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Preface
The research outcomes presented in this dissertation revolve around the broad domain of

Metric Fixed Point Theory (abbreviated as M.F.P.T), a fundamental area of nonlinear analysis

with numerous applications in mathematical modeling, optimization, and theoretical computer

science, It has been dedicated for application in diverse �elds like biology, chemistry, economics,

engineering, game theory, and physics. In particular, this work explores signi�cant generaliza-

tions of Banach�s Contraction Principle (BCP), extending its classical results to three distinct

types of metric spaces (M.Ss).

The dissertation introduces and develops the notion of semi ��-admissibility with respect to

�, and employs this framework to study �xed points (F.Ps) of Ćiríc-type rational contractions on

closed ball of complete metric space (C-M.S). Moreover, F.P results for multivalued mappings

are derived under the assumptions of both integral Khan ( ; �)-type and integral �-type multi-

valued contractions with respect to (w.r.t) generalized dynamic processes (G.D.Ps) within C-

M.Ss. Furthermore, this research establishes F.P theorems for multivalued mappings of almost

Fisher-type F-contractions endowed with a �-transitive binary relation in M.Ss. Details of

these results can be found in Chapter 2.

Additionally, this study formulates the concept of �-cyclic (��; ��)-admissibility and inves-

tigates criteria for the existence of common �xed points (C.F.Ps) for multivalued Geraghty

F-contractive mappings. We also analyze and extend results on self-mappings associated with

symmetric �-�-�- -contractions and almost Hardy-Rogers-type multivalued ( ; �)-contractions

in Mb-metric spaces (Mb-M.Ss), as discussed in Chapter 3.

We present a study on the existence of unique �xed points (U.F.Ps) for single-valued

�-contractions and Suzuki-rational multivalued ( ; �)-contractions on rectangular M -metric

spaces (R.M-M.Ss) (see Chapter 4).

In essence, this thesis o¤ers a comprehensive and comparative investigation into the exis-

tence of F.Ps and C.F.Ps for both single-valued and multivalued generalized contractions across

three categories of M.Ss: (1) Standard metric space (M.S) (2) Mb-metric space (Mb-M.S) (3)

Rectangular M -metric space (R.M-M.S).

The results presented herein not only enrich the theoretical landscape of M.F.P.T, but also
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lay the groundwork for further examples and applications in nonlinear analysis and related

mathematical �elds.

This dissertation is made up of four chapters:

Chapter 1 consists of generic introduction of F.P theory, major concepts, notations and some

of the well-known outcomes.

Chapter 2 is arranged as: Sections 2.1 we utilize the notion of integral Khan ( ; �)-type and

integral �-type multivalued contractions with G.D.P to prove novel C.F.P results in M.Ss with

two supported examples. In section 2.2 an application to solve a nonlinear fractional di¤eren-

tial equation (NFDE) is provided. These results have been published in Mathematics, 2023

(11), 4318, 18 pages.

Section 2.3 deals with some new C.F.P theorems concerning Ćiríc-Type rational contractions

on closed ball of M.Ss. These results have been published in Applied Mathematics & In-

formation Sciences, 16(4), 2022, 555-564.

In section 2.4 we discuss the existence of F.Ps of almost Fisher-type multivalued F<-contraction

endowed with a �-transitive binary relation < with two supported examples in M.Ss. These

results have been published in European Journal of Pure and Applied Mathematics,

18(4), 2025, 1-21.

Chapter 3 is divided into six sections. In �rst three sections, we put forward the notion of

�-cyclic (��; ��)-Geraghty F -contractive for multivalued maps by combining the results of War-

dowski cyclic contraction and admissible multivalued Geraghty contraction with establishing

C.F.Ps for such contraction in Mb-M.Ss. Some examples and an application of ordinary difer-

ential equation (ODE) are shown. These results have been published in AIMS Mathematics,

8(1), 2022, 1530-1549.

In sections 4 and 5, novel techniques on F.P theorem for self-mappings of four types of sym-

metric contractions are discussed on Mb-M.S and on closed ball of Mb-M.S with an application

to fractional-order diferential equation (FODE). These results have been published in AIMS

Mathematics, 4(8), 2023, 9118-9145.

Section 6 presents the concept of almost Hardy-Rogars ( ; �)-contractions with discussion of

some related C.F.P results for multivalued mappings in Mb-M.S. Examples are furnished to con-

�rm the practical relevance of the obtained �ndings. The outcomes here have been published
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in International Journal of Mathematics and Mathematical Sciences, Vol. 2024, 14

pages. https://doi.org/10.1155/2024/6620429

Chapter 4 aims to study three results: Section 4.1 presents the motif of almost Suzuki-Rational

( ; �)-type multivalued contractions and corresponding C.F.P theorems on a C-R.M-M.S with

supported examples. These results have been published in International Journal of Math-

ematics and Mathematical Sciences, 2025, 590804, (2025), 1-17.

In Sections 4.2 and 4.3 we study �-contraction mappings and establish related F.P theorems for

single-valued maps in a C-R.M-M.S. An example and an application are outlined to substan-

tiate the theory. The �ndings here have been published in Journal of Mathematics 2021,

Article ID 5564248, 9 pages.

Additional to abbreviations above and throughout this thesis, we use some more abbreviated

notations as follows:

d(�1; �2) = dj�1�2 ; Ĥd(A;B) = Ĥd

���A
B
; � (�1; �2) = �j�1�2 ;

CB (
) = CBj
 ; for all � = 8�; there exists � = 9�;

Integral Equation=IE; Green Function=G.F; boundary value problem=BVP.
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Chapter 1

Introduction and Preliminaries

Fixed point theory (F.P.T) constitutes a foundational and prominent area within functional

analysis and topology. As a core discipline, it is deeply rooted in the structure of C-M.Ss. Its

scope extends beyond pure mathematics, o¤ering powerful tools to address complex problems

in engineering, computer science, and economics. The origins of this theory trace back to

1922 when Banach [27] introduced the fundamental contraction principle, which states that the

inequality dj��1��2
� c dj�1�2 ; c 2 [0; 1) de�nes a contraction 8 �1; �2 in a C-M.S (
; dj), whereas

the map � : 
 ! 
 admits a U.F.P �� 2 
; so that ��� = ��. Since then, a wide array of

generalizations has emerged, signi�cantly broadening the scope of F.P results for contractive-

type maps over C-M.Ss. Nadler [89] laid early groundwork by extending the BCP to multivalued

mappings. Samet et al. [101] introduced the frameworks of single-valued �-admissible and �- -

contractive maps, further enriching the theory. Mohammadi et al. [74] contributed additional

results for �- -Ćiríc generalized multifunctions (see [26, 61]), while Shoaib [105] advanced the

notion of semi ��-admissible multivalued maps, proving F.P theorems within closed balls of

left (or right) K-sequentially complete dislocated quasi M.Ss [98, 106]. Further contributions

include generalized multivalued Khan-type ( ; �)-contractions and �-Khan-type multivalued

contractions [114], along with the JS-contraction introduced by Jleli and Samet [53], formulated

via the inequality �
�
dj��1��2

�
�
h
�
�
dj�1�2

�ik
; k 2 [0; 1) and � 2 � is called �-contraction (JS-

contraction) 8 �1; �2 in a C-G.M.S (
; dj) see also [4, 12, 14, 21, 37, 44, 47, 52, 94, 111].

Cyclic (�; �)-admissibility and cyclic (��; ��)-admissibility mappings were presented in [11, 19],

further discussed in [16, 17]. Klim and Wardowski [60] de�ned the concept of a D.P and
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obtained F.P outcomes for a speci�c case of nonlinear F-contractions in C-M.Ss. Hussain

et al. [45] explored G.D.Ps leading to coincidence and C.F.P results for generalized (f; L)-

almost F-contractions. Jaggi [51] introduced rational expressions in F.P theory, marking a

signi�cant milestone. Karapinar [56] further enriched the �eld by introducing interpolative-type

contractions, linking it with interpolation theory. Karapinar and Fulga [57] proposed a hybrid

contraction combining Jaggi and interpolative-type contractions. In 1980, Fisher [34] explored

new resuls that generalized the BCP by employing a new rational inequality 8�1;�22
 9�1;�22[0;1)

so that dj��1��2
� �1 dj�1�2 + �2

dj�1��1 : dj
�2
��2

1+dj�1�2
; broadening �xed point theory and inspiring further

research on generalized contractive mappings. Wardowski [112] presented a new family of

mappings known as F-contraction, o¤ering a compelling generalization of Banach�s principle.

Subsequent work by Wardowski et al. [113] introduced the notion of F-weak contraction,

and Secelean [102], proved related F.P theorems within iterated function systems. Piri et

al. [93] extended these �ndings by applying some weaker conditions on self-maps. Cosentino

and Vetro [31] established some F.P results of Hardy-Rogers-type in C-M.Ss and C-ordered

M.Ss. Hussain and Salimi [44] de�ned �-GF -contractions w.r.t general function families G,

producing Wardowski results. Acar and Altun [2] further extended multivalued F-contractions

by introducing �-distance concepts and established F.P results in C-M.Ss. Recently, Numerous

studies on F-contractions have been published (e.g., ([3, 9, 31, 70, 92, 95, 104]). In 1973,

Geraghty [35] provided a vital generalization of BCP. Asl et al. [39] intorduced the notion

of ��- -Geraghty contractive multifunctions. Alizadeh et al. [11] expanded results on cyclic

(�; �)-admissible mappings, and several F.P results under this idea were proved (see [30, 63]).

In 2016, Liu et al. [66] de�ned ( ; �)-type and ( ; �)-Suzuki-type contractions, establishing

relevant F.P theorems. Xiao et al. [114] introduced generalized multivalued Khan-type ( ; �)-

contractions with accompanying F.P results. Newly, the notion of fractional symmetric �-�-

contractions were discussed in [36, 42, 43], with applications for solving FODEs. The analysis

of four variants of the stated contractions is carried out, leading to F.P �ndings in F-M.Ss.

Hardy and Rogers [38] earlier developed F.P theorems based on Banach�s formulation, which

were later generalized across multiple settings. The concept of relation-theoretic contractions

was introduced by Alam and Imdad [5] in M.Ss equipped with arbitrary binary relations see

[6, 7, 110, 115]. These contributions were later broadened to set-valued mappings by several
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researchers [20, 40, 68, 90].

In contrast, FDEs occupy a central position within contemporary mathematical analysis, as

they encompass a broad class of models whose diverse solution structures have been rigorously

investigated across numerous studies. In this regard, the methodology of F.P theory provides a

foundational apparatus for the qualitative and quantitative exploration of NFDEs. Beyond this,

it furnishes an e¤ective scheme for resolving initial value problems encountered in disciplines

such as dynamic optimization and applied mechanics. Hence, this theoretical framework proves

to be remarkably in�uential in validating existence and uniqueness results for an extensive

spectrum of problems governed by nonlinear interdependencies.

Parallel to these theoretical developments, M.S popularizations have played an integral role

in functional analysis. One of them is an M-M.S introduced by Asadi et al. [23], further ex-

plored in [72, 75, 76, 77]. Mlaiki et al. [71] introduced Mb-M.S. In 2018, Özgür et al. [91]

proposed R.M-M.S, extending the framework of this �eld with proving impressive F.Ps under

the advanced BCP, while Patle et al. [96] explored Pompeiu-Hausdor¤ distance in the setting

of M-M.Ss, establishing Nadler and Kannan type F.P results. In this chapter, we touch on

some basic concepts and terms that are related to our research and given without proof.

1.1 Some essential concepts

De�nition 1.1.1. Let 
 6= ; and �;= : 
 �! 
; then � 2 
 is called

(i) F.P of � if �� = �:

(ii) C.F.P of the pair (�;=) if �� = =� = �.

(iii) Coincidence point of the pair (�;=) if �� = =�:

De�nition 1.1.2. [28] Let 	 symbolize the set of comparison functions  : R+ ! R+; so that

( 1)  materializes 8 �1; �2 > 0; �1 < �2 =)  (�1) �  (�2) ;

( 2) lim
�!1

 � (�1) = 0; where  � is �th iterative of  . Patently, if  2 	 then  (�1) <

�1; 8 �1 > 0:

Example 1.1.3. [28] For all t > 0 and 0 < a < 1,  (t) = at 2 	:

De�nition 1.1.4. [66] Let � symbolize the set of functions � : R+ ! R+; so that
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(�1) � is nondecreasing; 8 �1; �2 > 0; �1 < �2 =) � (�1) � � (�2) ;

(�2) for each f��g � (0;1) ; lim�!1
� (��) = 0, lim

�!1
�� = 0;

(�3) � is continuous.

Example 1.1.5. The following �1; �2; �3 2 �; 8&>0
�1 (&) = &;

�2 (&) = ln � (&) ; � 2 �;

�3 (&) = eF(&); F 2 �w:

Lemma 1.1.6. [66] Let � : (0;1) �! (0;1) acheives (�1), (�3) with inf&2R+ �(&) = 0 and a

sequence f&�g � (0;1). Thus, lim�!1 �(&�) = 0 i¤ lim�!1 &� = 0:

De�nition 1.1.4 was extended in [86] by adding (�4) as follows:

(�4) �

 
�X
{=1

¾A{

!
�

�X
{=1

� ( ¾A{) ; ¾A{ 2 R+; { = 1; 2; :::; �:

Example 1.1.7. [86] The following �1 and �2 2 �; 8&2(0;1)
(1) �1 (&) = a&; a > 0;

(2) �2 (&) = j&j :

De�nition 1.1.4 was modi�ed in [78] by adding (�5) as follows:

(�5) � (inf G) = inf � (G) 8G � (0;1) with inf (G) > 0:

Let �� denotes the set of functions � : (0;1)! (0;1) satisfy (�1)� (�3) and (�5) :

The forthcoming outcomes have been rigorously addressed in earlier works, (see [48, 62, 64,

73, 87]):

Let 	b denotes the class of all non-decreasing functions  : R+ [ f0g ! R+ [ f0g so that
1X
�=1

 � (&) <1; 8&>0 ; whereas  � is the �th iterate of  :

Lemma 1.1.8. Let  2 	b, thus:

( b1) ( 
� (&))�2N ! 0 as �!1; 8&2(0;1) ;

( b2)  (&) < &; 8&>0;

( b3)  (&) = 0 i¤ & = 0.

Let 	s; s � 1 denotes the class of all non-decreasing functions  : R+[f0g ! R+[f0g so that

( s1)
1X
n=1

s� � (&) <1; 8&>0 ;

( s2) s (&) < &; 8&>0;

( s3) s
�+1 �+1 (&) < s�s � (&) < s� � (&) ; where  � is the �th iterate of  :
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De�nition 1.1.9. [106] Let � : 
! CBj
 be a multi-valued mapping, � : 
�
! [0;1) be

a function and ; 6= � � 
: So, � is termed semi ��-admissible on �, if �j�1�2 � 1 =) ��j��1��2
�

1 8�1;�22� ; where

��j��1��2
= inf f�jab : a 2 ��1; b 2 ��2g :

It should be noted that if � = 
; then we say that � is an ��-admissible on 
:

De�nition 1.1.10. [54] Let (
; dj) be an M.S and �,= : 
! 
 are �comp¼atible i¤ lim
{!1

dj�=�{=��{ =

0; if f�{g is a şequenµce in 
 so that, lim{!1��{ = lim
{!1

=�{ = r; r 2 
:

Lèmma 1.1.11. Let (
; dj) be an M.S. If 9 f�{g, f�{g so that

lim
{!1

dj�{�{ = 0; lim{!1�{ = r; r 2 
: Thus, lim
{!1

�{ = r:

If (�1; �2) 2 <, then we express it by �1<�2 and it is said that ��1 is related to �2�. Here, we

take < as a binary relation on a nonempty subset 
 and (
; dj) as an M.S equipped with a

binary relation <.

De�nition 1.1.12. [5] A binary relation < on 
 6= ; is a subset of 
� 
: For �1; �2 2 
; we

say that �1 is related to �2 (�1<�2) if and only if (�1; �2) 2 <:

Defi¾nit¬on 1.1.13. [5, 59] Let � : 
 �! 
. So, < on 
 is regarded as �-closed if for �1; �2 2 
,

(�1; �2) 2 < ) (��1;��2) 2 <:

De�nition 1.1.14. [5] Let < be a binary relation on 
 6= ;. Then, a sequence f��g � 
 is

called <-preserving, if

(��; ��+1) 2 <; 8�2N :

Defi¾nit¬on 1.1.15. [7] Let � : 
 �! 
. Thus, < is regarded as �-transitive, if for �1; �2; �3 2 
,

(��1;��2); (��2;��3) 2 < ) (��1;��3) 2 <:

De�nition 1.1.16. [100] An M.S (
; dj) is <-regular if for every f��g � 
,

�
��; ��+1

�
2 < and �� ! � 2 
 =) (��; �) 2 < 8�2N:

8



De�nition 1.1.17. [6] Let < be a binary relation on an M.S (
; dj) and �� 2 
: A map

� : 
 �! 
 is <-continuous at �� if for any sequence f��g dj
�!

��; we have ��� dj
�!
���: � is

<-continuous if it is <-continuous at eaçh poinţ of 
:

Defi¾nit¬on 1.1.18. [90] Let (
p; dj) be a partial M:S with a b¬nary relat¬on < and � a

multivalued-maps on 
p. Then,

� < is called �-closed, if for any �1; �2 2 
p, (�1; �2) 2 < ) (a; b) 2 < for some a 2 ��1 and

b 2 ��2:

� � is called <-continuous at �� 2 
p, if for any <-preserving sequence f��g � 
p with

f��g !dj ��, we have ��� !Ĥd ���; � is termed <-cont¬nuous if it is <-cont¬nuous at eaçh

poinţ of 
:

� < is called �-transitive, if for any �1; �2; �3 2 
p, a 2 ��1; b 2 ��2 and c 2 ��3; we have

(a; b) 2 <; (b; c) 2 < ) (a; c) 2 <:

De�nition 1.1.19. [20] Let 
 6= ; and � : 
 ! CP j
 : A binary relation < on 
 is called

�-transitive, if for any �1; �2; �3 2 
p, a 2 ��1; b 2 ��2 and c 2 ��3; we have

(a; b) 2 <; (b; c) 2 < ) (a; c) 2 <:

Defi¾nit¬on 1.1.20. [107] Let (
; dj) be a M.S with a binary relation < and � : 
 ! CP j
.

Then, < is called �-dj-closed, if

(�1; �2) 2 <; r 2 ��1; s 2 ��2; djrs � dj�1�2 ) (r; s) 2 <:

Defi¾nit¬on 1.1.21. Let 
 6= ; and 2j
 denotes the collection of all non-empty subset of 
.

Thus, � : 
 �! 2j
 is regarded as a set-valued map. A point � 2 
 is regarded as:

(i) F.P of � if � 2 ��:

(ii) C.F.P of the pair (�;=) if � 2 �� \ =�:

Let (
; dj) be an M.S, CBj
 be a family of all bounded and closed subsets of 
 and Kj
 the

fam¬ly of all compæct subse ,ts of 
.

De�nition 1.1.22. [89] Let Ĥd be the Pompeiu-Hausdor¤metric Ĥd : CBj
� CBj
 ! [0;1)

9



induced by dj and de�ned as

Ĥd

��� ¾A
ß
= max

(
sup
�12 ¾A

Dj�1ß ; sup
�22ß

Dj ¾A�2

)
; 8 ¾A;ß2CBj
 ;

where

Dj�1ß = inf
�22ß

dj�1�2 , 8�12
 and 8 ¾A;ß2CBj
 :

Additionally,
�
CBj
 ; Ĥd

�
is a Pompeiu-Hausdor¤ M.S. So, a 2 
 is regarded as an F.P of a

multivalued-map � : 
! CBj
 if a 2 �a:

Lemmæ 1.1.23. [89]. If ¾A;ß2 CBj
, then, Dj�ß� Ĥ
��� ¾A
ß
, 8�2 ¾A:

Lemmæ 1.1.24. [89] If ¾A;ß2 CBj
 : For �N > 0; �a 2 ¾A 9�e2ßso that, dj�a�e � Ĥ
��� ¾A
ß
+ �N .

Def¬nit¬on 1.1.25. [11]. Let 
 6= ;; �; � : 
 ! [0;1) be funct¬ons. a mapping � : 
 ! 
 is

regarded as cyclic (�; �)�admiss¬ble if for some � 2 
;

� (�) � 1 =) � (��) � 1;

and

� (�) � 1 =) � (��) � 1:

Def¬nit¬on 1.1.26. [19]. Let 
 6= ;; �; � : 
 ! [0;1) be functions and ¾A;ß� 
. a mapping

� : 
! CBj
 is termed cyclic (�; �)�admissible if for some � 2 
;

� (�) � 1 =) �� (��) � 1;

and

� (�) � 1 =) �� (��) � 1;

where �� ( ¾A) = inf
a2 ¾A

� (a) and �� (ß) = inf
b2ß
� (b) :

Denote by @j
 a collection of all non-empty subsets of 
; by Kj
 a collection of all non-

empty closed subsets of 
:

10



De�nition 1.1.27. [60] Let � : 
! @j
 and �0 2 
 be arbitrary and �xed. De�ne

$j��0 =
n
f��g�2N[f0g � 
 : ��+1 2 ����1; 8�2N

o
;

each element of $j��0 is called a D.P of � starting with �0: If � is a single-valued mapping, then

the D.P is uniquely de�ned and is of the form (���0) ; see [24, 25].

De�nition 1.1.28. [45] A G.D.P of mappings = : 
! 
 and � : 
! CBj
 is de�ned as:

$j=;��0
=
n
f��g�2N[f0g : ��+1 = =�� 2 ����1; 8�2N

o
;

where �0 2 
 is termed as a start point. Brie�y, $j
=;�
�0

stands for =��: The sequence f��g for

which (��) is regarded as the = iterate sequence of �, starts in �0.

De�nition 1.1.29. [50] Let 
 6= ; and G = (VG; EG) be a graph so that VG = 
, and let

� : 
! CBj
. � is told to be edge preserving if for each u 2 ��1 and v 2 ��2; if (�1; �2) 2 EG,

then (u; v) 2 EG:

Lemma 1.1.30. [67] Let f��g�2N be a non-negative sequence such that lim�!1
�� = �: Then,

lim
�!1

��Z
0

' (r) dr =

�Z
0

' (r) dr:

Lemma 1.1.31. [67] Let f��g�2N be a non-negative sequence. Then,

lim
�!1

��Z
0

' (r) dr = 0() lim
�!1

�� = 0:

Lemma 1.1.32. [66] Let � : (0;1)! (0;1) be a continuous nondecreasing map, inf
�2(0;1)

� (�) =

0. Let f��g � (0;1) ; so that lim�!1
� (��) = 0() lim

�!1
�� = 0:

Remark 1.1.33. [32, 37] If � is right continuous and satis�es (�1) ; then

� (inf G) = inf � (G) ; 8G�(0;1) with inf (G) > 0:

11



1.2 Some related contractions

Theorem 1.2.1. Let (
; dj) be a C �M:S and � : 
 �! 
 be a contraction-mapping, if

9}2[0;1); such that

dj��1��2
� } dj�1�2 , 8�1;�22
.

Then, � has a U.F.P:

Theorem 1.2.2 [38] Let (
; dj) be a C-M.S and � : 
 �! 
 be a self-mapping satisfying the

condition 8�1;�22
,

1

2
dj�1��1 < dj�1�2 =) dj��1��2

< a dj�1�2 + b dj
�1
��1

+ c dj�2��2 + d dj
�1
��2

+ f dj�2��1 ;

where a; b; c; d; f � 0 with a+ b+ c+ d+ f < 1.

Then, � has a U.F.P.

Theorem 1.2.3 [35] Let (
; dj) be a C �M:S and � : 
 �! 
 be a self-map satis�es the

condition If 9'2�, we have

dj��1��2
<
�
'
�
dj�1�2

��
dj�1�2 ; 8�1;�22
;

where � is the set of all functions ' : [0;1) ! (0; 1) satisfying lim
n!1

tn = 0 whenever

lim
n!1

' (tn) = 1.

Then, � has a U.F.P.

Theorem 1.2.4 [29] Let (
; dj) be a C-M.S and � : 
 �! 
 be a mapping such that

dj��1��2Z
0

� (r) dr � }

dj�1�2Z
0

� (r) dr, 8�1;�22
,

} 2 (0; 1) and � 2 �; where � is the class of all functions � : [0;1)! [0;1) with �nite integral

on every compæct subse ,t of [0;1) and
"Z
0

� (r) dr > 0 for each " > 0: Then, � has a U.F.P

a 2 
 so that 8�2
; lim
�!1

��� = a:

De�nition 1.2.5 [51] Let (
; dj) be a M.S and � : 
 �! 
 is called a Jaggi contraction map

12



if there exists �1; �2 2 [0; 1) with �1 + �1 < 1; such that

dj��1��2
� �1 dj�1�2 + �2

dj�1��1 dj
�2
��2

dj�1�2
, 8�1;�22
:

Theorem 1.2.6 [51] Let (
; dj) be a C-MS and � : 
 �! 
 be a Jaggi contraction map.

Then, � has a U.F.P in 
.

De�nition 1.2.7 [56] Let (
; dj) be a M.S. We say that the self-mapping � : 
 �! 
 is an

interpolative Kannan type contraction, if there exist � 2 [0; 1) and � 2 (0; 1) ; such that

dj��1��2
� �

h
dj�1��1

i�
:
h
dj�2��2

i1��
, 8�1;�22
 with �1 6= ��1:

Theorem 1.2.8 [56] Let (
; dj) be a C-M.S and � : 
 �! 
 be an interpolative Kannan type

contraction. Then, � has a U.F.P in 
.

De�nition 1.2.9 [57] A selfmap � on (
; dj) is regarded as a Jaggi-type hybrid contraction if

9 2	 so that

dj��1��2
�  

�
M j�1�2

�
;

where s � 0 and �{ � 0; { = 1; 2; ::: with �1 + �1 = 1 and

M j�1�2 =

8>><>>:
�
�1

�
dj�1��1 dj

�2
��2

dj�1�2

�s
+ �2

�
dj�1�2

�s� 1s
; for s > 0; �1; �2 2 
; �1 6= �2;�

dj�1��1
��1 �

dj�2��2
��2

; for s = 0; �1; �2 2 
n -F�j
 ;

where -F�j
 = f� 2 
 : �� = �g :

Theorem 1.2.10 [57] Let (
; dj) be a C-M.S and � : 
 �! 
 be a continuous Jaggi type

hybrid contraction. Then, � has a F.P in 
. Moreover, for any �0 2 
; the sequence f��0g

converges to �:

Suzuki [109] proved a generalized BCP expressed as:

Theørem 1.2.11 [109] Le ,t (
; dj) be a C-M.S, and � : 
 �! 
 be a self-map. Assume thæt

8�1;�22
 with �1 6= �2,
1

2
dj�1��1 < dj�1�2 =) dj��1��2

< dj�1�2 :
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Then, � has a U.F.P.

Theorem 1.2.12 [66] Let (
; dj) be a C-M.S. A map � : 
 ! 
 is told to be an ( ; �)-type

Suzuki contraction, if there exist � 2 � and  2 	 so that 8�1;�22
 with ��1 6= ��2; we have

1

2
dj�1��1 < dj�1�2 =) �

�
dj��1��2

�
�  

h
�
�
U j�1�2

�i
;

where

U j�1�2 = max

8<:dj�1�2 ; dj�1��1 ; dj�2��2 ; dj
�1
��2

2
; dj�2��1

9=; :

Then, � has a U.F.P.

De�nition 1.2.13 [112] Let (
; dj) be a M.S. A mapping � : 
 ! 
 is regarded as an F-

contraction if 9�2R+ so that 8�1;�22
;

dj��1��2
> 0) � + F

�
dj��1��2

�
� F

�
dj�1�2

�
; (1.1)

where �w is the class of functions F : (0;1)! R satisfying the follow¬ng three assumptions:

(F1) F is str¬ctly increas¬ng, i.e. 8%1;%22R+ so that %1 < %2, F(%1) < F(%2);

(F2) For f��g1�=1 � R+, lim�!1 �� = 0 () lim�!1F(��) = �1;

(F3) 9 ĥ 2 (0; 1) such that lim�!0+ �
ĥF(��) = 0.

This De�nition 1.2.13 has been generalized in [33] by adding the condition below:

(F4) for any sequence f��g1�=1 � R+, so that

� + F (s��) � F (���1) ; s � 1;

8�2N and some � > 0; then

� + F (s���) � F
�
s��1���1

�
:

Here, �s denotes the set of all funct¬ons F ful�lling (F1) - (F4).

Exæmple 1.2.14 [112] Le ,t F : (0;1) ! R be def¬ned as F(k) = ln k. Then, F 2 �s: Not¬ce

14



thæt condition (1:1) reduces to the following

dj��1��2
� e�� dj�1�2 ; 8�1;�22
; ��1 6= ��2:

It is clear that for �1; �2 2 
 such that ��1 = ��2 the inequality dj
��1
��2

� e�� dj�1�2 ; is true, i.e.

� is a BC map.

Exæmple 1.2.15. [112] Le ,t F(k) = ln k + k; k 2 (0;1) ; then F 2 �s and (1:1) can be

reduced to
dj��1��2

dj�1�2
e
[dj��1��2

�dj�1�2 ] � e�� ; 8�1;�22
; ��1 6= ��2:

Remark 1.2.16. From (F1) and Def¬nition 1.2.13, one can readily deduce that each F-

contraction is necessarily continuous.

Theørem 1.2.17. [112] Let (
; dj) be a C-M.S and � : 
 ! 
 be an F-contractìve. If

9�>0; F2�s and 8�1;�22
; then � has a U.F.P �� 2 
.

F-contraction was modi�ed in [93] by replacing (F3) by (F30) F is cont¬nuous.

Let �� denotes the set of maps F : (0;1)! R satisfy (F1)� (F30).

Theorem 1.2.18. Let (
; dj) be a C-M.S and � : 
 ! 
 be an F-contract¬ve. If 9�>0; F2��

and 8�1;�22
; then � has a U.F.P �� 2 
.

Example 1.2.19. The following Fi 2 �� 8k2R+ ; i = 1; 2; 3 :

(1) F1 (k) = ln k (2) F2 (k) = k � 1
k (3) F3 (t) = et

1�e2t :

Remærk 1.2.20. [13] If F is right continuous and satis�es (F2), then

F (inf ¾A) = inf F ( ¾A) 8 ¾A�(0;1) with inf ( ¾A) > 0:

De�nition 1.2.21. [89] A mapping � : 
 �! CBj
 is set-valued contraction if 9�2[0;1); such

that;

Ĥd

�����1
��2

� � dj�1�2 , 8�1;�22
:

Theorem 1.2.22. [89] Let (
; dj) be a C�M.S and � : 
 �! CBj
 a set-vælued contræction.

Thus, � admit a U.F.P �� 2 
 so that �� 2 ���:

The notion of multi-valued F-contractive maps were discussed in [3].

Def¬nit¬on 1.2.23. [3] Let (
; dj) be a M.S and � : 
 ! CBj
 be a multivalued-mapping.
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Then, � is regarded as a generalized multi-valued F-contraction if 9F2��, �2R+ so that

8�1;�22
; Ĥd

�����1
��2

> 0 =) � + F(Ĥd

�����1
��2
) � F(G1j�1�2);

where

G1j�1�2 = max
�
dj�1�2 ; Dj

�1
��1

; Dj�2��2 ;
1

2
[Dj�1��2 + Dj�2��1 ]

�
:

Theorem 1.2.24. [3] Let (
; dj) be a C-M.S and � : 
! Kj
 be a generalized multi-valued

F-contraction. If � or F is continuous, then � has a F.P in 
.

Theorem 1.2.25. [104] Let (
; dj) be a C-M.S and � : 
 ! CLj
 a multivalued-mapping.

presume thæt 9F2��; �2R+ so that

2� + F
�
Ĥd

�����1
��2

�
� F

�
a1 dj�1�2 + a2 Dj

�1
��1

+ a3 Dj�2��2 + a4 Dj
�1
��2

+ a5 Dj�2��1
�
;

8�1;�22
; with ��1 6= ��2; where a1; a2; a3; a4; a5 � 0; a1 + a2 + a3 + 2a4 = 1 and a3 6= 1: Then

� has a F.P.

Jleli and Samet [53] have established the following results:

Consider � = f� : (0;1)! (1;1) : � achieves �1; �2 and �3g: where,

(�1) � is nondecreasing;

(�2) for each f@�g � (0;1),

lim
�!1

�(@�) = 1, lim
�!1

@� = 0
+;

(�3) 90<q<1 and 9`2(0;1] so that lim
@!0+

�(@)�1
@q = `:

Theorem 1.2.26. [53] Let (
; dj) be a G.M.S and � : 
! 
 be a map, if 9|2(0;1); �2� so that,

8�1;�22
; dj��1��2
> 0) �

�
dj��1��2

�
�
h
�
�
dj�1�2

�i|
: (1.2)

Then, � has a U.F.P.
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Example 1.2.27. Let �1; �2 : (0;1)! (1;1) be de�ned by,

�1(r) = e
p
r; �2(r) = e

p
rer ; 8r2(0;1):

Thus, �1 & �2 2 �.

In line with [4], let �� = f� : (0;1)! (1;1) : � achieves (�1); (�2) and (�4g, where

(�4) � is contìnuous on (0;1).

In line with [66], � is the class of functions � : (0;1) �! (1;1) achieving (�1); (�5) & (�4),

whereas

(�5): infr2(0;1) �(r) = 1:

Jaleli et al.[52] introduced extension of [53] as follows:

Theorem 1.2.28. [52] Let (
; dj) be a G.M.S and � : 
! 
 be a map, if 9|2(0;1) and 9�2�[��

so that,

�1; �2 2 
; dj��1��2
> 0) �

�
dj��1��2

�
�
h
�
�
M j�1�2

�i|
; (1.2)

where

M j�1�2 = max
n
dj�1�2 ; dj

�1
��1

; dj�2��2
o
:

Then, � has a U.F.P.

�-contractive for multivalued-mappings were obtained in [37].

Def¬nit¬on 1.2.29. [37] Let (
; dj) be a M.S, � : 
 �! CBj
 and � 2 �: Thus, � is a

multi-valued �-contractive if 9|2[0;1) so that 8�1;�22
 with Ĥd

�����1
��2

> 0;

�

�
Ĥd

�����1
��2

�
�
h
�
�
dj�1�2

�i|
:

De�nition 1.2.30. [114] Let (
; dj) be an M.S and � : 
 ! CBj
 is a generælized multi-

valued Khan-type ( ; �)-contractive map, if 9�2�;  2	 so that 8�1;�22
; we have

(1) If max
n
dj�1��2 ; dj

�2
��1

o
6= 0; then ��1 6= ��2 and

�

�
Ĥd

�����1
��2

�
�  

h
�
�
M j�1�2

�i
;
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where

M j�1�2 =
dj�1��1 dj

�1
��2

+ dj�2��2 dj
�2
��1

max
n
dj�1��2 ; dj

�2
��1

o :

(2) If max
n
dj�1��2 ; dj

�2
��1

o
= 0; then ��1 = ��2.

Theorem 1.2.31. Let (
; dj) be a C-M.S and � : 
 ! CBj
 be a generælized multi-valued

Khan-type ( ; �)-contractive map. Then, � yields an F.P �� 2 
:

Theorem 1.2.32. [71] Let (
b;mb) be an C-Mb-M.S with s � 1 and � : 
! 
 be a map. If

9k2[0;1) so that

mbj��1��2
� k mbj�1�2 8�1;�22
b :

Then, � has an F.P �� 2 
:

Theorem 1.2.33. [91] Let (
r;mr) be a C-R.M-M.S and � : 
! 
 be a mapping. If 9k2[0;1)
so that

mrj��1��2
� k mrj�1�2 8�1;�22
r :

Then, � has an F.P �� 2 
; where mrj�
�

�� = 0:

De�nition 1.2.34. [43] Let (
b; dF ) be an F-M.S, � : 
 ! 
 be a map and �; � : 
b !

[0;1) be two funct¬ons. � is regarded as a symmetric fractional �-�-contract¬on of type-I, if

9a;b;c2(0;1); �2[0;1) so that 8�1;�22
nFix(�); whenever �j
�1
�2
� �j�1�2 , we have

dF j��1��2
�  

h
�(L=1j�1�2)

i
;

where

L=1j�1�2 = dF j�1�2 :
h
dF j�1��1

i 1
(a�b)(a�c)

:
h
dF j�2��2

i 1
(a�b)(a�c)

:h
dF j�1��1 + dF j�2��2

i 1
(b�a)(b�c)

:
h
dF j�1��2 + dF j�2��1

i 1
(c�a)(c�b)

:

Theorem 1.2.35. [43] Let (
; dF ) be a C-F-M.S and � be a symmetric fractional �-�-

contraction type-I satis�es the following statements:

(i) � is an �-admiss¬ble map w.r.t �;

(ii) 9�02
 so that �j
�0
��0

� �j�0��0 ;
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(iii) � is �-�-continuous.

Then, � has an F.P �� 2 
.

De�nation 1.2.36. [8] A self-map � on a graph¬cal b-M.S (
; dj) with s � 1 is regarded as a

Fisher-type graph contract¬on for HG on (
; dj) if HG is graph preserving and if 9�1;�2>0 with

�1 + �2 <
1
s so that 8�1;�22
 with (�1; �2) 2 HG; we have

dj��1��2
� �1 dj�1�2 + �2

dj�1��1 : dj
�2
��2

1 + dj�1�2
:

1.3 Some generalized spaces

In this section, we deal with two spaces, that are, Mb-M.S, and R.M-M.S, which are general-

izations of M.S and modify the classical distance function to allow for broader applications in

F.P theory and functional analysis.

1.3.1 Mb-metr¬c spaces

IMlaiki et al. [71] generalized the not¬on of Mb-M.S as follows:

Def¬nit¬on 1.3.1.1. Let 
b 6= ; and a function mb : 
b �
b ! R+0 is an Mb-M if 8�1;�2;�32
b ,

(Mbi) mbj�1�1 = mbj�2�2 = mbj�1�2 i¤ �1 = �2;

(Mbii) mbj�1;�2 � mbj�1�2 ;

(Mbiii) mbj�1�2 = mbj�2�1 ;

(Mbiv) There exists a coe¢ cient s � 1 so that,

mbj�1�3 � mbj�1;�3 � s
h�
mbj�1�2 � mbj�1;�2

�
+
�
mbj�2�3 � mbj�2;�3

�i
� mbj�2�2 :

The pair (
b;mb) is said to be an Mb-M.S.

Note that, mbj�1;�2 and Mbj�1;�2 are de�ned in [71] as follows

mbj�1;�2 = min
n
mbj�1�1 ; mbj�2�2

o
;

and

Mbj�1;�2 = max
n
mbj�1�1 ; mbj�2�2

o
:
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Example 1.3.1.2. Let 
b = [0;1) and p > 1: De�ne mb : 
b � 
b ! [0;1) by

mbj�1�2 = (max f�1; �2g)
p + j�1 � �2jp ; 8�1;�22
b :

Then (
b;mb) is an Mb-MS with s = 2p and not M-M.S.

De�nition 1.3.1.3. Let (
b;mb) be an Mb-M.S. Then

� A sequence f��g in 
b converge to a point � i¤

lim
�!1

�
mbj��� � mbj��;�

�
= 0:

� A sequence f��g in 
b is called mb-Cauchy i¤

lim
�;{!1

�
mbj���{ � mbj��;�{

�
and lim

�;{!1

�
Mbj��;�{ � mbj��;�{

�
;

exist and �nite.

� An Mb-M.S is a mb-cømplete if every mb-Cauchy sequence cønverges to � so that

lim
�!1

�
mbj��� � mbj��;�

�
= 0 and lim

�!1

�
Mbj��;� � mbj��;�

�
= 0:

Example 1.3.1.4. [99] Let 
b = [0; 1] and mb : 
b � 
b ! [0;1) be de�ned by

mbj�1�2 =
�
�1 + �2
2

�2
; 8�1;�22
b :

Then (
b;mb) is an Mb-M.S with s = 2.

1.3.2 Rectangular M-metr¬c space

IÖzgür et al. [91] provided the not¬on of R.M-M.S as follows:

Def¬nit¬on 1.3.2.1. Let 
r 6= ; and mr : 
r � 
r ! [0;1) be a mapping satis�es 8�1;�22
r ,

(i) mrj�1�1 = mrj�2�2 = mrj�1�2 i¤ �1 = �2;

(ii) mrj�1;�2 � mrj�1�2 ;

(iii) mrj�1�2 = mrj�2�1
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(iv) 8�3;�42
rnf�1;�2g; we have

mrj�1�2 � mrj�1;�2 �
�
mrj�1�3 � mrj�1;�3

�
+
�
mrj�3�4 � mrj�3;�4

�
+
�
mrj�4�2 � mrj�4;�2

�
:

The pair (
r;mr) is said to be an R.M-M.S.

Remark 1.3.2.2. Let (
r;mr) be a R.M-M.S. Clearly, we have

(1) 0 � Mrj�1;�2 + mrj�1;�2 = mrj�1�1 + mrj�2�2 ;

(2) 0 � Mrj�1;�2 � mrj�1;�2 =
���mrj�1�1 � mrj�2�2

��� 8�1;�22
r ;
(3) Mrj�1;�2�mrj�1;�2 �

�
Mrj�1;�3 � mrj�1;�3

�
+
�
Mrj�3;�4 � mrj�3;�4

�
+
�
Mrj�4;�2 � mrj�4;�2

�
:

Example 1.3.2.3. Take C to be the set of complex-numbers, 
r' = fz 2 C : argjz = 'g[ f0g

for a �xed '; 0 � ' < 2�; and de�ne mr : 
r' �
r' �! [0;1) by mrj�1�2 =
j�1j+j�2j

2 8�1;�22
r' :

Then (
r';mr) is a R.M-M.S.

De�nition 1.3.2.4. Let (
r;mr) be a R.M-M.S. Then, we have

(1) f��g � 
r converges to � i¤

lim
�!1

�
mrj��� � mrj��;�

�
= 0:

(2) f��g � 
r is mr-Cauchy i¤

lim
�;{!1

�
mrj���{ � mrj��;�{

�
and lim

�;{!1

�
Mrj��;�{ � mrj��;�{

�
;

exist and �nite.

(3) A R.M-M.S is regarded as mr-cømplete if every mr-Cauchy f��g cønverges to � so that

lim
�!1

�
mrj��� � mrj��;�

�
= 0 and lim

�!1

�
Mrj��;� � mrj��;�

�
= 0:

Lemma 1.3.2.5. presume that �� ! � and %� ! % as �!1 in a R.M-M.S (
r;mr) : Then

lim
�!1

�
mrj��%� � mrj��;%�

�
= mrj�% � mrj�;% :
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Lemma 1.3.2.6. presume that �� ! � as �!1 in a R.M-M.S (
r;mr) : Then

lim
n!1

�
mrj�n% � mrj�n;%

�
= mrj�% � mrj�;% 8 % 2 
r:

Lemma 1.3.2.7. presume that �� ! � and %� ! % an � ! 1 in a R.M-M.S (
r;mr) : Then

mrj�% = mrj�;% : Further if mrj�� = mrj%% ; then � = %:

Lemma 1.3.2.8. Let f��g be a sequence in a R.M-M.S (
r;mr) and r 2 [0; 1) such that

mrj
��+1
��

� r mrj�����1 8�2N: Then,

(A) lim
�!1

mrj�����1 = 0;

(B) lim
�!1

mrj���� = 0;

(C) lim
�;{!1

mrj��;�{ = 0;

(D) f��g is an mr-Cauchy sequence.

Lemma 1.3.2.9. Let (
r;mr) be a R.M-M.S and � be a self-mapping on 
r: if 9k2[0;1) so

that mrj���% � k mrj�% 8�;%2
r and f��g��0 de�ned by ��+1 = ���; if �� ! � as � ! 1; then

��� ! �� as �!1:

De�nition 1.3.2.10. Let mr be a R.M-M.S on 
r; 8�12
r and " > 0: The open-ball with

center �1 and rad¬us " is

Brj�1" =
n
�2 2 
r : mrj�1�2 � mrj�1;�2 < "

o
:

Likewise, the closed-ball with the center �1 and rad¬us " is

Brj�1" =
n
�2 2 
r : mrj�1�2 � mrj�1;�2 � "

o
:

Lemma 1.3.2.11. Let mr be a R.M-M.S on 
r. The collection of all open balls; �b =n
Bbj�1"

o">0
�12
b

, forms a basis on 
r.
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Chapter 2

Fixed Point Results for Multivalued

Mappings in Metric Spaces

Berinde [28] introduced the concept of a comparision function satisfying the conditions ( 1) and

( 2) from De�nition 1.1.2, Liu et al. [66] presented the notions of ( ; �)-contraction-type and

( ; �)-Suzuki contraction-type and established new F.P theorem for such mappings. Xiao et

al. [114] developed a new F.P results for multivalued ( ; �)-Khan contraction-type. Latif et al.

[64] proposed another-type of compar¬son function and ensured F.P outcomes for general¬zed

(�;  )-type-Meir-Keeler contractions. Subsequently, Samet et al. [101], Ali and Kamran [10],

Hussain et al. [46], and Alsulami et al. [15] further extended these ideas. The �ndings in this

chapter build upon the results in Shoaib et al. [106], Alsulami et al. [15], Xiao et al. [114],

Wardowski [112], Fisher [34], Karapinar and Fulga [57]. The chapter is outlined below:

In sections 2.1 and 2.2, we examine the link between ( ; �)-integral Khan contraction-type

and �-contraction w.r.t G.D.Ps. We establish F.P outcomes for multivalued-maps that achieve

both contractions along with a discussion on the solution of NFDE. In section 2.3, we derive

new C.F.P theorems involving Ćiríc-Type rational (��; ��;  ; �)-contractions on closed ball of

M.S, and introduce the notion of semi ��-admissible mapping w.r.t �. In section 2.4, we explore

almost Fisher-type multivalued F<-contraction endowed with a �-transitive binary relation <;

and establish related F.P theorems in M.Ss.

The results given in this chapter have been published in [80, 82, 84].
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2.1 Fixed points of ( ; �)-integral Khan-type contractive map-

pings with generalized dynamic process

In this section, we derive F.Ps for ( ; �)-integral Khan-type and �-integral multi-valued con-

tractive mappings w.r.t. G.D.P $jf;��0 in C-M.Ss.

De�nition 2.1.1. Let f : 
 ! 
 be a map on a M.S (
; dj) and � : 
 ! CBj
 is termed

an ( ; �)-integral Khan-type multi-valued contractive mapping w.r.t. G.D.P $jf;��0 , �0 2 
; if

9�2�; 2	 and �2� such that 8��;��+12$jf;��0 ; �2N
:

(i) If max
n
Djf�����+1

; Djf��+1���

o
6= 0; then Djf�����+1

6= 0 and

djf��f��+1
> 0) �

0BB@
djf��f��+1Z
0

� (r) dr

1CCA �  

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775 ; (2.1)

where

M j���1��
=
Djf���1����1

: Djf���1���
+ Djf�����

: Djf������1

max
n
Djf���1���

; Djf������1

o : (2.2)

(ii) If max
n
Djf�����+1

; Djf��+1���

o
= 0; then Djf�����+1

= 0:

Lemma 2.1.2. Let (
; dj) be a C-M.S and � : 
 ! 
 be a self-map. Thus, the next

propositions are equivalent:

(i) � is a �-integral contractive map with � 2 �;

(ii) � is an ( ; �)-integral contractive map with  2 	 and � 2 �:

Proof. (i) =) (ii) Let � be an �-integral contractive map, then 9�2�; �2�; k2(0;1); such

that 8��;��+12
; we have

dj������+1
6= 0 =) �

0BB@
dj������+1Z
0

� (r) dr

1CCA �

2664�
0BB@

dj����+1Z
0

� (r) dr

1CCA
3775
k

:

Using � (r) = ln � (r) and  (r) = kr; then it is immediate to verify that � is an ( ; �)-integral
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contractive map and

�

0BB@
dj������+1Z
0

� (r) dr

1CCA �

2664�
0BB@

dj����+1Z
0

� (r) dr

1CCA
3775
k

, ln �

0BB@
dj������+1Z
0

� (r) dr

1CCA � k ln

2664�
0BB@

dj����+1Z
0

� (r) dr

1CCA
3775

, �

0BB@
dj������+1Z
0

� (r) dr

1CCA �  

2664�
0BB@

dj����+1Z
0

� (r) dr

1CCA
3775 :

Hence, � is an ( ; �)-integral contractive map.

(ii) =) (i) Let � be an ( ; �)-integral contractive map, then 9 2	; �2�; �2�; such that 8��;��+12
;

we have

dj������+1
6= 0 =) �

0BB@
dj������+1Z
0

' (r) dr

1CCA �  

2664�
0BB@

dj����+1Z
0

' (r) dr

1CCA
3775 :

Using � (r) = e�(r) and  (r) = kr; then it is immediate to verify that � is a �-integral contractive

map and

�

0BB@
dj������+1Z
0

� (r) dr

1CCA �  

2664�
0BB@

dj����+1Z
0

� (r) dr

1CCA
3775

, �

0BB@
dj������+1Z
0

� (r) dr

1CCA �

2664�
0BB@

dj����+1Z
0

� (r) dr

1CCA
3775
k

:

Hence, � is a �-integral contractive map.

Lemma 2.1.3. Let (
; dj) be a C-M.S and � : 
! CBj
 be a multi-valued map. Then, the

next propositions are equivalent:

(i) � is a �-integral multi-valued contractive map with � 2 �;

(ii) � is an ( ; �)-integral multi-valued contractive map with  2 	 and � 2 �:

Proof. We follow the similar way in the proof of Lemma 2.1.2.
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Theorem 2.1.4. Presume that (
; dj) is a C-M.S and f : 
! 
 is a non-linear self-map.

Let � : 
 ! CBj
 be a multivalued-mapping satisfying (2.1) 8
��;��+12$j

f;�
�0

; �2N: Then, � & f

possess a C.F.P �� so that lim
�!1

f�� = �� 2 ���.

Proof. As �0 2 $j
�;f
�0

; if 9�02N so that ��0 = ��0+1, then the C.F.P of � and f is done. We

form a sequence according to next G.D.P:

$j�;f�0 =
n
(��)�2N[f0g : ��+1 = f�� 2 ����1; 8�2N

o
:

Now, we take �� 6= ��+1; then dj
f��
f��+1

= dj��+1��+2
> 0 8�2N: Utilising (2.1); we get

�

0BB@
djf��f��+1Z
0

� (r) dr

1CCA �  

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775 (2.3)

=  

266666664
�

0BBBBBBB@

Dj
f���1
����1

:Dj
f���1
���

+Djf��
���

:Djf��
����1

max

�
Dj
f���1
���

;Djf��
����1

�Z
0

� (r) dr

1CCCCCCCA

377777775

=  

2664�
0BB@

djf���1f��Z
0

� (r) dr

1CCA
3775 < �

0BB@
djf���1f��Z
0

� (r) dr

1CCA :

From (2.3) and (�1) ; we get

djf��f��+1Z
0

� (r) dr <

djf���1f��Z
0

� (r) dr:

Consequently, the sequence

8>><>>:
djf��f��+1Z
0

� (r) dr

9>>=>>; is decreasing and bounded from below. There-
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fore, 9%�0 such that lim
�!1

djf��f��+1Z
0

� (r) dr = %: Assume that % > 0: Thus, from (2.3); we have

�

0BB@
djf��f��+1Z
0

� (r) dr

1CCA �  

2664�
0BB@

djf���1f��Z
0

� (r) dr

1CCA
3775 (2.4)

�  2

26664�
0BBB@

djf���2f���1Z
0

� (r) dr

1CCCA
37775

:

:

:

�  �

2664�
0BB@

djf�0f�1Z
0

� (r) dr

1CCA
3775 :

Taking �!1 in (2.4), and as  2 	; we hæve

0 � lim
�!1

�

0BB@
djf��f��+1Z
0

� (r) dr

1CCA � lim
�!1

 �

2664�
0BB@

djf�0f�1Z
0

� (r) dr

1CCA
3775 = 0;

hence

lim
�!1

�

0BB@
djf��f��+1Z
0

� (r) dr

1CCA = 0:

From (�2) ; we get

lim
�!1

djf��f��+1Z
0

� (r) dr = 0:

From Lemma 1.1.31, we get

lim
�!1

djf��f��+1
= lim

�!1
dj��+1��+2

= 0: (2.5)

27



Now, we verify that f��g is a Cauchy sequence in (
; dj) : Assum on the contræry that f��g is

not Cauchy, then 9�>0 so that 8p2N; 9�(p);{(p)2N with � (p) > { (p) > p attaining

djf��(p)f�{(p)
� �: (2.6)

Let { (p) to be the least integer exceeding � (p) and attaining (2.6), such that

djf��(p)f�{(p)�1
< �; 8p2N: (2.7)

Using the triangle inequality in (2.6); we get

� � djf��(p)f�{(p)
� djf��(p)f�{(p)+1

+ djf�{(p)+1f�{(p)
: (2.8)

Letting p!1 in (2.8), using (2.5) and (2.7); we obtain

lim
p!1

djf��(p)f�{(p)+1
� �: (2.9)

Thus, 9p12N; such that

djf��(p)f�{(p)+1
>
�

2
; 8p>p1 :

This implies that

max
n
djf��(p)f�{(p)+1

; djf��(p)+1f�{(p)

o
>
�

2
; 8p>p1 : (2.10)

From (2.6) and applying triangle inequality again, we have

� � djf��(p)f�{(p)
� djf��(p)f��(p)+1

+ djf��(p)+1f�{(p)+1
+ djf�{(p)+1f�{(p)

:

Taking p!1 and using (2.5); we get

lim
p!1

djf��(p)+1f�{(p)+1
� �:

Thus, 9p22N; such that

djf��(p)+1f�{(p)+1
>
�

2
; 8p>p2 : (2.11)
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Now, from (2.11); (�1) and (2.1); we have

�

0B@
�
2Z
0

� (r) dr

1CA � �

0BBBB@
dj
f��(p)+1
f�{(p)+1Z
0

� (r) dr

1CCCCA �  

266664�
0BBBB@

M j
��(p)+1
�{(p)+1Z
0

� (r) dr

1CCCCA
377775 (2.12)

< �

0BBBBBBBBB@

Dj
f��(p)+1
���(p)+1

:Dj
f��(p)+1
��{(p)+1

+Dj
f�{(p)+1
��{(p)+1

:Dj
f�{(p)+1
���(p)+1

max

(
Dj
f��(p)+1
��{(p)+1

;Dj
f�{(p)+1
���(p)+1

)Z
0

� (r) dr

1CCCCCCCCCA
:

On the other hand, from (2.10), we �nd that

0 �
Djf��(p)+1���(p)+1

: Djf��(p)+1��{(p)+1
+ Djf�{(p)+1��{(p)+1

: Djf�{(p)+1���(p)+1

max
n
Djf��(p)+1��{(p)+1

; Djf�{(p)+1���(p)+1

o � Djf��(p)+1���(p)+1
+ Djf�{(p)+1��{(p)+1

:

Let p!1 above and using (2.5), we deduce that

lim
p!1

Djf��(p)+1���(p)+1
: Djf��(p)+1��{(p)+1

+ Djf�{(p)+1��{(p)+1
: Djf�{(p)+1���(p)+1

max
n
Djf��(p)+1��{(p)+1

; Djf�{(p)+1���(p)+1

o = 0:

So, 9p32N; such that

Djf��(p)+1���(p)+1
: Djf��(p)+1��{(p)+1

+ Djf�{(p)+1��{(p)+1
: Djf�{(p)+1���(p)+1

max
n
Djf��(p)+1��{(p)+1

; Djf�{(p)+1���(p)+1

o <
�

2
; 8p>p3 : (2.13)

Fusing (2.12) and (2.13); we get

�

0B@
�
2Z
0

� (r) dr

1CA < �

0BBBBBBBBB@

Dj
f��(p)+1
���(p)+1

:Dj
f��(p)+1
��{(p)+1

+Dj
f�{(p)+1
��{(p)+1

:Dj
f�{(p)+1
���(p)+1

max

(
Dj
f��(p)+1
��{(p)+1

;Dj
f�{(p)+1
���(p)+1

)Z
0

� (r) dr

1CCCCCCCCCA
< �

0B@
�
2Z
0

� (r) dr

1CA ;
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8p>maxfp1;p2;p3g; a contradiction. Thus, f��g is a Cauchy in a C-M.S (
; dj) : So, 9��2
 so that

lim
�!1

f�� = ��; that is lim
�!1

dj�n�� = 0: By virtue of (2.1), we infer that

�

0BB@
dj�

�
f��Z
0

� (r) dr

1CCA = lim
�!1

�

0BB@
djf��+1
f��Z
0

� (r) dr

1CCA � lim
�!1

 

2664�
0BB@

M j��
��Z

0

� (r) dr

1CCA
3775 (2.14)

= lim
�!1

 

266666664
�

0BBBBBBB@

Djf��
���

:Djf��
���+Djf�

�
��� :Dj

f��
���

max

�
Djf��
��� ;Dj

f��
���

�Z
0

� (r) dr

1CCCCCCCA

377777775

< lim
�!1

�

0BBBBBBB@

djf��
f��+1

: djf��
f��+ djf�

�
f�� : dj

f��
f��+1

max

�
djf��
f�� ; dj

f��
f��+1

�Z
0

� (r) dr

1CCCCCCCA
;

which together with (�1) and (�3) yield that

dj�
�
f��Z
0

� (r) dr = 0: According to Lemma 1.1.31, we

deduce that dj�
�

f�� = 0; that is �
� = f�� 2 ���: Therefore, f and � have a C.F.P ��:

Example 2.1.5. Let 
 = [0;1) with the usual metric dj�1�2 = j�1 � �2j. Then, (
; dj) is

a C-M.S. Consider the maps f : 
 ! 
 by f� = �
4 and � : 
 ! CBj
 by �� =

h
0; 4�3

i
: The

sequence f��g can be de�ned as �� = �0l
��1 8�2N with �0 = 4 and l = 1

4 ; so that �1 = 4 and

�2 = 1 = f�1 2 ��0 =
�
0;
4

3

�
; �3 =

1

4
= f�2 2 ��1 =

�
0;
4

3

�
;

�4 =
1

16
= f�3 2 ��2 =

�
0;
1

3

�
; �5 =

1

64
= f�4 2 ��3 =

�
0;
1

12

�
:

Proceeding in this aproach, we get

$j�;f4 =

�
1;
1

4
;
1

16
;
1

64
; :::

�
;
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is a G.D.P of f & � having a start point �0 = 4: De�ne � (t) =
16t

3
2 �; � (r) = 4r 2 � and

 (r) = 2r
ln 16 2 	: 8��;��+12$j�;f4

and djf��f��+1
> 0; we have

�

0BBB@
dj��+1��+2Z
0

� (r) dr

1CCCA = �

0BB@
djf��f��+1Z
0

� (r) dr

1CCA = �

0B@
1
4 j�����+1jZ

0

� (r) dr

1CA = 4

1
4 j�����+1jZ

0

16r

3
dr

= 4

 
16

1
4 j�����+1j
3 ln 16

� 1

3 ln 16

!
� 2

ln 16

"
4

 
16j�����+1j
3 ln 16

� 1

3 ln 16

!#

=
2

ln 16

26644
0BB@

dj����+1Z
0

� (r) dr

1CCA
3775 �  

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775 :

We can select any two arbitrary points �1 = 1, �2 =
1
4 2 $

�;f
4 to obtain the following:

�

0BB@
djf�1f�2Z
0

� (r) dr

1CCA = �

0BBB@
djf1
f 14Z
0

� (r) dr

1CCCA = 4

 
16

3
16

3 ln 16
� 1

3 ln 16

!
� 0:33:

Therefore, we have

M j11
4
=
Djf1�1 : Dj

f1

� 1
4

+ Djf
1
4

� 1
4

: Djf
1
4

�1

max

�
Djf1

� 1
4

; Djf
1
4

�1

� =
17

64
;

so that

 

264�
0B@

17
64Z
0

16r

3
dr

1CA
375 = 2

ln 16

"
4

 
16

17
64

3 ln 16
� 1

3 ln 16

!#
� 0:38:

Therefore, we conclude that

�

0BBB@
djf1
f 14Z
0

� (r) dr

1CCCA �  

26664�
0BBB@

M j11
4Z

0

� (r) dr

1CCCA
37775 :

Hence, the condition of Theorem 2.1.4 is achieved, so that f & � have a C.F.P 0 = f0 2 �0:
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Otherwise, we get

�

0BBB@
dj��+1��+2Z
0

� (r) dr

1CCCA >  

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775 :

For instance, if �1 = 0 and �2 = 2; then we obtain

�

0BB@
djf�1f�2Z
0

� (r) dr

1CCA = �

0BB@
djf0f2Z
0

� (r) dr

1CCA = 4

 
16

1
2

3 ln 16
� 1

3 ln 16

!
� 1:44:

Therefore, we have

M j02 =
djf0�0 : dj

f0
�2 + djf2�2 : dj

f2
�0

max
n
djf0�2 ; dj

f2
�0

o =
1

2
;

so that

 

264�
0B@

1
2Z
0

16r

3
ds

1CA
375 = 2

ln 16

"
4

 
16

1
2

3 ln 16
� 1

3 ln 16

!#
� 1:04:

Therefore, we conclude that

�

0BB@
djf0f2Z
0

� (r) dr

1CCA >  

264�
0B@ M j02Z

0

� (r) dr

1CA
375 :

That is, the premise of Theorem 2.1.4 is not attained for some ��; ��+1 2 
:

De�nition 2.1.6. Let f : 
 ! 
 be a map on a M.S (
; dj) and � : 
 ! CBj
 is termed

an �-integral Khan-type multi-valued contractive map w.r.t. the G.D.P $j�;f�0 , �0 2 
; if

9k2(0;1);�2� and �2� so that 8��;��+12$j�;f�0
; �2N:

(i) If max
n
Djf�����+1

; Djf��+1���

o
6= 0; then Djf�����+1

6= 0 and

djf��f��+1
> 0) �

0BB@
djf��f��+1Z
0

� (r) dr

1CCA �

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775
k

; (2.15)

where M j���1��
is de�ned as in (2.2)
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(ii) If max
n
Djf�����+1

; Djf��+1���

o
= 0; then Djf�����+1

= 0:

Theorem 2.1.7. Presume that (
; dj) is a C-M.S and f : 
! 
 is a non-linear self-map. Let

� : 
! CBj
 be a multivalued-mapping achieving (2.15): Then, � & f possess a C.F.P �� so

that lim
�!1

f�� = �� 2 ���.

Proof. As �0 2 $j
�;f
�0

; if there is �0 2 N so that ��0 = ��0+1, then the existence of a F.P is

done. We form a sequence according to next G.D.P:

$j�;f�0 =
n
(��)�2N[f0g : ��+1 = f�� 2 ����1; 8�2N

o
:

Now, we take �� 6= ��+1; then dj
f��
f��+1

= dj��+1��+2
> 0 8�2N: Utilising (2.15); we have

�

0BB@
djf��f��+1Z
0

� (r) dr

1CCA �

2664�
0BB@

djf���1f��Z
0

� (r) dr

1CCA
3775
k

: (2.16)

Applying ln to each side of (2.16), referring to Lemma 2.1.3 with taking  (r) = kr 2 	 and

� (r) = ln � (r) 2 �; leads to

�

0BB@
djf��f��+1Z
0

� (r) dr

1CCA �  

2664�
0BB@

djf���1f��Z
0

� (r) dr

1CCA
3775 :

Henceforth, by tracing the line of proof employed in the Theorem 2.1.4, we deduct that f & �

possess a C.F.P ��:

Example 2.1.8. Let 
 = [0;1) and dj�1�2 = j�1 � �2j, then (
; dj) is a C-M.S: Consider

� (r) = e
p
r 2 � and the maps f : 
 ! 
 by f� = �

2 and � : 
 ! CBj
 by �� =
h
0; 2�3

i
: The

sequence f��g can be de�ned as �� = �0l
��1 8�2N with �0 = 2 and l = 1

2 so that �1 = 2 and

�2 = 1 = f�1 2 ��0 =
�
0;
4

3

�
; �3 =

1

2
= f�2 2 ��1 =

�
0;
4

3

�
;

�4 =
1

4
= f�3 2 ��2 =

�
0;
2

3

�
; �5 =

1

8
= f�4 2 ��3 =

�
0;
1

3

�
:
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Proceeding in this aproach, we get

$j�;f2 =

�
1;
1

2
;
1

4
;
1

8
; :::

�
;

is a G.D.P of f and � having start point �0 = 2: Let � (t) =
1

3
. For ��; ��+1 2 $jf;�4 and

djf��f��+1
> 0; we have

�

0BB@
djf��f��+1Z
0

� (r) dr

1CCA = �

0B@
1
2 j�����+1jZ

0

1

3
dr

1CA = �

 ���� � ��+1��
6

!

= e

1p
2

vuuuuuuut
dj����+1Z
0

�(r)dr

�

0BBBBBBBBB@
e

vuuuuuuut
M j���1��Z
0

�(r)dr

1CCCCCCCCCA

1p
2

=

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775
k

:

We can select any arbitrary points �1 = 1 and �2 =
1
2 of $j

�;f
2 to obtain the following

�

0BB@
djf�1f�2Z
0

� (r) dr

1CCA = �

0BBB@
djf1
f 12Z
0

1

3
dr

1CCCA = �

0BBBB@
dj
1
2
1
4Z

0

1

3
dr

1CCCCA = 1:33:

Thereafter, we have

M j11
2
=
djf1�1 : dj

f1

� 1
2

+ djf
1
2

� 1
2

: djf
1
2

�1

max

�
djf1
� 1
2

; djf
1
2

�1

� =
5

8
:
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So that for k = 1p
2
, we get

26664�
0BBB@

M j11
2Z

0

� (r) dr

1CCCA
37775
k

=

264�
0B@

5
8Z
0

1

3
dr

1CA
375
k

=

�
�

�
5

24

�� 1p
2

� 1:38:

Therefore, we conclude

�

0BBB@
djf1
f 12Z
0

� (r) dr

1CCCA �

26664�
0BBB@

M j11
2Z

0

� (r) dr

1CCCA
37775
k

:

Hence, the required condition of Theorem 2.1.7 is satis�ed, and 0 = f0 2 �0 is a C.F.P of f

and �:

Otherwise, we have

�

0BB@
djf��f��+1Z
0

� (r) dr

1CCA >

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775
k

:

For instance, if �1 = 0 and �2 = 2; then we obtain

�

0BB@
djf�1f�2Z
0

� (r) dr

1CCA =

2664�
0BB@

djf0f2Z
0

� (r) dr

1CCA
3775
k

=

264�
0B@ dj01Z
0

1

3
dr

1CA
375
k

= e
1p
3 � 1:8:

Therefore, we have

M j02 =
djf0�0 : dj

f0
�2 + djf2�2 : dj

f2
�0

max
n
djf0�2 ; dj

f2
�0

o = 1:
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So that for k = 1p
2
, we get

264�
0B@ M j02Z

0

� (r) dr

1CA
375
k

=

24�
0@ 1Z
0

1

3
dr

1A35k

= e
1p
6 � 1:5:

Therefore, we conclude

�

0BB@
djf0f2Z
0

� (r) dr

1CCA >

264�
0B@ M j02Z

0

� (r) dr

1CA
375
k

:

That is, the premise of Theorem 2.1.7 is not satis�ed for some ��; ��+1 2 
:

Corollary 2.1.9. Let � : 
 ! CBj
 be a multivalued-mapping on a M.S (
; dj). Then, � is

termed an ( ; �)-integral Khan-type contractive map w.r.t. D.P $j��0 , �0 2 
; if 9�2�; 2	; �2�
so that 8��;��+12$j��0 ; �2N

:

(i) If max
n
Dj�����+1 ; Dj

��+1
���

o
6= 0; then ��� 6= ���+1 and

Ĥ
������
���+1

> 0) �

0BBB@
Ĥj���

���+1Z
0

� (r) dr

1CCCA �  

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775 ; (2.17)

where

M j���1��
=
Dj���1����1

: Dj���1���
+ Dj����� : Dj

��
����1

max
n
Dj���1���

; Dj������1
o : (2.18)

(ii) If max
n
Dj�����+1 ; Dj

��+1
���

o
= 0; then ��� = ���+1:

Hence, � possesses an F.P �� such that �� 2 lim
�!1

��� = ��
�:

Corollary 2.2.10. Let � : 
 ! 
 be a self-map on a M.S (
; dj). Then, � is termed an

( ; �)-integral Khan-type contractive map w.r.t. D.P $��0

���, �0 2 
; if 9�2�; 2	 and �2� such

that 8
��;��+12$��0

���; �2N:
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(i) If max
n
dj�����+1 ; dj

��+1
���

o
6= 0; then ��� 6= ���+1 and

dj������+1
> 0) �

0BB@
dj������+1Z
0

� (r) dr

1CCA �  

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775 ; (2.19)

where M j���1��
is de�ned as in (2.18).

(ii) If max
n
dj�����+1 ; dj

��+1
���

o
= 0; then ��� = ���+1:

Thus, � possesses an F.P �� such that �� = lim
j!1

��� = ��
�.

Corollary 2.1.11. Let � : 
 ! CBj
 be a multivalued-map on a M.S (
; dj). Then � is

termed a �-integral contractive map w.r.t. D.P$��0

���, �0 2 
; if 9k2(0;1);�2� and �2� such that

8
��;��+12$��0

���; �2N:
(i) If max

n
Dj�����+1 ; Dj

��+1
���

o
6= 0; then ��� 6= ���+1 and

Ĥ
������
���+1

> 0) �

0BBB@
Ĥj���

���+1Z
0

� (r) dr

1CCCA �

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775
k

; (2.20)

where M j���1��
is de�ned as in (2.18):

(ii) If max
n
Dj�����+1 ; Dj

��+1
���

o
6= 0; then ��� = ���+1:

Thus, � possesses an F.P �� such that �� 2 lim
�!1

��� = ��
�:

Corollary 2.1.12. Let � : 
! 
 be a mapping on a M.S (
; dj). Then, � is termed an integral

Khan-type �-contraction w.r.t. D.P$��0

��� ; if 9k2(0;1);�2� and �2� such that 8��;��+12$��0
���; �2N:

(i) If max
n
Dj�����+1 ; Dj

��+1
���

o
6= 0; then ��� 6= ���+1 and

dj������+1
> 0) �

0BB@
dj������+1Z
0

� (r) dr

1CCA �

2664�
0BB@

M j���1��Z
0

� (r) dr

1CCA
3775
k

; (2.21)

where M j�j�1�j
is de�ned as in (2.18):

(ii) If max
n
Dj�����+1 ; Dj

��+1
���

o
= 0; then ��� = ���+1:
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Thus, � possesses an F.P �� such that �� = lim
�!1

��� = ��
�:

Corollary 2.1.13. Let (
; dj) be a C-M.S and � : 
 ! 
 be a self-map. Thus, the next

propositions are equivalent:

(i) � is a �-contractive map with � 2 �;

(ii) � is an ( ; �)-contractive map with  2 	 and � 2 �:

Corollary 2.1.14. Let (
; dj) be a C-M.S and � : 
 ! CBj
 be a multivalued mapping.

Thus, the next propositions are equivalent:

(i) � is a multi-valued �-contractive map with � 2 �;

(ii) � is a muli-valued ( ; �)-contractive map with  2 	 and � 2 �:

2.2 Application to nonlinear fractional diferential equations

In this part, we apply the F.P technique to �nd a solution of NFDE using Corollary 2.1.10. In

particular, inspired from [36, 42, 43], we recall the de�nition of Caputo derivative of function

� : [0;1)! R order � > 0, which is Considered as following:

D� (� (r)) =
1

k (n� �)

rZ
0

(r � k)n���1 �(n) (k) dk (n� 1 < � < n; n = [�] + 1) ;

where [�] means the integer term of � 2 R+; and k is a 
-function.

Hence, observe the next NFDE:8<: D� (� (r)) + �jr�(r) = 0; r 2 I = [0; 1] ; � < 1

�(0) = � (1) = 0;
; (2.22)

where the function � : I � (�1;1) �! (�1;1) is continuous. So, the NFDE (2.22) is

equalized to the next IE 8r2I :

�(r) =

Z 1

0
fjrk �j

k
�(k) dk: (2.23)
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Where, f : I2 ! R is a G.F de�ned as

fjrk =

8<: (r (1� k))��1 � (r � k)��1 ; 0 � k � r � 1
(r(1�k))��1

k(�) ; 0 � r � k � 1
:

De�ne dj : 
2 ! [0;1) such that 
 = CjIR is a space of continuous functions on I by

dj�1�2 = k�1 (r)� �2 (r)k1 = sup
r2I

j�1 (r)� �2 (r)j ;8�1;�22
:

Distinctly, (
; dj) is a C-M.S.

Theorem 2.2.1. Under the two postulates below, NFDE (2.22) has at least one solution �� 2 


i¤ � has an F.P.

(|1) 9@�1 so that 8q1;q22R, we have

����jrq1 � �jrq2��� � e�@

@
M jq1q2 8r2I ;

where

M jq1q2 =
jq1 � �q1j : jq1 � �q2j+ jq2 � �q2j : jq2 � �q1j

max fjq1 � �q2j ; jq2 � �q1jg
:

(|2) 9@�1 so that maxr;k2I
R 1
0 fj

r
k dk � 1

@ :

Proof. De�ne the operator � : 
 �! 
 by

��(r) =

Z 1

0
fjrk �j

k
�(k) dk 8r2I : (2.24)

Evidently, the solvability of the IE (2.23) is equivalized to �nd a F.P of �. From above propo-
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sitions, 8�1;�22
; r2I ; we get

j��1(r)� ��2(r)j =

����Z 1

0
fjrk �j

k
�1(k)

dk �
Z 1

0
fjrk �j

k
�2(k)

dk

����
�

Z 1

0

h���fjrk �jk�1(k) � fjrk �jk�2(k)���i ds
�

Z 1

0
fjrk

e�@

@
M j�1�2 dk

=

�
e�@

@
M j�1�2

� �Z 1

0
fjrk dk

�
:

Consequently, we have

max
t2I

j��1(r)� ��2(r)j �
�
e�@

@2
M j�1�2

��
max
r;k2I

Z 1

0
fjrk dk

�
;

implying that

dj��1��2
� 1

@2e@
M j�1�2 :

Choosing  (r) = 1
@2e@

r 2 	 and � (r) = r 2 � to obtain

�
�
dj��1��2

�
�  

�
�
h
M j�1�2

i�
:

Furthermore, by a contractive condition in Corollary 2.1.10 with setting � (r) = 1 8r2R, we get

�

0BBB@
dj
��j
��j+1Z
0

� (r) dr

1CCCA �  

26664�
0BBB@

M j
�j�1
�jZ
0

� (r) dr

1CCCA
37775 :

Hence, the hypotheses of Theorem 2.2.1 are realized and � possessess an F.P which is a solution

of (2.22).

Example 2.2.2. Consider the next IE

�(r) =
e�@

12@

Z 1

0
(r (1� k))��1 � (r � k)��1 �(k))dk; 0 � k � r � 1: (2.25)
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Let � : 
! 
 be de�ned by

��(r) =
e�@

12@

Z 1

0
(r (1� k))��1 � (r � k)��1 �(k))dk; 0 � k � r � 1:

By specifying fjrk = 1
12 (r (1� k))

��1 � (r � k)��1 and �jk�(k) = e�@

@ �(k) in Theorem 2.2.1, we

obtain that the IE (2.25) has at least one solution in 
: Now, we have

����jk�1(k) � �jk�2(k)��� =

����e�@@ �1(k)�
e�@

@
�2(k)

����
�

����2e�@@ (�1(k)� �2(k))
����

=
2e�@

@
dj�1�2

� 2e�@

@
M j�1�2 :

For @ = 2; � = 2 and 0 � k � r � 1; we get

max
r;k2I

Z 1

0
fjrk dk = max

r;k2I

Z 1

0

1

12

h
(r (1� k))��1 � (r � k)��1

i
dk � 1

2
:

Hence, the hypotheses of Theorem 2.2.1 are satis�ed, and � possessess an F.P which is a solution

of (2.25).

2.3 Common �xed point theorems for Ćiríc-type contraction

on closed ball

Let (
; d) be a M.S, �0 2 
 and �;= : 
 ! CBj
 be multivalued mappings. Then there

exist �1 2 ��0 such that Dj
�0
��0

= dj�0�1 : Let �2 2 =�1 be such that Dj
�1
=�1 = dj�1�2 : Continuing

this manner, we build a sequence f��g in 
 such that ��+1 2 ��� ) Dj����� = dj����+1 and

��+2 2 =��+1 ) Dj��+1=��+1 = dj��+1��+2
: We say that f�=(��)g is a sequence in 
 generated by �0:

De�nition 2.3.1 Let �;= : 
! CBj
 be two multivalued mappings and � : 
�
! [0;+1).

Let ¾A� 
: The pair (�;=) is regarded as a semi ��-admissible on ¾A; whenever �j�1�2 � 1 implies
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that ��j��1=�2 � 1 and ��j
=�1
��2

� 1; 8�1;�22A; where

��j��1=�2 = inff�j
a
b : a 2 ��1; b 2 =�2g:

If ¾A= 
, then we say that (�;=) is a pair of ��-admissible on 
:

De�nition 2.3.2 Let � : 
 ! CBj
 be a multivalued mapping and �; � : 
 � 
 ! [0;+1).

Let ¾A� 
: � is regarded as a semi ��-admissible w.r.t � on ¾A; whenever �j�1�2 � �j�1�2 implies

that ��j��1��2
� ��j

��1
��2

; 8�1;�22A; where

��j��1��2
= inff�jab : a 2 ��1; b 2 ��2g;

and

��j
��1
��2

= supf�jab : a 2 ��1; b 2 ��2g:

If ¾A= f, then we say that � is ��-admissible w.r.t � on 
:

De�nition 2.3.3 Let �;= : 
 ! CBj
 be two mappings and �; � : 
 � 
 ! [0;+1). Let

¾A� 
: We say that (�;=) is a pair of semi ��-admissible w.r.t � on ¾A; whenever �j�1�2 � �j�1�2
implies that ��j��1=�2 � ��j

��1
=�2 and ��j

=�1
��2

� ��j
=�1
��2

; 8�1;�22A; where

��j��1=�2 = inff�j
a
b : a 2 ��1; b 2 =�2g;

and

��j
��1
=�2 = supf�j

a
b : a 2 ��1; b 2 =�2g:

Again, if ¾A= 
, then we say that (�;=) is a pair of ��-admissible w.r.t � on 
:

De�nition 2.3.4. Let (
; dj) be a M.S, �; � : 
�
! [0;+1) be two functions and �;= : 
!

CBj
 be two multivalued mappings. The pair (�;=) is called Ćiríc-type rational (��; ��;  ; �)-

contraction, if there exists � 2 � and  2 	 such that 8�1;�22f�=(�n)g;

Ĥd

�����1
=�2

> 0) �

�
��j��1=�2 Ĥd

�����1
=�2

�
�  

h
�
�
M j�1�2

�i
; (2.26)
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where

M j�1�2 = max

8<:dj�1�2 ; Dj�1��1 ; Dj�2=�2 ; Dj
�1
��1

: Dj�2=�2
1 + dj�1�2

9=; : (2.27)

Theorem 2.3.5. Let (
; dj) be a C-M.S, �; � : 
 � 
 ! [0;+1) be two functions. Assume

that �;= : 
! CBj
 are a pair of semi ��-admissible w.r.t � satisfying (2.26) on a closed ball

Bdj&0r , for r > 0 and �0 2 Bdj�0r : Suppose that f�=(��)g is a sequence in 
 generated by �0.

Then f�=(��)g ! z 2 Bdj�0r ; and

�
�
dj�0�1

�
�

�X
{=0

 {
h
�
�
dj�0�1

�i
� r; r > 0: (2.28)

Moreover, if 8�1; �2 2
�
Bdj�0r \ f�=(�n)g

�
[ fzg the contractive condition (2.26) holds .

Then, � and = have a C.F.P in Bdj�0r .

Proof. Since �0 2 Bdj�0r ; and �;= : 
 ! CBj
 are two multivalued mappings, then there

is �1 2 ��0 so that Dj
�0
��0

= dj�0�1 : If �0 = �1, then �0 is an F.P of � in Bdj�0r . Let �0 6= �1: From

(2.28), we get,

�
�
dj�0�1

�
�

�X
{=0

 {
h
�
�
dj�0�1

�i
� r; r > 0:

It follows that �1 2 Bdj�0r : As �j
�0
�1
� �j�0�1 and (�;=) is a pair of semi ��-admissible w.r.t. �

on Bdj�0r , so ��j
��0
=�1 � ��j

��0
=�1 . As ��j

��0
=�1 � ��j

��0
=�1 ; �1 2 ��0 and �2 2 =�1; so �j

�1
�2
� �j�1�2 : Let

�2; :::; �{ 2 Bdj�0r for some { 2 N: As (�;=) is a pair of semi ��-admissible w.r.t. � on Bdj�0r , we

have

��j=�1��2
� ��j

=�1
��2

;

implying that �j�2�3 � �j�2�3 ; which further implies

��j��2=�3 � ��j
��2
=�3 :

Continuing in this manner and if { = 2 + 1; = 1; 2; ::: {�12 , we have

��j��2=�2+1 � ��j
��2
=�2+1 ;
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which leadss to

�j�2+1�2+2
� �j�2+1�2+2

:

Now, we write

�
�
dj�2+1�2+2

�
� �

�
Ĥd

�����2
=�2+1

�
� �

�
��j��2=�2+1 Ĥd

�����2
=�2+1

�
�  

h
�
�
M j�2�2+1

�i
=  

24�
0@max

8<:dj�2�2+1 ; Dj�2��2 ; Dj�2+1=�2+1 ;
Dj�2��2 : Dj

�2+1
=�2+1

1 + L&2j&2j+1

9=;
1A35

=  

24�
0@max

8<:dj�2�2+1 ; dj�2+1�2+2
;
dj�2�2+1 : dj

�2+1
�2+2

1 + dj�2�2+1

9=;
1A35 :

If M j�2�2+1 = dj�2+1�2+2
; then

�
�
dj�2+1�2+2

�
�  

h
�
�
dj�2+1�2+2

�i
:

Using (�1) and sicethe  2 	; we get

dj�2+1�2+2
< dj�2+1�2+2

;

which is an inconsistency as dj�2+1�2+2
� 0:

Similarly if M j�2�2+1 =
dj�2�2+1 : dj

�2+1
�2+2

1+dj�2�2+1
; we obtain an inconsistency. Therefore, M j�2�2+1 = dj�2�2+1 ;

which implies that

�
�
dj�2+1�2+2

�
�  

h
�
�
dj�2�2+1

�i
�  

�
�

�
��j

=�2�1
��2

Ĥ
���=�2�1
��2

��
�  2

h
�
�
dj�2�1�2

�i
� ::: �  2+1

h
�
�
dj�0�1

�i
:

Following that,

�
�
dj�2+1�2+2

�
�  2+1

h
�
�
dj�0�1

�i
: (2.29)
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Utilizing triangle inequality; (�4) ; (2.28) and (2.29); we obtain

�
�
dj�0�2+1

�
� �

�
dj�0�1 + :::+ dj�2�2+1 + dj�2+1�2+2

�
� �

�
dj�0�1

�
+ :::+ �

�
dj�2�2+1

�
+ �

�
dj�2+1�2+2

�
� �

�
dj�0�1

�
+ :::+  2

h
�
�
dj�0�1

�i
+  2+1

h
�
�
dj�0�1

�i
�

2+1X
{=0

 {
h
�
�
dj�0�1

�i
� r:

Thus, �2+1 2 Bj�0r : Therefore, by induction, �� 2 Bj�0r and �j����+1 � �j����+1 8�2N: As �;= are

semi ��-admissible w.r.t. � on Bj�0r ; then ��j
���
=��+1 � ��j

���
=��+1 8�2N[f0g. Now, inequality (2.29)

can be written as

�
�
dj��+1��+2

�
�  �+1

h
�
�
dj�0�1

�i
: (2.30)

Passing �!1 in (2.30); we get

0 � lim
�!1

�
�
dj��+1��+2

�
� lim

�!1
 �+1

h
�
�
dj�0�1

�i
= 0;

hence

lim
�!1

�
�
dj��+1��+2

�
= 0:

From (�2), we get

lim
�!1

dj��+1��+2
= 0: (2.31)

To prove that f��g is a Cauchy in (Bj�0r ; dj). Let �;{ 2 N with { > � > p. Then, we get

�
�
dj���{

�
� �

�
dj����+1 + dj��+1��+2

+ :::+ dj�{�1�{

�
(2.32)

� �
�
dj����+1

�
+ �

�
dj��+1��+2

�
+ :::+ �

�
dj�{�1�{

�
�  �

h
�
�
dj�0�1

�i
+  �+1

h
�
�
dj�0�1

�i
+ :::+  {�1

h
�
�
dj�0�1

�i
:

Letting �;{ !1 in (2.32); we get

lim
�;{!1

�
�
dj���{

�
= 0:
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Applying (�2), we get

lim
�;{!1

dj���{ = 0: (2.33)

Since every closed ball in a C-M.S is also complete, so there is �� 2 Bj�0r so that �� ! ��; and

lim
n!1

dj�n�� = 0: (2.34)

Hence, f�=(��)g is a sequ¾ence in Bj�0r generated by �0 and f�=(��)g ! �� 2 Bj�0r . So, for

��; ��+1 2 f�=(��)g; one can write

�j����+1 � �j����+1 ; 8��0:

Due to

��j=�����+1
� ��j

=��
���+1

; 8��0:

Thus, we get

�j��+1��+2
� �j��+1��+2

; 8��0:

From our assumption, we have

�j���� � �j���� ; 8��0:

Hence

��j=����� � ��j
=��
��� :

Now, to claim that �� 2 ���, Suppose that dj�
�

��� > 0; then, we have

�
�
Dj�

�

���

�
� �

�
dj�

�

��+1
+ Dj��+1���

�
� �

�
dj�

�

��+1

�
+ �

�
Dj��+1���

�
� �

�
dj�

�

��+1

�
+ �

�
��j=����� Ĥd

���=��
���

�
� �

�
dj�

�

��+1

�
+  

h
�
�
M j����

�i
= �

�
dj�

�

��+1

�
+  

24�
0@max

8<:dj���� ; Dj��=�� ; Dj����� ; Dj
��
=�� : Dj

��

���

1 + dj�
�

��

9=;
1A35

= �
�
dj�

�

��+1

�
+  

24�
0@max

8<:dj���� ; dj����+1 ; Dj����� ; dj
��
��+1

: Dj�
�

���

1 + dj�
�

��

9=;
1A35 :
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Letting �!1 in the previous inequality, using (�2), as  2 	 and (2.34); we get

Dj&
�

�&� < Dj&
�

�&� ;

a contradiction. Thus, Dj�
�

��� = 0 and �
� 2 ���:

Similarly, we can obtain that Dj=�
�

�� = 0: Hence �� 2 =��: So, � and = have a C.F.P.

The following outcome shows that our results are valid in the context of partially ordered

M.Ss (for short P.O.M.Ss).

Via this space, let A;B � 
: If 8a2A; 9b2B so that a � b and �a �r =b; then we say that

A � B and �A �r =B; respectively.

Theorem 2.3.6. Let (
;�; dj) be a C-P.O.M.S, �; � : 
 � 
 ! [0;1) be two functions and

�;= : 
! CBj
 be two non-decreasing semi ��-admissible maps w.r.t �. Suppose there exist

� 2 � and  2 	 so that

Ĥd

�����1
=�2

> 0) �

�
��j��1=�2 Ĥd

�����1
=�2

�
�  

h
�
�
M j�1�2

�i
; (2.35)

where, M j�1�2 is de�ned as in (2.27) for all �1; �2 2 Bj�0r \ f�=(��)g; r > 0 and

�X
{=0

 {
h
�
�
dj�0�1

�i
� r; r > 0:

with �1 � �2, ��1 �r =�2 and
�X
{=0

 {
h
�
�
dj�0�1

�i
� r: Then, f�=(��)g is a sequ¾ence in Bj�0r ;

�� � ��+1 and f�=(��)g ! �� 2 Bj&0r : Moreover, if �� � �� or �� � �� and inequality (2.35)

holds for all �1; �2 2
�
Bj�0r \ f�=(��)g

�
[ f��g. Then, �� is a C.F.P of � and = in Bj�0r :

Proof. Let �0 2 Bj�0r so that �0 � ��0. De�ne a sequence f�= (��)g�2N by letting �1 2 ��0
so that �0 � �1 and �2 2 =�1 so that �1 � �2: As �;= are non-decreasing, we have �3 2 ��2 such

that �2 � �3: Continuing the same manner, we get a sequence f�= (��)g�2N � Bj�0r generated

by �0 such that

�2�+1 2 ��2� and �2�+2 2 =�2�+1; ) �2� � �2�+1 and �2�+1 � �2�+2; 8��0:
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Following that

�0 � �1 � �2 � ::: � �� � ��+1 � ::::

As the pair (�;=) is semi ��-admissible w.r.t. �, we have �j����+1 � �j����+1 8��0: Tracing the

line of proof employed in the Theorem 2.3.5, we deduce that

lim
n!1

dj���� = 0: (2.36)

Hence, f�= (��)g is a sequence in Bj�0r generated by �0 and f�=(��)g ! �� 2 Bj�0r : Also, for

��; ��+1 2 f�= (��)g; we get

�j����+1 � �j����+1 ; 8��0:

As ��j���=��+1 � ��j
���
=��+1 8��0; we have �j��+1��+2

� �j��+1��+2
: By assumption, we get �j���� �

�j���� ; 8��0: Thus ��j
���
=�� � ��j

���
=�� : Now to prove �

� 2 ���, let dj�
�

��� > 0. Then, one gets

�
�
dj�

�

���

�
� �

�
dj�

�

��+1
+ Dj��+1���

�
� �

�
dj�

�

��+1

�
+ �

�
Dj��+1���

�
� �

�
dj�

�

��+1

�
+ �

�
��j=����� Ĥd

���=��
���

�
� �

�
dj�

�

��+1

�
+  

h
�
�
M j����

�i
= �

�
dj�

�

��+1

�
+  

24�
0@max

8<:dj���� ; Dj��=�� ; Dj����� ; Dj
��
=�� : Dj

��

���

1 + dj����

9=;
1A35

= �
�
dj�

�

��+1

�
+  

24�
0@max

8<:dj���� ; dj����+1 ; Dj����� ; dj
��
��+1

: Dj�
�

���

1 + dj����

9=;
1A35 :

Letting �!1 above, using (�2), as  2 	; and from (2.36), we get

Dj&
�

�&� < Dj&
�

�&� :

A contradiction. Thus, Dj�
�

��� = 0 and �
� 2 ���:

Analogously, we can obtain that Dj�
�

=�� = 0 and �
� 2 =��: So, � and = have a C.F.P.

De�nition 2.3.7. Let � : 
 �! 
 be a self-mapping and �; � : 
 � 
 ! [0;+1) be two

functions, then the mapping f is termed semi �-admissible w.r.t. �; if for some �1; �2 2 ¾A� 
,

�j�1�2 � �
�1
�2
=) �j��1��2

� �j��1��2
. If ¾A= 
, then � is told to be �-admissible w.r.t. �.

Corollary 2.3.8. Let (
; dj) be a C-M.S and � : 
 ! 
, r > 0 and �0 be an arbitrary
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point in Bj�0r ; for r > 0: Let f��g be a Picard sequence in 
 with initial guess �0. Let

�; � : 
 � 
 ! [0;+1) be semi �-admissible mappings w.r.t. � on Bj�0r with �j�0�1 � �j�0�1 .

Assume that 9�2�;  2	 so that 8�1;�22Bj�0r
; �j�1�2 � �j�1�2 ; implies

�
�
dj��1��2

�
�  

h
�
�
M j�1�2

�i
; (2.37)

where

M j�1�2 = max

8<:dj�1�2 ; dj�1��1 ; dj�2��2 ; dj
�1
��1

: dj�2��2
1 + dj�1�2

9=; ; (2.38)

and
�X
{=0

 {
h
�
�
dj�0�1

�i
� r , r > 0: Then f��g is a sequence in Bj�0r , �n ! �� 2 Bj�0r and

�j����+1 � �j����+1 8��0: Also, if �j
��
�� � �j���� 8��0; and the inequality (2.37) holds for all �1; �2 2�

Bj�0r \ f
�(��)g
�
[ f��g. Then, �� is a F.P of � in Bj�0r :

Bear in mind that if (
;�) is a partially ordered set and � : 
 ! 
 is a mapping so that

for �1; �2 2 
, with �1 � �2 implies ��1 � ��2, then � is said to be non-decreasing.

Corollæry 2.3.9. Let (
; dj) be a C-P.O.M.S and � : 
 ! 
 be a non-decreasing mapping.

Assume that �0 be an arbitrary point in Bj�0r ; f��g be a Picard sequence in 
 with initial guess

�0 and �0 � �1. Presume that there are � 2 � and  2 	 so that

�
�
dj��1��2

�
�  

h
�
�
M j�1�2

�i
; (2.39)

where M j�1�2 is de�ned as in (2.38) 8 �1; �2 2 Bj�0r \ f
�(��)g with �1 � �2 and

�X
{=0

 {
h
�
�
dj�0�1

�i
� r; r > 0:

Then f��g is a sequence in Bj�0r ; �� � ��+1 and f��g ! �� 2 Bj�0r : Also, if �� � �� or �� � ��

and the inequality (2.39) holds for each �1; �2 2
�
Bj�0r \ f
�(��)g

�
[f��g. Then �� is a F.P of

� in Bj�0r :

Example 2.3.10. Let 
 = [0;1) with metric dj�1�2 = j�1 � �2j. Then, (
; dj) is a C-M.S.

49



De�ne �;= : 
! CBj
 by

��1 =

8><>:
�
3�1
e3
;
�1
e3

�
if �1 2 [0; 1];

f1; �1 + 4g if �1 2 (1;1):
and =�1 =

8><>:
�
3�1
e4
;
�1
e4

�
if �1 2 [0; 1];

f0; �1 + 5g if �1 2 (1;1):

Consider, �0 = 1; r = 10: Then; Bj�0r = [0; 11] and Dj�0��0 = Dj1�1 = dj11
e3
= 1 � 1

e3
. Hence, we

obtain a sequence f�=(��)g =
�
1; 1

e3
; 1
e7
; 1
e10
; 1
e14
; :::
	
in 
 generated by �0: Let � (t) = 2t and

 (t) = 2
e t: De�ne the functions,

�j�1�2 =

8<: 2; if �1; �2 2 [0; 1] ;
5

4
; otherwise:

and �j�1�2 =

8<: 1; if �1; �2 2 [0; 1];
1

2
; otherwise:

:

Now, for �1 = 4 and �2 = 6; we get

�

�
��j=4�6 (; ) Ĥd

���=4
�6

�
= 2(

5

4
)10 >

2

e

�
2max

�
2; 4; 5;

20

3
;
20

9

��
=
80

3e
= 9:8:

Hence, the condition (2.26) does not hold 8�1;�22
 and 8
�1;�22Bj�0r

: Now, 8�1; �2 2 Bj�0r \

f�=(�n)g; we have

��j=�1��2
Ĥd

���=�1
��2

= 2

"
max

(
sup
a2=�1

dja��2 ; sup
b2��2

dj=�1b

)#

= 2

264max
8><>: sup
a2=�1

dja
[
3�2
e4

;
�2
e4
]

; sup
b2��2

dj
[
3�1
e3

;
�1
e3
]

b

9>=>;
375

= 2

264max
8><>:dj

3�1
e3

[
3�2
e4

;
�2
e4
]

; dj
[
3�1
e3

;
�1
e3
]

3�2
e4

9>=>;
375 = 2

264max
8><>:dj

3�1
e3
�2
e4

; dj
�1
e3
3�2
e4

9>=>;
375

� 1

e

2642max
8><>:
j�1 � �2j ;

����1 � �1
e3

��� ; ����2 � �2
e4

��� ;����1� �1
e3

�������2� �2
e4

���
1+j�1��2j

9>=>;
375 ;

implying that

2 ��j=�1��2
Ĥd

���=�1
��2

� 2

e

h
2M j�1�2

i
;
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which yields that

�

�
��j=�1��2

Ĥd

���=�1
��2

�
�  

h
�
�
M j�1�2

�i
:

Therefore, the condition (2.26) holds on Bj�0r \ f�=(��)g: Also, 8��0; we obtain

�
�
dj�0�1

�
�

�X
{=0

 {
h
�
�
dj�0�1

�i
=

�X
{=0

 {
�
�

�
1� 1

e3

��

= 2

�
1� 1

e3

� �X
{=0

�
2

e

�{
� 10 = r:

Hence, all requirements of Theorem 2.3.5 are ful�lled. Moreover, f�=(��)g is a sequence in

Bj�0r , �j
��
��+1

� �j����+1 and f�=(��)g �! 0 2 Bj�0r . Also, �j
��
0 � �j��0 or �j0�� � �j0�� 8��0:

Further, = and � have a C.F.P 0.

Now, we apply Theorem 2.3.5 in graph theory

Theorem 2.3.11. Let (
; dj) be a C-M.S endowed with a graph G; r > 0; �0 2 Bj�0r ,

�;= : 
! CBj
 ; �; � : 
�
! [0;1) and let f�=(��)g be a sequ¾ence in 
 gen¾erated by �0
with (�0; �1) 2 EG. Assume that:

(i) the pair (�;=) is edge preserving;

(ii) for all �1 ; �2 2 Bj�0r \ f�=(��)g and (�1 ; �2) 2 EG; 9�2�;  2	 so that

Ĥd

�����1
=�2

> 0) �

�
Ĥd

�����1
=�2

�
�  

h
�
�
M j�1�2

�i
; (2.40)

where, M j�1�2 is de�ned as in (2.27)

(iii) 9
�02Bj�0r

so that

�
�
Dj�0��0

�
�

�X
{=0

 {
h
�
�
dj�0�1

�i
� r; r > 0:

Then, f�=(��)g is a sequence in Bj�0r ; (��; ��+1) 2 EG and f�=(��)g ! ��. Also, if

(��; �
�) 2 EG or (��; ��) 2 EG 8��0 and inequality (3:1) holds for all �1; �2 2

�
Bj�0r \ f�=(��)g

�
[

f��g. Then, �� is a C.F.P of � and = in Bj�0r .
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Proof. De�ne, �; � : 
� 
! [0;+1) by

�j�1�2 = �j�1�2 =

8<: 1; if (�1; �2) 2 EG
0; otherwise

As f�=(��)g is a sequence in 
 generated by �0 with (�0; �1) 2 EG; we have �j
�0
�1
� �j�0�1 � 1:

Let �j�1�2 � �j�1�2 = 1, then (�1; �2) 2 EG. From (i), we get (u; v) 2 EG 8u2��1 and 8v2=�2 : This

implies that �juv � �juv = 1 8u2��1 and 8v2=�2 : It follows that inf f�j
u
v : u 2 ��1; v 2 =�2g �

supf�juv : u 2 ��1; v 2 =�2g = 1: Thus, (�;=) is a pair of semi ��-admissible w.r.t. � on Bj�0r .

Furthermore, if (�1; �2) 2 EG; then �j
�1
�2
= �j�1�2 = 1 and hence, ��j

��1
=�2 = ��j

��1
=�2 = 1:

Now, condition (ii) can be written as

�

�
��j��1=�2 Ĥd

�����1
=�2

�
= �

�
Ĥd

����&1
=&2

�
�  

h
�
�
M j�1�2

�i
;

8�1; �2 2
�
Bj�0r \ f�=(�n)g

�
. Condition (iii) leads to all assumptions of Theorem 2.3.5. Now,

we have f�=(��)g is a sequence in Bj�0r ; �j
��
��+1

� �j����+1 ; that is, (��; ��+1) 2 EG and

f�=(��)g ! �� 2 Bj�0r . Further, if (��; ��) 2 EG or (��; ��) 2 EG 8��0 and inequality (2.40)

holds for all �1; �2 2
�
Bj�0r \ f�=(��)g

�
[f��g. Then, we ahve �j���� � �j���� or �j

��

��
� �j�

�

��
8��0:

Thus, the existence of C.F.P �� 2 Bj�0r of � and = immediately follows by Theorem 2.3.5.

2.4 Fixed point theorems for almost Fisher-type F<-contraction

with binary relation

In this part, we study existence of F.Ps for an almost Fisher-type multivalued F<-contraction

mappings into a C-M.S endowed with a �-transitive binary relation <.

De�nition 2.4.1. Let (
; dj) be a M.S: A map � : 
! CBj
 is called an almost Fisher-type

multivalued F<-contraction endowed with a �-transitive binary relation <, If 9�2R+;F<2�w and 9�1;�2;L�0 with
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�1 + �2 � 1 such that 8�1;�22<� ; <
� = f(�1; �2) 2 < : �1; �2 2 
nFix (�)g ; we have

� + F<
�
Ĥd

�����1
��2

�
� F<

�
M j�1�2

�
+ L N j�1�2 ; (2.41)

where

M j�1�2 =

8>>><>>>:
"
�1

�
Dj�1��1 :Dj

�2
��2

1+dj�1�2

��
+ �2

�
dj�1�2

��# 1
�

if � > 0;�
Dj�1��1

��1 �
Dj�2��2

��2
if � = 0;

9>>>=>>>; (2.42)

and

N j�1�2 = min
n
Dj�1��1 ; Dj

�2
��2

; Dj�1��2 ; Dj
�2
��1

o
: (2.43)

Theorem 2.4.2. Let (
; dj) be a C-M.S; and let � : 
 ! CBj
 be an almost Fisher-type

multivalued F<-contraction mapping endowed with a �-transitive binary relation <. Assume

that

(T1) 
j�< = f�1 2 
 : (�1; �2) 2 < for some �2 2 ��1g 6= ;;

(T2) < is �-closed;

(T3) � is <-continuous or (
; dj) is <-regular space.

Then, � has a F.P �� 2 
.

Proof. From (T1) 9�02
 such that (�0;��0) 2 < and from (T2) ; we have
�
��0;�

2�0
�
2 <:

Since ��0 6= ; and closed 9�12
 such that �1 2 ��0 � 
 such that (�1;��1) 2 < and from

(T2) ; we have
�
�2�0;�

3�0
�
2 <: Continuing in this way, we constract a sequence f��g by

�� 2 ����1 = ���0; 8�2N0 : If �� 2 ��� for some � 2 N0 then �� becomes a F.P of � and the

proof is �nished, so we presume that �� =2 ���; 8�2N0 then Dj
��
���

> 0 and from L¾emma 1.1.23,

we get

0 < Dj����� � Ĥd

������
���+1

; 8�2N0 : (2.44)

Since (�0;��0) 2 < and from (T2) ; we conclude that
�
���0;�

�+1�0
�
2 <; 8�2N0 : That is

�
��; ��+1

�
2 <; 8�2N0 : (2.45)

Now, from (2.44) and (2.45), we have
�
���1; ��

�
2 <� 8�2N0 :Utilizing (F1) in (2.44) and
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applying Remark 1.2.20 together with (2.41), we get

F<
�
dj����+1

�
= F<

�
Dj�����

�
� F<

�
Ĥd

�������1
���

�
(2.46)

� F<
�
M j���1��

�
+ L N j���1��

� � ;

where if � > 0; then

M j���1��
=

264�1
0@Dj���1����1

: Dj�����
1 + dj���1��

1A�

+ �2

�
dj���1��

��375
1
�

�

264�1
0@ dj���1��

: dj����+1
dj���1��

1A�

+ �2

�
dj���1��

��375
1
�

=

�
�1

�
dj����+1

��
+ �2

�
dj���1��

��� 1�
:

Asume that dj���1��
� dj����+1 ; then we get

M j���1��
�

�
�1

�
dj����+1

��
+ �2

�
dj����+1

��� 1�
(2.47)

=

�
(�1 + �2)

�
dj����+1

��� 1�
< dj�n�n+1 ;

and

N j���1��
= min

n
dj���1��

; dj����+1 ; dj
���1
��+1

; dj����
o
= 0:

Then, from (2.46), we have

F<
�
dj����+1

�
� F<

�
dj����+1

�
� �

< F<
�
dj����+1

�
:
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A contradiction. Therefore, dj���1��
> dj����+1 ; which implies that

M j���1��
�

�
�1

�
dj���1��

��
+ �2

�
dj���1��

��� 1�
=

�
(�1 + �2)

�
dj���1��

��� 1�
< dj���1��

:

Then, from (2.46), we have

F<
�
dj����+1

�
� F<

�
dj���1��

�
� � (2.48)

< F<
�
dj���1��

�
:

Thereafter, the iterative sequence
n
dj����+1

o
is decreasing and convergent. Through induction;

we obtain

F<
�
dj����+1

�
� F<

�
dj���1��

�
� � < ::: < F<

�
dj�0�1

�
� ��:

Taking limit as �!1 above, we get

lim
�!1

F<
�
dj����+1

�
= �1:

Applying (F2) ; we deduct

lim
�!1

dj����+1 = 0: (2.49)

We claim that f��g is a Cauchy, by supposing on the contrary that it is not. Then 9">0 and

subsequences
�
�l�
	
and

�
�q�
	
so that for l� > q� > �; we have

dj�l��q� � " and dj�l��1�q�
< "; 8�2N: (2.50)

By triangle inequality, we have

" � dj�l��q� � dj�l��l��1 + dj�l��1�q�
:
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Taking limit as �!1 and using (2.49) and (2.50), we get

lim
�!1

dj�l��q� = ": (2.51)

Using triangle inequality again, we get

dj�l��q�+1 � dj�l��q� + dj�q��q�+1 :

Taking limit as �!1 above, using (2.49) and (2.51), we get

lim
�!1

dj�l��q�+1 � ": (2.52)

Similarly, we have

" � dj�l��q� � dj�l��q�+1 + dj�q�+1�q�
:

Taking limit as �!1 above, using (2.49) and (2.51), we get

lim
n!1

dj�l��q�+1 � ": (2.53)

Therefore, from (2.52) and (2.53), we get

lim
�!1

dj�l��q�+1 = ":

By similar way, we conclude

lim
�!1

dj�q��l�+1 = ":

Next, we claim that

dj�l�+1�q�+1
> 0; 8�2N: (2.54)

Arguing by contradiction, 9�2N; such that

dj�l�+1�q�+1
= 0: (2.55)
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Using triangle inequality, we have

" � dj�l��q� � dj�l��l�+1 + dj�l�+1�q�

� dj�l��l�+1 + dj�l�+1�q�+1
+ dj�q�+1�q�

:

Taking limit as � ! 1 above, from (2.49) and (2.55), we get a contradiction. Hence (2.54)

hold true.

Now, we have

0 < dj�l�+1�q�+1
= Dj�l�+1��q�

� Ĥd

�����l�
��q�

: (2.56)

Since f��g is <-preserving sequence, then by �-transitivity of <; we have (�l� ; �q�) 2 < and

from (2.56), we have (�l� ; �q�) 2 <�: Utilizing (F1) in (2.56) and applying (2.41), we obtain

F<
�
dj�l�+1�q�+1

�
� F<

�
Ĥd

�����l�
��q�

�
(2.57)

� F<
�
M j�l��q�

�
+ L N j�l��q� � � ;

where

M j�l��q� =

264�1
0@Dj�l���l� : Dj

�q�
��q�

1 + dj�l��q�

1A�

+ �2

�
dj�l��q�

��375
1
�

=

264�1
0@ dj�l��l�+1 : dj

�q�
�q�+1

1 + dj�l��q�

1A�

+ �2

�
dj�l��q�

��375
1
�

;

and

N j�l��q� = min
n
Dj�l��xl� ; Dj

�q�
��q�

; Dj�l���q� ; Dj
�q�
��l�

o
= min

n
dj�l��l�+1 ; dj

�q�
�q�+1

; dj�l��q�+1 ; Dj
�q�
��l�+1

o
:

As F< is continuous, then taking limit as �!1 in (2.57), we get

F< (") � F<
�

�
p
�2"
�
+ L (0)� � < F< (") ;
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which gives a contradiction. So, f��g is <-Cauchy sequence in a C-M.S such that 9��2
 implies

that lim
�!1

�� = ��: To proof that �� 2 ���; we claim that Dj�
�

��� > 0 and by using (2.41), Lemma

1.1.23 and (T3), we write

F<
�
Dj�

�

���

�
� lim

�!1
F<
�
Dj�����

�
� lim

�!1
F<
�
Ĥd

�������1
���

�
(2.58)

� lim
�!1

F<
�
M j���1��

�
+ lim
�!1

N j���1�� � � ;

where

M j���1�� =

264�1
0@Dj���1����1

: Dj�
�

���

1 + dj���1��

1A�

+ �2

�
dj���1��

��375
1
�

=

264�1
0@ dj���1��

: Dj�
�

���

1 + dj���1��

1A�

+ �2

�
Dj����2��

��375
1
�

;

and

N j���1�� = min
n
Dj���1����1

; Dj�
�

��� ; Dj
���1
��� ; Dj�

�

����1

o
= min

n
dj���1��

; Dj�
�

��� ; Dj
���1
��� ; dj�

�

��

o
:

Taking limit as �!1 in (2.58) with continuity of F<, we obtain

F<
�
Dj�

�

���

�
� F<

�
�
p
�2 Dj�

�

���

�
+ L (0)� �

< F<
�
Dj�

�

���

�
:

A contradiction, thence Dj�
�

��� = 0 and �
� 2 ��� is a F.P of �:

Now, if � = 0; then

M j���1��
=

�
Dj���1����1

��1 �
Dj�����

��2
(2.59)

=
�
dj���1��

��1 �
dj����+1

��2
:
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Assume that dj���1��
� dj����+1 ; then (2.59) becomes

M j���1��
�

�
dj����+1

��1 �
dj����+1

��2
(2.60)

=
�
dj����+1

��1+�2
� dj����+1 :

Thereafter, from (2.46) and (2.60), we get an inconsistency. Thus, dj���1��
> dj����+1 and (2.59)

becomes

M j���1��
< dj���1��

(2.61)

Applying (2.61) in (2.46) and following the same steps from (2.48) till (2.57), we get

M j�l��q� =
�
Dj�l���l�

��1 �
Dj�q���q�

��2
=

�
dj�l��l�+1

��1 �
dj�q��q�+1

��2
;

and

N j�l��q� = min
n
Dj�l���l� ; Dj

�q�
��q�

; Dj�l���q� ; Dj
�q�
��l�

o
= min

�
dj�l��l�+1 ; dj

�q�
�q�+1

; dj�l��q�+1 ; dj
�q�
�l�+1

�
:

As F< is continuous, then taking limit as m!1 in (2.57), we get

F< (") < F< (0) + L (0)� � ;

which gives a contradiction again. So, f��g is <-Cauchy sequence in a C-M.S such that

9��2
 implies that lim
�!1

�� = ��: To proof that �� 2 ���; we claim that Dj�
�

��� > 0 and by

using (2.41), Lemma 1.1.23 and (T3), we write

F<
�
Dj�

�

���

�
� lim

�!1
F<
�
Dj�����

�
� lim

�!1
F<
�
Ĥd

�������1
���

�
(2.62)

� lim
�!1

F<
�
M j���1��

�
+ lim
�!1

L N j���1�� � � ;
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where

M j���1�� =
�
Dj���1����1

��1 �
Dj�

�

���

��2
=

�
dj���1��

��1 �
Dj�

�

���

��2
;

and

N j���1�� = min
n
Dj���1����1

; Dj�
�

��� ; Dj
���1
��� ; Dj�

�

����1

o
= min

n
dj���1��

; Dj�
�

��� ; Dj
���1
��� ; dj�

�

��

o
:

Taking limit as �!1 in (2.62) with continuity of F<, leads to

F<
�
Dj�

�

���

�
� F< (0) + L (0)� � ;

this implies that Dj�
�

��� = 0 and �
� 2 ��� is a F.P of �:

Example 2.4.3. Let 
 = [0;1) equipped with a usual metric. Take a sequence f#�g � 


by #� =
�2(�+1)2

4 8��1: Set < = f(#�; #�) ; (#�; #�+1) ; (#�; #�+2) : � = 1; 2; :::g ; and � : 
 !

CBj
 by

�� =

8>>><>>>:
f3�g if 0 � � � #1

f0; #1g if #1 � � � #2n
#��1 +

�
#��#��1
#�+1�#�

�
(� � #�)

o
if #� � � � #�+1; � = 2; :::

:

Then, (
; dj) is a C-M.S, 
j�< 6= ; as #1 = 1 2 
; 1 2 �#1 = �1 = f0; 1g and (1; 1) 2 <; also <

is �-transitive and � is <-continuous or (
; dj) is <-regular space. Now, for � = 2; :::, we have

Ĥd

����#�
�#�+1

= max

(
sup
r2�#�

Djr�#�+1 ; sup
s2�#�+1

Dj�#ns

)
= max

n
dj#��1#�

; dj#��1#�

o
= dj#�#��1 :

From (2.42) and (2.43) with � � 0; we get M j#�#�+1 = dj#�+1#�
and N j#�#�+1 = 0:
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Applying (2.41), we get

� + F<
�
Ĥd

����#�
�#�+1

�
= � + F<

�
dj#�#��1

�
= � + ln

�
dj#�#��1

�
; (2.63)

and

F<
�
M j#�#�+1

�
+ L N j#�#�+1 � F<

�
2 dj#�+1#�

�
= ln

�
2 dj#�+1#�

�
: (2.64)

From (2.63) and (2.64), we deduce that

� + ln
�
dj#�#��1

�
� ln

�
dj#�+1#�

�
;

implies that

� � ln
 
dj#�+1#�

dj#�#��1

!
= ln

�
j#�+1 � #�j
j#� � #��1j

�
= f (�) : (2.65)

In the line of Table 1 and Figure 1, the Eq (2.65) holds for 0 < � � 1:21 and 8�2[2;51]. So, the

contraction (2.41) is satis�ed 8#1;#12
 such that (#1; #1) 2 <�. Then, � has at least one F.P.

Table 1: Iteration and f(�)

Iter f(�) Iter f(�) Iter f(�) Iter f(�) Iter f(�)

� = 2 1.21 � = 12 0.24 � = 22 0.133 � = 32 0.092 � = 42 0.071

� = 3 0.86 � = 13 0.22 � = 23 0.127 � = 33 0.090 � = 43 0.069

� = 4 0.66 � = 14 0.20 � = 24 0.122 � = 34 0.086 � = 44 0.067

� = 5 0.55 � = 15 0.19 � = 25 0.117 � = 35 0.085 � = 45 0.066

� = 6 0.46 � = 16 0.18 � = 26 0.113 � = 36 0.082 � = 46 0.065

� = 7 0.40 � = 17 0.17 � = 27 0.109 � = 37 0.080 � = 47 0.063

� = 8 0.35 � = 18 0.16 � = 28 0.105 � = 38 0.078 � = 48 0.062

� = 9 0.31 � = 19 0.153 � = 29 0.102 � = 39 0.076 � = 49 0.061

� = 10 0.28 � = 20 0.146 � = 30 0.098 � = 40 0.074 � = 50 0.059

� = 11 0.26 � = 21 0.139 � = 31 0.095 � = 41 0.072 � = 51 0.058
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Example 2.4.4 Let 
 = f1; 2; 3; 4g and dj : 
 � 
 ! [0;1) be a metric on 
 such thad

dj12 = 4; dj13 = 6; dj14 = 3; dj23 = 4; dj24 = 3; dj34 = 5; dj�1�2 = dj�2�1 and dj
�1
�1
= 0; 8�1;�22
: We

de�ne a binary relation on 
 as < =

8<: (1; 1) ; (1; 2) ; (1; 3) ; (1; 4) ; (4; 1) ; (3; 4) ;

(2; 1) ; (2; 2) ; (2; 4) ; (3; 1) ; (4; 3) ; (4; 4) ;

9=;. Consider a
map � : 
! CBj
 as

�� =

8>>><>>>:
f3; 4g ; � 2 f1; 4g ;

f3g ; � = 2;

f4g ; � = 3:

Then, 
j�< 6= ; as 4 2 
; 4 2 �3 = f4g and (4; 3) 2 <: Also, it is easy to check that < is

�-closed, �-transitive and � is <-continuous or (
; dj) is <-regular space. Now, 8 �1 = 1
5 ; �2 =

3
5 ; � = 2; L = 1

5 and (�1; �2) 2 <
� = f(1; 1) ; (1; 2) ; (1; 3) ; (3; 1) ; (2; 2) ; (2; 1)g ; we have for

(�1; �2) = (1; 2)

Ĥd

����1
�2

= max

�
sup
a2�1

Dja�2 ; sup
b2�2

Dj�1b
�

= max
n
dj43 ; dj

3
3

o
= max f5; 0g = 5;
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where

M j12 =

24�1 Dj1�1 : Dj2�2
1 + dj12

!�
+ �2

�
dj12
��35 1

�

=

24�1 dj13 dj
2
3

1 + dj12

!�
+ �2

�
dj12
��35 1

�

=

"
�1

�
6� 4
1 + 4

��
+ �2 (4)

�

# 1
�

�
"
1

3

�
24

5

�2
+
2

3
(4)2

# 1
2

=

�
86

75

� 1
2

� 4 = 4:283300908;

and

N j12 = min
n
Dj1�1 ; Dj

2
�2 ; Dj

1
�2 ; Dj

2
�1

o
= min

n
dj13 ; dj

2
3 ; dj

1
3 ; dj

2
3

o
= min f6; 4; 6; 4g = 4:

For � = 0; we get

M j12 =
�
Dj1�1

� 1
5
:
�
Dj2�2

� 3
5
=
�
dj13
� 1
5
�
dj23
� 3
5
= 6

1
5 � 4

3
5 � 3:3:

Therefore, the contraction condation is satis�ed.

For (�1; �2) = (1; 3) ; we have Ĥ
����1
�3
= 5; M j13 � 5:488 and N j

1
3 = 0: Therefore

� + F< (5) � F< (5:488) :

For (�1; �2) = (1; 1) ; we have Ĥ
����1
�1
= 5; M j11 = 12

p
3 and N j11 = 6: Therefore

� + F< (5) � F<
�
12
p
3
�
+
6

5
:
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For (�1; �2) = (2; 2) ;we have Ĥ
����1
�1
= 0; M j11 = 16p

3
and N j11 = 4: Therefore

� + F< (0) � F<
�
16p
3

�
+
4

5
:

Hence, 8�1;�22<� ; we �nd that (2.41) is achieved and all conditions of Theorem 2.4.2 are satis�ed

so that � has a F.P 4 2 
:

Corollary 2.4.5. Let (
; dj) be a C-M.S: A self-map � : 
 ! 
 is called an almost

Fisher-type F<-contraction endowed with a �-transitive binary relation < satis�es conditions

of Theorem 2.4.2, If 9�2R+; F<2�w and 9�1;�2;L�0 with �1 + �2 � 1 such that 8�1;�22<� ; <
� =

f(�1; �2) 2 < : �1; �2 2 
nFix (�)g ; we have

� + F<
�
dj��1��2

�
� F<

�
M j�1�2

�
+ L N j�1�2 ;

where M j�1�2 and N j
�1
�2
are de�ned as in (2.42) and (2.43) respectively. Then, � has an F.P.

Corollary 2.4.6. Let (
; dj) be a C-M.S: A self-map � : 
 ! 
 is called a Fisher-type

F<-contraction endowed with a �-transitive binary relation < satis�es conditions of The-

orem 2.4.2. If 9�2R+; F<2�w and 9�1;�2�0 with �1 + �2 � 1 such that 8�1;�22<� ; <
� =

f(�1; �2) 2 < : �1; �2 2 
nFix (�)g ; we have

� + F<
�
dj��1��2

�
� F<

�
M j�1�2

�
;

where M j�1�2 is de�ned as in (2.42). Then, � has an F.P.

Corollary 2.4.7. Let (
; dj) be a C-M.S: A map � : 
 ! CBj
 is called an almost Fisher-

type multivalued F<-contraction endowed with a �-transitive binary relation < satis�es con-

ditions of Theorem 2.4.2. If 9�2R+;F<2�w ; 9�;L�0 and � + L � 1 such that 8�1;�22<� ; <
� =

f(�1; �2) 2 < : �1; �2 2 
nFix (�)g ; we have

� + F<
�
Ĥd

�����1
��2

�
� F<

�
� dj�1�2

�
+ L dj�1�2 :

Then, � has an F.P.
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Chapter 3

Fixed Point Results for Hybrid

Contractions in Mb-Metric Spaces

Mlaiki et al. [71] extended the idea of Mb-M.S and established notable F.Ps under an advanced

BCP. Alizadeh et al. [11] proposed the formulation of cyclic (�; �)-admissible mapping which

was subsequently generalized by Isik et al. [49], Padhan et al. [92], Sezen [103] and Ameer et

al. [19]. Geraghty [35] contributed a valuable extention of BCP and derived F.P theorems for

single-valued mappings. The idea of symmetrical fractional contractive maps were developed in

[36, 42, 43], where four distinct classes of such contractions wrer analyzed, resulting in signi�cant

F.P �ndings. Hardy and Rogers [38] investigated the BCP and formulated a series of impactful

F.P theorems.

This chapter comprises six sections. In �rst three sections, we explore the motif of �-

cyclic (��; ��)-admissible type F -contraction multivalued mappings with establishing a C.F.P

results for such mappings, along with relevant consequences and practical application within

the Mb-M.S. Sections 4 and 5 introduce four categories of symmetric fractional contractions

for single-valued mappings within Mb-MS and closed ball therein, with application to FODE.

Finally, section 6 is devoted to the analysis of almost Hardy-Rogers multivalued contarctions,

where we establish several C.F.P outcomes in Mb-M.S.

The results given in this chapter have been published in [78, 83, 85].
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3.1 Common �xed points for (��,��)-Geraghty multivalued F-

contractions

We propose the de�n¬tions of �-cyclic (��; ��)-admissible mappings and so improve the hybrid

multivalued F-contraction-type of (��; ��)-Geraghty and establish some new C.F.P theorems

in Mb-M.S. Moreover, consistent with the results in [23, 96], we introduce the followig Lemmas

to be useful in the future study:

Let (
b;mb) be an Mb-M.S and CBbj
b be a family of nonempty, closed and bounded

subsets of 
b: For @;Q 2 CBbj
b ; de�ne

Ĥb

���@
Q
= max

n
�bj@Q ; �bj

Q
@

o
;

where �bj@Q = sup
n
mbjpQ : p 2 @

o
and �bjQ@ = sup

n
mbj@q : q 2 Q

o
:

Let @ denotes the closure of @ with respect to mb: Then @ is closed in (
b;mb) i¤ @ = @:

Lemma 3.1.1. Let @ 6= ; in an Mb-M.S (
b;mb) ; then

p 2 @ () mbjp@ = sup
�2@

mbjp;� :

Proof. Let p 2 @

, Bbjp� \ @ 6= ;; for every open ball Bb in 
b and � > 0

, mbjp� < mbjp;� + �; for some � 2 @

, mbjp� � mbjp;� < �

, inf
n
mbjp� � mbjp;� : � 2 @

o
= 0

, inf
�
mbjp� : � 2 @

	
= sup

n
mbjp;� : � 2 @

o
, mbjp� = sup

�2@
mbjp;� :

Lemma 3.1.2. Let @;Q;< 2 CBbj
b ; then

(a) �bj@@ = sup
p2@

(
sup
q2@

mbjp;q

)
;
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(b) for s � 1; we have

�bj@Q � sup
p2@
sup
q2Q

mbjp;q � s

�
�bj@< � inf

p2@
inf
r2<

mbjp;r + �bj<Q � inf
r2<

inf
q2Q

mbjr;q
�
� inf
r2<

mbjrr :

Proof.

(a) Since @ 2 CBbj
b and @ = @: Then from Lemma 3.1.1, mbjp� = sup
�2@

mbjp;� :Thus,

�bj@@ = sup
p2@

�
mbjp@

	
= sup

p2@

(
sup
q2@

mbjp;q

)
:

(b) For any p 2 @; q 2 Q and r 2 <; 9s�1 such that

mbjpq � mbjp;q � s
h
mbjpr � mbjp;r + mbjrq � mbjr;q

i
� mbjrr : (3.1)

We can write (3.1) as

mbjpq � mbjp;q + s mbjp;r + s mbjr;q � s
h
mbjpr + mbjrq

i
� mbjrr :

Since q is arbitrary element in Q and mbjrQ � �bj<Q ; we have

mbjpQ � sup
q2Q

mbjp;q + s mbjp;r + s inf
q2Q

mbjr;q � s
h
mbjpr + mbjrQ

i
� mbjrr

� s
h
mbjpr + �bj<Q

i
� mbjrr :

Since r is arbitrary element in <; we have

mbjpQ � sup
q2Q

mbjp;q + s inf
r2<

mbjp;r + s inf
r2<

inf
q2Q

mbjr;q � s
h
mbjp< + �bj<Q

i
� inf
r2<

mbjrr :

As p is arbitrary element in @; we have

�bj@Q � sup
p2@
sup
q2Q

mbjp;q + sinf
p2@
inf
r2<

mbjp;r + s inf
r2<

inf
q2Q

mbjr;q � s
h
�bj@< + �bj<Q

i
� inf
r2<

mbjrr :
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Therefore, we deduce that

�bj@Q � sup
p2@
sup
q2Q

mbjp;q � s

�
�bj@< � inf

p2@
inf
r2<

mbjp;r + �bj<Q � inf
r2<

inf
q2Q

mbjr;q
�
� inf
r2<

mbjrr :

Lemma 3.1.3. Let @;Q;< 2 CBbj
b ; then

(1) Ĥb

���@
@
= �bj@@ = sup

p2@

(
sup
q2@

mbjp;q

)
;

(2) Ĥb

���@
Q
= Ĥb

���Q
@
;

(3) for s � 1; we have

 
Ĥb

���@
Q
� sup

p2@
sup
q2Q

mbjp;q

!

� s

��
Ĥb

���@
<
� inf
p2@
inf
r2<

mbjp;r
�
+

�
Ĥb

���<
Q
� inf
r2<

inf
q2Q

mbjr;q
��
� inf
r2<

mbjrr :

Proof.

(1) It is straightforward from (a) of Lemma 3.1.2.

(2) It directly follows from (Mbiii) of De�nition 1.3.1.1.

(3) Using De�nition of Ĥb

���@
Q
and (b) of Lemma 3.1.2, we get

Ĥb

���@
Q

= max
n
�bj@Q ; �bj

Q
@

o
� maxfs

�
�bj@< � inf

p2@
inf
r2<

mbjp;r + �bj<Q � inf
r2<

inf
q2Q

mbjr;q
�
� inf
r2<

mbjrr + sup
p2@
sup
q2Q

mbjp;q ;

s

�
�bjQ< � infq2Q

inf
r2<

mbjq;r + �bj<@ � inf
r2<

inf
p2@

mbjr;p
�
� inf
r2<

mbjrr + sup
q2Q
sup
p2@

mbjq;pg

� max
n
s
h
�bj@< ; �bj

<
@

io
+max

n
s
h
�bj<Q ; �bj

Q
<

io
� s inf

p2@
inf
r2<

mbjp;r �s inf
r2<

inf
q2Q

mbjr;q

� inf
r2<

mbjrr + sup
p2@
sup
q2Q

mbjp;q :

That is

Ĥb

���@
Q
� sup

p2@
sup
q2Q

mbjp;q � s

�
Ĥb

���@
<
� inf
p2@
inf
r2<

mbjp;r + Ĥb

���<
Q
� inf
r2<

inf
q2Q

mbjr;q
�
� inf
r2<

mbjrr
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Lemma 3.1.4. Let @;Q 2 CBbj
b and h > 1; then 8p2@; 9q2Q so that

(i) mbjpq � h Ĥb

���@
Q
;

(ii) mbjpq � Ĥb

���@
Q
+ h:

Proof. (i) Suppose that 9p2@ such that mbjpq > h Ĥb

���@
Q
; 8q2Q. This implies that inf

n
mjpq ; q 2 Q

o
�

h Ĥb

���@
Q
; that is mjpQ � h Ĥb

���@
Q
:

Note that

Ĥb

���@
Q
� �bj@Q = sup

n
mj�Q ; � 2 @

o
� mjpQ � h Ĥb

���@
Q
:

That is a contradiction. Thus, mbjpq � h Ĥb

���@
Q
:

(ii) Suppose that 9p2@ such that mbjpq > Ĥb

���@
Q
+h; 8q2Q. This implies that inf

n
mjpq ; q 2 Q

o
�

Ĥb

���@
Q
+ h; that is mjpQ � Ĥb

���@
Q
+ h:

Note that

Ĥb

���@
Q
� �bj@Q = sup

n
mj�Q ; � 2 @

o
� mjpQ � Ĥb

���@
Q
+ h:

That is a contradiction. Thus, mbjpq � Ĥb

���@
Q
+ h:

Remark 3.1.5. For all �1; �2; �3 in an Mb-M.S (
b;mb), then

(1) Mbj�1;�2 + mbj�1;�2 = mbj�1�1 + mbj�2�2 ;

(2) Mbj�1;�2 � mbj�1;�2 =
���mbj�1�1 + mbj�2�2

��� ;
(3) For s � 1; we have

Mbj�1;�2 � mbj�1;�2 � s
h�
Mbj�1;�3 � mbj�1;�3

�
+
�
Mbj�3;�2 � mbj�3;�2

�i
:

Notice that: If s = 1; then we get Remark 1.1 in [23].

De�nition 3.1.6. Let 
b 6= ;, �; �; � : 
b ! [0;1) be three functions and ¾A,ß� 
b: A

mapping � : 
b ! CB
b
j
b is regared as �-cyclic (��; ��)-admissible if for some � 2 
b,

� (�) � � (�)) �� (��) � �� (��) ;

69



and

� (�) � � (�)) �� (��) � �� (��) ;

where �� ( ¾A) = inf
a2 ¾A

� (a) and �� (ß) = inf
b2ß
� (b) :

De�nition 3.1.7. Let 
b 6= ;, �; �; � : 
b ! [0;1) be three functions and ¾A,ß� 
b: The two

mappings =;� : 
b ! CBbj
b are regarded as �-cyclic (��; ��)-admissible if for some � 2 
b,

� (�) � � (�)) �� (=�) � �� (=�) ;

and

� (�) � � (�)) �� (��) � �� (��) :

Notice that:

� If � = �� = 1 and = = �; then we get De�nition 2.2 in [19].

� De�nition 3.1.7 reduces to De�nition 3.1.6 if we put = = �:

Example 3.1.8. Let 
b = [0;1). De�ne the mappings =;� : 
b ! CBj
b and �; �; � : 
b !

[0;1) by =� = f3�g, �� =
�
�2
	
; � (�) = � 8�2
b ,

�(�) =

8<: e3�
2

if � > 0

1 otherwise
and � (�) =

8<: 52� if � > 0

1 otherwise
:

Then, 8�>0; we get

�(�) = e3�
2 � � = � (�) =) �� (=�) = �� (3�) = 5

6� � 3� = �� (=�) :

Similarly

� (�) = 52� � � = � (�) =) ��(��) = ��(�
2) = e3�

4 � �2 = �� (��) :

Otherwise, for � = 0 the conditions are satis�ed and the pair (=;�) is �-cyclic (��; ��)-admissible

mappings.

De�nition 3.1.9. Let (
b;mb) be an Mb-M.S, �; �; � : 
b ! [0;1) be functions. Two multi-

valued maps =;� : 
b ! CBbj
b are regarded as general¬zed (��; ��)-Geraghty F-contractive
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maps if 9'2� and 9F2�s such that 8�1;�22
b ; and � 2 R+ with Ĥb

���=�1
��2

> 0,

�� (=�1)�� (��2) � �� (=�1) �� (��2) (3.2)

=) � + F
�
s Ĥb

���=�1
��2

�
� F

�
'
�
Mbj�1�2

�
: Mbj�1�2

�
;

where

Mbj�1�2 = max

8<:mbj�1�2 ; mbj�1=�1 ; mbj�2��2 ;
mbj�1=�1 : mbj�2��2
s+ mbj�1�2

9=; : (3.3)

Theor¾em 3.1.10. Let (
b;mb) be a C-Mb-M.S, �; �; � : 
b ! [0;1) be three functions, and

=;� : 
b ! CBbj
b be multivalued maps satisfy the conditions below:

(1) The pair (=;�) is generalized (��; ��)-Geraghty F-contraction;

(2) The pair (=;�) is �-cyclic (��; ��)-admissible;

(3) Either 9�02
b such that ��(��0) � �� (��0) or 9�02
b such that �� (=�0) � �� (=�0).

Then, = and � have a C.F.P �� 2 
b.

Proof. Let �0 2 
b such that � (�0) � � (�0), by axiom (2) 9�12=�0 and 9�22��1 ; such that

� (�0) � � (�0)) � (�1) � �� (=�0) � �� (=�0) ;

and

� (�2) � �� (��1) � �� (��1) :

Therefore

�� (��1)�� (=�0) � �� (��1) �� (=�0) :

From Remark 1.2.20, we get

F
�
s mbj�1��1

�
= inf

�2��1
F
�
s mbj�1�

�
:

Thus, 9�=�22��1 ; such that

F
�
s mbj�1�2

�
� F

�
s Hbj=�0��1

�
(3.4)

� F
�
'
�
Mbj�0�1

�
Mbj�0�1

�
� � ;
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where

Mbj�0�1 = max

8<:mbj�0�1 ; mbj�0=�0 ; mbj�1��1 ;
mbj�0=�0 : mbj�1��1
s+ mbj�0�1

9=;
� max

8<:mbj�0�1 ; mbj�1�2 ;
mbj�0�1 : mbj�1�2

mbj�0�1

9=;
= max

n
mbj�0�1 ; mbj�1�2

o
:

If Mbj&0&1 � mbj&1&2 ; then from (3.4); we can write

F
�
s mbj�1�2

�
� F

�
'
�
mbj�1�2

�
: mbj�1�2

�
� �

< F
�
mbj�1�2

�
:

Applying (F1) ; we have

s mbj�1�2 < mbj�1�2 ;

a contradiction. If Mbj�0�1 � mbj�0�1 ; then by (3.4); we get

F
�
s mbj�1�2

�
� F

�
'
�
mbj�0�1

�
mbj�0�1

�
� �

< F
�
mbj�0�1

�
:

From (F1) again, we get

s mbj�1�2 < mbj�0�1 :

Analogous to (3.4), there is �3 2 =�2 such that

F
�
s mbj�2�3

�
� F

�
'
�
Mbj�1�2

�
: Mbj�1�2

�
� �

F
�
'
�
mbj�1�2

�
: mj�1�2

�
� � :

Continuing with the same manners, we construct a sequ¾ence f��g in 
b so that �2�+1 2 =�2�
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and �2�+2 2 ��2�+1: As the pair (=;�) is �-cyclic (��; ��)-admissible, we have

��(=�2�)��
�
��2�+1

�
� ��(=�2�)��

�
��2�+1

�
8��0:

Subsequently by (3.2), we have

� + F
�
s mbj

�2�+1
�2�+2

�
� � + F

�
s Hbj=�2���2�+1

�
(3.5)

� F
�
'
�
Mbj�2��2�+1

�
: Mbj�2��2�+1

�
� F

�
'
�
mbj�2��2�+1)

�
: mbj�2��2�+1

�
� F

�
mbj�2��2�+1

�
:

Therefore, (3.5) implies that

� + F
�
s mbj

�2�+1
�2�+2

�
� F

�
mbj�2��2�+1

�
:

Let �2�+1 = mbj
�2�+1
�2�+2

and �2�+1 = s2�+1�2�+1 8��0 ; then we write

� + F
�
s�2�+1

�
� F (�2�) ; 8��0:

By (F4) ; we get

� + F
�
�2�+1

�
� F (�2�) ; 8��0: (3.6)

From (3.6) again; we infer that

F
�
�2�+1

�
� F (�2�)� � � ::: � F (�0)� (2�+ 1) � ; 8��0: (3.7)

Litting �!1 in (3.7); we have

lim
�!1

F
�
�2�+1

�
= �1;

which implies from (F2) that

lim
�!1

�2�+1 = 0:
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From (F3) ; 9ĥ2(0;1) for which

lim
�!1

�
�2�+1

�ĥF ��2�+1� = 0:
Using (3.7); we have

�
�2�+1

�ĥF ��2�+1�� ��2�+1�ĥF (�0) �

24 ��2�+1�ĥ (F (�0)� (2�+ 1) �)
�
�
�2�+1

�ĥF (�0)
35

= �
�
�2�+1

�ĥ
(2�+ 1) �

� 0; 8��0:

Taking limit as �!1 and because of � > 0; we get

lim
�!1

�
�2�+1

�ĥ
(2�+ 1) = 0:

Thus, 9�12N such that

�
�2�+1

�ĥ
(2�+ 1) � 1 8���1 =) �2�+1 �

1

(2�+ 1)
1

ĥ

8���1 :

Henceforth, the ser¬es
P
�
�2�+1 is converg¾ent.

Now, we verify that f��g is an mb-Cauchy in 
b. Using (Mbiv) ; we get

mbj
�2�+1
�2�+3

� mbj�2�+1;�2�+3
� s

h
mbj

�2�+1
�2�+2

� mbj�2�+1;�2�+2 + mbj
�2�+2
�2�+3

� mbj�2�+2;�2�+3
i
� mbj

�2�+2
�2�+2

� s
h
mbj

�2�+1
�2�+2

� mbj�2�+1;�2�+2 + mbj
�2�+2
�2�+3

� mbj�2�+2;�2�+3
i

� s mbj
�2�+1
�2�+2

+ s2 mbj
�2�+2
�2�+3

:
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Similarly

mbj
�2�+1
�2�+4

� mbj�2�+1;�2�+4
� s

h
mbj

�2�+1
�2�+2

� mbj�2�+1;�2�+2 + mbj
�2�+2
�2�+4

� mbj�2�+2;�2�+4
i
� mbj

�2�+2
�2�+2

� s mbj
�2�+1
�2�+2

+ s2 mbj
�2�+2
�2�+3

+ s3 mbj
�2�+3
�2�+4

:

In general, 8 q > p > �1 with p = 2�+ 1; we obtain

mbj
�p
�q
� mbj�p;�q �

q�1X
{=p

s{�p+1 mbj�{�{+1 �
q�1X
{=p

s{ mbj�{�{+1 �
1X
{=p

�{:

The convergence of
1P
{=p

�{ leads to

lim
p;q!1

�
mbj

�p
�q
� mbj�p;�q

�
= 0:

By the same way and from Remark 3.1.5, we obtain

Mbj�2�+1;�2�+4 � mbj�2�+1;�2�+4
� s

�
Mbj�2�+1;�2�+2 � mbj�2�+1;�2�+2

�
+ s2

�
Mbj�2�+2;�2�+3 � mbj�2�+2;�2�+3

�
+s3

�
Mbj�2�+3;�2�+4 � mbj�2�+3;�2�+4

�
:

In general, 8 q > p > �1 with p = 2�+ 1; we obtain

Mbj�p;�q � mbj�p;�q �
q�1X
{=p

s{�p+1
�
Mbj�{;�{+1 � mbj�{;�{+1

�
�

q�1X
{=p

s{�p+1 Mbj�{;�{+1

�
q�1X
{=p

s{�p+1 mbj�{�{ �
q�1X
{=p

s{�p+1 mbj�{�{+1 �
q�1X
{=p

s{ mbj�{�{+1 �
1X
{=p

�{:

The convergence of
1P
{=p

�{ leads to

lim
p;q!1

�
Mbj�p;�q � mbj�p;�q

�
= 0.
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Therefore, f��g is an mb-Cæuchy in 
b: Because 
b is mb-complete, 9��2
b such that �� �! ��

as � �!1; implies �2�+1 ! �� and �2�+2 ! �� as �!1: Thus, we have

lim
�!1

�
mbj

�2�+1
�� � mbj�2�+1;��

�
= 0: (3.8)

Since lim
�!1

mbj
�2�+1
�
2�+1

= 0; then from (3.8); we get

lim
�!1

mbj
�2�+1
�� = 0: (3.9)

From (3.2), (3.5) and (3.9), we conclude that

lim
�!1

Ĥb

���=�2�
���

= 0: (3.10)

Since �2�+1 2 =�2� and

mbj
�2�+1
��� � Ĥb

���=�2�
���

:

So, taking limit as �!1 above; we get

lim
�!1

mbj
�2�+1
��� = 0: (3.11)

By (Mbii) ; we write

mbj�2�+1;��� � mbj
�2�+1
��� ;

that is

lim
�!1

mbj�2�+1;��� = 0: (3.12)

Now, utilizing (Mbiv) ; we get

mbj�
�

��� � sup

2���

mbj��;
 (3.13)

� mbj�
�

��� � mbj��;���

� s
h
mbj�

�

�2�+1
� mbj��;�2�+1 + mbj

�2�+1
��� � mbj�2�+1;���

i
� mbj

�2�+1
�2�+1

:
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Letting �!1 in (3.13), from (3.9), (3.11) and (3.12), we deduce that

mbj�
�

��� � sup

2���

mbj��;
 : (3.14)

Using (Mbii) ; mbj��;
 � mbj�
�


 8
2��� implies that

mbj��;
 � mbj�
�


 � 0:

Thus

sup
n
mbj��;
 � mbj�

�


 : 
 2 ���
o
� 0:

Implying that

sup

2���

mbj��;
 � inf

2���

mbj�
�


 � 0:

Therefore

sup

2���

mbj��;
 � mbj�
�

��� : (3.15)

From (3.14) and (3.15), we have

mbj�
�

��� = sup

2���

mbj��;
 :

Thence, by Lemma 3.1.1, we get �� 2 ��� = ���: Similarly, we can easily conclude that

�� 2 =��: Hence, �� is a C.F.P of = and �:

Remark 3.1.11. Theorem 3.1.10, stil valid if we consider the following:

� If we put s = 1 in De�nition 3.1.9, then generalized (��; ��)-Geraghty F-contraction

mappings takes the form Hmj=�1��2
> 0;

��(=�1)��(��2) � �� (=�1) �� (��2)

=) � + F
�
Hmj=�1��2

�
� F

�
'
�
Mmj�1�2

�
: Mmj�1�2

�
;
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where ' 2 �; F 2 �F ; � 2 R+ and

Mmj�1�2 = max

8<:mj�1�2 ; mj�1=�1 ; mj�2��2 ; mj
�1
=�1 : mj

�2
��2

1 + mj�1�2

9=; :

Moreover, under the same conditions of Theorem 3.1.10 = and � have a C.F.P in a C-M-M.S.

� If we take Mbj�1�2 = mbj�1�2 in De�nition 3.1.9, then = and � have a C.F.P in a C-Mb-M.S,

provided that the stepulations (1)� (3) of Theorem 3.1.10 hold.

� If we consider = = � in De�nition 3.1.9, then the results is given immidiatly by tracing

the line of proof employed in the Theorem 3.1.10.

Example 3.1.12. Let 
b = [0;1) andmb : 
b�
b �! [0;1) de�ned by mbj�1�2 = max f�1; �2g
p+

j�1 � �2jp ; 8�1;�22
b . Then, (
b;mb) is an Mb-M.S with p > 1 and s = 2p; which is not an

M-M.S. Since if �1 = 5; �2 = 1 and �3 = 4; we obtain mbj�1�2 � mbj�1;�2 > mbj�1�3 � mbj�1;�3 �

mbj�3�2 � mbj�3;�2 : De�ne =;� : 
b ! CBj
b by

=� =

8<:
n
�
64

o
; if � 2 (0; 1]�

0; 116
	

otherwise
and �� =

8<:
n
0; �48

o
if � 2 (0; 1]

f0g otherwise
:

Also, we de�ne �; �; � : 
b ! [0;1) by � (�) = � + 1 8�2
b ;

� (�) =

8<: 3e2�
2
if � > 0

3 � = 0
and � (�) =

8<: 5� + 1 � > 0

1 � = 0
:

For � 2 (0; 1]; we have

� (�) � � (�)) �� (=�) = ��

��
�

64

��
=
5�

64
+ 1 � �

64
+ 1 = ��

��
�

64

��
= �� (=�) :

If �� = 0; then

� (�) � � (�)) �� (��) = �� (f0g) = 3 � 1 = �� (f0g) = �� (��) :
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If �� = �
48 ; then

� (�) � � (�)) �� (��) = ��

��
�

48

��
= 3e2(

�
48)

2

� �

48
+ 1 = ��

��
�

48

��
= �� (��) :

Hence, (=;�) is �-cyclic (��; ��)-admissible maps. De�ne ' (t) = 1
6p 2 � for �1; �2 2 (0; 1]; we

write

F
�
s Ĥb

���=�1
��2

�
= F

 
2p

 
max

(
sup
a2=�1

mbja��2 ; sup
b2��2

mbj=�1b

)!!

= F
 
2pmax

 
mbj

�1
64n
0;
�2
48

o ; mbj
n
�1
64

o
�2
48

!!

= F
�
2pmax

�
mbj

�1
64
0 ; mbj

�1
64
�2
48

��
= F

�
2p mbj

�1
64
�2
48

�
= F

�
2p

16p
mbj

�1
4
�2
3

�
= F

�
1

23p
mbj

�1
4
�2
3

�
� F

�
1

6p
mbj�1�2

�
:

By taking F (�1) = ln �1; we get

ln

�
s Ĥb

���=�1
��2

�
� ln

�
1

6p
mbj�1�2

�
= �p ln (6) + ln

�
mbj�1�2

�
;

implying that

ln

�
s Ĥb

���=�1
��2

�
� ln

�
mbj�1�2

�
� � :

Since mbj�1�2 � Mbj�1�2 , and ' 2 �; we obtain

F
�
s Ĥb

���=�1
��2

�
� F

�
'
�
Mbj�1�2

��
� � � F

�
'
�
Mbj�1�2

�
: Mbj�1�2

�
� � :

Similarly, for each �1; �2 2 
b and � = p ln (6) ; p > 1 that satisfy the above inequality. Hence,

all conditions of Theorem 3.1.10 are satis�ed and �� = 0 is a C.F.P of = and �.
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3.2 Some consequences

This part is reduction of previous part by considering that = and � are single-valued maps.

De�nition 3.2.1. Let 
b 6= ;, �; �; � : 
b ! [0;1) be three functions: The map � : 
b ! 
b

is regarded as �-cyclic (�; �)-admissible if for some � 2 
b,

� (�) � � (�)) � (��) � � (��) ;

and

� (�) � � (�)) � (��) � � (��) :

De�nition 3.2.2. Let 
b 6= ;, �; �; � : 
b ! [0;1) be three functions: The maps =;� : 
b !


b are regarded as �-cyclic (�; �)-admissible if for some � 2 
b,

� (&) � � (�)) � (=�) � � (=�) ;

and

� (�) � � (�)) � (��) � � (��) :

The followig results can be viri�ed in the similar way as in Theorem 3.1.10.

Corollary 3.2.3. Let (
b;mb) be a C-Mb-M.S and �; �; � : 
b ! [0;1) be three functions.

� : 
b ! 
b is regarded as a generalized (�; �)-Geraghty F-contractive map if 9'2� and 9F2�s
such that 8�1;�22
b , s � 1 and � 2 R+;

�(�1)�(�2) � � (�1) � (�2)

=) � + F
�
s mbj��1��2

�
� F

�
'
�
Mbj�1�2

�
Mbj�1�2

�
;

where Mbj&1&2 is de�ned as in (3.3) with taking = = �: Assume also that the followig hypotheses

hold:

(i) � is an �-cyclic (�; �)-admissible;
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(ii) 9�02
b such that �(�0) � � (�0) or �(�0) � � (�0).

Then, � has a F.P �� 2 
b:

Corollary 3.2.4. Let (
b;mb) be a C-Mb-M.S and �; �; � : 
b ! [0;1) be functions. =;� :


b ! 
b are regarded as generalized (�; �)-Geraghty F-contractive-type maps if 9'2� and

9F2�s such that 8�1;�22
b , s � 1 and � 2 R+;

�(�1)�(�2) � � (�1) � (�2)

=) � + F
�
s mbj=�1��2

�
� F

�
'
�
Mbj�1�2

�
: Mbj�1�2

�
;

where Mbj�1�2 is de�ned as in (3.3): Assume also that the followig hypotheses hold:

(i) (=;�) is a pair of �-cyclic (�; �)-admissible;

(ii) 9�02
b such that �(�0) � � (�0) or 9�02
b such that �(�0) � � (�0).

Then, = and � have a C.F.P �� 2 
b:

Setting �(�1) = �(�2) = � (�1) = � (�2) = 1 in Corollary 3.2.4, we have the following result:

Corollary 3.2.5. Let (
b;mb) be a C-Mb-M.S. The maps =;� : 
b ! 
b are regarded as

generalized Geraghty F-contractive maps if 9'2� and 9F2�s such that 8�1;�22
b , s � 1 and

� 2 R+;

� + F
�
s mbj=�1��2

�
� F

�
'
�
Mbj�1�2

�
Mbj�1�2

�
;

where Mbj�1�2 is de�ned as in (3.3): Then, = and � have a C.F.P �� 2 
b:

3.3 Application to ordinary di¤erential equations

Consider the next pair of ODEs:8<: �d2�1
dr2

= f jr�1(r) ; r 2 I = [0; 1]

�1(0) = �1 (1) = 0:
and

8<: �d2�2
dr2

= Kjr�2(r) ; r 2 I = [0; 1]

�2(0) = �2 (1) = 0:
; (3.16)

where f;K : I�R �! R are cont¬nuous functions and the pair of ODEs (3.16) are equalized
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to the next IEs:

�1 (r) =

1Z
0

Gjrk f j
k
�1(k)

dk and �2 (r) =

1Z
0

Gjrk Kj
k
�1(k)

dk: (3.17)

where G : I2 ! (�1;1) is a G.F de�ned as

Gjrk =

8<: r (1� k) ; 0 � r � k � 1;

k (1� r) ; 0 � k � r � 1:

De�ne d : 
2b ! [0;1) such that 
 = CjIR is a space of continuous function on I by

mbj�1�2 = maxr2I

������1 (r) + �2 (r)2

�����2 ;8�1;�22
b :
Obviously, (
b;mb) is a C-Mb-M.S with a constant s = 2.

Theorem 3.3.1 The system (3.16) has at least one solution under the stepulations below.

(�1) There is a function ! : R �! (0; 1) such that 8#1;#22R, we have

��f jr#1 + Kjr#2
�� �q! (r)Mbj#1#2 8r2I ;

where

Mbj#1#2 = max

8><>:
����#1 + #22

����2 ; ����#1 + =#12

����2 ; ����#2 + �#22

����2 ;
���#2+�#22

���2 : ���#1+=#12

���2
s+

���#1+#22

���2
9>=>; :

(�2) There is s � 1 so that max
r;k2I

R 1
0 Gj

r
k dk �

q
12e��
7s for some � > 0:

Proof. de�ne the operators =;� : 
b �! 
b by

=�1(r) =
Z 1

0
Gjrk f j

k
�1(k)

dk and ��2(r) =
Z 1

0
Gjrk Kj

k
�2(k)

dk; 8r2I :

Distinctly, the solvability of the IEs (3.17) is equalized to �nd a C.F.P of = and �: Let �1; �2 2 
b,
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by our assumption 8r2I ; we get

[j=�1(r) + ��2(r)j]2 =

�����Z 1

0
Gjrk f j

k
�1(k)

ds+

Z 1

0
Gjrk Kj

k
�2(k)

dk

�����2
�

�Z 1

0
Gjrk

���f jk�1(k) + Kjk�2(k)
��� dk�2

�
�Z 1

0
Gjrk

q
! (r)Mbj�1�2dk

�2
=

�q
! (r)Mbj�1�2

�2 �Z 1

0
Gjrk dk

�2
�

h
! (r)Mbj�1�2

i "r12e��
7s

#2
= ! (r)

12e��

7s
Mbj�1�2 :

Consequently, we have

max
r2I

[j=�1(r) + ��2(r)j]2 �
h
! (r)Mbj�1�2

i �
max
t;s2I

Z 1

0
Gjrk dk

�2
�

h
! (r)Mbj�1�2

i 12e��
7s

;

implying that

s mbj=�1��2
� 3! (r)

7
e�� Mbj�1�2 � e��'

�
Mbj�1�2

�
Mbj�1�2 ;

which implies that

� + ln
�
s mbj=�1��2

�
� ln

h
'
�
Mbj�1�2

�
Mbj�1�2

i
;

where F (�) = ln � and ' (r) = 3!(r)
7 8r2I . Thus, all stipulations of Corollary 3.2.5 are held.

Therefore, = and � have a C.F.P, that is a solution to the ODEs (3.16).

3.4 Symmetric fractional contractions and related �xed point

theorems

Herein, we introduce four types of symmetric fractional (�; �; �;  )-contractions for self-mappings

and obtain related F.P results in Mb-M.S and the same results is discussing on closed ball of
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Mb-M.S. Consistent with [88, 91], we introduce the follwing results to be useful in our study.

De�nition 3.4.1. Let (
b;mb) be an Mb-M.S. The open ball of 
b with center �1 and radius

" is

Bbj�1" =
n
�2 2 
b : mbj�1�2 � mbj�1;�2 < "; 8�12
b and 8">0

o
:

Notice that we have �1 2 Bbj�1" 8">0: Indeed, we get

mbj�1�1 � mbj�1;�1 = mbj�1�1 � mbj�1�1 = 0 < ":

Analogously, the closed ball of 
b is

Bbj�1" =
n
�2 2 
b : mbj�1�2 � mbj �1;�2 � "; 8�12
b and 8">0

o
:

Lemma 3.4.2. Let (
b;mb) be an Mb-M.S and �b =
n
Bbj�1"

o">0
�12
b

be a collection of open

balls of 
b; then �b forms a basis on 
b:

Proof. Let �2 2 Bbj�1" ; we get

mbj�1�2 � mbj �1;�2 < "; 8�12
b; ">0: (3.18)

Take � = " � mbj�1�2 + mbj �1;�2 =) � > 0: Now, we show that Bbj�2� � Bbj�1" : Let �3 2 Bbj�2� :

Then, we obtain

mbj�2�3 � mbj �2;�3 < �: (3.19)

From (Mbiii), we get

mbj�1�3 � mbj �1;�3 � s
h
mbj�1�2 � mbj �1;�2 + mbj�2�3 � mbj �2;�3

i
� mbj�2�2 :

Utilizing (3.18) and (3.19), we conclued that

� =
1

s

�
"+ mbj�2�2

�
�
�
mbj�1�2 � mbj �1;�2

�
: (3.20)
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Again from (Mbiii) and using (3.18) - (3.20), we get

mbj�1�3 � mbj �1;�3 � s
h
mbj�1�2 � mbj �1;�2 + mbj�2�3 � mbj �2;�3

i
� mbj�2�2

< s
h
mbj�1�2 � mbj �1;�2 + �

i
� mbj�2�2

< s

�
1

s

�
"+ mbj�2�2

��
� mbj�2�2

= ":

Hence, �3 2 Bbj�1" ; that is Bbj�2� � Bbj�1" : Therefore �b satis�es the conditions of basis.

This segment introduces F.P results for symmetric fractional �-�-�- -contraction type-I.

De�nition 3.4.3. Let (
b;mb) be an Mb-M.S, � : 
b ! 
b be a selfmapping, �; �; � : 
b !

[0;1) be functions and  2 	 . � is termed a symmetriç fract¬onal �-�-�- -contraction of

pattern-I, if 9s�1; 9a;b;c2(0;1) and � =
�
s mbj�1;�2

� �1
(c�a)(c�b) 2 [0;1) such that 8�1;�22
bnFix(�);

whenever �(�1)� (�2) � �(�1)� (�2), we have

s2 mbj��1��2
�  

h
�(L=1j�1�2)

i
; (3.21)

where

L=1j�1�2 = mbj�1�2 :
h
mbj�1��1

i 1
(a�b)(a�c)

:
h
mbj�2��2

i 1
(a�b)(a�c)

:h
mbj�1��1 + mbj�2��2

i 1
(b�a)(b�c)

:
h
mbj�1��2 + mbj�2��1

i 1
(c�a)(c�b)

:

Example 3.4.4. Let 
b =
�
0; 13 ;

1
2 ;
2
3 ; 1
	
and mb : 
b � 
b ! [0;1) be de�ned by mbj�1�2 =�

�1+�2
2

�2
: Then (
b;mb) is a C-Mb-M.S with s = 2: De�ne � : 
b ! 
b by

T0 = T
1

3
= T

2

3
= T1 = 0; T

1

2
=
1

2
;

and �; �; � : 
b ! [0;1) by

�(�) = � (�) =

8<: 1; if � 2 
b
0; otherwise

and �(�) =

8<: 1
2 ; if � 2 
b

0; otherwise
:
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Let  (t) = 3
4 t: If �1; �2 2 
b: Clearly �(�1)� (�2) � �(�1)� (�2) ; such that

s2 mbj
� 1
3

� 2
3

= 0 �  [� mbj
1
3
2
3

:

�
mbj

1
3

� 1
3

� 1
(a�b)(a�c)

:

�
mbj

2
3

� 2
3

� 1
(a�b)(a�c)

:

�
mbj

1
3

� 1
3

+ mbj
2
3

� 2
3

� 1
(b�a)(b�c)

:

�
mbj

1
3

� 2
3

+ mbj
2
3

� 1
3

� 1
(c�a)(c�b)

]

=  

24 �
4

�
1
36

� 1
(a�b)(a�c) :

�
1
9

� 1
(a�b)(a�c) :

�
1
36 +

1
9

� 1
(b�a)(b�c) :�

1
36 +

1
9

� 1
(c�a)(c�b)

35
=  

"
�

4

�
1

36
� 4

36

� 1
(a�b)(a�c)

:

�
5

36

� 1
(b�a)(b�c)

:

�
5

36

� 1
(c�a)(c�b)

#

�  

"
�

4

�
5

36

� 1
(a�b)(a�c)+

1
(b�a)(b�c)+

1
(c�a)(c�b)

#
=

3

16
� 2 [0;1):

By Choosing any value of � 2 [0;1) and a; b; c 2 (0; 1) ; we �nd that (3.21) holds 8�1;�22
bnFix(�):

Thus, � has two F.Ps of 0 and 1
2 :

Theorem 3.4.5. Let (
b;mb) be a C-Mb-M.S with coi¢ cient s � 1 and � be a mapping

satis�es (3.21) along with assertions below:

(i) � is an �- ·Cýclic (�; �)-adm¬ssible;

(ii) Ether 9�02
b such that �(�0) � �(�0) or 9�02
b such that � (�0) � � (�0);

(iii) � is continuous.

Then, � has an F.P �� 2 
b.

Proof. Let �0 in 
b such that �(�0) � �(�0) and � (�0) � � (�0) : De�ne an iterative f��g in


b by �� = ����1 8�2N: If 9�02N for which ���0 = ��0 ; then ��0 is an F.P of � and the proof is

�nished. Presume that mbj
��0
���0

> 0; from axiom (i) 9�12
b so that

� (�0) � � (�0) =) � (�1) = � (��0) � � (��0) = � (�1) ;

and

� (�0) � � (�0) =) � (�1) = � (��0) � � (��0) = � (�1) :
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By continuing this approach, we get

� (��) � � (��) =) �
�
��+1

�
� �

�
��+1

�
:

Similarly

� (��) � � (��) =) �
�
��+1

�
� �

�
��+1

�
:

Hence 8�2N; we have

� (��)�
�
��+1

�
� � (��) �

�
��+1

�
: (3.22)

If ��+1 = �� for some � 2 N; then �� = ��; and the proof is �nished. Thus, we Presume that

8�2N; �� 6= ��+1 accompanied by mbj
����1
���

= mbj����� > 0: From (3.21) and 8�2N; we have

mbj����+1 � s2 mbj
����1
���

(3.23)

�  
h
�(L=1j

���1
��

)
i
;

where

L=1j
���1
��

=

266664
mbj

���1
��

� (mbj
���1
����1

)
1

(a�b)(a�c) � (mbj�����)
1

(a�b)(a�c) ��
mbj

���1
����1

+ mbj&��&�
� 1
(b�a)(b�c) ��

mbj
���1
���

+ mbj������1
� 1
(c�a)(c�b)

377775 (3.24)

=

2666664
mbj

���1
��

�
�
mbj

���1
��

� 1
(a�b)(a�c) � (mbj����+1)

1
(a�b)(a�c) ��

mbj
���1
��

+ mbj����+1
� 1
(b�a)(b�c) ��

mbj
���1
��+1

+ mbj�n�n
� 1
(c�a)(c�b)

3777775

�

266664
(mbj

���1
��

)
1+ 1

(a�b)(a�c) � (mbj����+1)
1

(a�b)(a�c) ��
mbj

���1
��

+ mbj����+1
� 1
(b�a)(b�c) �h

s
�
mbj

���1
��

� mbj���1;�� + mbj����+1 � mbj��;��+1
�
+ mbj���1;��+1

i 1
(c�a)(c�b)

377775

�

2666664
�
mbj

���1
��

�1+ 1
(a�b)(a�c) �

�
mbj����+1

� 1
(a�b)(a�c) ��

mbj
���1
��

+ mbj����+1
� 1
(b�a)(b�c) �h

s
�
mbj

���1
��

+ mbj����+1
�
+ mbj���1;��+1

i 1
(c�a)(c�b)

3777775
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�

2666664
�
mbj

���1
��

�1+ 1
(a�b)(a�c) �

�
mbj����+1

� 1
(a�b)(a�c) ��

mbj
���1
��

+ mbj����+1
� 1
(b�a)(b�c) �h

s
�
mbj

���1
��

� mbj����+1
�
� mbj���1;��+1

i 1
(c�a)(c�b)

]

3777775
=

264 s
1

(c�a)(c�b)
�
mbj

���1
��

�1+ 1
(a�b)(a�c)+

1
(b�a)(b�c)+

1
(c�a)(c�b) ��

mbj����+1
� 1
(a�b)(a�c)+

1
(b�a)(b�c)+

1
(c�a)(c�b) �

�
mbj���1;��+1

� 1
(c�a)(c�b)

375

=

2666664
s

1
(c�a)(c�b)

�
mbj

���1
��

� 1
(a�b)(a�c)+

1
(b�a)(b�c)+

1
(c�a)(c�b) ��

mbj����+1
� 1
(a�b)(a�c)+

1
(b�a)(b�c)+

1
(c�a)(c�b) ��

mbj���1;��+1
� 1
(c�a)(c�b)

3777775 mbj
���1
��

=
�
s mbj���1;��+1

� 1
(c�a)(c�b)

mbj
���1
��

:

Now, from (3.23) and (3.24), we obtain that

mbj����+1 � s2 mbj
���1
��

(3.25)

� �

�
�
h
s mbj���1;��+1

i 1
(c�a)(c�b)

mbj
���1
��

�
= �

�
mbj

���1
��

�
< mbj

���1
��

:

Henceafter (3.25) implies that
n
mbj

���1
��

o
is decreasing and 9%�0 such that lim�!1 mbj

���1
��

= %.

Presume that % > 0. From (3.25), we write

mbj����+1 � s2 mbj
����1
���

�  
h
mbj

���1
��

i
(3.26)

�  2
h
mbj

���2
���1

i
�  3

h
mbj

���3
���1

i
� ::: �  �

h
mbj�0�1)

i
:

Taking �!1 in (3.26) and as  2 	;we have

0 � lim
�!+1

mbj����+1 � lim
�!+1

 �

h
mbj�0�1

i
= 0:
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Leading to

lim
�!+1

mbj����+1 = 0: (3.27)

Now, we verify that f��g is an Mb-Cauchy in (
b;mb) : From (Mbii) ; we have

0 � mbj��;��+1 � mbj����+1 8�2N:

Since from (3.27), we have

lim
�!1

mbj��;��+1 = 0; (3.28)

which denotes to

lim
�!+1

mbj���� = 0 or lim
�!+1

mbj
��+1
��+1

= 0: (3.29)

Therefore

lim
{;�!1

mbj�{ ;�� = lim
{;�!1

min
n
mbj���� ; mbj�{�{

o
= 0: (3.30)

Hence

lim
{;�!1

�
Mbj�{ ;�� � mbj�{ ;��

�
= lim
{;�!1

���mbj���� � mbj�{�{
��� = 0:

Next, we verify that lim
{;�!1

�
mbj�{�� � mbj�{ ;��

�
= 0: Suppose on the contrary

lim
{;�!1

�
mbj�{�� � mbj�{ ;��

�
6= 0:

Then, 9�>0 and subsequence fLkg � N such that

mbj
�Lk
�nk

� mbj�Lk ;�nk � �: (3.31)

Let Lk represent the least quantity for which (3.31) holds, so that

mbj
�Lk�1
��k

� mbj�Lk�1 ;��k < �: (3.32)
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By (Mbiv) in (3.31) and using (3.32), we get

� � mbj
�Lk
��k

� mbj�Lk ;��k (3.33)

� s

��
mbj

�Lk
�Lk�1

� mbj�Lk ;�Lk�1

�
+

�
mbj

�Lk�1
��k

� mbj�Lk�1 ;��k

��
� mbj

�Lk�1
�Lk�1

� s�+ s

�
mbj

�Lk
�Lk�1

� mbj�Lk ;�Lk�1

�
� mbj

�Lk�1
�Lk�1

:

Letting k !1 in (3.33), using (3.27), (3.28) and (3.29), we get

� � lim
k!1

�
mbj

�Lk
��k

� mbj�Lk ;��k

�
� s�: (3.34)

Applying (3.30) in (3.34), we have

� � lim
k!1

mbj
�Lk
��k

� s�: (3.35)

Similarly from (Mbiv) and (3.31), we obtain

� � mbj
�Lk
��k

� mbj�Lk ;��k (3.36)

� s
h�
mbj

�Lk
�Lk+1

� mbj�Lk ;�Lk+1
�
+
�
mbj

�Lk+1
��k

� mbj�Lk+1;��k

�i
� mbj

�Lk+1
�Lk+1

� s

266664
�
mbj

�Lk
�Lk+1

� mbj�Lk ;�Lk+1
�

+s

��
mbj

�Lk+1
��k+1

� mbj�Lk+1;��k+1
�
+

�
mbj

��k+1
��k

� mbj��k+1;��k

��
� mbj

��k+1
��k+1

377775
� mbj

�Lk+1
�Lk+1

=
s
�
mbj

�Lk
�Lk+1

� mbj�Lk ;�Lk+1
�
+ s2

�
mbj

�Lk+1
��k+1

� mbj�Lk+1;��k+1
�

+s2
�
mbj

��k+1
��k

� mbj��k+1;�nk

�
� s mbj

��k+1
��k+1

� mbj
�Lk+1
�Lk+1

:
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Similar to (3.33), we �nd that

� � mbj
�Lk+1
��k+1

� mbj�Lk+1;��k+1 (3.37)

� s
h
mbj

�Lk+1
�Lk

� mbj�Lk+1;�Lk

i
+ s2

h
mbj

�Lk
��k

� mbj�Lk ;��k

i
+s2

h
mbj

��k
��k+1

� mbj��k ;��k+1
i
� s mbj

��k+1
��k+1

� mbj
�Lk
�Lk

:

Utilizing (3.36) and (3.37), then

� � mbj
�Lk
��k

� mbj�Lk ;��k (3.38)

� s
�
mbj

�Lk
�Lk+1

� mbj�Lk ;�Lk+1
�
+ s2

�
mbj

�Lk+1
��k+1

� mbj�Lk+1;��k+1
�

+s2
�
mbj

��k+1
��k

� mbj��k+1;��k

�
� s mbj

��k+1
��k+1

� mbj
�Lk+1
�Lk+1

� s
�
mbj

�Lk
�Lk+1

� mbj�Lk ;�Lk+1
�
+ s2

0BBBBBBB@

s
h
mbj

�Lk+1
�Lk

� mbj�Lk+1;�Lk

i
+s2

h
mbj

�Lk
��k

� mbj�Lk ;��k

i
+s2

h
mbj

��k
��k+1

� mbj��k ;��k+1
i

�s mbj
��k+1
��k+1

� mbj
�Lk
�Lk

1CCCCCCCA
+s2

�
mbj

��k+1
��k

� mbj��k+1;��k

�
� s mbj

��k+1
��k+1

� mbj
�Lk+1
�Lk+1

:

Inserting limit k !1 in (3.38), and utilizing (3.27), (3.28), (3.29) and (3.34), we obtain

� � lim
k!1

s2
�
mbj

�Lk+1
��k+1

� mbj�Lk+1;��k+1
�
� s5�:

Therefore
�

s2
� lim

k!1

�
mbj

�Lk+1
��k+1

� mbj�Lk+1;��k+1
�
� s3�: (3.39)

From (3.30), we have
�

s2
� lim

k!1
mbj

�Lk+1
��k+1

� s3�: (3.40)
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Now, from (3.21), we obtain

s2 mbj
�Lk+1
��k+1

= s2 mbj
��Lk
���k

�  
h
�(L=1j

�Lk
��k
)
i
;

where

L=1j
�Lk
��k

= mbj
�Lk
��k

�
�
mbj

�Lk
��Lk

� 1
(a�b)(a�c) �

�
mbj

��k
���k

� 1
(a�b)(a�c)

�
�
mbj

�Lk
��Lk

+ mbj
��k
���k

� 1
(b�a)(b�c) �

�
mbj

�Lk
���k

+ mbj
��k
��Lk

� 1
(c�a)(c�b)

= mbj
�Lk
��k

�
�
mbj

�Lk
�Lk+1

� 1
(a�b)(a�c) �

�
mbj

��k
��k+1

� 1
(a�b)(a�c)

�
�
mbj

�Lk
�Lk+1

+ mbj
��k
��k+1

� 1
(b�a)(b�c) �

�
mbj

�Lk
��k+1

+ mbj
��k
�Lk+1

� 1
(c�a)(c�b)

:

Inserting limit k !1 in the above equation with utilizing (3.27) and (3.28), we get

0 � lim
k!1

L=1j
�Lk
��k

� 0 =) lim
k!1

L=1j
�Lk
��k

= 0: (3.41)

Thence, it follows from (3.40), (3.41) and ( b3) of Lemma 1.1.8 that

� = s2
� �
s2

�
� s2 lim

k!1
mbj

�Lk+1
��k+1

= s2 lim
k!1

mbj
��Lk
���k

�  

�
� lim
k!1

L=1j
�Lk
��k

�
<  

�
lim
k!1

L=1j
�Lk
��k

�
=  [0] = 0:

Hence, we conclude that � < 0; that is a discrepancy. Thus lim
{;�!1

�
mbj�{�� � mbj�{ ;��

�
= 0;

therefore f��g is an Mb-Cauchy in 
b. Because 
b is complete, 9 some �� 2 
b so that �� ! ��

as �!1. Since � is continuous, then lim
�!1

��� = ��
�: So, we have

lim
�!1

�
mbj

��+1
�� � mbj��+1;��

�
= 0: and lim

�!1

�
Mbj��+1;�� � mbj��+1;��

�
= 0: (3.42)
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Since from (3.29) and (3.42), we get

lim
�!1

�
mbj

��+1
�� � mbj��+1;��

�
= 0 (3.43)

= lim
�!1

mbj
��+1
��

= lim
�!1

mbj�����

= mbj��
�

�� :

That is ��� = �� and �� is an F.P of �.

Theorem 3.4.6. Let (
b;mb) be a C-Mb-M.S and � : 
b ! 
b be a mapping satis�es

(3.21) along with a¢ rmations below:

(i) � is an �-cyclic (�; �)-admissble;

(ii) Ether 9�02
b such that �(�0) � �(�0) or 9�02
b such that � (�0) � � (�0);

(iii) if f��g is a sequence in 
b such that �� ! �� as �!1; and � (��) � �(��) 8�2N; then

� (��) � �(��):

Then, � has an F.P �� in 
b.

Proof. By tracing the line of proof employed in the Theorem 3.4.6, we acquire � (��) � �(��)

. Now, we show that mbj��
�

�� = 0: Since �� ! �� as n!1; from (Mbiv), we have

0 �
����mbj

��+1
��� � mbj��+1;���

�
�
�
mbj�

�

��� � mbj��;���
���� (3.44)

�

������ s
��

mbj
��+1
�� � mbj��+1;��

�
+
�
mbj�

�

��� � mbj��;���
��
� mbj�

�

��

�
�
s
��

mbj�
�

�� � mbj��;��
�
+
�
mbj�

�

��� � mbj��;���
��
� mbj�

�

��

�
������ :

So, taking limit as �!1 in (3.44) with using (3.29) and (3.42), we get

0 � lim
�!1

����mbj
��+1
��� � mbj��+1;���

�
�
�
mbj�

�

��� � mbj��;���
���� � 0;

this implies that

lim
�!1

�
mbj

��+1
��� � mbj��+1;���

�
= mbj�

�

��� � mbj��;��� = mbj�
�

��� : (3.45)
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Now, from (3.23) and (3.45), we have

mbj
��+1
��� � mbj��+1;��� � s2 mbj������ � mbj���;��� �  

h
�
�
L=1j����

�i
(3.46)

�  

0BBBBB@
� mbj�

�

��
�
�
mbj��

�

��

� 1
(a�b)(a�c) �

�
mbj�����

� 1
(a�b)(a�c)

�
�
mbj��

�

�� + mbj�����
� 1
(b�a)(b�c)

�
�
mbj����� + mbj�����

� 1
(c�a)(c�b)

1CCCCCA :

Letting �!1 in (3.46) and since  2 	; we get

lim
�!1

�
mbj

��+1
��� � mbj��+1;���

�
= 0: (3.47)

Therefore, from (3.45) and (3.47) ; we get mbj�
�

��� = 0 and �
� is an F.P of �.

Example 3.4.7. Let 
b = [0; 1] and mb : 
b � 
b ! R+ de�ned by

mbj�1�2 =
�
�1 + �2
2

�2
:

Then, (
b;mb) is an Mb-M.S with s = 2. De�ne � : 
b ! 
b by

�� =

8<:
�2

9 ; if � 2 (0; 1];

0; otherwise.

Describe the functions �; �; � : 
b � 
b ! (0; 1] by

� (�) = � (�) =

8<: 2; if � 2 (0; 1]

0; otherwise
and � (�) =

8<: 1; if � 2 (0; 1]

0; otherwise
:

Clearly for �1; �2 2 (0; 1]; � (�1) = 2 � 1 = � (�1) =) � (��1) = 2 � 1 = � (��1) ; and

� (�1) = 2 � 1 = � (�1) =) � (��1) � � (��1) : So, � is �-cyclic (�; �)-admiss¬ble, as long as
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� (�1)� (�2) � � (�1) � (�2) ; such that

s2 mbj��1��2
= 4 mbj

�21
9

�22
9

= 4

�
�21 + �

2
2

18

�2
� 4

�
�1 + �2
18

�2
=
4

9

"
1

9

�
�1 + �2
2

�2#

� 4

9

266419
0BB@

�
�1+�2
2

�2
�
�
3�1
4

�2 1
(a�b)(a�c) �

�
3�2
4

�2 1
(a�b)(a�c) ���

3�1
4

�2
+
�
3�2
4

�2� 1
(b�a)(b�c)

�
��

2�1+�2
4

�2
+
�
�1+2�2
4

�2� 1
(c�a)(c�b)

1CCA
3775

=  [� (L=1(�1; �2))] :

That is attained by taking  (r) = 4
9r, � =

1
9 2 [0; 1) and a; b; c 2 (0; 1) ; 8�1;�22
bnFix(�):

Otherwise, for �1 = �2 = 0; So, � is �-cyclic (�; �)-admiss¬ble, as long as � (�1)� (�2) �

� (�1) � (�2) ; and

s2 mbj��1��2
= 0 �  

h
�(L=1j�1�2)

i
:

Therefore, all a¢ rmations of Theorems 3.4.5 and 3.4.6 are satis�ed. Hence � has an F.P

�� = 0 2 
b. (Notice that 9 is an another F.P of �; but 9 =2 
b).

This segment introduces F.P results for symmetric fractional �-�-�- -contraction type-II:

De�nition 3.4.8. Let (
b;mb) be an Mb-M.S, � : 
b ! 
b be a selfmapping, �; �; � :


b ! [0;1) be functions and  2 	. � is termed a symmetic fractional �-�-�- -contraction

pattern-II provided that 9s�1; 9a;b;c2(0;1) and � =
�
s mbj�1;�2

� �c
(c�a)(c�b) 2 [0;1) such that

8�1;�22
bnFix(�); whenever �(�1)� (�2) � �(�1)� (�2), we have

s2 mbj��1��2
�  

h
�(L=2j�1�2)

i
; (3.48)

where

L=2j�1�2 =

8><>:
mbj�1�2 �

�
mbj�1��1

� a
(a�b)(a�c) �

�
mbj�2��2

� a
(a�b)(a�c)

�
�
mbj�1��1 + mbj�2��2

� b
(b�a)(b�c) �

�
mbj�1��2 + mbj�2��1

� c
(c�a)(c�b)

9>=>; :

Theorem 3.4.9. Let (
b;mb) be a C-Mb-M.S and � be a mapping satis�es (3.48) along with

the a¢ rmations of Theorem 3.4.5. Then, � has a F.P in 
b.

Proof. By tracing the line of proof employed in the Theorem 3.4.5, we �nd that �� 2 
b is

an F.P of �.
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Theorem 3.4.10. Let (
b;mb) be a C-Mb-M.S and � be a mapping satis�es (3.48) along

with the a¢ rmations of Theorem 3.4.6. Then, � has an F.P in 
b:

Proof. By tracing the line of proof employed in the Theorem 3.4.6, we �nd that �� 2 
b is

an F.P of �.

This segment introduces F.P results for symmetric fractional �-�-�- -contraction type-III:

De�nition 3.4.11. Let (
b;mb) be an Mb-M.S, � : 
b ! 
b be a selfmapping, �; �; � :


b ! [0;1) be functions and  2 	. � is termed a symmetic fractional �-�-�- -contraction

pattern-III, if 9s�1; 9a;b;c2(0;1) and � =
�
s mj�1;�2

� �c2
(c�a)(c�b) 2 [0;1) such that 8�1;�22
bnFix(�),

whenever �(�1)� (�2) � �(�1)�(�2), we have

s2 mbj��1��2
� �

h
�(L=3j�1�2)

i
; (3.49)

where

L=3j�1�2 = max

8>><>>:
mbj�1�2 ;

�
mbj�1��1

� a2

(a�b)(a�c) �
�
mbj�2��2

� a2

(a�b)(a�c)

�
�
mbj�1��1 + mbj�2��2

� b2

(b�a)(b�c) �
�
mbj�1��2 + mbj�2��1

� c2

(c�a)(c�b)

9>>=>>; :

Theorem 3.4.12. Let (
b;mb) be a C-Mb-M.S and � be a mapping satis�es (3.49) along with

the a¢ rmations of theorem 3.4.5. Then, � has an F.P in 
b.

Proof. Let �0 2 
b such that �(�0) � �(�0) and �(�0) � �(�0): 8�2N; we construct an

iteration f��g1�=1 so that �1 = ��0, �2 = ��1 = �2�0. By continuing this approach, we get

��+1 = ��� = �
�+1�0: From (i), we obtain that

� (��)�
�
��+1

�
� � (��) �

�
��+1

�
; 8�2N: (3.50)

If ��+1 = �� for some � 2 N; then �� = �� is a F.P of �. So, we presume that �� 6= ��+1 in

conjunction with

mbj
����1
���

= mbj����n > 0; 8�2N:

From (3.49), we own

mbj����+1 � s2 mbj
����1
���

�  
h
�
�
L=3j

���1
��

�i
: (3.51)
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Followig the same steps in (3.24), we deduce that

L=3j
���1
��

=

(
mbj

���1
��

;
�
s mbj���1;��+1

� c2

(c�a)(c�b)
mbj����+1

)
:

Now, if

L=3j
���1
��

=
�
s mbj���1;��+1

� c2

(c�a)(c�b)
mbj����+1 : (3.52)

Then, from (3.51) and (3.52), we get

mbj����+1 �  

"
�
�
s mbj���1;��+1

� c2

(c�a)(c�b)
mbj����+1

#
=  

h
mbj����+1

i
< mbj����+1 ;

a contradiction, thus

L=3j
���1
��

= mbj
���1
��

: (3.53)

From (3.51) and (3.53); we deduce that

mbj����+1 � s2 mbj
����1
���

(3.54)

� �
h
�
�
L=3j

���1
��

�i
< mbj

���1
��

:

By tracing the line of proof employed in the Theorem 3.4.5, we �nd that �� 2 
b is an F.P of

�.

Theorem 3.4.13. Let (
b;mb) be a C-Mb-M.S and � be a mapping satis�es (3.49) along

with the assertions of Theorem 3.4.6. Then, � possesses an F.P in 
b:

Proof. By tracing the line of proof employed in the Theorem 3.4.6, we �nd that �� 2 
b is

an F.P of �.

Example 3.4.14. Let 
b = [0; 1] and mb : 
b � 
b ! R+ de�ned by

mbj�1�2 =
�
�1 + �2
2

�2
8�1;�22
b :
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Then, (
b;mb) is an Mb-M.S with s = 2. De�ne � : 
b ! 
b by

�� =

8<: 1
15 ; if � 2 [0; 1);

1; if � = 1.

Describe the functions �; �; � : 
b � 
b ! [0;1) by

� (�) = � (�) =

8<: 2; if � 2 (0; 1]

0; otherwise
and � (�) =

8<: 1; if � 2 (0; 1]

0; otherwise
:

Clearly, � is �-cyclic (�; �)-admissible mapping. Moreover if f��g is an iterative sequence in 
b
so that �� ! �� as �!1 and � (��) � � (��) : Then, � (�

�) � � (��) whenever � (�1)� (�2) �

� (�1) � (�2) ; and for �1 2 [0; 1); �2 = 1; we have

s2 mbj��1��2
= 4 mbj��1�1 = 4

 
1
15 + 1

2

!2
� 4

�
8

15

�2
= 4

�
8

3� 5

�2
=
4

5

"
64

5

�
1

3

�2#
�  [� (L=3(�; 1))] :

That is attained by taking  (r) = 4
5r, � =

64
5 2 [0;1) and a; b; c 2 (0; 1) : Therefore, all

a¢ rmations of Theorems 3.4.12 and 3.4.13 are satis�ed. Hence, � has two F.Ps �� = 1 , 15 2 
b.

This segment introduces F.P results for symmetric fractional �-�-�- -contraction type-IV:

De�nition 3.4.15. Let (
b;mb) be an Mb-M.S with a self-map � : 
b ! 
b, �; �; � :


b ! [0;1) be functions and  2 	. � is termed a symmetric fractional �-�-�- -contraction

pattern-IV, if 9s�1; 9a;b;c2(0;1) and � =
�
s mbj�1;�2

� �a3
(c�a)(c�b) 2 [0; 1) with (a+ b+ c < 1) such

that 8�1;�22
bnFix(�); whenever �(�1)� (�2) � �(�1)� (�2), we have

s2 mbj��1��2
�  

h
�(L=4j�1�2)

i
; (3.55)

where

L=4j�1�2 =

8>><>>:
�
mbj�1�2

� a3

(a�b)(a�c) �
�
mbj�1��1

� a3

(a�b)(a�c)

�
�
mbj�1��1 + mbj�2��2

� b3

(b�a)(b�c) �
�
mbj�1��2 + mbj�2��1

� c3

(c�a)(c�b)

9>>=>>; :
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Theorem 3.4.16. Let (
b;mb) be a C-Mb-M.S and � be a mapping satis�es (3.55) alond with

the a¢ rmations of Theorem 3.4.5.

Then, � possesses an F.P in 
b.

Proof. Let �0 2 
b so that �(�0) � �(�0) and �(�0) � �(�0):We build a sequence f��g1n=1 as

�1 = ��0, �2 = ��1 = �2�0. Proceeding in this manner, we get ��+1 = ��� = �n+1�0, 8�2N:

From (i) we can conclude that

� (��)�
�
��+1

�
� � (��) �

�
��+1

�
; 8�2N: (3.56)

If ��+1 = �� for some � 2 N; then �� = �� is an F.P of �. So, we presume that �� 6= ��+1 in

conjunction with

mbj
����1
���

= mbj����� ; 8�2N:

Now, from (3.55); we have

mbj����+1 � s2 mbj
����1
���

�  
h
�
�
L=4j

���1
��

�i
;

where by the same steps in (3.24), we deduce that

L=4j
���1
��

�
�
mbj

���1
��

� mbj����+1
�a+b+c

� max
n
mbj

���1
��

; mbj����+1
o
:

If max
n
mbj

���1
��

; mbj����+1
o
= mbj����+1 ; then

mbj����+1 �  
h
mbj����+1

i
< mbj����+1 ;

a contradiction, thus

mbj����+1 �  
h
mbj

���1
��

i
< mbj

���1
��

: (3.57)

By tracing the line of proof employed in the Theorem 3.4.5, we �nd that �� 2 
b is an F.P of

�.

Theorem 3.4.17. Let (
b;mb) be a C-Mb-M.S, � be a mapping satis�es (3.55) along with

the a¢ rmations of theorem 3.4.6.

Then, � possesses an F.P in 
b:
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Proof. By tracing the line of proof employed in the Theorem 3.4.6, we �nd that �� 2 
b is

an F.P of �.

Example 3.4.18. Let 
b = [0;1); p � 1 and mb : 
b � 
b ! R+ de�ned by

mbj�1�2 = max f�1; �2g
p + j�1 � �2jp ; 8�1;�22
b :

Then, (
b;mb) is an Mb-M.S with s = 2p. De�ne � : 
b ! 
b by

�� =

8<:
�+0:5
128 ; if � 2 (0; 1];

0; otherwise.

Describe the functions �; �; � : 
b � 
b ! [0;1) as

� (�) = � (�) =

8<: 2; if � 2 (0; 1];

0; otherwise,
and � (�) =

8<: 1; if � 2 (0; 1]

0; otherwise.

Clearly, 8�1;�22(0;1]; � is �-cyclic (�; �)-admissible mapping, whenever � (�1)� (�2) � � (�1) � (�2) ;

we have

s2 mbj��1��2
= 22p mbj

�1+0:5
125

�2+0:5
125

� 22p mbj
�1
64
�2
64

= 22p
�
max

�
�1
64
;
�2
64

�p
+

���� �164 � �2
64

����p�
=

22p

64p
(max f�1; �2gp + j�1 � �2jp)

=
1

24p
mbj�1�2 �

1

22p

�
1

2p

�
L=4j�1�2

��
�  

h
�
�
L=4j�1�2

�i
:

That is attained by taking  (t) = 1
22p
t, � = 1

2p 2 [0;1) and a; b; c 2 (0; 1) :

Otherwise, it is obvious that � is �-cyclic (�; �)-admiss¬ble, whenever � (�1)� (�2) � � (�1) � (�2) ;

we have

s2 mbj��1��2
= 0 �  

h
�
�
L=4j�1�2

�i
:

Thus, all a¢ rmations of Theorem 3.4.16 are satis�ed. Hence, � has two F.Ps 0 and 1
254 in 
b.
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Taking �(�1) = � (�2) = 1; in Theorems 3.4.5, 3.4.6, 3.4.9 and 3.4.10, we derive the next

corollaries.

Corollary 3.4.19. Let (
b;mb) be a C-Mb-M.S and � be a symmȩtric fŗactional �-�- -

contraction-type-I ful�lling a¢ rmations below:

(i) � is a cyclic (�; �)-admiss¬ble;

(ii) Ether 9�02
b such that �(�0) � 1 or 9�02
b such that �(�0) � 1;

(iii) � is continuousş.

Then, � has an F.P in 
b.

Corollary 3.4.20. Let (
b;mb) be a C-Mb-M.S and � be a symmȩtric fŗactional �-�- -

contraction-type-I ful�lling a¢ rmations below:

(i) � is a cyclic (�; �)-admiss¬ble;

(ii) Ether 9�02
b such that �(�0) � 1 or 9�02
b such that �(�0) � 1;

(iii) if f��g is an iterative sequence in 
b so that �� ! �� as �!1; and � (��) � 1 8�2N;

then � (��) � 1:

Then, � has an F.P �� 2 
b.

Analogously, we can drive corollaries for symmȩtric fŗactional contraction-type-II, III and IV.

Now, we derive F.P outcomes for symmȩtric fŗactional contractions on closed-ball of Mb-

M.S.

Theorem 3.4.21. Let (
b;mb) be a C-Mb-M.S, �0 be any point in a closed-ball Bbj�0" , �; � :


b�
b ! [0;1) be semi �-admissible mappings w.r.t. � on Bbj�0" with �j�0�1 � �j�0�1 and  2 	.

Let � : 
b ! 
b be a continuous semi �-admissible to satisfy (3.21), 8�1;�22Bbj�0" �
bnFix(�)
; �j�1�2 �

�j�1�2 . Moreover;

mbj�0�1 � mbj�0;�1 �
�X
�=0

s�+1 �
h
mbj�0�1

i
� "; for " > 0: (3.58)

Then, � has an F.P in Bbj�0" � 
b.

Proof. Since �0 2 Bbj�0" , 9�12
b such that �1 = ��0 and 9�22
b such that �2 = ��1: By

continuing this approach, we construct an iterative f��g in 
b so that, �� = ���: As �j
�0
�1
� �j�0�1

and � is semi �-admissible mapping w.r.t �; we have �j��0��1
� �j��0��1

from which we deduce that

�j�1�2 � �j�1�2 ; which also implies that �j
��1
��2

� �j��1��2
: Continuing in this way, we obtain that

�j����1���
� �j����1���

; this leads to �j����+1 � �j����+1 8�2N:
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Now, we show that �� 2 Bbj&0" 8�2N: Utilizing inequality (3.58); we have

mbj�0�1 � mbj�0;�1 �
�X
�=0

s�+1 �
h
mbj�0�1

i
� "; for " > 0:

That is �1 2 Bbj�0" : Let �2; �3; :::; �j 2 Bbj�0" for some j 2 N, we write

mbj
�j
�j+1

� s2 mbj
��j�1
��j

�  
h
�(L=1j

�j�1
�j

)
i
: (3.59)

Thereafter, by tracing the line employed in (3.24), we get

L=1j
�j�1
�j �

�
s mbj�j�1;�j+1

� 1
(c�a)(c�b)

mbj
�j�1
�j

: (3.60)

From (3.59), (3.60) and similar to (3.23) and (3.24); we conclude that

mbj
�j
�j+1

<  j
h
mbj�0�1

i
; 8j2N: (3.61)

Using (Mbiv) and (3.61), we have

mbj�0�j+1 � mbj�0;�j+1 � s
h�
mbj�0�1 � mbj�0;�1

�
+
�
mbj�1�j+1 � mbj�1;�j+1

�i
� mbj�1�1

� s
h
mbj�0�1 + s mbj�1�2 + s

2 mbj�2�3 + :::+ s
j mbj

�j
�j+1

i
= s mbj�0�1 + s

2 mbj�1�2 + s
3 mbj�2�3 + :::+ s

j+1 mbj
�j
�j+1

< s mbj�0�1 + s
2 
�
mbj�0�1

�
+ :::+ sj+1 j

�
mbj�0�1

�
<

jX
�=0

s�+1 �
�
mbj�0�1

�
< ":

That is �j+1 2 Bbj�0" : Hence, by induction, we get �� 2 Bbj�0" 8�2N; therefore f��g is a sequence

in Bbj�0" : As � is simi �-admissible w.r.t � on Bbj�0" ; so �j����+1 � �j����+1 : Also, inequality

(3.61) can be written as

mbj����+1 <  �
h
mbj�0�1

i
; 8�2N: (3.62)

As
1X
�=1

s� � (r) < 1; thus for some k 2 N the seri¾es
1X
�=1

s� �
h
 k�1

�
mbj�0�1

�i
converges. Fix
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" > 0; then 9k(")2N, so that
1X
�=1

s� �
h
 ��1

�
mbj�0�1

�i
< ": (3.63)

Let �;{ 2 N with � > { > k (") and from (Mbiv) ; (3.62) and (3.63), we get

mbj���{ � mbj��;�{ �
{�1X
�=�

s���+1 mbj����+1

�
{�1X
�=�

s���+1 �
h
mbj����+1

i
<

{��X
�=�

s��� i��
h
 ��1

�
mbj�0�1

�i
<

1X
�=1

s� �
h
 k(")�1

�
mbj�0�1

�i
< ":

The convergence of the series
1X
�=1

s� �
h
 k�1

�
mbj�0�1

�i
leads to

lim
�;{!1

�
mbj���{ � mbj��;�{

�
= 0:

By the same way, we can show that

lim
�;{!1

�
Mbj��;�{ � mbj��;�{

�
= 0:

Therefore, f��g is an mb-Cauchy sequence in Bbj�0" . So, 9��2Bbj�0"
so that �� ! �� as � ! 1.

By continuity of � then lim
�!1

��� = ��
� and

lim
�!1

�
mbj���� � mbj��;��

�
= 0: (3.64)

103



Next, we show that ��� = ��: Suppose that mbj�
�

��� � mbj��;��� > 0; then by (Mbiv) ; we have

mbj�
�

��� � mbj��;��� � s
h�
mbj�

�

��+1
� mbj��;��+1

�
+
�
mbj

�n+1
��� � mbj��+1;���

�i
(3.65)

� mbj
��+1
��+1

� s
�
mbj�

�

��+1
� mbj��;��+1

�
+ s

�
mbj������ � mbj���;���

�
= s

�
mbj�

�

��+1
� mbj��;��+1

�
+
1

s

�
s2 mbj������

�
� s mbj���;���

� s
�
mbj�

�

��+1
� mbj��;��+1

�
+
1

s
 
h
�
�
mbj����

�i
� s mbj��+1;���

= s
�
mbj�

�

��+1
� mbj��;��+1

�
+

1

s
 

2666666664
�

mbj���� �
�
mbj�����

� 1
(a�b)(a�c) ��

mbj�
�

���

� 1
(a�b)(a�c) ��

mbj����� + mbj�
�

���

� 1
(b�a)(b�c) ��

mbj����� + mbj�
�

���

� 1
(c�a)(c�b)

3777777775
� s mbj��+1;��� :

By taking �!1 in (3.65) and applyng (3.64), we get

mbj�
�

��� � mbj��;��� � 1

s
 

2666664�
mbj�

�

��� �
�
mbj�

�

��

� 1
(a�b)(a�c) �

�
mbj�

�

���

� 1
(a�b)(a�c) ��

mbj�
�

�� + mbj�
�

���

� 1
(b�a)(b�c) ��

mbj�
�

��� + s mbj�
�

�� + mbj��;���
� 1
(c�a)(c�b)

3777775� s mbj��;���

=
1

s2
s 

2666664�
mbj�

�

��� �
�
mbj�

�

��

� 1
(a�b)(a�c)+

1
(b�a)(b�c)+

1
(c�a)(c�b) ��

mbj�
�

���

� 1
(a�b)(a�c)+

1
(b�a)(b�c)+

1
(c�a)(c�b) ��

s mbj��;���
� 1
(c�a)(c�b)

3777775� s mbj��;���

<
1

s2
mbj�

�

��� � s mbj��;��� by ( 3)

< mbj�
�

��� � mbj��;��� ;

a contradiction. Therefore mbj�
�

��� � mbj��;��� = 0 implies that mbj�
�

��� = mbj��;��� : So, that is

��� = �� and �� 2 Bbj�0" is an F.P of �.
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Example 3.4.22. Let 
b = [0;1); p � 1 and mb : 
b � 
b ! R+ de�ned by

mbj�1�2 = max f�1; �2g
p + j�1 � �2jp ; 8�1;�22
b :

Then, (
b;mb) is an Mb-M.S with s = 2p. De�ne � : 
b ! 
b by

�� =

8<:
�
e5
; if � 2 [0; 10] ;

4� � 45; if � 2 (10;1) .

Describe �; � : 
b � 
b ! [0;1) as

�j�1�2 =

8<: 2; if � 2 [0; 10] ;

0; if � 2 (10;1) ,
and �j�1�2 =

8<: 1; if � 2 [0; 10] ;

0; if � 2 (10;1) .

Consider �0 = 1 and " = 180; then Bbj�0" = [0; 10] and mbj�0��0 = mbj1�1 = mbj11
e5
= 1+

�
1� 1

e5

�p
:

Therefore �j1�1 = 2 � 1 = �j1�1 : Now, 8�1;�22[0;10]; the semi �-admissiblity of � w.r.t. � is held,

whenever �j�1�2 � �j�1�2 ; we have

s2 mbj��1��2
= 22p mbj

�1
e5

�2
e5

= 22p
�
max

�
�1
e5
;
�2
e5

�p
+

�����1e5 � �2
e5

����p�
=

22p

e5p
(max f�1; �2gp + j�1 � �2jp)

� 2p

e5p

�
22p mbj�1�2

�
�  

h
�
�
L=1j�1�2

�i
:

That is attained by taking  (t) = 2p

e5p
t, � = 22p 2 [0;1) and a; b; c 2 (0; 1) : Now, 8��0; p>1,

we have

mbj�0�1 � mbj�0;�1 =

�X
{=0

s{+1 {
h
mbj�0�1

i
�

�X
{=0

s{+1 {
�
1 +

�
1� 1

e5

�p�

= 22
�
1 +

�
1� 1

e5

�p� �X
{=0

�
22p

e5p

�{
� 180 = ":
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Note that 20; 21 2 
b and for p = 2, we get �j2021 � �j2021 and

s2 mbj�20�21 > �
h
�
�
L=1j2021

�i
;

yields that (3.21) is not attained. Thence, all a¢ rmations of Theorem 3.4.21 are satis�ed, and

� possesses an F.P �� = 0 2 Bbj�0" . (Note that 15 2 
b is an another F.P of �, but 15 =2 Bbj�0" ).

3.5 An application to a fractional-order di¤erential equation

In this section, The outcomes given by Theorem 3.4.9 are applying to show the existence of a

solution to FODEs.

Consider the function L : (0; 1) ! R: The conførmable fractional-order der¬vative of order

� of L at r > 0 is de�ned in [1]:

D�L(r) = lim
"!0

L
�
r + "r1��

�
� L (r)

"
: (3.66)

The conførmable fractional integral related to (3.66) is de�ned in [1, 58] as given below:

I�0 L (r) =
rZ
0

k��1L (k) dk: (3.67)

The BVP of a FODE can be formulated as:8>>><>>>:
D�
r �(r) = � Ljr�(r) ; r 2 (0; 1) ; � 2 (1; 2)

�(0) = 0; �(1) =

1Z
0

� (k) dk
: (3.68)

The IE related with BVP (3.68) can be expressed as follows:

� (r) = �

1Z
0

fjrk Lj
k
�(k) dk; (3.69)
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where, fjrk is a G.F given by

fjrk =

8<: �2rk� + k��1; 0 � k � r � 1

�2rk�; 0 � r � k � 1
; (3.70)

and

1Z
0

�(k)dk is the Riemann integrable of � w.r.t k and L : [0; 1] � R ! R is continuous.

Consider

�(r) = c0 + c1r + �

1Z
0

k��1 Ljk�(k) dk; (3.71)

when � (0) = 0, then c0 = 0; � (1) = c1 + �

1Z
0

k��1 Ljk�(k) dk; and from the condition � (1) =

1Z
0

�(k)dk; we have

1Z
0

�(k)d =

1Z
0

c1kdk + �

1Z
0

kZ
0

v��1 Ljk�(k) dvdk =
1

2
c1 + �

1Z
0

1Z
v

v��1 Ljk�(k) dvdk

=
1

2
c1 + �

1Z
0

(1� v) v��1 Ljk�(k) dvdk

=
1

2
c1 + �

1Z
0

�
k��1 � k�

�
Ljk�(k) dk;

this implies that

1

2
c1 = �

1Z
0

k��1 Ljk�(k) dk + �
1Z
0

�
k��1 � k�

�
Ljk�(k) dk = ��

1Z
0

k�L (k; � (k)) dk:

Hence

c1 = �2�
1Z
0

k� Ljk�(k) dk:
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It follows from (3.71), c0, and c1 that

�(r) = �2�r
1Z
0

k� Ljk�(k) dk + �
rZ
0

k��1 Ljk�(k) dk

= �2�r
rZ
0

k� Ljk�(k) dk � 2�t
1Z
t

k� Ljk�(k) dk + �
rZ
0

k��1 Ljk�(k) dk

= �

rZ
0

�
�2rk� + k��1

�
Ljk�(k) dk + �

1Z
t

(�2rk�) Ljk�(k) dk

= �

rZ
0

fjrk Lj
k
�(k) dk:

Let Q�(I) be the space of continuous functions on I, where I = [0; 1], � > 0: Let mbj�1�2 =


 �1+�22




2
1
= maxr2I

���� �1(r)+�2(r)2

����2 8�1;�22Q�(I). Then (Q�(I);mb) is a C-Mb-M.S with a con-

stant � = 2:

Theorem 3.5.1. The BVP (3.68) has at least one solution �� 2 Q�(I); under the a¢ rmations

below:

(1) 9$ : R! (0; 1) ; �; �; % : R! R are four functions and � � 1 so that 8r2I; �1;�22R with

�(�1)� (�2) � % (�1) %(�2), we have

���Ljk�1(k) + Ljk�2(k)��� �
r
4$ (r)

10�2
L=j�1(k)�2(k)

;

where

L=j�1(k)�2(k)
=

�����1(k) + �2(k)2

����2 � �����1(k) + ��1(k)2

���� 2a
(a�b)(a�c)

�
�����2(k) + ��2(k)2

���� 2a
(a�b)(a�c)

�"�����1(k) + ��1(k)2

����2 + �����2(k) + ��2(k)2

����2
# b
(b�a)(b�c)

�

"�����1(k) + ��2(k)2

����2 + �����2(k) + ��1(k)2

����2
# c
(c�a)(c�b)

; 8a;b;c2(0;1);
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(2) 9�12Q�(I) such that 8r2I , we get

� (�1(r))�

�Z 1

0
fjrk Lj

k
�1(k)

dk

�
� % (�1(r)) %

�Z 1

0
fjrk Lj

k
�1(k)

dk

�
;

(3) 8r2I and 8�1;�22Q�(I); 9�3;�42C�(I); such that

� (�1(r)) � % (�1(r)) =) �

�Z 1

0
fjrk Lj

k
�3(k)

dk

�
� %

�Z 1

0
fjrk Lj

k
�3(k)

dk

�
;

and

� (�2 (r)) � % (�2(r)) =) �

�Z 1

0
fjrk Lj

k
�4(k)

dk

�
� %

�Z 1

0
fjrk Lj

k
�4(k)

dk

�
;

(4) For any cluşter point � of f��g in Q�(I) with � (��)�
�
��+1

�
� % (��) %

�
��+1

�
so that

lim
n!1

inf � (��)� (�) � lim
n!1

inf % (��) % (�) :

Proof. It is known that �� 2 Q�(I) is a solution of (3.68) i¤ �� 2 Q�(I) is a solution of the

FODE:

�(r) = �

Z 1

0
fjrk Lj

k
�(k) dk, 8�;r2I :

De�ne a map � : Q�(I)! Q�(I) by

��(r) = �

Z 1

0
fjrk Lj

k
�(k) dk; 8�;r2I :

Then, the problem (3.68) is equivalent to �nd �� 2 Q�(I) that is a F.P of �. Let �1; �2 2 Q�(I);

such that � (�1(r))� (�2(r)) � 0; 8r2I : Using the stipulation (1), we get

[j��1(r) + ��2(r)j]2 =

�
j�j
����Z 1

0
fjrk Lj

k
�1(k)

dk + fjrk Lj
k
�2(k)

dk

�����2
� j�j

Z 1

0
fjrk

���Ljk�1(k)) + Ljk�2(k)��� dk
�

"
j�j
Z 1

0
fjrk dk

r
4$ (r)

10�2
L=j�1(k)�2(k)

#2

=

�
j�j
Z 1

0
fjrk dk

�2
4$ (r)

10�2
L=j�1(k)�2(k)

:
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For r 2 I; we get

max
r2I

[j��1(r) + ��2(r)j]2 = max
r2I

�
j�j
Z 1

0
fjrk dk

�2
4$ (r)

10�2
������1(k) + �2(k)2

����2 � �����1(k) + ��1(k)2

���� 2a
(a�b)(a�c)

�
�����2(k) + ��2(k)2

���� 2a
(a�b)(a�c)

�"�����1(k) + ��1(k)2

����2 + �����2(k) + ��2(k)2

����2
# b
(b�a)(b�c)

�

"�����1(k) + ��2(k)2

����2 + �����2(k) + ��1(k)2

����2
# c
(c�a)(c�b)

;

this implies that

[jj��1(r) + ��2(r)jj1]
2 � 4$ (r)

10�2





�1(k) + �2(k)2





2
1
�



�1(k) + ��1(k)2





 2a
(a�b)(a�c)

1
�




�2(k) + ��2(k)2





 2a
(a�b)(a�c)

1
�"



�1(k) + ��1(k)2





2
1
+





�2(k) + ��2(k)2





2
1

# b
(b�a)(b�c)

�

"



�1(k) + ��2(k)2





2
1
+





�2(k) + ��1(k)2





2
1

# c
(c�a)(c�b)

:

Thus,

�2 mbj��1��2
�  

h
� L=2j�1�2

i
;

where,  (r) = !(r)
5 r; � = 1

2 and

L=2j�1�2 =

8><>:
mbj�1�2 �

�
mbj�1��1

� a
(a�b)(a�c) �

�
mbj�2��2

� a
(a�b)(a�c) ��

mbj�1��1 + mbj�2��2
� b
(b�a)(b�c) �

�
mbj�1��2 + mbj�2��1

� c
(c�a)(c�b)

9>=>; :

8�1;�22Q�(I); r2I such that � (�1(r))� (�2(r)) � % (�1(r)) % (�2(r)) : We de�ne �; �; � : Q
�(I) !
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[0;1) assuming � (�1) = � (�1) by

� (�1) =

8<: 2 if � (�1(r))� (�2(r)) � 0;

0 otherwise

9=; and � (�1) =

8<: 1
4 if % (�1(r)) % (�2(r)) � 0;

0 otherwise

9=; :

Then, 8�1;�22Q�(I), � (�1) � � (�1) and � (�2) � � (�2) : If � (�1) � � (�1) and � (�2) � � (�2)

8�1;�22Q�(I), then � (�1 (r)) � % (�1 (r)) and � (�2 (r)) � % (�2 (r)) : From (3), we have � (��1 (r)) �

% (��1 (r)) and � (��2 (r)) � % (��2 (r)) ;and so � (��1) � � (��1) and � (��2) � � (��2). Thus,

� is �-cyclic �-admissible mapping. From (2) there subsist �1 2 Q�(I) parallel to � (�1)� (�2) �

� (�1) � (�2). By (4), for any cluster point � of f��g inQ�(I) with � (��)�
�
��+1

�
� % (��) %

�
��+1

�
implies � (��)�

�
��+1

�
� � (��) �

�
��+1

�
and lim�!1 inf � (��)�

�
��+1

�
� lim�!1 inf � (��) �

�
��+1

�
.

So, all a¢ rmations of Theorem 3.4.9 are satis�ed, and then � has an F.P �� in Q�(I), that is

a solvability of BVP (3.66).

3.6 Common �xed points of almost Hardy-Rogers ( ; �)-type

multivalued contractions

This section contains C.F.P outcomes for almost Hardi-Rogers ( ; �)-type and �-type multival-

ued contractions in C-Mb-M.S.

De�nition 3.6.1. Let (
b;mb) be an Mb-M.S and �;= : 
b ! CBbj
b are told to be almost

Hardy-Rogers ( ; �)-type multivalued contraction maps, if 9�2��; 2	 and 9s�1; �2[0;1] such

that 8�1;�22
b , Hbj�(�1)=(�2)
> 0; implies,

�
�
s3 Hbj�(�1)=(�2)

�
�  

�
�
h
� Ubj�1�2 + L mbj�2=(�2)

i�
; (3.72)

where

Ubj�1�2 = a mbj�1�2 + b mbj�1�(�1) + c mbj�2=(�2) + (3.73)

d
mbj�2�(�2)

h
s+ mbj�1�(�1)

i
s+ mbj�1�2

+ e
mbj�1�(�1) mbj�2�(�2)

s+ mbj�1�2
;
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and a; b; c; d; e � 0 with �a < 1
s3
and 0 � �a+ �b+ �c+ �d+ �e+ L < 1:

Theorem 3.6.2. Let (
b;mb) be a C-Mb-M.S and the maps �;= : 
b ! CBbj
b be an almost

Hardy-Rogers ( ; �)-type multivalued contraction maps. If  ;� and = are continuous.

Then, � and = have a C.F.P.

Proof. Let �0 2 
b be an arbitrary point. Since � (�) 6= ; 8�2
b ; we take �1 2 � (�0) with

�1 =2 = (�1) and mbj�0�(�0) > 0: Then; 9�22
b such that �2 2 = (�1) with �2 =2 � (�2) : Since � (�2)

is closed and mbj�1=(�1) > 0; we have

0 < mbj�1=(�1) � Hbj�(�0)=(�1)
:

From (�1) ; we get

�
�
mbj�1=(�1)

�
� �

�
Hbj�(�0)=(�1)

�
: (3.74)

By (�5) ; 9�22=(�1) such that �
�
mbj�1=(�1)

�
= �

�
mbj�1�2

�
. Thence, from (3.72) and (3.74), we

have

0 � �
�
mbj�1�2

�
� �

�
s3 Hbj�(�0)=(�1)

�
�  

�
�
h
� Ubj�0�1 + L mbj�1=(�1)

i�
: (3.75)

From (Mbiv) and (3.73); we have

Ubj�0�1 = a mbj�0�1 + b mbj�0�(�0) + c mbj�1=(�1) +

d
mbj�1=(�1)

h
s+ mbj�0�(�0)

i
s+ mbj�0�1

+ e
mbj�0�(�0) mbj�1=(�1)

s+ mbj�0�1
� a mbj�0�1 + b mbj�0�1 + c mbj�1�2 + d mbj�1�2 + e mbj�1�2
� (a+ b) mbj�0�1 + (c+ d+ e) mbj�1�2 :

From (3.75); (Mbii) and since  2 	, we get

�
�
mbj�1�2

�
�  

0@�
24 (�a+ �b) mbj�0�1 + (�c+ �d+ �e) mbj�1�2

+L mbj�1=(�1)

351A
�  

�
�
h
(�a+ �b) mbj�0�1 + (�c+ �d+ �e+ L) mbj�1�2

i�
:
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Since  2 	 and from (�1) ;we get

mbj�1�2 � (�a+ �b) mbj�0�1 + (�c+ �d+ �e+ L) mbj�1�2 :

Since �a+ �b+ �c+ �d+ �e+ L < 1; we deduce that 1� (�c+ �d+ �e+ L) > �a+ �b > 0:

Thus

mbj�1�2 � (�a+ �b)

1� (�c+ �d+ �e+ L) mbj�0�1

< mbj�0�1 :

Again, from (�1) and since  2 	, we have

�
�
mbj�1�2

�
�  

�
�
�
mbj�0�1

��
:

By continuing this approach, we construct an iterative sequence f��g in 
b by �2�+1 2 � (�2�),

�2�+2 2 =
�
�2�+1

�
and �2�+1 6= �2�; 8�2N[f0g, we �nd that

�
�
mbj

�2�+1
�2�+2

�
�  

�
�
�
mbj�2��2�+1

��
< �

�
mbj�2��2�+1

�
: (3.76)

The inequality (3.76) yields that
n
mbj�2��2�+1

o
is a decreasing sequence. From (3.76), we get

�
�
mbj�2��2�+1

�
�  

�
�
�
mbj

�2��1
�2�

��
�  2

�
�
�
mbj

�2��2
�2��1

��
(3.77)

� ::: �  2�
�
�
�
mbj�0�1

��
:

Similarly, one gets

�
�
mbj

�2�+1
�2�+2

�
�  

�
�
�
mbj�2��2�+1

��
�  2

�
�
�
mbj

�2��1
�2�

��
(3.78)

� ::: �  2�+1
�
�
�
mbj�0�1

��
:

Letting � �!1 in (3.77) and (3.78), we get

0 � lim
��!1

�
�
mbj����+1

�
� lim

��!1
 �
�
�
�
mbj�0�1

��
= 0;
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which implies that

lim
��!1

�
�
mbj����+1

�
= 0:

Applying (�2) and Lemma 1.1.32, we have

lim
��!1

mbj����+1 = 0: (3.79)

We prove that f��g is an Mb-Cauchy in (
b;mb). From (Mbii) and 8�2N; we have

0 � mbj��;��+1 � mbj����+1 : (3.80)

As of (3.79) and letting �!1 in (3.80); we obtain

lim
�!1

mbj��;��+1 = 0; (3.81)

where (3.81) denotes that

lim
�!1

mbj���� = 0 or lim�!1
mbj

��+1
��+1

= 0: (3.82)

Therefore

lim
{;�!1

mbj�{;�� = lim
{;�!1

min
n
mbj�{�{ ; mbj����

o
= 0: (3.83)

From (3.82) and (3.83), we get

lim
{;�!1

�
Mbj�{ ;�� � mbj�{ ;��

�
= lim
{;�!1

���mbj�{�{ � mbj����
��� = 0: (3.84)

Next, we shall prove that lim
{;�!1

�
mbj�{�� � mbj�{ ;��

�
= 0: We argue by contradiction that

lim
{;�!1

�
mbj�{�� � mbj�{ ;��

�
6= 0;

Consider " > 0 and subsequences
n
ĥ�

o1
�=1

and f|̂�g1�=1 such that 8�2N; ĥ� > |̂� > � with

mbj
�ĥ(�)
� |̂(�)

� mbj�ĥ(�);� |̂(�) � ": (3.85)
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Let ĥ (�) 2 N be the smallest satis�es (3.85); so that

mbj
�ĥ(�)�1
� |̂(�)

� mbj�ĥ(�)�1;� |̂(�) < ": (3.86)

Therefore, by (Mbiv) in (3.85); we get

" � mbj
�ĥ(�)
� |̂(�)

� mbj�ĥ(�);� |̂(�) (3.87)

� s

�
mbj

�ĥ(�)
�ĥ(�)�1

� mbj�ĥ(�);�ĥ(�)�1 + mbj
�ĥ(�)�1
� |̂(�)

� mbj�ĥ(�)�1;� |̂(�)

�
� mbj

�ĥ(�)�1
�ĥ(�)�1

:

Letting �!1 in (3.87), using (3.79) and (3.86); we obtain

" � lim
�!1

�
mbj

�ĥ(�)
� |̂(�)

� mbj�ĥ(�);� |̂(�)

�
� s": (3.88)

Again, by (Mbiv) in (3.85); we get

" � mbj
�ĥ(�)
� |̂(�)

� mbj�ĥ(�);� |̂(�) (3.89)

� s

�
mbj

�ĥ(�)

�(� |̂(�))
� mbj�ĥ(�);��(|̂(�)) + mbj

�(� |̂(�))
� |̂(�)

� mbj�(� |̂(�));� |̂(�)

�
� mbj

�(� |̂(�))
�(� |̂(�))

� s

�
mbj

�ĥ(�)
� |̂(�)+1

� mbj�ĥ(�);� |̂(�)+1 + mbj
� |̂(�)+1
� |̂(�)

� mbj� |̂(�)+1;� |̂(�)

�
:

Lettting �!1 in (3.89); we get

lim
�!1

�
mbj

�ĥ(�)

�(� |̂(�))
� mbj�ĥ(�);�(� |̂(�))

�
� "

s
: (3.90)

Applying (Mbiv) in (3.90) together with (3.79) and (3.88), we have

"

s
� lim

�!1

�
mbj

�ĥ(�)
� |̂(�)+1

� mbj�ĥ(�);� |̂(�)+1

�
� s2": (3.91)
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Using (Mbiv) twice in (3.91), we have

"

s
� mbj

�ĥ(�)
� |̂(�)+1

� mbj�ĥ(�);� |̂(�)+1 (3.92)

� s

�
mbj

�ĥ(�)
�(�ĥ(�))

� mbj�ĥ(�);�(�ĥ(�)) + mbj
�(�ĥ(�))

� |̂(�)+1
� mbj�(�ĥ(�));� |̂(�)+1

�
� mbj

�ĥ(�)+1
�ĥ(�)+1

� s

2666664
mbj

�ĥ(�)
�(�ĥ(�))

� mbj�ĥ(�);�(�ĥ(�))+

s

�
Ĥb

����(�ĥ(�))
=(� |̂(�)+1)

� mbj�(�ĥ(�));=(� |̂(�)+1) + mbj
=(� |̂(�)+1)
� |̂(�)+1

�
� mbj

� |̂(�)+1
� |̂(�)+1

3777775
� mbj

�ĥ(�)+1
�ĥ(�)+1

� s mbj
�ĥ(�)
�(�ĥ(�))

+ s2 Ĥb

����(�ĥ(�))
=(� |̂(�)+1)

+ s2 mbj
=(� |̂(�)+1)
� |̂(�)+1

:

Taking limit as �!1 in (3.92) and applying (3.79) together with (3.91);

lim
�!1

Ĥb

����(�ĥ(�))
=(� |̂(�)+1)

� "

s3
: (3.93)

From (3.72), (3.79), (3.91) and (3.93), using (�2) ; (�3) and since  2 	; we get

�(") = �(s3
"

s3
) � �

�
lim
�!1

s3 Ĥb

����(�ĥ(�))
=(� |̂(�)+1)

�
� lim

�!1
 

�
�

�
� Ubj

�ĥ(�)
� |̂(�)+1

+ L mbj
� |̂(�)+1
=� |̂(�)+1

��

� lim
�!1

 

0BBBBBBB@
�

0BBBBBBB@

�as

�
mbj

�ĥ(�)
�ĥ(�)

� mbj�ĥ(�);�ĥ(�) + mbj
�ĥ(�)
� |̂(�)+1

� mbj�ĥ(�);� |̂(�)+1

�
+�a mbj�ĥ(�);�ĥ(�) + �b mbj

�ĥ(�)
�ĥ(�)+1

+ �c mbj
� |̂(�)+1
� |̂(�)+2

+d
mbj

�|̂(�)+1
�|̂(�)+2

�
s+mbj

�
ĥ(�)
�
ĥ(�)+1

�
s+mbj

�
ĥ(�)
�|̂(�)+1

+ e
mbj

�
ĥ(�)
�
ĥ(n)+1

mbj
�|̂(�)+1
�|̂(�)+2

s+mbj
�
ĥ(�)
�|̂(�)+1

+ L mbj
� |̂(�)+1
� |̂(�)+2

1CCCCCCCA

1CCCCCCCA
=  

�
�
�
�as3"

��
< �(");

a discripancy. Therefore, lim
{;�!1

�
mbj�{�� � mbj�{ ;��

�
= 0 and f��g is mb-Cauchy sequence in


b. Since (
b;mb) is a C-Mb-M.S, by Lemma 1.1.32, the sequence f��g converges to �� 2
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(
b;mb). Again, by Lemma 1.1.32, 9��2
b such that �� ! �� as � ! 1 =) �2�+1 ! �� and

�2�+2 ! �� as �!1: Thus, we have

lim
�!1

�
mbj

�2�+1
�� � mbj�2�+1;��

�
= 0: and lim

�!1

�
Mbj�2�+1;�� � mbj�2�+1;��

�
= 0: (3.94)

Next, we prove that �� 2 � (��) \ = (��). Since � and = are continuous with using (3.80) and

(3.94); we get

lim
�!1

�
mbj

�2�+1
�� � mbj�2�+1;��

�
= 0

= lim
�!1

mbj
�2�+1
��

= lim
�!1

mbj��2���

= mbj��
�

�� :

That is �� 2 �(��) and �� is an F.P of �.

Similarlly,

lim
�!1

�
mbj

�2�+2
�� � mbj�2�+2;��

�
= 0

= lim
�!1

mbj
�2�+2
��

= lim
�!1

mbj
=�2�+1
��

= mbj
=�2�+1
�� :

Thence, �� 2 =(��) and �� is an F.P of =. Due to the limit uniqueness, we obtain that

�� 2 � (��) \ = (��). Thus, � and = have a C.F.P �� 2 
b.

Example 3.6.3. Let 
b = [0; 1]. De�nemb : 
b�
b ! [0;+1) by mbj�� =
�
�+�
2

�2
; 8�;�2
b .

Clearly, (
b;mb) is an Mb-M.S with S = 2: Let � (r) = r 2 �� and  (r) = 2
25r 2 	; 8r>0:

Acquaint �;= : 
b �! CB
b
j
b by

� (�) =

8<:
n
�
30 ;

�
15

o
; if � 2 (0; 1]

f0g ; otherwise.
and = (�) =

8<:
n
�
40 ;

3�
40

o
; if � 2 (0; 1]�

0; 110
	
; otherwise

:
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Now, we have

�
�
s3 Hbj�(�1)=(�2)

�
= �

"
23max

(
sup

a2�(�1)
mbja=(�2) ; sup

b2=(�2)
mbj�(�1)b

)#

= �

"
23max

(
mbj

�1
15n
�2
40
;
3�2
40

o ; mbj
n
�1
30
;
�1
15

o
3�2
40

)#

=
8

100
�

�
max

�
mbj

2�1
3
�2
4

; mbj
�1
3
3�2
4

��
=

2

25
�

"
max

(�
2�1
6
+
�2
8

�2
;

�
�1
6
+
3�2
8

�2)#
�  

�
�
h
� Ubj�1�2 + L mbj�2=(�2)

i�
;

where, � = 1
2 ; a =

1
6 ; b = d = 1

3 ; c = e = 0; L = 1
4 and Ubj

�1
�2
is de�ned as in (3.73). Thereafter,

all condations of Theorem 3.6.2 are satis�ed so that, 0 2 
b is a C.F.P of � and =.

De�nition 3.6.4. Let (
b;mb) be an Mb-M.S and �;= : 
b ! CBbj
b are termed an almost

Hardy-Rogers �-type contraction mappings, if there exist � 2 �; � 2 [0; 1] and k 2 (0; 1) so

that 8�1;�22
b and Hbj�(�1)=(�2)
> 0,

�
�
s3 Hbj�(�1)=(�2)

�
�
h
�
�
� Ubj�1�2 + L mbj�2=(�2)

�ik
; (3.95)

where, Ubj�1�2 is de�ned as in (3.73) and a; b; c; d; e � 0 with �a <
1
s3
and 0 � �a + �b + �c +

�d+ �e+ L < 1:

Theorem 3.6.5. Let (
b;mb) be a C-Mb-M.S and �;= : 
b ! CBbj
b be almost Hardy-

Rogers �-type contraction mappings. If  , � and = are continuous. Then, � and = have a

C.F.P.

Proof. Let �0 2 
b be an arbitrary point and �1 2 � (�0) ; 9�22
b such that �2 2 = (�1) :

Assume that mbj�1=(�1) > 0; as

0 < mbj�1=(�1) � Hbj�(�0)=(�1)
:

From Remark 1.1.33, we have

�
�
mbj�1=(�1)

�
= inf


2=(�1)
�
�
mbj�1


�
:

118



Thus, there is 
 = �2 2 = (�1) and from (3.95); we have

�
�
mbj�1�2

�
� �

�
s3 Hbj�(�0)=(�1)

�
�
h
�
�
� Ubj�0�1 + L mbj�1=(�1)

�ik
: (3.96)

Inserting ln in both sides of (3.96), we obtain

ln �
�
mbj�1�2

�
� k ln �

�
� Ubj�0�1 + L mbj�1=(�1)

�
: (3.97)

From Corollary 2.2.14 with taking  (r) = kr 2 	 and � (r) = ln � (r) 2 � in (3.97); leads to

�
�
mbj�1�2

�
�  

h
�
�
� Ubj�0�1 + L mbj�1=(�1)

�i
:

By tracing the line of proof employed in the Theorem 3.6.2, we �nd that � and = have a C.F.P.

Example 3.6.6. From Example 3.6.3. Let � (r) = e
p
r 2 � and �;= : 
b �! CB

b
j
b by

� (�) =

8<:
n

�
12� ;

�
6�

o
; if � 2 (0; 1]; � 2 N

f0g ; otherwise.
and = (�) =

8<:
n

�
16� ;

3�
16�

o
; if � 2 (0; 1]; � 2 N�

0; 1
10�

	
; otherwise

:

Now, 8�2(0;1] and 8�2N; we have

�
�
s3 Hbj�(�1)=(�2)

�
= �

"
23max

(
sup

a2�(�1)
mbja=(�2) ; sup

b2=(�2)
mbj�(�1)b

)#

= �

"
23max

(
mbj

�1
6�n
�2
16�

;
3�2
16�

o ; mbj
n
�1
12�

;
�1
6�

o
3�2
16�

)#

= �

�
8

16�2
max

�
mbj

2�1
3
�2
4

; mbj
�1
3
3�2
4

��
= �

"
1

2�2
max

(�
2�1
6
+
�2
8

�2
;

�
�1
6
+
3�2
8

�2)#

� �

�
1

2�2

�
� Ubj�1�2 + L mbj�2=(�2)

��

=

 
e

r
�Ubj

�1
�2
+Lmbj

�2
=(�2)

! 1p
2�

=
h
�
�
� Ubj�1�2 + L mbj�2=(�2)

�ik
;

where k = 1p
2�
2 (0; 1); � = 1

2 ; a =
1
6 ; b = d = 1

3 ; c = e = 0; L = 1
4 and Ubj�1�2 is clear in
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(3.73). Thus, all condations of Theorem 3.6.2 hold and 0 2 
b is a C.F.P of � and =.

Corollary 3.6.7. Let (
b;mb) be a C-M-M.S and �;= : 
b ! 
b be almost Hardy-Rogers

( ; �)-type contraction maps, if there exist � 2 ��;  2 	; L � 0 and � 2 [0; 1] such that

8�1;�22
b , mbj�(�1)=(�2)
> 0; implies,

�
�
mj�(�1)=(�2)

�
�  

�
�
h
� Umj�1�2 + L mj

�2
=(�2)

i�
;

where

Umj�1�2 = a mj�1�2 + b mj
�1
�(�1)

+ c mj�2=(�2) + (3.98)

d
mj�2=(�2)

h
1 + mj�1�(�1)

i
1 + mj�1�2

+ e
mj�1�(�1) mj

�2
=(�2)

1 + mj�1�2
;

and a; b; c; d; e � 0 with 0 � �a+�b+�c+�d+�e+L < 1: If  ;� and = are continuous, then

= and � have a C.F.P

Corollary 3.6.8. Let (
b;mb) be a C-M-M.S and �;= : 
b ! 
b be almost Hardy-Rogers �-

type contraction maps, if there exist � 2 �; k 2 (0; 1) ; L � 0 and � 2 [0; 1] such that 8�1;�22
b ,

mbj�(�1)=(�2)
> 0; implies,

�
�
mj�(�1)=(�2)

�
�
h
�
�
� Umj�1�2 + L mj

�2
=(�2)

�ik
;

where Umj�1�2 is de�ned in (3.98): If � and = are continuous, then = and � have a C.F.P

Remark 3.6.9. De�nitions 3.6.1 and 3.6.4 are stil valid if we consider the following:

� If we take Mbj�1�2 = mbj�1�2 and L = 0, then = and � have a C.F.P in a C-Mb-M.S, provided

that the conditions of Theorems 3.6.2 and 3.6.5 hold.

� If L = 0, then = and � have a C.F.P in a C-Mb-M.S, provided that the conditions of

Theorems 3.6.2 and 3.6.5 hold.

� If we consider = = �, then the resuls are given immidiatly in the same steps as the proof

of Theorems 3.6.2 and 3.6.5.

� If we consider �;= as single-valued maps, then the resuls are given immidiatly in the

same steps as the proof of Theorems 3.6.2 and 3.6.5.
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Chapter 4

Fixed Point Results for Contraction

Mappings in Rectangular M-Metric

Spaces

The concept of R.M-M.S was introduced by Özgür et al. [91] as an extension of M-M.S. Suzuki

[108, 109] developed the BCP [27] and proved new F.P results. His contribution has been

widely extended in various directions, (see, for instance [18, 22, 41, 66, 69]). Jleli et al. [52, 53]

introduced the notion of �-contraction, which was later modi�ed by Liet al. [65] into �-quasi-

contraction, leading to several F.P �ndings. Altun et al. [12] explored F.P theorems for a new

category of �-contractive mappings. The outcomes of Jleli et al. were further generalized by

several researchers (see, e.g., [4, 44, 47, 94]).

The objective of this chapter is to analyze the idea of almost Suzuki-Rational ( ; �)-type

multivalued contraction and to establish related C.F.P theorems within R.M-M.S and closed

ball therein, which are generalization of almost ( ; �)-contractions self-mappings. Moreover,

we present F.P theorems for �-contraction type self-mappings in the same framework. As an

application, the obtained theorems are utilized to show the existence of solution to NIEs.

These results have been published in [79, 81].
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4.1 Common �xed points of almost Suzuki-Rational ( ; �)-type

multivalued contractions

Next results generalize some C.F.P theorems for Suzuki-Rational ( ; �)-type multivalued con-

traction into R.M-M.S and on closed ball of R.M-M.S. We introduce the following results to be

consistent with the similar results in [23, 96] and to be useful in our study.

De�nition 4.1.1. Let (
r;mr) be an R.M-M.S and � � 
b: Then, � is called bounded if

8g2� there exists an open ball Brj&1" of center &1 2 
b and radius " > 0; so that g 2 Brj&1" ; that

is mrj&1g � mrj&1;g < ":

Let (
r;mr) be an R.M-M.S and CBrj
r be the family of non-empty closed and bounded

subsets of 
r: For @;Q 2 CBrj
r ; de�ne

Hrj@Q = max
n
�rj@Q ; �rj

Q
@

o
;

where �rj@Q = sup
n
mrjpQ : p 2 @

o
and �rjQ@ = sup

n
mrj@q : q 2 Q

o
:

Let @ denotes the closure of @ w.r.t mr: Then @ is closed in (
r;mr) i¤ @ = @:

Lemma 4.1.2. Let @ 6= ; in an Mb-M.S (
r;mr) ; then

p 2 @ () mrjp@ = sup
�2@

mrjp;� :

Proof. We follow the similar way in the proof of Lemma 3.1.1.

Lemma 4.1.3. Let @;Q;<;f 2 CBrj
r ; then

(a) �rj@@ = sup
p2@

(
sup
q2@

mrjp;q

)
;

(b) for a 2 @; b 2 Q; c 2 < and d 2 f; we have

 
�rj@Q � sup

a2@
sup
b2Q

mrja;b

!
�

2664
�
�rj@< � inf

a2@
inf
c2<

mrja;c
�
+

�
�rj<f � inf

c2<
inf
d2f

mrjc;d
�
+�

�rjfQ � inf
d2f

inf
b2Q

mrjd;b
�

3775 :
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Proof. We follow the similar way in the proof of Lemma 3.1.2.

Lemma 4.1.4. Let @;Q;< 2 CBrj
r ; then

(1) Ĥr

���@
@
= �rj@@ = sup

p2@

(
sup
q2@

mrjp;q

)
; (2) Ĥr

���@
Q
= Ĥr

���Q
@
;

(3) for a 2 @; b 2 Q; c 2 < and d 2 f; we have

 
Ĥr

���@
Q
� sup

a2@
sup
b2Q

mrja;b

!
�

2664
�
Ĥr

���@
<
� inf
a2@

inf
c2<

mrja;c
�
+

�
Ĥr

���<
f
� inf
c2<

inf
d2f

mrjc;d
�

+

�
Ĥr

���f
Q
� inf
d2f

inf
b2Q

mrjd;b
�

3775 :

Proof. We follow the similar way in the proof of Lemma 3.1.3.

Lemma 3.1.4. Let @;Q 2 CBrj
r and h > 1; then 8p2@; 9q2Q so that

(i) mrjpq � h Ĥr

���@
Q
;

(ii) mrjpq � Ĥr

���@
Q
+ h:

Proof. We follow the similar way in the proof of Lemma 3.1.4.

De�nition 4.1.6. Let (
r;mr) be a R.M-M.S and �; � : 
r�
r ! [0;1) be two func-

tions. The mappings �;= : 
r ! CBrj
r are termed ( ; �)-Suzuki Rational-type multivalued

contractions; if 9�2�; 2	 and 9
2(0;1); L�0; with 
 +L � 1 such that 8�1;�22
r with ��1 6= =�2:

1

2
min

n
mrj�1��1 ; mrj�2=�2

o
< mrj�1�2 ) (4.1)

�

�
Ĥr

�����1
=�2

�
�  

h
�
�

 Mrj�1�2 + L Nrj�1�2

�i
;

where

Mrj�1�2 = max

8<:mrj�1�2 ; mrj�1��1 ; mrj�2=�2 ;
mrj�2=�2

h
1 + mrj�1��1

i
1 + mrj�1�2

9=; ; (4.2)

and

Nrj�1�2 = min

8<:mrj�1�2 ; mrj�1��1 ; mrj�2=�2 ;
mrj�1��1 : mrj�2=�2
1 + mrj�1�2

9=; : (4.3)

Theorem 4.1.7. Let (
r;mr) be a C-R.M-M.S, �; � : 
r�
r ! [0;1) be given functions and

let �;= : 
r ! CBrj
r be a pair of ��-admissible mappings w.r.t. � satisfying (4.1). If  ; =

and � are continuous. Then, = and � have a C.F.P.
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Proof. Let �0 2 
r be an arbitrary point. Since ��0 6= ; 8�2
r ; we select �1 2 ��0 and

mrj�0��0 > 0:If �1 2 =�1, then �1 is a F.P of =. Now, consider �1 =2 =�1: Since =�1 is closed

and mrj�1=�1 > 0; then 1
2 min

n
mrjx0�x0 ; mrj�1=�1

o
< mrj�0�1 ; we have mrj�1=�1 � Ĥr

���=�0
=�1

: Utilizing

(�1) ; we get �
�
mrj�1=�1

�
� �

�
Ĥr

���=�0
=�1

�
: Since (�;=) is a pair of ��-admissible w.r.t. �; then

�j�0�1 � �j�0�1 implies that ��j
��0
=�1 � ��j

��0
=�1 : Applying (4.1), we can write

�
�
mrj�1=�1

�
� �

�
Ĥr

�����0
=�1

�
�  

h
�
�

 Mrj�0�1 + L Nrj�0�1

�i
(4.4)

=  

26664�
0BBB@


max

(
mrj�0�1 ; mrj�0��0 ; mrj�1=�1 ;

mrj�1=�1
h
1+mrj�0��0

i
1+mrj�0�1

)
+Lmin

�
mrj�0�1 ; mrj�0��0 ; mrj�1=�1 ;

mrj�0��0mrj�1=�1
1+mrj�0�1

�
1CCCA
37775

=  

26664�
0BBB@


max

(
mrj�0�1 ; mrj�0�1 ; mrj�1=�1 ;

mrj�1=�1
h
1+mrj�0�1

i
1+mrj�0�1

)
+Lmin

�
mrj�0�1 ; mrj�0�1 ; mrj�1=�1 ;

mrj�0�1 :mrj�1=�1
1+mrj�0�1

�
1CCCA
37775

�  
h
�
�

max

n
mrj�0�1 ; mrj�1=�1

o
+ Lmin

n
mrj�0�1 ; mrj�1=�1

o�i
< �

�

max

n
mrj�0�1 ; mrj�1=�1

o
+ Lmin

n
mrj�0�1 ; mrj�1=�1

o�
:

If max
n
mrj�0�1 ; mrj�1=�1)

o
= mrj�1=�1 ; then min

n
mrj�0�1 ; mrj�1=�1

o
= mrj�0�1 , from (4.4) and (�1),

we get

mrj�1=�1 < 
 mrj�1=�1 + L mrj�0�1 :

Since 
 + L � 1; then 1� 
 � L > 0; implying that

mrj�1=�1 <
L

1� 
 mrj�0�1 < mrj�0�1 : (4.5)

Similarly, if max
n
mrj�0�1 ; mrj�1=�1

o
= mrj�0�1 ; then min

n
mrj�0�1 ; mrj�1=�1

o
= mrj�1=�1 , from (4.4)

and (�1), we get

mrj�1=�1 < 
 mrj�0�1 + L mrj�1=�1 :
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Since 
 + L � 1; then 1� L � 
 > 0; implying that

mrj�1=�1 <



1� L mrj�0�1 < mrj�0�1 : (4.6)

Since =�1 6= ; is compact 8�12
r ; 9�22=�1 : If �2 2 ��2; then �2 is a F.P of � and the proof is

done. Consider �2 =2 ��2 such that mrj�1�2 = mrj�1=�1 from (4.5) or (4.6), we get

mrj�1�2 < mrj�0�1 : (4.7)

Therefore, 12 min
n
mrj�1=�1 ; mrj�2��2

o
< mrj�1�2 ; and mrj�2��2 � Hrj=�1��2

: Since (�;=) is a pair of

��-admissible w.r.t. �, then �j�1�2 � �j�1�2 implies that ��j
=�1
��2

� ��j
=�1
��2

: From (4.1), we have

�
�
mrj�2��2

�
� �

�
Hrj=�1��2

�
�  

h
�
�

 Mrj�1�2 + L Nrj�1�2

�i
:

By similar way in (4.4), (4.6) and (4.7), we obtain

mrj�2�3 < mrj�1�2 :

Because of ��2 6= ; and is compact 8�22
r ;9�32��2 and if �3 2 =�3 ; then �3 is a F.P of =,

consider �3 =2 =�3 such that mrj�3�4 = mrj�3=�3 : Therefore,
1
2 min

n
mrj�2��2 ; mrj�3=�3

o
< mrj�2�3 ; we

have mrj�3=�3 � Hrj��2=�3 and from (4.1), we get

�
�
mrj�3=�3

�
� �

�
Hrj��2=�3

�
�  

h
�
�

 Mrj�2�3 + L Nrj�2�3

�i
< �

�
mrj�2�3

�
;

implying that

mrj�3�4 < mrj�2�3 :

Continuing in the same vein, we �nd that 8��0; 9�2�+12��2�; �2�+22=�2�+1 ; so that

1

2
min

n
mrj�2���2� ; mrj

�2�+1
=�2�+1

o
< mrj�2��2�+1 ;
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and �j�2�+1�2�+2
� �

�2�+1
�2�+2

=) ��j
=�2�+1
��2�+2

� ��j
=�2�+1
��2�+2

: Hence from (4.1), we have

�
�
mrj

�2�+1
�2�+2

�
� �

�
Ĥr

������
=�2�+1

�
�  

h
�
�

 Mrj�2��2�+1 + L Nrj�2��2�+1

�i
(4.8)

�  
h
�
�
mrj�2��2�+1

�i
< �

�
mrj�2��2�+1

�
:

The inequality (4.8) con�rms that
n
mrj�2��2�+1

o
is decreasing and 9��0 such that lim

�!1
mrj�2��2�+1 =

�. Presume that � > 0. From (4.1), using (4.4) and (4.8), we can write

�
�
mrj�2��2�+1

�
� �

�
Ĥr

�����2�
=�2��1

�
�  

h
�
�

 Mrj�2��2��1 + L Nrj�2��2��1

�i
(4.9)

�  
h
�
�
mrj�2��2��1

�i
�  2

h
�
�
mrj

�2��1
�2��2

�i
� ::: �  2�

h
�
�
mrj�0�1

�i
:

Letting �!1 in (4.9), and as  2 	, we obtain

0 � lim
�!1

�
�
mrj�2��2�+1

�
� lim

�!1
 2�

h
�
�
mrj�0�1

�i
= 0;

implying that

lim
�!1

�
�
mrj�2��2�+1

�
= 0:

From (�2) ;we get

lim
�!1

mrj�2��2�+1 = 0: (4.10)

Next, we verify that f��g is an mr-Cauchy in (
r;mr) : Recollect that, from (Mrii) and 8��0;

we have

0 � mrj��;��+1 � mrj����+1 : (4.11)

Let �!1 in (4.11) and using (4.10), we get

lim
�!1

mrj��;��+1 = 0; (4.12)

leading to

lim
�!1

mrj���� = 0 or lim�!1
mrj

��+1
��+1

= 0: (4.13)
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Therefore

lim
�;{!1

mrj��;�{ = lim
�;{!1

min
n
mrj���� ; mrj�{�{

o
= 0: (4.14)

Thence, using (4.14), we get

lim
�;{!1

�
Mrj��;�{ � mrj��;�{

�
= lim

�;{!1

���mrj���� � mrj�{�{
��� = 0:

Next, we manifest that lim
�;{!1

�
mrj���{ � mrj��;�{

�
= 0: Suppose on the contrary that

lim
�;{!1

�
mrj���{ � mrj��;�{

�
6= 0:

Then, 9�>0 and subsequences
n
��(p)

o
and

n
�{(p)

o
of f��g such that 8p2N; 9�(p);{(p)2N with

{ (p) > � (p) > p attaining

mrj
��(p)
�{(p)

� mrj��(p);�{(p) � �: (4.15)

Let � (p) be the least exceeding { (p) and satisfying (4.15) so that

mrj
��(p)�1
�{(p)

� mrj��(p)�1;�{(p) < �; 8p2N: (4.16)

Utilizing (Mriv) in (4.15); we get

� � mrj
��(p)
�{(p)

� mrj��(p);�{(p) (4.17)

� mrj
�{(p)
��(p)�2

� mrj�{(p);��(p)�2 +

mrj
��(p)�2
��(p)�1

� mrj��(p)�2;��(p)�1 + mrj
��(p)�1
��(p)

� mrj��(p)�1;��(p)
� �+ mrj

��(p)�2
��(p)�1

+ mrj
��(p)�1
��(p)

:

Let p!1 in (4.17), using (4.10) and (4.16); we obtain

lim
p!1

�
mrj

��(p)
�{(p)

� mrj��(p);�{(p)
�
= �: (4.18)
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By (Mriv) again, we have

mrj
��(p)
�{(p)+1

� mrj��(p);�{(p)+1 � mrj
��(p)
��(p)�1

� mrj��(p);��(p)�1 (4.19)

+ mrj
��(p)�1
�{(p)

� mrj��(p)�1;�{(p)
+ mrj

�{(p)
�{(p)+1

� mrj�{(p);�{(p)+1
� mrj

��(p)
��(p)�1

+ mrj
��(p)�1
�{(p)

� mrj��(p)�1;�{(p)
+ mrj

�{(p)
�{(p)+1

:

Letting p!1 in (4.19), utilising (4.10) and (4.16); we obtain

lim
p!1

�
mrj

��(p)
�{(p)+1

� mrj��(p);�{(p)+1
�
� �: (4.20)

Similarly, by (Mriv), we have

mrj
��(p)�1
�{(p)

� mrj��(p)�1;�{(p) (4.21)

� mrj
��(p)�1
��(p)

� mrj��(p)�1;��(p) + mrj
��(p)
�{(p)+1

� mrj��(p);�{(p)+1
+ mrj

�{(p)+1
�{(p)

� mrj�{(p)+1;�{(p) :

� mrj
��(p)�1
��(p)

+ mrj
��(p)
�{(p)+1

� mrj��(p);�{(p)+1 + mrj
�{(p)+1
�{(p)

:

Letting p!1 in (4.21), using (4.10) and (4.16); we get

lim
p!1

�
mrj

��(p)�1
�{(p)

� mrj��(p)�1;�{(p)
�
� �: (4.22)

From (4.10) and (4.18), we can choose �0 � 1 such that 8���0

1

2
min

�
mrj

��(p)
���(p)

� mrj��(p);���(p) ; mrj
��(p)
=��(p) � mrj��(p);=��(p)

�
� 1

2
min

n
mrj

��(p)
���(p)

; mrj
��(p)
=��(p)

o
< mrj

��(p)
��(p)

:
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Now, utilizing (Mriv) ; (4.10) and (4.16), we get

lim
p!1

�

 Mrj

��(p)�1
�{(p)

+ L Nrj
��(p)�1
�{(p)

�
(4.23)

= lim
p!1

0BBBBBBBBBBBB@


max

8>>><>>>:
mrj

��(p)�1
�{(p)

; Mrj
��(p)�1
��(p)

; mrj
�{(p)
�{(p)+1

;

mrj
��(p)�1
��(p)

�
1+mrj

�{(p)
�{(p)+1

�
1+mrj

��(p)�1
�{(p)

9>>>=>>>;
+Lmin

8>>><>>>:
mrj

��(p)�1
�{(p)

; mrj
��(p)�1
��(p)

; mrj
�{(p)
�{(p)+1

;

mrj
��(p)�1
��(p)

:mrj
�{(p)
�{(p)+1

1+mrj
��(p)�1
�{(p)

9>>>=>>>;

1CCCCCCCCCCCCA
� 
max f0 + �+ 0; 0; 0; 0g+ Lmin f0 + �+ 0; 0; 0; 0g

= 
�:

Thence, from (2.26), (2.1), (�1) and since  2 	; one concludes

� (�) = lim
p!1

�
�
mrj

��(p)
�m(p)+1

�
� lim

p!1
�

�
Ĥr

������(p)�1
=�m(p)

�
�  

�
�

�
lim
p!1


 Mrj
��(p)�1
�m(p)

+ L Nrj
��(p)�1
�m(p)

��
�  [� (
�)] < � (�) ;

a contradiction. Therefore, lim
�;{!1

�
mrj���{ � mrj��;�{

�
= 0 and hence f��g is anmr-Cauchy in a

C-R.M-M.S (�;mr) ; so 9��2
r such that �� ! �� as �!1; =) �2�+1 ! �� and �2�+2 ! �� as

�!1: By virtue of (4.1), we infer that

lim
�!1

�
mrj

�2�+1
�� � mrj�2�+1;��

�
= 0 and lim

�!1

�
Mrj�2�+1;�� � mrj�2�+1;��

�
= 0: (4.24)

Next, we prove that �� 2 =��: Since from (4.13) and by (4.24), we get

lim
�!1

mrj
�2�+1
�� = 0: (4.25)

It follows from (4.1), (4.8) and (4.25) that

lim
�!1

Ĥr

�����2�
=��

= 0: (4.26)
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Since �2�+1 2 ��2�, then

mrj
�2�+1
=�� � Ĥr

�����2�
=��

:

Letting �!1 in above inequality, we obtain that

lim
�!1

mrj
�2�+1
=�� = 0: (4.27)

From (Mrii) ; one can write

mrj�2�+1;=�� � mrj
�2�+1
=�� ;

which yields that

lim
�!1

mrj�2�+1;=�� = 0: (4.28)

Now, utilizing (Mriv), we have

mrj�
�

=�� � sup
y2=x�

mrj��;y (4.29)

� mrj�
�

=�� � mrj��;=x�

� mrj�
�

�2�+1
� mrj��;�2�+1 + mrj

�2�+1
��2�

� mrj�2�+1;�x2�

+ Ĥr

�����2�
=��

� mrj��2�;=��

� mrj�
�

�2�+1
+ mrj

�2�+1
�2�+1

+ Ĥr

�����2�
=��

:

Letting �!1 in (4.29) and from (4.24), (4.25), (4.26) and (4.27), we infer that

mrj�
�

=�� � sup
y2=��

mrj��;y : (4.30)

Using (Mrii) 8y2=�� ; we get

mrj��;y � mrj�
�

y ;

yields

mrj��;y � mrj�
�

y � 0:

Thus

sup
n
mrj��;y � mrj�

�

y : y 2 =��
o
� 0;
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this implies that

sup
y2=��

mrj��;y � sup
y2=��

mrj�
�

y � 0:

Therefore

sup
y2=��

mrj��;y � mrj�
�

=�� : (4.31)

Now, from (4.30) and (4.31), we obtain

mrj�
�

=�� = sup
y2=��

mrj��;y :

Thence, by Lemma 4.1.2, we get �� 2 =�� = =��: Similarly, we can easily conclude that

�� 2 ��� = ���: Hence, = and � have a C.F.P:

Example 4.1.8. According to Example 1.3.2.3, we take � 2
�
0; 3�2

	
and the R.M-M.S

becomes
�

rf0; 3�2 g;mr

�
so that


rf0; 3�2 g = [0;1) [ (Vi = fz = �i : � < 0g) ;

and mrjz1z2 =
jz1j+jz2j

2 8z1;z22

rf0; 3�2 g

. Consider the two mappings �;= : 
rf0; 3�2 g ! CBj


rf0; 3�2 g

by

�z =

8<:
�
3z
8 ;

z
8

	
z 2 Vi;�

z
5

	
z 2 [0;1);

and =z =

8<:
�
3z
16

	
z 2 Vi;�

z
15

	
z 2 [0;1):

De�ne �; � : 
rf0; 3�2 g � 
rf0; 3�2 g ! [0;1) by �jz1z2 = 2 and �jz1z2 = 1; 8z1;z22
f0; 3�2 g
. Then,

�;= are ��-admissible maps w.r.t �. Now, 8z1;z22Vi , we have 1
2 min

�
mrjz1�z1 ; mrjz2=z2

	
< mrjz1z2 .

De�ne  (r) = 99
100r 2 	; � (r) = 2r 2 �; 
 =

1
3 2 (0; 1) and L =

2
3 > 0; so that

�

�
Ĥr

����z1
=z2

�
= 2

�
max

�
sup
a2�z1

mrja=z2 ; sup
b2=z2

mrj�z1b

��
= 2

 
max

(
mrj

z1
8n
3z2
16

o ; mrj
n
3z1
8
;
z1
8

o
3z2
16

)!

= 2

 
3

8

jz1j+
�� z2
2

��
2

!
=
3

8

"
2

 
1

3

jz1j+
�� z2
2

��
2

+
2

3

jz1j+
�� z2
2

��
2

!#

� 99

100

�
2

�
1

3

jz1j+ jz2j
2

+
2

3

jz1j+ jz2j
2

��
=  

�
�
�

 mrjz1z2 + L mrjz1z2 ;

��
�  

�
�
�

 Mrjz1z2 + L Nrjz1z2

��
:
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Similarly, 8z1;z22[0;1) (4.1) satis�es. So, the hypotheses of Theorem 4.1.7 hold, and 0 is a C.F.P

of � and =:

Theorem 4.1.9. Presume that (
r;mr) is a C-R.M-M.S, �0 2 Bj�0� � 
r be an arbitrary, �; � :


r�
r ! [0;1) be given functions with �j�0�1 � �j�0�1 ; � 2 � and  2 	: Let �;= : 
r !

CBrj
r be continuous semi ��-admissible multivalued maps w.r.t � satisfying (4.1) 8
�1;�22Bj�0�

:

Moreover,

�
�
mrj�0�1 � mrj�0;�1

�
�

�X
{=0

 {
h
�
�
mrj�0�1

�i
� �; 8�>0: (4.32)

Then, � and = have a C.F.P in Bj�0� � 
r.

Proof. Let �0 2 Bj�0� ; 9�12
r such that �1 2 ��0 and 9�22
r such that �2 2 =�1: By

continuing this approach, we construct an iterative f��g so that, �2�+1 2 ��2� and �2�+2 2

=�2�+1: As �j
�0
�1
� �j�0�1 and (�;=) is a pair of semi ��-admissible multivalued maps w.r.t �, then

��j��0=�1 � ��j
��0
=�1 which implies that �j

�1
�2
� �j�1�2 from which we deduce that ��j=�1��2

� ��j
=�1
��2

:

Continuing in this way and if { = 2� + 1; � = 1; 2; :::; {�12 , we obtain ��j��2�=�2�+1 � ��j
��2�
=�2�+1 ,

which leads to ��j
�2�+1
�2�+2

� ��j
�2�+1
�2�+2

8��0 : Now, we evince that �2� 2 Bj�0� : From (4.32), we have

�
�
mrj�0�1 � mrj�0;�1

�
�

�X
{=0

 {
h
�
�
mrj�0�1

�i
� �; 8�>0 :

That is �1 2 Bj�0� : Let �2; �3; :::; �2{+1 2 Bj�0� ; for some { � 0. Now, from (4.1), we can write

�
�
mrj

�2{+1
�2{+2

�
� �

�
Ĥr

�����2{
=�2{+1

�
�  

h
�
�
mrj�2{�2{+1

�i
:

Similar to steps (4.4)-(4.9), we deduce that

�
�
mrj

�2{+1
�2{+2

�
�  2{+1

h
�
�
mrj�0�1

�i
8{�0 : (4.33)
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Using (Mriv) ; (�4) ; (4.32) and (4.33), we obtain

�
�
mrj�0�2{+1 � mrj�0;�2{+1

�
� �

0@ mrj�0�1 � mrj�0;�1 + mrj�1�2 � mrj�1;�2 + :::

+ mrj�2{�2{+1 � mrj�2{;�2{+1

1A
� �

�
mrj�0�1 + mrj�1�2 + :::+ mrj�2{�2{+1

�
� �

�
mrj�0�1 + mrj�1�2 + :::+ mrj�2{�2{+1

�
� �

�
mrj�0�1

�
+ �

�
mrj�1�2

�
+ :::+ �

�
mrj�2{�2{+1

�
� �

�
mrj�0�1

�
+  

h
�
�
mrj�0�1

�i
+ :::+  2{

h
�
�
mrj�0�1

�i
�

2{X
i=0

 i
h
�
�
mrj�0�1

�i
� �:

Thence, �2{+1 2 Bj�0� by induction �� 2 Bj�0� ; therefore f��g is a sequence in Bj
�0
� and �j����+1 �

�j����+1 8��0: As � and = are simi ��-admissible maps w.r.t � on Bj
�0
� ; then ��j

���
=��+1 � ��j

���
=��+1 :

Now, inequality (4.33) can be written as

�
�
mrj

��+1
��+2

�
�  �+1

h
�
�
mrj�0�1

�i
: (4.34)

Passing �!1 in (4.34), we get

lim
�!1

�
�
mrj

��+1
��+2

�
= 0:

From (�2) ; we have

lim
�!1

mrj
��+1
��+2

= 0: (4.35)

Now, we evidnce that f��g is an mr-Cauchy sequence in
�
Bj�0� ;mr

�
. Let {; � 2 N with
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{ > � > p: Then

�
�
mrj���{ � mrj��;�{

�
� �

0BBB@
mrj����+1 � mrj��;��+1

+ mrj
��+1
��+2

� mrj��+1;��+2 + :::

+ mrj
�{�1
�{

� mrj�{�1;�{

1CCCA (4.36)

� �
�
mrj����+1 + mrj

��+1
��+2

+ :::+ mrj
�{�1
�{

�
� �

�
mrj����+1

�
+ �

�
mrj

��+1
��+2

�
+ :::+ �

�
mrj

�{�1
�{

�
�  �

h
�
�
mrj�0�1

�i
+  �+1

h
�
�
mrj�0�1

�i
+ :::

+ {�1
h
�
�
mrj�0�1

�i
:

Taking limit as �;{ !1 in (4.36), we get

lim
�;{!1

�
�
mrj���{ � mrj��;�{

�
= 0:

Applying the condition (�2) ; we have

lim
�;{!1

�
mrj���{ � mrj��;�{

�
= 0:

By the same way and from Remark 1.3.2.2, we obtain

�
�
Mrj�2�+1;�2�+4 � mrj�2�+1;�2�+4

�
� �

0BBB@
Mrj�2�+1;�2�+2 � mrj�2�+1;�2�+2
+Mrj�2�+2;�2�+3 � mrj�2�+2;�2�+3
+Mrj�2�+3;�2�+4 � mrj�2�+3;�2�+4

1CCCA
� �

�
Mrj�2�+1;�2�+2 � mrj�2�+1;�2�+2

�
+�
�
Mrj�2�+2;�2�+3 � mrj�2�+2;�2�+3

�
+�
�
Mrj�2�+3;�2�+4 � mrj�2�+3;�2�+4

�
:
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In general, 8�;{;p2N with { > � > p: Then

�
�
Mrj��;�{ � mrj��;�{

�
� �

0BBB@
Mrj��;��+1 � mrj��;��+1 +

Mrj��+1;��+2 � mrj��+1;��+2 + :::+

Mrj�{�1;�{ � mrj�{�1;�{

1CCCA
= �

 {�1X
{=�

�
Mrj�{;�{+1 � mrj�{;�{+1

�!

�
{�1X
{=0

�
�
Mrj�{;�{+1 � mrj�{;�{+1

�
�

{�1X
{=0

�
�
mrj�{�{+1

�
�

m�1X
{=0

 {
h
�
�
mrj�0�1

�i
� �;

this leads to

lim
�;{!1

�
�
Mrj��;�{ � mrj��;�{

�
= 0:

Applying (�2) again; we get

lim
�;{!1

�
Mrj��;�{ � mrj��;�{

�
= 0:

Therefore, f��g is an mr-Cauchy in Brj�0� . So, 9��2Brj�0�
such that �� ! �� as � ! 1; =)

�2�+1 ! �� and �2�+2 ! �� as �!1: Since � and = are continuous, and

lim
n!1

�
mrj

�2�+1
�� � mrj�2�+1;��

�
= 0 and lim

�!1

�
Mrj�2�+1;�� � mrj�2�+1;��

�
= 0: (4.37)

Next, we prove that �� 2 =�� \ ���: Pressume that mrj�
�

��� � mrj��;��� > 0: So, by (Mriv), we

have

�
�
mrj�

�

��� � mrj��;���
�
� �

0@ mrj�
�

��
� mrj��;�� + mrj����+1 � mrj��;��+1
+ mrj

��+1
��� � mrj��+1;���

1A : (4.38)
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Applying (�1) in (4.38); we get

mrj�
�

��� � mrj��;��� <
mrj�

�

��
� mrj��;�� + mrj����+1

+ mrj
��+1
��� � mrj��+1;���

: (4.39)

Taking limit as �!1 in (4.39); we have

mrj�
�

��� � mrj��;��� < mrj�
�

��� � mrj��;��� ;

a contradiction. Therefore, mrj�
�

��� � mrj��;��� = 0; and hence �� 2 ���: Similarly, we can

evidence that �� 2 =��: Thus, �� 2 =�� \ ���; that is � and = havs a C.F.P �� 2 Brj�0� :

Example 4.1.10. From Example 1.3.2.3, we consider � 2
�
0; �2 ; �

	
: Then, the R.M-M.S

becomes
�

rf0;�2 ;�g;mr

�
so that


rf0;�2 ;�g = R [ (Vi = fz = �i : � > 0g) ;

and mrjz1z2 =
jz1j+jz2j

2 8z1;z22
rf0; �2 ;�g . De�ne �;= : 
rf0;�2 ;�g ! CBrj

rf0; �2 ;�g by

�z =

8<:
�

z
120 ;

z
40

	
z 2 (0; 20i] [ [0; 20] ;

f1; 4z � 63g otherwise,
and =z =

8<:
�
z
30 ;

z
60

	
z 2 (0; 20i] [ [0; 20] ;

f0; 6z � 105g otherwise.

Consider z0 = 0; � = 10: Then, Brjz0� = (0; 20i] [ [0; 20] and mrjz0z1 = mrj0=0 = 0; therefore,

8n�0; � > 0 and 8z0;z12Brjz0� ;
1
2 min

�
mrjz0�z0 ; mrjz1=z1

	
< mrjz0z1 ; we have

�
�
mrjz0z1 � mrjz0;z1

�
�

�X
{=0

 {
�
�
�
mrjz0z1

��
� �:

De�ne �; � : 
rf0;�2 ;�g � 
rf0;�2 ;�g ! [0;1) by

�jz1z2 =

8<: 7
2z z 2 Vi;

2 z 2 R;
and �jz1z2 =

8<: 2z z 2 Vi;

1 z 2 R:

Thus, �jz1z2 � �jz1z2 implies that ��j
�z1
=z2 � ��j�z1=z2 8z1;z22
rf0; �2 ;�g : Now, let  (r) =

399
400r and
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� (r) = 2r: Then, for z1 = 30 and z2 = 31; we have

�

�
Ĥr

����30
=31

�
= 187 > 37:99 =  

h
�
�

 Mrj3031 + L Nrj3031

�i
:

So, the condition (4.1) does not hold for some z1; z2 2 
rf0;�2 ;�g: On the other hand, 8z1;z22Brjz0�
with considering 
 = 1

3 2 (0; 1) and L =
2
3 > 0; we have

�

�
Ĥr

����z1
=z2

�
= 2max

�
sup
a2�z1

mrjaf z230 ; z260g ; supb2=z2
mrj

f z1
120

;
z1
40g

b

�
= 2max

�
mrj

z1
40

f z230 ; z260g
; mrj

f z1
120

;
z1
40g

z2
30

�
= 2max

�
mrj

z1
40
z2
60

; mrj
z1
120
z2
30

�
=

2

20
max

�
mrj

z1
2
z2
3

; mrj
z1
6
2z2
3

�
� 399

400

�
2

�
1

3

jz1j+ jz2j
2

+
2

3

jz1j+ jz2j
2

��
=  

�
�
�

 mrjz1z2 + L mrjz1z2

��
�  

�
�
�

 Mrjz1z2 + L Nrjz1z2

��
:

Hence, all hypotheses of Theorem 4.1.9 are satis�ed, and 0 2 Brjz0� is a C.F.P of � and =:(Note

that 21 2 
rf0;�2 ;�g is an another C.F.P of � and =, but 21 =2 Brjz0� ).

Corollary 4.1.11. Let (
r;mr) be a C-R.M-M.S and the pair �;= : 
r ! 
r is said to be

( ; �)-Suzuki Rational-type contractive maps; if 9�2�; 2	 and 9
2(0;1); L�0; with 
 + L � 1

such that 8�1;�22
r with ��1 6= =�2:

1

2
min

n
mrj�1��1 ; mrj�2=�2

o
< mrj�1�2 ) (4.40)

�
�
mrj��1=�2

�
�  

h
�
�

 Mrj�1�2 + L Nrj�2�2

�i
;

where Mrj�1�2 and Nrj�2�2 are de�ned as in (4.2) and (4.3) respectively.

Hence, � and = possess a C.F.P �� 2 
r.

Corollary 4.1.12. Let (
r;mr) be a C-R.M-M.S, and the map � : 
r ! 
r is termed ( ; �)-

Suzuki Rational-type contraction; if 9�2�; 2	 and 9
2(0;1); L�0; with 
 + L � 1 such that
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8�1;�22
r with ��1 6= ��2:

1

2
min

n
mrj�1��1 ; mrj�2��2

o
< mrj�1�2 ) (4.41)

�
�
mrj��1��2

�
�  

h
�
�

 Mrj�1�2 + L Nrj�2�2

�i
;

where

Mrj�1�2 = max

8<:mrj�1�2 ; mrj�1��1 ; mrj�2��2 ;
mrj�2��2

h
1 + mrj�1��1

i
1 +mr(x; y)

9=; ; (4.42)

and

Nrj�1�2 = min

8<:mrj�1�2 ; mrj�1��1 ; mrj�2��2 ;
mrj�1��1 : mrj�2��2
1 + mrj�1�2

9=; : (4.43)

Hence, � possesses an F.P in 
r:

Corollary 4.1.13. Let (
r;mr) be a C-R.M-M.S, �0 2 Brj�0� � 
r be an arbitrary; �; � :


r�
r ! [0;1) be functions with �j�0�1 � �j�0�1 : Assume 9�2�; 2	 and 9
2(0;1);L�0 with 
+L �

1: Let �;= : 
r ! 
r be continuous semi �-admissible maps w.r.t � satisfying (4.40) and (4.32),

8
�0;�12Brj�0�

: Then, � and = have a C.F.P in Brj�0� � 
r.

4.2 Fixed point theorems for single-valued �-contraction map-

pings

Here, we initiate generalized �-contraction and prove related F.P results in R.M-M.Ss.

Theorem 4.2.1. Let (
r;mr) be a C-R.M-M.S, and � : 
r ! 
r be a mapping. Suppose that

9�2� and 9k2(0;1) such that 8�1;�22
r ;

mrj��1��2
6= 0 =) �

�
mrj��1��2

�
�
h
�
�
Nrj�1�2

�ik
; (4.44)

where

Nrj�1�2 = max
n
mrj�1�2 ; mrj�1��1 ; mrj�2��2

o
: (4.45)

Then, � has a U.F.P.

Proof. Let �0 2 
r be an arbitrary and de�ne a sequence f��g�2N by letting �1 = ��0,
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�2 = ��1; �3 = ��2; :::; ��+1 = ��� = �
�+1�0: If for some q 2 N, we have �q� = �q+1�, then �q�

is a F.P of �. So, we suppose that mrj�
��
��+1�

> 0; 8�2N : Now, from (4.44) we get

�
�
mrj�

��
��+1�

�
�
h
�
�
Nrj�

��1�
���

�ik
; (4.46)

where

Nrj�
��1�
��� = max

n
mrj�

��1�
��� ; mrj�

��1�
����1� ; mrj�

��
����

o
(4.47)

= max
n
mrj�

��1�
��� ; mrj�

��1�
��� ; mrj�

��
��+1�

o
= max

n
mrj�

��1�
��� ; mrj�

��
��+1�

o
:

If Nrj�
��1�
��� = mrj�

��
��+1�

; then from (4.46); we write

�
�
mrj�

n�
�n+1�

�
�
h
�
�
mrj�

n�
�n+1�

�ik
: (4.48)

Taking ln in both sides of (4.48)

ln
h
�
�
mrj�

��
��+1�

�i
� k ln

h
�
�
mrj�

��
��+1�

�i
;

a contradiction because k 2 (0; 1) : Therefore, we get

Nrj�
��1�
��� = mrj�

��1�
��� :

It follows from (4.46) that

�
�
mrj�

��
��+1�

�
�
h
�
�
mrj�

��1�
���

�ik
�
h
�
�
mrj�

��2�
���1�

�ik2
� ::: �

h
�
�
mrj���

�ik�
:

That leads to

1 � �
�
mrj�

��
��+1�

�
� [�

�
mrj���

�
]k
�
; 8�2N : (4.49)

Letting �!1 in (4.49); we infer that

�
�
mrj�

��
��+1�

�
! 1 as �!1; (4.50)
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which implies from (�2) that lim
�!1

mrj�
��
��+1�

= 0: Now, from condition (�3) ; 9r2(0;1); l2(0;1]
such that

lim
�!1

�
�
mrj�

��
��+1�

�
� 1�

mrj�
��
��+1�

�r = l:

Presume that l <1: Let B = l
2 > 0: Invoking the de�nition of the limit 9�02N������
�
�
mrj�

��
��+1�

�
� 1�

mrj�
��
��+1�

�r � l

������ � B; 8���0 :

This leads to
�
�
mrj�

��
��+1�

�
� 1�

mrj�
��
��+1�

�r � l �B = B; 8���0 :

Thus

n
�
mrj�

��
��+1�

�r
� A�

h
�
�
mrj�

��
��+1�

�
� 1
i
; 8���0 ;

where A = 1
B . Presume now l = 1 and let B > 0 be chosen. Invoking the de�nition of the

limit, 9�02N such that
�
�
mrj�

��
��+1�

�
� 1�

mrj�
��
��+1�

�r � B; 8���0 :

This implies that

n
�
mrj�

��
��+1�

�r
� A�[�

�
mrj�

��
��+1�

�
� 1] 8���0 ;

where A = 1
B . Thus, in all cases, 9A>0 and 9�02N such that

n
�
mrj�

��
��+1�

�r
� A�

h
�
�
mrj�

��
��+1�

�
� 1
i
8���0 :

Using (4.49), we get

�
�
mrj�

��
��+1�

�r
� A�

�h
�
�
mrj�

��
��+1�

�ik�
� 1
�
8���0 :

140



Taking �!1 above, we infer that

lim
�!1

�
�
mrj�

��
��+1�

�r
= 0:

Thus, 9�12N so that

mrj�
��
��+1�

� 1

�1=r
8���1 : (4.51)

Now, we discuss two steps.

Step 1. When ��� = �{� for some intagers � 6= { with { > �, we get �{�� (���) = ���: choose

� = ��� and p = m� n: Then, �p� = �; and � is a periodic point of �: By (4.44) and (4.49);

we obtain

�
�
mrj���

�
= �

�
mrj�

p�
�p+1�

�
�
h
�
�
mrj���

�ikp
:

If p!1, we get mrj��� = 0: On the other hand, we write

�
�
mrj��

�
= �

�
mrj�

p�
�p�

�
�
h
�
�
mrj�

p�1�
�p�1�

�ik
� ::: �

h
�
�
mrj��

�ikp�1
�
h
�
�
mrj��

�ikp
;

which leads to

ln �
�
mrj��

�
� kp�1 ln

h
�
�
mrj����

�i
� kp ln

h
�
�
mrj��

�i
;

implying that

�
�
mrj��

�
= �

�
mrj����

�
:

That yields mrj�� = mrj���� = 0: Hence �� = �; that is � is a F.P of �:

Step 2. When ��� 6= �{� for every �;{ 2 N with � 6= {; we prove that � has a periodic point.

suppose on the contrary, utilizing (4.44) and (4.45), we obtain

�
�
mrj�

��
��+2�

�
�
h
�
�
Nrj�

��1�
��+1�

�ik
; (4.52)

where

Nrj�
��1�
��+1�

= max
n
mrj�

��1�
��+1�

; mrj�
��1�
��� ; mrj�

�+1�
��+2�

o
: (4.53)
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From (�1) ; (�4) ; (4.52) and (4.53); , we can write

�
�
mrj�

��
��+2�

�
�
h
max

n
�
�
mrj�

��1�
��+1�

�
; �
�
mrj�

��1�
���

�
; �
�
mrj�

�+1�
��+2�

�oik
: (4.54)

Let � 2 I � N, so that

u� = max
n
�
�
mrj�

��1�
��+1�

�
; �
�
mrj�

��1�
���

�
; �
�
mrj�

�+1�
��+2�

�o
= �

�
mrj�

��1�
��+1�

�
:

If jIj <1; 9N2N such that 8��N ;

max
n
�
�
mrj�

��1�
��+1�

�
; �
�
mrj�

��1�
���

�
; �
�
mrj�

�+1�
��+2�

�o
= max

n
�
�
mrj�

��1�
���

�
; �
�
mrj�

�+1�
��+2�

�o
:

In this case, from (4.54), we infer that

1 � �
�
mrj�

��
��+2�

�
�
h
max

n
�
�
mrj�

��1�
���

�
; �
�
mrj�

�+1�
��+2�

�oik
8��N :

Let �!1 above and using (4.50); we get

�
�
mrj�

��
��+2�

�
! 1 as �!1:

If jIj =1; we �nd f~u�g � fu�g ; such that

~u� = �
�
mrj�

��1�
��+1�

�
for � su¢ ciently large.

From (4.54), we get

1 � �
�
mrj�

��
��+2�

�
�
h
�
�
mrj�

��1�
��+1�

�ik
�
h
�
�
mrj�

��2�
���

�ik2
� ::: �

h
�
�
mrj��2�

�ik�
;

for � su¢ ciently large. Le �!1 above, we obtain

�
�
mrj�

��
��+2�

�
! 1 as �!1: (4.55)
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Then, in all cases, (4.55) holds. Using (4.55) and (�2) ; we have

lim
n!1

mrj�
��
��+2�

= 0:

Similarly, from (�3) ; 9�22N such that

mrj�
n�
�n+2�

� 1

n1=r
8n�n2 : (4.56)

Let �N = max f�0; �1g : we consider the following:

If { > 2 is odd, then we consider { = 2q + 1; q � 1, Using (4.51) 8�� �N ; we obtain

mrj�
��
��+{�

� mrj���;��+{� � mrj�
��
��+1�

� mrj���;��+1� (4.57)

+ mrj�
�+1�
��+2�

� mrj��+1�;��+2�

+:::+ mrj�
�+2q�
��+2q+1�

� mrj��+2q�;��+2q+1�

� mrj�
��
��+1�

+ mrj�
�+1�
��+2�

+ :::+ mrj�
�+2q�
��+2q+1�

� 1

�1=r
+

1

(�+ 1)1=r
+ :::+

1

(�+ 2q)1=r

�
1X
{=�

1

{1=r
:

Now, if { > 2 is even, then we write { = 2q; q � 2; Using (4.51) and (4.56); 8�� �N ; we get

mrj�
��
��+{�

� mrj���;��+{� � mrj�
��
��+2�

� mrj���;��+2� (4.58)

+ mrj�
�+2�
��+3�

� mrj��+2�;��+3�

+:::+ mrj�
�+2q�1�
��+2q�

� mrj��+2q�1�;��+2q�

� mrj�
��
��+2�

+ mrj�
�+2�
��+3�

+ :::+ mrj�
�+2q�1�
��+2q�

� 1

�1=r
+

1

(�+ 2)1=r
+ :::+

1

(�+ 2q � 1)1=r

�
1X
{=�

1

{1=r
:
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Combining (4.57) and (4.58), we have

mrj�
��
��+{�

� mrj���;��+{� �
1X
{=�

1

{1=r
8�� �N; {2N:

Since the series
1P
{=�

1
{1=r

is convergent, we �nd that mrj�
��
��+{�

� mrj���;��+{� is also convergent

as �;{ !1, which implies that

mrj�
��
��+{�

� mrj���;��+{� � mrj�
��
��+{�

:

Thus, the sequence f���g is mr-Cauchy in mr-C-R.M-M.S (
r;mr) : Hence, there is some

u 2 
r such that ��� ! u as � ! 1: With no a¤ecting generality, we can suppose that

��� 6= u 8�: Assume that mrju�u > 0; Using (4.44); we get

�
�
mrj�

�+1�
�u

�
�
h
�
�
Nrj�

��
u

�ik
8�2N;

where

Nrj�
��
u = max

n
mrj�

��
u ; mrj�

��
��+1�

; mrju�u
o
:

Taking �!1 above, using (�4) ; Lemma�s 1.3.2.5, 1.3.2.6 and 1.3.2.7, we have

� (mrju�u) � [� (mrju�u)]
k < � (mrju�u) ;

a contradiction. Hence, �u = u, which again contradicts the assumption that � has no periodic

point. Thence, � has a periodic point u of period q. Presume that Fixf�g = ;. Then, we

obtain

mrju�u > 0; q > 1:

Using (4.44); we obtain � (mrju�u) = �
�
mrj�

qu
�q+1u

�
� [� (mrju�u)]

kq < � (mrju�u) ; a discripancy.

Thus, Fixf�g 6= ;, that is, � has more than one F.P. Now, assume that u; v 2 
r are two F.Ps

of � such that mrjuv = mrj�u�v > 0: Utilizing (4.44); we get

� (mrjuv ) = �
�
mrj�u�v

�
� [� (mrjuv )]

k < � (mrjuv ) ;
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a contradiction. Then, � has a U.F.P.

Remark 4.2.2. Theorem 4.2.1 is stil valid if we replace condition (4.44) with one of the

following stipulations, 8�1;�2;u2
r with mrjuu = 0 :

(H1) There is 0 < k < 1 so that

mrj��1��2
� kmax

n
mrj�1�2 ; mrj�1��1 ; mrj�2��2

o
:

(H2) There is 0 � k < 1
2 so that

mrj��1��2
� k

�
mrj�1��1 + mrj�2��2

�
:

(H3) There is 0 � k <
�p

3�1
2

�
so that

mrj��1��2
� k

�
mrj�1��2 + mrj�2��1

�
:

(H4) There are � 2 � and k 2 (0; 1) so that

mrj��1��2
6= 0 =) �

�
mrj��1��2

�
�
h
�
�
mrj�1�2

�ik
:

We note that � contains a large class of functions. For instance

� (r) = 2� 2

�
arctan

�
1

r�

�
; 0 < � < 1; r > 0:

Corollary 4.2.3. Let (
r;mr) be a C-R.M-M.S, and � : 
r ! 
r be a self-mapping. If 9�2�
and 9�;k2(0;1) such that 8�1;�22
r and ��1 6= ��2

2� 2

�
arctan

0@ 1h
mrj��1��2

i�
1A �

242� 2

�
arctan

0@ 1h
Nrj�1�2

i�
1A35k ;

where Nrj�1�2 is de�ned as in (4.45). Then, � has a U.F.P.
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Example 4.2.4. Let 
r' = f0g [ fz 2 C : arg (z) = 'g for a �xed '; 0 � ' < 2�: De-

�ne mr : 
r � 
r �! [0;1) by mrj�1�2 =
j�1j+j�2j

2 8�1;�22
r' : Then (
r';mr) is a R.M-

M.S. We take ' = 0; �2 and the R.M-M.S becomes
�

r0;�

2
;mr

�
such that 
r0;�

2
= [0;1) [

( ¾Ai = fz = �i : 1 � � <1g) and mrjz1z2 =
jz1j+jz2j

2 8z1;z22
r0; �2 . Let � (r) = e
p
r 2 �. De�ne

� : 
r0;�
2
! 
r0;�

2
by

�z =

8>>><>>>:
z
2+� : z 2 ¾Ai; 1 � � <1;
z
2 ; z 2 [0; 1];
z
2� z 2 (1;1) ; 2 � � <1:

Now, for z 2 ¾Ai; 1 � n <1, we have

�
�
mrj�z1�z2

�
= e

q
mrj�z1�z2 = �

0@
��� z12+� ���+ ��� z22+� ���

2

1A = �

�
1

2 + �
mrjz1z2

�

= e

q
1

2+�

q
mrjz1z2 =

�
e

q
mrjz1z2

�q 1
2+�

�
�
e

q
Nrjz1z2

�q 1
2+�

=
�
�
�
Nrjz1z2

��k
:

Then, � satis�es the contraction (4.44) with 0 < k =
q

1
2+� < 1:

For z 2 [0; 1]; we have

�
�
mrj�z1�z2

�
= �

 �� z1
2

��+ �� z22 ��
2

!
= �

�
1

2
mrjz1z2

�
= e

1
2

q
mrjz1z2

=

�
e

q
mrjz1z2

� 1
2

�
�
e

q
Nrjz1z2

� 1
2

= [�
�
Nrjz1z2

�
]k:

Similarly, for z 2 (1;1) ; 2 � � <1; we get

�
�
mrj�z1�z2

�
= �

 �� z1
2�

��+ �� z22� ��
2

!
= �

�
1

2�
mrjz1z2

�
= e

1
2�

q
mrjz1z2

=

�
e

q
mrjz1z2

� 1
2�

�
�
e

q
Nrjz1z2

� 1
2�

= [�
�
Nrjz1z2

�
]k;

where k = 1
2� 2 (0; 1) : Hence, the conditions of Theorem 4.2.1 are satis�ed and z = 0 is a

U.F.P of �:
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4.3 Application for existence a solution to a non-linear integral

equation

In this section, we apply Theorem 4.2.1 to consider the following NIE:

� (r) =

Z t

0
$jrk $j

k
�(k) dk; r 2 [0; D]; D > 0; (4.59)

where $ : [0; D]� [0; D]! R and $ : [0; D]� R! R are continuous functions.

De�ne � : 
r ! 
r by:

�� (r) =

Z t

0
$jrk $j

k
�(k) dk: (4.60)

Let 
r = C([0; D];R) be the space of all continuous functions on [0; D] to R with

mrj�1�2 =
k�1k+ k�2k

2
= max

r2[0;D]

�
j�1 (r)j+ j�2 (r)j

2

�
;8�1;�22
r :

Obviously, (
r;mr) is a C-R.M-M.S:

Theorem 4.3.1. Via follownig assumptions, the problem (4.59) has a unique solution in 
r:

(N1) $ : [0; D]� [0; D]! R is a continuous such that maxr;k2[0;D] j$jrkj � 1;

(N2) $ : [0; D]� R! R is a continuous such that 9��1 and

���$jr�1(r)���+ ���$jr�2(r)��� < �2e�� Prj�1�2 ; 8�1;�22
r; r2[0;D]

where Prj�1�2 = max
n
j�1j+j�2j

2 ; j�1j+j��1j2 ; j�2j+j��2j2

o
;

(N3) 8�1;�22
r , k�1k� = maxr2[0;D] j�1 (r)j e��r and

mr�j�1�2 =
k�1k� + k�2k�

�
= max

r2[0;D]

�
j�1 (r)j+ j�2 (r)j

�

�
e��r:

Then, (
r;mr�) is a C-R.M-M.S with � = 2;

(N4) 8�1;�22
r ; we de�ne � 2 � by � (r) = e
p
r; r > 0:
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Proof. De�ne the operator � : 
r ! 
r as in (4.60); we get

j��1 (r)j+ j��2 (r)j =

����Z r

0
$jrk $j

k
�1(k)

dk

����+ ����Z r

0
$jrk $j

k
�2(k)

dk

����
�

Z r

0
j$jrkj

����$jk�1(k)���+ ���$jk�2(k)���� dk
�

Z r

0

����$jk�1(k)���+ ���$jk�2(k)���� dk = Z r

0
�2e�� Prj�1(k)�2(k)

dk

= �2e��
Z r

0
er�max

8<:
j�1(k)j+j�2(k)j

� e�r�; j�1(k)j+j��1(k)j� e�r�;

j�2(k)j+j��2(k)j
� e�r�

9=; dk

� �2e��
Z r

0
er�max

n
mr�j�1�2 ; mr�j�1��1 ; mr�j�2��2

o
dk

= �2e�� Nrj�1�2

Z t

0
er�dk

= �2e�� Nrj�1�2
1

�

�
e�r � 1

�
= �e�� Nrj�1�2 e

�r � �e�� Nrj�1�2
� �e�� Nrj�1�2 e

�r:

Consequently, we have
j��1(k)j+ j��2(k)j

�
e��r � e�� Nrj�1�2 :

This implies that

mr�j�1�2 = max
r2[0;D]

j��1(k)j+ j��2(k)j
�

e��r � e�� Nrj�1�2 :

From (N4) ; we get

e

q
mr�j

�1
�2 � e

q
e��Nrj�1�2 =

�
e

q
Nrj�1�2

�e��
2

;

yielding that

�
�
mr�j��1��2

�
�
h
�
�
Nrj�1�2

�iK
; 8�1;�22
b ;

where K = e�
�
2 2 (0; 1) with � = 2. Thus, all the conditions of Theorem 4.2.1 are satis�ed and

� have a U.F.P, that is a unique solution to NIE (4.59).
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Conclusion
In this dissertation, we introduced the concept of semi ��-admissibility w.r.t � and inves-

tigated F.Ps of Ćiríc-Type rational contractions, we also proposed the concept of a G.D.P

as a novel framework to establish F.P �ndings for both ( ; �)-integral Khan-type contraction

and �-integral contraction. Furthermore, we examined F.Ps of almost Fisher-type multivalued

F<-contractions within C-M.Ss endowed with a �-transitive binary relation <. These �ndings

are supported by illustrative examples and an application for solving NFDEs. The extensions

developed in this section yield various multivalued F.P outcomes, considerably deepening our

knowledge within this domain of analysis. These contributions extended the results reported

in [106, 15, 114, 112, 51, 57], as well as in other works cited in the literature. In the second

part of the dissertation, we combined Wardowski�s cyclic contraction with admissible multival-

ued Geraghty contractions to introduce the notion of �-Cyclic (��; ��)-admissibe contraction

maps and established C.F.Ps for such contraction in C-Mb-M.Ss. We also proved F.P results

for self-mappings of symmetric �-�-�- -contraction and almost Hardy-Rogars-type multivalued

( ; �)-contractions in C-Mb-M.Ss. These theorems were then applied to examine the existence

of solutions to pairs of ODEs and FODEs. These outcomes extended the results reported in

[35, 11, 38, 19, 42, 43, 36], along with other relevant references in the literature.

In the third part, we explored the concepts of �-contraction self-maps and almost Suzuki-

Rational ( ; �)-contraction multivalued maps, and established several F.P and C.F.P results

for these mappings in C-R.M-M.Ss. An application provided for solving a NIE. These outcomes

serve as extensions of the work presented in [109, 66, 52, 53] among other documented studies.

Overall, this dissertation makes signi�cant contributions to the �eld of F.P.T by providing

new insights and methodologies that enhance both the theoretical understanding and practical

application of these concepts in broader domain of M.F.P.T.
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