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Preface

In fractional calculus (FC) we study differentiation and integration of non-integer order.
FC has played crucial role in different fields like mechanics, electricity, economics, physics,
biology, biophysics, chemistry, control theory, aerodynamics, blood flow phenomena, signal and
image processing etc. It also plays vital role in the modeling of different number of phenomena,
particularly in the modeling of complex media, memory dependent phenomena and many more.
FC has emerged as an efficient technique in the analysis of dynamical systems. Leibniz. in the

d*y NI
dun V\'heIL‘ 1L 1S IlOll-Ilngltl\(,‘ Hll(‘g(*lh.

seventeenth century introduced the notation of derivative
Later on in 1695, first time L’Hopital, raised a question to Leibniz. what will be derivative if
n= %? In his reply, Leibniz wrote to L’Hopital

" This is an apparent paradoz from which, one day. useful conscqucnces will be divan”

After that Euler in 1730 wrote, when G = G(u), G is function of u and the ratio " G o
d™u can be expressed algebraically, where n is positive integer. He also raised question. what
happen if n is taken fraction 7. After few year Lagrange (1772) and Laplace (1812) worked on

fractional derivatives but first time in 1819 Lacroix, developed fractional derivative

dus VT
Later some other researchers such as Fourier (1822), Abel (1823), Liouville (1832), Riemann
(1847), Holmgren (1865), Letnikov (1868), Laurent (1884), Nekrassov (1888), Krug (1890),
Hadamard (1892), Heaviside (1892), Pincherle (1902), Weyl (1919), Marchaud (1927), Davis
(1924), Zygmund (1935), Love (1938), Kober (1940), Widder (1941). Riesz (1949). Feller (1952).
Oldham and Spanier (1974), Samko and Kilbas (1993). Podlubuy (1999} aud Trujillo and Sri-
vastava (2006) etc., worked in this field and developed some uselul fractional derivatives. NMost
common fractional derivatives in fractional calculus arc Riemaun-Liouville (R-Lj. Hadanard.

Caputo, Weyl and Grunwald-Letnikov (G-L) etc.

In this thesis, six chapters are presented. Chapter 1 presents some basic definitions and re-
sults which are related to the special functions (Gamma function, Beta function and M-L

function), fractional derivatives and integrals (Caputo, R-L, CF. AB). The statements of some



famous fixed point theorems and basic results are given, which provide the base for existence
and uniqueness results in FDEs. Also literature review and research methodology are discussed

in this chapter.

In Chapter 2, we discuss non-linear fractional boundary value problem (BVP) of order ¢ €
(1,2} involving AB-Caputo derivative with non-separated boundary conditions. We find exis-
tence, uniqueness and stability of solution in this chapter. For existence results, we use Kras-
noselskii’s fixed point theorem. We obtain unique solution via Banach contraction principle.
The criteria for Hyers-Ulam stability is presented to get stable solution. For validity of resnlis,
an example is provided. This work is published in journal Fractals, Vol. 29, No. 5 (2021)
2140016.

In Chapter 3. we investigate non-linear fractional BVP of order o & (2.3, involving AB-Caputo
derivative with integral type boundary conditions. Existence. uniqueness and stability of solu-
tion are derived in this chapter. Existence of the solution is obtained via Krasuoselskii's and
Schauder fixed point theorems. To get unique solution, we apply Banach contraction principle.
To discuss the stability of given AB-Caputo fractional BVP, the criteria for Hyers-Ulam stabil-
ity is used. In the end, example is provided for the validity of results. This work is submitted

in the journal Chaos, Solitons & Fractals.

In Chapter 4, we discuss multi-term AB-Caputo fractional BVP of order o € (0,1) involving
non-local boundary conditions with different cases (6% — 48562 = 0. 5312 — 46p6y > 0 and (Sif -
46069 < 0). We find existence results via Krasnoselskii’s fixed point theorems. We obtain
unique solution via Banach contraction principle for all cases (67 — b8, = 0. 07— 18,0,

0 and 6% — 45062 < 0). In the last. three examples are given. for validity of owr work. Th

work is published in journal Fractals, Vol. 31, No. 2 (2023) 2340024.

In Chapter 5, we present non-linear coupled FDEs with non-local boundary conditions of order

o € (1,2] involving AB-Caputo fractional derivative. Existence of the solution of given AB-

Caputo fractional coupled BVP is obtained via Krasnoselskii’s fixed point theorem. We obtain



unique solution via Banach contraction principle. To discuss the stability of AB-Caputo frac-
tional coupled BVP, the criteria for Hyers-Ulam stability is used. Examples are also given to
validate the results which are given in this chapter. This work is published in journal Fractals,

Vol. 31, No. 2 (2023) 2340023.

In Chapter 6, we explore AB-piecewise fractional differential system (FDS) of order o €
(0,1) with initial conditions. Existence results of AB-piecewise FDS is derived by using Schauder
fixed point theorem. To get unique solution, we apply Banach contraction principle. To analvze
the stability of the solution of AB-piecewise FDS, the Hyers-Ulain stability is discussed. Nuimer-
ical scheme is presented, which is based on Euler’s formula to obtain the approxinate solution
In the last, example is also provided in which we find unique and stable solution. Furthior we
calculate approximate solution with the help of Euler's formula. This work is subiitved i

Alexandria Engineering Journal.
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Chapter 1

Preliminaries

In this chapter, six sections are presented. In Section 1. some special function such as ot
function, Beta function and M-L function are discussed. Section 2 contains some basic defini-
tions and results which are related to different fractional derivatives and fractional integrals. In
Section 3, Fredholm and Volterra integral equations with different kinds are given. In Section
4, the statement of some famous fixed point theorems are given. In Section 5, literature review

is presented. In Section 6, research methodology is provided.

1.1 Some Special Function

This section presents Gamma function, Beta function, relation between Beta and Gamma func-
tions, M-L function and generalized M-L function.

Definition 1.1. [1] The Gamma function is defined as

jee]

P(u) = /e“*leﬂn,,

where 0 < u < o0o.

Definition 1.2. [1] The Beta function is defined as

1
B(u,v) =/£u—1(1 —0"7lde, w9 > 0.
0



The relation between Beta and Gamma functions is given as

LOITE) - v s 0.

0 Tt o)

Definition 1.3. [2] M-L function is generalization of the exponential which was introduced by
Mittag-Leffler in 1903 defined as

o0 U,£
Ea(u):gm, R(o) >0, ueC. (1.1)

After that Wiman [3] in 1905 generalized (1.1). as:

i 3
u
E; (u) = E . Ro)>0. R~y >0 0T
=0 I(o€ +7)

Few year later Prabhakar [4], in 1971 presented generalized M-L function and defined as

> Bi)pus
Egﬁ(u) = Z -’;!—F(w)gﬁ, R{c) >0, R(v) >0, ueC,
£=0

where (%), is Pochhammer symbol and represented as

(R)p = A(h+ 1) (Fi+2).occn (i+p—1) with (A)g =1, p € N.

1.2 Fractional Calculus

This section presents some basic definitions, lemmas and propositions of various [ractioual
derivatives and fractional integrals such as Caputo. R-L. C'F-Caputo. CEF-Riemann Lionville
(CF-R-L), AB-Caputo, AB-Riemann-Liouville (AB-R L) aud AB-Piccewise derivatives are
presented.

Definition 1.4. [5] Suppose a finite interval Q = [a,b] (—> <« < b < > on real axis 2 then

left and right R-L fractional derivatives are defined as

(RLaDaG) (0) = I_“(n—l—-aj <3dz>n7 <(7__G§)(§)——n+1> ds, R(o) >0, € > aq,

a



and
(RLDPG) (6) = F_(nl__g) (_%)7 <(<__G_€)§)_ﬁ> ds, R(o) >0, £<b.
¢

where if o € Ny then n = ¢ and if ¢ ¢ Ny then n = [R(o)] + 1.
Definition 1.5. [5] The left and right R-L fractional integrals are defined as

4
RLyo _ 1 G(g) o a
(k1 G)(e)_r(a)[<(€_g)l_a>dg, R() >0, (> a,

and

("*1,°G) (£) = F(la)/ <(<Gg‘f_ﬂ> ds. Ra) 0.1 < b

Definition 1.6. [5] Suppose a finite interval = [a,b] (—oc < a < b < x ) on real axis &, then

left and right Caputo fractional derivatives are defined as

n—1 .
((’;D ’G) () = i:RLDaSZ ( G (¢—a) )} (<),

k=0
and -
(“D,G) () = [RLD; (G(c)— GK('b)(b—Q")} (),
k=0 ’

where if 0 € Ny then n = ¢ and if ¢ ¢ Ny then n = [R(0)] + 1.

Particularly, when 0 < (o) < 1 and G(¢) € AC[a,b] (Absolutely continuous function) then we

(WD 7G)(0) 1_U]<(_% > . (1.2

b

(“D,G) (6) = 1_0_[/(8_( ) : (1.3

Now by replacing (£—¢)™7 with exp <—oif—g) and I'(1 —o) with 5 ) in (1.2) and (1.3) then

have

and

we get the following definition.



Definition 1.7. [6, 7) Suppose G € H!(a,b) and o € (0,1) then left and right CF-Caputo

fractional derivatives are defined as

©FC_pogy 07( exp{ a(f:?qu

~—

and ,
CFC yo M (g) c—¢
DJG) ( e ds,
(“FYDga) () — / < Xp { | ) ds
¢
where M (o) =1—0 + % is a normalization function and satisfving M/ 101 = M (1 = |
Definition 1.8. [7] Suppose G € H! (a,b), b > a and ¢ € (0. 1) then Teft and vight CF-R 1L

fractional derivatives are defined as

. N . L
(CFRGD”G> 6) = 2[_(00_)—52 <G’ (c)exp {—U\ AL }) s

and

(CFRD0G> (g

&.]g_‘

1—0

25 {owm 5]

Definition 1.9. [7] The CF-fractional integrals are defined as

¢
CF +o _l—a 0’/
(QIG)(Z) M (o) B(U Gls
and
) b
CFyo . — g g
(L) 0 = 3756 B(a»/G ..

¢
Next, we define left and right AB-Caputo and AB-Riemanu-Lionville t AB-E 1 fractional

derivatives using generalized Mittag-Leffler.

Definition 1.10. [8, 9] Let G € H'(a,b), b > a and o € (0.1) then the left and right

AB-Caputo fractional derivatives are defined as



14
AB(o) (£—-¢)°
ABC npo — HAE.. | —
DG =122 [e, |- =L
a
and ,
AB —£)°
ABC DO (G (0) = — (0>/G’(<)Ea [-a“ ) }d\.
l—-o l-o
¢
where M (o) =1-0 + (77 18 @ normalization function and satisfving 1/ 03 = M =1
Definition 1.11. [8. 9] Let G € H'(a.b), b > a and o € (0. 1) then the left and right new

AB-R-L fractional derivatives are defined as

¢ -
ABR po (G (0)) = 22 (‘;) % / G(s)Es [—a“ mh) } d

1 l1—0¢

and

APRDE(G (0) = -

-0

?Lit) %7G(§)Eg [—a(gl——g)a} ds.
4

Definition 1.12. [8, 9] Now we define left and right AB- fractional integrals as,

AB yo _ - U
JA7(G(6) = AB(U)G(€)+AB(U) J°(G10))

and
ABI(G (1) = 23—(;0(6) + A—};’(U—) ey

Lemma 1.1. [9] For 0 < ¢ < 1, we have
(VLATAER DTG = G

and

(P17 APRDENG(0) = G(o).

Lemma 1.2. [10] For 0 < 0 < 1, we have

(B 17ABC, D°)(G(0)) = G(¢) - G(a)



and

(P17 ABCDP)(G(0) = GO ~ Gb).

Proposition 1.1. [11] For G(¢) defined on [a,b] and o € (k, & + 1] for some k € Ny, we have
L. (APR.D7AZI°)(G(8) = G(b).
2. (ARITABED)(G(8) = G(O) ~ Z

h

3. (AR IPAPCDYG(0) =

£=0
Example 1.1. [12] In the following examplc we find AB-Caputo derivative of <in (. Cousider

4 1
AB (% —i(-¢)2
ABC D} (sin(f)) <2)/cong% <_21(__i)_2> de
0

14
2 = h . 62 €4 i
= ] Z(_l)' /{1— TR TIRR (—<)2ds
L(5+1) = ) 214
[ ¢ )
2 S I TN ("
= h Z(_l) /{(g_\>2 - _‘<( TN T h { N s
I (5 + 1) =0 K 2 I | |
— QZ( 1)(/1~1)(é)2/:—1E] 2,,(—6)%
h=1

Where we take o = %, and AB (%) = 1. Similarly we find AB-Caputo derivative of cos( and
(exp(€)),



Definition 1.13. [13] Suppose G is differentiable function then the AB-piecewise fractional

derivative having classical and M-L kernel is defined as

G/ () if 0<€<4,

PAB DG(G (6)) —
o ABC De(G (1) if 6 < (<T.

which means P'ABOD?(G (€)) is a classical derivative if 0 < ¢ < () and AB-fractional devivative

if6 <€<T.

Definition 1.14. [13] Suppose G is continuous function then the ADB-piccewise fractiona!

integral having classical and M-L kernel is defined as

¢
JG(9)ds if 0<£< 4y,
ARG =1 "

£
A5 GO + AB(f)r(a)éfG(C)(g —¢) e if 4 <E<T,
1

which means PABIZ(G (£)) is a classical integral if 0 < £ < ¢; and AB-fractional integral if

6 <e<T.

1.3 Fredholm and Volterra Integral Equations

This section contains Fredholm and Volterra integral equations. In integral equation. unknown
determined function u(¢) appears under the integral sign and we write integral equation in 1l

typical form as follows

u(l) =GO+ | QU ul)ds.

m(\.)
h(s)
where i(s) and m(s) are limits of integration. G(¢) is known function and (. ¢} represents the
kernel.

Definition 1.15. [14] In Fredholm integral equation, limits of integration are constant (h(s) =

a, m(¢) = b) and given as



b

B(Ou(l) = G(O) + A / QU <u(<)ds,

a
where A is parameter and a < £,¢ < b.

For first kind Fredholm integral equation, we take ®(¢) = 0, so
bn
Go) + )\/Q(é,s)u(c)dg ~ 0,
For second kind Fredholm integral equation, we take ®(£) = 1, so

b
u(d)y =G¢) + /\/Q(é’,g)u(g)dg.

Definition 1.16. [14] In Volterra integral equation, limits of integration are functions of £, given

as

¢
BO)u(t) = G(O) + A / QL )u(s)ds,

where £ € [a,b] and when we take ¢ > £ then Q(¢, ) vanishes.

For first kind Volterra integral equation, we take ®(¢) = 0, so

14

G(0) + /\/Q(f,c)u(g)dg =0.

a
For second kind Volterra integral equation, we take ¢(() = 1. s0

¢
u(f) = G + )\/Q((,.g)u(g)dg.

a

1.4 Fixed Points Results

In this section, statements of some famous fixed point theorems and results are presented, which
are main tools for uniqueness and existence results in FDEs. Banach Contraction theorem is

used to find unique fixed point. Schauder fixed point theorem and Krasnoselskii’s fixed point



theorem are used to find atleast one fixed point. For compactness, we use Arzela-Ascoli theorem.
Theorem 1.1. [15] (Banach Contraction Principle) Suppose X = (X, d) is complete metric

space and F : X — X is contraction i.e there exists § € (0,1) such that
d(Fll>F19) < 5d(u:7-9)7

for all u,¢ € X. Then F has a unique fixed point.

Theorem 1.2. [15] (Schauder fixed point theorem) Supposc 2 i~ honnded. comves. closod
and nonempty subset of Banach space X. If the mapping / from € into Q0 s coutinnons such
that FQ C X, FQ is relatively compact so /= has atleast one fixed point in Q.

Theorem 1.3. [15] (Krasnoselskii’s fixed point theorem) Supposc 2 is bounded. convex.
closed and nonempty subset of Banach space X. Assume [ 1./ 5 are two operators such that
(i). Fiup+ Foug € X, whenever up,ug € X.

(17). F is a contraction.

(i19). F1 is continuous and compact.

Then there exist ug € X such that ug = Fqug + Fous.

Lemma 1.3. [15] (Arzela-Ascoli theorem) Suppose J = [a,b] = (—o¢ < a < b < o0) is finite
interval on R. A subset  in C(J, R) is relatively compact if and only if it is uniformly bounded

and equicontinuous on J.

1.5 Literature Review

FC helps to solve numerous problems including special functions of nrhematieal tnadvss s
well as their generalizations and extensions in one and more than one variables. T FOvianons
type of fractional derivatives are introduced. Some results and applications reiated 1o 1O e
be seen in [5, 15, 16, 17, 18, 19, 20. 21, 22, 23. 24, 25. 26, 27. 28].

In 2015, Caputo and Fabrizio (CF) in [6] defined a fractional derivative involving exponcntial
kernel. It consists of the temporal and the spatial variables representations. The temporal rep-
resentation is related with time variables, in this case where real powers are involved in the
solution of fractional derivative will be changed into integer powers with some simplifications.

For this framework, the Laplace transform is suitable to solve. The spatial variables repre-



sentation involves non-local fractional derivatives. For this framework, Fourier transform is
convenient. After that in 2016, Atangana and Baleanu (AB) [8], have modified CF and present
a new type fractional derivative having kernel involving generalized M-L function. This type of
derivative is said to be AB-fractional derivative and used in the of both sense R-L and Caputo
derivative. Fractional integration and differentiation with M-L kernel have been considered the
most important and powerful tool in mathematics. which enable us to reproduce the cross effect
into mathematical models describing real world problems. Some hidden aspects of non-local
dynamical systems can casily be studied if we blend classical fractional derivatives with A B
derivative. Some properties and applications related to C'F and A3 derivatives can be seen i
(7.9, 10, 11, 29, 30, 31. 32, 33. 34].

Existence and uniqueness are two main aspects in the theory of fractional ditterential equa-
tions (FDEs). To obtain existence and uniqueness results of FDEs involving various initial
and boundary conditions like periodic, anti-periodic. non-separated. integral, multi-points aud
multi-strip ete., different fixed point theorems are used. Schaefer. Schauder. Krasnoselskii's. and
Leray-Schauder fixed point theorems are used to get atleast one solution of FDEs. It guarantees
that solution of FDEs with in function spaces like the space of continuous function, Banach
spaces, spaces with differentiable functions, Lebesgue integrable function space. Sobolev spaces
and many more. To obtain unique solution of FDEs, famous Banach contraction principle is
used. It means no other than one solution for same initial and boundary condition exists. Many
researchers worked on existence and uniqueness theory of FDEs involving different boundary
conditions, which can be seen in [35. 36, 37. 38. 39. 40. 41. 42. 43. .L4. 15, 16}

Stability analysis is another key characteristic of FDEs. In recent times. stabilitv of the solu

tions of FDEs has gained much importance as compare tu existence and migueness A =telh
solution provides important information under the given domain hiut on the tand dnstabic =0
lution may not give the required information. First time Ul 17 . raised the question abom
stability of additive mappings. Later Hyers [48]. developed a method to obrain the criceria fo)

the stability of these mappings. Rassias [49], explained the method to determine the conditions
for both linear and nonlinear mappings. In [50], Rus presented stability theory of differential
equations of four different types such as Hyers-Ulam (HU) stability, HU-Rassias stability, gen-

eralized HU stability and generalized HU-Rassias stability. Some results which are related to

10



the stability of the solution of FDEs are given in [51, 52, 53, 54, 55, 56, 57, 58].

1.6 Research Methodology

To find solution of linear and non-linear FDEs and fractional differential systems (FDSs) with
non-local boundary conditions, AB-Caputo fractional derivative and AB-Piecewise fractional
derivative are used. Schauder and Krasnoselskii's fixed point theoreus woe applied 1o vet exis
tence of the solution of FDEs and FDSs. To obtain unique solution of FDEs aud FDSs elassical
Banach contraction principle is used. To investigate the stability of given hractional BV P with
non-local boundary conditions, the HU stability is discussed. The analysis ol approxiinate and
exact solutions with errors of nonlinear integral equations is also elaborated with graphs by

using various numerical technique.

11



Chapter 2

Existence and Stability Results for
FDEs Involving Non-Separated

Boundary Conditions

2.1 Introduction

We discuss FDEs involving non-separated boundary condition in this chapter. Non-separated
BVP are those problem in which boundary conditions can not be expressed in term of separate
boundary points. Non-separated BVPs required some special technique to be get solved. These
boundary conditions are used in various BVPs of differential equations (IDE). partial ditferential
equations (PDEs) and FDEs. For example. Ahmad [59]. prescuted the following FDE

(“D%u) (6) = Gt u(b), (€[0T T >0

with non-separated boundary conditions
u(0) = €u(T) + p1, w'(0) = &u'(T) + p.

Recently some researchers develop some new results in existence and stability theory of FDEs

with non-separated boundary conditions involving various fractional operators. They used dif-

12



ferent fixed point theorems for existence results of FDEs and presented numerous conditions
for stability analysis. For instance, Zhou and Liu [60], presented existence results of given

BVP under the assumptions of Pettis integrability for the class of BVP fractional differential

inclusions. Their analysis relied on Monch fixed point theorem. which thev nseed the measures
of weak noncompactness. After that Samei et al. [61]. investigated nonlinen g-imeero b
term FDEs with non-separated boundary conditions including Caputo Tractional derivative.,
They used multivalued map and derived existence results of given BV For tiis. they appiiod

Covitz-Nadler and Leray—Schauder fixed point theorems to obtain solutions of given inclusion
problems. They also discussed different results of convex and nonconvex multifunctions. Later
Ibnelazyz et al. [62], explored uniqueness and existence results of integro-differential equations.
They used norm to develop the existence results via Krasnoselskii's fixed point theorem. They
obtained uniqueness via Banach contraction principle. In same year, Treanbucha and Sudsutad
[63], discussed stability, uniqueness and existence results for impulsive FDEs involving Caputo
proportional derivative. They obtain stability results of given problem by using Ulam stability.
For existence results, they applied Schaefer fixed point theorem. They applied Banach con-
traction principle for uniqueness of the solution. Some other related results for FDEs involving
non-separated boundary conditions are discussed with the help of different fixed point theorems
can be scen in {64, 65, 66, 67. 68. 69].

For motivation of above work. we discuss the following non-lincar AB-Chiputo Dactional BAP
(B D) (6) = G((u()), PR
with non-separated boundary conditions

.
u(0) =&u(T)+ pl{E(c,u(c))dc,

.
u'(0) = &u' (T) + ngn (s, u(s))ds.

Where G, E,n : [0,T] x R — R are all continuous functions and 1 < ¢ <2, £ € [0,T], T >

07 51»52,3317)32 > 0.

13



We assume the following assumptions in this chapter, which are useful in our next discussion.

@) 1G(u() = G(EI(0)] < L1 lu(€) —J(O1.
(i1) |E(,u(l)) — E(£,9(6))] < Ly lu(f) = 01, (H1
(iid) In(€ou(€)) — {6, V(6)] < Lyiulfy - v,

(i) |£ (‘{ u()] < q2(6) + e ui()) Ho
(é41) (e u(@)] < qs(6) + cs lu()"

( e {36 + 1)}
S1=9 +reep a+1 {(T ) (1623201 + &) o+ 131& 1+ 1)} ¢ <L (H3)
+L9131p1] T+ L3 p,30(L +&,)| T2

T U T(€:32(1 + &) + 1316, + 1)}
Gy = +r(;ﬁj{(T)”(#€z32(1 +&)lo+ 36+ 1)} o <L (14)
+£2 13101 T + L3 1p, 32(1 + &)| T?

Where £4,£0,£35 20, ¢1,¢0,¢3 >0, 0 < liy, ko, fig <1 and also q, € (T'("[(). T 57 7i=1.2.3

2.2 Existence Results

This section presents existence of the solution of AB-Caputo fractional BVP (21225 nainy

Theorem 1.3. First we derive our main result for linear AB- Caputo {ractional BVP
(AFED7w) () =Q(¥), 1<o<2, Le[0,T], T>0, (2.3)
with

u(0) =&u(T +p1f<1> )ds,
(2.4)

ul( ) 52“ +p2fw 9
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Lemma 2.1. Suppose @, ®,w,: [0,T] — R are continuous functions then the solution of

AB-Caputo fractional BVP (2.3) — (2.4) is given as

T T T.
+/‘1’ d<+31p1/ ($)ds + 3op, (&, T+ 11 =&t /mw/\. 20
0 0 )
where
1 1
i=——— 3= ———— with &,. £, » L.
T-e) T me- o
o T+ -8)0N .
6(6) =(2—-0)& (32 ABlo—1) G(T) {243}
and
(0= 1% (35 ) (T - 07 + (3t Sty ) (T- 007
(o-1) a— (§,(2-0)) (2-0)
+ (AB(U—I F(o)) (E=9) 1+ (31 A%(o—l)) + (AB(0—1)> y 0<e<d,
U () = (2.7)
£, T+(1=£,)0) Jo- € (o—1 o
(0 - (37#m;—1ﬁ1(3;7) - 2+( T(ETIE(T)F)_()”))U—S) !
(§,(2-0))
\ (3 AB (o~1) ) t< ¢ > <T.

Proof. We have

(YPUDW (O =Q(), T<os2 U< T

Taking 4217 on both sides and using Proposition 1.1, we get
¢
(o0 - 1) o) .
Ll(é):Cl"f‘CQé'F U—l Q d€+—‘~m é's (2 )y, . (_),\)
0

Using the boundary conditions (2.4) with @ (0) = 0, we obtain

£ T (2-0)
(1-&)(1-¢&) AB(o-1)

.
€162 (0 —1)? e
+(1_—‘£1)(1_§2)TAB(0—l)r(g){(T $)°7°Q (s) ds

Q(T)




+____§_1_p?— /w cl<+(1€ (2~G>)/Q(<)d§

(1-6)01-&) —-&)AB(o -1 /
£ ! T
1 (o0 ~1) o~ \ bl ‘“ )
+(1—£1 AB 0—1 / Q (/S+ 151/](\;/&
and
@ = 2270 o

(1-¢&)AB(0 - 1)

.
€2 (0——1)2 ' o2 e P, ’”_ .
+(1—£2)AB(0—1)F(U)Z( TR A ’6_)/”(“”“'

—

Putting the values of ¢; and ¢y in equation (2.8), we obtain

(66T —0) +&(1-6)2
uh = < - &)~ &)AB (0 -1

.

€16, T(0 = 1) + £5(1 — €))é(0 — 1)? o

+( - &)1 ~§)AB @ - DI >/<T—<> *Q (o) ds
)

)“”)Q(T)

§1(c - 1)
(1-¢)AB(c-1)T(0)

¢
— )
(o / OO
(o0 —1)

0

§,(2-0 1
(l—ﬁlABU—l/Q Jd+ 7 )/Q‘“/\

§1p, T +py(1 =) -
oo + (SRS )/ R

+ (T-)'Q(s)ds

oS —

P1

-g)

O\_—|

After simplifications and replacing the values of 31, 32, ¥ (<) and §(¢), we get the required
solution. m

Consider a Banach space X = C([0, T}, R) having norm

[l = sup [u(é)].
£€(0,T]
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Now we transfer AB-Caputo fractional BVP (2.1)-(2.2) into fixed point problem, given as
u=Fu, (2.9)

where F : X — X is given by

(Fue) = (2= )3 (St

T
e 2 ET+H(1—-€& / R ‘ )
+(U 1) 6232 <AB(U‘1)F((T) ‘ \T N G ting oy

(

> G{T. uw(T

-
+31 / 177G (s u(s)) ds
0
1 ¢
U_ __(71
0

£1(2-0)
+31 —‘1(—_—1-)[G(§,U(§))d§+ 0_1/Ggu Vs
T

T

+31p1/E (s, u(s))ds +p,32 (&, T+ (1 = £1)¢) /n(wt(s))(k. (2.10)

0 i

Remark 2.1. To prove the existence results of AB-Caputo BVP 12, 11-72.2 wo show that 1l

function F defined in (2.10) has a fixed point.

Theorem 2.1. Suppose all assumptions of (H;) — ({13} hold. Then AB-Caputo fractionad
BVP (2.1)-(2.2) has atleast one solution for all [0, T].

Proof. Consider

3 (llaull + 1l ) 1,
Bry = Q€ X full <> max |3 (Jaal + e fral?) 02, | ¢

3)las]l + c3 [lm )" ©3
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where

O1 = = [{T (63201 + €1)] + 3161 + 1)}
+ o (T (€321 + &)l 0 + 1316, + D},

2 = [31p1] T,

Oy = p, 32! (1 +&)T?

(2.11)

Now we define operators }7; and /7, on B,, as

T
(Fiw)(8) = (2-~0),3 (%) GiT. wTi,

T
_ 2 Ei T+ (1—&) T e g
('L_Qu)(g) - (U 1) ‘5232 (AB (O’— 1)F(0)> /(T S ) (l '\~Uk\"(/\
0

T
+3 / 17T (s, u(¢)) ds
0
¢
o= 1) / Y- LG(s, ulc))ds
B(c—1)T
0
£1(2-0) (2-0
+31m/0(§ u(s ))dC+m/G< u(s))ds
0 0
T T.
+31p1/E(<,u(c))d<+p232 (& T+ (1 -&)¢) /7/(s.ll(\))<1\-
0 i

Step 1. In this step, we prove [ yu+ f 20 € B, . For this we take u.J < B, and consider

AB (o - 1)

T
+(U 1) 6232 (/‘13(0’"1)1((}) ' (T G (. \.I‘\],(/\

M {u(@)) + (900} = ‘(ng)gzg,g <51T+—U‘fl?;’)(,¢_”i

0

T
i(o —1) No—Lpri
+31m/(T~Q) IG(Q,ﬂ(C))dC

0
¢
;:11 / (= <)" " G(s, 9(c))ds
0
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T [4
£,(2-0) (2-o0)
+&Z%E;?5/G@ﬂ%0ﬁk+ZEE;TBZGKﬁ@D*
0 (
T T

+mm/E@ﬁ«»«+pﬁﬂaT+u—fﬂ@/ﬁ@v«»@
0 o] i

’(2 ~0)6:32 <%> ' G (T.w(T))]

.
: T +(1-&))¢ 1/ PR
__12‘5. ——— (T—\ (; N S /\
(o )62‘)2<AB(0—1)F(0) I ASEE DR

) 0

IN

§1(0 —1)
AB (o - T(o)

T
/(T - S)U_l IG(\ U(\)H (/\
0

¢
(0 _ 1) _ o-1 ) )
T AB e DT() {(6 TG U(9)) s
+ 31m {iG(C,ﬁ(§>)'d§+m{ |G(§,19(S))’dg

T T

+Bmﬂ/ﬂﬂ9ﬂdﬂk+mJM&T+ﬂ—&Mﬂ/M@ﬂKm¢s
0 0

taking sup on both sides
¢e€l0,T]

AN

It o] < (lall+ el ) 0+ (ool + i) 0.

+ (sl + s 1) 0

Hence [Mu+ Fd € B,,.
Step 2. In this step, we show a mapping [ 9 is contraction. For this. consider

§1T+(1~§1)5>‘

F2{u(0) — 290} < W—*y@b<Z§GTTﬁ?3

(T=<9)7*1G (5,u(s)) = G (5, 9(s))] ds

o\—-{
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al
+31ABO’—1 ‘/ - G (s,u(s)) — G (s,9(s))| ds
¢
T AB (o~ 1) T(o) ;——11 / Q) THG (s ul<)) = G (s, 9(s))] ds
0

2 - ' .
+ 31%@—:{%‘/!G(QJL(())*(:’('\.U(\W(/\

»
(2-0) / ‘ |
AB(o - 1) TSy ) = GlsouGind
+ AB(O’— 1) ‘p(g ll(\), C (¢. Ll

+131p1|/|E(<,u(<)) — E(¢,9(<))] ds
0

_
36T+ —El)f)l/ln(c,u( ) — (6. 0())] ds
0
£1 1
< ZB—('_—'—[T{BIEl' + 1)1+ o+

{(M)7(1€232(1 + &)l o + [31&1] + D)} [u(€) = I(O)!
+£2131p1| T u(é) — J(¢)]
+L3 [P, 32(1 +€1)| T [u(€) = 9(0)]

= &1 u(f) -9},

taking sup on both sides. we get
£eln,T)

(17w — Fov] €&y fju—dli.
This implies f 9 is contraction mapping.

Step 3. In this step, we prove F ) is continuous and compact operator. The continuity of ¢/

implies continuous of F ;. Since

laul [€23201 + €DIT _ ,
AB (o - 1) =

IFaufl <
Therefore f1(B,,) is uniformly bounded for all [0, T].
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Next, we prove f 1(B,,) is equicontinuous. For this, consider

[(F1u)(&) — (Faw)(&2)]
(2 - 0)6;32 (STHE=HY ) 6 (T u(T))

_ AB(o-1)
~(2 - )32 (WTHEHE ) G (Tou(T))
2 - 0)6;3 | |
= '%—5{7)5—2?;{(1—51)61—(1—El)('g}(,‘(T.ufT‘ -

when o — ¢;. Thus F1(B,,) is equicontinuous for all £ € 10. T, Su by using Arzela- Aseoli e
orem (Lemma 1.3), the set /7 (B, ) is relatively compact. Since /(0B s relatively conipact ~
F1(%,1) is compact. As F1{B,,) C T‘BH) C X, which implies £ is compact. Henve all con-
ditions of Theorem 1.3, are verified. Therefore given AB-Caputo fractional BVP (2.11-12.2} hax

atleast one solution on [0, T]. m

2.3 Uniqueness

This section provides unique solution of AB-Caputo fractional BVP (2.1)-(2.2). For this pur-

pose, we use Banach contraction principle (Theorem 1.1).

Theorem 2.2. Suppose all conditions of (H1) and (H4) hold. Then AB-Caputo fractional
BVP (2.1) — (2.2), has a unigue solution .
Proof. Consider

B,, = {u X ul| <y > with 1] - &y = U}_

S5
(1-6,)
where

Gy = R10; + R0y + R30;.

and ©;, i =1,2,3 are defined in (2.11).
We set

sup |G(¢,0)| =Ry, sup |E(,0)] =Ry, sup [n(£0)] = Rs,
£€[0,T) 2€[0,T] Le[0,T}

where R, Ry, Rz > 0.
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Now consider

GULu(@)] = |G u() - G(£,0) +G(L,0)]

IN

G{£,u()) = G(£,0)] + [G(L.0)]

IN

£ HUH + R = Lyro + Ry

Similarly, we consider

E(fu(0)] € Lory + R,
()] € Ly Ry

Step 1. First we show that [ (*B,,) C B,,. For this we consider

(PO € @2=0)le3a(erT + (1= €00 75— 1C (T T
T
+o = D ea3a(6T + (1~ 600l gy ) (T =97 (G lsulelds
0

(-1

+ 13181 AB (o =D I(0) (T=<)7"HG (s,u(s)] ds

c\—{

(0-1)

AB (0~ 1)T(0) (£=<)7 MG (s, u(s))] ds

+

C\.t\

T (
2-0) | 20 / S
_2m9) e ds +
TG Ty G el )

0

T T
+l31p1|/ [E (¢ u(s))lds + [p 32 (65T + (1 "'SH/M'/ UENEINEGS
0 U
taking sup on both sides

£€[0,T)

< 217‘2
- AB{(c-1)

{(M7(1€232(1 + &) o + [3161] + 1)}]

[Ful {T(€32(1+ &)+ 31611 + 1)}

MYCESY
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+L5[31p1] 2T + L5 [p,32(1 + &) TPy

TH o HT(E3a0+ €0 + [3a6al + 1)

{630 + €lo + 36|+ DY

+R2|31p1] T + R |p, 32(1 + &)| T°

+

Gorg + 63 < 719

This shows that [ (B,,) C B,,.

Step 2. In this step, we prove a mappiug f is contraction. For this consider uoof o B,

have

[(F)(6) = (FO)O] < {(2-0)[632(6T + (1 - £,)0)]

1
AB (o —1)

+{(o = 1)*16,32(6, T+ (1 -

G (T,u(T)) = G(T.0(TH}

1
S TG T)

(T=9)772IG (s,u(s)) = G (s,9(s))| ds}

oS —_

(0-1)

+|31£If AB(O’— 1)F(O’)

o\—q

B(o-1)

¢
—1 . )
o / — TG (o)) — G e 0l de
0
]

+13:8 | 1B /( BTG IR SR INT A
(2-0) /
_— Lu(c)) — G )]
+AB(O’—1) G (s u{s)) — GHs, V(s )) s
0

+wm¢/W@m«»—Euvmw@
0

T

+wﬁM&T+U-&Vﬂ/Mkm@ﬂ—n&ﬂmﬂk,

0

23
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taking sup on both sides

€0, T]
£1
[(F)6) = (FHOI < fu-1d {W (T(E,30(1 4 €]+ [316,] + 1)}
1 Y |
+ Lo [31p1] T+ £31p, 3201 +£1);T'-’}
= Gyllu—4dl.
As 6y < 1, 80 F is contraction mapping. Hence from Theorem L1 we get o anigine ~olution ol

AB-Caputo fractional BVP (2.1)-(2.2). =

2.4 Hyers-Ulam Stability

To investigate the stability of given AB-Caputo fractional BVP (2.1)-(2.2), we use HU stability
in this section.

Remark 2.2. From Lemma 2.1, the solution u(f) € X of AB-Caputo fractional BVP (2.1)-(2.2)
is given as;

T T

u(l) = 5(€)+/\I' (f,c)G(c)dCJr31131/E(c.u(<))dg

0 U

T
+30p, (T +(1-€)¢ /1) G u(s))ds.

¢

where 6(¢) and ¥ (¢,¢) are defined in (2.6) and (2.7).

Note that

wes) < o= (355 ) oo
(e Tore) ”J_IJ“KAB(f:ll))r(a))“ o
| (i3] + | (2w )



Definition 2.1. The AB-Caputo fractional BVP (2.1)-(2.2) is HU stable if there exists a con-

stant A > 0 such that for every € > 0 and each solution u(¢) € X, satisfying
[(GPCD7u)(6) — G(6,u(0))] <, (2.12)

for all £ € [0, T]. Then there exists ¥(¢) € X a solution of given AB-Caputo fractional BVP
(2.1)-(2.2), such that

[

u(f) —d ()] < Xe, forall (=0T,

Remark 2.3. u(f) € X is a solution of inequality (2.127 if and onlv I there exisia o lunetao,
7(¢) € X, such that

(@) |7 ()] <, forall £€[0,T].

(i) (PPCDow)(6) = G, u(f)) + 7 (), for all £ € [0,T].

Theorem 2.3. Suppose G,E,n : [0,T] x R — R are continuous functions and satisfying all
conditions of (Hy). If
1—(oTL1 — ©2£9 — O383) # 0,

then AB-Caputo fractional BVP (2.1)-(2.2) is HU stable.
Proof. Suppose u(f) € X is solution of (2.12), then from Remark 2.3, we have

GBCDoW)(0) = G, u(0)) + 7 (¢), for all € € [0, T}.

From Remark 2.2, we have

T
u(f) = (5(()+/\I/((,S)G(/s.u(\))(/\

0
T

T
+/\I/(€,§)T(c)dg + 31})1//‘:‘&5‘11{&))(/&
0

T(J
F3am, (6T + (1 £,)0) / n (s, u(s))ds,
4]
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which implies

u(€) = 6(¢) - }‘P(&c)G (syu(s)) ds — 31p1}E (s,u(s))ds
0

0 < oTe, (2.14)

.
=320, (G T+ (1= 61)0) {n (s, u(<))ds

where g is defined in Remark 2.2.
Now assume that ¥(¢) € X is a unique solution of AB-Caputo fractional BVP (2.1)-(2.2). We
consider
T r
MOENIGES /\If((..g)G(g. ViGrids = 3, / JAENTINNTR

0

() -9 =

=32, (1T + (L =&€1)0) [ 1(s. V(s ))ds

T T
< |u(l) - 6(0) — /\I/(é,g)G(q,u(g))dg - 31p1/E (¢.uls))ds
Q 4]
T
~3ap, (64T + (1= €0 [n(s,u(s))ds
0

T T
| [0 uls) ds - [0.06 o) ds
0 0
T. T.
+131p1 (/E(C, u(c))ds — /E (g.'l)(g))d\> ’
0 0 |
T. T'
+ 32}32 (6T +(1 _51>€> (///(\.U(\‘,,(/\ - /I/I\A TN :/’\,j -

from (2.14), we write

W) —9(@)] < oTe+oTLilu () — ()] + T30l Loy il — o1
+T132p, (6T + (1 = €)O)] Ly [u () — v (€)].
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taking sup on both sides, we get
¢€[0,T]

lu=9l < oTe+oTLy[ju—=dlf+T3p1Ls ju -7

+32p, (1 + &) T2L4 fJlu — 9|

lu =9 {1~ (oTL1 — O2Ls — 03L3)} < oTe.

which implies

oTe
— 9l < - = Ae.
=l < {1 - (oTLy — 028, ~ 04841} (
where
A= of —
N {] —(oTEL — 0,8, — (‘)xl:ﬁl}.
provided

{1 —(0TL — 028y — 0484} # 0.

Therefore AB-Caputo fractional BVP (2.1)-(2.2) is HU stable. =

Next, we provide example to validate the conditions of Theorem 2.2 and Theorem 2.3, to

get unique and stable solution.

Example 2.1. Consider, the following AB-Caputo fractional BVP

(186,D%) (0) = (1 - {%) . 1<o<2 Le0T),

with

From (2.16). we have

£_1 2 e
s 2_5ap1’77p2—

N4

I
3 3 =3

y,IT'=1land AB(c—1)=1, foralll <o <2,

{1 =
32 =

Lo | U |
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GUEu0) - GULIO) S ¢ O - (0],
B u() - B £ 2O - 9(0)
)~ 1O < Fu(E) - 90

From above inequalities, we have £; = é, £9= %, £y = % Hence

T T €321+ €)1+ 3161+ 11}
So =+ T (@300 + §)lo+ 308, 1y 00T
+£2|31}J1!T+£:$1p232(1 +& T

and

{1 - (6T€1 — ©28y — O34} # 0,

Hence all conditions of Theorems 2.2 and Theorem 2.3 are satisfied. So. we get unique and

stable solution of given AB-Caputo fractional BVP (2.15) — (2.16).

2.5 Conclusion

In this chapter, the AB-Caputo fractional BVP involving non-separated boundary conditions
of fractional order ¢ € (1,2] are discussed. In Section 2.2, first we find solution of linear AB-
Caputo fractional BVP in Lemma 2.1. After that in Theorem 2.1, existence result is presented in
which we obtain atleast one solution of (2.1) — (2.2) using Krasnoselskil's fixed point theoren,
In Section 2.3 (Theorem 2.2). unique solution of AB-Caputo fractional B\ (2.1 -+ (2.2 i+
obtained via Banach contraction principle. In Section 2.1 ¢(Theovem 230 vhe critera o HI
stability of the solution of AB-Caputo fractional BV (210 - 1220 i discissed Tt v
of Section 2.4, an example is provided in which a unique and stable solution 1~ obtained in

satisfying the conditions of Theorem 2.2 and Theorem 2.3.
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Chapter 3

Existence and Stability Results of
FDEs Involving Integral Type

Boundary Conditions

3.1 Introduction

The classical boundary conditions are used to identify the behavior of solution at specific or end-
points however integral boundary conditions which are used to find the solution in the specified
region, so the problems involving integral boundary conditions are more general than ordinary
boundary conditions. Integral boundary conditions are also used where the classical conditions
failed to develop the mathematical models. Integral boundary conditions has attained much im-
portance because of numerous applications in many fields. As Nicoud and Schonfeld "70'. used

integral boundary conditions in unsteady biomedical computational Huid dyvuamics (BNICED ¢

The decomposition of solution into waves is done by using this strategy. I enn be appiied to,
numerical scheme to solve hyperbolic equations. involving Navier SUokes cotnpress: i eoa i -

or incompressible counterpart. when solved with an artificial conpressibiliny teclnmque. s
technique is also validated to compute both pulsated channel and steady flows. Some orler
applications of integral type boundary conditions can be seen i the arcas of thermo-clasticity,

chemical engineering, blood flow problems and population dynamics ete.

29



Recently integral boundary conditions are widely used iu FDEs. Sume researchers also develop
stability, uniqueness and existence results of FDEs having various fractional operators with the
help of integral type boundary conditions. For instance Ahmad et al. [71], discussed the ap-
proximate solutions of converging quadratically and monotonically to unique solution of forced
Duffing equation having integral type boundary conditions. They presented an algorithm that
allow to examine the numerous practical phenomena like predicting the possible occurrence of
vascular diseases and identifying the emergence of chaos in speech ete. After that Wang et al.
[72], studied integro-differential equations including deviating arguments with first order. They
investigated existence results of given problem including integral type boundary conditions by
developing comparison result and using monotone iterative method. To fimd compayison
sult, they discussed differential inequalities of first order including deviatimg aremment. Lot
Cabada and Wang [73]. presented existence of the positive solution for nonlinear B b
integral type boundary conditions including Caputo {ractional devivacive, Cong Bvra-oscisis
fixed point theorem are applied to obtain existence of the positive =olution. Recently Luo et ai
[74], presented analysis of implicit FDEs including integral type boundary conditions having
Stieltjes integral. They found existence and uniqueness results of given implicit FDEs. They
used Schaefer fixed point theorem and Leray Schauder theorem of cone type result for existence
results. They obtained uniqueness via Banach contraction principle. They discussed HU sta-
bility, HU Rassias stability, generalized HU stability and generalized HU Rassias stability to
get stable solution. Some other results can also be seen in [75. 76. 77. 78. 79. 80, 81].
Motivated from the above work, we investigate non-linear AB-Caputo fractional BVP in this
chapter,

ABC D7 (u (€)) = G u(0)) (3.1

with integral type boundary conditions

1
w(0) =0=u"(0). hu(l) = f/(m\ Wiy o, 52

0

where 2 < 0 < 3,67 :[0,1] - R" and §, i > 0.
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For our next discussion in this chapter. the following assumptions are uscful.

G (4,u(0)) — G (£,9(0)] < Llu(®)—d(0)], £>0, L€ [0,1]. (H5)
IG(&,uw)] < €(0), €€ C([0.1],RT). (H6)

(0 Zwlmwg <o

(H7)
1
(1) [1%a(l,6)|ds < 0y.
0
l\
(1) © = [<01(s)ds. |
0
(ii) & = e with {h—®f £ 0. i 40 -0,
3.2 Existence Results
This section presents existence results of the AB-Caputo fractional BV (3.11 - 3.2 using

Theorem 1.2 and Theorem 1.3. First, we derive our main lennna for the solution of lincar AB3-

Caputo BVP
ABED(u(8)) = Q(¢) (3.3)

with integral boundary conditions (3.2).
Lemma 3.1. Suppose @ € (C[0,1],R) then the solution of AB-Caputo fractional BVP (3.3) —

(3.2) is given as

1 1
u(l) = /\111(&<)Q(<)d< +6 é/\llz(f,c)Q(q)dg . (3.4)
0 0]
where
(3—0) /p (3—a)t - ‘ ‘
+AB((TU-2)<£ —<) - ,u;(nsz\,“ B UREEVAT S
— (a*_l)/‘, i1 [\ ! W] N i
\I’l(g,C) — AB(g-2){o
—A(/;(Vaﬂ—)(’z)(l —<) - .-\UEZ:j));wJ}U RN
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and

1
/Ol W ¢)dE
0

Proof. Applying 4217 on both sides and using Proposition 1.1, we get

¢
e B-0) [
0 = (o "9 [ d
u(f) c1+ e +032+AB(0—2)/( $)Q(s)ds
0
[4
TR i) / Jd
AB(c -2)T J-
0
Putting u (0) = 0 in (3.7) which implies that ¢; = 0, so
R I |
U«(f) = (,’2(, +('37 + 1B (U T / ‘/ - \‘(;) NETIN

+__(ZL/((’ — 17 Qs
AB (o —2)T(0). ' |

1
Using u” (0) = 0 and 7u(l) = f[d,(s)u(s)ds, we obtain ¢3 = 0 and
0
1 (0 2) iy
g— o-1 -
= - I A 7 A _ d
o =~ D [1- 90 - g [0 -9
0 0
1
i/
h
0
Now put values of (¢p) and (c3) in (3.8), we get
(3 - o)t 1 !
3—0 ' ) {a - 24 ‘ o ”
u(l) = _m(/(l — Qg - e o1 / N (SN
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which implies

N ¢)ds + €9, (3.10)

here, we have

de = l/()1( AU vl o2

1
/)\ [
1 1 . l‘ I
/ {/ /g(L) (/\ T/’/’;\/dl \“‘\"/\JM/
0

{ v

2
Il
\‘_,

0

11 1
= —;//51(;{)@1(%,()@( Ydseds + = @%/01 Ju(c)ds,
00

which implies

11
Q = —fﬁ//&l YU (52, 6)Q(s)d>eds.
00
11
= 6 51(6)¥ (4, 5)Q(s)dlds. (3.11)
[ /

Now replace value of (3.11) in (3.10), we get the required solution. =
Next, we consider a Banach space X = C([0. 1], R) of all continions funetions havine nor,

defined as

lull = sup ju{().
(el
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We transform our given AB-Caputo fractional BVEP (3.1} — £3.27 into lixed point probiens s

u=/u, 13.12;

where the operator F : X — X is defined as

1
@ = [0Eg66u)ds
0 '
+6 @/\Ilg(f,g)G’(q,u(q))dg ) (3.13)
0

Theorem 3.1 Suppose G : [0,1] x R — R is continuous function and the conditions /65 -
(HT) hold. Then the AB-Caputo fractional BV (3.1) - (3,21, has atleast one solutoon

Proof. Consider
By, ={ue X jul <r=il{e + Sutl. ;

is closed, bounded, convex and nonempty subset of X. Where & is given in (/3).

Step 1. In this step, we show F(B,,) C B,,. For this we consider
1
FaE) = | [neacsue)d
0
1

+6 e/%(e,g)e(q,u(g))dc

4]
1
< /lwe,c)HG(c,u(c))rﬁ
0
ln
+Gé/ 1D (€.) G {u (o)) s
4]
14 b I
< el { / EITASITA +e»(/ I
() “ J



taking sup on both sides, we get
2c(0,1]

HrwlE< €l {or + Sep} < 11

Therefore F(B,,) C B,,.

The continuity of G implies the continuity of F. As
HFu)ll <.

Hence F (B, ) is uniformly bounded.

Step 2. Next, we prove F (B,,) is equicontinuous. For this. we consider O < ¢ <, < 1.
1.
'(/7u>(€2)—(/*ll)((ﬁ/1>! = /{\111(('-_/.\> o SEEE TN ;l(:'?\.ll NERNTN
.U
1

+6 (2/\1)3((2.\>(:"\.11\\J il
‘o
1

—-El/\l’g(h, )G (s u(¢)) ds

1

4]
< /wmao—wmmquawumn«

0
1

+6 &/Wﬂth@m&DM

0
1

—61/\P2(€1,§)G (¢, (<)) ds
0
as o — {1 then right side of inequalities approaches to zero. Therefore [ 18,1 is equivontin-
uous. Hence from Arzela-Ascoli theorem (Lemma 1.3). /(8,1 is relatively compact. so o
Theorem 1.2, the AB-Caputo fractional BVP (3.1) — [3.21 has atleast one ~solntion. =
Theorem 3.2. Suppose G : [0.1] x R — R is continuous function and satistying - f/5

(HT). Then there exists atleast one solution of AB-Caputo fractional BVP (3,17 - 1320 0§



where & is given in (HB).
Proof. Consider B,, (defined in (3.14)) is closed, convex. bounded and nomempty subsct

of X. We decompose F into sum of two different operators f; and /° 9 as,

1

(Fru)(e) = / Ty (6,6)G (s, u () ds

0

and

1
(Faw)(0)=6 é/\llg(f,c)G(g,u (<)) ¢ ds.
0

Step 1. In this step, we show fju+ [0 € B,,. Consider u.v € B,

1

[(F1w)(€) + (F20)(6)] < {/"‘PLU-S/"(,’(\JH\ IN

0

1
'J(‘Gé/ “112({.8)! |(lv(\. U 1'\'?’)3 (/\}

0

1 i
< (0] /l%(&<)|d<+6z/wm.g)mg
0 0

taking sup both sides
2€(0,1]

1) + (F29)l < i€l {0y + S0y} <.

Thus Fiu+ 39 € B,

Step 2. Now we prove [y is a contraction in this step. For this. consider

1
(Fau)(€) — (5 29)(0)] < {6(//!\1/3((’.g)[.(1'(\.l1 (1 Gie iy ,/\}

)
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L\]/-_)(y(_g l/\

< SEL ) — ()]

I’
——

taking sup on both sides
¢e(0,1]

1(Fau) = (M) € £S50y u— V]

as £8p, < 1, hence [ 7 is a contraction.

Step 3. In this step, we prove the continuity and compactness of [ .

implies the continuity of F;. Since

1
)l < sup / 191(6,6)/ |G (5. u ()] ds
¢e€l0,1] o

AN

< ol <

Therefore /71(9B,,) is uniformly bounded.

Next, we prove [ ;(B,,) is equicontinuous. For this. we consider v 0 -

!

[Fiu)(6z) = (M) (6)) =

t

IN

0

The continuity of G

\D]((;)_.VS)(IV(‘\.N(‘\‘}([\ - /\P[ /j.\‘(lv‘\ [SIEEN AN

[
/
!(J
1
/{|‘I’1(52,S) =Wl )G (S u (s} de — 0.

when ¢; — £;. Therefore F1(%B,,) is equicontinuous. Thus F (8, ) is uniformly bounded and

equicontinuous. So by using Arzela-Ascoli theorem (Lemma 1.3), /1 (28, ) is relatively compact.

Since (B, ) is relatively compact so /1(B,,) is compact. As £ 1(B,,) C F1(B,,) C X.which

implies F1 is is compact. Hence all conditions of Theorem 1.3, are satisfied. Therefore the AB-

Caputo fractional BVP (3.1) — (3.2) has atleast one solution. m

3.3 Uniqueness

This section provides unique solution of AB-Caputo fractional B\'P

S S0 RATERITIRY

unique solution of AB-Caputo fractional BVDP (3.1) — (3.27 . we apply Bavach contracte
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ciple (Theorem 1.1).

Theorem 3.3. Suppose G : [0.1] x R — K ix continwons and /15 117 hold
AB-Caputo fractional BVP (3.1) — (3.2) has a unique solution if

L{o; + Gop} < 1.

where G is given in (H8).

Proof. Consider a closed ball

S(o; + Spy)
’ {ue lf < = 1-2(0, +60y)

Where 1 — £(p; + S0,) #0, set = sup {|G (£,0)]} and note that
te0,1)

IG(&,u(€)] = |G(&u(f)) —G(£,0) + G(L.V)]
< |G () — GO + GO

VAN

Lllul] =3 < Ly + 3.

Step 1. In this step, we show that /” (B,,) C B,,. Cousider

1

1 ‘
/\Ill(ﬁ,q) {G(s,u(s))}ds+ 66‘/ Wy {G (G ul)}ds!
0

0

(rwo) =

IN

1
{/|\I/1((2,<)| {IG (6 u(s)) = G (s, 0)| + |G (5. 0)[} ds
0

1
+6€/|\P2(€,<)H1G(<,u(<))—G(CVO)HIG(QO)I}dc},
0

taking sup on both sides
£€(0,1]

[(Fwll < (Lr1+ Q) (0, + Soy) < 1.

Therefore F (B,,) C B,,.
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Step 2. In this step, we prove [ is contraction mapping. For this. we consider

1 1

(Fu) (6) — (F9) (6)] = / (6.9 {C (s.u( ))}dg+b(/\11 G

0 N
1 |

—/\1’1(/)&){(:’\g.l/(\))}(/\ G//\l/_, N T TN
0 S

1
{/ (U (£ )]G (s u(s)) = Gis (s ds
8]

1
+6é’/|‘1’2(&<)|10(<7u(<))—G(svd(ﬁ))idc}-
0

IN

taking sup both sides
£e(0,1]

1Fw) = (Il < Llu - 9] {o) + Sey}-

as £{0;+ S0y} < 1. So F is contraction mapping. Hence by using Theorem 1.1. we get a unique
solution of AB-Caputo fractional BVP (3.1) — (3.2). =

3.4 Hyers-Ulam Stability

To investigate the stability of AB-Caputo fractional BV (3. 71-03.27 0 we use HU stabiiing i
this section.

Remark 3.1.The solution u(¢) of AB-Caputo fractional BVP (3.11 — (3.2 is given by

1
u(f) = /\Ifl(f,c)G(g,u Jds + & é/wg(, (¢, u(s)) p ds.
0]

Definition 3.1. The AB-Caputo fractional BVP (3.1)-(3.2) is HU stable if there exists a

constant A > 0, such that for every e > 0 and each solution u(¢) € X, satisfying

|(APGDu)(0) = Gle,u(D))| < e (3.15)
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for all £ € [0,1]. Then there exists a solution J(£) € X of given AB-Caputo fraction:!
BVP (3.1) — (3.2), such that

lu(€y —d(0)] < Ae. forall L= 0.1 AP

Remark 3.2. u(f) € X is the solution of (3.15) if and only if there exists 70y € X snch 1l
(1) |7 (&) <€ forall £€]0,1].
(i5) (ABE,Dou)(6) = G(L,u(l)) + 7 (€), for all £ € [0,1].

In next theorem, we find conditions under which the solution of given AB-Caputo fractional
BVP (3.1) — (3.2) is HU stable.
Theorem 3.4. Suppose G : [0,1] x R — R is continuous and satisfying (H5), (H7). If

(1-0,L—-60,8) #0,

then the AB-Caputo fractional BVP (3.1) — (3.2) is HU stable.
Proof. Suppose ¥(¢) € X is solution of (3.15) then by Rensark 3.2

(ABEDOW) () = GUlull)) + 7 (). forall /- 001

Using Remark 3.1, we write

1
u(l) = /\Ill(é, )G (s,ufs))ds + 6 {f/\lfz(t‘gf)G(g.u (s)) dg}
0 0
1

+ /{‘1’1(5, §)+€8%,(¢,¢)} T (s) ds,
0

which implies

< 01 + Ol pse.

1 1
u(l) — /W1(€,§)G(§,u(c))d§ -6 {E/\Ilg(é,s‘)G(g.u(g))ds}
|

0 0




We consider

1 L ‘
() -9 () = /\Pl 9(<))ds — & (/qf_)u.\)(;g\.,u\\m/\}‘
/ .

) v

1 |
/\Ill t/ CT S U( ))d\ b{ /\]/ N S (l'\ IR «/\l
U J

1

+/ 18.6)G (¢ u s ))dg—/Wl((.g)(,{f\g.l)(u)(/\‘
\

IN

0 (4

1 1 i
+ede /%(e,g)c(c,u(q))dg—/xpg(e.g)c(g,qudg)}l,
4]

0

taking sup both sides
e[0,1]

[u =9 < o016 + Soge + 0, £ |lu— I + Sgo L |u =V

lu =23 {1 -0, £ -Gy L} < g1 + Goye.

which implies

| [0
u—uh < = =< = A,
| B S TR 1R
where A = (—f—ilr—béi—- Since (I — 0,£ = So, L) # 0 therelore the AB-Caputo et
1~

BVP (3.1) — (3.2) is HU stable. m
Next, we provide example to validate the conditions of Theorem 3.3 and Theorem 3.4 1o
get a unique and stable solution.

Example 3.1. Consider the following AB-Caputo fractional BVP

ABC D25y (¢) = {810%(5 * 2)[ cosu(f) } , 2<0<3, teo1), (3.17)
2e
with boundary conditions
u(0) = 0 =u"(0), 4u(l) = 3/51(g)u(§)dg. (3.18)
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Here
8log(f + 2) — cosu(¥)

1
G, u(f)) = { } ,f=3h=4, &= /gsec2 xdg
()

2ef
and
o 8log(f +2) —cosu(f) Nlog (=20 cosed o
Cleun) - oo = |2 gz 2 e

| X

< ! Ic () — cosu{i] < ! )
—— 1CO8 — COS N i,

S = fcos u( ) <z i

From above we have £ = % > (. After calculation, we get

{0.80091 + 0.0139797615(2.55393041990) }
7

L£o; +6gy) =
0.1195161917 < 1,

and
0.80091  0.0139797615(2.5539304990
(1-08- 608 = 1- 200 - ( :
= 0.8805130174 # 0.
Hence, we get unique and stable solution of AB-Caputo fractional BV'P 730750 — <3 I8 by

satisfying all conditions of Theorem 3.3 and Theorem 3.4,

3.5 Conclusion

We investigate the AB-Caputo fractional BV with integral (vpe boundary conditions of ordae
2 < g < 3. In Section 3.2, first we provide our main result in Lemma 3.1 in which we find
solution of given AB-Caputo fractional BVP. After that we get atleast one solution of AB-
Caputo fractional BVP (3.1) — (3.2) in Theorem 3.1 and Theoreni 3.2 by using Schauder and
Krasnoselskii’s fixed point theorems. In Section 3.3 (Theorem 3.3), we obtain unique solution via
Banach contraction principle. In Section 3.4 (Theorem 3.4), we use HU stability to investigate
the stability of given AB-Caputo fractional BVP (3.1)—(3.2). In the end of Section 3.4. Example

3.1 is provided for the validity of Theorem 3.3 and Theorem 3.4.
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Chapter 4

Existence Results of Multi-term

AB-Caputo Fractional BVP

4.1 Introduction

The equations consisting of one differential term are called single-term equations,
D (u{f)) + G{£,u(8)) = 0,

and these equations are used frequently in various physical aud nunerical problems of nrathe-
matics. But these equations are not able to solve all complex phivsical wind numerical probloenes
I

Therefore we use sometimes multi-term equations. involving more timn one dtfovenn ao vonn,

A famous example of multi-termi equations is the Bagley Torvik cequation.
AD?(u(£)) + JD%(u((.)') +opul)) = G

where G is function and A, 8.7 are constants. This equation use in the modelling of motion of
rigid plate immersed in Newtonian fluid and presented in [82]. The Basset equation is another

example of multi-term equation,

ADY(u(@)) + BD™(u(€)) + n(u(f)) = G(£), u(0) = uy,
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where 0 < n < 1. It explains the forces that arise, when the spherical object sinks in the
incompressible viscous fluid and given in [83]. Multi-term equations are also used in magnetic
resonance imaging, unsteady flows of viscoelastic fluid, atmospheric remote sensing, diffusion
wave equations, low-temperature collisional plasmas, prevention from cardiovascular diseases
etc. Some results which are related to multi-term can be scen in [84. 85, 86, 87, 88, 89].

Multi-term FDEs are generalization of ordinary differential equations (ODEs) in which frac-
tional derivatives of different orders are involved. Multi-term FDEs are included in study of

various mathematical analysis and solution techniques of FDEs. lew vears carlior. nnany ve-

searchers find existence and uniqueness of solution of multi-teri FDES tivolvine vivions o
of fractional operators using different fixed point theorens. For instinec, Balvame ot ol o
derived existence and uniqueness results of nonlinear multi-terns FDES fivolving Capato o

tional derivative. They used Schauder fixed point theorem for existence results and Baac
contraction principle for uniqueness. After that Agarwal et al. [91], prescnted results regarding
existence and uniqueness of multi-term FDEs with non-local boundary conditious involving
Caputo fractional derivative. They derived existence results with help of nonlinear alterna-
tive Leray Schauder type fixed point theorem and obtained uniqueness via Banach contraction
principle. Later Ahmad et al. {92], explored nonlinear multi-term FDEs with Riemann-Stieltjes
(R-S) integro-multipoint boundary conditions involving Caputo fractional derivative. They de-
rived existence results via Sadovskii theorem and obtained unique solution of given BV using
Banach contraction principle. Recently Chen and Dong [93], investigated nonlinear multi-term
FDEs including infinite delay with Caputo fractional derivatives. They found existence resulis
via Leray Schauder alternative fixed point theorem and used Banacli contraction prineiple o
uniqueness. Some other related results are given in [9-1. 95, 9G. 07 0. u4

For the motivation of above work. we present the following wult-tern AB-Caputo Draetion:!
BvVP

(82 ABE D72 4§y ABE DT 3y ABC DT wi = Gl RS

with non-local boundary conditions
n 3
u(0) =0, u{p) = Zjiu(m), u(l) = /\/ u(sc)dse, (4.2)
i=1 0

44



where G : [0,1] x R — R is continuous function and 0 <o < 1. £ € [0.1]. 0 <p <y, <3< 1.
g5, A >0, where 1 = 1,2,3,....n and 0 € R, where £ =0, 1,2 with d3 # 0.

For our next discussion, we use (H5) — (H6) assumptions, which are presented in Chapter 3.

4.2 Existence Results

This section presents existence results by using Theorem 1.3, for multi-termm AB-Caputo frac-

tional BVP. First we discuss the following linear multi-term AB-Caputo fractional BVP

(6 ABCODa+2 + 8, ABG Dot g ABC DTV Wil = ()1, ey

for three different cases 6f — 4430, = 0. 5f — d0udy > 0 ond o Iaos o wih Don g

conditions (4.2).

Here @ : [0,1] — R. After taking *” 77 on both sides of (131, we gt

(1-9)
AB (a)

{

- .
Sy D2+ 6, D+6p )u(l) = €+————/€-~.”’J #)dz. 1
(62 D* + 6, o)ul) =c+ Q) AB (0)T(0) (0= )7 Qx)d>. (1)

0
where D represents ordinary derivative. As general solution of the above equation consists of
two parts that are complementary solution and particular solution. To get particular solution
of (4.4), we use the variation of parameters method.
The following equations of different cases are useful in our next discussion.

Case 1. In first case, we take 6% — 48¢6, = 0.

Wk p
1- ' Mip- o
u(l) = m(0) (AB ;i ZJ,/('}, =)™ TIQ s - /‘D RS O {/\}
i=1 % L )

"y o~

____g______ - - ‘ oy, My, = SN VININTE
+AB<O—)F(0) 121:‘}1//(’// /-()( {2 N J\ N

= 0 u

(b = 3)e™ =) (3 — )7 Qg d#

[
O\"c’
O\\‘
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3 1
+ro(f) /\// eI ded e — /(1 - g)("““”()(\)(/\}
00

U

3 x
m{3—x) _ _ am(3-x) 1
+A /\// (me ;g ¢ hi )(%— )77 Q) dsd
00

1
- / / (1= 5™ (3¢ — )71 Qs dsdre
00

where m = 56%, = wiwg — wems F U0 L0y = (M Ao

w ) — wyly(l ) AP AL S I VAR
(0 = TN m = 2ol - T2
Hy i

n
1
w1 = pemp _ iji@mn’, wy = = <mpemp +1—em ZJ[ my; M ] — 1111/,)>
m

1=1

w3 =

(m(mem +1—e") = A{m3e™ —2e™3 + m3 + 2})
m3 ;

(m2em _ /\(maemfi . em3 + 1)>
Wy = .

m?

Case 2. In this case we take 5% — 46p89 > 0.

7['
1 1-0) [ [ o .
/) = = 14 ii (g, =3 omy, s ()‘\ e
u () 5[&(){‘43( )(Zﬂ/(‘ ‘ X
= 0

p

/ m2 p— \ _ m] P >(2(S (/S)

0

s
+ (Z]L// ( o (1, —x) w("ml(u,~x1) (e — \J” 1(2(\”/\(/%

0
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// e™M2 (p—3) m1(P /)> (';{*g)"“l(z(gf(/g(lk>}
1 3

e { L0 (A/
0

M2 (= ) __enn(z—s)> Q(¢)dsd>

O\X

3 x>
o (6"‘2(3_%) -1) _ <€n11(3~%) -1 s —¢)° L dedse
+W{<AZ[< Mo ™ )( Q) Q(@)[ﬁd.
/ (emg(l-—}() o em1(1—”)> (%-— g)g_lQ(C)(kd%) }}
0

|
o—

I3
/ mﬂ <) _ mx(f—s')) Q(g)dg‘)
0
L%, 1
+ g // (emg((-x) . 01111414/.)) L — \J\Y 1(2‘\ i 5
AB (o) (o) ’ ‘ j
0 0

—8;—1/8%-4504 —314+\/82-48y8y - \
! L2202 g = VTR S = my - my = mym.

where m; = — Y MW 55,
52 mp ¢ maol >~ [/ i oma mof
61(€)= ——(mg(l-e ! )—ml(l—e 2 )) ) bg(é):()(ﬁ e )

= {w461(€); wBGQ(@}, flz(ﬁ) = {w162(€)’u— wQGl(g)}, Jy = W1Wye — W3 # 0,
2 2

é
w =2 {(mg(l —€e™P) —my(1 - ™)) Z]z mg(l — ™) —my (1~ c”‘”"))} ,
n
wy = 5 {(enup _ emgp) _ Zji(emu/, _ eln«g//,):! )
=1

(my(1 — ™) = my (]~ M2
Wy = ) .
. 9 2 ) ) im oo !
-—/\:—% {m.ﬁml?) —mse™Y 4+ my - mymy3 - omeet ! |

wy = {(e‘“‘ — ™) — /\;)— {ml(l S T :‘”‘33}5 ,

O
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Case 3. In this case we take (5% ~ 4dpdy < 0.

p
/e =) sinb(p — g)Q(C)dg)
0
n; x
VIO (Zﬁ / / =) in bl — ) o — 5)7 Qs s
p ox
—//e_“(p_") sin b(p — 5) (5 — g)"_lQ(g)dgdx) }
00
1 "
+72(¢) {ilB— Zi ()\//e"“(”ﬁ‘) sinb(se — ¢)Q(s)dsdsr
00
1
-—/e—“(l"“> sinb(1 — c)Q(q)dg)
0
+ ( // —ae T G b3~

—be U7 cos b(3 — s¢) + bl — )7 }(2(\1(/\</z}

1 s K
—//e =) ginb(1 — se){ze — )77 Q() (/g(lz)}

00

¢
(1_0) m(f—¢
T AB (o) ([(@—C)e « )Q(<)d<)

{g131(0) — g332(¢)}
3
{1 3al6) — 23001}

1y

(4.7)



—ae~sinbl + b — be~ cos bf

310 = - ‘ ,
Jl( ) (1,2 +b2
Jo(l) = be~ sin be. Hey = 11 — qagy # UL
1
g = pERy) [ —ac™sinbp + b — be P eosbp

- Zj; (—ae™ 0 sinbny, + b — be " cos b//ﬁ)} :
i=1

13
@ = [be"“p sinbp — Zjie_‘”“ sin bniJ ,

i=1

1 —a —a “’2 B b2 —u3
g3 = m (—ae sinb+ b — be cosb) — A 21 ((; 7 sin b3>

2ab —a
+ <m> (e 3cosb3 — 1) +b3” ,

A
——————bQ—){ae 3 in b3 + be™® cosb3—b}]

g = b {e'“sinb—i— @

Lemma 4.1. For @ € C([0,1],R), the solution of linear multi-term AB-Caputo fractional
BVP (4.3) — (4.2) with 62 — 4806, = 0 is given in (4.5).
Proof. We have

(8 ABC()DU+2 46 AB('Uan o, B D w0
Taking AZ1° and from Proposition 1.1. we get (4-4). Now usc the method o vieiation o
P g
parameters, we get
¢
l—a) .
u(l) = 03emz+cQ€e“lé+/ e e + ( )Q(z)
AB (o)
0
P
/ — )T1Q(e)dodx | (4.8)
0

Using u(0) = 0 in (4.8), we get ¢z = 0. Putting value of ¢; in (4.8).we obtain

4
¢ mé . omé 1__
u(0) = cole™ + ¢ (me +21 ¢ ) “/ 5)e™ N O 50V de
m
4]
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g . m(l—s)(, . _ yo—1 -, ¢
+AB(0)F(0) (£ — x)e (3 = )77 Qs )dsdse. (1.9)
0o
T 3
Using u(p) = >° jiu(n,) and u(1) = A Ju(s)der in (L9 we got
=1 i

1w+ e =1+ 1 |

and
cws + cowq = Vi + Vy, (4.11)
where
(1 ) n Uun p
— - . Lm0 _/ _ o em{p-i)
wo- 4 {Zyl [ = e 1Quaydse = [ (o - speme QA b
=17 0
7 o=
Vi = 2 Ji /(n- — 2)e™Uh ) (30 — )7L Q(S)dd e
AB (o) T(0) !
=1 %%
p
—//(p s¢)e™(P=) (3 = )77 LQ(s)ds) d;{}
00
-0 [, 717 I |
Vi = 5 (Z) {/\//(%— )" Yoz — ./“ ™ %M'//I
(O g
and

o 3' “ mem(fﬁ—x)(a — ) - (Jm(S—x‘) 4 |
Vi= —m———— (A = - - s o7 Q0 rdsd
4 AB (0)T(o) // m? e dis b
00

1 x
“//(1 — 50)e™ ) (50 — <)”‘1Q(<)d<d%} .
00

From (4.10) and (4.11), we obtain

(V1 + WV)wg — (Vs + Vi),
My

Cl1 =



and

(Vs + Vi)wy — (Vi + Vo)
1231

Cy =

Substituting the values of ¢; and ¢y in (4.9),

w(l) = {(Vi +Va)ri(0) + (Vs + Vi)ral0)}

¢

1_ ‘ . PP
5 /u = e TQ

B0,

(=4

{}
+_____g______//(/ - y»}(”m(lrr/‘r/ 3 1<) [/ ‘//
AB(o)T(o)) | i R : '

)0

replacing values of Vi, V,, V3 and Vy, required result is obtained. m

Lemma 4.2. For Q) € C([0,1],R), the solution of linear multi-term AB-Caputo {ractional
BVP (4.3) — (4.2) with 62 — 4008 > 0 is given in (4.6).

Proof. This lemma can be proved in a same way as the proof of Lemma 4.1. ®

Lemma 4.3. For Q € C([0,1],R), the solution of linear multi-term AB-Caputo fractional
BVP (4.3) — (4.2) with 62 — 4698y < 0 is given in (4.7).

Proof. This lemma can be proved in a same way as the proof of Lemma 4.1. =

Next, consider a Banach space X = C([0,1],R) of all continuous functions having noru
defined as

lull = sup{ju(f)|: £ € [0.1]}.

[
[

We transform our given multi-term AB-Caputo fractional BA'P

0 into fixed point problem as

u= Fu. b
where F : X — X is defined as
n Uk
(1 - U) f m(n,—<)
(Fw)f) = ri(f) AB (o) Z]i (n; = ¢)e™ "G (g, u(s))ds
=1

p
- / (p — 3)e™ PG (¢, u(s))ds
0



+ra(l) {1“’{// — Qem G, uls) e

1

_ ™19 L7
/(1 Sle Gs,uls ))(Zg} EVIESINES
0

% n(3-5) 3-5)
g me™ {3 — ) — eI 1
{)\//< = 2 : )U" — 0T TRC  w dgd
m
00

1
—// (1= 5)e™ 79 (e — )71 G (<, uls ))dgdyH
00
4
/ e"IG s, u(6))ds
0
£ x
+m[{(€ —50)e™ ) (3 — )G (s, u(s) dsdx, (4.13)

h take &y = 0), ho = 0), €= 1—e™(1 - md)},
where we take & egl[%’)l(}m( ), R zrél[g?f]lw( ), € Zrél[%,}l(]{ e™ (1 —mé)}

— ™1 —my )4+ 1 PPl — ij>

N 1 2 2 \ l
+Ro <—— A |m3 —2(e™ = 1)+ m3c™ |+ il — ML om, .
. Al ( )f

7HL = ¢™(l — muy, )|

o o Y
YR AB @) Ter T T

+p7 |1 — e"™P(1 — mp)|

i ( BB 20 - e73) + 31+ e79) ) } ne
+{1—em(1 - m)]
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and

AIZE“QI"W{“_””ﬁ}‘ (4.16)
In the next theorem, we prove existence results of given multi-term AB-Caputo fractional BVP
(1.1) — (1.2) using Theorem 1.3
Theorem 4.1. Suppose G : [0,1] x R — R is continuous function and satisfying (H5)-
(HG) . Then the multi-term AB-Caputo fractional BVP (4.1) — (4.2) with 6% — 4630, = 0 has

atleast one solution if

2/\1 < 1.

where A; is defined in (4.16).
Proof. Consider

By ={ue X jull < > 080 Q0

is a closed, bounded, convex and nonempty subset of X, We decompose F into suin ol iy

different operators F; and F; on B, as follows.

¢
FWE = g 00 [E= 966 wos
0
£ x
+L//(€—/t)e"‘(z Vo — ) 1G ¢, u(s) ydsdse
(o)
00
and
(Fau)(6) = ri(0) ( / S (G I ETIIITITR

- 0

pn
- (p‘\)Cll1(p7\)(lvf\.U(\“)(/\ . ,
\/) 7 T
0

I, o=
Ji /I/,~/ WO R e 7 NG dad s

!

il

7

O\‘U

/ oMb /)( —-¢)7” 1G(g u(e))dedse
0

53



3 %
+ro(f) I:%Bﬁ—(z% {)\//(%— Q)EMF TG uls) ydsd e
1
_/(1 - g)em(l—c)G(c,u(g))dc} + m
0
3 x
{/\//(me (3-)(3 — n}g—e m(3- >+1>(%_ -G e, u(e))dede
00
l./
—//(1 —%)emﬂ-”)(%-q)ﬂ‘la(g,u(g))dqz%H ‘
0

0

Step 1. In this step, we show that Fiu+ For € B, For this. consider

4
l_ \
{ O' / m V\’("(\AU\\‘;; ’:/\
+——£———-//l(£ ~‘/)(mu—w&/ - \)«1 r‘f(,'\\ Wigitidad = L
AB()T (o) , , ) J
U

(1- — .
+ k1 (€)] { 7) (lZJt /17}1 R G N N RIS

[(Fru)(6) + (Fau)(6)]

1
+/ ‘{l—s’J(:’m“ \J(,v(vp\\)](/\) ' ”; ’T o

{



M3 (3 — ) — M3=H) 4 1
(me <3 }/) ¢ * >(’/.’~g:,” 1(:’\\.1'{\11’*//\(12

i
|

taking sup both sides, we get
¢€[0,1)

nmwﬂﬂws‘m)ﬁ"”&

AB( m2!
( — (1 —mn,)| 1 = ™P(1 mp)>
+Ro <——|)\‘1m3 ( m)_“4 m3(m31 o i . )}

g =
- [m2?| (o + 1) {:
N

+m(—umﬂ
ol

oL =™l =g+ opt L L mpe )

2(1 — ™) +m3(1 + ™) + |1~ ™ l#m)> H

from (4.14) and (4.15), we have

| Fru + Faul| < €21 + Q1) <71

Thus Fru+ Fav € B,

Step 2. In this step, we show JF; is a contraction. For this, we consider

[(Fau)(€) = Fav)(0)]
S |fil(€) /[(7/,—&)(“”"""’1(:'L\.u\r ¢/ N AN (/\

n "
o) ( .
() i=1 0
p-
’ / |(p = )@

0

|Gsou{q)) — Gy v (15>

55



hox

+AB {E:ﬁ
’(p — 30)e™ ) (50 — C)""’f IG(s,u(s)) — G(s,v(s))| dsd%ﬂ

3 x>
+ |r2(€))] {S};(Z; (l/\l//’(%—C) "ING (5 u(6)) = Gls. v(s))] dodae

00
1
+/k1—qw0<>
0

m (3—3) 3 %) _ €m(3 ) +1 o
m2 S
00 !
// t m (X — s“)nbﬂll \}(i'(\,ll(\\)) - (:'1‘\. (SN 1/\11'/,'}

taking sup on both sides.

¢€[0,1)
(1-o0)
AB (o) |m?|

+@<—4M%ﬁ—2 —D+m%m
Im|

00

+

O\.‘U
O\X

a

WGAKD—G@”@”“)+Z§T_-

o)l(a)

‘Gv(\ u{ gH — (: S J ) (/\(//

S

|(Faw) - Fav)| < £ L= ™1 =) + 11 - mwmw)

- m(—m)} |

i 7111 — ™ (1 — my, )|

T AR W Te s | M

+ |D”l [T —¢™(1 —mp)|

1 o _ om3 m3
+%<Fﬂww|pu e"3) + m3(1 + ”)}}w~ww
+[1 —e™(1 —m)|

from (4.16), we have
[ Fou = Fovu)|| < LAy [u = ol

as £LA; < 1, hence F; is contraction.

Step 3. In this step, we prove the compactness and continnity of &, A< the continai,

56

//‘7/, €M) (e — )0 lii('.'{yxu\\;; SO U il



G implies continuity of F;. Since

e lI€l] « o o
I(Fru)|l < A—BW{“ -0+ Fw+l_)} BN

therefore F1(B,,) is uniformly bounded.

Now we prove F1(%B,,) is equicontinuous. For this. we consider 0 < (; < ¢, < 1

|(Fru)(lz) - (flu)(€1)|

E A /‘ Jem 2= — (¢) — g)e™

 x

//‘ e (ba—s) _ <€l _}()({nl((ﬁ#z)} '(/ — I Moo ule)) 1(/&(/4/'}
U
_+_A { /‘ m( 2= ; (' \ U ’/\

o =« 1

//! e™ 2 G = O G w0 1/\(1z}J
20

m(f—g)

[G{s.ul(s))] ds

5(5) (52 . 61) m(€y—£;) em(ég~«1) 1
< S - +— 0- —
~ AB/(o) (1-0) m m m?
éQem@g emlg glemh emh
R
m m m m
_ e — g m(fz—[l) m(é’g—é’l) 1
LA ] + I +0-
(e +1) m m m
ngmZg emég Elemkl eml/,l
(et W)
m m m m
1 lo — £1)e™ (b2—£y) m(€a~#1)
(o ) - (e e
m m m- {
o 1 (é)—( ) Jm{by—ty ) Mtz il ‘
— 7 _eilfor =) - ).
M o +1) 1] < i m3> < m T 1

as £y — {1, therefore

[(Fru)(€y) — (Frujldyj| —

a7



Therefore F1(B,,) is equicontinuous. From the statement of Avzelu-Ascoil theorenr o
1.3), F1(B,,) is relatively compact. Since Fi(B,,) is relatively compact. Henee FioB, s
compact.
As Fi(B,,) € Fi(B,,) C X, which implies F| is compact. So all conditious of Theoren
1.3 are verified. Hence the given multi-term AB-Caputo fractional BVP (4.1) — (4.2) with
&7 — 46002 = 0 has atleast one solution. m

In view of Lemma 4.2, the solution of multi-term AB-Caputo fractional BVP (4.1) —

(4.2) with 6% — 46002 > 0 can be transformed into a fixed point problem as
u=Ffu, (L17)

where [ : X — X is defined as

(Fu)(€) = < | M(0)

1 v
§ /,/ ((mg:// ~f\‘w{vt . N )(:v\.ll\ “/\
=1

P
/ em2(P=s) _ emi(ps )(.(g u(s))ds | + n—-,—
0

A (o)l m)

]L// em20n) _ e‘“l(”l“”)) (32 = )77 LG (s, uls ) )dodds
00

P ox
_//( me(p=sx) _ gmi(p- ”)> (3¢ = ¢)7 G (s, u(s))dsds
00

3 x

(1-o0) ma {3 —<) my (=)
#halt) § Sl /\// (c — e G u(s) dedo
00
1
mo(l—-¢) _ ml(l <) d 9
/ )G(<,u(<)) S +AB<0)F(0)
0
3 x n12 (3—2) _ 1) (61111(3“%) _ 1)
)\// - (22— )7 G i idad
m
6 0 1
1 = \ )
/ n‘lgl “) ml(l—z)) /(X—g)nI(:'(\.U('\)H/\f/'/) }
0 ‘0



¢
iz (e yonnon)

0
{ = ‘
o mol{t—x) _  myp(€—:) W Yol 1. 1s
Y AB (o) T (o) // (¢ ¢ ) =) Glsanis)) d“’/) : S
00
Where we set €1 = max ‘mg(l —e™f) —my(l - e"‘ﬂ)i, By = max [l ()], hy = max [l (()].
2el0,1] ¢e(0.1] ¢el0,1]
dg| (1 -
_ 162 (1-0) {51
|608| AB (o

+hy (Z |7:] Ima (1 — €™ ) — my(1 — ™) + Jmy(l — e™P) —m (1 - c‘“zp)!>

+hq (}(52: |A] ‘mlmg( —-mp)3 — {m (e™3 1) ~ m'f(«‘”“’3 - H}l

Flma(l = e™) —my (1~ M2 )} .

1o o 3
vo= |608] AB ()T (a+1‘){*‘
(Z‘J,H Tl mo(1 — ™"y —my (L — ™) p% i ma L Py myel - )
vy ‘
+flz<:52; IA[13% m3(1 — ™3 4+ m3) —mi(1 - “‘°’+111>3)
Flmy(1 = ™) —my(1— ™)) )}, (4.20)
and
|62] a ‘
_ _ _ _ 7 ). 4.2
R T VY I i AR T (4.21)

Theorem 4.2. Suppose G : [0,1] x R — R is continuous function and satisfying (HH) —
(H6). Then the multi-term AB-Caputo fractional BVP (4.1) — (4.2} with 6% — 4dgde > 0. has

atleast one solution if

L£d < 1,
where @) is defined in (4.21).
Proof. This theorem can be proved in a same way as the proot of Theorenr L w
In view of Lemma 4.3, the solution of AB-Claputo fractional BV oL b 120 withy o



46009 < 0 can be transformed into a fixed point problem
u = Pu.

where the operator P: X — X is defined by

(Pu) () =1 {nw) {SB' 2

n "
( jz‘//e Ui smb = 3) (5 = )7 TG (g () dodx
' 00

—/ —alp=s) sinb(p = s) (= — 7 TG ul) (1\(//>}

( // R ST N B A T SR TR A
0o

e~ 1= sinb(1 - )G, u(c))d<>

3 =
+E(—;ﬁ—® (/\{Z {—ae_“(3_”) sinb(3 — )

b3 ¢os b(3 — ) + b} (3 = )7 G5, u(s))dsds

1
—//e‘a(l_”) sinb(1 — 3)(5e — ¢)°1G(s, u(g))dgdx) }

00
14
+SB— (Zi (/ e sinb(l - )G, u<<>>d<)
' ( .

0 () 2

60

n g
(Z i €079 sinbl, ~ )G, u(s)s
i=1 0

)



Where we set 71 = max71(£), 72 = max7o(). 2y = wax {b o i e T eos

£e0,1] ¢l ten.l
. (1-o0)
M= b(a2+b2)AB(a){52

n

> i

i=1

‘ (b — ae™*"i sinbn; — be™ " cos bn,-)‘ + f (b—ac™ sinbp — be™ P cos bp) ])

s (

1 .
+79 < [Al pr) ‘((IQ — b?)e" %3 sin b3 + 2ab (e_”3 cosb3 — l) + bla* + b2)3]

—I—|(b—ae““sinb——be_“cosb)| )}, (4.24)
o
T = & Y09 AB (0)T(o + 1) {52

113
Zji In?| | (b — ae™ " sinbry; — be™ " cos bn, )|
i=1

- (

+p7 |{b— ae”® sinbp — be™ " cos bp)| )

+79 < [A] 137 ((a2 —bH)e ™ siub3 — 2ab (l — T eon /;3) Cp e 0 “7)
+[(b—ae™*sinb — be ™ cosb)| )} N
and
M=R 4T ! (1 - o) ’ 20
- - T ’ £ —J) + — . A
LT L T @ ¥ )AL (o) Lio+1) \

Theorem 4.3. Suppose G : [0,1] x R — R is continuous function and satisfying (H5) —
(H6). Then the multi-term AB-Caputo fractional BVP (4.1) — (4.2) with §% — 46062 < 0 has

atleast one solution if
LA < 1,

where A; is defined in (4.26).

Proof. This theorem can be proved in a same way as the proof of Theorem 1.1, »

4.3 Uniqueness

[EED!

This section provides unique solution of multi-term AB-Caputo ivactionas BV E T .

three different cases 5%—4(5062 = (. 04 ~48,6y > 0 and 82— 4802 < 0 To obtain uique sobition,
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Theorem 1.1 is applied.
Theorem 4.4. Suppose G : [0,1] x R — R is continnous function aud satsiving /5 1o

the AB-Caputo fractional BVP (4.1) — (4.2) with 6% — 4640y = 0 has o unique solution with
L+ <1,

where ¥; and §2; are given in (4.14) and (4.15).

Proof. Consider
B, ={ue X |u] < ro>(Lro+ M) (X1 + )},

and we set sup |G(¢,0)] = M, then
¢€(0,1)

]

IG(Eu(l))] |GEoully) — Gl 0+ (i

< |G ule)) — GO+ G o
< Llull+ M < L+ M

Step 1. In this step, we show that FB,, C B,,. For this, we cousider

¢
(1—0) ‘ N, mE—g ~ - -
(PO < AB(U)w(é—g)e 9] I6ts, w6

£
g ; )
b T [ [ = 59em @ 0= 71 166, u(e) | dsce

|G (s, u(¢)) ds

™
/ |(n; = yemtn)

0

p
+/[(p—z)em<v—<) lG(c,u(c))ldg) VIEnT
0

ij‘
i=1

’(%*Q)nilj FGHG W dod =~
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P ox \
] =] )}
0
3 >
S -
00

G (s, u(s))] d<) T AB(0)T(0)

1G o ul{s)) dodss

1
_+_/ ‘(1 _C)em(l-—c)
0

taking sup on both sides.
¢el0,1]

(1-0) {_,
AB(o)lm? L~

+ Ay ( ij‘ |1
=1

. 1 n
+Ry <|—ﬂ |A] lm3 —2(e™ — 1) 4+ m3e™?

H(Fu)|| < (Lry + M) {

— ™1 —myy )+ 1= "PEL— mp )

+11 - e l—m)>}

T WAB) T+ 1) {a

n
K1

S |n;-’||1—em"f<1—mm>|+|pf’||1—emp<1—mp>|>
. 1 o
i <—|A||3 201

— ) w3+ )| - )}

i=1
|m|

from (4.14) and (4.15)
[(Full < (Lra + M) (E1 + Q) < 1

Hence 78,, C B,,.

Step 2. Now we prove F is coutraction in this step. For this. con-ice:
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13
< ‘ABl<a>{<1—o>/\<é_<) (siu(s)) = Gls, v ds
0

I I{SB (
+/ (o — et

p o .
+// ‘(p—%)e“‘“’*”) (e = <7 1G e oulo)) = GIs els s (//)}

00

3
+|H/2 { ( |//‘ (X_\)'lG(S‘.u(Q)) V(l'(\.L'f\\)):(/\(/X
00

1
= [ = 969 6(s,u(5)) = Gls,vt6) "k) * BT
0

3 x
Mm(3—3) (3 _ 5) _ em(3—5)
(w// (me B H)
0 0
1 x
+ [ [ | = e e = 711666, 1)) - Gl v(s) czcd»f) H ,
00

taking sup on both sides,
2e(0,1}

IG(s,u(s)) — G(s.v(s))| ds

1G(s,u(s)) — G(s,v(s))| dc)

N x

//‘ m "/f“‘\}ﬂ 1%(!“\-“‘\ (1'\ [N

[

e — )77 1G (<, u(s)) = Gls, v(s))| dodse

; ‘ (l—m
_ oWl < 90|
[(Fu) = (Folll € €| s |
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n
+ i ( > i
=1

) . «
+Ro <I—n;—| Al ]m3 —2(e™ = 1)+ m3e™| 1 - M - my‘) }

[T — €™ (1 —my)|+]1 - "1 - mp] )

ag

m2[AB (0) (0 + 1) {51

+(

n
D
i=1
1

s (ﬁ A3

+

7|11 — €e™(1 = mn)| + [p7] {1 — ™ (1 ~ mp)i)

2(1 — ™) + m3(1 + ™) + |1 - e™(1 - m)|) H [lu =],

which implies

[(Fu) = (Fo)| < £(Z1+ M) [Ju~ v,

as £(X1 + ;) < 1. Thus F is a contraction. Hence from Theorem 1.1, we get a unique solution
of given multi-term AB-Caputo fractional BVP (4.1) — (4.2) for the case 87 - 1850, - 0. w

Similarly, unique solution of multi-term AB-Caputo (ractional BV 1 L2l
5% — 46p69 > 0 and 5% ~ 4308y < 0, can be obtained with the help of Theorem b Hore
just state the uniqueness theorems for hoth cases. Their proofs cin b done o the s
as the proof of Theorem 4.4.
Theorem 4.5. Suppose G : [0, 1] xR — R is continuous function and satistving (45). Then the
multi-term AB-Caputo fractional BVP (4.1) = (4.2) with 67 — 454dy > 0 has a unique sohition
with

L£(0+ V) <1,

where ® and ¥ are given in (4.19) and (4.20).
Theorem 4.5. Suppose G : [0, 1]xR — R is continuous function and satisfying (H5). Then the
multi-term AB-Caputo fractional BVP (4.1) — (4.2) with 62 — 4563 < 0 has a unique solution
with

LR+ 1)) <1,

where R and T, are given in (4.24) and (4.25).
Next, we discuss examples to validate the all conditions of Thoorem L3 and Theoren

get a unique solution.



Example 4.1. Take the following multi-terin AB-Caputo actionad BV w00 oo
(2 ABCODQ'7 + 4 ‘456601‘7 £ 2B DY g = Gotwe o0 L |

having boundary conditions

u(0) =0, u (%) =2u (%) + 3u (%) ,u(l) = g/u(x)d}f. (4.28)

w
9

Consider

G, u(0)) = [6%—“ + cos u] . (4.29)

-4

From (4,27), we have 0 = 0.7, 8 = 2, §; = 4, g = 2. 50 02 — 4dydy = 0 and m = =

—1. From (4.28), we have 1, = %, Ny = %, =2 jo=3p=13=4 A=

Now we calculate remaining values

@, = 0.03780962416. = = 0.2642111177. =, = —~O.T37177530° = NETMENTN
wy = 0.2424457003, w4 = 0.296176492. £ = 1R0TVIST320 w0 GN2NZBONGLE N

0.9572450864, € = 0.5142844518 and W < 6.1 LGORS X,
Thus
i W W
|G, u(l)) - G(L,v()] = g [cosu (L) —cose{()] < — uil) - il

Y

and from (4.29), we have £ = %.Taking W < 6.11608518. we obtain
2(21 + Ql) < 1.

Hence, we get a unique solution of multi-term AB-Caputo fractional BVP (4.27) - (4.28) for 67 —
46909 = 0, by satisfying all conditions of Theorem 4.4.
Example 4.2. Take the following multi-term AB-Caputo fractional BVP

(3 ABGDHT 45 AP DT 4 2 APC DITY u() = Gllowlin. 0= < 1. L
having boundary conditions {(4.28) and G(£ u(f)) Is given in (1290 Fronn D130 0 we bieoe o

3, 01 =5, 6y =2.50 0% —4dydy = 1 > 0.

GG



Now we calculate remaining values

mp=—1, my=—2 0=14 2 = 006516917505, Iy = 02350511200 VAU L
we = 0.08510148352, ws = 0.6465354933, wy = 02934751621, h, - 0106730035 <@
1.14793904, ¥ = 0.1870472739, py = —0.0640148074.

Thus
W

G(6u(0) ~ G w(8)] = 5 [eosu (6) = cosw (0] < - [a () = ¢ (0]

where £ = ¥ Taking W < 6.749163282, we obtain
L£(P+¥) <1

Hence, we get a unique solution of multi-term AB-Caputo fractional BVP (4.30) — (4.28) for 6% ~
46069 > 0, by satisfying all conditions of Theorem 4.5.
In next example, we find exact solution of case 5(“1) — 4540, = 0.

Example 4.3. Take the following {ractional differential equation

ABC D7 (85 D* + 81 D+ 6y Ju(l)

T

G
= 23 R m0F 2 et e
k=1 i kol '
having boundary conditions
u(0) =0, u(l) = 2¢', (1.32;

with case 62 — 46082 = 0. Here we take 0 = §, AB(3) =1, 1 = —2 and 6, = dy = 1, now we

apply 4217 on both sides of (4.31) and using calculation in [12]. we get
(D*-2D+1)u(f) =e +sint.

Using the method of variation of parameters, we obtain

2

u([) = Cl(j + (;2((:[’ + %('

<

O~ cost. .
2

Using (4.32), we find ¢, = —35 and o = 271 Putting these vahios o 1330 we o

d

67



solution,

ll([) = “‘E(( + 2 - “T‘(I . cos

4.4 Conclusion

We investigate the multi-termi AB-Caputo fractional BVP (4.1} = (L2) of order U « o

1 with different cases (5% — 4002 =0, 6% — 46309 > 0 and 5{ —4d8yde < 0) in this chapter. Tu
Section 4.2, main results are presented for all cases (6% — 40002 =0, 6% — 48002 > 0 and (5? —
40069 < 0) in Lemmas 4.1, 4.2, 4.3. After that, we discuss existence results of given mmlti-
term AB-Caputo fractional BVP (4.1) — (4.2) for all cases (62 — 4dydy = 0, 67 — 48¢09 >
0 and 6% — 4640, < 0) using Krasnoselskii’s fixed point theorem which are given in Theorems
4.1, 4.2 and 4.3 respectively. In Section 4.3, we obtain unique solution via Banach contraction
principle for all case (5% —46069 =0, 62 =400y > 0and 6% —45;0y < 0). In the end of Scction
4.3, three examples are given. In Example 4.1 and Example 4.2, we obtain a unique solution by

|

validating conditions of Theorem 4.4 and Theorem 4.5. In Example 30 we lind exact solurion

of multi-term AB-Caputo {ractional BVP (4.31) - (4.32) tor the coase n? a0 1

08



Chapter 5

Existence and Stability Results of

Coupled System

5.1 Introduction

A Coupled system consisting of two differential equations or FDEs with ra epondenr vane

and one independent variable. Coupled systems are used in rhicology, ceroniviannios vise
ticity, physics and different engineering problems. {10U]. practivid and theoretical Tearae
solving coupled models in engineering with nunmerical and analytical nicthods e provn
These models are great solver methods to reduce the many difficulties. He provided couple:
systems to solve different problems such as (¢) micro- and macroscale problems (coupling ~cp-
arate scales) (i7) multiscale problems (homogenization of scales) (4ii) multiphysics probleins
(multiple physical logical scales). To solve multiscale and multiphysics problems, they used
embedded and iterative schemes. They also provided applications related to muti-scale for
instance Fluid dynamics, Plasma dynamics, Reaction-diffusion. Transport-reaction. theory of
rigid body and Sputtering applications etc.

Coupled FDEs are one of the useful tools in mathematics due to involvement in developing
different types of models in highly complex-systems. Complex systems models have demon-
strated their effectiveness in real-life like prediction and statistics of carthquake. the chae
stock markets dynamics, freeway traffic, human brain, biological cellular networks ctes Althoawe

there are few overlap in their methodologies and scope. it is possible te disringinish tha o
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and concepts in following categories: synergetics. catastrophes. turbulence. nonlinear dyvinin,
ics, adaptive systems, instabilities. chaos, cellular automata, stochastic processes. networ s
graphs, computational intelligence and genetic algorithnis, The anndvsis o v diesivn o
tional control systems arc heavily rely on coupled svstern. Fractional coniron svstens aae e

to adjust complex processes through time delays and anowalous ditlhusion

IFDEs involving various fractional operators. For instance. Ahmad and Nicto [101]. studicd
existence results of coupled system with three-points boundary conditions involving Caputo
fractional derivative. To obtain existence results, they used Schauder fixed point theorem. Al-
ter that Ntouyas and Obaid {102], presented uniqueness and existence of the solution of coupled
system having integral type boundary conditions including Caputo fractional derivative. They
used Leray-Schauder fixed point theorem for existence and obtained unique solution via Banach
contraction principle. Later on Abdellaoui et al. [103]. discussed existence results of coupled
system with arbitrary order involving Caputo fractional derivative. They applied Krasnoscl-
skii’s and Schaefer fixed point theorems to find existence results of coupled svatenn Recen
Kouachi and Guezane-Lakoud {104). studied unigueness and cxistenee o tie somiion o

pled systemi for FDEs including p-Laplacian operator involving Caputo tractionad derivat

They applied Green functions to transferred coupled svstem into intewrad svatenm Fhioy taod
topological degree theory and Leray Schauder type fixed puint theoremn to wet exigstonee voss

and obtained unique solution via Banach contraction principle. of given coupled system. iy
also find stable solution by using HU stability. Some other results related to coupled svstems
and their applications can be seen in [105, 106, 107, 108, 109, 110, 111. 112, 113].

For motivation of above work, we present the following nonlinear AB-Caputo fractional coupled

BVP
ABC Doy () = G(6,u(6),9(4)), 1<a<?2,

—
T
—

~——

ABCODUﬁ (f)

E(6u(0),9(0)), 1<o<2.

with boundary conditions
u(0) =0, 0 (S)=ou' (1). -
9(0) = 0, 0" (&) = ov' (1).



where G, £ : [0,1] x R x R — R are both continuous functions. for all ¢ < {01, anud hore we
take 0,0 >0 (0 # ¢), 0< < S < L.

For our onward discussion, we use the following assumptions which ave crveiad for our v

( |G(é U1 ) Ul( )) bG(l('.ll-_)((’).l/_)(())
< ALy |up(€) —ua(O)] + Lo [Wll) — Ut} where X2, 0
(1&) |E(E,111(6),L)1((’)) — E(t uy(6).05(6))]

< {01 |u(€) —ua(€)] + I [V1(6) — Va2 (6)]} . where 3,35 > 0.
(i). |G, u(€),9(6))] < £,(¢), where &,(€) € (C[0, 1],RT). (H10)
(@). |E(€u(f),9(€))] < &, (€), where §,(¢) € (C[0. 1], RT).
1
(@). sup [|¥1(¢,¢)]ds < ;.
2€[0,1] 01 (I]ll)
(#). sup [[¥(,5)|ds < os.
¢e(0,1] 0

5.2 Existence Results

This section presents existence of thie solution of AB-Capuato fractionad coaptod BV
(5.2) with the help of Theorein 1.3, First. we derive owr main fenna o e solution o

following linear AB-Caputo fractional coupled BV

ABC Doy (6) = Qi(t). 1<a <2,
ABGD?Y (£) = Q2(f). 1< o <2,

with boundary conditions (5.2), for all ¢ € [0, 1].
Lemma 5.1. Suppose @1,Q2 € (C[0,1],R) then solution of (5.3) with boundary conditions

(5.2) is given as

u(l) = Cgmaiipry (9Q1(1) = 6Q1(8)) + fﬂzlmw Jds.
(5.4)

() = L gamimis=r; ($Q2(1) = 6Q2(S)) + [\p ()15 s

0



where

dla—1)%¢ , Na=2 Oto— 117 ~ Lo
T=pana-urw 4~ T meamn O D<o
(2—q) fa—1) ; =1 7
+ + (= ) .
\111(6, C) — r 1/3((. 1) ABla=1T 0
+—ﬂ:%(l*s)“72 - ___"Ll B T ST
(O-0)ABa-1)(a) - A3 ll a
9 (¥ - 1) 2 ; e = ;
+\H (')< \Bla-1)I m/k Y : = S
and
dlo—1)3¢ o ho=2 H(o—1)%¢ = o2
T#A8e-0 L )7~ Tgane-re O T b<os<t
(2—0) (e=1) o-1 -
U, (0 _ +AB(U—1) + AB(o—l)F(o)(g - <) ’ 5 G
2(66) = G 1 o2 B(o—1)2¢ G- 2 (<c<B (5.6)
toaise-re L — )~ meeane-nre) (8 ) :
d(a—1)2¢ ~2
+@=sAnE-nre (L 97 S<e<l

Proof. Applying ABI% AB[” on both sides of (5.3) and using Proposition 1.1, we obtain

¢
u(f) =cy +cof + 432”"1 le d<+——-—————415((: 11))1 — [({ =) Q.

0 ;
Vb g

9 (0) = ¢y + el + [Q s + e e

Now taking derivative on both sides of (5.7). we got

2

for—- -4

/ (2—a) : "
w(l) =c2+ wu 1)(21 e 1[r<.,.}(‘/ LA PENS

U N
.

9 (6) = s+ qinQalt )+~4—B—§%1((ﬂ) 20414 )dls.

Using boundary conditions (5.2), we obtain ¢; =0, ¢y = 0.

_ (2-q) ~
@ = G AB(a=D) PR ()
1
(P(CX _ 1)2 . N
+(9 — ¢AB (o — 1)r(a)/(1 -<) 2Q1(5)ds

O(cx —1)?
"= )AB{a - 1)T(a)

(6 = )" 2Q1(8 s

\G} <

)

-1
N



(2-o0)

“ T 0-9)AB(o- )(@QQ(U—(}QQ(GM
ol — 1)
T eABo - 1)1 /U*x s

Olo - 12 (S0
. (& — i - ,i\sul\
(0 —0)AB (0 - 1)[‘(0’./ ) -

it
Putting values of ¢y, 9, c3 and ¢4 in (5.7}, we obtain

4

— pla—1)2¢ 1- O —"
u<€>=e(7_;‘f—>—_—<¢c21<1>—0@1<6>>+(—gﬁm(flﬁmAs) 2Q 1 (0 )ds
0

1)2¢ (2—
prA(;B(xlI‘ f — Q) 2Q1()d<+AB = le

+ma—){(€— )41 Qu(s)ds

oo l) ¢

9 () = b= (0Qa(1) - 0Qs(8)) + Wl—mm — 97 2Qa(6)ds

1)2¢
6¢Az3(711‘ j _g”2Q2()d§+\Bﬂl)jQZ Jds

11
+ﬁ——{(€—g)” L0y (<)d..

\

After simplification, we get required result (5.4). =

Next, we consider, X x X = (C[0.1LR) x (C0 LR s Banaen space adone with;

defined as,

[ M xwx = Il + 1Yy
Define F : X x X — X x X as,

(1w, 9)(0)
Flu,9)({¢) = (F;(u,ﬁ)(@)’

where

o 8)(O) = 8+ [91(69)G(e u(s), 9(<))ds.
0

Fo(u,9)(£) =65+ j@g(f, S)E(s.u(s), 9(¢))ds.
0
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and
7=3)AB

5;:5—074&“—7{@5(1.11(1)./0( N = RS WS IS

{ 61 = O {06 (1 u(1),9(1)) - 6G(S,u(S). HS )1}
?)AB

Theorem 5.1. Suppose G. E : [0.1] x R x R — R. both arc contimons aind satisfving  f/1
(H11). Then the AB-Caputo fractional coupled BNP {517 5.2 has sthocs e ~olntiog,

01 + 0 ) L) + Lo) < L
Y1 2

Proof. Consider
B, = {(,9) € X x X [(w,9)]| <1 2> (4016 + (2 + 0,)67}

0y = W [¢+ 6] and Qy = W)AQBW [¢ + 6], which is closed, bounded, convex and

nonempty subset of X x X. Now we decompose F into [ 1{u,9)(¢) and [/ o(u.9)(¢) as

F1(uw,9)(€) = I ia(u, 0)(0) + 1 1p(u, v)(¢).
Fo(u, 9)(€) = [oa(w.9)(€) + I aplu. v)(£),

where

IMia(uwv)(€) = 4] = (ﬁ’%‘r oG ulli il - oG Lud oo
(2-a) {toLoully ol ~0F Luo oo},

Faa(w, 0)(0) = 05 =ty

and

Mg 9)(0) = [P (LG s uls). 9(¢))ds.

O ey et O e

Fop(u,9)(€) = [U(l,¢)E (s, u{s). 9(s))ds.

Step 1. In this step,we prove that /1 (u,9)(€) + F 2 (uy,J1)(¢) is self mapping on B,,. For

this, consider (u,9), (u1,%1) € B,,, we have

1A, 0)(0) + Fisln, 0ON = (e (00 (1) (1)

1
—0G(6,u(6),9(8))} + / HE QG (<) D1 (S |

t
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< (2—-a)t
- (0-¢)AB(a—1)
1
+/xw,cn|G<<.,ul<g>.,vl<<mdg,
0

|G (1, u(1),9(1)) - 0G(S,u(S),9(S))]

taking sup on both sides,
te(0,1]

iy -+ H}‘El -y

L - 2
{r1a(ud) + Fiplu v < USSEC IR

= (£ + 0)¢,.

where Q1 = oy (¢ + 0] with 0 # ¢.
Similarly

Foa(u, ) + Fap(un, v1)]| < (22 + 09)&s.

So

(1w, 9) + Fa(u, 90 <0 1P a(uad) () + Fiplur d1)(0)]

+ W oA, )0 + [ uplu i

IA

(S21+£)})€l+(ng+yj\)£j‘ [

Hence 1 (u,9)(€) + [ 2(ug, ¥1)(€) is self mapping on B, .

Step 2. Next we prove [ 1p(u,?)(() + [ 2p(w. IO is contraction. For this we conside

HF 1)) + 1 ap(u, )6} = {1 1plur 006 + 1 optug. dy )}

1
< /I‘Ifl(f,<)| 1G(s,u(5), ¥(c)) — G(s, u1(s) V1<) de
0

1

+ / 1T2(6,6)| | E(s, (<), 8(e)) — E(s, wa(e), 91(6))] ds,
0

taking sup on both sides
£€(0,1]

{F1p(w,9) + Fop(w,9)} = {F1p(u1, 1) + Maplur, 91)}|

=1

o



o1 L1{llu —will + {17 = Dull} + 0o L2 {llw — wall + [ ~ Vi ll}

(AN

= (01£1 + 0o L2){flu — wifl + |9 — V1 ]I}

(01 + 02)(L1 4 L2){llu — wy|l + [|9 — 01 I},

IN

as (0; + 09)(£1 + £2) < 1, hence 1w V)(€) + [ ap{u. V)(F) is contraction.

Step 3. Now we show /14 (u, U)(£) + / ya(u. J)(6) 1s continnous aud cotnpact. s ¢ anl /
are both continuous, this implies that /(U dJ(0) + / watu v is continnns A
) U 2
l» +" ) S . - .jlc ;'U ;‘ \
H(FlA(l ) /ZA(U )H (;Q—C))AB(() ,V“{U‘\l L]
2
- D& -0 &
0 oAl (o =) VI8t =08

IA

(1 + Qo) (1€l + [1E211) < 71

Therefore [F 14(u,9)(€) + F24(u,9)(£)] (B,,) is uniformly bounded.
Next, we prove [/ 14(u,9)(€) + Foa(u,9)(€)] (B,,) is equicontinuous.

For this, we take 0 < ¢ < 4, < & < 1,

H{(Fra(w,9)(f2) + Faa(u, 9)(€2)} — {(1 1a(uw. 0) (1) + 1 2w V) ((1)}]

9
= (gz_él)(ﬁ—qb()ABO;)a— N {(oG(1,u(1),2(1)) — OG(1. u(S 1. &)}
9

+( —&)w o() 1130() T {(oE(Lulln 0t — 0l Lo oS
— )AL (o - ‘

(2 —«) , : . ‘ - | s 50

= 0)AB(a =1) Hl ~ () {oG{Loul L) (L) — 0GHL w0 &g
(2-0) . , , : . .

+ [(Ey — Do Luily dily) = 0F o, i

(0 —¢)AB (o — 1)

when £y — Ly, so [{{F1a(w,0)(C2) + [ 2a(u,9) ()} = {{F 1a(wO)(00) + 1 2alwd){l1)} -~
Therefore [F14(u, 9)(€) + Foa(u,9)(£)] (B,,) is equicontinuous. Now by using Lenima 1.3

F1a(u, 9)(€) + F24(u,9)(£)] (B,,) is relatively compact. So

[FIA(u’ﬁ)(g) + FQA(uvﬁ)(é)] (‘Bn) < [FlA(uvﬁ)(g) + FQA(“v ﬁ)(é)} (%7'1) c X
therefore [F14(u,9)(€) + F 24(u,9)(£)] is compact. Thus all the conditions of Theorem 1.3 arc
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satisfied. Hence given AB-Caputo fractional coupled BVP (5.1) — (5.2) has atleast one solution.

5.3 Uniqueness

This section provides unique solution of given AB-Caputo fractional coupled BVP (5,11 - (0.2
To get unique solution, Banach contraction principle (Theorem 115 s used.
Theorem 5.2. Suppose G, £ : [0. 1 xRxR — R hoth are contimuons and <o (100 1

Then the AB-Caputo fractional coupled BVE (7.1 - 1520 has wnlgne solatia: o
{(Ql + Ql)(gl + L)+ (9 + 0o )3y + TJui} o0 L

Proof. Consider the mapping /” : X x X — X x X as given in above (5.9) . Cousider a
closed ball
B,y = {(w V) € X x X (9] < 1o}

where r > () + Ql){(ﬂl + Lo)ry + 9{1} + (9 + 09){(T1 + Ta2)ro + Ro}.

Set R = sup {|G(£,0,0)|} and Ry = sup {|E (£,0,0)[}. Consider
2€(0,1] £€(0,1]

G (£, u(0),9(0))| IG(6,u(0),9(0)) ~ G(£.0.0) + G(£.0.0)!

n

< 1GIE (), 9(0) = U0 0+ (0.0
SN CIRTT RN
< (Lyry+ Loy Ry
and

IE(Cu(0),9(0)] = |E@u(€),0(6) — E(£.0,0) + E((.0.0)]
< |E(u(f), 9(6)) = E(.0.0)| + |E(£.0.0)|
< (O ljufl + 32191 + Re
< (:317'2 + 327’2) + Ro.

7



Step 1. In this step, we show that [~ (B,,) C B,,. For this, we take (u,v) € B,,,

(2-0) : =
19 — , _. ' , U
P = |ttt (0G0, U1, 9(1) - 0G(8, (). ()
1
+ /@1(€,<)G(<,u(<),ﬂ(<))d<
4]
(2-a)t ,
< b )(l —GHL 00
S W-oABlac [o{\(lu L Gilouuy 1)
+iG1(JO }—(){y (S S JS) -GS U IS
/\I} (1 \ U(\/ l} ) - (l'\\‘{).() - Sy :«u/\.

taking sup both sides

te0,1)
2
' < SR
1P| € Gmeslo (8 [l + 22 9] + %)
+o1 {(£1 [lull + L2 19]1) + R}
< (U + o {81+ L) + R )
Similarly
720w, D) < (Q2 + 02){(T1 + To)ra + R}
Therefore
ool < plwcddil = 0 stus di!
< (S + oL+ Loy - My
+( + 1_)-2,){\31 r Jojro T Ry
S .

Hence F (%B8,,) C B,,.

Step 2. In this step, we prove a mapping / is contraction. For this, consider

I 1(u2,92)(€) = I 1(u1,91)()] < {2 [(G(1,ux(1),72(1))

2
(0 —d)AB (a—1)

78



-G(1,uy(1 N +{01(G(6,u2(6),02(6)) — G(S,u1 (6 S))I}
1

T / 101(6,6)] G 6, w6, 9a(s)) — Glso s (6). 91 (6)) s,

0

taking sup on both sides

¢€l0,1)
Fi(ug,92) = Fr(u, 91)]] < 2 o+ 01 {L) Ty = " Lo dy - dy
’ ' - (60— o)AB(v—lL T
+op {€1 llwy —ul) Loty - 0y}
< (O + oL+ Loy - uy -
Similarly
172 (w2, U2)(€) = Fo(u1, 1) (O < (o + 09) (31 + T {{lu —wyi + e = Uy}

Thus

[F (u2,92)(€) = F (w1, 91)(O)] < |7 1(u2,92)(€) — 1 1(ur, 91)(4) ]

+ {1 2w, ¥2) () — [Ma(wr, ¥1) ()]
(1 +01)(L1 + £2)
+(92 + 09)(31 + J2)

{llug — wil| + o — Uy f} .

Since {(S11 + 01)(L1 + L2) + (2 + 0,)(J1 + T2)} < Lo thus [ is contraction mapping. Thereton

)

using Theorem 1.1, the AB-Caputo fractional coupled BN (5000 — 0502 e g soins

5.4 Hyers-Ulam Stability

The HU stability of AB-Caputo fractional coupled BVP (5.1) — (5.2) is presented. in this sce-
tion. First some remarks and definitions are presented. which are crucial in proof of our maiu

theorem in this section.

Remark. 5.1. The solution (u,d) € X x X of AB-Caputo fractional coupled BVP (5.1)-(5.2)
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is given as
1
u(€) =01 + JU1(4,6)G(s, u(s), 9(c))ds,
0

9(l) =d5+ }Wg(&()E(Q’, u(s), 9(c))ds.
0

Definition 5.1. The given AB-Caputo fractional coupled BV (5.1 - 5.2) is HU stable
there exists constant A > 0, such that for every €;.¢, > U and cach solntion cucdyely = X

X, satisfying
I(ABCODO‘U)(@)—G(f.u((/’).'z?(é’))l < ¢ and ’(‘\B(‘H/)”l/;(/‘ Bl o ‘.

for all £ € [0, 1]. Then there exists (u;, v1)(¢) € X x X a solution of given AB-Caputo [raction
coupled BVP (5.1) — (5.2), such that

[(u,9)(€) — (u,91)(€)] < Ae for all £ € {0,1]. (5.13)

Remark 5.2. (u,9)(¢) € X x X is the solution of (5.12) if and only if there exist 71, 75 € X, such
that

(1) |T1 (€)] < €1 and |12 (€)| < €g, for all £ € [0,1].

(i) (FBCDu)(0) = G(£,u(f),9(£)) + 71 (€) and

(ABC,D79) () = E(6,u(€),9(£)) + 74 (£), for all £ € [0.1].

Theorem 5.3. Suppose G, E : [0,1] x R x R — R both are continnons lunctions il
satisfying (H9), (H11). Then the solution of AB-Caputo fractional conped VP 5

HU stable if

L=y (€ + £2) — 0p{Ty = Ty 7 U

Proof. Suppose (u,9)(¢) € X x X is any solution of {5.12) and fronr Remark 6200 L

(4B, D%u)(6) = G u(0),9(E)) + 71 (6] for all €€ 0.1,

(ABC, DoY) (£) = E(£,u(€),9(£)) 4+ 72 (¢), for all £ € [0,1].
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Now from Remark 5.1, we can write

u() =47 + }\Ill(ﬁ,c)(}' (¢,u(¢),¥(s))ds + }Wl(é,q)rl (¢) ds.
0 0

V(€) = 05 + }\I’Q(&QE (¢, u(c),¥(s))ds + }Wg(f,()’rg (¢)ds.
0 0

which implies

1 1
u(¢) — a7 — fllll([.,g)G(g.u(g).z)(g))(/\% S B RV SN TN
0 . 5

1 : |
"19(5) — 05— [Wo(l.¢)E (s.uls). t)(g))(,'l\l < It T ey o
0 | 0
Now assume (u1,91)(¢) € X is unique solution of AB-Caputo fractional coupled BVEP 5.1
(5.2). Then we have,

1
() —ur (O] = [u(6) = 0] = JU{LOE (S, urls), vils))ds
0

|9 (£) =91 ()] = |9 (€) — 65 — j\Ifg(é’&)E(<.L11(§),191(<))d<

After simplifying,

1

- . : |

ll(() —OT - j\lfl(/A\)(f(\All(\).l/\\},(/\‘
{
1

1
UG (souls) D )ds ) — [V Gos s oo o
0

[¥]

() —u (] <

+

| I
1[9 (é) —th (()1 < ll)({) - 03 - J‘\l/gl/.\}[’,vl\. Wi b g rde
0 .

1 I |
+ T2, ) E (5, u(s). U(s))ds — [Wa(l. ) E (s, w (<) Uronds ]
0 0 1
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from (H9), we get

u(f) —u (Ol < e + @ {€1 u (6) —w (O] + L2 [0 () = V1 (O]}

[9(6) = 91 (O)] < o2e2 + 0o {T1[u(£) —ur (O + T2 19 () = V1 (O}

Which implies
||u — U.1“ <61+ 01 {1 HU — 111H + Lot — Jylih.

|9 =01 <gyer+ oo {T i —uy i+ Tui0 ~ oy}

Adding both terms

[ =wlf+ 0 =dil < o +o{Siu-wi-L0 v
Foye0 + 0, {T u—ud w Jo ) 0y
[ 9) = (u, 9l < orer + 01 (La + Lo){ffu —wll + [V = viil}

+02€2 + 02(31 + 32) {{fu — w || + ||V = V1 [l},

hence

[[(u, ) = (u1,91)|| < Arer + Apep < Ae

. — _ %] , _ 99 .
where Ae = max{Aje;, Aoea}, A\ = o780 0,7 2) and Ay = e ey R T with

1= 01(£1+ £2) = 02(31 +T32) # 0.
Therefore the given AB-Caputo fractional coupled BVP (5.1) — (5.2} is HU stuble. m

RNE

Next we provide two examples. In Example 5.1. we find unigue and <talie solution of v
Caputo fractional coupled BVP, to validate the conditions of Theorens 502 ool Phieorens W
Example 5.2, we present nonlinear integral equations in which we find exact and approxine oo,
solutions. The graphs of exact and approxinate solutions with crrors are proscited

Example 5.1. Consider the following AB-Caputo {ractional coupled B\

ABC DI3y (6) = (2 + 1) + E(—}TE {§sinu(l) + Jcosu()} .

ABC DM (€) = e + 2L {§ cosu(f) + Lsinv(6)}
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with boundary conditions

(5.16)
B(0) =0, T (8) =29 (1),

for all £ € [0,1]. From (5.15) and (5.16), wehavea =13, 0 =14, 0 =1 0=3 6 =% and

15 {sinup(€) = sinuy()}] I}

GE11(8), 81(0)) — € u2(8),92(0)] < || o b ot  comsaf1]

‘ , L Fll {eosuy iy - vosu i L
B0 ui(€),01(6)) — E{t uy(0), vy(1))1 < 1?7‘ ‘ Lrl v
— . N P
1,\11“ s o

\

which implies

, 1 L ‘
(G4, u1,91) ~ G(upy)]| < ) Ty —w!l + 61 Ty
1B u1,91) = Blbus, 02)]| < =l — tgll + = |91 — v

U1, Vg (L ug, )| < 5g I — w2l + o 10y = V2l

From calculation we get

Q) = 4.823888293764, Q1 = 4.947244078833, o; = 1.97455133228,

0y = 2.246071439244, £ =55, Lo =g, 1 =5, T2 = 55

Hence
(Qu+o)(€+L) | | {4.823888293764 + LITISO133228 {55 + 1} W
+(822 + 09)(J1 + T} F{LAT2IA0TRNES + 221607 L0 D |
=0.70401 < 1.
and

=081+ L) — 0T+ Tur £ 0.

Hence, we get unique and stable solution of given AB-Caputo fractional coupled BVP (5.15} -

(5.16) by satisfying all conditions of Theorem 5.2 and Theorem 5.3.
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Example 5.2. Consider the following nonlinear integral equations

: .
u(f) = (1 +sinf) + e~ (u(e) — 9(0)) — 8 <£((e“/)(u(é’) ()L dg) ,

Vv 1+sing

V(€) = (3 +cosl) + ptanf(u(€) —I(€)) — ¢ (Z((tan E)(u(€) —v(L))) \%d() :

where 6 = 0.2,¢ = 0.1. Note that exact solutions are u(¢) = (1 + sin £} and ¥(¢) = (3 + cos £).

Which satisfy (H9), as

|G(£7u1(€)71’1) = G(6 uz(£),U2(6))]
{0 = o Ol = {rto - o))

<=
— |V I+siné

|E(€, “1(6) 191([)) - E(fl‘z(() l).)(())}

< ‘\/—gj—*f)—[ {j{(ul(e) — I EUNO) Y = {usthy Oyt vt }}

|G ur(0),91) — G(€,uz(€), Va(£)))]

{H0(0) — wa(0) = 2(0) = ()} |0 - Vil .

< et
— |{V1+sin#

B (4 u1(0), 91(6)) — E(€,ua(€), 92(0))]

{H{0a(0) - w2(0) = 010 = 020D} |V O - VT }

tanf

<
L — | V/3+cos

Which implies

G (6 w1, 01) — G(€ ug, ¥2)|| < ‘ )= () = ol A

=
\/ﬁ“ H{(“l — U
. I i
[E(Cur ) — E(fouy da)i < || et K RN NN RTINS U

where

M = sup ]\/ul(() — \/;.)A\[)l
|

t€]0,1]
H o= sup \\/ﬁl(e)—\/m(z‘)l.
¢ef0,1]
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finally we get,

|Gt u1,91) — G(€,uz,92)|| < £1]|(u1 — wa)|| + £2 |91 — F2]|,

[E(€,u1,91) — E(¢,uz,92)|| < TF1[|(u1 —ug)|| + T2 [ — V2],

where £1 = £2 = M and J; = J3 = 5H. Now we take initial guessug = 1+ £~ % ° and o =

4— 5; and using the iterative process

) (un(€) — @>

14sing

9(s)
V3¥coss ) d(

(1 + sin£) + 0.2(e~¢) (1 (¢) — £))~02f(

Tnt1(€) = (3 + cosf) + 0.1(tan €) (up(£) — F,(€)) — 0. lz ( (tan €£)(up(£) — 9.(£)))

Up41 (8) =

we get the approximation solutions after one iteration by

U1(€) =
~02f (3"
191(3) =

—-O.l}(tanf) (-3 +
0

(1+sin€) +0.2(e™) (3B + 12 + £~ 3)
6 (—163 4 Le® 4 ¢ — 3) /=67136c536 3+36<+36) d,

VItsing
(3+cosf) +0.1(tan ) (—2€3 + 162 + ¢ - 3)
1g2 44— 3) V16— 2§?dc

V3+cos¢

\

The followings graphs represent approximate and exact solutions of (5.17) with errors.

1.84 4.0
] ‘ \\\
"l
1.44 394 ~
1.24 \
.\
u(f) ] 58 .
0.8 # 9(f)
0 6‘ / Y
4 3.
7 p
.34 /
N -
02 3.6
D / T T T T T T
0.2 04 06 038 1 T T T T T
¢ 9 9.2 9.4 . 96 23
Fig 5.1. Exact () and Approximate (.) Solution of u({) Fig 5.2. Exact () and Approximate Solution () of 8(£)
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2.01 - 9.0104
9.008 9.008
9.006 3.0064
Brror 4 Error
0.003 9.0044
0.002 9.002
0 e ——— 0 - . v
6 02 0% 06 03 i g o 7 o6 X 1
¢ 14
Fig 5.3. Error between Exact and Approximate Solution of u(¢) Fig 5.4. Error between Exact and Approximate Solution of 8(¢)

In Figure 5.1, X-axis present different values of £ € [0,1] and Y-axis present the exact and
approximate solution of u(#). In Figure 5.2, X-axis present different values of £ € [0, 1] and Y-axis
present the exact and approximate solution of #(¢). Errors between both (exact and approximate

solution) of u(£) and ¥(£) are seen in Figure 5.3 and Figure 5.4 for £ € [0,1].

5.5 Conclusion

In this chapter, we discuss the AB-Caputo fractional coupled BVP (5.1) — (5.2). In Section 5.2,
we provide our main result in Lemma 5.1 in which we find solution of AB-Caputo fractional
coupled BVP (5.3) — (5.2). After that in Theorem 5.1, we obtain atleast one solution of AB-
Caputo fractional coupled BVP (5.1)—(5.2) using Krasnoselskii’s fixed point theorem. In Section
5.3, Banach contraction principle is used to find unique solution in Theorem 5.2. In Section 5.4
(Theorem 5.3), we use HU stability to investigate the stability of AB-Caputo fractional coupled
BVP (5.1) — (5.2). In the end of Section 5.4, two examples are established. In Example 5.1,
we find unique and stable solution of AB-Caputo fractional coupled BVP (5.15) — (5.16), by
satisfying conditions of Theorem 5.2 and Theorem 5.3. In Example 5.2, we present an equivalent
nonlinear integral equations (5.17) of given coupled BVP. In which we calculate exact and

approximation solutions (Figure 5.1 and Figure 5.2) with errors (Figure 5.3 and Figure 5.4).
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Chapter 6

Mathematical Analysis of Dynamical
Systems Involving AB-Piecewise

Fractional Derivative

6.1 Introduction

The dynamic termn denotes to phenomena that generate time-changing patterns. the qualitios
of the pattern at particular time are interconnect with those observed at different times. The
term can be effectively interchange with pattern of change or time-evolution . It denotes the
unfolding of events within ongoing evolutionary process. Almost all phenomena observed in
scientific research or in our daily lives have crucial dynamic features. Some specific examples
can arise in physical system, social system and life system. In physical system we deal with
system of home heating and traveling space vehicle. In social system. economic structure be-
havior or system of evolution of tribal class and movement in an organizational hierarchy. are
discussed. In life system we deal with genetic transference and population growth. Thesc ex
amples indicate potential value of developing facility and illustrate pervasiveness of dy o,
situations. It is himportant to note that concept of dyviamies extonds bovoiad e contons
process and specific origin. The dynamical system i broader sense i a0 Ponetion fron, T

signals space to output signals space. Here the word sigual mean the vead vocror vadined o
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tion of time variable. There are two major types of stability notions for an arbitvary dyiianea,
gystem, (4) internal stability (i) external stability. For internad stabilivy wo consader bragjoco
autonomous systemn having no inputs and outputs, whicli is internal dy eaies svstens prog
erty. Ou the other hand, in external stability we explain the degree which thie svstenr amplifies
signals. In nature everything is evolving and continuously changing. Thus dynamical system
is a system in which situations varies with respect to timne. The gencral patterns involved in
the systems of nonlinear equations for finding their solution are being explained in theory of
dynamical systems. Sometimes inputs and outputs in dynamical systems are involved in control
systems, which is considered very essential in the field of engineering. Applications of dynam-
ical systems are used in the different fields of sciences and engineering such as fault-tolerant
control systems, computer-based digital control system, automation. aeronautics. mechatronics,
ground and air transportation systems. adaptive control system. signal forecast process. fault
and supervision detection etc. Some results and applications related to dyvnanic svstenn can b
seen in [114, 115, 116, 117, 118, 119. 120, 121, 122. 123].

Atangana and Araz [13] in 2021. introduced differcut types of piceewise foctne don

and integrals. They combined classical derivatives with fractional derivinsoes 1o ver oo
fractional derivatives. These piecewise fractional derivatives are used to dean with crossover in
haviors exhibited problems. Numerical scheme for Cauchy type problems and applications pre-
sented in which they provided some models such as Zika Virus. Dadras-Momeni and Dequan-Li
attractor. Later Heydari and Razzaghi [124], presented piecewise Caputo fractional derivatives
to define novel category of fractional control and optimal problems. To constructed nuineri-
cal method, they used piecewise Chebyshev cardinal functions (PCCFs) to get approximate
solution. After that Shah et al. [125], performed analysis of Cauchy type dynamical systems in-
volving the piecewise Caputo fractional derivative. To find existence results. they used Schauder
fixed point theorem and obtained unique solution via Banach contraction principle. They pre-
sented stability analysis by using conditions of HU stability. They applied numerical scheme in
which Newton polynomials interpolation is used to get numerical solution. Recentlv Arik and
Araz [126]. combined three different models. which are helptul in the troament proce--

the tumor growth. Sonie other results which are related 1O plecewise ractionag dorivatives

given in (127, 128, 129. 130. 131. 132].
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For motivation of above work. we present the following AB-piccewise fractionar ditlorenti,

system (FDS).
PAB DI{G ()} = GULu (L) U ().
PAB Do (6)} = B(6,u(6) v (L),

€[0T (G.11

with initial conditions

u(0) = 61 + j}n(c, u(c),9(s))ds,
0

9(0) = Sa+ J (s, us) . (s))dk,
0

where P45 D7 represent AB-piecewise derivative of order 0 <o < 1. G.E : [0,T] x R x R —
n:[0,31)] x RxR — R and € : [0,32] x R x R — R are continuous functions, where

T>0, 0< 31,39 <4;. Now we use somne notations which are useful for owr next discussion.

(). |G u(l),9(6))] < Iy |u(€)] + hy 9O+ L1 where byl £y > 0.
(13). |E(6,u(f),0(6)] < hglu(6) + g W) = Lo where log hy L0
(4dg). |n(€,u(é),

). YN < gy U+ gy (WL + Ty where page0 3000
(1v). €L, u(),0

)
()] < g (O] + ey WO+ Too where jogo .30 00 0

(D). |G u(),()) — G u(l), ()] < gy [Ju(€) —u (O] + W) —dyiiii . where qp = 0.

(22). |E{u(f),9(£)) — E(€,u(£),9(£))] < qa[Ju(€) — wug (O} + [W(€) — vy (O] where g2 > 0.

(€)) = n(6,u(€),9(€))] < p1[lu(€) —wr () + [W(€) — J1(6)]], where p1 > 0,
(

9
(). [€(6u(£),9(€)) — (6, u(0), 9(€))] < p2 [[u(€) — wi(O)] +[9(€) — V1 (£)]}, where p > 0.
(H13)

6.2 Existence Results

This section provides the existence of the solution of non-linear AB-piccewise FDS (6.1) —
(6.2) via Schauder fixed point theorem (Theorem 1.2). First. we provide some basic Lemas,
Lemma 6.1. Assume that @ : [0.T] — R and ¥, : 10. 3} = R arc continuons funetions. 1hen

the solution of AB-piccewise FDE

PADR ' D7 (u = a0 T
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with

is given as

31 {

G1+ [ Pi(s)ds + [Quls)deif 0 <6< (.
0 ¢]

u@) =< wl) + 550

¢
+W0)F(aiéf1¢?l(<)(f—<)”"ldc, 0, <6<T.

Lemma 6.2. Assume that G,E : [0,T] X RxR — R, : [0.31]] x R xR — R and ¢ :

[0, 32] x RxR — R are continuous functions. Then the solution of AB-piecewise FDS (6.1)—(6.2)

is given as

31
61+ [ n(s,u(s), v (s))ds

0

¢
+[Gls u(s). dis))ds. if 0<(

0]

IA

(.

u(ly) + %G’((.u(/).z)(()»

{

o G U DN = T

3 1 5.3
S+ [ (s uls) Y (s))ds
0
¢

+[E(s,u(s),9(s))ds, if 0 <<y,
0

IO) + 5 E(Eu(0),9(0))

14
+WE{E(§,U((),§(C))(€ - ()"_1dq, ifé <€<T,

Next, we take X x X = (C[0,T].R) x (C[0,T},R) is Banach space having norm defined as.

1 lxox = Hullx + 191 x -

Define /7 : X x X — X x X as.

P, )00 = ()i, [ dnd, T

BIV]



where

t

The following assumptions are useful in our next discussion.

= {(A1 4 Ay) + (As + Ay)

(2).

(iii).

D =[61] +[&2| (i) Q
Qo = {(S1 + S2) + (S5 + Sq)} (iv).
(v). W1 = (R + Ry) (). Wy = {Ry + Ry (eid)
(viid). Wy = =

(X). 52:{(f11+122)+ (N
(Xid). 7y = (L1 + Lo) (Xiii) 1y =

(Xiv). v = 1 + 72 (X0). 337 {1+

I ETA RS

TR

(e + Ny}

Oy = () + O

A =i

S + 2}”/(911(%) s + JGCus L disgd it i
1
Fi(w,9)(¢) = w(ly) + L5 Gl )
+TLT(£)—F(T)ZG<“‘<<)-“<*>>(‘ 0o it (g T
G2 + 7’25(911 (€), 0 (c))ds + Z’E(g, u(e), ¥(s))ds if 0 <<,
Fa(u,9)(€) = 9(0) + Ale’ E(£,u(0),9(£))
+m‘g‘)gflE(§yu(€),ﬁ(c))(€—c)"*ldc, if 6, <¢<T.

Theorem 6.1. Assume that all conditions of (H12) hold. Then AB-piccewise FDS (6.1) —

(6.2) has atleast one solution.
Proof. Consider

B, ={(u9) € X x X : [(w,d)] <r},

a closed, bounded, convex and nonempty subset of X x X. Where r >

>ﬁl——\\1thl—d()7§( ) for ¢; < € <T.

Ofor0<¢< ¥ and ry 1=3,0

Step 1. In this step, we show [ (B,,) C (B,,).
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Case 1. For 0 < ¢ < ¢1. Consider

l 3 P
Mi(u0)(0)) = |61 +/1/('s.11(g).e/(sJ\(1x . /(.'f’\.m\,z/ e

()

¢

IN

31
|61|+/|’r}(§‘u(g),'z)(§)>|dg+ /\(?(g.u(\).t)(u)\(/g,
0

0

taking sup on both sides

36{0,({1]
[Fiw )] < 18]+ G{p luil + g2 19 + 31} + {Aa llull + A2 10] + £1}]
= S|+ Gfllull {1 + fu} + 1]l {ro + ho} + (31 + £1))]
< G1] + bl {(p 4+ pg) + (B + ho) b + (T + £4)).
Similarly
32 ‘
[Fo(u,9)(€)] = ‘62+ /ﬁ(c,ll(g‘).'d(g))(ngr /E(\.th\).ll‘\w/\j

i

0
3 :

[62|+/ (sl s s / N TRV N EN
0 o

IA

taking sup on both sides

ZE[O,Z]]
[Fa(u DI < 1Ga] + &l {ses lull + pa 1911+ T2} + (s Jull + A [9]}+ Lo}
= |G| + Oul[ull {13 + Az} + 9] {ra + ha} + (32 + £a)]
< 8o + fafri{(pg + pg) + (s + ha)} + (T2 + £2)].
Then
I < IF (w9 + 12w, )l
< US|+ 8ol + €[ { e + ) =+ (g goy e thy =D g Ty

+(J1+ To) + (L fﬁg!]



=D+ (1{7'1<‘7);§) eab oy
Where D. 84 and 4 are defined in (6.6). So f (B, )< B, +
The continuity of G, E' implies continuity of / . Since

o, )| <y

Therefore F(B,,) is uniformly bounded for 0 < ¢ < £,

Case 2. For ¢; < ¢ <T. Consider

(g1)+ 150 GG (), 9(0)

+ AEHTE ]G §,u(6), V() (€ = ¢)7 s
|

[F1(u, 9)(0)]

1-—0

fu()| + AB(0)

¢
? e 3y ;e
+m/‘6(§‘u(@)‘u(g))!|(( ¢ lds.
(

IN

|G(£,u(6),9(6))]

taking sup on both sides
Leley, Tl

D] € )]+ gt )

oT?
T ABloTo + 1)
< u(é)| + ! {1+ oT” }{7zlr1+hz/'1+£1}
AB(o) (o +1)
= ju(f)| +O{(fy + fa)}r + £10.

{hy lwgl + ho i) + £y

Similarly

WIH N ORI
+ 35709 fE ou(s), () = )77 ds

]

|F2(u, 9)(0)]

1-
AB(J)

IN

W+ PECE Oy iy



{
5 .
SEN—.— Y O RIS I O LT
+AB(U‘)F(0)/ (Gl tens

i

taking sup on both sides

teley,T)
P2 < [+ —— (gl + oy 0]+ 2
P 1 'y - . P41y ot Py
2(u, < W) AB(0) sl DUl Xt
O il 4 R 9] £ £}
AB(o)T(c+1)" LI =
1
< |9(¢ ———{hiy7 ;
< PG)+ AB(U){I“” + hgry + £}
cT?
e f’ . s
+AB(U)F(O‘ n 1){ 1371 + flar +£2}
= |l9(€1)| + 9{(ﬁ3 + ﬁq)}h + @Eg.
Then
IF (DI < IF 1w+ 117 2w )
< |u(£1)| + {@(hl + ]22)}1’[ T (")-g[

+ \Ll)((l)i -+ {(")(/i;g -+ /).1)}1'| - B8,

Z+(")H(/M + /1~_)) + (D + Dy J} A o T AT

= Z+03 +~,0< .

So F(B,,) C (B,,), for ¢; <€ <T.

The continuity of G, E implies continuity of F. Since

IF(ud) <7y

Therefore / (B,,) is uniformly bounded for ¢; < ¢ <T.
Hence F (%,,) is uniformly bounded for all 0 < ¢ <T.

Step 2. Next, we show that F(9B,,) is equicontinuous.
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Case 1. For 0 € £ < ¢;. For this, we consider 0 < £, < {, < {). so clearly

1“ iy

—/(:'(\.u\‘\,.l,"\c i

(I‘-
/ |G(s,u(s). d(¢))| da — 0,

[1‘
‘/'71(1}’719)(611) - 1(11‘ l))((m)i = l/(}v(\Alli\,\.l)i‘\ﬁr(/‘/' ' /(, TN
{

<
llﬂ
when £, — €. Also
tn tn
|Fa(u, 9)(6n) — Fa(u,9)(dn)| = /E(C,u(c),'ﬁ(c))dzv + /F(g u(s), 9(s))da
0 I
b,
- [ EGut0)v16)da
0
t

IA

/ }E(S,ll(g), l)(g))!(lul — ().

[

when ¢, — ¢,. Hence

oy vl — e Uiy ;
FIF 2 ) ) = 1w U '

(F(u,9)(€n) — 1 (w,9)(E)] < {

as £, — £y. Therefore F(*B,,) is equicontinuous for 0 < ¢ < ¢;.

Case 2. For £; < ¢ <T. For this, we consider {; < £, < €y <T,

P )8) = POl = |55 Gltnulbe). D46

el\
I PR o
+AB(J)F(0>/G(§.u(@).ﬁ(g))(gn )7L
&1
1-0 o
A5 O lm ) U]



[

o | | N
= [ G, u(c) (<)} (lm —<)7
AB(U)I‘(U)/ (s ufs) I <) (g‘
“ |
1—_ ;
= iﬁ(}((n.u(/n)_l)(,“H

ool

(n
* . /.('( (s ). Ui )iy — /
AB(O'M‘(O,) 7{s. \\ . N ity Ny IN
(H\

l—0 o
_A—lg(;jG(ém, U((m)ﬂ l)([m))' .

then
|F1(uﬂ9)(£n) = F1(u,9)(€w)| — 0,

when gn i fm.

Similarly
l—-0o
Falu 9)(a) = Faln O)(Cm)l = |55 Bl (6. 9(6)
tn.
g il . a |
E'(«. SO = /
+AB(0)F(0) (¢ u(g) I (<
0
_jl;(:;‘ﬁ((,m.u(/n 1oV

-0 |
= |——E (i u{ly). 0,
IAB(U)“( u(ly) Vi)

then



as £, — fn. Hence

F ,7.9 (/n 7[7 ) /mw
(4, 9)(6) = I (1w, 9)(6m)] < il )] = a0 "
e I IS I T TORVA R

¥

when ¢, — £y, Therefore /7 (B,,) is equicontinuous lor ¢ < 0 T Heneo 70080 1 is equao,
tinuous for all 0 < ¢ <T. So by using Arzela-Ascoli theorenn (Lenmwa 1350 tie ~et f 08,
relative compact. Hence from Theorem 1.2, /7 has atleast one fixed point withen s solntueg, o

(6.1) = (6.2) on [0,T]. =

6.3 Uniqueness

This section provides unique solution of AB-piecewise FDS (6.1) — (6.2). To find unique solution
of AB-piecewise FDS (6.1) — (6.2), we apply Banach contraction principle (Theorem 1.1).
Theorem 6.2. Assume that all conditions of (H13) hold. Then AB-piecewise FDS (6.1)—(6.2)
has unique solution if

max{g;, 0.} < 1,

where o) = {1[{p1 + q1} + {p2 + q2}] < 1l and ¢, = {O{q + q2)} < L.

Proof. Consider a closed ball

B, = {u)e N x XN jjlu i) ).

]

where r9 > —?—f—gL——l&ﬁ, where 1 — 803 # 0 for 0 < ( < (; aud r, - 7 050 where i
Q30) #£ 0 for £; < € <T. We set Ry = sup {{G0.0) ) Ry = sap {10000 b0 R,
¢el0.T! e 0T
sup [7(¢,0,0)] and Ry = sup {|£(£,0,0)|}. Now consider
£€(0,81) £€(0,61]
|G, u(0),9(€)] < |G(6u(€),9(€)) — G(£,0.0) + |G(£.0,0)]
< (Suljulf + S2 (19]) + Ry
< (514 Sy)r + ARy

97



Similarly
‘E(f, u(f), U([))* < (53 + 54)7"2 + Ro.

(€, u(€),9(0)] < (A1 + Ag)ry + Ry

and

(O 000) < (Ag + \gJr = Ry,

Step 1. In this step, we show that / (B,,) € B,,.

Case 1. For 0 < ¢ < ¢,. Consider,

31 ¢

M) = |61+ [ nlsu(s),d(<))ds + /G(g.u(g).wg))(/s’
0 0 |
31

IA

|G1] + / {In(s,u(s),9(<)) = n(s,0,0)] + fn(s.0,0)|} ds

0
¢
+ / (G (s, u(s), (<)) — Gls.0,0)] + [Gls. 0,01 .
0

taking sup on both sides

86[0,11]
1|/_1(U,19)H § ]61| + {{(\1 + AQ)‘?"Q +‘ﬁ;5} -+ {(S] -+ S-_»)I‘-_) - ‘Rl }‘4 |-
Similarly
32 l'
a2 (uw, 9O = 62+/€('s.u(§).d(s)i(/s+ //;‘f\.ufd.z/*\‘»u/\‘
0 o i

32
X +/{|€<<,u<<>.z9<<>> —E(6,0,0)] + €5 0.0)[ ds

IA

0
¢
+ /{lE(c,u(g),ﬁ(g)) — B(6.0,0)| + |E(s,0.0)]} ds.
0

taking sup on both sides
€[04
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HFQ(u,'ﬂ)H < f62| + [{(A;; + A4)7"2 + 9%4} + {<S3 + 54)7‘2 + mg}]{/l.

So

(17 (u, D))

IA

1w, DI+ 12w v

IN

F{(As+ Ao + Rap + {(S5~ S~ Rty

il

+(R1 + Re) + (Ry + Ry)]

= D+ 0{Q3rp + W}t <.

Hence I (%B,,) C B,,, for 0 < £ < ¢;.
Case 2. For ¢; < ¢ <T. Consider

.
M, 9)(@)] = |u(f)+ QB_(Z)G(E 11(5),'19(@))+AB(;)F(U)/G(Q‘.u(‘s).d(g})(é <) Nds
£
< ()] + ——— G u(0).9(0)) = G(E.0.0)] + |GLE.0. 011}

)
é.
b / (G u(¢). 9(<)) = Gle. 0.0) + 1GHe 101 i
o

taking sup on both sides
(G[’(/l,T]

]
AB(o)
aT?
AB(o)'(o + 1) {

[u(lr)] + {(S1 + S2)re + R1}

Ml < fula)l+

{(S[ —+ Sg)l“_} —+ 9{1}

+ (S] +Sg)7‘z+m1}

1 1+ aT?
AB(o) { F(O’-f-l)}

= Ju(ly)| + {(S1 + 52)8}ry + R10.

Similarly
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¢
9(f) + 1 -0 E(£,U(€),§(€))+#/E(g u(c) V() =) s

IFa(u,d9)(0)] =

AB(o) AB(o)'(0o)
41
< |9 (51)|+ a) {IEE u(€).9(8)) - F.0.0)] + [Fr 0.0
¢
/ [ (s uis) i) — Lacouads, o f0 i

taking sup on both sides
ety )

”FQ(u»'d)H < i él)l + — AB( ) {(S;; +S4)I‘-_) +9{2}
oT?
AR
[0(01)] + {(S3 + S4)O}rs + R20.

Sy + 54)7'2 + 99{2}

Il

So

N

1F QD < [IFu ) + (12w, 0)]
< Z+{(S]+SQ)@}T'Q+%]@
{(53 + 5'4)(‘)}7’2 +R,0

Z+ (Qory + 1170 < 1y,

Therefore f (B,,) € B,,. for £; <€ <T. Hence / (B,,0 C B, for horh cises,
Step 2. Now we show a mapping / is coutraction .
Case 1 For 0 < ¢ < {7, consider

31
1w, 0)(€) — F1(uy,91)(€)] < {/I?l(g,u(%)wﬂ(c)) = (s, u1{s), V1(s))] ds

+ [ 1G5 u(c),9()) — G5, m(s), )[dg}

O\'N o
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taking sup on both sides
2€[0,61]

171 (w,0) = Fa(un, D)l < Gfpr + aup{llu = wiff + [0 = D1}

Similarly

IN

|7 2(u, 0)(€) — 1 2(ur, 1) ()]

32
/;f(g,u(u‘z){\)) SEG U g

{

}
(.

+/ LE (i oy = o upea r/\}.
{1

taking sup on both sides
ZE[O,&]

1 2(u,9) = Fa(ui, 9] < fpz + qep{ifu —will + [[v = vy}

Hence

1A, 0) = Flup, 90l < 10w d) = M, 901+ [F 2w 0) = £ a(ug, d

< O{(pr+a1) + (2 + a2) Hllu —will + [V — ]},

as 01 = O1[{p1 + a1} + {p2 + q2}] < 1, then
17 (w, ) () = £ (ur 91O < oy ) = (v

Case 2: For ¢; < ¢ <T. Consider

l —
IF1(,9)(0) = M 90O £ () = w0 + 15—
Al a)

7

Aol

|G u(f), d(£)} —~ GUEu(E vy +

I4
/ IG(s,u(s),0(s)) = G(s,ur(s), V(s I (£ = <) ds

131
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taking sup on both sides,
eE[fl,T]

1 )
[F1(u,9) = Fi(u,91)|] < |Tu-u1||+AB qr{llu — gl + ||V = V1 [l}

+ i )q1{|1u—ulu+uwmu}T"

AB(o)T(c + 1
Oqi{llu — il + [V = i}

IN

where O is given in (6.6). So
M d) = vl <Oqa{in- wl « J - J

Similarly

-0

IFg(u,ﬁ)(é) — r2(UI,191)(€)| < |l)(é) — Ul(()' + m
HEEu(),0(0)} — E{Cu(6).01(0))] +m§?§m

I
/IE(c,u(<),19(<)) — E(s,u1 () 91 ()€ = )7 M ds,

(3

taking sup on both sides,
tele,T)

1 ‘
1Fa(u,9) — Fa(uy, ) < W=+ i q>{i(u wll -+l =i}

____.__0:—‘ _ H+‘/ Jih T{T
+AB(O’)F<U+ l/)qZ{l\u Uy i Uy, }

< Oqafllu —w !+ U -
Then

HF (4, 0) = F (ug, 90)]] < I pQuad) = 1 upcd )l + 5l o d s — 1oy

< O(q + a){llu —wiff + [[d — v}
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where g, = {©(q1 +q2)} < 1, so

17, 9) = F (ur, D)l < g [l(w, 9) = (wr, 90))-

Hence
o1 [1(u, ) — (uy, Oyl if £ [0.¢
IF (,0) = Flu, o) <§ o) | v
0o 1w, 9) — (uy,0h)|| . if €&, Tl
So
1 (u,0) = F (uy, V1) < max{o;. o} Hud) = (w0
As max{g;, 0,} < 1. From Banach contraction principle {Theorens T we ot aoigne solin

of AB-piecewise FDS (6.1) - (6.2). =

6.4 Hyers-Ulam Stability

The HU stability of AB-piecewise FDS (6.1) — (6.2) is presented, in this scetion. First sonie
useful remarks and definitions are given, which are crucial in proof of theorcn iu this section.

Remark 6.1. The solution (u,9)(¢) € X x X of AB-piecewise FDS (6.1) — (6.2) is given as

3y
S1+ [ 15, u(s),?(s))ds
0

+jG(§»u(<)ﬂ9(<))d<, if 0<€<4,
u(f) = 0

u(fy) + jB—G(f u(0),v(6))

+am _—fG (G u(¢), V(N — )7 g, if [y < < T.

AN

32
Sy + [ Eleuls) b o))
¢!
[4
+E(s.u(s). vig))ds if 0 <<y,
[¢]

19(61) 1[3 E(€ult). o)
+T—fE§ u(s), d(s ))(é“g‘)afl(ls if6, <¢<T,
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Definition 6.1. The AB-piecewise FDS (6.1} — (6.2) is HU stable il there exists a constant

A > 0, such that for every e1,€e2 > 0 and each solution (1, 9)(£) € X x X, satisfying
|(PABDu)(0) — G(e,u(0),9(0))] < €1 and |(PAB D79)(6) — E(¢,u(€),9(6))] < €2, (6.7)

for all £ € [0,T]. Then there exists (u;,%)(¢) € X x X a solution of given AB-piecewise
FDS (6.1) - (6.2), such that

Hu, 9)(€) = (u1, 91)(€)] < Xe, forall € € 10.T!. (N

Where

{ T
A= max{ ! } and ¢ = max{c; .}

—o 1=
Remark 6.2. (u,9)(¢) € X x X issolution of (6.7) il and only if there exists constagn= - 0 0
X, such that
(2) |71 (€)] < €1 and |72 (¢)| < €y, for all £ € [0, T].
(1) (PAB,Du)(€) = G(£,u(£),9(£)) + 71 (€) and ("A5,D20)(€) = E((,u{().0(()) + T2 (() . lor
all £€ [0, T].
Theorem 6.3. Assume that G, F : [0,T]xRxR — R, both are continuous functions and (/113)
hold. Then AB-Piecewise FDS (6.1) — (6.2) is HU stable if

1—p; #0and 1 -9, #0.

Proof. Suppose (u,7)(¢) € X x X is solution of (6.7). from Remark 6.2,

(P DO = Gl e

(PAB DY) (€) = B ull) JU )+ 70l

for all £ € [0, T].
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Case 1 For 0 </ < {;. Now from Remark 6.1, we can write

31
u(f) =61+ [n(s,u(s),v(s))ds + jG(w(s'),ﬁ(S‘))dc + j’ﬂ (¢)ds.
0 8] 0

D) = S+ [l u(e) .9 ()ds + [, u().9(s))ds + 2 (s) do.
0 0 4]

Which implies

31 ¢ {
u(@) = &1 = [ nls,ul),9(s))ds — [Gls.u(s). V(s))ds| < [Ty (<) ds
0 [y ! v
/(!
(.
) — 6y — [ Gou(sh U (e))ds = [EiG s vicids o
I

Now assume (uy,91)(€) € X is a unique solution (6.1) — (6.21. Then we have,

31

u(0) —up (&) = [u () = &1 — [ nls,u1(s), 91 (s))ds — ].G'(g.111(5).’1)1(&),)(/( .

0 0

32 ¢
[0 (£) =0 (£)] = |9 (£) — G2 — [ &(s,u1(s),V1(s))ds = [ E(s,u1{s), V1{s))ds)| .
0 0

After simplifying, we get

¢
[u(€) —ur (O)] < Ju( fn G, u(),¥(s))ds = [G(s,u(s). v(s))ds
0
31 K3 o
+ [ [n(su(c),v(s))ds — [n (s urls) vh(<)ids
0 U !
1 ¢ i
+ jG(S‘. ll(@).U(@))d\, - ‘/(1'(\.111(\)4 AN
0 0
—5_’ i
[l)(f)*i}l [< () 27./ i{\.uf\j,(/!\)\t/\, I/ e
0 vy
3g 32
+ 1 [ Elu(s) D )de = [ Eisupr v Iy
4} it
‘ i ;
+ [ JE(uls). d{s))ds — [ R o) diida
0 0 |
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From (H13) and taking sup on both sides. we obtain
¢e(0,61)

u—url] < frey + i(pr + q1)(lu — wil[ + 19 = vi ),
|9 = 91| < frea + i(p2 + a2)(Jlu — wi]f + |9 = dhf]).

Adding both above terms

l[u = ] + 19 = D1l

IN

Grer + G (p1 + qu)(flu —wll + [V = Vi[D)

+ez + €1 (p2 4+ a)(lu —will + [V = Vi)

It

Then

{
[{{w. ) — (uy )} < LN
Tl =y

where € = max{e|, ez} and 1 — g; #0.

Case 2. For ¢; < { <T. Now from Remark 6.1. we can write

(

w0 = u(6) + g C(E(0(0)

VGG j () (€ — <) 1d§+(’j17—1 §)ds.
<>: 9(01) + 352 B u(0),9(0)

\ +WfEcu (6), D)€ ~<)”'ld<+ZT2(<)dg.

Which implies

u() — u(ly) — Alg(((ry)G(é’,u(E).U([”)) T
—wi’wi@wu(q.um*)uw“"(/\ A
.
I() = O(6) — s Bl ul v T
—Wﬁr(aZ‘E(s-M RSN TS A » [t
< (T =111y
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Now assume (up,

\

1)(€) € X is unique solution (6.1) — (6.2). Then we have,

— LES G (). v )

WO-wm@=|
—WW“}

() -9, ()] =
90~ 91 6) _*_o__fE@,m(c),ﬂl@))w—<>"'1d<

After simplification,

|u(€)—u1(€)1§’u(€)—u(él) S G0 )

¢
TARRITN

~ BT [Gloouws) vl =

.»\B(a)rw}

+]m {GUew(E) i) = Gilouin o

¢ ‘ i
R N l’/ :

+ mf{@(%-ll(%)vl)(\))*( Aooup (e e

1

e ul e i

\Bwr

[9(6) =01 (6) ;<lv 0= ol -
fE G u(), V() — <) s

413(0'

(Z.u( ) 0(0) — Bt u(6),01(0)}

+

1

From (H13), and taking sup on both sides

ée[[l,T]

qr(flu —ugll + ||v = v1l})

Toq(Jju — will + [0 — oyl

flu—w| <Ter + ._AIB;(Z_)

a
+ AB(o)T(o+1)

19 = 1]l < Tea + gyaallu —wil + 10 =i
+WT(TUT gollhu — !t =l — o
=i < Ter+ g { L i T
{q1 (s = il + v = vy}
W =i < Teo + g {1+ oo T

{@2(llv = wll + v = vit)}.
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Adding both above terms

[u =] + (19 = V]

AN

T{e; + €2)

+0(q1 + g2)(lu —wil| + v = d1l])

Te+ {O(aq1 + q2) p({lw —wi || + [V = d1 ).

Then
Te

9 = (i, 9} < 7=

where € = max{(e1,e2)} and 1 — g, # 0.

Hence

-
H{(ww) = (o)) < T

So for all ¢ € [0, T}, then

H{(u,9) = (ur, d) I < max {_117 T C A

L=o; 10,

Therefore (6.1) — (6.2) is HU stable for £ € [0,T]. m

6.5 Numerical Scheme

This section presents numerical Euler’s scheme, which is derived from AB-Taylor series and can

be seen in [133]. As

uwl) = Z e (e a)(ABCDDuZ)m(UW))

m=(

+ a1 (6 —a) (P D T i F)).

Then after simplification and neglecting terms involving the powers 2a. 3o ol £

‘ . l~0o o 1" »
Il(é‘1+1) = ll(én) + A—M(f—)(l((n‘ U[\(n,“) gl :"T;‘;T_}‘J—,{“‘(;:(M/H. Woln
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We use above Euler’s scheme for AB-Piecewise FDEs. we get

u(ly) + hGly,u(€y)), 0 <<
u(£n+1) =

u(fy) + A—113T(((77—)G(énv“<én)) + WG([[“ u(ly)). (1< (< T.

Now we write Euler’s scheme for AB-Piecewise FDS,

w(ly) + hG (s, u(ly), (9(4)), 0< €< 4
u(lt1) = u(éy) + AB G( ns u(6n), ()

a

+mﬁﬁmeMMgﬁmm,agégr

9(ln) + RE(€n,u(ln), 0(6)), 0 << ()
19(€|1+1) = 19(‘/1 + \BU E( ns U(\/‘nfﬂ“xlﬁ

he - o
+m/,( I S VIR N R T.

)

(6.11)

Next we provide example to validate the conditions of Theorenn 6.2 and Theorem 6330 1

get unique and stable solution. Also we get approximate solution with the help of nunerical

scheme, which is given in 6.11.

Example 6.1. Consider the following non-linear AB-piecewise FDS

AL De (1) = 2+ 2zt

pAB()DU{'IB ((’)} - sin £+u(f) + 5’2+(7(é)

¢3+128 34128
and
0 . O 1 3 56+ll(s') \3‘*‘1)(;'\) /
u(0) = -+{ o T oer s
s \'I AT
wm-02+j{'“)+ﬁﬁu}m.
where

0=09, 31=3,32=4, {4 =10, T = 100 and Ata: = 1 forallas
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From (6.12) and (6.13), we have

G, u(6),0(0)) — Gt ur(6),01(0))] < 2i6 a0 = w0+ iy — oy
[E(Cu(€),9(€)) — E(6,uy(6),01(£))] < I;—g[\u(é)—ul(()yr ) — Uil
(840, 9(E) = 6w (@] £ = () = (O] + 1910 = v 0],

and

€€, u(6), 9(€)) — £(£,u1(0),91(0))] < % [lu(€) —w (O)] + [9(€) = D1 (O]

From above, we get

1 1 1 1
) 556 1= o q2 = o3 p2 = e
Now we calculate,
o) = ({{pi+ar} +{ps+au}]
1

+ oo —~} = (AL2008925¢ -

H
{O(q1 + q2)} = 0.7036361957 « 1.

l

5P)

S0
-0, #0, 1 -0, #0.

Also
max{g;, 0o} = 0.7036364957 < 0.

Hence, we get unique and stable solution of AB-piecewise FDS (6.12) — (6.13) by satisfying all
conditions of Theorem 6.2 and Theorem 6.3.

Now we find approximate solution of (6.12) with initial conditions u(0) = 0.1. ¥() = 0.2. which
is taken as special case of (6.13). To find approximate solution of (6.12). numerical schee is

applied which is given in (6.11).
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9 T T T T T T T T T
©=0.9
8| ———0=085 -
|---—a=08
7t G=0.75 E
6 - 4
5k P } - g
u(f) s -
4F e e e
3 . "'(/;/’ - E
2r .
1+ 4
0 1 1 i L i 1 A i 1
a 10 20 30 40 ¢ 50 60 70 80 90 100
Figure 6.1. Approximate solution u({) for 0<#<10 and 10<£<100 with =0.9.0.85.0.8,0.75
10 T T T T T T T T T
ol 0=0.8 1
-~ 6=0.85
ol | o8 . i
—a=0.75 -
TF ) R
ok B P R
" 5 T e i
. . - //
4t = 7 B
3r / -
-
;//A/
2F 4
1F 4
0 i 1 1 L L 1 1 i A
0 10 20 30 40 ¢ 50 60 70 80 90 100
Figure 6.2. Approximate solution 8(¢) for 0<£<10 and 10<¢<100 with 0=0.9,0.85.0.8.0.75
18 T T T T T T T T T
16 4
a b P
./"/»
12k P 1
10} L i
a0 -
8 7 4
6l // |
L 7
4 o <
//
2r / 4
0 ¢ 1 1 ! n i 1 n L
4] 10 20 30 40 ¢ 50 60 70 80 90 100

Figure 6.3. Approximate solution u({) for 0<#<10 and 10<£<100 with 6=0.65,0.6,0.55,0.5
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0=0.85
16 0:06
——0=055 [
194 | G205 T

10
89 —

L

i
0 10 20 30 40 ¢ 50 60 70 80 90 100

[=]
b

Figure 6.4. Approximate solution 8(f) for 0<f<10 and 10<£<100 with 0=0.65,0.6.0.55.0.5

In Figure 6.1 and Figure 6.2, we present approximate solution u{¢) and 9(¢) respectively, using
numerical scheme (6.11) with A = 0.1. When take 0 < ¢ < 10, the values of u(¢) and #(£) remain
same but the values of u(¢) and ¥(¢) changes, when we take 10 < ¢ < 100 due the involvement
of order o = 0.9,0.85,0.8,0.75 as show in Figure 6.1 and Figure 6.2. Similarly in Figure 6.3 and
Figure 6.4, we present approximate solution u(¢) and ¥(¢) using numerical (6.11) with h =
0.1 and ¢ = 0.65,0.6,0.55,0.5. From above figures it shows that when we reduce the or-
der, the values of u(¢) and ¥({) increases, and when order become closer to one, the value
of u(f) and 9(¢) decreases. When we take ¢ = 1, we get same solution as we get by using

classical derivative under classical Euler’s formula.

6.6 Conclusion

In this chapter, AB-piecewise FDS (6.1) — (6.2) is presented. In Section 6.2, existence results of
AB-piecewise FDS (6.1) — (6.2) is derived in Theorem 6.1 using Schauder fixed point theorem.
In Section 6.3 (Theorem 6.2), Banach contraction principle is used to find unique solution. In
Section 6.4 (Theorem 6.3), the criteria for HU stability of the solution of AB-piecewise FDS
(6.1) — (6.2) is discussed. In Section 6.5, numerical scheme is presented, which is based upon
Euler’s formula to obtain the approximate solution of given AB-piecewise FDS. In the last,
example is provided by satisfying conditions of Theorem 6.2 and Theorem 6.3, to get unique

and stable solution. Also we obtain approximate solution using numerical scheme (6.11).
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