y) = ,
%, otherwise. %, otherwise.

Clearly (L, q) is double controlled quasi metric type space. Choose Jv = {%} and k = % It is

clear that J is Kannan type double controlled contraction. Also, for each a € L, we have

=

lim «a(a,ac.) < +oo, lim p(aca) <
c——+00 c—+00

Thus, all hypotheses of Theorem 4.3.14 hold and Z = 0 is a fixed point.

4.3.16 Theorem

Let (L, q) be a left complete quasi b-metric space and J : L — P (L) be a mapping such as:

Hy (Jv,Jy) < kg (v, Jv) + q(y, Jy)],

for each v,y € L, k € [0, %) and b < % Then J has a fixed point a* € L.
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4.3.17 Remark

In the example 4.3.15, q(v,y) = (v —y)? 4+ v is a quasi b metric with b > 2, but we can not

apply Theorem 4.3.16 because J is not Kannan type b-contraction. Indeed b £ % = %

4.4 Double Controlled Dislocated Quasi Metric Type Spaces

and Some Results

Results given in this section have been published in [91]

Let (L, pq) be a double controlled complete dislocated quasi metric type space, ag €L and
S,J : L — P(L) are multifunctions on L. Let a; € Sag is an element such as p,(ag, Sag) =
pq(an,a1), p,(Sag, ao) = py(ai,ao). Let az € Jay besuch as p (a1, Jar) = p,(a1,az), p,(Ja,a1) =
pq(ag,al). Let az € Sas be such as pq(ag,Sag) = pq(ag,ag) and so on. Thus, we generate a
sequence a, of members in L such as asp+1 € Sag, and agyi2 € Jagnt1, with pq(agn, Sagy) =
Pq(A2n; A2nt1), pg(Sazn, azn) = pylazni1, azn), and py(aznit, Jaznt1) = py(aznt1, aznt2),
pq(Ja2n+1, aon+1) = pq(a2n+2, aan+1), where n = 0,1,2,--- . We denote this iterative sequence
by {JS(ay)}. We say that {JS(a,)} is a sequence in L generated by ag. If J = S, then
we say that {J(an)} is a sequence in L generated by ag. Let M C L, define 5* (a, M) =
inf {B(a,l), 1 € M} and B* (M,y) = inf {5 (b,y), b€ M}.

4.4.1 Definition

Let L # {} and 8 :LxL— [0,4+00) be a map such as f(a,y) > 1 and 5 (y,a) > 1, implies
a=vy. Let S, J: L — P (L) are the multi-valued maps, then the pair (S, J) is said to be 5*-Alt

multivalued mapping, if

(a) 8% (a, Sa)

(b) 8*(Sa,a) > 1, p,(a,Ja)=p,(a,y) and p,(Ja,a) = p, (y,a) implies 5* (y, Sy) > 1.

v

1, p,(a,Sa) = p,(a,y) and p,(Sa,a) = p, (y,a) implies % (Sy,y) > 1.

4.4.2 Definition

Let (L, p,) be a complete double controlled dislocated quasi metric type space and (S, J) be
a pair of £ multivalued mapping. Then (S, J) is called §* Kannan type double controlled
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contraction, if for any two consecutive points a, y belonging to the range of a sequence {JS(a,)}

with 8* (Sy,y) > 1, 8 (v, Sv) > 1 and p,(v,y) > 0, we have
max {Hpq(Sv, Ty), H, (T, S’U)} < k(py(y, TY) + py(v, Sv)), (4.44)

where, k € [0, 3). Also, the terms of the sequence {.JS(a,)} satisfy the following

i+1, Gy 1—-k
ol aiva) == (4.45)

sup lim
m>11—+o0 (ai, ai+1)

4.4.3 Theorem

Let (L, pq) be a left K-sequentially complete double controlled dislocated quasi metric type
space. (S, J) is the pair of 8* Kannan type double controlled contraction. Assume that:

(i) The set G(S) = {a: " (a,Sa) > 1} is closed and contains ag.

(ii) For every a € L, we have

lim «a(a,a,) and lm p(a,,a) <
n—+o00 n—-+o0o

(4.46)

| =

Then {JS(a,)} — a € L. Also, if (4.44) holds for each a,y € {a*} then, there is a single
common fixed point for S and J in L and p,(a*,a*) = 0.

Proof. As ag is any element of G (S), from condition (i) 5* (ag, Sag) > 1. Let {JS(ay)} is
the iterative sequence in L generated by a point ag € L.
Since 8% (ag, Sao) > 1, py (a0, Sao) = py (a0, a1) and p, (Sao,a0) = p, (a1, a0). As (S,J) is B*
multivalued mapping, so 8*(Sai,a1) > 1. Now, 8*(Sai,a1) > 1, p,(a1,Ja1) = p,(a1,a2)

and p,(Jai,a1) = p,(az,a1) implies that §*(az,Saz) > 1. By induction we deduce that

B* (age, Saz.) > 1 and B* (Saget1,a2.41) > 1, for all ¢ = 0,1,2,---. Now, by Lemma 4.1.9,
we have
pqlaze, azey1) < Hy (Jage—1, Sasc) (4.47)
and
Pq(@2¢41, G2c12) < Hpq(SaJZCa Jageq1). (4.48)
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Using (4.48), implies

Pq(@2e11, azey2) < Hp (Sage, Jageyr).

As age, age41 € {JS(an)}, B* (age, Sage) > 1 and B* (Saget1,a2c+1) > 1, by using the condition

(4.44) in inequality (4.48), we have

IN

Pg(2c+1, @2¢42) k [pg(aze, Saze) + py(azer1, Jazer)]

IN

k (pg(aze, aze1) + py(aser1, azet2))

k k

S m (pq(GQCa a20+1)) S 1% (pq(a207 a20+1)) ) Where o= m (449)

Now, by (4.47), we have

Pq(Gch a2c+1) < Hpq (Ja20—17 Sa?c)-

As age,a9.-1 € {JS(an)}, B* (age, Sag.) > 1 and % (Sage—1,a2.—1) > 1, by using the condition
(4.44) in inequality (4.47), we get

k
Pelaze, azer1) < k(pg(age—1, Jage—1) + pylase, Saze) < % (pg(aze—1,a2c))
k

< (pg(age—1,a2:)) , where p = 1= (4.50)

As age—2,a2:-1 € {JS(an)}, B* (age—2,Sa2,-2) > 1 and B* (Sage-1,a2.-1) > 1, by using the
condition (4.44), we get

py(aze—1, a2c) < p(pg(age—2, aze—1)) - (4.51)

Using (4.51) in (4.50), we have

py(ac, azes1) < pPpy(ase—2, aze—1). (4.52)

As age—2,a2.—1 € {JS(an)}, 5% (Sage—1,a2.-1) > 1 and B* (age—2, Sazec—2) > 1, by using the

condition (4.44), we get

Py(a2c—2,a2c1) < pi° (py(aze—3, aze—2)) - (4.53)
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From (4.52) and (4.53), we have

12 (pg(age—2, aze—1)) < 1 (py(age—3, age—2))- (4.54)

Using (4.54) in (4.50), we have

Pqg(aze, aze1)} < M3(pq(a2c—3, agc-2))-

Continuing in this way, we get

pglase, azer1)} < p*(py(ao, ar)). (4.55)

Now, by using (4.49), (4.50), (4.51) and continuing in this way, we get

pq(a20+17 a2c+2) < M2C+1(pq(a0? al))' (456)

Combining the inequalities (4.55) and (4.56), we have

Pqlan; ani1) < 1" (pglao, a1)). (4.57)

Now, by (4.57) and using the technique given in 4.2.1, it can easily be proved that {a,} is a

left Cauchy sequence. So, for all natural numbers with n < m, we have

lim  p,(an, am) = 0. (4.58)

n,m—-+oo

So, the sequence {JS(a,)} is a left Cauchy sequence. Since (L,p,) is a left K-sequentially
double controlled complete dislocated quasi metric type space, so there exists a* € L such as

{JS(an)} — a* € L, that is

lim p,(an,a*) = lim p, (a*, a,) = 0. (4.59)

n—-+o0o n—-+o0o

Since (L, p,) is a left K-sequentially complete and G(S) is closed subset of L, so (G(S), p,) is

a left K-sequentially complete. As 8 (ag.,, Sag.) > 1 for all ¢ € N. So {a2,} is a sequence of
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{JS(an)} contained in G(S). By completeness of (G(S), p,) and uniqueness of limit {az,} — a*,
that is
B* (a*, Sa*) > 1.

Now, we suppose that p, (a*, Sa*) # 0. By Lemma 4.1.9, we have
pq(agn, Sa*) < Hpq(Jagn_l,Sa*).
As % (a*,Sa*) > 1 and 8% (Sazn—1, a2n—1) > 1, by using (4.44), we have
pylazn, Sa™) <k [pq(agn_l, agn) + pya”, Sa*)] . (4.60)
Taking nll)r_ir_loo of inequality (4.60), we get

lim p,(agn, Sa*) < lim k[p,(azn—1,a2,) + p,(a*, Sa*))],

n—+oo n—+00
lim p,(azn, Sa*) < k(p,(a*, Sa®)). (4.61)
n—-+00
Now,
,Oq(a*, SCL*) < a(a*, a2n*1)pq(a*a a2n*1) + iu(a’va Sa*)pq(a2n7 S(L*) (462)

Taking lim of inequality (4.62) and using inequality (4.46) and (4.59), we get

n—-4o00

pgla”, Sa*) < liT p(azn, Sa*)p,(azn, Sa*). (4.63)
Using inequality (4.46) and (4.61) in inequality (4.63), we get that

py(a*, Sa*) < p,(a*, Sa”).

It is a contradiction, therefore

pyla”, Sa*) = 0. (4.64)
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Now, suppose that p, (Sa*,

a*) = 0. By Lemma 4.1.9 and (4.44), we have

py(Sa*, az,) < H, (Sa*, Jagn-1)-

Now, 5% (a*,Sa*) > 1 and * (Sagn—1,a2,—1) > 1, so by (4.44), we have

py(Sa*,az,) < k [p,(a*, Sa*) + p,(azn—1,a2,)] .

Taking lim of inequality

n—-+o0o

(4.65), we get

lim pq(Sa*7 a?n) < nll»m k [pq(a2n—17 a?n) + pq(a*a S(I*))] )

n—-+00

Now,

pg(Sa*,a”) < a(Sa*, azn)p,(Sa*, azn) + p(azn, a*)pg(azn, a®).

Taking liI_’I_l of inequality (4.67) and using inequality (4.46) and (4.59), we get

+o0

lim_p,(Sa, as,) < k(p,(a*, Sa*)).

n—-+o0o

* ok 1 *
pq(S’a )y @ ) < qu(sa 7a2n)'

By using inequality (4.46) and (4.66) in inequality (4.68), we obtain

py(Sa*,a*) < p,(a*,Sa*) =0, by (4.64).

It is a contradiction. Hence, a* € Sa*. Now,

pq(a*’ a*

This implies p,(a*,a*) = 0asn — +o0. As 8* (a

So, Definition 4.4.1 implies

) < a(a*, as)pg (0%, az0) + 1 (a2, a*) py(azn, a*).

g* (Sa*,a*) > 1.
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Now, by Lemma 4.1.9, we have
pq(a2n+1, Ja*) < Hpq(Sagn, Ja®).
As, 8% (agn, Sagy) > 1 and B* (Sa*,a*) > 1, so by (4.44), we get

pq(a2n+17 J(L*) <k [pq(a2n7 a2n+1) + pq(a*a Ja*))] . (469)

Taking lim of inequality (4.69), we have

n—-+o0o

lim pq(a2n+17 Ja*) < lim & [pq(a2n7a2n+1) + Pq(a*, Ja*))] .

n—-+o0o n—-+00

Taking lim and using inequality (4.58), we have

n—-+00

lim pq(a2n+17‘]a*) < k(pq(a*aJa*))' (470)

n—-+o00

Since,

pg(a”, Ja*) < afa®; azn)py(a”, agn) + plazn i1, Ja™)pg(agntr, Ja¥).

Taking lim for above inequality and using inequality (4.46) and (4.59), we get

n—-—+o00

pq(a*7‘]a*) < (pq<a2n+1aja*)) .

T =

By using inequality (4.46) and (4.70), we get that
pgla®, Ja*) < p,(a*, Ja*).
It is a contradiction. Thus p,(a*, Ja*) = 0. Similar arguments as above, we get
py(Ja*,a*) = 0.

Hence a* € Ja*. Thus, a* is a common fixed point of S and J. m

130



4.4.4 Example

Let L = [0,400) N Q" and defined p,(a,y) = (a + 29)% if a # y, and pyla,y) = 0,if a = y.

Then (L, pq) is a complete double controlled dislocated quasi metric type space with

2, ifa, y>1, Lifa, y>1,
ala,y) = ) pay) =9 .,
4+2 otherwise. 43=, otherwise.
Let,
l,ifae Aand y € B
Blay) =9 | .
7> otherwise.
Now,

B = {y:5"(Sy,y) 21} =
Define the maps S,J : L — P(L) as

11
T(y) = [8’4] NQ*, forally € {0,1 ’8’64’512’4096’“'}’
[y +2, 2(y+1)]NQT, if otherwise.
{ y}ﬁ@Jr for allyE{O, ’8’64’5%2’40196"”}’

S(y) =
[y + 1,y +3]NQT, if otherwise.

The given p, is not a controlled dislocated quasi metric type space for the function a. Indeed,
py(1,3) =49 > 37.5 = a(1,0) p,(1,0) + (0, 3)p, (0, 3).

Now, p, (a0, Sag) = p, (1,51) = p, (1, =01+ ) (%)2 , we define the sequence {JS(a,)} =
{1, 1 5 614, 5i2, 10960} in L generated by yo = 1.

Note that 8* (a, Sa) > 1, p, (a, Sa) = p, (a,y) and p, (Sa,a) = p, (y,a) implies 3* (Sy,y) > 1.
Also, 8" (Sa,a) > 1, p, (a,Ja) = p,(a,y) and p, (Ja,a) = p, (y,a) implies 3" (y, Sy) > 1. So

the pair (S, J) is f*-Alt multivalued mapping on {JS (a,)}.
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Now, for all a,y € LN{JS (an)} with 8* (Sy,y) > 1, 8* (a,Sa) > 1 and k = 2, we observe that

all cases are satisfied that is

max {Hpq(Sa, Jy), Hp, (Jy, Sa)} < k(py(a, Sa) + p,(y, Jy)).

Now, let ag = 1, we have a1 = Sag = %, as = Jag = (%4’ a3 = Say = 5%,

w(ais1,am) =0.71 < =

sup lim

(0% (ai+1, ai+2) 1—-k §
m>1i—+0 o (ai, ait1) 2

That is, the pair (S, J) is 8% Kannan type double controlled contraction. Let ag = 1, we have

G(S) = {a:p"(a,Sa)>1and a € {JS(an)}}
1 1
_ {0,1,64,4096,...}.

That (i) is hold. Finally, for every a € {JS(ay)}, we have

DO Ot

: 5 :
nll)I_’I_looa (a,an) < 5 and nkrfoo”(a"’a) <

Thus, each hypothesis of Theorem 4.4.3 hold. In fact 0 is a a single common fixed point of S
and J.

4.4.5 Definition

Let (L, pq) be a complete dislocated quasi b-metric type space and S, J be a 8*-Alt multivalued
map. Then the pair (S, J) is called * Kannan type b-contraction, for every two consecutive
points a,y belonging to the range of a sequence {JS(ay,)} with g* (Sy,y) > 1, 5% (a,Sa) > 1

and p,(a,y) > 0, we have
max {Hpq(Sy, Ja), H, (Ja, Sy)} < k(py(a, Ja)+ p,(y, Sy)), 4.71

whenever, k € [0, §) and b < 12E.
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4.4.6 Theorem

Consider (L, p,) be a left K-sequentially complete dislocated quasi b-metric space and a pair
(S,J) is a 8* Kannan type b-contraction. Assume that: the set G(S) = {a: f* (a,Sa) > 1} is
contains ag and closed. Then {JS(a,)}} — a* € L. Also, if (4.71) holds for each a,y € {a*},

then S and J have a common fixed point a* in L and p,(a*,a*) = 0.

4.4.7 Remark

In the Example 4.4.4, p (a,y) = (a + 2y)2 is a dislocated quasi b-metric with b = 2, but we can
not apply Theorem 4.4.6 because the pair (S, J) is not f* Kannan type b-contraction. Indeed

bkt = 4

4.4.8 Corollary

Let (L, p) be a left K-sequentially complete b-metric space. Let the pair (S, J) be a * Kannan
type contraction. Assume that the set G(S) = {a: 5% (a,Sa) > 1} is closed and contains ay.
Then, S and J have a common fixed point a* in L.

Conclusion: The main aim of this chapter is to introduce double controlled quasi and
dislocated quasi metric type spaces and related definitions as a generalization of double con-
trolled metric-type spaces. We have removed one and a half restriction out of three restrictions
of double controlled metric-type spaces. These new spaces is a generalization of metric space,
quasi metric space, dislocated metric space, dislocated quasi metric space, partial metric space,
quasi partial metric space, b-metric space, quasi b-metric space, dislocated b-metric space,
dislocated quasi b-metric space, extended b-metric space, dislocated extended b-metric space,
quasi-extended b-metric space, dislocated quasi-extended b-metric space and double controlled
metric space. We establish new generalized contractions and obtain fixed point results for
single-valued as well as a pair of multivalued maps in complete double controlled quasi metric
type spaces and in left K-sequentially complete double controlled dislocated quasi metric type
spaces. New results in ordered spaces and new results for graphic contractions can be obtained
as corollaries of our results. Some examples have been built to demonstrate the novelty of

results.
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