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Preface

Sensitivity analysis is an essential problem in engineering and manufacturer process
to examine the effect of different input factors on various flow problems. Sensitivity
is being used in recent theory and research in engineering and industrial applications
of various optimum control systems. The novel idea of sensitivity analysis of physical
systems have also pervaded other fields of science and engineering involving
manufacturing process in industries, nuclear engineering, environmental science,
biological science and socio-economical. In order to perform sensitivity analysis,
there is need to develop some empirical relation among each of output and input
variables. Researchers and scientists have examined the problems by using a number
of empirical methodologies. The best way for determining out how input parameters
and output responses relate to one another is the correlation development method.
Such an empirical relationship is required to perform sensitivity analysis. Many
researchers and Scientists have applied correlation development method in several

experimental analysis to develop empirical model.

There is always need to specify a physical or enginecring problem in order to perform
sensitivity analysis. We are interested to perform sensitivity analysis on the response
variables that measure the transport performance in a problem of fluid dynamics.
These response variables Cfy, Nu, and Shy. There are several kinds of the problems of
fluid flow. The focus of present study is on flow over a wedge. Because wedge flows
have a variety of applications, including designing the wings of airplane, drying

systems, crude oil extraction and nuclear engineering etc.

This thesis comprises the sensitivity analysis of wedge flows for Newtonian and some
non-Newtonian fluids. Before performing sensitivity analysis, we have first of all
transformed the governing PDEs to non-lincar ODEs by employing similarity
transformations. Matlab's built-in package bvpdc is used to solve these modified
ODEs and compare the results to previous work, revealing the best results. Then we

adopted RSM to develop empirical relations  for transport  performance



quantities (Nuy, and Sh,) by using these numerical values. The ANOVA results
generated by using RSM for regression coefficients and output responses are
represented in form of table. We have taken 95% confidence interval and prepared
Analysis of Variance (ANOVA) table, to see the goodness of fit of the empirical
relations among each of response variables i.e Cf,, Nu,,Sn,and Sh, and different
input parameters. The residual plots of output responses are depicted in different
graphical forms. Then sensitivity analysis is performed for output responses with the
effect of various input factors and displayed the graphs in the form of bar chart. This
unique mathematical and statistical method is expected to fill the gap in literature and
serve as foundation for upcoming problems of fluid dynamics, manufacturing and

many industrial problems.

The current thesis has been organized into twelve chapters. Chapter 1 discusses
research background, some basic definitions related to current work, literature review,
research motivation and objectives, and outline of the thesis. Chapter 2 is comprises
methodology, experimental technique, Response Surface Methodology (RSM),
Analysis of Variance (ANOVA), Sensitivity analysis and geometry of the problem.
Chapter 3 focuses on sensitivity analysis of thermal conductivity, suction parameter
and variable viscosity in viscous fluid flowing over a porous wedge. The investigation
of this chapter has been published in International Communications in Heat and
Mass Transfer 135(2022), 106104, Chapter 4 examines sensitivity analysis of
Weissenberg number, thermophoresis parameter and Brownian motion parameter on
tangent hyperbolic nanofluid flowing over wedge. The findings of this chapter are
submitted in Mathematical Modelling of Natural Phenomenon. Chapter 5
investigates the sensitivity analysis of Casson fluid parameter, Falkner—Skan exponent
and Prandtl number of casson fluid flow over a wedge. The results observed in this
chapter are submitted for possible publication in Thermal Analysis and
Calorimeter. Chapter 6 focuses on sensitivity analysis of magnetic parameter,
Schmidt number and chemical reaction parameter of magneto-Carreau fluid over
wedge. The findings are submitted in Research in Mathematical Science. Chapter 7
investigates the sensitivity analysis of Weissenberg number viscosity ratio parameter
and Prandtl number on Carreau fluid flow over a wedge. The results of this chapter
are submitted in Taiba University of science. Chapter 8 converses the sensitivity

analysis of radiation parameter, Dufour number and Prandtl number of Casson fluid



flowing over a wedge. The findings of this chapter are submitted for possible
publication in Thermal Science International Scientific Journal. Chapter 9
comprises sensitivity analysis of Lewis number, thermophoresis number and
Brownian motion parameter of nanofluid flowing over a wedge. The revision
investigation of this chapter is submitted in Propulsion and Power Research for
possible publication. Chapter 10 investigates the sensitivity analysis of
thermophoresis parameter, Brownian motion parameter and Prandtl number of
nanofluid with activation energy flowing over a wedge. The findings of this chapter
are accepted in Scientific Reports with article DOI 10.1038/s41598-023-28266-z.
Chapter 11 examines the sensitivity analysis of Schmidt number, chemical reaction
and Brownian motion parameters of gyrotactic nanofluid with activation energy over
a wedge. The investigation observed in this chapter is submitted in ZAAM for
possible publication. Chapter 12 discusses the sensitivity analysis of Falkner—Skan
exponent and Prandtl number of viscous flows with heat transfer over a wedge. The
revision of this chapter is submitted in The European Physical Journal Plus for
possible publication.

Using appropriate similarity transformations, the governing PDEs of chapter 3 to
chapter 12 are converted into systems of non-linear ODEs. The numerical solution is
then obtained by using Matlab built in routine bvpdc. The numerical values for output
responses are computed for different input parameters. The Prime focus of this thesis
is to perform sensitivity analysis. In order to meet this objective, we have built
expression for output responses. We have used Central Composite Design (CCD) for
RSM to construct the function between input factors and output responses. Then
performs sensitivity analysis for the output responses by using the numerical values
for different input parameters. The graphical results of sensitivity analysis are

presented in the form of bar charts.
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Chapter 1

Preliminary

1.1 Introduction

The research background connected to title of the thesis is described in this chapter.
This work will discuss the sensitivity analysis of specific class of flows, 1.e wedge
flows. The literature review related to wedge flows and sensitivity analysis are
presented in subsection 1.2.1 and 1.2.2 respectively. To perform sensitivity analysis
by using Response Surface Methodology (RSM), we need to specify the input
parameters and output responses. So, in this chapter also include the definitions of

selected parameters and output responses which is discussed during this research.

1.2 Research Background

The history of fluid mechanics is rooted in the history of human beings. Each
humanoid resolves such a lot of fluids mechanics issues in his life consciously or
unconsciously. Wedge flow is one in every of these necessary fluids mechanics
issues, it's important in the field of aeromechanics, increased oil recovery, geothermic
industries, heat exchangers, plastic films, geothermic systems, metal spinning,
metallurgic processes and chemical compound extrusion. Wedge may be a form that's
trilateral in segment. In fluid dynamics, once a surface is appointed to associate
degree position (wedge) and also the free stream is diverged from the surface, there

would be a distinct fluid speed spreading.

William Falkner and Skan initially analyzed the constant streamline flow past a fixed
wedge [1] to manifest the presentation of boundary layer theory of Prandtl. Hartman
Blasius under the supervision of Ludwigs Prandtl thought-about the two-dimensional
boundary-layer flow. Later, Skan and William Falkner extended the two-dimensional
Blasius flow to the self-similar wedge flow. Within the previous couple of years,
researchers took ample interest within the Falkner-Skan flows by viewing the

influences of various parameters. Later, Hartree examined the results and their



parameter effect on the wedge angle [2]. Lin and Lin studied the problem of wedge
flows [3] within the existence of magnetic field. Pop and Watanabe [4] bestowed

numerical outcomes for MHD free convection flow over a wedge.

Garg and Rajagopal studied the non-Newtonian fluid flow over the wedge during
which they extended the work of Beard [5] and studied wedge flow of 2™ grade fluid.
Ishak et. al [6] bestowed a paper that mentioned the Falkner-Skan equation for
moving wedge with injuction and suction, which is the extended research work of
[7]. Liao [8] has developed the analytical solution for the Falkner-Skan equation
against wedge parameter . Abbasbandy and Hayat extended the work of [9] by
together with the magnetic effects. Recently, the study of fluid flow over the wedge
has shown keen interest among the researchers. Also, there are some offensively
revealed papers on this drawback by River [10], Fang [I1], and Pal [12]. Other

fascinating studies will be viewed in [13-15].
1.2.1 Literature review on wedge flows

These fluids are of great importance and are frequently found in nature for instance,
water, air, gases, urine etc. Therefore, lot of attention has been given to these fluids
and discussion is made in moving wedge, static wedge, symmetric wedge, moving

wedge with suction and injection, stretching wedge, and porous wedge etc.

A massive literature on Skan and William Cuthbert Falkner flows over a wedge is
found in the books of Schlichting [16] and loyal [17]. Magnetohydrodynamic laminar
boundary-layer flow over a wedge with suction or injection was noted by Kafoussias
et al [18]. The fluid was supposed to be clectrically conducing, viscous, and
incompressible, with a transverse field applied to the flow orientation. Conjointly
Yacob et. al [19] mentioned the matter for a stationary and moving wedge in
nanofluids. They numerically analyzed the flow of nanofluids past a static or moving
wedge in two dimensions. Riley and Weidman thought-about the boundary layer flow
over a stagnant or a moving wedge in an excecdingly viscous fluid [20] and Ishak et

al. [21}, extension of the flow over a static wedge thought-about by Falkner and Skan

[1].

Sakiadis [22] projected fluid flows in an extremely motionless 1luid medium over a

moving wedge with a constant pace. Yacob et al. [23] examined Falkner-Skan



equation for a static/moving wedge in an exceedingly nanofluid. Asaithambi [24] used
FDM (finite difference method) to urge numerical results subject to -0.19884< 3 < 2.
Kumari et al. [25] inspected the numerical solution for the case f > 1. Chang and
Yang [26] presented analytical resolution for B = -1 for a constant plate. Zhang and
Fang [27] showed an investigatory resolution for a moving and penetrable wall once 3
=-|. Das et. al [28] investigated the thermal radiation consequences on the convective

slip flow of a somewhat rarefied fluid that conducts electricity over a wedge.

Unlike the Newtonian fluids there is no any single constituent equation that defines
the behaviours of non-Newtonian fluids. This could be due to the numerous natures of
non-Newtonian fluids. Navier-Stokes equations are not enough to define the flow
behaviour of non- Newtonian fluids. To fill this gap we would like some physical
models, just like the Cross and Ellis model, the Casson model, the Carreau model etc.
Non-Newtonian fluids unit of measurement 1s very useful in aerodynamics, paper
production, glass process, continuous casting and many others. The use of physical
conditions of non-Newtonian fluid flows is tough for scientists and engineers in
theoretical and experimental investigations conjointly. The cause behind this could be
that these fluids unit of measurement are very difficult in nature and there is no
specific constituent equation to represent all flow properties of non-Newtonian fluids.
i.e., the flow past a wedge placed symmetrically with relevancy the flow direction.
Garg [29] analyzed the passage of a second-grade incompressible fluid past a wedge
with surface suction. Chamkha et al. [30] inspected the results of thermal emission on
forced convection on non-isothermal wedge. Later, Eraslan and Kim [31] investigated
the boundary-layer flow of a power-law fluid over wedges with wall mass injection
while maintaining the requirement for the presence of similarity solutions. Hady and
Hassanien studied the effect of magnetic flux of nanofluids passing through the
porous wedge. Hsu et al. [32] studied how temperature and flow fields past a wedge
were affected by viscoelasticity using wall suction/injection. Massoudi [33] recently
obtained non-similarity answers for the natural phenomenon and heat transfer
equations for non-Newtonian fluid wedge flows. Watanabe [34] and Pop [35]
scrutinized forced and free convection boundary layer flows past a wedge,
correspondingly. Kumari et al. [36] discussed how a magnetic field affects mixed

convection flow across a wedge covered in a highly spongy media.



Several researchers, Hossain et al. [37] Pantokratoras [38] and Pal and Mondal [39],
re-examined the wedge flow disadvantage beneath varied thermo-physical
circumstances. Kandasamy et al. [40] mentioned the impact of natural process on flow

past a wedge inside the existence of injection/ suction.

Riley and Weidman [41] and Ishak et al. [42, 43] extended the natural phenomena
flow over a stationary or moving wedge in a very viscous fluid under several physical
parameters. They created self-similar equations that were computationally resolved
using similarity transformations. Kandasamy et al. [44] described the mutual
influence of thermophoresis, variable consistency and associated natural process on
combined convection flow over a porous wedge entrenched with an extremely non-

Darcy porous medium.

1.2.2 Literature review on sensitivity analysis

After the arrangement of literature review on wedge flows, now we will discuss the
literature review on sensitivity analysis. There is sufficient literature on sensitivity
analysis we will start from Chan et. al [45], in which they mentioned the sensitivity
analysis of a water-based bionanofluid flowing over a wedge surface. They applied
Response Surface Methodology (RSM) along with sensitivity analysis to check the
dependency of Lewis number, Sherwood number, Nusselt number, Brownian
movement parameters and Reynolds number. Darbart et. al [46] examined the entropy
and sensitivity analysis for the nanofluid flow passing through a channel by applying
RSM. They studied the sensitivity of Reynolds number, solid volume fractions and

particle diameter.

Rashidi et al [47] made the sensitivity analysis on heat transfer for different input
parameters such as Reynolds number, porous substrate and Darcy number using
RSM. They discovered that Nu, is most sensitive to Darcy number. They also noticed
that the sensitivity of Nu, rises as the thickness of porous substrate increases. In
another study Rashidi et al. [48] examined the sensitivity analysis of different
responses on triangular obstacle by using RSM. They observed that Nuy is more
sensitive then drag coefticient to wedge angle. Other interesting results of sensitivity
analysis for flow through a triangle obstacle can be viewed in [49]. Vahedi et.al [50]

mentioned sensitivity analysis and optimization of Cu-water nanofluid flow past a



wedge; they analyzed the results of the wedge angle, the magnetic flux, and also the
nanoparticle volume fraction on associate incompressible flow over a wedge. They
apprehended that the sensitivity of the common Nusselt range to the wedge angle does
not modification with the magnetic parameter. Shafiq etal [51] discovered the
sensitivity analysis of tangent hyperbolic fluids across stretching surface. They
discovered that increasing the Lewis and thermophoresis numbers increases the

sensitivity of the Nusselt number.

Darbari et al. [52] discussed the sensitivity analysis of nano fluid flow passing
through a channel. They used RSM to examine the sensitivity of responses with the
effect of different input parameters. They summarized the results as; the Entropy
generation 1s most sensitive to Reynolds number. Another important result concluded
by them, the sensitivity of total entropy generation to Reynolds number diminishes as
nanoparticle diameter increases. Shirvan et al. [53] examined the sensitivity analysis
of different input parameters in solar heat exchanger by using RSM. They concluded
that there is positive sensitivity of emisstvity and negative sensitivity of Ri-number
towards Nuy. The sensitivity of different input factors of Cu-water nanofluids with the
effect of MHD was explored by [54]. They observed that the magnetic effect does not
change the sensitivity of Nuy. Abdelmalek et al. [55] explored the sensitivity of
Casson fluid flow by using RSM. The observed results of their investigation were
that, for all levels of magnetic parameters there is positive sensitivity to Nu, towards
Stefan blowing parameter. Recently, Hussain et al. [56] discussed the sensitivity
analysis of viscous fluid over a wedge with thermal conductivity. They examined how
various input parameters affected the dependent output responses using RSM. They
concluded that, the sensitivity of Cf, rises as raising the value of parameter . Another
conclusion of their observation is that, by increasing the input parameter & the
sensitivity of Cf; increases. Nuy, is most sensitive to & among other parameters. Some
other researchers also applied RSM to investigate the sensitivity of different output

responses which may be seen in [57 - 60].

Motivated by the contributions made thus far, the authors intend to investigate
sensitivity analysis of wedge flows for Newtonian and non-Newtonian fluids over a
wedge. Before performing sensitivity analysis, we have first of all adopted RSM to
develop empirical relations for output responses. We have taken 95% confidence

interval and prepared Analysis of Variance (ANOVA) table, to see the goodness of fit



of the empirical relations among each of response variables and input parameters. It is
clear from the preceding literature that no attempts are made to analyses the
sensitivity of wedge flows for Newtonian and non-Newtonian fluids over a wedge.
This unique mathematical and statistical method is expected to fill the gap in literature

and serve as foundation for upcoming problems of fluid dynamics.

1.3 Research Motivation and Objectives

The present research work is concerned with “Sensitivity analysis of wedge flows for
Newtonian and non-Newtonian fluids”. The prime focus of this research work is to do
the sensitivity analysis of wedge flows. In pursuance to this objective our aim will be
to highlight system’s sensitivity of some already existing literature. We will also
model some new problems and will solve them by providing either analytical or
numerical solutions. Then we will utilize this obtained solution to find a list of values
for response qualities like Skin friction coefficients, Nusselt, density or Sherwood
numbers. Next we will have to develop a correlation among response variables and
input variables like, Reynolds number, Prandtl number etc. In order to achieve this
objective we will present a detail regarding Response Surface Methodology (RSM) in

our research work.

The considered problems will help to obtain following objectives,
e to explore the sensitivity analysis of the different parameters to the wedge angle.

¢ to explore the impact of sensitivity of different parameters of particles on reaching

the thermal boundary layer's edge.

e to combine the two or more different analysis and to develop new theories where

it 1s necessary especially in application point of view.

e we will also examine the advantages and comparative analysis of the established
work with existing work and will try to show the reliability and effectiveness of

the established work.



1.4 Dimensionless Numbers

Reynolds Number

The physical quantity Reynolds number is the ratio of two quantities (inertial force to

viscose force).

Prandtl Number

The Prandtl number, Pr, is a dimensionless parameter that expresses how much

momentum is diffused relative to how much heat is diffused in a fluid.

Eckert number

The ratio of the adventive mass transfer to the heat dissipation potential 1s known as
the Eckert number, which has no dimensions. The tflow's kinetic energy in relation to
enthalpy changes across the thermal boundary layer is measured by the Eckert

number.

Weissenberg Number

Weissenberg number actually refers to the ratio of elastic to viscous forces. It is
possible to examine the non-Newtonian viscoelastic fluid using this dimensionless

number.

Activation Energy

Activation energy is the minimal amount of energy that reactive molecules need to
transform into a product.

Thermal Radiation

When a surface is heated, thermal radiation occurs. The process of thermal radiation
involves the heated surface emitting energy in all directions, which travels at the

speed of light to the site of absorption.

Thermophoresis parameter
Thermophoresis is the transport force caused by the existence of a temperature

gradient. This force directs gas-borne particles with sizes smaller than 10 metres in



the direction of the region with lower temperatures.. Thermophoresis is important in

high temperature areas, such as the radiant section of a boiler.

Lewis number

The Lewis number is defined as the ratio of heat diffusivity to mass diffusivity. It
describes fluid movements that simultaneously transmit heat and mass. As a result,
the Lewis number is a measure of the respective thicknesses of the thermal and

concentration boundary layers.
Brownian motion

The Brownian motion and porosity parameters exhibit the opposite behaviour when it
comes to mass transmission. Both friction factor coefficients rise as the nanoparticle
volume fraction increases, whereas the Sherwood number exhibits the opposite effect.

Schmidt number

The dimensionless number known as the Schmidt number is named after the German
engineer Ernst Heinrich Wilhelm Schmidt. The ratio of momentum diffusivity to mass
diffusivity ts known as the Schmidt number.

Skin friction coefficient

The skin friction coefficient is a crucial dimensionless parameter in boundary-layer
flows. It describes shear stress as the portion of the local dynamic pressure that is
sensed on the surface.

Nusselt number

The ratio of convective to conductive heat transport in a fluid is known as the Nusselt

number.

Sherwood number

The Sherwood number was named after Thomas Kilgore Sherwood. The ratio of

convective mass transfer to mass diffusivity is described as the Sherwood number.



Chapter 2
Methodology and Geometry of Problems

2.1 Methodology

For every research a method is needed to explain and understand the topic to prove
the validity and reliability of the study. This research is exploratory in nature; it will
explore the sensitivity analysis of different parameters on the flow of Newtonian and
non-Newtonian fluids. The objective of the present work is to develop empirical
relation between input parameters and output responses. In order to determine the
relationship between the input parameters and the output replies, we employed RSM.
The detail of RSM is given in next section 2.2.1 In order to apply RSM we need
responses to certain values of governing parameters of problem. The numerical
solution is obtained by simulating the modelled problem using symbolic software
Matlab. RSM has been used to develop a correlation among response variable(s) to

each input variable.

2.2 Experimental Design

It is necessary to establish some sort of actual relationship between output and input
variable in order to undertake a sensitivity analysis. Empirical development is a useful
approach for obtaining correlations among output/response variables and input
variables. It has significance in several experimental analyses like [61-65]. There are
different methods to correlate input parameters and output response; some of them are
RSM, ANN and time series analysis etc. In this thesis we have used RSM to
investigate the empirical development of wedge flows for Newtonian and non-
Newtonian tluids. Since RSM is the main subject of the current work, we explain this

method briefly in section 2.2.1.

2.2.1 Response Surface Methodology (RSM)

There are different methodologies to obtain empirical models: some of them are time

series analysis, machine learning through ANNs and RSM. RSM is a statistical



technique used to model a problem in which responses are analyzed with respect to
corresponding input parameters (variables). The RSM is one in every of the foremost
wide used experimental styles for optimization. It's an unremarkably used
mathematical and applied mathematics for modelling and analysing the results within
which completely ditferent variables have an effect on the response of interest and
also the purpose of this method is to optimize the response. RSM was developed by
Box and Wilson [66] to discuss the sensitivity of model’s uncertainty. RSM was also
used to examine experimental study and industrial experimental work. In this context
Joardar et al. [67] used RSM to discuss the effect of parameters in their experimental
work. There are also several works presented in which RSM was used in experimental
study [68-74]. The general form of relationships between input parameters and output
responses are as follows [75-76].

Response =1, + L, 1y + ik 1uai + X Xl jop 1ij0i; (2.

n denotes number of input parameters, a; denotes coded variables, r» ts constant and
known as intercept term, 7; , r; and ry; are coefficients for lincar, quadratic, and
mixed term respectively. By using Central Composite Design (CCD) we will compute
the numerical experimental design whose general expression is 2" + 2n + P. Where
P is the centre point and # is the number of input parameters. In our work we have
choose three input parameters (n = 3) namely Nt, Nb and Pr which are displayed in
Table 2 with their symbol and levels. For the case of full quadratic model under

RSM, we can express Eqn. (2.1) for output responses in the tollowing forms:

Response =1, + rja, + ra; + r3a3 + a0, + rpa,a; +ryza,as + (2.2)

2 2 2
1101° + 120" + 133037,

The Response Surface Methodology (RSM) is employed for,
. adaptation of a theoretical (empirical) model to the data gathered in
accordance with the selected style.
. determining the input (control) parameter circumstances that result in the
model's maximum or least amount of responsiveness to a target.
Actually, the ability of the researcher to create a suitable output function
approximation 1s crucial for the use of RSM. Generally, a low-order polynomial in
some comparatively little region of the variable area 1s suitable. In several conditions,

either a first-order or a second order model is employed.



2.2.2 Analysis of Variance (ANOVA)

ANOVA is a statistical method by which the model accuracy and validity be checked.
ANOVA is also used to explain the model fitness and variability performance.
ANOVA will be performed by using statistical software MINITAB-19. By using
RSM, ANOVA calculate the R? Adj R?, F-value, and P-value. The ANOVA table for
output response are depicted in tabular form in each chapter, in which all the
corresponding F-value and P-value are specified. The regression coefficient for output
responses are also shown in tabular form for corresponding problems. With the help
of P-value it is decided that which terms should be retained and which one should be
neglected. For empirical development the P-value is generally taken to be less than or

equal to 0.05.

ANOVA result for different input parameters and output responses are presented in
Chapter 3 - 12. By using RSM, regression coefficients for output response are

depicted in Tabular form.

2.2.3 Validity of RSM

It 1s necessary to discuss the residuals, lack of fit, and observation order while
utilising RSM. The inconsistency between the dependent variable and the observed
input parameters is defined as the residual. Residuals are essential for determining
model correctness. If all of the residuals are zero, then the model is perfect. The
model's accuracy falls as the residuals go far to zero. The residual plots for the output
responses are presented in graphical form in each chapter. When the residuals are

compared to the fitted values, a strong relationship is revealed.

Scatter plots, histogram and observation order verses residuals helps to check the
validity of developed correlations between the output response and the input
parameters. The graphical form of residual plots is displayed to check the validity of
empirical models in each chapter. Scatter plot shows the connection between the
output response and the input parameters. The histogram which has the symmetrical
scattering and less skewed which demonstrates the good relationship of output
responses with input parameters. The observation order verses residuals demonstrate

that if observation order is increased, the residual of the output responses drops,



demonstrating good agreement between the probabilities plots. The residuals graph
with largest fluctuation for responses indicates the strong correlations between input

parameters and output variables.

2.3 Sensitivity Analysis

It is the study of abstruseness criteria generated within the output of the model, dealt
out by the input factors that end up in the assessment of the lustiness of the model.
Sensitivity analysis is applied in engineering issues to see in what ways different
values of variable completely have an effect on a desired output. This system is
incredibly helpful once trying to see the effect of many influence parameters on
outputs of a problem. Sensitivity analysis can even facilitate the scientists and
engineers to see that parameters are the key drivers of a model’s results. This method
is used to determine how a different value for an independent parameter will affect a

particular dependent parameter under a particular set of assumptions.

Establishing our analysis's objective and, in turn, defining the output function's shape,
are general procedures to be taken before conducting a sensitivity analysis. Then
decide the input factors that are the parameter such as, Reynolds number, Prandtl
number, Hartman number, Brinkman number, Soret number and many others. In
order to develop correlation among output variable(s) and input variables we take data
for output variables. Then we fit nonlinear regression model on the data. Then we
evaluate the model and produce the output. Finally, we will analyze the model outputs

and will draw our conclusions.

2.4 Geometry of the Problems

The two-dimensional incompressible fluid flow across a wedge is considered in this
thesis. Figure 2.1 depicts the geometry of the tflow problem of this thesis. The tip of
the wedge is considered as origin. Consider the x-axis parallel to the flow direction
and the y-axis perpendicular to the wedge. The velocity of fluid at the wedge's wall
is Uy, (x). and the wedge's free stream velocity as U,(x) = Uyx™ where, U, and U,

are constant and m is known as Falkner- Skan constant with 0 < m < 1. The wedge

. 2m . .
angle is equal to Q = B where 8 = — s the Hartree pressure gradient parameter.



Also, we considered the temperature at the wedge surface is T,, and the ambient

temperature is taken as T,.

Flow

>

H‘N

Figure 2.1 Geometry of the problem



Chapter 3

Viscous Fluid Flowing over a Porous Wedge

In this chapter, the sensitivity of pertained parameter thermal conductivity, suction
parameter and variable viscosity for a viscous fluid flowing over a wedge is evaluated
by using Response Surface Methodology (RSM). Using the proper similarity
transformation, the governing PDEs are converted into a collection of non-linear
ODEs. The numerical values of transformed ODEs are calculated by using a
numerical technique bvp4c. The obtained results are then compared by previous work
and found good results which are shown in tabular form. This shows the validity of
our numerical results. The data extracted from numerical simulation helps to calculate
the data as responses for all combination of parameters in experimental design. The
correlated equations for input and output responses are developed by using RSM.
Also, the residuals for output responses are plotted by using ANOVA. After
developing a correlation for each response variables, sensitivity analysis is performed

and results are shown using tables and graphs.

3.1 Mathematical Formulation

In this chapter the problem of viscous fluid flowing over a porous wedge is
considered. The simplified form of governing equations is those formulated in [37].

The governing boundary layer equations for the problem are [37],

Ju | du _ 3.1
ax+ay"‘0; ( )
du 0w dUp 10 ( ou

u6x+v6y— 6’dx-’-pay(ﬂa}’)' 3.2)
or, Lot _ 1o o 33
uax+vax“pcp6y(’cax)' (33)

Here u and v are horizontal and vertical components of velocity respectively, T is the
temperature, Up(x) is the free stream velocity, u is the dynamic viscosity and k the
thermal conductivity. Here thermal conductivity and dynamic viscosity varies with

temperature and are defined by [37],



T-Two ] (34)

U= um[1+a1 Tw} K:Kw{1+a2Tg—Tw'

TO - Teo

Where p1o, is scalar viscosity and k., is the scalar thermal conductivity of the ambient
fluid, @; and a, are constants. Ty is some reference temperature and T, is the
temperature of the ambient fluid. The associated boundary conditions of the problem
are [37],

a3
u=0, v=-V, —Ke (a;)y = aty =0

(3.5)
U Uy =Ugx™, T—-Ty, asy— .
The simplified form of Egns. (1) — (3) governing the flow and heat transport subject to

transformation {37],

b =vo [ R U e + 1

= |2 awxp, T
T—To= 1ot Re, "20(Em).

n= /”‘;”zR 2 (3.6)
2 Vyx -1,
¢= /m;;’*ex :

where ¥ is the stream function, f(&,n) is the dimensionless stream function, 7 is
similarity variable, 8(¢,7) is the dimensionless temperature of the fluid, vy, = Ho/p
is the free stream kinematic viscosity, Re, = U,x /vy is the local Reynolds number
and ¢ is termed as the local transpiration parameter, which varies in value (positive

and negative) when injected and suctioned via the surface, are

(1+0)f" + 0 f" + ff" + 22

o= +ef = e (p - G

1+m 1+m ¢
(244 af
%)
L r 2 ' ' 199 _ g 38
Pr(1+y€9)8 +y§6” + 6" - 9f +$0' = 1+m€(f 8¢ 0 f’f)' o8

The boundary conditions (3.5) in view of transformation (3.6) yield,

fE0)=f(0=0 00 =-1



fl§o)->1, 8(.n)—>0asn- oo (3.9)

Important flow quantities that describe the hydrodynamics and thermal performance

are Cf, and Nu, respectively and are defined by

TwX

o - :——-—qw—x—-—— 3.10
Crx = T7arotE and Nu, : (3.10)

Koo (To=Teo)

Where 1, is the shear stress at the surface defined by
Tw = Hoo (93) 3.1DH)

In view of transformation (3.6), the Cf, and Nu, from Eq. (3.10) now become in the

following form,

— fr (3.12)
T CreRel? = f1(6.0)

and

72 w1 (3.13)
1+m g2 T 6(£.0)

The perturbation approach is used to identify the problem's several solutions. (Eqns.

(3.7) - (3.9)) in terms of small parameter €.

Solution for 0 < § <1

In this context, expand the functions (€, n)and 8(&,n) as power series of & [37],

fEM =T i), 0(En) = E2,€6,(n), (3.14)

On invoking Eq. (3.14) into Eqns. (3.7) - (3.10), the following systems of non-linear
ODE’s are formed:

Zeroth order system (0(£%))
III +ﬂ) +%(1 __fOIZ) —_ 0' (315)

8y + [y — —=8of] =0, (3.16)

1+m

fo(0) = £5(0) = 0,64(0) = —1, fj(0) - 1,8,(0) - 0. (3.17)



First order system (0O(&1)):

) 12 1" 143 i
1"+ e(Bofy” +60fo) + fofi +'1’j:‘,;ﬁ o tfo — mf1fo =0, G.18)

1 : 1" 1 2 e 1 2(1- m) 1
%91 + 51;7(9090 +60%) + fob1 + T;‘n;flgo —=Z8,f] - 6.f5 + (3.19)

1+m 1+m

8y =0,

£1(0) = f{(0) = 8{(0) = 0,

fi () = 6,() = fy() > 1, (3.20)
8o (c0) = 0.

Second order system (0(%)):

1 tre 1144 [4 1 ¥ 1 1t 2 14 3— 7
f3" = eBofy" + Oufg" + Obf!' +0ifs) + fof ' + = f161 + T f20 +
8, —=2g.f) =0, (3.21)

i+m

2(1 m) Wem)g oo 3(1-m) 8, fy = (3.22)

1+m

205 + y(8,01 + 6,6y + 26100 + fo85 —

0,
£,(0) = £7(0) = 6,(0) = 0,
f3(0) = () - 0. (3.23)

Now by using the perturbation expansion Eq. (3.14) into skin friction coefticient and

Nusselt number in Eq. (3.12) and Eq. (3.13) respectively, have the following forms,

T2 2 f10) + ££(0) + 0(£2), (3:24)

1
VZ(1+m) Cfx €x

T N . (3.25)
L4 pg 72 09(0)+£61(0)+0(§2)’

Solution for § > 1:

Given the fact that 8 = 0(§™1) as & — x, it is important to determine the proper
scaling for f andn. As a result, the dependent and independent variables are

substituted as follows:



f=&f=0 06=¢7'9, f=&n (3.26)
Substituting these transformations into Eqns. (3.7) - (3.9) and removing the hats for

simplicity, we have

(L+€0)f" +€0'f" + 2§72 + 1= f?] + (1 +e0)*f" =

1:11_1_ -1 1?_[_: - nr?_)i (327)
5

1 g L a2 TR ALY T WV YR Sl L | 188 '_a_[, 328
—(1+y6)0" +-y0 + 0"+ &7 = —¢ (f 3% 6 af)- (3.28)
The corresponding boundary conditions are

f(fi 0) = f’(fi O) = 019,(61 O) = —1' f’(fr OO) i 1;9(§: OO) - 0. (329)

Now by using regular perturbation method and expand the functions f(§, n)and 6 (€, n)

in powers of £~ as shown below.

fE ) =Z2o¢7 fin), 8(5,m) = X267 6,(m). (3.30)

When we plug the following expansions into Eq. (3.27) and Eq. (3.28) and take terms
up to O (€72%), we obtain

Zeroth order system (0(§%)):

(L+e60)fs" + €0ofo’ + fo' =0, (3.31)
—(1+ 780085 +--v6F + 65 =0, (3.32)
fo(0) = f5(0) = 0,6,(0) = -1, fo(®) = 1,84(c0) - 0. (3.33)

First order system (O(£71)):

(1+eB0)f" +e(O1f" + [0 + f0) + (2= fofy' + 21— f2y + (334

1+m
1") —_ O.

1 17 rnt ' 2 S
= (1+y80) + =¥ (8,00 +20165) + 6] + ——£,6/ = 0, (3.35)

m

f1(0) = f{(0) = 6;(0) = 0, f{(c0) = 6,(0) > 0. (3.36)



Second order system (0(&72)):

(L+e6y)f," +e(0Lfl" + 0,03 +05fy +01f +6, )+ f, +

4+ 2(3 1)
T fofi + Ay + R f1f =0, (3.37)
—(1+¥6,)8; + -}}-T—y(ela{' + 6,60 + 652 + 26,65) + 0} + = f,6] —
f2(0) = £;(0) = 8;(0) = 0, f;(0) = 8,(0) - 0. (3.39)

The asymptotic values of the local skin-friction (Cf,) and the local Nusselt number

(Nu,) may be determined using the following relationships:

(3.40)

o CeRe, = S E 0 + €70+ ],

2 Nuy _ £ 340
14m g2 By 0HE20, 0+

The non-linear system of perturbed equations are simulate numerically for different

ordered systems by using Matlab built in routine bvp4c. The simulated results for Cf,
and Nu, are presented in Table 3.1 and Table 3.2 and compared them with [37] and

find close agreement.



Table 3.1: Comparison for the local skin friction coefficient

§ £=00 £=05
7=0 y=0.3 y=0 y=0.5
37] Present [37] Present | [37] Present | [37] Present
0.0 | 1.0389 | 1.0389 1.0389 | 1.0389 |1.0389 |1.0389 | 1.0389 |1.0389
02 | 1.1540 | 1.1501 1.1540 | 1.1501 | 1.0378 | 1.0377 | 1.0378 | 1.0377
04 | 12692 | 12612 1.2692 | 1.2612 |1.0368 | 1.0365 | 1.0368 | 1.0365
0.8 | 1.4995 |1.4836 1.4995 | 14836 | 1.0348 | 1.0342 | 1.0348 | 1.0342
1.0 | 1.6146 | 1.5947 1.6146 |1.5947 |1.0338 |1.0330 | 1.0338 |1.0330
Table 3.2: Comparison for the local Nu,
=00 =05
'3 y=0 y=05 y=0 y=05
[37] Present | [37] Present | [37] Present | [37] Present
0.0 1 0.5604 | 0.5605 |0.5604 | 0.5604 | 0.5604 | 0.5605 | 0.5604 | 0.5605
0.2 1 0.6503 |0.6411 |05875 | 0.5822 [0.6357 |0.6352 |0.5756 | 0.5754
0.4 {07744 |0.7488 |0.6174 | 0.6056 | 0.7344 | 0.7330 | 0.5917 | 0.5911
08 | 1.2524 | 1.1280 |0.6872 | 0.6587 | 1.0648 | 1.0589 |0.6266 | 0.6253
1.0 | 18116 | 1.5104 |0.7284 | 0.6889 | 1.3739 | 1.3616 |0.6457 | 0.6439
3.2 Experimental Design

3.2.1 Response Surface Methodology (RSM)

The selected input parameters along with their levels according to CCD are presented
in Table 3.3.




Table 3.3: Design input factor and their level.

Levels
Type Factor Symbol -1 0 1
Input ¢ A 0 5 10
Factors : B 0 025 05
Y C 0 0.25 0.5

Table 3.4: Experimental design and measured responses.

Experiment | Point
number type Coded values Real values Responses
A B C 3 & r Cty Nu,
1 Factorial | -1 | -1 | -1 0 | 0.00 | 0.00 | 1.0389 | 0.5605
2 1L | -1 | -1 | 10 [ 0.00 | 0.00 | 10.1333 | 7.0400
3 -1 1 -1 0 | 050 | 0.00 | 1.0389 |0.5605
4 I 1 | -1 | 10 | 050|000 {59463 |7.0338
5 -1 -l 1 0 | 000 | 050 {10389 |0.5605
6 l -1 I 10 | 0.00 | 0.50 | 10.1333 | 2.1204
7 -1 1 1 0 | 050 | 050 |1.0389 |0.5605
8 1 1 1 10 | 0.50 | 0.50 |3.0195 |2.0817
9 Axial -1 10 0 0 | 025|025 | 1.0389 |0.5605
10 ! 0 0 10 ] 025 | 0.25 | 7.5405 | 4.5484
11 0 | -1]0 5 1000|025 52681 |23682
12 0 1 0 5 | 050 | 025 26457 |2.3447
13 0 0 | -1 S 1025 000 39457 |3.5770




14 0 0 | 5 1025|050 |2.8093 | 1.2508

[y}
o
n
o
~I

15-20 Centre | 0 0 0 51025 | 025 | 35164

3.2.2 Analysis of variance (ANOVA):

ANOVA specities which terms of the equation in correlations should be preserved.
All the statistics for Cf, and the Nu, are determined using ANOVA, which are
reported in Table 3.5 and Table 3.7 respectively. Each term of Eqn. (2.2) has a
specific P-value and F-value. All the P-value and F-value are depicted in Table 3.5
and Table 3.7. In case of skin friction coefficient the coefficient of determination (R?)
and adjusted coefficient of determination (Adj R?) of the RSM model were found as
99.12% and 98.33% respectively. The F-test result is 125.39 indicating that the model
is significant. However, in case of coefficient of determination(R?) and adjusted

coefficient of determination (Adj R?) of the RSM model are 99.99 % and 99.97%

respectively.
Table 3.5: ANOVA for (a) Cf, (b) Nu,
Source DF Adj SS Ady MS F-Value P-Value
@
Model 9 141.119 15.6799 125.39 0.000 Significant
Linear 3 120.756 | 40.2520 | 321.89 0.000 -
Square 3 2.258 0.7526 6.02 0.013 -
Interaction |3 18.105 6.0350 48.26 0.000 -
Error 10 1.251 0.1251
Lack-of-Fit | § 1.251 02501 |* * Significant
Pure Error | 5 0.000 0.0000 -
Total 19 -




(b)

Model 9 67.3445 | 74827 7863.28 | 0.000 Significant
Linear 3 54.9666 | 18.3222 | 19254.03 | 0.000 -
Square 3 0.1962 0.0654 68.74 0.000 -
Interaction |3 12.1817 | 4.0606 4267.08 | 0.000 -
Error 10 0.0095 0.0010 -
Lack-of-Fit |5 0.0095 0.0019 * * Significant
Pure Error | 5 0.0000 0.0000 -
Total 19 67.3540 -

Table 3.6: Estimated Regression coefticients for (a) Cf, (b) Nu,

Terms Coefficient Significant

(a)
Constants 3.577 Yes
A 3.158 Yes
B -1.392 Yes
C -0.406 Yes
A? 0.621 Yes
B? 0.289 No
c? -0.291 No
AB -1.413 Yes
AC -0.366 Yes
BC -0.366 Yes

R%? =99.12% Adj R* = 98.33%




(b)

Constants 2.3621 Yes
A 2.00218 Yes

B -0.00684 No

C -1.21979 Yes

A? 0.1813 Yes
B? -0.0167 No

c? 0.0408 No
AB -0.0056 No
AC -1.2340 Yes
BC -0.0041 No

R% =99.99% Adj R? =99.97%

3.3 Sensitivity Analysis

The significant factors for Cf, are A, B,C, A%, AB,AC and BC while A,C, A% and AC

arc important terms for Nu,. Hence, mathematical Eq. (2.2) for Cf, and Nu, can be

written as,

Cf, =3.577 + 3.1584 — 1.392B — 0.406C — 1.4134B — 0.366AC — (3.42)
0.366BC + 0.61242,

Nu, = 2.3621 + 2.002184 — 1.21979C — 1.2340AC + 0.181342. (3.43)

The sensitivity of the response variables (Cf,) and (Nu,) to the input factors 4, B and
C can be derived from Eqn. (3.42) and Eqn. (3.43) as a first rate of change and is

given by,
;%(Cfx) = 3.158 + 1.2424 — 1.413B — 0.366C, (3.44)

= (Cf) = —1392 — 1.4134 - 0.366C, (3.45)



2 (Cf,) = —0.406 — 0.3664 — 03668, (3.46)

5"; (Nu,) = 2.00218 + 0.36264 — 1.2340C, (3.47)
A = 3.48)
= (Nu,) =0, (

2 (Nuy) = -1.21979 — 123404, (3.49)

The Cf, and Nu, for variations in £, ¢ and 7 are given in Table 3.7 and Table 3.8. Fig.
3.1 and Fig. 3.2 present the sensitivity of output responses. The positive bar chart

indicates that the responses are increasing by increasing the input parameters.

Table 3.7: Sensitivity analysis of Cf, when 4=().

B c acf,/dA aCf,/oB aCf./dC
1 4.937 -1.026 -0.04
-1 0 4571 1392 -0.04
1 4205 -1.758 -0.04
1 3524 -1.026 -0.406
0 0 3.158 1392 -0.406
1 2792 1.758 20.406
1 2111 -1.026 -0.772
1 0 1.745 1392 0.772
1 1379 1758 -0.772




Table 3.8: Sensitivity analysis of Nu, when B=0.

0 1

A C dNu,/d0A oNu, /0B dNu, /dC
-1 2.87358 0 0.01412
-1 0 1.63958 0 0.01412
1 0.40558 0 0.01412
-1 3.23618 0 -1.21979
0 0 2.00218 0 -1.21979
I 0.76818 0 -1.21979
-1 3.59879 0 -2.45379
i 0 2.36478 0 -2.45379
] 1.13078 0 -2.45379
(a)s - Sensi(ivi£y oAl (b) T- Scnsitivi@ to A
- 58 Sensitivity to B 47 ek Sensitivity to B
[ ISensitivity to C L_ISensitivity to C
4¢ ,
3
3 {
z z 2
=z al -z
A 1t A
0
O o
gt -1
2 _ 2




(a)

b
¥ ]

[ O]

Sensitivity
L

0

2.5

Sensitivity

Figure 3.1: Sensitivity plot for Cf, with 4=0(a) B=-1 (b), B=0
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3.4 Discussion of the Results

The findings of the sensitivity analysis of viscous fluids flowing over a porous wedge
are discussed in this section. The governing equations {37] are transformed into
boundary layer equations by using similarity transformation. These obtained
equations are non-linear ODEs. Then we have solved these non-linear equations by
using regular perturbation method for small as well as § and solved numerically by
using bvpdc. The numerical results are compared with those presented in [37] and

arranged this comparison in Table 3.1 and Table 3.2 and found well agreement.

While discussing the sensitivity it is also important to consider the residuals and lack
of fit. ANOVA and data entry into analytical tools are used to generate residual plots.
These plots are showed in Fig. 3.3 and Fig. 3.4. These figure shows that the
histograms are less skewed and more comparable to a symmetrical distribution. When
the residual diagrams are compared to the fitted values, the observed and fitted values
show a strong connection. The highest residuals among all responses are observed to
be in the proximity of 0.25 and 0.075 for the C fr and Nu, respectively. As it is clear
from the figures as by increasing the observation order, residual of both Cf, and Nu,

N
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decreases it shows that probability plots are in good agreement. [t also shows the best

correlation between fitted values and observed values. The plots between residual and

fitted values show the maximum deviation for both Cf; and Nu, which implies the

accuracy of the model.
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Figure 3.4: Normal probability plot, histogram and residuals for Nu,
R-squared (R?) and adjusted R-squared (Adj R?) for both responses, such as Cf, and
Nu, which are presented in Table 3.5 and Table 3.6. R? and Adj R? provide
information on the goodness of fit Response Surface Methodology. It is clear from
Table 3.5 and Table 3.6 that R? and Adj R? have large values, indicating that the

independent output responses and input parameters are perfectly correlated.




As perceived in Figs. 3.1(a) — 3.2(c), sensitivity of Cf, to the suction parameter is
positive for all values of the thermal conductivity. This means that skin friction
coefficient will increase by increasing the thermal conductivity. From Fig. 3.1(a) it
can be observed that the sensitivity of Cf; to the thermal conductivity radiation and
viscosity variation parameter is negative for all values of thermal conductivity
radiation. This will result in decrease of skin friction coefficient with an increase of

these parameters.

Fig. 3.1(b) shows that the sensitivity of Cf, to suction parameter is positive whereas it
is negative both for thermal conductivity radiation and viscosity variation parameter
for the entire central composite design. Figure 3.1(c) displays similar behaviour both
for suction parameter and thermal conductivity radiation for the entire design whereas
a mixed behaviour is observed for viscosity variation parameter. Here we can
conclude that skin friction coefficient will rise by increasing variation of both suction
parameter and thermal conductivity radiation. Whereas skin friction coefficient will

increase and then decrease with viscosity variation parameter.

The sensitivity of the Nu, in details that is represented in Fig. 3.2(a) — (¢). It is
perceived from Figs. 3.2(a) to 3(c) that sensitivity of Nu, to the suction parameter is
positive for all values of suction parameter. This means that Nu, will increase by
increasing the suction parameter. Figure 3.2(a) displays positive sensitivity for suction
parameter for the entire design whereas a mixed behaviour is observed for thermal
conductivity radiation. From Fig. 3.2(b) it can be observed that the sensitivity of Nu,
is positive to the suction parameter and negative to the thermal conductivity radiation
for all values of suction parameter. This will result in increase of Nu, with an
increase of suction parameter and decrease in Nu, by increasing the thermal
conductivity radiation. Fig. 3.2(c) shows the same positive sensitivity of the Nu,
towards the suction parameters for all values of viscosity variation parameter and vice
versa for thermal conductivity radiation. Since Nu, is independent of viscosity

therefore we do not discuss sensitivity of Nu, to viscosity variation parameter.



Figure 3.5: Contour plot of Cf, when (a) C=0 (b) B=0 (¢) A=0



Figure 3.6: Contour plot of Cf, when B=0).

The 3D combined surface contour plots of Cf, and Nu, are depicted in Fig. 3.5 and
Fig. 3.6 respectively. The effects of & and the ¢ on the Cf, for C=0 are displayed in
Fig. 3.5(a). It is found that, minimum Cf, occurs for the lower level of £ and higher
level for &. The effects of & and y for B=() are examined in Fig. 3.5(b). It can be
observed that minimum Cf, occurs for lower level of ¢ and higher level of y whereas
maximum value is achieved for higher level of & and lower level of y. Fig. 3.5(c)
shows the effects of the ¢ and y for A=0. It is indicated that Cf, is minimum for high
level of both ¢ and y however Cf, is maximum near lower level of ¢ and higher level

of y.

As Nu, is independent of viscosity variation parameter (¢) so we will only discuss the
variation of ¢ and y. It is clear from Fig. 3.6 that maximum Nu, occurs for higher
level of & and lower level of y and minimum Nu, occurs near lower level of € and

higher level of v.



Chapter 4

Tangent Hyperbolic Nanofluid Flowing over a

Wedge

The transport performance for a convective nanofluid with mass and heat transter can
be measured through Nu,, Shy, and Cf,. The purpose of the present chapter is to
explore the sensitivity analysis of such performances for magneto-hydrodynamics
(MHD) non-Newtonian nanofluid flow using Tangent hyperbolic fluid model. The
equations governing the flow problem are coupled nonlinear PDEs. By using suitable
similarity transformation the non-linear PDEs are converted into system of ODEs and
then solved theses ODEs by using numerical technique bvpde. The results give good
agreement with [77]. In order to make the sensitivity analysis of Nu,, Sh,, and Cf,,
first of all derive émpirical relations for these quantities using résponse surface
methodoldgy. The goodness of fit for empirical relations is decided on the basis of
coefficient of determination ANOVA table. The éomprehensive discussion based

graphs and table are made and empirical relation is developed on this based.

4.1 Mathematical Formulation

In this chapter the problem of non-Newtonian tangent hyperbolic nanofluid flowing
over a wedge is considered. The simplified form of governing equations is those
formulated in [77]. The govemning PDEs for non-Newtonian tangent hyperbolic

nanofluids are considered due to [77] are follows,

%-&%:O, 4.1
%+ug§+ug—;=%%+Ue§%+vf((l—-n)+\/§ny%)%%+

(3 +#)0-0
i—:+u%+ u%:af%+(Dg—;z—§+%(%)z), (4.3)
%+1t§%+v%:D%+%% (4.4)

The associated boundary conditions are as follows,



ac ,
u(x,0,8) = u, (x,t), v(x,0,t) =0, T(x,0,t) =T, (x, 1), (Da‘*' (4.3)

D o

bt =0

Too ay) (X,O,t)

u(x,,t) = U,(x,t), T(x,,t) = Ty, C(x,00,t) = Co. (4.6)

B, denotes the magnetic fields, o refers to electrical conductivity, vy denotes the fluid

kinematic viscosity and a; refers to fluid diffusivity. We consider the stream function
w(x, y) which satisfies u = %l)lf- andv = —-g—lf. To convert Eqns. (4.1) to (4.4) into sets

of ODEs the following similarity transformations are considered as,

_ o uermy o [2xvsUe _ T-Ty _ C-Cw (4.7)
n=y ’va = ,/——Hm FOn, 6m) = —>, ¢(m) = —>.

By using the similarity transformations in Eqn. (4.7) the Eqns. (4.2) to (4.4) are

transformed into set of non-linear ODEs as follows,

(A =n) +nWeTFmf" ) f" +ff" + = (L= f D) + 7= (2-2f =nf )+ ()

1+m
-1
2(Mg+Da )(1 ~fy=0,

1+m
L g ‘& 2 pg _2m g A \ = 49
10" +NbO +NtO” + f§ — 29— ——(260+76 ) =0, (4.9)
¢ +1-0" + Prie(fo’ - 2 f'¢) — ——PrLe(2¢ +n¢’) = 0. (4.10)

The associated dimensionless boundary conditions are,

£(0) =0, f'(0) =1y, 6(0) =1, Nbp (0) + Nt8'(0) = 0, (4.11)

f'(0) = 1, 8(0) = 0, ¢(o0) > 0. (4.12)
3/'

Where, m designate the Falkner-Skan exponent, We = y;_; 1s Weissenberg number,
vVf

v .
Prandtl number denotes by Pr = a—f, Lewis number Le = fvi, the unsteady parameter
f

A=—to oy, =U

hxm-1 g prU

o D(Tw=Too) - ;-
represents magnetic field parameter, Nt = Pw=Te0) 1 dicates
woVf
. D(Cy—C. . .

the thermophoresis parameter, Nb = ‘:’—“’) shows the Brownian motion parameter,
!

Vf').'
KU,

b . . .
y = - represents the velocity ratio parameter and Da™! = mentions to Darcy

number.

Now, Cf,. Nu, and Sh, are expressed as,



_ TywX = qwX — _ dm* (4.13)
Che = Gap N = St and Shy =200

In the above Eqn. (4.13), ,, shows surface shear stress, q,, represents heat transfer and
gm denotes the mass transfer.

In non-dimensionless form the Cf,, Nu, and Sh, are formulated as,

1
ReiCf, = (VIFm(1 - n)f"(0) + Z=nWef " (0)?) (4.14)
1
RezNu, = —J1 + m8’(0), (4.15)
'l .
RezSh, = —v1 + m¢’(0), (4.16)
where, Re = zULe:, represents Reynolds number.

4.2 Experimental Design
4.2.1 Response Surface Methodology (RSM)

In this chapter the selected input parameters are the Weissenberg number (We), the
thermophoresis parameter (Nr), and the Brownian motion parameter (Nb). The symbol

and their ranges and represented in Table 4.1.

Table 4.1: Design input factor and their level.

Levels
Type Factor Symbol -1 0 !
We A 0 25 5
Input Nt B 0.1 0.5 1
Factors
Nb C 0.1 0.5 1

The goodness of fit for the response surfaces Cf,, Nu, and Sh, is decided on the

basis of ANOVA. The detail of ANOVA is given in next section.




Table 4.2: Experimental design and measured responses.

Experiment | Point Coded Real values Responses
number type values
4B ,C We | Nt | Nb Cfy Nu, Shy

! Factorial | -1 | -1 | -1 | O | 0.00 | 0.00 | 22384 | 6.5074 | -6.5074
2 L -1 -11 10 | 0000009085 |6.3138 |-63138
3 Ly b p-t] 0 105000022384 | 31318 | -31.318
4 11 {-1] 10 {050 0.00|9.0737 |3.0853 |-30.8532
5 I 0 | 0.00 | 05022384 | 6.6296 | -0.6630
6 Li-17 1110|000 050]90739 |6.3921 | -0.6392
7 Sl 0 1050 | 0.50 {22384 | 3.1423 | -3.1423
8 1P P 1] 101050 05090738 |3.0928 | -3.0928
9 Axial -1 0 {0 | 0 |025(025]22384 | 40536 |-4.0536
10 L1010 10 1025025190745 |3.9735 | -3.9735
11 0 -1]0] 5 (00002572997 | 63740 | -1.1589
12 O L0 5 [050]025]72997 |3.0929 |-56234
13 010 -1] 5 (02500017297 |39712 |-21.8416
14 0101 5 102505072997 | 39896 | -2.1943

15-20 Centre | 0101 O 510251025 {72997 | 3.9804 | -3.9804

4.2.2 Analysis of Variance (ANOVA)

For Cf, the following factors are significant A, B, C, A%, AB, AC and C . For Nu, the
following terms A, B,C, A%, B? BA and BC are important and for Sh, the following
factors B,C,C? and BC are significant. Hence, mathematical Eqns. (2.2) can be

rewritten as.




Cf, = 7.29954 + 3.41895 A — 0.001200 B - 0.001160 C - (4.17)
0.001500 AB — 0.001450 AC + 0.001475 BC — 1.64284 A%,

Nu, = 3.97745 — 0.060724 — 1.66718B + 0.02369 C + 0.041894B —  (4.18)
0.02281 BC + 0.04054% + 0.7604B8%,

Sh, = —4.147 — 5.875 B + 8.710 C + 5.552 BC — 7.62 C*. 4.19)

Table 4.3 shows the statistical estimators for the simplified models of Cf,, Nu, and
Shy. It is clear that all of the simplified models have goodness of fit because
coefficient of determination for the models for Cf,, Nu, and Sh, are 100%, 99.99%
and 97.73% respectively as given in Table 4.4. After having best fitted model for the
response surface Cf,, Nu, and Sh, we focus on our next objective of the sensitivity

analysis which is described in next section.

Table 4.3: ANOVA for (a) Cf, (b) Nu, (c) Shy

Source DF Adj SS Adj MS F-Value P-Value

(a)

Model 9 130.379 | 14.487 5376082.3 0.0001 Significant
Linear 3 116.892 | 38.964 14459911.90 | 0.0001 -

Square 3 13.487 4.496 1668328.83 | 0.0001 -
Interaction {3 0.000 0.000 6.46 0.010

Error 10 0.000 0.000

Lack-of-Fit | 5 0.000 0.000 * * Significant
Pure Error | 5 0.000 0.000 -

Total 19 130.379 -




(b)

Model 9 309759 | 3.4418 9166.77 0.000 Significant
Linear 3 278374 192791 2471391 0.000 -

Square 3 3.1201 1.0400 2770.01 0.000 -

2-Way 3 0.0185 0.0062 16.40 0.000 -
Interaction

Error 10 0.0038 0.0004 -
Lack-of-Fit | S 0.0038 0.0008 * * Significant
Pure Error | S 0.0000 0.0000 -

Total 19 30.9797 -

()

Model 9 1585.51 176.168 47.80 0.000 Significant
Linear 3 1103.87 | 367.168 99.84 0.000 -

Square 3 23498 78.325 21.25 0.000 -

2-Way 3 246.66 82.221 2231 0.000 -
Interaction

Error 10 36.85 3.685 -
Lack-of-Fit | 5 36.85 7.371 * * Significant
Pure Error | 5 0.00 0.000 -

Total 19 1622.37 -




Table 4.4: Regression numbers for output responses (a) Cf, (b) Nu, (c) Shy

Terms Coefficient P-value Significant
()

Constants 7.29954 0.000 Significant
A 3.41895 0.000 Significant
B -0.001200 0.043 Significant
C -0.001160 0.049 Significant
A? -1.64284 0.000 Significant

B? 0.000409 0.688 Not Significant

c? 0.000409 0.688 Not Significant
AB -0.001500 0.027 Significant
AC -0.001450 0.032 Significant
B8C 0.001475 0.029 Significant

R? = 100.00% AdjR* = 100:00%
(b)

Constants 3.97745 0.000 Significant
4 -0.06072 0.000 Significant
B -1.66718 0.000 Significant
C 0.02369 0.003 Significant
A? 0.0405 0.006 Significant
B? 0.7604 0.000 Significant

c? 0.0074 0.542 Not Significant
AB 0.04189 0.000 Significant

AC -0.00586 0.421 Not Significant
BC -0.02281 0.008 Significant




R? = 99.99% Adj R? = 99.98%
(c)
Constants -4.147 0.000 Significant
A 0.081 0.896 Not Significant
B -5.875 0.000 Significant
C 8.710 0.000 Significant
A? 0.38 0.747 Not Significant
B? 1.01 0.405 Not Significant
c? -7.62 0.000 Significant
AB 0.037 0.957 Not Significant
AC -0.037 0916 Not Significant
BC 5.552 0.000 Significant
R? = 97.73% Adj R? = 95.68%

4.3 Sensitivity analysis

This section is to examine the sensitivity of output responses/variables( Cf;, Nu, and

Shy) to input independent parameters (We, Nt and Nb). Table 4.4 shows the

regression coefficients for Cf,, Nu, and Sh, respectively. The sensitivity functions

developed below can be used to analyze the sensitivity of output responses with

regard to input factors 4, B, and C.

5‘-’;(6[‘) = 3.41895 — 0.001500 AB — 0.001450 C — 3.28568 4, (4.20)

aB

i(Cﬂ) = -0.001200 - 0.001500 4 + 0.001475¢C,

;;(Cfx) = —0.001160 - 0.001450 4 + 0.001475 B,

= (N1,) = ~0.06072 + 0.041898 + 0.0814,

(4.21)

(4.22)

(4.23)




%(Nux) = —1.66718 + 0.041894 — 0.02281 C + 1.5280 B,

2 (Nuy) = 0.02369 —0.02281B,

a —
2 (Shy) =0,

2 (Shy) = —5.875 +5.552C,

??E(S"x) =8.710 + 5552 B — 15.24 C.

(4.24)

(4.25)

(4.26)

4.27

(4.28)

The sensitivity of Cf;, Nu, and Sh, against variations of We, Nt and Nb are enlisted

in Table 4.5, Table 4.6 and Table 4.7 respectively.

Table 4.5: Analysis of sensitivity for output responses Cf, when 4= 0.

B c aCf/0A acCf,/oB aCf/acC
-1 3.4204 -0.002675 -0.002635
-1 0 3.41895 -0.0012 -0.002635
1 3.4175 0.000275 -0.002635
-1 3.4204 -0.002675 -0.001160
0 0 3.41895 -0.0012 -0.001160
1 3.4175 0.000275 -0.001160
-1 3.4204 -0.002675 0.000315
| 0 3.41895 -0.0012 0.000315
| 3.4175 0.000275 0.000315




Table 4.6: Analysis of sensitivity for output responses Nu, when 4= 0.

B C dNu, /oA dNu, /0B dNu,/oC

-1 -0.10261 -3.17237 0.0465
-1 0 -0.10261 -3.19518 0.0465
1 -0.10261 -3.21799 0.0465

-1 -0.06072 -1.64437 0.02369

0 0 -0.06072 -1.66718 0.02369

l -0.06072 -1.68999 0.02369

-1 -0.01883 -0.11637 0.00088

| 0 -0.01883 -0.13918 0.00088

1 -0.01883 -0.16199 0.00088

Table 4.7: Analysis of sensitivity for output responses Sh, when 4= 0.

B c aSh, /A aSh,/dB aSh,/aC
I 0 11427 18398

-1 0 0 5.875 3158
1 0 0323 12,082
iy 0 11427 23.95

0 0 0 5875 8710
1 0 0323 6.53
1 0 11427 29.502

1 0 0 5875 [4.262
I 0 -0.323 0,978

The obtained results are also portrayed graphically as Fig. 1 to Fig. 3. The discussion

of the obtained results 1s made in section S.
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4.4 Discussion of the Results

This section is meant for discussion of the results obtained for sensitivity analysis and
empirical development of transport performance quantities for tangent hyperbolic
nanofluid flowing over a wedge. The numerical solution of the problem are calculated
by Matlab built in routine bvpdc. The prime focus of this study is the sensitivity
analysis. In order to meet this objective, we have built expression for Cf,, Nuy
and Sh,.. CCD are used for RSM to construct the function between input factors and

output responses which are described in Egns. (4.18) — (4.20) respectively.

The sensitivity of the regression models to We, Nt and Nb is calculated and shown in
Figs. (4.1- 4.3). The sensitivity functions, Eqns. (4.21 - 4.29) may be used to
compute increasing or decreasing trend of the responses with regard to input
parameters 4, B and C. At A = 0, the sensitivity of Cf, for a factor is positive as the
height of the bar increases. The sensitivities of the Cf, for parametric variation are
illustrated in Fig. 4.1. Fig. 4.1(a) reflects that sensitivity of Cf, for We, Nt and Nb is
positive for all levels. Also it 1s cleared that the sensitivity of Cf, against We is the
highest for all levels such as low (-1), medium (0) and high (+1). However Nt and Nb
has little influence on Cf,. The effect of Nt for low level (-1) on Cf, is negligible in
the case B =0 and A = —1. Both the Figs. 4.1(b) and 4.1(c) showed the positive
sensitivity of We for all levels but negative sensitivity for Nt and Nb. Also it is
cleared that We is more sensitive as compared to Nt and Nb. Now we will discuss
sensitivity of Nu, to We, Nt and Nb. It can be noted that sensitivity of Nu, for We
and Nt comes out to be negative this means that they have a decreasing impact on
Nu,. This means that Nu,, decreases by increasing We and Nt. The sharp changes in
sensitivity of Nu, are observed against Nt whereas Nb and We do not have major
effects on Nu,. Finally, we will discuss the sensitivity of Sherwood number to We,
Nt and Nb. It is cleared from Fig. 4.3 that the sensitivity of Nt is always negative for
all level and each case which is depicted in Fig. 4.3 (a) to (¢). Which means that by
increasing the input parameter Nt the Sh, decreases. Also it can be seen that the
sensitivity of Shy to Nt is greatest at low levels and its sensitivity decreases as
approaching to high level. This means that by increasing Nt the Sk, decreases. Also it
is clear that the sensitivity of Shy, to Nb have a mixed behavior. The sensitivity of

Shy to Nb increases at low level (-1) and middle fevel (0) but it decreases at high



level (+1). The sensitivity of Nb is always greater for all case for low level (-1). There

is no any effect of We on Sh, because it is independent of We. So finally it is

concluded that by increasing Nb the sensitivity of Sh, also increases at low (-1) and

medium (0) levels but decreases at high (+1) level.
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To determine the accuracy between two variables it is necessary to deliberate the
residual graphical representations. ANOVA are used to describe these residual graphs
which are depicted in Fig. 4.4 to Fig. 4.6. The positive linear relationship in Fig.
4.4(a). Fig. 4.5(a) and Fig. 4.6(a) shows strongest relationship between input factors

and output responses. Fig. 4.4(b), Fig. 4.5(b) and Fig. 4.6(b) depicts the histograms of



residuals. The histograms are more comparable to normal curve and also less skewed.
This also shows the validation of the models while using ANOVA. Finally, Fig.
4.4(c), Fig. 4.5(c) and Fig. 4.6(c) displayed the graph of residuals verses observation
order for output responses. These graphs showed the strong relationship between
observed and fitted values. It also can be seen from figures that residuals are reduces

when observation order rises which follows that the probability plots are in good

relationship.

For a linear regression model, R-squared determines the proportion of the
variance in dependent variable explained by independent variables. The large value of
R? and Adj R? shows the perfect correlation between input factors and output

responses which can be seen Table 4.3 and Table 4 4.
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The contour plots of Cf,, Nu, and Sh, are represented in Fig. 4.7 to Fig. 49
respectively. The influence of input parameters Nt and Nb on response Cf, are

displayed in Fig. 4.7(a). It can be perceived that the maximum Cf, occurs near the



low level of Nr and Nb. Also the effect of We and Nb on Cf, are depicted in Fig.
4.7(b). It 1s comprehended that minimum Cf, occurs for both We and Nb at the low
level and also by increasing the We the Cf, increases from low to high level. The
level curves of Cf, show that Cf, increases by increasing We. Further notice that there
is negligible effect of Nb on Cf,. The effect of We and Nt on Cf, are shown in Fig.
4.7(c). The effects of these input parameters are nearly same as previously described

in Fig. 4.7(b).

The effect of Nr and Nb are displayed in Fig. 4.8 (a). It is observed that the maximum
Nu, arises near the low level for Nt and high level of Nb. As from Fig. 4.8(b) it is
observed that maximum Nu, occurs at low level of We and Nb. From Fig. 4.8(c) it is
observed that Nu, decreases and also it is clear from the figure that maximum Nu,
occurs for high level of We and low level of Nt The level curves of Nu, show a

decreasing trend.

As from Table. 4.7 it is cleared that Sherwood number is independent from the
parameter We, which means that there is no effect of We on Shy. So we will only have
one figure for Sh, which is presented in Fig. 4.9. It is cleared from Fig. 4.9 that Sh, is

maximum for high level of Nb and increases with ¥b and Nt.



Chapter 5

Casson Fluid Flowing over a Wedge

The sensitivity of Casson fluid flowing over a wedge is investigated in this chapter.
To perform sensitivity analysis a third order non-linear PDEs along with boundary
conditions are adopted from [78]. The governing PDEs are converted into ODEs by
using similarity transformation. These equations are simulated using numerical
technique bvpdc and then compared the values of Cf, and Nu, with [78] and found
excellent agreement. In order to make sensitivity analysis we need to derive the
empirical relations of these responses. RSM 1s used to obtain these responses. The
ANOVA for these correlations of Cf, and Nu, are performed. Finally, sensitivity
analysis is performed and tables and graphs are made to express the empirical

development of parameters and their effect.
5.1 Mathematical Formulation

In this chapter the problem of steady, two-dimensional, laminar boundary layer of a
non-Newtonian Casson fluid flowing over a wedge is considered. The simplified form

of governing equations is those formulated in [78].

ou  du _ 5.0
ax ay_o' ’
g %y ey, 1 4 L2 (5.2)
uax+v8y-Ue ax+vf(1+ﬁ)ay2'

LI Nt (5.3)
ugtve =K

The associated boundary conditions for aforementioned problem are follows by [78],
u=0,v=0T=T, aty=0, (5.4)
u=u(x)=x"T->Tyas y - . (5.5)

where Ty, denotes the temperature at wall and T,, is the ambient temperature.

Now by using the similarity transformation, Eq. (4.7), the above PDEs are converted

into set of non-linear ODEs as follows by [78].



1y o1 " Zm 12N 5.
A+ +ff o (A= =0, (56)
8" +f0' =0, (5.7)

where Pr =Y/, and g is the Casson fluid parameter. The associated boundary
conditions are as follows [78],

f'()=0.f(n)=068=1atn=0, (5.8)
f'm =1,08=0atn - oo, (5.9)

The numerical solution for the simplified governing equations with boundary

conditions is solved by bvp4c.

Table 5.1: Comparision of Cf, with literature [78 - 80].

m [78] [79] {80] Present results
-0.05 | 0213802 0.213802 0.213484 0.2135
0 0.332206 0.332206 0.332206 0.3321
0.33 0.75744 0.75758 0.75758 0.7543
1 1.232710 1.232710 1.232710 1.2326

Table 5.2: Comparison of Nusselt number (Nu,) with literature {78], [80 - 81].

Pr {78] [81] [80] Present results
0.0 | 0.051589 0.051590 0.051589 0.0515
l 0.332057 0.332057 0.332057 0.3321
10 0.728141 0.728148 0.728141 0.7281
100 * 1.571860 1.571832 1.5718
1000 | * 3.387100 3.387085 33871
10000 | * 7.297400 7.297400 7.2975




5.2 Experimental Design

5.2.1 Response Surface Methodology (RSM)

In this chapter, the experimentation parameters are the Casson fluid parameter (f3),
Falkner-Skan exponent (m) and the Prandtl number (Pr). Table 5.3 shows these
factors and their values as low (1), central (0), and high (+1). The correlations of Cf,

and Nu,, can be stated in the following general manner in terms of input parameters.

Cf;- =y + alA + azB + a»;C + allAB + aleC + a13BC + a21A2 + (5‘0)

azzBZ + azgcz.

Sh.x = Yo + Y1A + }’zB + Y3C + yllAB + yleC + ylgBC + }’21142 + (5! l)
V22B% + v23C2

The regression coefticients for output responses with coded and real values are shown

in Table 5.4.

Table 5.3: Input design factors and their levels.

Levels
Type Factor Symbol -1 0 +1
p 4 0.2 26 S
Input Factors n B -0.05 0475 1
Pr C 0.001 5.0005 10




Table 5.4: Experimental design and measured responses.

Experiment | Point | Coded values |  Uncoded values Responses
number type
A|B|C| B m Pr Cte Nu,

1 Factorial | -1 | -1 | -1 0 1000 0.00 | 0.13878 | 0.12541
2 1 -1 - 10 1000} 0.00 |-0.24335| 0.12462
3 ' S B B A 0 1050} 000 | 050323 | 0.12577
4 L1 ]-L| 10 050 0.00 | 1.12520 | 0.12603
5 -1 -1l 0 {000 | 0.50 | 0.13878 | 0.69859
6 . -1 1 10 10.00 | 0.50 |-0.24335 | 0.00000
7 ' |-l L L] 0 050) 050 | 050323 | 1.02290
8§ | | T[] 71] 10 [050] 050 | 112520 | 130400
9 ‘ Axial 11010 0 0.25) 0.25 | 0.41838 | 0.76250
10 11010 )] 10 [025{ 025 | 093524 | 0.97017
11 0(-1]0 5 0.00 | 025 |-0.22581 | 0.00000
12 0110 5 1050} 025 | 1.04750 | 0.99782
13 0|0 -l 5 1025} 000 | 0.87066 | 0.12597
14 0011 5 1025 0.50 | 0.87066 | 1.21280

15-20 Centre | 0 | 0| O 51025 0.25 | 0.87066 | 0.95004

5.2.2 Analysis of Variance (ANOVA)

To get the optimal polynomial correlations for the responses ( Cf, and Nu,j, multiple
regresstons are utilised. ANOVA is used to assess the regression model’s fit with

thirteen runs which is displayed in Table 5.4. Table 5.5 and Table 5.6 displays all of



the statistical estimators generated using the ANOVA method. Each of the Eqn.(5.10)
and Eqn. (5.11) has its own F-value and P-value. The variance of the data is
calculated using the F-value. If the F-value is greater the 1 then the input data is
accurate. Table 12.6 shows the statistical estimated regression coefticients for the
simplified models of Cfy, and Nu,. The ANOVA shows the results of R? =96.50%
and Adj R? = 93.35 % for Cf, and R? = 99.51 % and Adj R* = 99.07 % for Nu,.

Table 5.5: ANOVA for (a) Cf, (b) Nu,

Source DF Adj SS Adj MS F-Value P-Value

(a)

Model 9 3.88924 0.43214 30.66 0.000 Significant
Linear 3 2.34542 0.7818! 55.47 0.000 Significant
Square 3 1.03972 0.34657 2459 0.000 Significant
Interaction | 3 0.50411 0.16804 11.92 0.001

Error 10 0.14095 0.01410

Lack-of-Fit |5 0.14095 0.02819 * * Significant
Pure Error | 5 0.00000 0.00000 -

Total 19 4.03020 -

(b)

Model 9 0.599759 | 0.066640 | 225.09 0.000 Significant
Linear 3 0.415415 | 0.138472 | 467.71 0.000 Significant
Square 3 0.177889 | 0.059296 | 200.28 0.000 Significant
Interaction | 3 0.006454 | 0.002151 7.27 0.007 Significant
Error 10 0.002961 | 0.000296 -
lack-of-Fit | 5 0.002961 | 0.000392 * * Significant
Pure Error | 5 0.00000 0.000000 -

Total 19 0.602719 -




Table 5.6: Regression coefficients for (a) Cf, (b) Nusselt number (Nu,).

Terms Coetlicient P-value Significant
(a)
Constants 0.8468 0.000 Yes
4 0.0997 0.024 Yes
B 0.4739 0.000 Yes
C 0.0000 1.000 No
A? -0.1342 0.090 No
B? -0.4002 0.000 Yes
c? 0.0596 0.424 No
AB 0.2510 0.000 Yes
AC 0.0000 1.000 No
BC 0.0000 1.000 No
R? = 96.50% Adj R? = 93.35%
(b)

Constants 0.98986 0.000 Yes
A 0.01654 0.012 Yes
B 0.02070 0.003 Yes
C 0(.20209 0.000 Yes
A? -0.0303 0.015 Yes
B? 0.0036 0.734 No
C? -0.1712 0.000 Yes
AB 0.00239 0.703 No

AC 0.01358 0.050 No |
BC 0.02483 0.002 Yes




R? =99.51% Adj R* = 99.07%

5.3 Sensitivity analysis

The sensitivity of output responses Cf, and Nu, to input parameters wedge angle (),
Falkner-Skan exponent (m), and Prandtl number (Pr) 1s investigated in this section.
The regression coefticient of Cf, and Nu, are displayed in Table 5.6. The P-value
fess than 0.05 is statistically important and must be retained if not it will be
overlooked. Consequently, the skin friction coefficient is affected by A4, B, B2 and AB,
while the Nusselt number is affected byA,B,C,BC,A?and C%. As a result,

mathematical Eqn. (2.2) may be rewritten as follows:
Cf, = 0.8468 + 0.0997 A + 0.4793 B — 0.4002B% + 0.2510 AB, (5.12)

Nu, = 0.98986 + 0.01654A + 0.0207B + 0.20209 C + 0.02483 BC — (5.13)
0.03034% — 0.1712C%.

The sensitivity functions developed below can be used to calculate the growing or
falling tendency of the responses ( Cf, and Nu,) with regard to the input parameters
A, B,and C.

= (Cf,) = 0.0997 + 025108, (5.14)
a—"};(c,g) = 0.4739 — 0.80048 + 0.25104, (5.15)
= (Cf) =0, (5.16)
= (Nuy) = 0.01654 — 0.06064, (5.17)
= (N1,) = 0.02078 + 0.02483C, (5.18)
;E(Nux) = 0.20209 + 0.02483B — 0.3424C. (5.19)

The sensitivity of various values of input parameters £, m and Pr is calculated. The
sensitivity variation of output responses such as Cf, and Nu, are depicted in Table
5.7. The rising of bar chart in positive direction means the responses increase as by
increasing the input parameters and vice versa. As well as the height of the bar chart

increases the response becomes more sensitive to the input parameter. The sensitivity



plots of different input parameters for output responses are shown in Fig. 5.1 and Fig.

5.2
Table 5.7: Sensitivity analysis of Cf, and Nu, when A=0).
B ¢ | acf,/oA | 9Cf./aB | Cf,/dC | ONu,/dA | ONw, /B | dNu,/dC
-1 -0.1513 1.2743 0 0.01654 | -0.00405 | 0.51966
-1 0 -0.1513 1.2743 0 0.01654 0.02078 | 0.17726
l -0.1513 1.2743 0 0.01654 0.04561 | -0.16514
-1 0.0997 0.4739 0 0.01654 | -0.00405 | 0.54449
0 0 0.0997 0.4739 0 0.01654 0.02078 | 0.20209
| 0.0997 0.4739 0 0.01654 0.04561 | -0.14031
-1 0.3507 -0.3265 0 0.01654 | -0.00405 | 0.56932
1 0 0.3507 -0.3265 0 0.01654 0.02078 | 0.22692
1 0.3507 -0.3265 0 0.01654 0.04561 | -0.11548
b) g
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Figure 5.1: Sensitivity plots for Cf, with A=0, (a) B=-1
(b) B=0(c) B=1.
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Figure 5.2: Sensitivity plots for Nu, with A=(0(a) B=-1(b) B=0
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5.4 Discussion of the Results

This section is meant for the discussion of the results for the sensitivity analysis of
Casson fluid flowing over a wedge by using RSM. The governing non-linear
differential equations [78] associated with its boundary conditions are solved
numerically by using bvpdc. Then compare the obtained results of Cf.and Nu,with
already existing work and found excellent agreement which can be seen in Table. 5.1
and Table. 5.2 respectively. Another Prime focus of this study is the sensitivity
analysis of Cf, and Nu, for the parameters 8, m and Pr governing to the problem. In
order to meet this objective, we have used RSM to built expression for Cf, and Nu,
as functions of B, m and Pr which can be seen in Eqn. (5.12) and Eqn. (5.13)

respectively.

In order to perform sensitivity analysis, there is need to develop some empirical
relation among each of output variables and input factors. Empirical development is a
useful approach for obtaining correlations among output/response variables and input
variables. It has significance in several experimental analyses to develop empirical
model for viscosity and thermal conductivity ratio of nanomaterials. By using RSM
we have calculated the values of responses by regression models fit to twenty runs

which can be seen in Table 5.4. Both the coded and uncoded values may also by see



in Table 5.4. The ANOVA table for both Cf, and Nu, are depicted in Table 5.5 in
which all the corresponding F-value and P-value are specified. The regression

coefficient for Cf;, and Nu, is shown in Table 5.6.

Fig. 5.1 displayed the sensitivity analysis of Cf, for difterent parameters such as f8, m
and Pr. Fig. 5.1(a) shows the positive sensitivity of Cf, to m and negative sensitivity
of Cf,to B. Which means that the sensitivity of Cf, increases by increasing m and the
Cf, decreases as increasing . The large magnitude of sensitivity of Cf; relative to m
shows that Cf, is more sensitive to m whereas Cf, is less sensitive to f. The
sensitivity of Cf, for the case A=0andB =0 is shown in Fig. 5.1(b). The
sensitivity of Cfy to both B and m are positive for all values of B and m. It means that
Cf, will increase as by increasing both the parameters £ and m. It is cleared from the
figure that Cf, is more sensitive in comparison to S. Also in this case there i1s no effect
of Pr. Fig. 5.1(c) shows the sensitivity analysis of Cf, forA=0andB =1. £ has
positive sensitivity and m has a negative sensitivity which means that Cf, will be

increase by increasing £ and decreases as increasing the value of m.

Now, the sensitivity analysis of Nu, for the parameters 8. m and Pr are examine. Fig.
5.2 displayed mixed behaviour of sensitivity of Nu, to #, m and Pr. From figure, it
can be observe that there is a positive sensitivity of # on Nusselt number for all levels
which means that by increasing the value of B Nu, also increases. The small
magnitude of sensitivity function shows that Nu, 1s not much sensitive to f. Pr has
positive sensitivity for low (-1) and middle (0) levels and it has negative sensitivity
for high levels (+1) of Nusselt number. We can also conclude that Nu, is most
sensitive to Prandtl number (Pr) which means that the effect of Pr is much greater to
Nusselt number than others. Another interesting thing is that sensitivity function
shows a mixed behaviour with variation of Pr. This trend shows that optimization to

Nu, is affected greatly by Pr in comparison to parameters ff and m.

RSM demands the discussion of residuals, lack of it and level of residual with
observation order. Residual is the difference between fitted values and actual values.
Residuals are very important to check the accuracy of models. The residual plots are
shown for output responses Cf, and Nu, in Fig. 5.3 and Fig. 5.4 respectively. The
comparison of fitted values and residuals shows a good relation which assure the

perfect correlation between input parameters £, m and Pr and output responses Cf;



and Nu,. Lack of fit describes the unexplained records points within the regression
line when the models not succeed to express the relation between input variables and

out responses.

The residual plots are shown in Fig.5.3 and Fig. 5.4. The scatter plots for output
responses are shown in Fig. 5.3(a) and Fig. 5.4(a). The scatter plot depicts the
relationship between the input factors and the output responses. The strength of the
correlation between the two variables is important for scatter plots. When the slope is
1, the greatest linear connection arises. This indicates that as the input variables are
increased, the output responses grow at the same rate. As a result, Fig. 5.3(a) and Fig.
5.4(a) show a significant relationship between the input factors and the output
responses. The histograms in Fig. 5.3(b) and Fig. 5.4(b) have symmetrical scattering
and are less skewed, indicating that Cf, and Nu, have a good connection with the
input parameters. The observation order verses residuals of Cf, and Nu, are
represented in Figs. 53(c) and 5.4(c), respectively. The results also show that
increasing the observation order decreases the residual of the Cf, and Nu, ,
exhibiting strong relationship between the probability plots. The residuals graph
demonstrates the greatest volatility for both Cf, and Nu, , indicating that the model is

valid.

While discussing ANOVA and perfect correlation of input parameters and output
variables/response(s) it is important to describe R-squared (R?) and adjusted R-
squared (Adj R®). R? and Adj R? validates the goodness of fit for RSM. RZ =
96.50% and Adj R* = 93.35% for Cf, and R? = 99.51 % and Adj R? = 99.07 %
for Nu, show the best correlation between input parameters and output responses

which can be seen Table 5.6.
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Fig. 5.5 and Fig. 5.6 display the surface contour plot of predicted responses. The
effect of wedge angle (), Falkner-Skan exponent (m), and Prandtl number (Pr) on
output responses Cf, will discuss first. Table 5.7 clears that Cf, only depends on

wedge angle (#) and Falkner-Skan exponent (m). Cf, is independent from Prandtl



acf, . . . —
number (Pr) as acx = 0. So, we have only one surface-contour graph for Cf, which is

shown in Fig. 5.5. Fig. 5.5 shows the effect of B and m on Cf,. It is observed that
maximum value of Cf, occurs near high level of both § and m. And also the Cf,

decreases as approaching from lower level of # and higher level of m.

Fig. 5.6(a) displays the effect of Falkner- Skan exponent (m) and Pr. It is perceived
that minimum Nusselt number arises near low level of m and high level of Pr. Fig.
5.6(b) depicted the etfect of f and Pr on Nusselt number. As shown from the figure
that minimum Nu, occurs near the high levels of § and Pr and maximum Nu, arises
near the low level of both B and Pr. Finally, we will explain the effects of input
parameters m and B on Nu,. Fig. 5.6(c) shows the effect of m and B on Nu,. It is
observed that least value of Nu, take place near the low levels of m and . This

means that thermal properties are greatly affected by the variation of Pr, f and m.
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Figure 5.5: Surface-contour plot of Cf;
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Chapter 6

Magneto-Carreau Fluid over a Wedge

In this chapter, the sensitivity analysis and empirical modelling of magneto-Carreau
fluid flowing over a wedge by RSM is studied. The non-linear PDEs are adopted from
[82]. The transtormed PDEs are solved with MATLAB built in software bvpdc and
compared with [82-86] and found good agreement. These numerical values are then
used to design experimental models between input variables and output responses
with the help of statistical software MINITAB-19. RSM 1s used to develop an
empirical modelling for skin friction coetlicient and Sherwood number. By using
RSM, ANOVA tables are generated for input parameters We, Ha and [ for
skinfriction coefficient and Ha, Sc and y for Sherwood number. Sensitivity analysis
is performed for different output responses against their respective input parameters

and results are depicted in the form of tables and graph.
6.1 Mathematical Formulation
Consider the problem of non-Newtonian magneto-Carreau fluid flowing over a

wedge. The governing boundary layer equations for continuity, momentum and

energy equation are follows as [82],

du  dv _ 6.1
6x+6y—0' -
.n_—__l_
du o AUy o8 Puly o2 ()]
uax+vay =U.— (u Ue)+vay2[1+1" (d—y)] v(in—
. (6.2)
2 9%u (du)? 2 (]2
nr Oyl(ay) [1+r (6 )] !

2 9T 9T _ 1 9 19T 6.3
U TS = o k(M5 (6.3)

9, L9 _ paic_ 6.4
S+ v = DI = R(C ~ Ca) (6.4)

The temperature dependent thermal conductivity are expressed as,



k(T) = ko (14€ =), (6.5)

The boundary conditions for stated problem is follows by [82],
U=Ugyyy, V=0, T=T,+Ty, C=Cy+Cqp aty=0, (6.6)
u=U,(x)=Ux™ T ->T,, C-Cy,, asy — co. (6.7)

Where, u and v represents the velocity along x-axis and y-axis respectively. The
electrical conductivity is denoted by o, p denotes the fluid density, B, represents the
magnetic field, I' denotes relaxation time, 7 denotes fluid temperature, n is the power

law index, D denotes solutal and R is the chemical reaction parameter. Also, ug;y =

n—1
du

2135 _
Lé-; [1 +r? (%) ] represents the wall slip velocity, Tg;, = M (%, denotes thermal

. ac . ) . .
slip and Cgp =N é is the concentration slip. L, M and N are the velocity,

temperature and concentration slip factors.

The similarity transformations are followed by [82],

vy, Ml Ue(1+m) ™1
Yxy) = =Xz f(), n=y /——fix 7,

(6.8)
o =772, Cl) = ==
The stream function ¢ is defined as u = 3_1)/: andv = — % and the dimensionless
velocity components expressed by [82] are as follows,
w=Ux™f'(n), v = —f’—e(—l—f—”—T‘ix'“"z'—’[fm) =2y ) (©9)

By using the expressions in Eqn. 6.8 and Eqn. 6.9, the transformed non-linear linear
ODEs are [82],

(L4 nWe (L + We (YT f7 + fF7 4 B(1 = (f)?) + (6.10)
Ha* (1= f') =0,

(1+€ 8)8" + £(8')% + Prf8' =0, (6.11)

0" + Sc(f8' —yd) = 0. (6.12)



The transformed boundary conditions are followed by [82],

n-t

[1+wer(r )] ®

n

fO) =0, fl()=7

(6.13)
8(0) = 1 +%9'(0),
#(0) =1 +\/——¢ (0), f'(w)—>1, 6(x) >0, ¢(0)—0. (6.14)
The Cf,, Nu, and Sh, can be measured with the help of following relations,
(6.15)

T Xqyw Xqm
C, = ——, Nu, = —2*— Sh = ——»2—
fx = pul, /s X k(Tw-Tw)' " Dp(Cw—Co)

Tw. Gw and g, are wall shear stress, heat and mass flux respectively and given as,

ac
; oo —k , m - .—D — .
G ) oo GAl,, (616

=0

By using the dimensionless parameters Cf,. Nux and Sh,can be expressed

as, ReiCp, = ___f"(()) [1+we(F (@) ] Re“iNu, = 6.17)

2 f -
~ 7= (0) and Re™3Su, = — f——qb (0).

Table 6.1: Comparision of Cf,with literature [82-85].

m [82] [83] [84] [85] Present
0.0 0.4696 0.4699 0.4696 0.4696 0.4696
1711 | 0.6549 0.6574 0.6549 0.6550 0.6548
1/5 0.8021 0.8045 0.8021 0.8021 0.8021
1/3 0.9276 0.9298 0.9276 0.9277 0.9278
1.0 1.2325 1.2358 1.2325 1.2326 1.2326




Table 6.2: Comparision of Nu, with literature [82] and [86].

m [86] [82] Present

1711 0.4473 0.4473 0.4473

177 0.4569 0.4569 0.4569

1/5 0.4650 0.4650 0.4650

173 0.4781 0.4781 0.4781
6.2 Experimental Design
6.2.1 Response Surface Methodology (RSM)
RSM will design the model within a specific range, so it is necessary to define the

levels. The levels of input parameters and their symbol are displayed in Table 6.3 and
Table 6.4

Table 6.3: Design input factor and their levels for Cf.

Levels
Type Factor Symbol Low (-1) Middle (0) High (1)
We A 1 3 5
Input Ha B 0.1 0.55 i
Factors
B C 0.1 0.3 0.5
Table 6.4: Design input factor and their levels for Shy,.
Levels
Type Factor Symbol Low (-1) Middle (0) High (1)
Ha D 0.1 0.55 l
Input Sc E 0.5 0.75 1
Factors
V F 0.2 0.4 0.6




The experimental design for output response Cf, and Sh, are displayed in Table 6.5

and Table 6.6 respectively.

Table 6.5: Experimental design and measured responses for Cf,.

Experiment |  Point Coded values Real values Response
number type
A B C | We | Ha p Cfe

I Factorial | -1 -1 -1 1 0.10 | 0.1 0.6635
2 I -1 -1 5 0.10 | 0.1 0.4630
3 -1 1 -1 I 1.00 | 0.1 0.9030
4 1 1 -1 5 1.00 | 0.1 0.5916
5 -1 -1 ! I 0.10 | 05 0.9100
6 | -1 1 5 0.10 | 05 0.6102
7 -1 I ] l 1.0 | 05 1.0532
8 1 1 1 5 1.00 | 0.5 0.6898
9 Axial -1 0 0 1 055 | 03 0.8683
10 I 0 0 5 055 | 03 0.5794
i 0 -1 0 3 0.10 | 03 0.6426
12 0 I 0 3 1.o0 | 03 0.7599
i3 0 0 -1 3 055 | 0.1 0.6115
14 0 0 1 3 055 | 05 0.7580
15-20 Centre 0 0 0 3 0.55 03 0.6876




Table 6.6: Experimental design and measured responses for Sh,.

Experiment Point Coded values Real values Responses
number type
D E F Ha Sc 14 Shy

1 Factortal | -1 -1 -1 1010} 050 | 02 0.5810
2 1 -1 -1 | 100} 050 | 02 0.6013

3 -1 1 -1 {010 1.00 | 02 0.7193

4 1 1 -1 1100 100 | 0.2 0.7454

5 -1 -1 1 1010 050 | 06 0.6818

6 1 -1 I 1.00 | 050 | 0.6 0.6963

7 -1 1 1 1010 1.00 | 06 0.8363

8 [ | 1 | 1 |100] 100 | 06 | 08537
9 Axial -1 0 0 1010} 075 | 04 0.7202
10 | 0 0 | 100} 075 | 04 0.7396
11 0 -1 0 {055 050 | 04 0.6425
12 0 1 0 1055 100 | 04 0.7920
13 0 0 -1 1055075 | 02 0.6699
14 0 0 I 1055 075 | 06 0.7773
15-20 Centre 0 0 0 | 055 075 | 04 0.7282
Eqgn. (2.2) can be expressed as,

Cfe=ay+ a;A+ a,B + a;C + a AB + a1,AC + a;3BC + a,, A% + (6.18)

(yp B? + ay3C2
Shy =yo +y1A+ VB +y3C + vy AB + y,AC +y3BC + v, A% + (6.19)

V22B* + yy3C2




where a; .a;j, y; and y;; are unknown constants. These unknown coefficients can be

found by using RSM.

6.2.2 Analysis of Variance (ANOVA)

ANOVA will be performed with the help of statistical software MINITAB-19. By
using RSM, ANOVA calculate the R?, Adj R?, F-value, and P-value. Table 6.7
displayed the ANOVA result for different input factors and output variables. With the
help of Table 6.8, we will design a model for output response. We will only accept the
coefficient in Table 6.8 whose p-value is less than 0.05. The coefficients whose p-
value is greater than 0.05 is not statistically significant therefore will not consider. As

a result, mathematical Eqn. (6.18) and Eqn. (6.19) may be rewritten as follows:

Cf, = (0.68747) — (0.1464)A + (0.07082)B + (0.07886)C + (6.20)
(0.03657)A% + (0.01397)B% — (0.02181)AB — (0.01891)AC —
0.01816BC,

Sh, = (0.728195) + (0.00977)A + (0.074380)B + (0.052850)C + (6.21)
(0.001714)A4% — (0.010936) B2 — (0.004586)C? + (0.001087)AB —
(0.001812)AC + (0.003687)BC.

Table 6.7: ANOVA for (a) Cf, (b) Nu,

Source DF Adj SS Adj MS F-Value P-Value | Significant

(a)

Model 9 0.345976 | 0.038442 | 520.56 0.000 Yes
Linear 3 0.326673 | 0.108891 | 1474.56 0.000 Yes
Square 3 0.009996 | 0.003332 | 4512 0.000 Yes
Interaction |3 0.009307 | 0.003102 |42.01 0.000 Yes
Error 10 | 0.000738 | 0.000074

Lack-of-Fit |5 0.000738 | 0.000148

Pure Error | 5 0.000000 | 0.000000




Total 19 ] 0346714
(b)
Model 9 0.085213 | 0.009468 |29471.80 | 0.000 Yes
Linear 3 0.084210 | 0.028070 | 87373.92 |0.000 Yes
Square 3 0.000859 | 0.000286 | 891.51 0.000 Yes
Interaction | 3 0.000145 | 0.000048 | 149.95 0.000 Yes
Error 10 0.000003 | 0.000000
Lack-of- |5 0.000003 | 0.000001
Fit
Pure Error | 5 0.000000 | 0.000000
Total 19 0.085217

Table 6.8: Regression coefficients for (a) Cf, (b) Nu,
Terms Coetticient P-value Significant
(a)
Constants 0.68747 0.000 Yes
A -0.14640 0.000 Yes
B 0.07082 0.000 Yes
C 0.07886 0.000 Yes
A? 0.03657 0.000 Yes
B? 0.01397 0.022 Yes
c* -0.00253 0.636 No
AB -0.02181 0.000 Yes
AC -0.01891 0.000 Yes




BC -0.01816 0.000 Yes

R? =99.79% Adj R? = 99.60%
(b)
Constants 0.728195 0.000 Yes
D 0.009770 0.000 Yes
E 0.074380 0.000 Yes
F 0.052850 0.000 Yes
D? 0.001714 0.001 Yes
E? -0.010936 0.000 Yes
F? -0.004586 0.000 Yes
DF 0.001087 0.000 Yes
DF -0.001812 0.000 Yes
EF 0.003687 0.000 Yes
R?* = 100.00% Adj R? =99.99 %

6.3 Sensitivity analysis

By using Eqn. (6.20) and Eqn. (6.21) the sensitivity function of output responses
(Cfy and Shy) are developed in Eqns. (6.22- 6.27).

:—A(Cﬂc) = —(0.1464) + 2(0.03657)A — (0.02181)B — (0.01891)C, (6.22)
;E(Cfx) = (0.07082) + 2(0.01397)B - (0.02181)A4 — (0.01816)C. (6.23)
;f;(cfx) = (0.07886) — (0.01891)4 — (0.01816)85, (6.24)
5% (Shy) = (0.009770) + 2(0.001714)D + (0.001087)E — (6.25)

(0.001812)F,



g,% (Sh,) = (0.074380) — 2(0.010936)E + (0.001087)D + (0.003687)F, (6.26)

5"; (Shy) = (0.052850) — 2(0.004586)F — (0.001812)D + (0.003687)E. (6.27)

By using Eqns. (6.22 - 6.27) the sensitivity of various values of input parameter is

performed. Table 6.9 and Table 6.10 shows the sensitivity of Cf,and Sh,

respectively. These tables are utilized to plot bar graph of output response Cf, and

Sh, against various input parameters. The responses are more sensitive to the input

factors as the bar chart's height increases. The sensitivity graphs are shown in Fig. 6.1

and Fig. 6.2 for Cf, and Sh, respectively.

Table 6.9: Sensitivity analysis of skin friction coefficient when 4=0.

B C aCf,/0A aCf./dB aCf,/ac
1 -0.1057 0.0610 0.0970
1 0 20,1246 0.0429 0.0970
1 -0.1435 0.0247 0.0970
1 -0.1275 0.0890 0.0789
0 0 201464 0.0708 0.0789
1 20,1653 0.0527 0.0789
] -0.1493 0.1169 0.0607
1 0 -0.1682 0.0988 0.0607
I 201871 0.0806 0.0607




Table 6.10: Sensitivity analysis of Sh, number when D=0.

£ F 35h, /4D 35h.JaE 3Sh, JOF
i 0.0105 0.0926 0.0583

1 0 0.0087 0.0963 00492
i 0.0069 00999 00400
n 00116 00707 0.0620

0 0 0.0098 0.0744 0.0529
| 0.0080 00781 00437
7 00127 00488 00657

1 0 00100 00575 0.0565
i 0.0090 00562 00474

(a) o B )
0.05 ¢
% 005 | 7

017 |

IRRE




Sensiivity of Sh

.05+

X

2
§

Sensitivity to Cf

(¥ 43

b1

02

4]

(b) 0.08

P e

Sensitivity of Sh

007

0.06

0.05 -

.04

0.03 -

(3 3
061"

0




() 0.07

0.06 -

005+

X

0.04 ¢

0.03 -

Sensitivity of Sh

0.02 ¢

0.01 -

0 .

Figure 6.2: Sensitivity plots for output Sh, for A=0 (a) B=-1(b) B=0

(c) B=1

6.4 Discussion of the results

This section is arranged to describe the sensitivity analysis and empirical development
of magneto-Carreau fluid tflow over a wedge by using RSM. The prime objective of
this chapter is to carry out sensitivity analysis of output responses for different input
factors. To achieve this purpose we have calculated numerical results of the problem
using Matlab's built-in package bvp4c and compared these results with [82 - 86],
which shows excellent agreement. We have created a correlation for output responses
(Cf, and Nu,) against input parameters by using RSM which is described in Eqn.
(6.20) and Egn. (6.21). By using CCD with the help of RSM we have design an
ANOVA table and regression of coefficients for different input parameters which is
depicted in Table (6.5) to Table (6.8). To check the validity of designed experimental
scheme we have plotted the different forms of residuals graphically. The residuals are
plotted in form of normal probability, histograms and verses order which are
portrayed in Fig. 6.3 and Fig. 6.4. The scatter plots are closer to a straight line in Fig.
6.3(a)-and Fig. 6.4(a), which demonstrates that, the experimental models are perfectly
correlated. The histograms in Fig. 6.3(b) and Fig. 6.4(b) are symmetrical and
continuous which shows the validity of experimental models. The observation verses

order i Fig. 6.3(c) and Fig. 6.4(¢c) illustrates that residuals are reduces when



observation order rises. These residual plots show the strong correlations between

input factors and output responses.
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Figure 6.3: Residuals of output response Cf, (a) Normal probability (b) Histogram
(c) Residual plot
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Figure 6.4: Residuals of output response Sh, (a) Normal probability (b) Histogram
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The sensitivity plots of Cf, and Sh, is displayed in Fig. 6.1 and Fig. 6.2 respectively.
The height of the bar graph displayed the sensttivity of the input parameter. The most
sensitive parameter shows the highest bar graph. The bar graph in upward direction
shows positive sensitivity, and the bar graph in the downward direction denotes
negative sensitivity. Positive sensitivity means that, by increasing the input parameter,
the output response also increases. And in negative sensitivity, the output response

declines by raising the input parameter. Fig. 6.1 displays the sensitivity analysis of



Cf, for We, Ha and §. Fig. 6.1(a) to Fig. 6.1(c) displays the positive sensitivity of
Cf, to Ha and B and negative sensitivity to We. This demonstrates that by increasing
Ha and B the output response increases and by increasing the parameter We, the

response decreases. It is also concluded that Cf, 1s most sensitive to We.

Fig. 6.2 shows the sensitivity plots of Sh, for input parameters Ha, Sc and y. From
Fig. 6.2(a) to Fig. 6.2(c), it is clear that all input parameters have a positive sensitivity
at all levels. We can also observe that Sc is most sensitive to Sh, to the case D =
0,E=-1and D =0,E =0. Inthecase of D = 0,E = 1, y 1s most sensitive among

others at low and middle level and the Sc is most sensitive for high level.
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Fig. 6.5 and Fig. 6.6 display the contour plot of predicted responses. The influence of
Ha and $ on Cf, is depicted in Fig. 6.5(a). From the figure, it 1s observed that Cf, 1s
maximum for high level of Ha and f# and minimum for low level of said parameters.
Fig. 6.5(b) depicts the effect of We and S on Cf,. It has been discovered that
maximum Cf, occurs at higher level of We and lower level ot f. It’s worth noting
that in this case, the maximum Cf, occurs at lower level of We and higher level of
B .The minimum Cf, occurs at middle level of We and . Fig. 6.5(¢) depicts the
effect of We and Ha on Cf,. The maximumCf, occurs at low level of We and high

level of Ha and the minimum Cf, occurs at middle level of We and low level of Ha.

The effects of input parameters Ha, Sc and y on Sh, are displayed in Fig. 6.6. As
shown in Fig. 6.6(a) maximum Sh, occurs at a high level of S¢ and y Figures 6.6(b)
and 6.6(c) show the same effect as Fig. 6.6(a). Maximum Sh, occurs at a high level of
Ha and y, as illustrated in Fig. 6.6(b). Finally, Fig. 6.6(c) depicts the consequences of
Ha and Sc on Sh,, and 1t is observed that maximum Sh,, occurs at high level of Ha

and Sc.



Chapter 7

Carreau Fluid Flowing over a Wedge

This chapter investigates the numerical and statistical analysis ot Carreau fluid flow
across a wedge in the presence of shear rate viscosity. To obtain this objective, first of
all by using similarity transformations the PDEs are converted into non-linear ODEs
and these non-linear ODEs are solved with the help of Matlab built-in algorithm
bvpdc. The numerical findings are matched with previous work and verified to be
correct. Then, using RSM, a relationship between the independent input parameters
and the dependent output responses are established. By using RSM, we have obtained
the ANOVA results for coefficients of determination for Cf, and Nu,. Sensitivity

analysis is performed and the results arc shown using graph and tables.

7.1 Mathematical Formulation

In this chapter, steady two-dimensional, laminar incompressible Carreau fluid {lowing
over a wedge is considered. The convective transport model for Carreau fluid is
adopted from [87]. The simplified form of mass, momentum and energy equation is

follows by [87].

%+%=‘ (7.1
-
u%wﬂ% =U, 2ty 5—1—‘[}/+(1 y){1+r2(a’y‘) }]2 +
(7.2)
v(n= D= Pr2 2 (%) 1402 () ]T,
uggwg.g:ag;; (7.3)

The boundary conditions for stated problem is follows by [87],
u=0, v=0 T=T,, aty =0, (7.4)
u=U(x)=cx™, T -T,, asy — oo, (7.5)

The transformed non-linear systems of ODEs which are due to [87] are as follows,



r+Q-ya+ Wez(f")z)%)(l FaWe(FODI" + ff" + B - (7.6)

F2)=0,
9" + 0" =0, (7.7

L : ¢
Where y =-‘f‘1°- represent the viscosity ratio parameter, Pr =E;£ denotes Prandtl
0

C31—-2x37n—1 1 . 3
number and We = (——-2-;—-——)2 represents the Weissenberg number. The associated

boundary conditions are as follows [87],
ffm=24 f=0 06(n)=1latn=0, (7.8)
ffm -1, 6(n) >0 atn- o, (7.9)

b . . . ; . - N
where A = - s the velocity ratio parameter. These non-lincar systems of ODE’s

along with boundary conditions are solved numerically with the help of MATLAB
built in package bvpdc and compared with [87] and found excellent agreement. The

comparison table of Cf, and Nu, are shown in Table 7.1 and Table 7.2 respectively.



Table 7.1: Comparison table for numerical values of Cf, for different values of y, 8
and A when Pr=1 and We =3.

n = 0.75 n =175

v Ve 2 [87] Present [87] Present
0 03 0.2 0.9610 0.9610 1.2298 1.2298
0.2 0.9793 0.9793 1.2010 1.2010
0.4 0.9962 0.9962 1.1692 1.1692
0.8 1.0269 1.0269 1.0917 1.0917
0.001 0 0.2 0.5944 0.5944 0.7064 0.7065
0.3 0.9611 0.9611 1.2296 1.2296

0.6 1.3106 1.3107 1.7714 1.7714

1.2 2.2330 2.2330 3.2638 3.2638

0.001 0.3 -0.3 1.1705 1.1705 1.5632 1.5634
-0.2 1.1570 1.1570 1.5476 1.5478

0 1.0846 1.0846 1.4323 1.4323

0.2 09611 0.9611 1.2296 1.2296




Table 7.2: Comparison table for numerical values of Nu, for different values of p, 8
and 4 when Pr=1 and We = 3.

n =075 n =175

4 Vi i [87] Present [87] Present
0 0.3 0.2 09166 09166 0.8607 0.8607
0.2 09121 0.9121 0.8656 0.8656
0.4 0.9080 0.9080 0.8713 0.8714
0.8 0.9009 0.9009 0.8866 0.8866
0.001 |0 0.2 0.7951 0.7952 0.7588 0.7589
0.3 0.9166 0.9166 0.8607 0.8607

0.6 1.0458 1.0458 0.9736 0.9736

1.2 1.4420 1.4420 1.3302 1.3303

0.001 03 -0.3 0.6644 0.6645 0.5297 0.5300
-0.2 0.7228 (.7229 0.6052 0.6053

0 0.8259 0.8259 0.7409 0.7409

0.2 0.9166 0.9166 0.8607 0.8607

7.2 Experimental Design

7.2.1 Response Surface Methodology (RSM)
RSM requires twenty runs and nineteen degrees of freedom corresponding to three
different parameters namely p, We and Pr. The levels of these factors high (+1),

central (0), and low (-1) ar¢ displayed in table 7.3.



Table 7.3: The levels and design of input factors.

Levels
Type Factor Symbol Low (-1) Middle (0) High (1)
)4 A 0.1 0.55 l
Input We B 0.1 50 100
Factors pr C 1 55 [0
Table 7.4: Experimental design and measured responses.
Experiment | Point Coded Real values Responses
number type values
41 B|C Y We Pr Cty Nu,
1 Factortal | -1 | -1 | -1 | 0.10 | 0.10 1.0 1.0415 | 0.8978
2 11 -1}-1} 100 | 010 1.0 1.0410 | 0.7418
3 Lt -1 010 1100001 1.0 | 3.0953 | 0.8978
4 1t -1 100 {10000 1.0 1.0410 | 23210
5 Sl -tp b 010 ) 010 | 10.0 | 1.0414 | 23213
6 -1 17 1.00 | 010 | 10.0 | 1.0410 | 1.9981
7 -t b1} 010 [100.00] 100 | 3.0953 | 23213
8 b by 1.00 [ 100.00 10.0 | 1.0410 | 1.5614
9 Axial -1 70| 0 010 | 50058} 55 2.3936 | 1.8097
10 11010 10035005 55 1.0410 | 1.8096
I 0 |-1107105 | 010 5.5 1.0412 | 1.5684
12 01110055 10000] 55 2.3222 1 0.7864




13 010 ]-117055 5005} 10 1.9401 | 2.0791

14 0! 0105|5005 100 | 19401 | 1.6047

15-20 Centre | 0 | 0| 0] 055 | 5005 | 55 1.9401 | 0.8978

7.3.2 Analysis of Variance (ANOVA)

ANOVA is used to determine which equation terms in the correlations should be
retained and which should be removed. Table 7.5 and Table 7.6 illustrate all of the
statistical estimators generated using the ANOVA method. Eqn. (7.10) and Eqn.
(7.11) each have their own F-value and P-value. Table 7.6 shows the statistically
calculated coefficient of determination for the simplified models of output responses

Cf. and Nu,. The mathematical Eqn. (2.2) may be rewritten as follows:

Cf. = 19262 — 0.54624 + 0.5389B — 0.18804% - 0.22368% — (7.10)
0.5135AB,
Nu, = 1.6117 + 0.07284 — 0.0720B + 0.6819C + 0.06334% + (7.11)

0.0667B% — 0.1895C? + 0.05994B.

It 1s clear that all of the simplified models have goodness of fit because coefticient of
determination for the models for Cf, and Nu, are 99.17 % and 99.59 % respectively
as given in Table 7.6. After having best fitted model for the response surtace Cf, and
Nu, we focus on our next objective of the sensitivity analysis which is described in

next section.



Table 7.5: ANOVA for output responses (a) Cf, (b) Nu,.

Source DF Adj SS AdjMS | F-Value P-Value

(a)

Model 9 8.59519 | 0.95502 132.40 0.000 | Significant
Linear 3 5.88726 | 1.96242 272.05 0.000 | Significant
Square 3 0.59877 | 0.19959 27.67 0.000 | Significant
Interaction |3 2.10915 | 0.70305 97.46 0.000 | Significant
Error 10 0.07213 | 0.00721

Lack-of-Fit |5 0.07213 | 0.01443 * * Significant
Pure Error | $ 0.00000 | 0.00000 -

Total 19 8.66732 -

(b)

Model 9 489012 |0.54335 126940 0.000 Significant
Linear 3 475511 | 1.58504 | 785.90 0.000 Significant
Square 3 0.09937 | 0.03312 16.42 0.000 Significant
Interaction |3 0.03565 | 001188 |5.89 0.014 Significant
Error 10 0.02017 | 0.00202 -
Lack-of-Fit |5 0.02017 | 0.00403 * * Significant
Pure Error 5 0.00000 | 0.00000 -

Total 19 4.91029 -




Table 7.6: Regression of coefticients for output responses (a) Cf, (b) Nu,.

Terms Coefficient P-value Significant
(a)

Constants 1.9262 0.000 Yes
A -0.5462 0.000 Yes
B 0.5389 0.000 Yes
C 0.0000 1.000 No
Al -0.1880 0.004 Yes
B? -0.2236 0.001 Yes
c? 0.0348 0.512 No
AB -0.5135 0.000 Yes
AC 0.0000 1.000 No
BC 0.0000 1.000 No

?=99,17% Adj R? = 98.42%
(b)

Constants 1.6117 0.000 Yes
A 0.0728 0.000 Yes
B -0.0720 0.000 Yes
¢ 0.6819 0.000 Yes
A? 0.0633 0.042 Yes
B? 0.0667 0.033 Yes
c? -0.1895 0.000 Yes
AB 0.0599 0217 No
AC 0.0209 0.218 No
BC -0.0209

R? = 99.59%

Adj R?* = 99.22%




7.4 Sensitivity analysis

The sensitivity of the Cf, and Nu, to y, We and Pr was investigated in this work. By
using Eqn. (7.10) and Eqn. (7.11) the sensitivity function of output responses (Cf, and
Nu,) are developed in Egs. (7.2 - 7.17).

2 (Cf) = —0.5462 — 0.376A — 0.5135B, (7.12)
5‘% (Cf,) = 0.5389 — 0.4472B — 0.5135A4, (7.13)
;E(Cﬁ‘)=0‘ (7.14)
5"’; (Nu,) = 0.0728 + 0.1266A + 0.05998B, (7.15)
5"5 (Nu,) = —0.0720 + 0.1334B + 0.05994, (7.16)
;—C(Nux) = 0.6819 — 0.379C. (7.17)

By using Eqns. (7.12 - 7.17) the sensitivity of various values . We and Pr is tested.
Table 7.7 and Table 7.8 shows the sensitivity of Cf, and Nu, respectively. The
response rises if the factor’s bar chart is positive and falls if the bar chart is negative.
The responses are more sensitive to the input factors as the bar chart's height
increases. The sensitivity graphs are shown in Fig. 7.1 and Fig. 7.2 for Cf, and Nu,

respectively.



B C aCf, /oA aCf,/oB aCf./aC
a -0.0327 0.9861 0
-1 0 -0.0327 0.9861 0
1 -0.0327 0.9361 0
5 20,5462 0.5389 0
0 0 -0.5462 0.5389 0
i -0.5462 0.5389 0
1 19597 0.0917 0
1 0 1.0597 0.0917 0
1 -1.0597 0.0917 0

Table 7.8: Sensitivity analysis of output response (Nu, ) when A=().

B C dNu,/0A oNu, /0B dNu,/oC
-1 0.0129 -0.2054 1.0609
-1 0 0.0129 -0.2054 0.6819
1 0.0129 -0.2054 0.3029
-1 -0.0728 -0.072 1.0609
0 0 -0.0728 -0.072 0.6819
I -0.0728 -0.072 0.3029
-1 0.1327 0.0614 1.0609
| 0 0.1327 0.0614 0.6819
1 0.1327 0.0614 0.3029
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7.4 Discussion of the Results

This section is meant to explain the sensitivity analysis and transport performance of
Carreau fluid flow with shear rate viscosity across a wedge using RSM. The
numerical solutions are obtained by using Matlab's built-in package bvpdc. Then
matched the results with previously published work and found correct. The major
objective of this work is to perform a sensitivity analysis of output responses (Cf, and
Nu,) for different input factors (¥ We and Pr). To achieve this purpose, we
constructed an expression for output responses by using RSM, which 1s described in
Eqn. (7.10) and Eqn. (7.11). We estimated the values of responses using regression
models fitted to twenty runs by using RSM which is shown in shown in Table 7.4.
Table 7.5 displays the ANOVA results for Cf, and Nu,, as well as the related F-value
and P-value. Table 7.6 displays the regression coefficients for output responses (Cf,

and Nuy).

Fig. 7.1 displays the sensitivity plots of Cf, for different parameters such as y, We and
Pr. As from Fig. 7.1 (a-c), it is clear that the output response Cf, has positive
sensitivity to e and negative sensitivity to p, which means that sensitivity of
Cf, increases by increasing We and decreases by increasing the value of y. The
sensitivity plot of Pr is zero this means that there is no any effect of Pr on Cf,. Fig.
7.2 shows the sensitivity plot of Nu, for different input parameters p, We and Pr.
From Fig. 7.2 (a-c), it is cleared that by raising the value of and Pr the Nusselt
number also rises because for both the parameters it has positive sensitivity. It is also
worth mentioning that Pr number is more sensitive than other input parameters for
Nu,. It is also observed that there is a mixed behaviour of We for Nu, (viz. Fig. 7.2

(a-¢)).

The residual plots of output responses are presented in Fig. 7.3 and Fig. 7.4. The
scatter plots of output responses (Cf, and Nu,) are shown in Fig. 7.3(a) and Fig.
7.4(a), respectively. The scatter plot depicts the relationship between the input factors
and the output responses. These figures (Figs. 7.3(a) and 7.4(a)) show the strong
relationship between the input factors and the output responses. The histograms in
Figs. 7.3(b) and 7.4(b) have symmetrical distribution and are less skewed, indicating

that the input factors and output responses have good relationships. The observation



order verses residuals of output responses (Cf, and Nu, ) are represented in Fig. 7.3(c)
and Fig. 7.4(c) respectively. The graphical representation shows that as by increasing
the observation order the residuals of output responses fall. Also, the largest
fluctuation can be seen for output responses, which specify the strong correlations

between input parameters and output responses.
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Figure 7.3: Residual plots of output response Cf, (a) normal probability plot (b)
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Figure 7.6: Contour of Nu,when (a) 4=0(b) B=0 (c) C=0.
The contour plots of Cf, are displayed in Fig. 7.5. According to Fig. 7.5(a) and Fig.
7.5(b), it is noted that Prandtl number has no effect on Cf; because the contour plot
shows straight line for all the values of Pr. That means Pr has no effect on Cf,. Fig.
7.5(c) depicted the effect of We and pron Cf,. It is clear that Cf, is minimum for high

levels (+1) of We and y. Cf, decreases as increasing the value of We and y.

Fig. 7.6 displays the contour plots of Nu,. Fig. 7.6(a) depicted the effect of Pr and We
on Nu, .From the figure, it is clear that Nu, enhances by decreasing the value of We
and increasing the value of Pr. It is also observed that the highest value ot Nu,
occurs in levels of (-1) and (+1) and lowest value occurs in levels (+1) and (-1). The
same outcomes are obtained for the effects of y and Pr on Nu,, as shown in Fig.
7.6(b). The Nu, increases by decreasing the value of p and increasing the value of
Pr. 1t was also investigated that the highest value Nu, occurs in levels of (-1) and
(+1) and lowest value occurs in levels (+1) and (-1). Fig. 7.6(c) shows the effect of y
and We on Nu,. From the figure it can be noted that as increasing Nu, the
values of yand We also increases. Also, it is worth mentioning that the highest
value of Nu, occurs for high levels of (+1) and lowest value occurs for low

levels (-1) of yand We.



Chapter 8

MHD-Casson Fluid Flowing over a Wedge

The aim to develop this chapter is to investigate the sensitivity of heat tlux at solid
liquid interface of FS flow of MHD-Casson fluid flowing over a wedge. Alongside,
to develop an empirical model in terms of involving parameters. The FS flow in this
case is observed under the influence of induced magnetic field. The mathematical
model of the flow experiments are adopted from Dabe et al. [88] which was solved
numerically by using computational software MATLAB and achieved reliable
solutions- validated by comparing the numerical results with published results. A data
set is extracted for wall heat flux and Sherwood number at random points, and finally
by using RSM the correlation of input parameter and output responses are developed.

The statistical results of ANOVA are presented in tabular form by using RSM.
8.1 Mathematical Formulation
Consider two dimensional incompressible, hydromagnetic flow over a wedge. Also,

assume that the induced magnetic field applied outside the boundary layer. The

governing equations are follows as [88],

du  dv (8 ]‘)
Y + rvi 0,
aH, = BH
ax dy
du du ( dH, dHZ) dUe o H, 8H, 18%u (8.3)
U+ Vo —— —t Hy—] = U, = - —i =L e -
ax + 3y amp\' ! 3x + ay € dx  4mp dx +v(l+ Bayz)’
()Hl ()Hl du au - OZHI (8‘4)
u0x+v0y Hlax Hzoy_'ueayZ’
ar | ar 160°Td\ 03T | v 1\ (du\? | Dpkr ,0%C (8.5)
uZ 4+ v Z = (1 S+(1+3)(5) + 2 2.
dx ay 1+ 3kk™ 7 8y? ¢ +ﬂ Ay + CsCp (6y2)'
ac ac 3%C | Dmkr 0°T :
U—+v—= + 2T (= (8.6)

ox ay  TMgyz T “0y27°

The boundary conditions [88] are,



v=0u=u,(x) =U,x™ H =H,=0T=T, C=C,,aty =0, (8.7)
w = Uy(x) = Upx™H, = Ho(x) = Hox™T =T5, C = (o, aty = .

The similarity transformations as follows by [88],

_ [m+)Ue(x) _ f2uxUe(x) — U 2vxx™ [ T-Tw
n= \J 2vx yy= \/ (m+1) f(n)' = HJ\’(m+1)Uwg(n)' 8= (TW—TOO)'
C~Coo
B =( ).

Cw=Coo
By using the similarity transformation (8.8), the simplified form of Eqn. (8.3) to Eqn.

(8.8)

(8.6) into system of non-linear ODE is follows by [88],

(14+3)F +F£" + ¥ = f7) = Mlgg” +v(L - g)] =0, (89)
Ag" +fg" —f"g=0, (8.10)
(1+2R,) 6" +Pf0"+ RE(145)f" + RDu$" =0, (8.11)
@" +S.fP'+S.S,¢0" =0, (8.12)
where y = (rrthl)' = 4::530 AT 4n'1va BT ;;[(L;ZT%' r :5 Ra = i;%gé’
__ Dk (Cw—Cxo) _ Dikr(Tyw-Tw)

v
S, =—, = = .
¢ D’ u vCsCp(Tw—Too) 1o VTm(Cw—Ceo)

f@ =0, f(0)=6 g(0)=0,g(0)=0, 68(0)=1 ¢0)=1 (8.13)

fl(w) =1, g'(w)>1, 6(x)-0, ¢(w0)-0. (8.14)

Where 6 = i‘l.
U

o

Table 8.1: Comparision of Cf, with [88 - 90]

V [88] [89] [90] Present result
0.0 0.4696 - 0.4696 0.4696
0.1 0.5870 0.5870 0.5870 0.5870
0.3 0.7747 0.7747 0.7748 0.7747
0.5 0.9276 0.9276 0.9277 0.9276
1.0 1.2326 1.2325 1.2326 1.2326




8.2 Experimental Design

8.2.1 Response Surface Methodology (RSM)
By using Eqn. (2.2) the general form of correlations of output responses (Nu, and

Sh,) can be stated in the following forms.

Nux = dy + alA + azB + a3C + auAB + a12AC + (l13BC + a21A2 + (815)
azzBZ + a23C2,
Sh, = yg + V1A + V2B + y3C + ¥114B + y1,AC + y13BC + 5, A% + (8.16)

Y22B% + y23C2.

where a; .@;;, ¥; and y;; (i =j =1,2,3) are unknown constants. These unknown
coefficients can be found by using RSM. The levels of selected input factors Ra, Pr

and Du and their levels low (-1), central (0), and high (+1) are displayed in Table 8.2.

Table 8.2: Selected input parameters, their symbols and levels.

Levels
Type Factor Symbol Low (-1) Middle (0) High (1)
Ra A 0 0.5 1
Input Factors Pr B 0 5 10
Du C 0 0.5 |




Table 8.3: Experimental design and measured responses.

Experiment | Point Coded values Real values Responses
number | type
Al B|C| Ra Pr Du Nu, Shy
I Factorial | -1 | -1 { -1 | 0.0 0 0.0 | 0.1000 | 0.1000
2 -1 -1 1.0 0 0.0 0.1000 | 0.1000
3 -1y 11| 00 10 0.0 1.6826 | 0.1000
4 1 1 -1 1.0 10 0.0 1.2086 | 0.1000
5 1<) 1) 00 0 1.0 | 0.1000 | 0.7445
6 -1 1 1.0 0 1.0 | 0.1000 | 0.7445
7 =% 0 T T A O VX0 10 1.0 | 05484 | 0.5530
8 I I I 1.0 10 1.0 | 0.5816 | 0.5176
9 Axial | -1 ] 00| 00 5 0.5 | 035697 | 0.4079
10 L0 0] 1O 5 0.5 1.8964 | 0.2600
1 0 -1]0 0.5 0 0.5 0.1000 | 0.5222
12 0110 05 10 0.5 0.5397 | 0.4226
13 0]0)|-1} 05 5 0.0 1.0415 | 0.1000
14 010 | 0.5 5 1.0 0.6103 | 0.4856
15-20 Centre 010 0} 05 5 0.5 0.7779 | 0.3040

8.2.2 Analysis of Variance (ANOVA)

The statistical software MINITAB-19 is utilized to determine the regression model
values for 20 runs, and the results are displayed in Table 8.3. These results are
obtained by using ANOVA and the sequential f-test. All of the statistical estimators

produced using the ANOVA methodology is represented in Table 8.4 and Table 8.5.




Each of Eqn. (8.15) and Eqn. (8.16) has a unique F and P-value. The mathematical

form of Eqn. (8.15) and Eqn. (8.16) may be rewritten as follows:

Nu, = —0.01197 + 0.005634 + 131.186B — 0.012C — 131.20782 = (8.17)
0.01139BC,
Sh, = —0.03886 + 5.57056C + 0.0275B% — 5.5406(.2 (8.18)

The coefficient of determination for the models for Nu, and Sh, 1s 100%, indicating
that all of the simplified models have goodness of fit which is shown in Table 5. After
the determination of best fitted model for the response surface Nu, and Sh,.

sensitivity analysis is performed , which is described in the next section.

Table 8.4: ANOVA for (a) Nu, (b) Shy

Source DF AdjSS | AdjMS | F-Value P-Value
(a)

Model 9 258169 | 28685 1.63617E+08 | 0.000
Linear 3 172098 | 57366 3.27206E+08 |  0.000
Square 3 86071 28690 1.63645E+08 |  0.000
Interaction | 3 0 0 2.06 0.169
Error 10 0 0

Lack-of-Fit | 5 0 0 * *
Pure Error | S 0 0

Total 19 258169

(b)

Model 9 463.516 | 51.502 164300.12 0.000
Linear 3 310312 1103437 | 329983.74 0.000
Square 3 153.204 | 51.068 162916.62 0.000
Interaction | 3 0.000 0.000 0.000 0.000




Error 10 0.003 0.000

Lack-of-Fit | 5 0.003 0.001 * *
Pure Error | 5 0.000 0.000
Total 19 463.520

Table 8.5: Regression coefficients generated by ANOVA for output response (a) Nu,

(b) Shy
(a) Terms Coefficient P-value Significant
Constants -0.01197 0.025 Yes
A 0.00563 0.029 Yes
B 131.186 0.000 Yes
C -0.01200 0.017 Yes
A? 0.00076 0.926 No
B? -131.207 0.000 Yes
C? 0.00611 0.462 No
AB 0.00158 0.743 No
AC 0.00179 0.711 No
BC -0.01139 0.035 Yes
R? = 100% Adj R* =100%
(b)
Constants -0.03886 0.000 Yes
A -0.00848 0.161 No
B -0.00096 0.868 No




C 5.57056 0.000 Yes
A2 -0.0188 0.109 No
BZ 0.0275 0.028 Yes
C? 75,5406 0.000 Yes
AB -0.00011 0.987 No
AC -0.00011 0.987 No
BC -0.00052 0.935 No

R? = 100% Adj R? = 100%

8.3 Sensitivity analysis

The sensitivity of Nu, and Shyto input parameters Ra, Pr and Du is investigated in
this chapter. By using Eqn. (8.17) and Eqn. (8.18) the sensitivity function of output
responses (Nu, and Sh,) are developed in Eqns. (8.19 — 8.24).

2 (Nu,) = 000563, (8.19)
5"5 (Nuy) = 131.186 — 262.4148 — 0.01139C, (8.20)
=~ (Nuy) = —0.012 - 0.011398, (8.21)
;Z(th) =0, (8.22)
= (Shy) = 0.0558, (8.23)
= (Shy) = 5.57056 — 11.0812C. (8.24)

By using Eqns. (8.19 — 8.24) the sensitivity of various values Ra, Pr and Du is tested.
Table 8.6 and Table 8.7 shows the sensitivity of Nu, and Sh, respectively. The

sensitivity graphs are shown in Fig. 8.1 and Fig. 8.2 for Nu, and Sh, respectively.



Table 8.6: Sensitivity analysis of output response Nu, when 4=0.

B C dNu,/0A dNu, /0B dNu,/oC
-1 0.00563 393.61139 -0.00061
-1 0 0.00563 393.60000 -0.00061
1 0.00563 393.58861 -0.00061
-1 0.00563 131.19739 -0.012
0 0 0.00563 131.18600 -0.012
1 0.00563 131.17461 -0.012
-1 0.00563 -131.21661 -0.02339
l 0 0.00563 -131.22800 -0.02339
1 0.00563 -131.23939 -0.02339
Table 8.7: Sensitivity analysis of output response Sh, when 4=0.
B C aSh,/0A dSh, /0B dSh,/aC
-1 0 -0.055 16.65176
-1 0 0 -0.055 5.57065
1 0 -0.055 -5.51064
-1 0 0 16.65176
0 0 0 0 5.57065
1 0 0 -5.51064
-1 0 0.055 16.65176
I 0 0 0.055 5.57065
l 0 0.055 -5.51064
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Figure 8.1: Sensitivity plots for output response (Nuy) with 40 (a) B=-1 (b) B=0
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8.4 Discussion of the Results

This section is meant to explain the sensitivity analysis for wall heat and
concentration tlux of Falkner-Skan flow of Casson fluid flow with the influence of

induced magnetic  field.  Using MATLAB's built-in  package bvpde, we



have computed a numerical solution to the problem. The results were then compared
to previously published work and found to be correct. The primary goal of this
chapter is to conduct sensitivity analysis of output responses (Nu, and Sh,) for
various input factors. To accomplish this, an expression for output responses by using
RSM has been generated, as shown in Eqn. (8.17) and Eqn. (8.18). The values of
responses were estimated using regression models, fitted to twenty runs by using
RSM which is shown in Table 8.3. Then the ANOVA table for Nu, and Sh, along

with the associated F-value and P-values are displayed in Table 8.4.

Fig. 8.1 displays the sensitivity plots of Nu, for different parameters such as, Ra, Pr
and Du. Fig. 8.1(a) and Fig. 8.1(b) shows the positive sensitivity to input parameters
Pr which means that by raising the value of Pr the value of Nu, also rises. Also, it is
worth mentioning that the effect of input parameters Ra and Du is negligible on Nu,
as the height of bar chart is very small as compare to Pr. Fig. 8.1(c) depicts the
negative sensitivity to input parameters Pr and Du which deliberate that by increasing
the value of Pr the Nu, decreases. Pr is most sensitive as compare to other input
parameters. The sensitivity plots of Sh, s displayed in Fig. 8.2(a) to Fig. 8.2(¢). From
Fig. 8.2(a) to Fig. 8.2(c) it 1s clear that Du is most sensitive to Sh,, also there is a
mixed behaviour of Du on Sh,. It is observed from figures that there is positive
sensitivity of Shy to Du at low (-1) and middle (0) levels and negative sensitivity at
high (+1) level. Also it is worth mentioning that effect of input parameters Pr is
negligible. Sh, is independent to input parameters Ra which means there is no effect

of Ra on Sh,.

While implementing RSM, it is important to discuss the residual errors. Fig. 8.3 and
Fig. 8.4 show the residual plots of the output responses. The scatter plot demonstrates
in Fig. 8.3(a) and Fig. 8.4(a) shows the strong relationship between the input factors
and the output responses. The histograms in Fig. 8.3(b) and Fig. 8.4(b) are
symmetrical and less skewed, indicating that the input factors and output responses
have good relationships. Figures 8.3(¢c) and 8.4(c) shows the observation order versus
residuals of output responses (Nujand Shy), respectively. The graphical
representation shows that as the observation order is enhanced, the residuals of the
output responses decrease. Output responses display the maximum fluctuation,

revealing the strong correlations between input parameters and output responses.
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The effect of different input parameters on output responses are displayed in the form
of surface contours plots. Fig. 8.5 and Fig. 8.6 shows surface contours plots for Nu,
and Sh, respectively. Fig. 8.5(a) shows the surface contour plots for Nu, when A+,

As 1t s clear from figure that Nu, is maximum for low level (-1) of Pr and high level



(+1) of Du. Nu, decreases as approaching to high level (+1) Pr. Fig. 8.5(b) shows
the effect of Du and Ra on Nu,. Nu, is maximum for low level (-1) of Du and high
level (+1) of Ra. From Fig. 8.5(c) it can be concluded that maximum Nu, occurs
between middle level (0) of Pr and high level (+1) of Ra. Now we will discuss the
effect of input parameters on Shy Fig. 8.6(a) demonstrates that Sh, s maximum
between middle level (0) of Pr and high level (+1) of Du. The same result can be
observed for input parameters Du and Ra which can be seen in Fig. 8.6(b). Finally the
impact of Pr and Ra on Sh,, are depicted in Fig. 8.6(c). As it is clear from figure, Sh,

is maximum at high level (+1) of Pr and low level (-1) of Ra.



Chapter 9

Nanofluid Flowing over a Wedge with the Effect

of Chemical Reaction and Thermal Radiation

In this chapter, the sensitivity of Brownian motion of nanoparticles in fluid and
thermophoresis effects on nanofluid wedge flow is analyzed. To achieve this goal
problem is modelled using basic conservation laws. The model formulated, is a set of
PDEs, which was converted to set of non-linear ODEs by using similarity
transformation. Then these ODEs are solved numerically by using MATLAB built in
package bvpdc and compared the numerical results with [91-94] and found good
results. Sensitivity analysis is performed by employing RSM to determine the
relationship between the input parameters and the output responses. RSM is used to
portray the statistical results of the ANOVA in tabular format. The results are

discussed comprehensively with the help of tables and graphs.

9.1 Mathematical Formalism

Assuming the boundary layer two dimensional flow of an incompressible fluid
flowing over a wedge with the effect of chemical reaction, thermal radiation and heat
generation. Under the aforementioned assumptions the governing boundary layer

equations are follows by [91],

Ou 0u =0, (9~1)
ax
ouy you_y 3 8 L Uy, ~
u6x+v6y—ue 0x+ fdy2+( +K)(Ue u)' (9.2)
I _ o 0T or ac oV}, @ ~ (9.3)
8x + ay af dy? + T{DB (Oy ay) to (6}) }+ (T TOO) +
CAED U
Cp \3y 3pCyKy ay?!
d(‘ + ac a*c  pra*r (9.4)

Boy? " Toay?”

The boundary conditions of aforementioned Hlow problem are as follows,



u=u,(x)=-Au.(x), v=0 T=T,C=C,aty=0,
Uu=u,(x), T>Typ C—-Cpas y— . 9.5)

In the above equations u and v represents the velocity components along x and y
directions respectively. A4is constant and A<0 indicates the stretching wedge, />0
indicates the contracting wedge and A=0 denote fixed wedge. U = U,x™

represents the fluid velocity.

The similarity transformations are considered as follows,

_ ., [m+pu, T2 _ [2vpy, 21 ey U
n=y /——zvf Xz, Plxn) = /———mﬂ xz ftm, f)==

(9.6)
_ T-Ty _ C—Co
9(77) - Tw‘Too’ ¢(’7) B Cw‘Cao.
By applying the transformations (9.6), Eqns. (9.1) to (9.4) can be transformed as,
fUAFF B+ oM KL= 1] =0, (0.7)
=20 + [f0 + Ecf" + Nbo'¢’' + Nto"? + Q6] = 0, (9.8)
¢ +Le(f$) +1:0" = 0. (99)
The transformed boundary conditions are,
f=0 fl=-4 6=1 ¢=1 atn = 0.
ff-1 6-0  ¢-0 asmn - oo, 9.10)
Here,
_ ZO.BOle-)n ﬁ _ 2m K _ zvfxl—ﬂl _ 160'17‘030 _ U2
T Pl P T mit T T KU T 3pCpkgv T Cp(Tw=Teo)'
(9.11)
_ 2Q'x -2 _ _‘i_[: _ Wg(Cw—Cex) DT -Tw)
Q= pCp(m+ D’ Le = Dy’ Pr = ay’ Nb = vy Nt = UTeo

The non-dimensional form of temperature, concentration rate and velocity is as

follows,

1 m+1.2

1
(CheRex): = gy (2 2 F1(O0)




1

Mg ""f(1 + 21+ 6, - D)) (Z) 0'(0).

(Rey)z

She

T=
(Rex)2

The numerical results of Cf, and Nu, are presented in Table 9.1 and Table 9.2

(m+1) ¢ (0)

respectively and compared them with [80 - 83] and found excellent agreement.

Table 9.1: Comparision table for Cf, with [91 - 94].

m =f"(0)
[91] [92] [93] [94] Present
0 0.4698 0.4696 0.4696 0.4696 0.4696
0.0141 | 0.5048 0.50461 0.5046 0.50461 0.5046
0.0435 | 0.5691 0.56898 0.569 0.56898 0.569
0.0909 | 0.6623 0.65498 0.655 0.65498 0.6549
0.2 0.8052 0.80213 0.8021 0.80213 0.8021
0.3333 | 0.9291 0.92765 0.9277 0.92765 0.9276
! 1.2328 * 1.2326 1.23258 1,2328
Table 9.2: Comparision table for Nu, with [91], [92] and [94].
m —-6'(0)
[91] [92] {94] Present
0 0.4212 0.42015 0.42016 0.4201
0.0141 | 0.4268 0.42578 0.42578 0.4257
0.0435 | 0.4363 0.43548 0.43548 0.4354
0.0909 | 0.4713 0.4473 0.44730 04713
02 0.4855 0.45603 0.45603 0.4560
0.3333 | 0.4966 0.47814 047814 0.4781
1 0.5196 * * 0.5196




9.2 Experimental Design

9.2.1 Response surface methodology (RSM)

RSM requires twenty runs and nineteen degrees of freedom corresponding to three
different parameters namely Le, Nt and Nb. The levels of these factors low (-1),
central (0), and high (+1) are displayed in Table. 9.3. By using Eqn. (2.2) the gencral
form of correlations of output responses (Nu, and Sh,) can be stated in the

following forms.
Nu, = apg + ;A + a,B + a3C + aAB + a,AC + a3 BC + a21A2 + 9.13)
azsz + a23C2,
Sh,x =%Yo + ylA + )/zB +- }/3C + YnAB + yleC -+ yljBC + yZlAz + (914)
V22B% + ¥23C2

where a; ,a;;, y; and y;; (i =j =1,2,3) are unknown constants. These unknown
coetticients can be found by using RSM. The levels of selected input factors Ra, Pr

and Du and their levels low (-1), central (0), and high (+1) are displayed in Table 9.3.

Table 9.3 Design of input parameters, their symbol and level.

Levels
Type Factor Symbol Low (-1) Middle (0) High (1)
Le A 0.1 0.55 1
Input Nt B 0.1 0.55 l
Factors ,
Nb C 0.1 0.55 |




Table 9.4: Experimental design and measured responses.

Experiment | Point Coded Real values Responses
number type values

A|B|C| Le | M Nb Nu, Sh,
! Factorial | -1 | -1 } -1 |0.10 [0.10 |0.10 |0.5082 |0.8501
2 I j-1]-1]100 [0.10 |0.10 }0.5121 | 12171
3 -1y 1 {-11010 |1.00 |0.10 |0.6838 |7.0921
4 11 ]-1{100 {100 |0.10 |58502 |435680
5 -] 171010 [0.10 |1.00 |0.5920 |0.2980
6 1 ¢-1] 1100 [010 |1.00 |0.5538 |0.6797
7 -1 1] 1010 |1.00 |1.00 [06654 |0.9835
8 11| 1100 |1.00 [1.00 |06875 | 12933
9 Axial | -1 7 0 | 0 |0.10 |055 [055 |0.5881 |09186
10 110 ] 0100 [055 055 06029 |1.2604
11 01-1]0105 (010 [055 |0.5510 |0.5994
12 0; 1005 |1.00 [055 |06763 |1.7900
13 00 |-17055 055 [0.10 05748 |4.1099
14 010 ] 1 (05 (055 [1.00 {06349 |0.8615

15-20 Centre | 0 | O 0055 1055 [055 |0.6091 | 1.1606

9.2.2 Analysis of Variance (ANOVA)

ANOVA is a statistical methodology that provides variance to find statistically
significant correlations between two or more input factors. The regression model
values for twenty runs are determined using the statistical tool MINITAB-19 which is

shown in Table. 9.4. These results are obtained using ANOVA and the sequential f-



test. Table 9.5 and Table 9.6 shows all of the statistical estimators produced using the
ANOVA method. Eqn. (9.13) and Egn. (9.14) each have their own F-value and P-
value. Table 9.6 shows the statistically calculated coefficient of determination for the
simplified models of output responses Nu, and Sh,. The mathematical Eqn. (9.13)

and Eqn. (9.14) may be rewritten as follows:

Nu, = —0.21138 + 0.15612B + 0.04480C + 0.028784B — 0.02855AC (9.15)
— 0.07663BC,

Sh, = —0.9259 + 0.13034 + 0.31658 — 0.2999C - 0.0971B* (9.16)
+0.1371C% — 0.055545.

It is clear that all of the simplified models have goodness of fit because coefficient of
determination for the models for Nu, and Sh, are 98.65% and 97.83 % respectively

as given in Table 6.

Table 9.5: ANOVA for (a) Nu, (b) Sh,

Source DF Adj SS Adj MS F-Value P-Value

(a)

Model 9 0.329649 | 0.036628 81.13 0.000 | Significant
Linear 3 0.264765 | 0.088255 195.48 0.000 -
Square 3 0.004764 | 0.001588 3.52 0.000 -
Interaction | 3 0.060121 | 0.020040 4439 0.000 -
Error 10 0.004515 | 0.000451

Lack-of-Fit | 5 0.004515 | 0.000903 * *

Pure Error | § 0.000000 | 0.000000

Total 19 0.334164

(b)

Model 9 218266 | 0.24252 50.16 0.000 Significant
Linear 3 2.07080 | 0.69027 142.76 0.000 -




Square 3 0.06050 | 0.02017 4.17 0.037 -
Interaction |3 0.05137 {0.01712 3.54 0.056 -
Error 10 0.04835 | 0.00484

Lack-of-Fit | 5 0.04835 | 0.00967 * *

Pure Error | 5 0.00000 | 0.00000

Total 19 223101

Table 9.6: Regression coefficients for (a) Nu, (b) Sh,

Terms Coefficient P-value Significant
(a)
Constants -0.21138 0.000 Yes
A 0.00977 0.177 No
B 0.15612 0.000 Yes
C 0.04480 0.000 Yes
A? -0.0154 0.256 No
B? -0.0153 0.259 No
c? -0.0047 0.722 No
AB 0.02878 0.003 Yes
AC -0.02855 0.003 Yes
BC -0.07663 0.000 Yes
R? = 98.65 % Adj R* =97.43 %
(b)
Constants -0.9259 0.000 Yes
A 0.1303 0.000 Yes




B 0.3165 0.000 Yes
C -0.2999 0.000 Yes
A? -0.0446 0.313 No
B? -0.0971 0.043 Yes
c? 0.1371 0.008 Yes
AB -0.0555 0.048 Yes
AC 0.0432 0.109 No
8C -0.0384 0.150 No
R?=97.83% Adj R* =95.88 %

9.3 Sensitivity analysis

The sensitivity of the Nu, and Sh, corresponding to input parameters Le, Nt and Nb

was investigated in this work. By using Eqn. (9.15) and Eqn. (9.16) the sensitivity

function of output responses (Nu, and Sh,) are developed in Eqns. (9.17 - 9.22).

G%(Nux) = 0.02878B — 0.02855C,

;E(Nux) = 0.15612 + 0.028784 — 0.07663C,

%(Nu-‘) = 0.04480 — 0.028554 — 0.07663B,

bi’g (Sh,) = 0.1303 — 0.05558,

—a%(th) = 0.3165 —- 0.1942B — 0.05554,

= (Shy) = —0.2999 + 0.2742C.

.17

(9.18)

(9.19)

(9.20)

(9.21)

(9.22)

By using Eqns. (9.17 - 9.22) the sensitivity of various values Le Nt and Nb is tested.

Table 9.7 and Table 9.8 shows the sensitivity of Nu, and Sh, respectively. The

response riscs if the factor’s bar chart is positive and falls if the bar chart is negative.

The responses are more sensitive to the input factors as the bar chart's height




increases. The sensitivity graphs are shown in Fig. 9.1 and Fig. 9.2 for Nu,, and Sh,

respectively.

Table 9.7: Sensitivity analysts of Nu,, when A=0.

B C ONu,/0A dNu,/dB dNu, /oC
-1 -0.00023 0.23275 0.12143
-1 0 -0.02878 0.15612 0.12143
1 -0.05733 0.07949 0.12143
-1 0.02855 0.23275 0.0448
0 0 0 0.15612 0.0448
1 -0.02855 0.07949 0.0448
-1 0.05733 0.23275 -0.03183
1 0 0.02878 0.15612 -0.03183
I 0.00023 0.07949 -0.03183

Table 9.8: Sensitivity analysis of Sh, when 4+=0.

B C dSh, /oA dSh,/dB dSh,/oC
-1 0.1858 0.5107 -0.5741
-1 0 0.1858 0.5107 -0.2999
1 0.1858 0.5107 -0.0257
-1 0.1303 0.3165 -0.5741
0 0 0.1303 0.3165 -0.2999
| 0.1303 0.3165 -0.0257
-1 0.0748 0.1223 -0.5741
! 0 0.0748 0.1223 -0.2999
1 0.0748 0.1223 -0.0257
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9.4 Discussion of the Results

This section is meant to explain the sensitivity analysis of nanofluid flowing over a
wedge with the influence of radiation by applying RSM. The numerical results of the
stated problem are obtained by using Matlab's built-in package bvpdc. Then compared
the results with previously published work and found correct. The main focus of this
chapter is to perform sensitivity analysis of output responses (Nu, and Shy) for

difterent input factors. To achieve this purpose we constructed an cxpression for



output responses by using RSM which is described in Eqn. (9.15) and Eqn. (9.16). We
estimated the values of responses using regression models fitted to twenty runs by
using RSM which is shown in shown in Table 9.4. Table 9.5 displays the ANOVA
results and related P-value of Nu, and Sh,. Table 9.6 displays the regression

coefficients for output responses Nu, and Sh,.

The sensitivity plots for Nu, and Sh, against the input parameters Le, Nt and Nb are
plotted in Fig. 3 and Fig. 4 respectively. These sensitivity diagrams are plotted with
the help of sensitivity functions which are described in Eqns. (9.17) — (9.22). The
numerical values of these sensitivity plots are also depicted in tabular form which can
be seen in Table 9.7 and Table 9.8. All the sensitivity diagrams are plotted against
A=0 and varying values of B and C. The sensitivity of Nu, for parametric variation is
tlustrated tn Fig. 9.1. These figures reflect that sensitivity of Nu, for input
parameters Le is positive for all levels. Also these figures demonstrate that Nt is most
sensitive among other parameters as the height of bar chart is largest as compare to
others. Positive sensitivity means, by increasing the value of input parameters the
output also increases and vice versa for negative sensitivity. It is also clear from these
figures, Le has little influence on Nu,. Also there is a mixed behaviour of Le on Nu,,.
The sensitivity of Nb for B=-1 and B =0 is positive and negative sensitivity for B=+1.
Which means at high level of Nb there is a negative sensitivity of Nu,. It is clear that

sensitivity of Nu, decreases as increasing the value of Vb.

Fig. 9.2 depicts these sensitivity plots. From Figs. 9.2(a - ¢) it is clear that sensitivity
of Sh, against the input parameters Le and Nr are positive for all levels and each
cases. And negative sensitivity of Shy are observed for input parameters Nb for all
levels and every cases. Which means that by increasing the value of Le and Nt the
sensitivity of Sh, also increases and by increasing the value of Nb the sensitivity of
Sh, decreases. Also it s worth mentioning that Sh, 1s most sensitive to Nb among

other input parameters.
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It 1s essential to discuss the observation order of residuals and lack of fit while
implementing RSM. The residual plots of output responses are presented in Fig. 9.3
and Fig. 9.4. The scatter plots of output responses (Nu, and Shy) are shown in Fig.
9.3(a) and Fig. 9.4(a), respectively. The scatter plot depicts the relationship between

the put factors and the output responses. These tigures (Figs. 9.3(a) and 9.4(a))



show the strong relationship between the input factors and the output responses. The
histograms in Figs. 9.3(b) and 9.4(b) have symmetrical distribution and are less
skewed, specifying that the input factors and output responses have good
relationships. The observation order verses residuals of output responses
(Nu, and Shy) are represented in Fig. 9.3(c) and Fig. 9.4(c) respectively. The
graphical representation shows that as by increasing the observation order the
residuals of output responses fall. Also, the largest fluctuation can be seen for output
responses, which specify the strong correlations between input parameters and output

responses.
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Figure 9.6: Contour plots of Sh, (a) 4=0(b) B=0(c) C=0.

The contour plots of Nu, and Sh, are displayed in Fig. 9.5 and Fig. 9.6 respectively.
Fig. 9.5(a) shows the effects of Mt and Nb on Nu,. It can be noted that maximum
Nu, occurs at the low level (-1) of Nt and Nb. Fig. 9.5(b) displays the effect of Le
and Nb on Nuy, as it is clear from figure Nu, is maximum at low levels (-1) of input
parameters Le and Nb. The etfect of Le and Nr are displayed in Fig. 9.5(¢). From
figure it is clear that maximum Nu, occurs at high level (+1) of Le and low level of
Nt. Now we will discuss the effects of input parameters Le, Nt and Nb on Sh, . Fig.
9.6(a) displays the effect of Nt and Nb on Sh, . Sh, occurs maximum at tow level (-
1) of Nt and high level (+1) of Nb. The same effects can be seen in Fig. 9.6(b). Sh, is
maximum at low level (-1) of Le and high (+1) level of Nb. Finally, Fig. 9.6(¢) shows
the effect of Le and Nt on Sh,. From figure it is clear that maximum Sh, occurs at

low tevel (-1) of Le and Nt.



Chapter 10

Casson Nanofluid Flowing over a Wedge with

Activation Energy

The aim of the chapter is to investigate sensitivity analysis of Falkner-Skan nanofluid
flow with different input parameters on output responses. For this purpose the model
of nanofluid over a wedge with activation energy is considered. The mathematical
model which was considered is two-dimensional highly non-linear PDEs are
transformed into set of nonlinear ODEs by using similarity transformations. The
numerical technique bvp4c have been used to solve the non-linear ODEs. The
numerical values are compared [95] and found excellent match. RSM is used to find
the correlation between input factors and output variables. Sensitivity analysis has
been carried out and the results of sensitivity are presented in graphical and tabular

form.

10.1 Mathematical Formulation

Consider a steady two dimensional incompressible non-Newtonian Casson nanofluid
flowing over a wedge with the effect of activation energy and chemical reaction. The
governing PDEs utilizing the approximation of boundary layer with the

aforementioned assumptions are follow as [95],

2 Z;_o, (10.1)
u%ﬁ-i—v%—ue%:vg—%——al??(u—ue), (10.2)
w2 v f o Z 4 41D, S0+ DS (10.3)

The associated boundary conditions are followed by [95],

u=0v=0T=T,C=C,aty=0, (10.5)



u->U,(x), T 2Ty, C=Cypas y— . (10.6)

The similarity transformations to transformed the governing PDEs into ODEs are
gives as [95],

Eq n+1 (]07)
y= uB/ L KEGD™MeTw, g = y/“"“ v = [ 22T,

T~ Tao

o(n) = ¢()—

Cw—Coxo

The transformed ODEs are [95],

L+ + " +BA~ [P+ M s (1= f) =0, (108)
6" + Prf6’ + PrNbo’'¢’ + Prt8'? = 0. (10.9)
" +Scfd’ + ’-:%9" — B1Sc(1 + 66)Mexp(— 1——5-5)<1> = 0. (10.10)
The transformed associated boundary conditions are follows by [95],
f(0)=0,f'(0)=0,6(0)=0,¢(0) =1, (10.11)
f'(0) = 1,6(0) - 0,@(0) — 0. (10.12)
Where
2 _oB3x!T" _ ADp(Cw=Ce) ADT(Tw=Too) Eq
M b= (1+n) v Nt = ToV ' E= KToo'
_ k,- _ (Tw=Tw) (10.13)
by = cxm-1 6= Too
The Cf,, Nu, and Sh, are,
=W = XMw = XMw 10.14
Crx pU2 Ny k(Tiy=Teo) " e Dp(Cw=Coo) (10.14)
Where,
or L . = —p. (% (10.15)
(#B \,2/1') (oy)y:(): qw = k (0y)y=0 and my, = D (dy)y 0

Now the local Cfy, Nuy, and Shymay be expressed as,

1 1
CrReZ = [F2f"(0), ShyRe,*= - /"“9(0)and

1
NuyRe * = — /1}19'(0). (10.16)



Where Re, = -{g‘i The numerical results of Cfy, Nu, and Sh, are computed with the

help of computer software bvp4c and compared with [95] and found correct which is

displayed in Table 10.1.

Table 10.1: Comparision of numerical results of Cf,, Nu, and Sh, with [95].

4 n Cfoe;/Z NuxRe; 2 thRe;I/Z
[95] Present [95] Present | [95] Present
0 1.2851 1.2889 0.2169 02112 |0.2523 02596
03 2.4554 2.4335 0.2836 0.2826 | 0.3031 |0.3025
0.1 105 3.0170 3.0041 0.3161 0.3161 {03309 |0.3306
! 4.1081 4.1020 0.3819 0.3816 | 0.3901 | 0.3899
0 0.8644 0.8485 0.2321 0.2307 | 0.2595 | 0.2588
02 103 1.7955 1.7942 0.3094 0.3094 | 03159 |0.3159
0.5 2.2178 22173 0.3448 0.3448 [ 0.3453 ] 0.3453
1 3.0292 3.0292 0.4161 04161 |0.4072 04072
0 0.6474 0.6467 0.2516 0.2515 10.2693 |0.2692
04 103 1.3703 1.3703 0.3345 0.3345 ]0.3287 |0.3287
0.5 1.6934 1.6934 0.3721 0.3721 1 0.3590 | 0.3590
1 2.3135 2.3135 0.4478 0.4478 | 0.4231 |0.4231
0 0.5646 0.5645 0.2627 0.2627 10.2750 0.2750
06 |03 1.1961 1.1961 0.3475 0.3475 03353 | 0.3353
0.5 1.4782 1.4782 0.3861 03861 ]0.3661 | 03661
1 2.0194 2.0194 0.4640 0.4640 | 04310 |0.4310




10.2 Experimental Design

10.2.1 Response Surface Methodology (RSM)

For the case of full quadratic model under RSM, we can express Eqn. (2.2) for output

responses Nu, and Sh,, in the following forms:

Nu, = ag + a;A+ ayB + a3C + a;,AB + a;,AC + a3BC + ay A2+ (10.17)
0!2282 + a23C2 N
th = Yo + Y1A + yZB -+ }’3(: + YIIAB + yleC + Y13BC + }’21.42 -+ (]0]8)

Y22B? +¥23C2
The design table for input parameters (Nt, Nb and Pr) with their symbol and levels are
depicted in Table 2.

Table 10.2: Design input factors and their levels.

Levels
Type Factor Symbol Low (-1) Middle (0) High (1)
Nt A 0.1 0.55 l
Input Nb B 0.1 0.55 |
Factors
Pr C 0.1 0.55 |




Table 10.3: Experimental design and measured responses.

Experiment | Point Coded Real values Responses

number type values

A|BC| N | Nb | Pr | Nu Shy

1 Factorial | -1 | -t | -1 { 0.10 | 0.10 | 0.10 | 0.2023 | 0.5605
2 1 |-1]-1}] 1007010 010 {01948 |0.3525
3 Lyt -1 010 ) 1.00 | 0.10 | 0.1893 | 0.5873
4 Ppty-1) 100 100 010 {0.1815 | 0.5750
5 L1141 010 ) 010 | 1.00 | 0.4640 | 04310
6 -1 1 {100} 010 1.00 03316 |0.1552
7 -ty 1)1 [010] 1.00 | 1.00 {0.2792 | 0.5807
8 Py Ly 1] 100} 1.00 | 1.00 |0.1955 |0.6431
9 Axial L0 0010055} 055 03295 |0.5697
10 11010 100055 | 055102688 | 05522
11 0 1-1]07] 05 010 055 103466 |0.1753
12 0| 11005 | 100 055 102538 |0.5813
13 010 |-1705 055} 010 {01920 | 0.5680
14 0101 |05 055 1.00 03046 |0.5615

15-20 Centre | 0 | 0] 0[055 | 055 0. 0.2974 | 0.5457

A
wn

10.2.2 Analysis of Variance (ANOVA)
Table 10.4 displayed the ANOVA result for different input parameters and output
responses. The ANOVA results for regression of coefficients are depicted in Table.

10.5. Now by using these tables Eqns. (10.17) - (10.18) may be written as,




Nu, = 0.29712 — 0.029214 — 0.0448 + 0.0615C — 0.0484C* +
0.006054B — 0.02510AC — 0.03682BC,

Sh, = —3.53787 — 0.013534 + 0.11128B + 0.024974% -
0.05836B8% + 0.03163C% + 0.04723AB + 0.04001AC + 0.04142BC.

Table 10.4: ANOVA for output responses (a) Nu, (b) Sh,

(10.19)

(10.20)

Source DF Adj SS Adj MS F-Value P-Value

(a)

Model 9 0.092024 | 0.010225 264.21 0.000 | Significant
Linear 3 0.065715 | 0.021905 566.03 0.000 | Significant
Square 3 0.010128 | 0.003376 87.23 0.000 | Significant
Interaction | 3 0.016182 | 0.005394 139.38 0.000 Signtficant
Error 10 0.000387 | 0.000039

Lack-of-Fit | § 0.000387 | 0.000077 *

Pure Error | 5 0.000000 | 0.000000

Total 19 0.092411

(b)

Model 9 0.180153 | 0.020017 | 233.43 0.000 Significant
Linear 3 0.125706 | 0.041902 | 488.64 0.000 Significant
Square 3 0.010068 | 0.003356 | 39.13 0.000 Significant
Interaction | 3 0.044379 | 0.014793 | 17251 0.000 Significant
Error 10 0.000858 | 0.000086

Lack-of-Fit | § 0.000858 | 0.000172 * *

Pure Error © § 0.000000 | 0.000000

Total 19 0.181011




Table 10.5: Regression coefficients for output responses (a) Nu, (b) Sh,

Terms Coefticient P-value Significant
(a)
Constants 0.29712 0.000 Yes
A -0.02921 0.000 Yes
B -0.04400 0.000 Yes
C 0.06150 0.000 Yes
A? 0.00245 0.528 No
B? 0.00350 0.373 No
c? -0.04840 0.000 Yes
AB 0.00605 0.020 Yes
AC -0.02510 0.000 Yes
BC -0.03682 0.000 Yes
R? =99.58 % Adj R? = 99.20 %
(b)
Constants -3.53787 0.000 Yes
A -0.01353 0.001 Yes
B 0.11128 0.000 Yes
C -0.00216 0.478 No
A? 0.02497 0.001 Yes
B? -0.05836 0.000 Yes
c? 0.03163 0.000 Yes
AB 0.04723 0.000 Yes
AC 0.04001 (.000 Yes




BC

0.04142

0.000

Yes

R* =99.53%

Adj R? = 99.10 %

10.3 Sensitivity analysis

Now by using Eqns. (10.19) — (10.20) the sensitivity functions for output responses

Nu, and Sh, are calculated as follows;

= (Nuy) = —0.02921 + 0.006058 ~ 0.02510C.

:%(Nux) = —0.044 + 0.00605A4 — 0.03682C,

-éqE(Nux) = 0.0615 — 0.0968C — 0.02514 — 0.0368B,

% (Shy) = —0.01353 + 0.049944 + 0.04723B + 0.04001C,
(—,:%(th) = 0.11128 — 0.11672B + 0.04723A + 0.04142C,

é-qc-(th) = 0.06326C + 0.040014 + 0.04142B.

(10.21)

(10.22)

(10.23)

(10.24)

(10.25)

(10.26)

The sensitivity of various input model parameters is examined using Eqns. (10.21)-

(10.26). The sensitivity of Nu, and Sh, are shown in Table 10.6 and Table 10.7

respectively. By using Table 10.6 and Table 10.7 the sensitivity graphs for Nu, and

Shy is displayed in Fig. 10.1 and Fig. 10.2 respectively.




Table 10.6: Sensitivity analysis of output response Nu, when A=0).

B C ONu,/0A ONu,/dB dNu,/oC
-1 -0.01016 -0.00718 0.1951
-1 0 -0.03536 -0.04400 0.0983
1 -0.06036 -0.08082 0.0015
-1 -0.00411 -0.00718 0.1583
0 0 -0.02921 -0.04400 0.0615
1 -0.05431 -0.08082 -0.0353
-1 0.00194 -0.00718 0.1215
1 0 -0.02316 -0.04400 0.0247
1 -0.04826 -0.08082 -0.0721
Table 10.7: Sensitivity analysis of output response Sh, when A=10.
B C dSh,/dA daSh, /0B dSh,/daC
-1 -0.10077 0.18658 -0.10468
-1 0 -0.06076 0.228 -0.04142
] -0.02075 0.26942 0.02184
-1 -0.05354 0.06986 -0.06326
0 0 -0.01353 0.11128 0
1 0.02648 0.1527 0.06326
-1 -0.00631 -0.04686 -0.02184
I 0 0.0337 -0.00544 0.04142
l 0.07371 0.03598 0.10468




i i 0.2 +
I Scrsitivity to A )] M Scositivity 0 A
Sensitivity to B L. AScensitivity to B

{a)

0.13 '[__ISensitivity to C | 0.15} [ ISensitivity to C |
<0l < ot
pd
“6 Y
< 2 !
.03+ 3 0.05 |
3
2 |
3 z
v H

Sensitivity of Nu

0

005+ -0.08

-1 : ¢ 0.1

.15 : J |
(@) Ml Sensitivity to A -
/' ~ LadSensitivity to B 1.
L_JSensitivity to C

x

=

fovory

()
¥

Sensitivity ol Nu

0,051
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10.4 Discussion of the Results

This section explains the sensitivity analysis of a nanofluid flowing over a wedge with
activation-energy using RSM. The numerical solution of the problem is computed by
using MATLAB's built-in package bvpdc. The results are matched to earlier
published work and determined to be correct which can be observed in Table 10.1.

The main goal of this research is to conduct scnsitivity analysis of output responses



for various input parameters. By using RSM, The ANOVA results are obtained. The
values of responses are also estimated using regression models fitted to twenty runs
using RSM, as shown in Table 10.3. The ANOVA results for output responses are
displayed in Table 10.4 with associated £ and P-value. The regression coetficients of
Nu, and Sh, are displayed in Table 10.5 and mentioned the significant input
parameters. The input parameter whose p-value is less then 0.05 is selected as
significant. By using these significant input parameters a correlation are developed in
Eqn.(10.19) and Eqn. (10.20). To check the validity of RSM residuals of output
responses are found and depicted in different forms of plots such as normal
probability, histogram and observation order which can be seen in Fig. (10.3) and Fig.
(10.4). All these plots show good relations between input parameters and output

responsces.

By using Eqn. (10.21) to Eqn. (10.26), Table 10.6 and Table 10.7, sensitivity bar
graph are plotted for output response which is displayed in Fig. 10.1 and Fig. 10.2.
The height of bar graph denotes the sensitivity of different input parameters. The
responses are more sensitive to the input factors as the bar chart's height increases.
The greatest height of bar chart denotes the most sensitive parameters. The bareehart
in positive direction indicates positive sensitivity. Positive sensitivity mcz;ns by
increasing the value of input parameters the output response also incvreaytjses.iAnd the
bar chart in negative direction indicates negative sensitivity, mgan$ ‘by i.ncreasing the
value of input parameter, the sensitivity of output rééponse will decrease. The
sensitivity plots of output responses ( Nuy) and ( Shy) are depicted in Fig. 10.1 and
Fig. 10.2 respectively. Fig. 10.1(a) shows the sensitivity of Nu, for input parameters
Nt, Nb and Pr. The sensitivity of Nu, for Nr and Nb is negative for all levels.
Whereas positive sensitivity is observed for Pr for all levels. This demonstrates that as
increasing Mt and Vb the output response Nu, decreases and by increasing the input
parameters Pr, the output response Nu, increases. The same results are drawn for
input parameters Nt and Nb for the case B=(). But mixed behaviour is observed for
input factor Pr, which is portrayed in Fig. 10.1(b). From Fig. 10.1(c) it is concluded
that the sensitivity of output response Nu, is negative to Nb for all levels. It is worth
mentioning that, sensitivity of Nu, to N, Nb and Pr are negative at high level and

mixed behaviour can be observed at low and middle level. Overall the input parameter



Pr is most sensitive among others. Also it is observed that sensitivity of Nu, to Pr is

greatest at low levels and its sensitivity decreases as approaching to high level.

From Fig. 10.2 (a-c) it is observed that sensitivity of Sh, to Nt, Nb and Pr have a
mixed behaviour at different levels. The sensitivity of Sh, to Nt, Nb and Pr increases
at all levels for the case B=-1 which is shown in Fig. 10.2(a). From Fig. 10.2(b) it is
observed that Pr has no effect on output response Sh, at middle level. Also negative
sensitivity is observed at lower level and positive sensitivity at higher level. The
sensitivity of Vb increases from lower to higher level and have a mixed behaviour for
input parameter Nt and Pr. Finally, the discussion on the sensitivity of Sh, for the
case B=+[ are made, which is plotted in Fig. 10.2(c). From figure it is clear that
sensitivity of Sh, to Nt, Nb and Pr are negative at low level and positive at high
level. At middle level the sensitivity of Nt and Pr is positive and Nb is negative. It is
also noted that Nb is most sensitive for Sh, in the case of B=-1, B=0 and Pr is most

sensitive among others for the case B=+1.

By using RSM it is necessary to discuss the residuals, lack of fit and observation
order. The residual plots for Nu, and Sh, ae shown in Fig. 10.3 and Fig. 104

respectively. When the residuals are matched to the fitted values its shows a strong

connection.
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Fig. 10.3(a) and 10.4(a) shows the scatter plot for output responses Nu, and Sh,.
Scatter plot shows the connection between the input variables and output responses.
While interpreting the scatter plots the strength between the two variables is very
important. The strongest linear relationship occurs when the slope is 1. This means
that by increasing the input variables, the output responses also increases with the
same rate. So Fig. 10.3(a) and 10.4(a) demonstrates the strong connection between the
input parameters and output responses (Nu, and Sh,). The histogram in Fig. 10.3(b)
and 10.4(b) has the symmetrical scattering and less skewed which demonstrates the
good relationship of Nu, and Sh, with input selected parameters. Fig. 10.3(¢) and
10.4(c) depicted the observation order verses residuals for Nu, and Sh,, respectively.
The outcomes also demonstrate that if observation order is increased, the residual of
the output responses drops, demonstrating good agreement between the probabilities
plots. The residuals graph shows the largest tluctuation for both Nu, and Sh,

indicates that the model is correct.
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The surface contour of the predicted responses as a tunction of ditferent input
parameters At, Nb and Pr are shown in Fig. 10.5 and Fig. 10.6. The effects of the
input parameter b and Pr on output response  Nu, are depicted in Fig. 10.5(a). It is
observed from figure that maximum Nu, occurs near the low level of Pr and Nb.

Also, it 1s noted that Nu, decreases near the upper level for Pr and the region



between mid and upper level of Nb. The effect of input parameter Pr and Nt are
displayed in Fig. 10.5(b). From the tigure it is clear that the maximum Nu, occurred
at upper levels of Pr and Nt. It is also concluded that the effect of Nt on Nu, at low
level is negligible. The effect of Nt and Nb are displayed in Fig. 10.5(c). It can be
observed from figure 10.5(c), Nu, occurs maximum at upper level of At and low

level of NVb. By decreasing the value of Nt and Nb the output response Nu, increases.

The predicted output response Shy as a function of Nt, Nb and Pr are analyzed in Fig.
10.6. The effects of input parameter Nb and Pr are displayed in Fig. 10.6(a). It is
noted that maximum Sh, occurs at upper level of Pr and low level of Nb. Sh,
decreases at the middle level of both input parameters Nb and Pr. The effects of Mt
and Pr on Sh, are displayed in Fig. 10.6(b). It is indicted that Sh, is maximum at
low level and upper level of Nr and Pr. It is also observed that Sh, occurs minimum
at middle level of Nr and Pr. Finally, the effects of Nr and Nb on output response Sh,,
are displayed in Fig. 10.6(c). It is investigated from figure that maximum Sh, occurs
at upper level of Nt and low level of Nb. Also it 1s observed that there is no effect of

Nt at low level and Nb at high level on Sh,.



Chapter 11

Gyrotactic Nanofluid with Activation Energy

over a Wedge

In any natural flow, there are different factors which influence the movement of
microorganism in fluid, some factors are significant while others are not. In this
chapter sensitivity of movement of motile Gyrotactic Microorganism to variation in
Schmidt number, Brownian motion of nanoparticle and chemical reaction parameter
is studied. The formulated mathematical equations are high non-lincar PDEs. These
equations are transformed into non-linear ODEs by using similarity transformations.
The transformed ordinary differential equations have been studied numerically by
using MATLAB built in software bvp4c and compared the numerical results with [96-
98] and displayed good results. The effects of different input parameters on Sh, and
Nu, have been studied by designing an empirical models using RSM. Finally, the
dependency of output variables on input factors is analyzed graphically by performing

sensitivity analysis.

11.1 Mathematical Formulation

Consider a steady, incompressible two dimensional bioconvective nanofluid flow over
a wedge. The gyrotactic microorganisms are added in dilute suspension of nanofluid
with Arrhenius activation energy and thermal radiation. The governing equations for
continuity, momentum, energy, nanoparticle concentration and density of gyrotactic

microorganisms are follows by [96],

du | v (1.1

6x+6y_0 )
du plu_ Py We Ty oy 4 L - -

1=+ Pl emr W, —u) +p,- prgB(1 = C)(T

To) — Q(Pp - P/')(C = Co) = gy (pm — P )(N — No)] (11.2)



wZ v = ol e[ 20 4 22 (A)'] 4 2 () - L2 (L3

ax dy ay? dy ay pep 0y
. 9% Dra’T o (TY! _Eay,p _ (11.4)
S+ v 3 = Dp 5+ - K2 () X Exp(= g)(C = Can)
N JN bW, GZN (1 15)
Y TV T G [ay )] D5z

) n E . . . .
The expression (;T—) X Exp (— -K#‘T‘) (C - C,) 1s known as Arrhenius function. The
00
radiation heat flux can be taken as

AL (11.6)
qr— 3k* (7}"

where k* is the absorption coefficient and o™ 1s known as Stefan-Boltzman constant.
Eqn. (11.6) can be now written as

_ _leaT3 9T (117
ar = ke 3y

The boundary conditions for aforementioned problem are given as [85]
u=ux)v=-1v,T=T,C=C,N=N,aty=0 (11.8)
u=Ux),T 5> Tp,C—-Cpo,N—>Nyasy > o (11.9)
The stream function ¥ and similarity function 7 can be defined as,

2Uevpx (11.10)

W= |52

(1+m)Ue
2vpx

n(x,y)=y

The temperature, nanoparticle concentration and density of microorganism are taken

as,

001 = 1o, p(n) = =, x(n) = 7o (1.11)

By using similarity transformation in Eqn. (11.10) and Egn. (11.11), Eqn.(11.2) to

Eqn. (11.5) are transformed into the following form;

— (1 - =)+ ——Gr (0 - Nr - (11.12)

1+m 1+m

AT = )
Rby) =0

1+m

(1+R{1+ (8, —1)6}*|18" + Pr{f0’' + Ecf"* + Nb8'¢' + Nt8'?] + (11.13)



3R{1 + (8, — 1)8}2(8,, — 1)8"% =0
1] ' Nt o n 2 2
8" + Scfo +'N—59 —T:m-SCkr {1+n(8, —1)8} x

E —
EXP(1+(9W—1)9)¢ =0

X"+ Lbfy' —Pelx'¢’ + (2 +x)¢"] =0
The transformed associated boundary conditions are as follows;

f0) = =5, (0)=46(0) =1, ¢(0) =1, x(0) =1

+m
f'() =1, 8() = 0,¢(0) =0, ¥(0) = 0
The local Cf,, Nu,, Sh, and Nn, are given as follows,

T Xqw Xm N . X4n
X

cf, = —=— Nu, = , Sh, = Nn, = .
fx pU(x)? T k(Tw-Teo) X7 Dp(Cw~Cw) X Dy(Nw=Noo)

where,

Tw = /f‘(%)y:()' qw = —k (g-g))mo‘ qm = —Dg (g%)yzo'

ON
qn = —Dp, ((B;)yzo-

Now substituting the values of Eqn. (19) into (18), we have,

1+m .., Nuy - ,m f Shy — _1+_m P
Cf:t\/Rex - Tf (m)!ﬁ_ . 2 6 (O)r \/‘k‘e‘;"’ P ¢ (O)v

L [T

(11.14)

(11.15)

(11.16)

(11.17)

(11.18)

(11.19)

(11.20)



Table 11.1: Comparision table for Cf, and Nu,

[96] [97] [98] Present Results

m fr) | —6°(0) | f(0) | —8°(0) | f(0) | —6'(0) | f(0) | ~6'(0)

0.0141 | 0.506206 | 0.430370 | 0.50461 | 0.42578 | 0.50481 | 0.42614 | 0.5046 | 0.4257

0.0435 | 0.569671 | 0.438611 | 0.56898 | 0.43548 | 0.56890 | 0.43544 | 0.5690 | 0.4355

0.0909 | 0.655147 | 0.448898 | 0.65498 | 0.44730 | 0.65493 | 0.44740 | 0.6550 | 0.4472

0.1429 | 0.732183 | 0.459295 | 0.73200 | 0.45694 | 0.73196 | 0.45707 | 0.7320 | 0.4569

0.2000 | 0.802123 | 0.465153 | 0.80213 | 0.46503 | 0.830215 | 0.46517 | 0.8021 | 0.4650

0.3333 | 0.927648 | 0.478188 | 0.92765 | 0.47814 | 0.92767 | 0.47841 | 0.9277 | 0.4780

11.2 Experimental Design

11.2.1 Response surface methodology (RSM)
In our present case the response variables are Sherwood number, and Density number
and input parameters are Sc, Kr and Nb. The general form of correlations for output
responses by Eqn. (2.2) are given as follows,

She = ay + a;A+ ayB + a;C + ayAB + a,AC + a3BC + a,,A% + (11.21)

ay;B? + a,;3C?,

Sy =Yoo+ V1A + V2B +¥3C + ¥11AB + ¥1,AC + y13BC + v, A7 + (11.22)
V22B% + ¥23C3,

where a; .a;;. y; and y;; are unknown constants. These unknown coefficients can be
found by using RSM. RSM requires 20 runs and 19 degrees of freedom corresponding
to three different parameters namely Sc, Kr and Nb. The levels of these factors low (-
1), central (0). and high (+1) are displayed in Table 11.2. The experimental design

along with coded and real values with twenty runs is displayed in Table 11.3.



Table 11.2: Design input factor and their level.

Levels
Type Factor Symbol Low (-1) Middle (0) High (1)
Sc A 1 2 3
Input Kr B 0.1 0.55 ]
Factors Nb C 0.1 055 i
Table 11.3: Experimental design and measured responses.
Experiment | Point Coded values Real values Responses
number type
4| B | C Se Kr Nb Shy Sny
1 Factorial | -1 | -1 | -1 l 0.10 [ 0.10 |0.8094 1.0992
2 Lp-1 -l 3 0.10 |0.10 1.8805 1.8822
3 S S I 1 1.00 | 0.10 1.9081 1.9055
4 1 L] -l 3 1.00 10.10 |3.6013 3.1847
5 S B B | 0.10 | 1.00 |0.8890 1.1499
6 1] -1 ] 1 3 0.10 | 1.00 1.9347 1.9192
7 -1 )1 ! 1 1.00 | 1.00 1.8891 1.8898
8 1 1 | 3 [.00 [ 1.00 |3.5800 |3.1680
9 Axial -1 0 0 1 0.55 055 1.2737 1.4323
10 11 01]0 3 0.55 1055 25539 | 23878
11 0 |-110 2 1010 1055 [.4323 1.5454
12 011 0 2 1.0 1055 28137 | 2.5839




0.10 1.9595 1.9428

n
N

13 0] 0§ -1 21055

14 0401 2 1055 (1.00 1.9603 1.9409

15-20 Centre | 0 | O 0 2 0.55 |0.55 1.9602 1.9410

11.2.2 Analysis of Variance (ANOVA)
By using statistical software MINITAB-19, ANOVA will be performed. By using
RSM, ANOVA calculate the R?, Adj R?, F-value, and P-value. Table 11.4 displayed

the ANOVA result for different input parameters and output responses.

Table 11.4: ANOVA for (a) Shy (b) Nu,

Source DF Adj SS AdyMS | F-Value P-Value

(a)

Model 9 9.57602 | 1.06400 261426 0.000 | Significant
Linear 3 9.28640 | 3.09547 7605.60 0.000 | Significant
Square 3 0.08497 | 0.02832 69.59 0.000 | Significant
Interaction |3 0.20464 | 0.06821 167.60 0.000 ! Significant
Error 10 0.00407 | 0.00041

Lack-of-Fit |5 0.00407 | 0.00081 * *

Pure Error | 5 0.00000 | 0.00000

Total 19 9.58009

(b)

Model 9 5.38612 1 0.59846 | 2554.59 0.000 Significant
Linear 3 5.20581 | 1.73527 | 7407.24 0.000 Signiticant
Square 3 0.05219 10.01740 | 7426 0.000 Significant
Interaction | 3 0.12811 10.04270 | 182.28 0.000 Signiticant

Error 10 0.00234 | 0.00023




Lack-of-Fit |5 0.00234 | 0.00047 *

Pure Error 5 0.00000 | 0.0000

Total 19 5.38836

By using RSM, regression coefficient for output response is depicted in Table 11.5.
The unknown coefficients in Eqn. (11.21) and Egn. (11.22) will determine by using

the regression Table 11.5. Hence, Eqns. (11.21) — (11.22) may be written as,

Sh, = 1.96235 + 0.678114 + 0.68463B + 0.158414B — 0.02176BC — (11.23)
0.05184% + 0.1574B?,

Sn, = 1.94256 + 0.506524 + 0.51380B + 0.12564AB — 0.01501BC  (11.24)
~0.03485A4% + 0.12075B°.

Table 11.5: Regression coefticients for (a) Sh, (b) Nu,

Terms Coefticient P-value Significant
(a)
Constants 1.96235 0.000 Yes
A 0.67811 0.000 Yes
B 0.68463 0.000 Yes
C 0.00943 0.170 No
A? -0.0518 0.002 Yes
B? 0.1574 0.000 Yes
c? -0.0057 0.651 No
AB 0.15841 0.000 Yes
AC -0.00346 0.638 | No
BC -0.02176 0.012 Yes
R? =99.96 % Adj R* =99.92 %




(b)

Constants 1.94256 0.000 Yes
4 0.50652 0.000 Yes
B 0.51380 0.000 Yes
C 0.00534 0.296 No
A? -0.03485 0.004 Yes
B? 0.12075 0.000 Yes
c? -0.00305 0.748 No
AB 0.12564 0.000 Yes
AC -0.00184 0.741 No
BC -0.01501 0.020 Yes

R? =99.96 % Adj R? = 99.92 %

11.3 Sensitivity analysis

To analyze the sensitivity of different input parameters on output response take the

partial derivative of output response. The sensitivity functions of output responses

(Shy and Sn,) are developed by using Eqns. (11.23 - 11.24), Table 11.6 and Table

1.7

= (Shy) = 0.67811 + 0.15841B — 0.10364,

b?E (Shy) = 0.68463 + 0.158414 — 0.02176C + 0.3148B,

%(th) = —0.021768,

2 (Sn,) = 0.50652 + 0.12564B — 0.06974,

%(Snx) = 0.5138 + 0.125644 — 0.01501C + 0.2415B,

2 (Sn,) = ~0.01501B.

(11.25)

(11.26)

(11.27)

(11.28)

(11.29)

(11.30)




By using Eqns. (11.25 — 11.30) the sensitivity of various values of input parameter is

tested. Table 11.6 and Table 11.7 shows the sensitivity of Shy and Sn, respectively.

Sensitivity graphs are shown in Fig.11.1 and Fig.11.2 for Sh, and Sn, respectively.

Table 11.6: Sensitivity analysis Sherwood number of when A=0.

B c aSh,/dA ash,/aB aSh,/aC
-1 0.5197 0.39159 0.02176
- 0 0.5197 0.36983 0.02176
I 0.5197 (0.34807 0.02176
-1 0.67811 0.70639 0
0 0 0.67811 0.68463 0
1 0.67811 0.66287 0
-1 0.83652 1.02119 -0.02176
1 0 0.83652 0.99943 -0.02176
] 0.83652 0.97767 -0.02176
Table 11.7: Sensitivity analysis of density number when 4=0.
B C asn, /oA daSn./dB doSn,/aC
-1 0.38088 0.28731 0.01501
-1 0 0.38088 0.2723 0.01501
1 0.38088 0.25729 0.01501
-1 0.50652 0.52881 0
0 0 0.50652 0.5138 0
1 0.50652 0.49879 0
-1 0.63216 0.77031 -0.01501
| 0 063216 0.7553 -0.01501
] 0.63216 0.74029 -0.01501
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Figure 11.1: Sensitivity plots for output responses Sh, when A=(0)

(a) B= -1 (b) B=0 (c) B=1.
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11. 4 Discussion of the Results

In this section the sensitivity analysis and empirical development of Gyrotactic tlow
of a nanofluid with activation energy over a wedge s discussed. To perform
sensitivity analysis of output responses, a numerical data is need. So, we have
computed a numerical solution of non-linear ODEs in Egns. (11.12 — 11.16) along
with associated boundary conditions. These numerical results arc compared with

already existing work and found correct. By using RSM a correlation is developed in



terms of input parameters and output response which is described in Eqns. (11.23 -
11.24). By using these equations sensitivity analysis is performed and graphical

results are displayed in Fig. 11.1 and Fig. 11.2.

The sensitivity of input parameters Sc, Kr and Nb against output responses Shy
and Sn, are plotted in Fig.4 and Fig. 5. The bar graph denotes the sensitivity of input
parameters. As the height of bar graph increases the sensitivity of input factors is
high. The sensitivities of Sh, for parametric variation is illustrated in Fig. 11.1. From
Fig. 11.1(a-c) it i1s clear that sensitivity of Sh, for input parameters Sc and Kr are
positive for all levels and each case. This means that by raising the input factors Sc
and Kr the output responses Sh, also increases for all cases and levels. The effect of

sensitivity of Nb is positive in first case but negative in last case but it has no effect of

clear that Sc is most sensitive as compare to Kr and Nb in case of 4=0 and B=-/
which is depicted in Fig. 11.1(a). And Kr is most sensitive among other parameters
for the case 4=0, B=0 and A=0, B=+1, which can be seen in Fig. 11.1(b) and Fig.

11.1(c) respectively.

The sensitivity of output response Sn, for parametric variation is plotted in Fig. 11.2.
From Fig. 11.2(a-c) it is clear that sensitivity of Sn, for input parameters Sc and Kr
are positive for all levels and each case. The effect of sensitivity of Nb is positive in
first case but negative in last case but it has no effect of Nb on Sh, in case of 4=0,
B=0 which can be observed in Fig. 11.2(a-c). Also 1t is clear that Sc is most sensitive
as compare to Kr and Nb in case of 4=0 and B=-/ which is depicted in Fig. 11.2(a).
And Kr is most sensitive among other parameters for the case 4=0, B=-1 and 4 =0,

B=+1, which can be seen in Fig. 11.2(b) and Fig. 11.2(c) respectively.

Fig. 11.3 and Fig. 11.4 illustrate the residual plots for the Sh,and Sn, respectively.
When the residuals are compared to the fitted values, a strong relationship 1s revealed.
Fig. 11.3(a) and 11.4(a) shows the scatter plot for output responses Shy, and Sn,.
Scatter plot shows the connection between the input variables and output responses.
Fig. 11.3(a) and 11.4(a) demonstrates the strong connection between the input
variables and output responses (Nu, and Shy). The histogram in Fig. 11.3(b) and
11.4(b) has the symmetrical scattering and less skewed which demonstrates the good

relationship of Nu, and Sh, with input parameters. Fig. 11.3(c) and 11.4(c) depicted



the observation order verses residuals for Nu, and Sh, respectively. The outcomes

also demonstrate that if observation order is increased, the residual of the output

responses drops, demonstrating good agreement between the probabilities plots. The

residuals graph shows the largest fluctuation for both Nu, and Sh, indicates that the

model is correct.
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The contour plots of output responses (Sh, and Sn,) against the input parameters (Sc,
Kr and Nb) are plotted in Fig. 11.5 and Fig. 11.6. Fig. 11.5(a) shows the interaction of
input parameters Kr and Vb on output response Shy. This figure demonstrates that
minimum Sh, occurs at lower level of Kr and higher level of Mb. Since the surface

has symmetrical shape towards the input parameters Kr and Nb, so both the input



parameters have equally affected on output response Sh,. The same results can be
drawn for the input parameters Sc and Nb which can be seen in Fig. 11.5(b). Again
both the input factors have equally affected on Sh,. It is also observed that, Sh,
occurs minimum at lower level of Sc and higher level of Nb. The effect of Sc and Kr
are demonstrated in Fig. 11.5(c). It is concluded that maximum Sh, follows at high
level of Sc and Kr and by increasing the Sc and Kr the Sh, also increases. The results
for output response Sn,, depicted in Fig. 11.6(a-c) is same as the results concluded

from Fig. 11.5(a-c) respectively.



Chapter 12

Viscous Fluids Flowing over a Wedge with Heat

Transfer

In this chapter the sensitivity analysis of viscous flow over a wedge with thermal
effect i1s studied numerically and statistically. The PDEs are transformed into non-
linear ODEs by using similarity transformations, and these transformed ODEs are
solved with the help of MATLAB’s built-in code bvp4c. The numerical outcomes are
compared with [99-102] and were found to be correct. Then, using RSM a correlation
between the independent parameters and dependent output responses are developed.

Sensitivity analysis is performed and the results are shown using tables and graphs.
12.1 Mathematical Formulation

Consider a steady, two dimensional, laminar boundary layer viscous flows flowing
over a wedge with heat transfer. The governing boundary layer equations for
continuity, momentum and energy cquation for aforcmentioned assumptions are
follows as [99],

du 0
_l_£+_1_?_=0, (12.1)
dx dy

6u+ au_U dUe+1 d ( au)
“ox ”ay‘ ®dx pdy ‘uﬁy' (12.2)

aT N ar _ 9*T (12.3)
“ax Ty T MayT
The corresponding boundary conditions for the problem 1s given by
u=0v=0T=T,at y =090, (12.4)
u=U,x)=x"T=T,as y > (12.3)
The stream function are given as

=, _ (12.6)
u= andv = =

The similarity transformation are followed by [99],



m-1 2 m+1 (127)
n=y Gex p= f;;'f;x = f(n).

g =TT (12.8)

T T=Teo |

By using the similarity transformation in Eqn. (12.7) and (12.8), the Eqn. (12.2) to

Eqn. (12.4) may be written as,

fm + ffn +;;12__T&(1 — f!2):0, (129)
9"+ f9' =0. (12.10)
Pr

Where Pr = Y/, and the boundary conditions in Eqn. (4) and Eqn. (5) becomes,
ffm=0,fn)=06=1atn- o, (12.11)
fM=16=0atn- . (12.12)

The comparison table for numerical values of Cf and Nu, obtained by bvpdc with

existing work are showed i Table 12.1 and Table 12.2 respectively.

Table 12.1: Comparison table for Cf, for various values of m.

m [99] [100] Present results
-0.05 0.2135 0.2138 0.2135
0 0.3320 0.3322 0.3321
033 0.7574 0.7575 0.7543
I 1.2325 1.2327 1.2326




Table 12.2: Comparison table for Nu, for various values of Pr.

Pr [101] [102] Present results
0.01 0.0515 0.0515 0.0515
] 0.3320 0.3320 0.3321
10 0.7281 0.7281 0.7281
100 1.5718 1.5718 1.5718
1000 3.3871 3.3870 3.3871
10000 7.274 7.2974 7.2975

12.2 Experimental Design
12.2.1 Response Surface Methodology

In this chapter, the experimentation parameters are Falkner—Skan exponent (m) and
the Prandtl number (Pr). Table 12.3 shows these factors and their values of low (-1),
central (0), and high (+1). RSM requires thirteen runs and twelve degrees of freedom
corresponding to two different parameters. In this study, the experimentation
parameters are Falkner—Skan exponent (m) and the Prandtl number (Pr). The
experimental design for these input parameters and output responses are displayed in
Table 12.4. The correlations of Cf, and Nu, can be stated in the following general

manner in terms of input parameters.
Cf:-( :a0+a1A+azB+aleB+allA2+(12282, (12]3)
Nuy =y + 1A+ v,B +y,,AB + y,,A% + y,,B%, (12.14)

where a; ,a;;, y; and y;; are unknown coefficients that need to be found using RSM.



Table 12.3: Symbols and levels of input factors.

Levels
Type Factor Symbol -1 0 +1
Input m A 0 0.5 1
Factors Pr B 0 5000 10000
Table 12.4: Experimental design with coded and real values.
Experiment | Point Coded values Real values Responses
number type
| B m Pr Cfy Nu,

] Factorial | -1 -1 0.0 0.0 0.3321 | 0.1250

2 1 -1 1.0 0.0 1.2326 | 0.1250

3 -1 1 0.0 10000.0 | 0.3321 | 7.2975

4 1 1 1.0 10000.0 | 1.2326 | 22.8706
| 5 Axial | -1 0 0.0 5000.0 | 0.3321 | 5.7920

6 1 0 1.0 5000.0 | 1.2326 | 18.1356

7 0 -1 0.5 0.0 0.8997 | 0.1250

8 0 I 0.5 10000.0 | 0.8997 | 169349

9-13 Centre |0 0 0.5 5000.0 | 0.8997 | 13.4285

12.2.2 Analysis of Variance (ANOVA)

To get the optimal polynomial correlations for the responses ( Cf, and Nu,), multiple
regresstons are utilised. ANOVA is used to assess the regression model’s tit with
thirteen runs which is displayed in Table 12.4. Table 12.5 and Table 12.6 displays all
of the statistical estimators generated using the ANOVA method. Each of the
Egn.(12.13) and Eqn. (12.14) has its own F-value and P-value. The variance of the
data is calculated using the F-value. If the F-value is greater the | then we will

consider the input data 1s accurate. Table 12.6 shows the statistical estimated



regression coefficients for the simplified models of Cf, and Nu,. The ANOVA
shows the results of R? = 100% and Adj R? = 100% for Cf, and R* = 98.73% and
Adj R* = 97.82 % for Nu,. These Results show the best correlation between input

parameters and output responses

Table 12.5: ANOVA for (a) Cf, (b) Nu,.

Source DF AdjSS | AdjMS | F-Value P-Value

(a)

Model 5 1.26084 | 0.25217 * * Significant
Linear 2 1.21635 |0.60818 * * -

Square 2 0.04449 | 0.02225 * * .
Interaction | | 0.00000 | 0.00000 * *

Error 7 0.00000 | 0.00000 * *

Lack-of-Fit |3 0.00000 | 0.00000 * * Signiticant
Pure Error | 4 0.00000 | 0.00000 * * -

Total 12 1.26084 -

(b)

Model 5 642378 | 128.467 | 108.82 0.000 Significant
Linear 2 493.808 |246.904 |209.12 0.000 -

Square 2 87.840 | 43.970 37.24 0.000 -
Interaction | 1 60.630 | 60.630 51.35 0.000 -

Error 7 8.265 1.181 -
Lack-of-Fit |3 8.265 2.755 * * Significant
Pure Error | 4 0.000 0.000 -

Total 12 650.643 -




Table 12.6: ANOVA Regression coefficients of responses for (a) Cf, (b) Nu,.

Terms Coetticient P-value Significant
(a)
Constants 0.8997 0 Yes
A 0.4502 0 Yes
B 0.0000 0 Yes
A? -0.1174 0 Yes
B? 0.0000 0 Yes
AB 0.0000 0 Yes
R? = 100.00% Adj R* = 100.00%
(b)
Constants 13.354 0.000 Yes
A 4.653 0.000 Yes
B 7.788 0.000 Yes
A? -1.204 0.108 No
B? -4.638 0.000 Yes
AB 3.893 0.000 Yes
R? =98.73% Adj R* = 97.82%

12.3 Sensitivity Analysis

The sensitivity of the Cf,and Nu, to m and Pr has investigated in this chapter. The

regression coefticients for Cf, and Nu, are shown in Table 12.6. By using Table 12.6.

mathematical Eqns. (12.13 and 12.14) may be rewritten as follows,

Cf, = 0.8997 + 0.45024 — 0.1174A%,

(12.15)




Nu, = 13.354 + 4.6534 + 7.788B + 3.8934B — 4.638B%. (12.16)

The sensitivity functions developed below can be used to calculate the rising or

falling trend of the responses with regard to the input parameters 4 and B.

2 (Cf,) = 04502 - 0.2348 A (12.17)
2(Cf) = (12.18)
2B (C/;C) - 0:

2 (Nu,) = 4.653+3.893 B, (12.19)
2 (Nuy) = 7.788+3.893 4= 9.276 B (12.20)

The sensitivity of various values of m and Pr is tested. Table 12.7 shows the
sensitivity of the output responses Cf, and Nu, to changes in m and Pr. The response
variables increase as by increasing the bar chart in positive direction and vice versa.
As the height of the bar chart rises, the reaction becomes more sensitive to the

variable. The sensitivity plots are depicted in Fig. 12.1.

Table 12.7: Sensitivity analysis of Cf, and Nu,.

A B aCf, /oA aCf,/0B | ONu,/0A | ONu,/0B
-1 0.685 0 0.76 13.171
-1 0 0.685 0 4653 3.895
1 0.685 0 8.546 -5.381
-1 0.4502 0 0.76 17.064
0 0 0.4502 0 4653 7.788
1 0.4502 0 8.546 -1.488
1 0.2154 0 0.76 20975
! 0 0.2154 0 4653 [1.681
1 02154 0 8.546 20.957
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12.4 Discussion of the Results

This section is intended for discussion of the results obtained for sensitivity analysis
and empirical development of viscous flow via a wedge using RSM. Matlab's built-in
software bvpdc are used to compute a numerical solution of the problem. The results
of Cf, and Nu, were then compared to previously published work and showed good
agreement, as shown in Tables 12.1 and 12.2. The primary focus of this research is to
perform sensitivity analysis of Cfyand Nu, for the parameters m and Pr. To
accomplish this goal, we created expressions for Cf, and Nu, and used RSM to
construct the equations of output responses which are described in Eqns. (12.15 and

12.16).

To perform sensitivity analysis, empirical relationships between output variables and
input factors must be developed. Empirical development is an effective method for
determining correlations between output/response variables and input factors. It is
important in numerous experimental investigations to create empirical models for
nanomaterial viscosity and thermal conductivity ratios. By using RSM we
have calculated the values of responses using regression models fitted to thirteen
runs which is shown in Table 12.4. Table 12.5 shows the ANOVA table for both Cf,
and Nu,along with the corresponding F-value and P-value. The regression
coefficients for Cf, and Nu, are shown in Table 12.6. The P-value is used to
determine which terms are preserved and which are ignored. A P-value of less than

0.05 is required for empirical development subsequently, it will be ignored.

Fig. 12.1 displayed the sensitivity plots of Nu, for different parameters such as m
and Pr. Fig. 12.1(a) to Fig. 12.1(c) displays the positive sensitivity of Nu, to m and
mixed behaviour to Pr. Which means that the sensitivity of Nu, increases as by
increasing m and the sensitivity of Nu,, decreases as by increasing m at its high level
(viz Fig.12.1 (a-b)). It 1s also worth mentioning that Pr is more sensitive to Nu, than
m. From Table 12.7 it is clear that Sensitivity ot Cf, only depends upon m as the
partial derivative to Pr is zero throughout the column. Which means that Cf, is

independent to Pr.

The residual plots for Nussclt number are shown in Fig. 12.2. When the residuals are
matched to the fitted values its shows a strong connection. Iig. 12.2(a) shows the

scatter plot of Nuy. The figure demonstrates the strong connection between the input



variables and output responses. The histogram in Fig. 12.2(b) has the symmetrical
scattering and less skewed which demonstrates the good relationship of Nu, with
input parameters. Fig. 12.2(c) depicted the observation order verses residuals. The
outcomes also demonstrate that if observation order is increased, the residual of the
Nu,drops. These residual plots show good relationship between input parameters and

output responses, and also demonstrate good fit of empirical model.

It is important to note that normal plot of effects of Cf, is not presented because the
normal error for effects is zero. So the histogram of residual verses frequency could
not also draw because error is zero for Cf,. It is also noted that the mean square error
is equal to zero which means the degrees of freedom for error is zero so therefore no
graph of residual for Cf,will formed. The results are displayed in Table 12.5(a) and
Table 12.6(a).
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1s displayed in Fig. 5. From the figure it is noted that

The contour plots ot Nu,

maximum Nu, arises near low and middle level of Pr. And the effect of m on Nuy 1s

negligible.



Chapter 13

Conclusion and Future Work

This chapter summarizes the main findings of each chapter and the future work.

13.1 Conclusion

The aim of this thesis is to accomplish sensitivity analysis of fluid flow over a wedge.
To perform sensitivity analysis we first transformed the Partial Differential Equation
(PDEs) into a set of non-linear ODEs by using a suitable similarity transformation.
The transformed Odes are then solved with the help of MATLAB’s built in software
bvpdc and compared the obtained numerical results with existing work and found
excellent agreement. The numerical values are then used to calculate the data to
correlate the input variables and output responses. By using a statistical software
MINITAB-19 ANOVA tables are generated in each chapter and developed the
correlations between input parameters and output responses. Also, the residual plots
are represented in each chapter to show the validity of correlated functions. Finally,

sensitivity analysis is performed and results are shown using tables and graphs.

As the first chapter is some basic definitions related to current work, literature review,
research motivation and objectives. Chapter 2 comprises methodology, experimental
technique, RSM, ANOVA, Sensitivity analysis and geometry of the problem. Chapter
3 and onward, the main published and submitted work is discussed. The conclusion of

chapter 3 and onward is summarnized as follows;
13.1.1 Conclusion of chapter 3

In chapter 3 the sensitivity analysis of viscous incompressible fluid flow through a
wedge surface has been investigated. The governing nonlinear PDE are converted into
local non-similarity boundary layer equations using suitable similarity
transformations. After that, the solution is derived by combining the perturbation
approach with the MATLAB’s built-in code bvpdc. The values of Cf, and Nu, are
computed for various parametric values using a numerical approach on nonlinear
ODEs. The solution is then compared by the existing values which show excellent

agreement. The numerical findings arc then subjected to a sensitivity analysis to



determine the output responses dependency on the various controlling factors. The

outcomes are as follows:

R? and Adj R? have large values, indicating that the independent input
parameters and output responses are perfectly correlated.

The highest residuals among all responses are observed to be in the proximity
of 0.25 and 0.075 for the Cf, and Nu, respectively.

As ¢ value is increased, the sensitivity of Cf, increases.

The sensitivity of the Cf, decreases by increasing e.

There is no influence of thermal conductivity radiations on Cf,.

By increasing the values of the £, Cf, becomes more sensitive to y.

The sensitivity of the Nu, rises as the controlling parameter, namely the ¢
increases, but it decreases for y.

For all levels of y, there is no influence on the sensitivity of the .

For three distinct £ values and all y levels, Nu, is more sensitive to the ¢.

From the 3D plots it is found that, minimum Cf, occurs for the low level of ¢
and high level for e.

Minimum Cf, occurs for lower level of & and higher level of y whereas
maximum value is achieved for high level of & and low level of y.

Cf, is minimum for higher level of both & and y however Cf, is maximum near
lower level of € and high level of 7.

The Nu, decreases near the higher level ot y for A=(0).

Finally it is concluded that maximum Nu, occurs for higher level of ¢ and
lower level of y and minimum Nu, occurs near lower level of & and higher

level of 7.

13.1.2 Conclusion of chapter 4

The sensitivity analysis and empirical development of transport performance

quantities of flow of tangent hyperbolic nanofluid over a wedge has been investigated

numerically and statistically. Using appropriate simlarity transformations, the

governing PDEs are converted into systems of non-lincar ODEs. The numerical

findings are then obtained by using Matlab built in routine bvpdc. Then pertform



sensitivity analysis for the output responses Cf,, Nu, and Sh, by using the numerical

values for different input parameters. The outcomes are gives as follows:

o The high value of R? and Adj R? shows the strong correlation between input
and output variables.

e (f, is more sensitive to /e when compared to Nt and Nb.

e Fig. 2 leads to the conclusion that sharp changes in Nu, occurs with the
variation in Nt. Therefore Nu,, is most sensitive to Nt

e Sh, is most sensitive to Nb. Moreover, the sensitivity function for Sh, against
Nb changes sign which implies by intermediate value theorem that Sh, will

have a critical value against Nb.

Then we have developed empirical relations for response variables Cf,. Nu, and Sh,
from numerical data of input and response variables using Response Surface

Methodology (RSM).

e From level surfaces of Cf, against variation of Nr and Nb it can be concluded
that optimum value occurs at low levels of Nt and Nb.

o The level surface of Cf, for B = 0 one can see that maximum value of Cf;
occurs near high levels of We and Nb.

o Fig. 4.7 (c) shows that level surface of Cf, for € = 0 Nb has its minimum
value for low level of We and Nr.

o [ig. 4.8(a)-(c) represent the level surfaces for Nu, at A=0,B=0and C =0
respectively. It is observed that Nu, is maximum for low levels of Nt and Nb.

e Nu, is maximum for lower levels both e and Nb.

e Nu, is maximum at lower level of MVt and higher level of We.

o The level surface for Sh, at A = 0 shows that it achieves maximum value at

high levels of Nr and Nb.
13.1.3 Conclusion of chapter §

The numerical and sensitivity analysis of flow of non-Newtonian Casson fluid past a
wedge by using RSM has been investigated. The non-linear ODEs with boundary
conditions are solved by using MATLAB built in routine bvpde. The acquired results

are then compared with existing work and excellent agreement is formed. Then by



q

using the numerical results sensitivity analysis is performed by using RSM. The

outcomes are as follows:

e The large values of R? and Adj R? shows the strong correlation between
independent input parameters and output responses.

e The sensitivity of Cf, increases as by increasing Falkner-Skan exponent (m)
and decreases by increasing Casson fluid parameter .

e The sensitivity of Cf, is increases by increasing the parameters f and m.

e Nu, is most sensitive to Pr.

e The sensitivity of Cf, is not effected by Pr.

e For the case A =0and B =1 by increasing the parameter f the Cf, also
increases and by increasing the parameter m the Cf, decreases.

o  Maximum Cf, occurs near high level of both # and m.

e Nu, is minimum for low levels of m and Pr.

o Fig. 5.6(b) displays that Nu,, is minimum for high levels both f# and Pr.

e From Fig.5.6(c) we infer that Nu, is minimum at low level of m and g

13.1.4 Conclusion of chapter 6

The sensttivity analysis and empirical development of magneto-Carreau fluid across a
wedge by using RSM ig investigated in this chapter. To accomplish this aim the non-
linear ODEs [82] are adopted and solve these non-linear ODEs by using MATLAB
built in package bvpdc. To check the validity of our numerical results we have
compared these numerical values with already existing work [82- 86} and found
correct. By using RSM we have find the correlation model for output responses Cfy
and Sh,. The ANOVA tables and regression of coetficients are generated by using
statistical software MINITAB-19. Also, to check the validity of correlated models
residuals are plotted in graphical form and found a strong correlation between input
parameters and output responses (Cf, and Sh,). Finally, sensitivity analysis is
performed and showed the results in graphical form and concluded the important

results as,

e (f, is positive sensitivity to Ha and [ and negative sensitivity to We.

o (f. 1s most sensitive to We.
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e y is most sensitive to Sh, at low and middle level and Sc¢ is most sensitive for
high level.

e (f, is maximum for upper level of Ha and 5.

e (f, occurs maximum at lower level of We and upper level of §.

e (f, occurs maximum at lower level of We and upper level of Ha.

e Sh, occurs maximum at a upper level of Sc and y.

e Sh, occurs maximum at a upper level of Ha and y.

e Sh, occurs maximum at upper level of Ha and Sc.

13.1.5 Conclusion of chapter 7

The sensitivity analysis of the empirical development of Carreau fluid with shear rate

viscosity across a wedge by using RSM has been investigated numerically. To obtain
this objective, first of all the numerical values of Cf, and Nu, are obtained by using
Matlab software bvpdc and compared these numerical values by [87] and displayed
good results. RSM is applied to define the correlation between input factors and
output responses by using statistical software MINITAB-19. Then, using ANOVA
regression of coefficients and residuals errors are calculated. These hybrid numerical
and statistical values are utilized to perform sensitivity analysis of different
independent input parameters on dependent output responses. The important results

are as follows:

e The ANOVA shows higher values of R? and Adj R? for Cf, and Nu, which
shoes a strong correlation between input factors and output responses.

e The straight line of normal probability plots of Cf, and Nu, proved that data
is normal.

o Sensitivity of Cf, increases as by increasing We.

s Sensitivity of Cf, decreases as by increasing the value of'y.
o  We is most sensitive for Cfy.

s Nu, increases by increasing the value of yand Pr.

e Pris most sensitive for Nu,..

e Cf,1s minimum for high levels (+1) of We and y.

o Nu, is maximum at lower level of Pr and higher level of We and minimum at

higher level of Pr and lower level of We .



e Nu, is maximum at lower level of y and higher level of Prand minimum at
higher level of y and lower level of Pr.

e Nu, is maximum for higher levels and minimum for lower levels of pand W¥e.

13.1.6 Conclusion of chapter 8

The sensitivity analysis for wall heat and concentration flux of Falkner-Skan Casson
fluid flow has been investigated in this chapter. To obtain this objective first of all the
numerical values of Nu, and Sh, are calculated by using Matlab software bvpdc and
compared these numerical values by {88-90] and displays good results. The model for
the correlation between input parameters and output responses are developed by using
RSM. Then using ANOVA, regression of coefficients and residuals errors are
calculated. These hybrid numerical and statistical values are utilized to perform
sensitivity analysis of different independent input parameters on dependent output

responses. The important results are as follows:

e The ANOVA shows higher values of R? and Adj R? for Nu, and Sh, which
shows a strong correlation between input factors and output responses.

e The straight line of normal probability plots of Nu, and Sh, proved that data
is normal.

o The effect of input parameters Ra and Du is negligible on Nu,.

e Pris most sensitive among other input parameters for Nu,.

e Du is most sensitive to Sh,.

e Sh, is independent to input parameters Ra.

o Nu, is maximum for lower level (-1) of Pr and higher level (+1) of Du.

o Nu, is maximum for lower level (-1) of Du and higher level (+1) of Ra.

o Maximum Nu, occurs between middle level (0) of Pr and higher level (+1) of
Ra.

e Sh, is maximum between middle level (0) of Pr and higher level (+1) of Du.

® Sh, is maximum at higher level (+1) of Prand lower level (-1) of Ra.



13.1.7 Conclusion of chapter 9

The sensitivity analysis of MHD Casson nano tluid flowing over a wedge with the
influence of radiation by using RSM has been investigated numerically and
statistically. To obtain this objective first of all we have intended the numerical values
of Nu,, and Sh, by using Matlab built in software bvpdc and matched these numerical
values by [91 - 94] and displayed good results. Then, by using RSM we have made a
correlation between input parameters and output responses/variables. Regression of
coefficients and residual errors is also calculated with the help of ANOVA. These
numerical and statistical values are employed to perform sensitivity analysis of
different independent input parameters on dependent output responses. The

conclusions of the detail analysis are as follows;

o The higher values of R? and Adj R? for Nu, and Sh, displays a strong
correlation between input factors and output variables.

e The residual plots of Nu, and Sh, also proved that data is normal and there is
a good relationship between input parameters and output responses.

e Nu, is most sensitive to Nt as compare to Le and Nb.

o Sh, is most sensitive to Nb as compare to Le and Nt.

e maximum Nu, occurs at the lower levels (-1) of Nrand Nb.

o Nu, is maximum at lower levels (-1) of input parameters Le and Nb.

e Nu, is maximum at higher level (+1) of Le and lower level of Nt.

e Sh, occurs maximum at lower level (-1) of Nt and higher level (+1) of Nb.

e Sh, is maximum at low level (-1) ot Le and high level (+1) of Nb.

® maximum Sh, occurs at low level (-1) of Le and Nt

13.1.8 Conclusion of chapter 10

In this pioneering work the sensitivity analysis of nanofluid flowing over a wedge
with activation encrgy by using RSM has been inspected numerically as well as
statistically. To obtain this objective first of all the numerical values of Nu, and Sh,
are calculated by using Matlab software bvp4c and compared these numerical values
by [95] and displayed good results which are depicted in Table 10.1 By using
statistical software MINITAB-19 RSM is applied to find the correlation between

input parameters and output responses/vartables. Then using ANOVA regression of



coetficients and residuals errors are calculated to check the validity of correlated
models. The residuals plots for Nu,, and Sh, shows a good correlation between input
parameters and output responses which can be seen in Fig.10.3 and Fig.10.4
respectively. These hybrid numerical and statistical values are used to perform

sensitivity analysis. The conclusions of this pioneering work are as follows

e The high values of R? and Adj R? for output responses (Nu, and Sh,)
depicts the strong correlation between input factors and output responses.

e The residual plots of output responses proved the good relationship between
input factors and output responses.

e Pris most sensitive input parameter for output response Nu,.

o Nb is most sensitive input parameter for Shy in the case B = —1,B = 0 and
Pr is most sensitive among others for the case B=+1.

e Nu, occurs maximum near the lower level of Pr and Nb.

e Nu, occurs maximum at upper levels of Pr and Nt also the effect of Nt on

Nu, at low level 1s negligible.
® Nu, occurs maximum at upper level of Mt and lower level of Nb.
®  Sh, occurs maxumum at upper level of Pr-and lower level of Nb.

® Sh, 1s maximum at lower level and upper level of At and Pr and minimum at

middle level of Nt and Pr.

® Sh, occurs maximum at upper level of Nt and lower level of Nb.

13.1.9 Conclusion of chapter 11

Analysis of sensitivity and empirical modelling of Gyrotactic nanofluid flow over a
wedge has been investigated numerically and statistically. To accomplish this goal the
numerical values of Sh, and Sn, are computed by using Matlab and compared these
numertcal values by [96-98] and displayed good results. Then, by using RSM we have
designed a model between nput factors and output responses which are described in
Eqns. (11.23 — 11.24). To check the validity of designed models, residual errors are
calculated and their graphical results are displayed i Fig. 11.3 and Fig. 11.4. These
graphical results show good relationships between mput factors and output responses.
These numerical and statistical values are utilized to perform sensitivity analysis and

the important results are as follows:



e The high values of R? and Adj R? for output responses (Nu, and Sh,)
depicts the strong correlation between input factors and output responses.

e The straight line of normal probability plots, symmetry of histograms and less
skewed of verses order of output responses (Sh, and Sn, proved that data is
normal.

e Scis most sensitive as compare to Kr and Nb in case of 4=0 and B=-1.

e Kris most sensitive among other parameters for middle and upper case B.

o Kris most sensitive among other parameters for lower and upper case of 4=0.

o Sh, occurs mimmum at lower level of Kr and higher level of Nb.

e Sh, occurs minimum at lower level of Sc and higher level of Nb. Sh, occurs
maximum at higher level of Sc and Kr.

® Sn, occurs minimum at lower level of Kr and higher level of Nb.

e Sn, occurs minimum at lower level of Sc and higher level of Nb.

Sn, maximum occurs at higher level of Sc and Kr.

13.1.10 Conclusion of chapter 12

The Hlow of empirical development of viscous fluid past a wedge by using RSM has
been investigated numerically. The numerical values of Cf, and Nu, are calculated
by using Matlab software bvpdce and then compared by |99 - 102] and shows good
results. These numertcal values are utilized to perform sensitivity analysis of different
independent input parameters on dependent output responses. The important results

are as follows:

e The higher values of both R? and Adj R? shows that the input factors and
output responses are completely correlated.

¢ The normal probability plots of both Cf, and Nu, are along the straight line
which proved that data is normal.

o The standard error for effects for Cfy is zero.

e Mean square error / degrees of freedom for error for Cf, is zero.

e (f,is mdependent to Pr. So the sensitivity of Cf, only depends on m.

e Pris more sensitive to Nu,.

e Nu, occurs maximum near the middle level of Pr.



e Effect of m on Nu, is negligible.

13.2 Future works with applicability

Sensitivity analysis is the study of how different sources of uncertainty in an input can
be identified and separated and assigned to the output of a mathematical model or
system (whether it be numerical or not). Uncertainty analysis is a similar technique
that places more emphasis on the quantification and propagation of uncertainty;
ideally, uncertainty and sensitivity analysis should be carried out simultaneously. A
wide range of reasons may arise from the process of recalculating results under
different hypotheses to assess the influence of a variable in a sensitivity investigation,

including:

e testing the system's or model's ability to produce reliable results in uncertain
conditions.

e A more comprehensive understanding of how input and output variables
interact in a system or model.

e Reducing uncertainty by identifying model inputs that significantly influence
output uncertainty.

e A primary sensitivity test, which focuses on the sensitive parameters, might
facilitate the calibration step in models with many parameters that need to be

calibrated.
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