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Preface

The research outcomes presented in this dissertation revolve around the broad domain of
Metric Fixed Point Theory (abbreviated as M.F.P.T), a fundamental area of nonlinear analysis
with numerous applications in mathematical modeling, optimization, and theoretical computer
science, It has been dedicated for application in diverse fields like biology, chemistry, economics,
engineering, game theory, and physics. In particular, this work explores significant generaliza-
tions of Banach’s Contraction Principle (BCP), extending its classical results to three distinct
types of metric spaces (M.Ss).

The dissertation introduces and develops the notion of semi a,-admissibility with respect to
7, and employs this framework to study fixed points (F.Ps) of Cirié—type rational contractions on
closed ball of complete metric space (C-M.S). Moreover, F.P results for multivalued mappings
are derived under the assumptions of both integral Khan (1, ¢)-type and integral 6-type multi-
valued contractions with respect to (w.r.t) generalized dynamic processes (G.D.Ps) within C-
M.Ss. Furthermore, this research establishes F.P theorems for multivalued mappings of almost
Fisher-type F-contractions endowed with a I'-transitive binary relation in M.Ss. Details of
these results can be found in Chapter 2.

Additionally, this study formulates the concept of n-cyclic (au, 3, )-admissibility and inves-
tigates criteria for the existence of common fixed points (C.F.Ps) for multivalued Geraghty
F-contractive mappings. We also analyze and extend results on self-mappings associated with
symmetric a-3-n-1)-contractions and almost Hardy-Rogers-type multivalued (v, ¢)-contractions
in Mp-metric spaces (Mb-M.Ss), as discussed in Chapter 3.

We present a study on the existence of unique fixed points (U.F.Ps) for single-valued
f-contractions and Suzuki-rational multivalued (v, ¢)-contractions on rectangular M-metric
spaces (R.M-M.Ss) (see Chapter 4).

In essence, this thesis offers a comprehensive and comparative investigation into the exis-
tence of F.Ps and C.F.Ps for both single-valued and multivalued generalized contractions across
three categories of M.Ss: (1) Standard metric space (M.S) (2) Mj-metric space (Mb-M.S) (3)
Rectangular M-metric space (R.M-M.S).

The results presented herein not only enrich the theoretical landscape of M.F.P.T, but also



lay the groundwork for further examples and applications in nonlinear analysis and related
mathematical fields.

This dissertation is made up of four chapters:
Chapter 1 consists of generic introduction of F.P theory, major concepts, notations and some
of the well-known outcomes.
Chapter 2 is arranged as: Sections 2.1 we utilize the notion of integral Khan (1, ¢)-type and
integral 6-type multivalued contractions with G.D.P to prove novel C.F.P results in M.Ss with
two supported examples. In section 2.2 an application to solve a nonlinear fractional differen-
tial equation (NFDE) is provided. These results have been published in Mathematics, 2023
(11), 4318, 18 pages.
Section 2.3 deals with some new C.F.P theorems concerning Cirié—Type rational contractions
on closed ball of M.Ss. These results have been published in Applied Mathematics & In-
formation Sciences, 16(4), 2022, 555-564.
In section 2.4 we discuss the existence of F.Ps of almost Fisher-type multivalued Fg-contraction
endowed with a I'-transitive binary relation R with two supported examples in M.Ss. These
results have been published in European Journal of Pure and Applied Mathematics,
18(4), 2025, 1-21.
Chapter 3 is divided into six sections. In first three sections, we put forward the notion of
n-cyclic (ax, 8, )-Geraghty F-contractive for multivalued maps by combining the results of War-
dowski cyclic contraction and admissible multivalued Geraghty contraction with establishing
C.F.Ps for such contraction in Mb-M.Ss. Some examples and an application of ordinary difer-
ential equation (ODE) are shown. These results have been published in AIMS Mathematics,
8(1), 2022, 1530-1549.
In sections 4 and 5, novel techniques on F.P theorem for self-mappings of four types of sym-
metric contractions are discussed on Mb-M.S and on closed ball of Mb-M.S with an application
to fractional-order diferential equation (FODE). These results have been published in ATMS
Mathematics, 4(8), 2023, 9118-9145.
Section 6 presents the concept of almost Hardy-Rogars (1), ¢)-contractions with discussion of
some related C.F.P results for multivalued mappings in Mb-M.S. Examples are furnished to con-

firm the practical relevance of the obtained findings. The outcomes here have been published



in International Journal of Mathematics and Mathematical Sciences, Vol. 2024, 14
pages. https://doi.org/10.1155/2024/6620429

Chapter 4 aims to study three results: Section 4.1 presents the motif of almost Suzuki-Rational
(1, ¢)-type multivalued contractions and corresponding C.F.P theorems on a C-R.M-M.S with
supported examples. These results have been published in International Journal of Math-
ematics and Mathematical Sciences, 2025, 590804, (2025), 1-17.

In Sections 4.2 and 4.3 we study #-contraction mappings and establish related F.P theorems for
single-valued maps in a C-R.M-M.S. An example and an application are outlined to substan-
tiate the theory. The findings here have been published in Journal of Mathematics 2021,
Article ID 5564248, 9 pages.

Additional to abbreviations above and throughout this thesis, we use some more abbreviated

notations as follows:

- A
d(€r&) = dgts | Ha(AB)= Hq| ; o (61:6) = afg)
CB () = C’B|Q; for all £ = V¢; there exists £ = 3g;
Integral Equation=IE; | Green Function=G.F; | boundary value problem=BVP.




Chapter 1

Introduction and Preliminaries

Fixed point theory (F.P.T) constitutes a foundational and prominent area within functional
analysis and topology. As a core discipline, it is deeply rooted in the structure of C-M.Ss. Its
scope extends beyond pure mathematics, offering powerful tools to address complex problems
in engineering, computer science, and economics. The origins of this theory trace back to
1922 when Banach [27] introduced the fundamental contraction principle, which states that the
inequality d|£§; <c d|§;, ¢ € [0,1) defines a contraction V &;,&, in a C-M.S (£2, d|), whereas
the map I' : Q — Q admits a U.F.P £ € Q, so that ['¢* = £*. Since then, a wide array of
generalizations has emerged, significantly broadening the scope of F.P results for contractive-
type maps over C-M.Ss. Nadler [89] laid early groundwork by extending the BCP to multivalued
mappings. Samet et al. [101] introduced the frameworks of single-valued a-admissible and a-1)-
contractive maps, further enriching the theory. Mohammadi et al. [74] contributed additional
results for a-th-Ciric generalized multifunctions (see [26, 61]), while Shoaib [105] advanced the
notion of semi a*-admissible multivalued maps, proving F.P theorems within closed balls of
left (or right) K-sequentially complete dislocated quasi M.Ss [98, 106]. Further contributions
include generalized multivalued Khan-type (1, ¢)-contractions and #-Khan-type multivalued
contractions [114], along with the JS-contraction introduced by Jleli and Samet [53], formulated
via the inequality 6 (dh{g;) < {0 (d\é)}k, k € [0,1) and 0 € ® is called #-contraction (J.S-
contraction) V £;,&, in a C-G.M.S (Q, d|) see also [4, 12, 14, 21, 37, 44, 47, 52, 94, 111].
Cyclic (o, 5)-admissibility and cyclic (o, 5, )-admissibility mappings were presented in [11, 19],
further discussed in [16, 17]. Klim and Wardowski [60] defined the concept of a D.P and



obtained F.P outcomes for a specific case of nonlinear F-contractions in C-M.Ss. Hussain
et al. [45] explored G.D.Ps leading to coincidence and C.F.P results for generalized (f,L)-
almost F-contractions. Jaggi [51] introduced rational expressions in F.P theory, marking a
significant milestone. Karapinar [56] further enriched the field by introducing interpolative-type
contractions, linking it with interpolation theory. Karapinar and Fulga [57] proposed a hybrid
contraction combining Jaggi and interpolative-type contractions. In 1980, Fisher [34] explored
new resuls that generalized the BCP by employing a new rational inequality Ve, ¢,cq Ia; r2€(0,00)

£1 §2
dlpg, - dlrg,

1+dlgl
research on generalized contractive mappings. Wardowski [112] presented a new family of

so that d|11:§; < )\ d|§; + A2 , broadening fixed point theory and inspiring further
mappings known as F-contraction, offering a compelling generalization of Banach’s principle.
Subsequent work by Wardowski et al. [113] introduced the notion of F-weak contraction,
and Secelean [102], proved related F.P theorems within iterated function systems. Piri et
al. [93] extended these findings by applying some weaker conditions on self-maps. Cosentino
and Vetro [31] established some F.P results of Hardy-Rogers-type in C-M.Ss and C-ordered
M.Ss. Hussain and Salimi [44] defined a-GF-contractions w.r.t general function families G,
producing Wardowski results. Acar and Altun [2] further extended multivalued F-contractions
by introducing J-distance concepts and established F.P results in C-M.Ss. Recently, Numerous
studies on F-contractions have been published (e.g., ([3, 9, 31, 70, 92, 95, 104]). In 1973,
Geraghty [35] provided a vital generalization of BCP. Asl et al. [39] intorduced the notion
of a*-1p-Geraghty contractive multifunctions. Alizadeh et al. [11] expanded results on cyclic
(a, B)-admissible mappings, and several F.P results under this idea were proved (see [30, 63]).
In 2016, Liu et al. [66] defined (¢, ¢)-type and (v, ¢)-Suzuki-type contractions, establishing
relevant F.P theorems. Xiao et al. [114] introduced generalized multivalued Khan-type (1, ¢)-
contractions with accompanying F.P results. Newly, the notion of fractional symmetric a-7-
contractions were discussed in [36, 42, 43], with applications for solving FODEs. The analysis
of four variants of the stated contractions is carried out, leading to F.P findings in F-M.Ss.
Hardy and Rogers [38] earlier developed F.P theorems based on Banach’s formulation, which
were later generalized across multiple settings. The concept of relation-theoretic contractions
was introduced by Alam and Imdad [5] in M.Ss equipped with arbitrary binary relations see

[6, 7, 110, 115]. These contributions were later broadened to set-valued mappings by several



researchers [20, 40, 68, 90].

In contrast, FDEs occupy a central position within contemporary mathematical analysis, as
they encompass a broad class of models whose diverse solution structures have been rigorously
investigated across numerous studies. In this regard, the methodology of F.P theory provides a
foundational apparatus for the qualitative and quantitative exploration of NFDEs. Beyond this,
it furnishes an effective scheme for resolving initial value problems encountered in disciplines
such as dynamic optimization and applied mechanics. Hence, this theoretical framework proves
to be remarkably influential in validating existence and uniqueness results for an extensive
spectrum of problems governed by nonlinear interdependencies.

Parallel to these theoretical developments, M.S popularizations have played an integral role
in functional analysis. One of them is an M-M.S introduced by Asadi et al. [23], further ex-
plored in [72, 75, 76, 77]. Mlaiki et al. [71] introduced Mb-M.S. In 2018, Ozgiir et al. [91]
proposed R.M-M.S, extending the framework of this field with proving impressive F.Ps under
the advanced BCP, while Patle et al. [96] explored Pompeiu-Hausdorff distance in the setting
of M-M.Ss, establishing Nadler and Kannan type F.P results. In this chapter, we touch on

some basic concepts and terms that are related to our research and given without proof.

1.1 Some essential concepts

Definition 1.1.1. Let Q # 0 and I', S : Q — Q, then £ € Q is called

(i) FPof Tif T¢ =¢.

(ii) C.F.P of the pair (I',J) if T'§¢ = J¢ = €.

(iii) Coincidence point of the pair (I, J) if T'¢ = €.

Definition 1.1.2. [28] Let ¥ symbolize the set of comparison functions ¢ : Rt — R*, so that
(1) ¥ materializes V §;,8, > 0, & <& =¥ (&) < ¥ (§2);
(19) Hli_)n;()zﬂ” (&1) = 0, where ¥" is k" iterative of ¢. Patently, if ¢» € ¥ then 1 (&) <

&, V& >0.

Example 1.1.3. [28] For allt >0and 0 <a < 1, % (t) = at € V.

Definition 1.1.4. [66] Let ® symbolize the set of functions ¢ : RT™ — R, so that



(¢1) ¢ is nondecreasing; V &1, > 0, & <& = ¢(&1) < ¢ (&2);

(63) for each {€,} C (0.00), lim 6(€,) =0 lim €, = 0;

(¢3) ¢ is continuous.
Example 1.1.5. The following ¢, ¢q,¢3 € @, Vo

¢1(5) =<

$2(s) =Inb(s), 6 €6;

b3 () =eF ), Fe A,
Lemma 1.1.6. [66] Let ¢ : (0,00) — (0, 00) acheives (¢;), (¢3) with inf g+ ¢(s) = 0 and a
sequence {¢,} C (0,00). Thus, limy 00 ¢(s,) = 0 iff limy 00 55 = 0.

Definition 1.1.4 was extended in [86] by adding (¢,) as follows:

(ZA> <Z¢ A), A,eRt 1=1,2,.
Example 1.1.7. [86] The following ¢; and ¢y € @, V (0,00
(1) 61 (s) = as, a>0;
(2) ¢2(<) = sl
Definition 1.1.4 was modified in [78] by adding (¢5) as follows:
(¢5) ¢ (inf G) =inf ¢ (G) VG C (0,00) with inf (G) > 0.
Let ®* denotes the set of functions ¢ : (0,00) — (0, 00) satisfy (¢;) — (¢3) and (¢5) .
The forthcoming outcomes have been rigorously addressed in earlier works, (see [48, 62, 64,
73, 87]):
Let U, denotes the class of all non-decreasing functions 1 : RT™ U {0} — R* U {0} so that
Z V" () < 00, Vs , whereas ¥" is the x'" iterate of 1.
Lemma 1.1.8. Let @ € Wy, thus:
(Vp1) (V7 (S))pen — 0 @8 K — 00, Yie(0,00)
(Vp2) ¥ (s) <, Voo
(Yp3) ¢ () = 0iff ¢ = 0.
Let ¥y, s> 1 denotes the class of all non-decreasing functions ¢ : R U{0} — Rt U{0} so that
Z s®PT () < 00, Veso ;

(¥s2) ¢( ) <6 Veso;
(g3) 8T (¢) < 8% (¢) < s (5), where 9" is the s iterate of 1.



Definition 1.1.9. [106] Let I' : © — CB|® be a multi-valued mapping, o :  x © — [0, 00) be
a function and () # 8 C Q. So, I is termed semi «,-admissible on (3, if a\g > 1= a*lgg >

1 Ve, ¢,e8 , Where
olpel = inf {al : a €T&,beTE,}.

It should be noted that if 5 = 2, then we say that I' is an a,-admissible on Q.
Definition 1.1.10. [54] Let (2, d|) be an M.S and I, : Q© — Q are ¢compatible iff lim d|g}}§”” =
21— 00 2
0, if {¢,} is a sequence in €2 so that, imI'¢, = im 3¢, =, r € Q.
1—00 1—00

Lémma 1.1.11. Let (2, d|) be an M.S. If 3 {¢,}, {p,} so that
lim d|fj =0, lim&, =r, r € Q. Thus, lim y, = .
71— 00 2 1—00 1—00

If (&1,&5) € R, then we express it by &;RE, and it is said that “¢; is related to £,”. Here, we
take R as a binary relation on a nonempty subset Q and (2, d|) as an M.S equipped with a
binary relation R.

Definition 1.1.12. [5] A binary relation R on Q # ) is a subset of Q x Q. For £;,&, € Q, we
say that & is related to &, (§;R¢,) if and only if (£;,&,) € R.

Defjnition 1.1.13. [5,59] Let ' :  — Q. So, R on Q is regarded as I'-closed if for £;,£, € Q,

(£1,&5) € R = (T€,TE,) € R

Definition 1.1.14. [5] Let R be a binary relation on Q # (). Then, a sequence {{,.} C € is

called R-preserving, if

(gf{?gl{,—f—l) € §R7 VKEN .

Defjnition 1.1.15. [7] Let I : Q@ — Q. Thus, R is regarded as I-transitive, if for &;,&5,&5 € Q,

(F£1’F§2)’ (F£2)F§3) ER= (Ffl,F§3) e R.

Definition 1.1.16. [100] An M.S (£, d|) is R-regular if for every {£,.} C Q,

(£H7£H+1) € 3? and gn - g S Q = (fmg) € §R VKEN'



Definition 1.1.17. [6] Let R be a binary relation on an M.S (€, d|) and £ € Q. A map
I': Q — Qis R-continuous at £* if for any sequence {¢,} ﬂ £*, we have T'¢,, ﬂ res. Tis
R-continuous if it is R-continuous at eagh point of 2.
Defjnition 1.1.18. [90] Let (€, d|) be a partial M.S with a bmary relation ® and I' a
multivalued-maps on €2,,. Then,

e R is called I'-closed, if for any &;,&5 € Qp, (£1,&2) € R = (a,b) € R for some a € I'¢; and
b eI¢,.

e I' is called R-continuous at {* € Q,, if for any R-preserving sequence {{.} C Q, with
{€,.} —U &* we have T¢, L Ha %, T is termed R-continuous if it is R-continuous at eagh
point of €.

e N is called I'-transitive, if for any &,&,,&3 € Qp, a € T'§y, b € I'E, and ¢ € T'E3, we have
(a,b) e R, (b,c) € R= (a,c) € R

Definition 1.1.19. [20] Let Q@ # 0 and T' : Q — CP|®. A binary relation ® on € is called

I-transitive, if for any &1,£9,&3 € ), a € I'¢y, b € T'{y and ¢ € I'§3, we have
(a,b) € R, (b,c) € R= (a,c) € RN

Defjnition 1.1.20. [107] Let (2, d|) be a M.S with a binary relation ® and I' : @ — CP|*.
Then, R is called I'-d|-closed, if

(€1.6) ER, T €TE,, s€TE, d < df = (r,s) € R.

Defjnition 1.1.21. Let Q # 0 and 2|” denotes the collection of all non-empty subset of €.
Thus, I': Q — 2\9 is regarded as a set-valued map. A point £ € 2 is regarded as:

(i) FPof T"if £ e T€.

(ii) C.F.P of the pair (I',J) if £ € T¢ N SE.

Let (€2, d|) be an M.S, CB|* be a family of all bounded and closed subsets of Q and K| the
family of all compaect subsets of 2.

Definition 1.1.22. [89] Let H, be the Pompeiu-Hausdorff metric Hy : CB| x CB|** — [0, o)



induced by d| and defined as

A~

Hy

A = max { sup D\El , sup D’? s Vageon®
8 €,eA geB 7 ’

where

— ¢
D|Bl = 512nefﬁ d|$; , Vgleg and VA,BGCB\Q'

Additionally, (C’B|Q , ﬁd) is a Pompeiu-Hausdorff M.S. So, a € ) is regarded as an F.P of a
multivalued-map I' : @ — CB|? if a € a.

Lemmze 1.1.23. [89]. If A8 CB|?, then, D[3< H f, Veea-

Lemmee 1.1.24. [89] If A 8¢ CB\Q. For N > 0, @ €A Jscg so that, d]g <H : + N.
Definition 1.1.25. [11]. Let Q # 0, «,8: Q — [0,00) be functions. a mapping I' : Q — Q is

regarded as cyclic («, ) —admissible if for some £ € €,
a()>1=p(T¢>1,

and

) z1= o) =1

Definition 1.1.26. [19]. Let Q # 0, «, 8 : Q — [0,00) be functions and A,8C Q. a mapping
I':Q— CB|"is termed cyclic (o, 8) —admissible if for some ¢ € Q,

a(§) 21 = p,(I¢) =1,

and

B =21= an(I¢) > 1,

where 3, (A) = inf 5 (a) and a, (8) = infa (b) .
a€p bes
Denote by N|Q a collection of all non-empty subsets of 2, by K ]Q a collection of all non-

empty closed subsets of €.
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Definition 1.1.27. [60] Let I' : © — X% and &, € Q be arbitrary and fixed. Define

°€|£0 - {{éﬁ}meNU{O} C:&p €06, VHGN} ’

each element of £ |£O is called a D.P of I starting with &,. If I is a single-valued mapping, then
the D.P is uniquely defined and is of the form (I'*¢) , see [24, 25].
Definition 1.1.28. [45] A G.D.P of mappings $: Q — Q and I : © — CBJ| is defined as:

£137 = {6 nenvgoy €t = S €Ty, Vien

where &, € (2 is termed as a start point. Briefly, £ \?OF stands for J¢,.. The sequence {§, } for
which (§,.) is regarded as the J iterate sequence of T, starts in &.

Definition 1.1.29. [50] Let Q # 0 and G = (V, Eg) be a graph so that Vg = , and let
r:Q— CB]Q. I is told to be edge preserving if for each u € I'¢; and v € T'¢,, if (£1,&5) € Eg,
then (u,v) € Eq.

Lemma 1.1.30. [67] Let {{, },.cn be a non-negative sequence such that lim £, = £. Then,
K—00

£ ¢
lim /(p (r)dr = /go (r)dr.
0

K— 00

0

Lemma 1.1.31. [67] Let {{, },cy be a non-negative sequence. Then,

€
lim [¢(r)dr=0<«= lim¢, =0.
K—00

K—00

0

Lemma 1.1.32. [66] Let ¢ : (0,00) — (0, 00) be a continuous nondecreasing map, ) igf () =
€(0,

oo)

0. Let {{,.} C (0,00), so that lim ¢ (&) =0<«= lim ¢, = 0.
K—00 K—00
Remark 1.1.33. [32, 37] If 0 is right continuous and satisfies (©1), then

0 (inf G) = inf 0 (G) vGC(O,oo) with inf (G) > 0.

11



1.2 Some related contractions

Theorem 1.2.1. Let (Q,d|) be a C — M.S and ' : Q@ — Q be a contraction-mapping, if
Jrefo,1), such that
r
d\p% <h d!g » Ve, gre9

Then, I' has a U.F.P.

Theorem 1.2.2 [38] Let (€2, d|) be a C-M.S and I" : Q — Q be a self-mapping satisfying the
condition V¢ ¢ cq,

L e re 3 ¢ 3 3
5 dlrg, < dlg, = dlpg, <adlg +bdlpe +cdl, +ddlpg, + fdlf
where a,b,c,d, f > 0witha+b+c+d+ f < 1.

Then, I' has a U.F.P.

Theorem 1.2.3 [35] Let (2, d|) bea C — M.S and I" : Q — Q be a self-map satisfies the

condition If 3 ¢, we have

I
dpg: < (go (d|£;)) diE, Ve, gy,

where II is the set of all functions ¢ : [0,00) — (0,1) satisfying lim ¢, = 0 whenever
n—oo

lim ¢ (t,) = 1.

n—oo

Then, I" has a U.F.P.

Theorem 1.2.4 [29] Let (2, d|) be a C-M.S and I' : © — 2 be a mapping such that

e dlg,
/ w(r)ydr <h / p(r)dr, Ve, ¢,cqs
0 0

h € (0,1) and p € T, where Y is the class of all functions p : [0,00) — [0, 00) with finite integral

on every compaect subset’ of [0,00) and /u (r)dr > 0 for each &€ > 0. Then, I" has a U.F.P

0
a € Q so that Vecq, lim I'¢ = a.
K—0QO

Definition 1.2.5 [51] Let (92, d|) be a M.S and I" :  — Q is called a Jaggi contraction map

12



if there exists A1, Ay € [0,1) with A; + A; < 1, such that

dlt, dIf:
d|F€1 < )\1 d|£; + >\ M v§116269'
g,
Theorem 1.2.6 [51] Let (€2, d|) be a C-MS and I' : Q@ — 2 be a Jaggi contraction map.
Then, I" has a U.F.P in €.
Definition 1.2.7 [56] Let (€2, d|) be a M.S. We say that the self-mapping I :  — Q is an

interpolative Kannan type contraction, if there exist A € [0,1) and « € (0, 1), such that
r «a 1-a .
divgs <A [dife | iR, Ve, gaen with € £ T,

Theorem 1.2.8 [56] Let (€, d|) be a C-M.S and I" : Q@ — Q be an interpolative Kannan type
contraction. Then, I" has a U.F.P in Q.

Definition 1.2.9 [57] A selfmap I' on (€2, d|) is regarded as a Jaggi-type hybrid contraction if
Jdyew so that

dlgt < v (M),
where s > 0and A\, >0, : =1,2,... with Ay + A\ =1 and
1
Mif [Al ('FZIQ'“?) + X (d@)s} L fors>0, £,6 €9, & £&y;
()™ (af,)" fors=0, &6\ Frl,

where Fp|? = {¢ € Q:T¢ =¢}.
Theorem 1.2.10 [57] Let (2, d|) be a C-M.S and T' : @ — Q be a continuous Jaggi type
hybrid contraction. Then, I" has a F.P in Q. Moreover, for any £, € Q, the sequence {I'¢,}
converges to &.

Suzuki [109] proved a generalized BCP expressed as:
Thegrem 1.2.11 [109] Let (€, d|) be a C-M.S, and I' : 2 — Q be a self-map. Assume thaet

Ve, g e0 With & # &,
1
5 d|§—~1 < d|§1 — d|1—~§1 < d|£1

13



Then, I" has a U.F.P.
Theorem 1.2.12 [66] Let (2, d|) be a C-M.S. A map I' : Q — Q is told to be an (1, ¢)-type
Suzuki contraction, if there exist ¢ € ® and 1 € ¥ so that V¢ ¢ cq with ['§; # '€y, we have

Lty < 1 — o (a15) <o o (v5)]

where

|F§2

U’g = max d| ‘Fgl ’rgz d’rgl

Then, I' has a U.F.P.
Definition 1.2.13 [112] Let (2, d|) be a M.S. A mapping I" : @ — € is regarded as an F-

contraction if 3, g+ so that Vgl,gzeﬁv
afe > 0=+ 7 (dif) < 7 (d), (L1)

where A, is the class of functions F : (0,00) — R satisfying the following three assumptions:
(F1) F is strictly increasing, i.e. V, o cp+ S0 that o1 < 0y, F(01) < F(02);
(F2) For {T,}2°, CRT, limy0o Ty =0 <= limy 00 F(Tx) = —00;
(F3) 3 h € (0,1) such that lim, o+ YPF(Y,) = 0.
This Definition 1.2.13 has been generalized in [33] by adding the condition below:
(F4) for any sequence {YT,}>°; C R, so that

TH+F(sYe) <F(Yi-1), s>1,
Veen and some 7 > 0, then
T+ F (") < F (s ' pa)

Here, A denotes the set of all functions F fulfilling (F'1) - (F4).
Exaemple 1.2.14 [112] Let F : (0,00) — R be defined as F(k) = Ink. Then, F € Ag. Notice

14



thaet condition (1.1) reduces to the following
F —T
dire < e dIgl, Ve, gyeq, Téy # Ty,

It is clear that for £;,&, € Q such that T'¢; = I'E, the inequality d\ll:g <eT d|§; , Is true, i.e.
I" is a BC map.

Exsemple 1.2.15. [112] Let’ (k) = Ink + k, k € (0,00), then F € A, and (1.1) can be
reduced to d‘ll:ﬁl .
cuglze[dlrgz—dlgz,} < e Ve, eeq TE £TE,

2

Remark 1.2.16. From (F1) and Definition 1.2.13, one can readily deduce that each F-
contraction is necessarily continuous.
Thegrem 1.2.17. [112] Let (2,d|) be a C-M.S and I' : Q@ —  be an F-contractive. If
370, Fea, and V¢ ¢ eq, then T has a U.F.P £* € Q.

F-contraction was modified in [93] by replacing (F'3) by (F'3') F is continuous.

Let A* denotes the set of maps F : (0,00) — R satisfy (F1) — (F3).
Theorem 1.2.18. Let (€, d|) be a C-M.S and I' : Q —  be an F-contractive. If 3.0 rea=
and V¢, ¢,cq, then I' has a U.F.P £* € Q.

Example 1.2.19. The following F; € A* Vpcp+, i =1,2,3:

t

(1) Fi(k) =Ink (2) (k) =k -7 (3) F3(t) = t“ar.
Remaerk 1.2.20. [13] If F is right continuous and satisfies (£'2), then

F (inf A) = inf F (A) Yoc(0,00) With inf (A) > 0.

Definition 1.2.21. [89] A mapping I': @ — C’B\Q is set-valued contraction if Jy¢p 1), such
that,

.~ 1T¢ ¢

Hy re, <A d|§; , Vghgzeg.
Theorem 1.2.22. [89] Let (€2, d|) be a C—M.S and I : 2 — CBI|% a set-veelued contraection.
Thus, I" admit a U.F.P £* € Q so that £* € T'¢".

The notion of multi-valued F-contractive maps were discussed in [3].

Definition 1.2.23. [3] Let (2, d|) be a M.S and ' : © — CB|® be a multivalued-mapping.
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Then, I' is regarded as a generalized multi-valued F-contraction if 3rca+ rept+ S0 that

X3

&1
) SFGIE).

. ¢ N
v§17§2€Q’ Hd‘rgl > 0:>T+~7:(Hd
2

where

¢ & pi & e ¢
Gy = max Ll DIf, D, 51D, + DI

Theorem 1.2.24. [3] Let (€2, d|) be a C-M.S and I' : @ — K| be a generalized multi-valued
F-contraction. If I or F is continuous, then I' has a F.P in Q.
Theorem 1.2.25. [104] Let (92, d|) be a C-M.S and ' : @ — CL|" a multivalued-mapping.

presume that drca« rcr+ so that

o |Té 3 ¢ ¢ ¢
2r + F (Hd’l" ) <F (al d‘ﬁ; + as D|1"1§1 + as D’I‘2§2 + ay4 D‘l"1§2 + as D’F2£1> ,

&2

Ve, g,e0, With T'Ey # T'€y, where ay,a2,a3,a4,a5 > 0, a1 + az + az + 2a4 = 1 and a3 # 1. Then
I" has a F.P.

Jleli and Samet [53] have established the following results:
Consider © = {6 : (0,00) — (1,00) : 6 achieves ©1, ©2 and ©O3}. where,
(©1) 0 is nondecreasing;
(02) for each {0,} C (0,00),
lim 0(0,) =1« lim 9, =07;

K—00 K—00

(©3) Jo<g<1 and Jye(o,00] SO that ali%lf(%# — /.

Theorem 1.2.26. [53] Let (€2, d[) be a G.M.S and I' : Q —  be a map, if Jy¢ (1), seo S0 that,

Ve, gocnr dirg > 0= 0 (dirg) < [0 (d@)}k. (1.2)

Then, I" has a U.F.P.
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Example 1.2.27. Let 61,03 : (0,00) — (1,00) be defined by,
01(r) = eV™, Oy(r) = eV, Vre(0,00)-

Thus, 61 & 65 € O.
In line with [4], let ©* = {6 : (0,00) — (1,00) : 6 achieves (O1), (O2) and (O4}, where
(0©4) 0 is continuous on (0, 00).
In line with [66], Z is the class of functions € : (0,00) — (1, 00) achieving (01), (O5) & (O4),
whereas
(©5): inf,c(0,00) O(r) = 1.
Jaleli et al.[52] introduced extension of [53] as follows:
Theorem 1.2.28. [52] Let (€2, d[) be a G.M.S and I' : 2 — €2 be a map, if Jy¢(o,1) and Jpcoue*

so that,
1.6 €9, A >0=0 (d|11:§;) < [9 (Myg)}k, (1.2)

where

& £ 3 3
M|$! = max { dE dfs d|g§2} .

Then, I' has a U.F.P.

f-contractive for multivalued-mappings were obtained in [37].
Definition 1.2.29. [37] Let (9, d|) be a M.S, T' : @ — CB|® and 6 € ©. Thus, I is a
',
>0,

2

multi-valued #-contractive if Jyc(o 1) so that Ve, ¢, cq with H,
31
r

o) < o (a2))

Definition 1.2.30. [114] Let (€, d|) be an M.S and ' : Q@ — CB|? is a generalized multi-

valued Khan-type (v, ¢)-contractive map, if Igca, pew so that Ve ¢ cq, we have
(1) It max{d]lélgz , d|1§2£1} £ 0, then D¢, # ¢, and

o () < v o ()]
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where

g2
. dii, dire, + dits, dli
max{d!rg >d’1“§1}

Theorem 1.2.31. Let (€, d|) be a C-M.S and T : Q — CB|* be a generzlized multi-valued

Khan-type (1, ¢)-contractive map. Then, I' yields an F.P £* € Q.
Theorem 1.2.32. [71] Let (€2, mp) be an C-Mb-M.S with s > 1 and I" : Q@ — 2 be a map. If
Jkejo,1) so that
milpet < kil Ve, gye0,
Then, I" has an F.P £* € Q.
Theorem 1.2.33. [91] Let (€2, m,) be a C-R.M-M.S and I' : 2 — Q be a mapping. If Jy¢(o 1)

so that

r
mr\ 51 <k m,,\g; v€17£2egr.

Then, I" has an F.P £* € Q, where mrlgi =0.
Definition 1.2.34. [43] Let (£,dr) be an F-M.S, I" : Q@ — Q be a map and a,n : Q) —
[0,00) be two functions. T'is regarded as a symmetric fractional a-n-contraction of type-I, if

Ja,b,ce(0,1), refo,1) SO that Ve ¢ co\piz(r), Whenever alg > n|§;, we have
r
drle <v MBI,

where

m m
Ble = drl el arl,) .

1
m (c=a)(c=b)
[drlfy, + drlfz, | sl + i .

Theorem 1.2.35. [43] Let (2,dr) be a C-F-M.S and T' be a symmetric fractional a-7-
contraction type-I satisfies the following statements:
(i) ' is an a-admissible map w.r.t 7;

(ii) Je,eq so that a]léo > 77\1,50-

18



(iii) T" is a-n-continuous.

Then, I" has an F.P £* € Q.
Defination 1.2.36. [8] A self-map I" on a graphical b-M.S (Q, d|) with s > 1 is regarded as a
Fisher-type graph contraction for Hg on (€, d|) if Hg is graph preserving and if 3y, y,>0 with
A1+ X2 < L so that V¢, ¢ eq with (¢, ¢,) € Hg, we have

13 3
d‘r}& ) d’I%Q

¢
dlrel < Ap dfSt 4 Ng—o1 %2
F£2 52 1+ d|£;

1.3 Some generalized spaces

In this section, we deal with two spaces, that are, Mb-M.S, and R.M-M.S, which are general-
izations of M.S and modify the classical distance function to allow for broader applications in

F.P theory and functional analysis.

1.3.1 M,-metric spaces

»Mlaiki et al. [71] generalized the notion of Mb-M.S as follows:
Definition 1.3.1.1. Let Q; # 0 and a function my : Qp X Qp — RBL is an Mb-M if Ve, €0.656
(M) mpfgh = my|2 = myEL iff &) = &y;
(Mpii) il ¢, < mulg] ;
(Mpiii) mb’é; = mb\ff;
(

My;,) There exists a coefficient s > 1 so that,

malfh = male, e, <5 [(molé) = mule, g, ) + (Ml = mule, e, )| = malé2.

The pair (€5, mp) is said to be an Mb-M.S.

Note that, mp| . and M| . are defined in [71] as follows
mb‘fpﬁz = min {mb‘gi ! mbéi} ;

and

Mb|§17§2 - max{mb|2 ’ mb‘éz} ’
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Example 1.3.1.2. Let , = [0,00) and p > 1. Define my, : € x £ — [0,00) by

mb|§; = (max {51752})1) + 61— §2|pa v§17§269b‘

Then (9, mp) is an Mb-MS with s = 2P and not M-M.S.
Definition 1.3.1.3. Let (3, mp) be an Mb-M.S. Then

e A sequence {{,.} in € converge to a point ¢ iff

3 én _ J—
Hlingo <mb\§ mb’gmg) = 0.

e A sequence {£,} in Q is called my-Cauchy iff

(i) ot (0 i)
Hm (mb|gx mole, ¢, ) and lm (Mple ¢ —mule ¢ ),

exist and finite.

e An Mb-M.S is a my-complete if every my-Cauchy sequence cgnverges to ¢ so that

(=) =0, (M~ i) -
mlinéo(m”f Mple, ¢ ) =0and lim ( Mple ¢ —mple ¢) =0

Example 1.3.1.4. [99] Let ©;, = [0, 1] and my : p X Qp — [0, 00) be defined by

&+6)\
mb‘é; - < 2 ’ vfquGQb'

Then (9, mp) is an Mb-M.S with s = 2.

1.3.2 Rectangular M-metric space

»Ozgiir et al. [91] provided the notion of R.M-M.S as follows:

Definition 1.3.2.1. Let Q, # 0 and m, : Q, x Q, — [0,00) be a mapping satisfies V¢, ¢, ca,,
(i) melh = mel2 = malg! iff & = &;
(i) mele, ¢, < Ml

3
(iii) mr|§; = mr\g
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(iV) v§37§469r\{51,52}’ we have

¢ ¢ ¢ ¢
Melg, = Ml ¢, < (mrki, - m?“sl,sa) + (mr|£i - mr|53,£4) + (mr‘é - m’”|§47§z> :

The pair (2, m,) is said to be an R.M-M.S.

Remark 1.3.2.2. Let (£2,,m,) be a R.M-M.S. Clearly, we have
() 0 Mrlg,g, & mrle, e, = mrly +mlg

(2) 0< MT|§1752 o mT|§17§2 - ‘mT|5i o mTEE‘ v€1’€QEQT;

(3) Mrlg, e, —mule, ¢, < (Mr’cl,cg - m?"’cl,cy,)*(M”cg,@ - mr|<3,c4)+(Mr|<4,<2 - mr|<4,<2) :
Example 1.3.2.3. Take C to be the set of complex-numbers, Q,, = {z € C: arg|* = ¢} U{0}

for a fixed ¢, 0 < ¢ < 27, and define m, : ., X Q., — [0, 00) by mr@ = % Ve, £0€Q,-
Then (2,4, m,) is a R.M-M.S.

Definition 1.3.2.4. Let (£2,,m,) be a R.M-M.S. Then, we have

(1) {£,.} € Q, converges to & iff

lim <mr\§” — mT‘{K,{) =0.

K—00

(2) {¢.} € Q, is my-Cauchy iff

. £, .
H,L@oo (mr|§% - mr|5m§%) and K}}}EOO (Mr|§m£% - mr|5m£%) ’

exist and finite.

(3) A R.M-M.S is regarded as m,-complete if every m,-Cauchy {¢,} converges to & so that

lim (mr‘gﬂ _ mrygmg) =0 and lim (MT\M - mr|§m£) —0.

K— 00

Lemma 1.3.2.5. presume that &, — & and o,, — g as kK — oo in a R.M-M.S (Q,,m,). Then

; 3 _ 3
,}B’g‘o (m’"|92 o mT|£mQK) - mr‘@ o mr|§,g‘
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Lemma 1.3.2.6. presume that £, — £ as kK — oo in a R.M-M.S (2, m;). Then

lim (mr|g" - mr|£mg> = mr|§ —mrle, Vo€ Q.

n—oo

Lemma 1.3.2.7. presume that £, — £ and p,, — 0 an kK — oo in a R.M-M.S (Q,,m,). Then

my|S = mye , - Further if mrlg = my|;, then { = 0.

e
Lemma 1.3.2.8. Let {{,.} be a sequence in a R.M-M.S (Q,,m,) and r € [0,1) such that

K+1

K

Ml < rmef$ Vaen. Then,
(A) ;.;hjgo mT’E:A - 0’
1 61@ — .
(B) ;{hlgo mr\éN =0;
(©) Jm mple e =0
(D) {£,.} is an m,-Cauchy sequence.
Lemma 1.3.2.9. Let (€2,,m;) be a R.M-M.S and I' be a self-mapping on €. if J5¢(0,1) s0
r .
that mr|FfJ <k mT|g Ve ocq, and {§, },5¢ defined by &, =T, if §{, — § as K — oo, then
e, = I'E as k — o0.

Definition 1.3.2.10. Let m, be a R.M-M.S on Q;, V¢ cq, and ¢ > 0. The open-ball with

center £; and radius € is

Br\gl = {52 €, mr@ — myle ¢ < 5}.

Likewise, the closed-ball with the center {; and radius € is

BE = {6 e mll —milo . <<}

Lemma 1.3.2.11. Let m, be a R.M-M.S on €2,. The collection of all open balls, 3, =
e>0

{Bb|§1} , forms a basis on €,.
1€
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Chapter 2

Fixed Point Results for Multivalued

Mappings in Metric Spaces

Berinde [28] introduced the concept of a comparision function satisfying the conditions (1) and
(109) from Definition 1.1.2, Liu et al. [66] presented the notions of (¢, ¢)-contraction-type and
(1, ¢)-Suzuki contraction-type and established new F.P theorem for such mappings. Xiao et
al. [114] developed a new F.P results for multivalued (¢, ¢)-Khan contraction-type. Latif et al.
[64] proposed another-type of comparison function and ensured F.P outcomes for generalized
(cv, ¢)-type-Meir-Keeler contractions. Subsequently, Samet et al. [101], Ali and Kamran [10],
Hussain et al. [46], and Alsulami et al. [15] further extended these ideas. The findings in this
chapter build upon the results in Shoaib et al. [106], Alsulami et al. [15], Xiao et al. [114],
Wardowski [112], Fisher [34], Karapinar and Fulga [57]. The chapter is outlined below:

In sections 2.1 and 2.2, we examine the link between (¢, ¢)-integral Khan contraction-type
and 6-contraction w.r.t G.D.Ps. We establish F.P outcomes for multivalued-maps that achieve
both contractions along with a discussion on the solution of NFDE. In section 2.3, we derive
new C.F.P theorems involving Cirié—Type rational (au,n,, 1, ¢)-contractions on closed ball of
M.S, and introduce the notion of semi a,-admissible mapping w.r.t 7. In section 2.4, we explore
almost Fisher-type multivalued Fg-contraction endowed with a I-transitive binary relation i,
and establish related F.P theorems in M.Ss.

The results given in this chapter have been published in [80, 82, 84].
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2.1 Fixed points of (¢, ¢)-integral Khan-type contractive map-

pings with generalized dynamic process

In this section, we derive F.Ps for (1, ¢)-integral Khan-type and #-integral multi-valued con-
tractive mappings w.r.t. G.D.P £|§(’)F in C-M.Ss.

Definition 2.1.1. Let f : Q — Q be a map on a M.S (2, d|) and T' : @ — CB|* is termed
an (¢, ¢)-integral Khan-type multi-valued contractive mapping w.r.t. G.D.P £]£(’)F, & € O, if
Jped,pev and per such that v K7§N+1€£|f,r‘ wEN®
(i) If maX{D|f5“ D|ff~+1} #0, then DIfgr 0 and

d|§§:+1 M\E:‘l
difg:,, > 0= ¢ /Mr)dr <v|¢ /u(r)dr , (2.1)
0 0
where
DIt ppfn- i
e . Dl Dl + DIfg . Dfg
Mg = . (2.2)

én maX{D‘fﬁK 1 D‘{\gmil}

(i4) It nm{D|{,§;+1 : D|f€”“} =0, then DI =0.
Lemma 2.1.2. Let (9, d|) be a C-M.S and F : 8 — Q be a self-map. Thus, the next
propositions are equivalent:

(7) T is a f-integral contractive map with 6 € ©;

(74) T is an (1), ¢)-integral contractive map with ¢» € ¥ and ¢ € ®.

Proof. (i) = (ii) Let I' be an f-integral contractive map, then Jpco, uer, ke(0,1), Such

that Ve, ¢ . eq, we have

k
|£§:+1 d|fn+1
d|11:§:+1 #0=10 / p(r)ydr | <160 / w(r)dr
0 0

Using ¢ (r) =In6 (r) and ¢ (r) = kr, then it is immediate to verify that I' is an (¢, ¢)-integral
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contractive map and

i, %, '
0 / w(r)ydr | < |6 / w(r)dr
0 0
Arey e
< 1nd / pw(r)ydr | <kln |6 / w(r)dr
0 0
Aréy s
&0 / wr)ydr | <4 |¢ / w(r)dr
0 0

Hence, I is an (1, ¢)-integral contractive map.

(i) = (i) Let I' be an (¢, ¢)-integral contractive map, then Iyew, gea, uer, such that Ve ¢ cq,

we have re. .
d‘F§H+1 d‘EKﬁ‘rl
I
e, 20=0o| [ ewdr|<vlo| [ owad
0 0

Using 0 (r) = e?(") and ¢ (1) = kr, then it is immediate to verify that I is a 6-integral contractive

map and
Lo Ut
¢ p(rydr [ <v |¢ p(r)dr
0 0
s, i, )
<0 / w(rydr | < |0 / w(r)dr
0 0

Hence, I' is a 6-integral contractive map.

Lemma 2.1.3. Let (€, d|) be a C-M.S and T': Q@ — CB| be a multi-valued map. Then, the

next propositions are equivalent:
(7) T is a f-integral multi-valued contractive map with 6 € ©;

(79) T is an (1, ¢)-integral multi-valued contractive map with ¢ € ¥ and ¢ € ¢. m

Proof. We follow the similar way in the proof of Lemma 2.1.2. =
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Theorem 2.1.4. Presume that (€2, d|) is a C-M.S and f : Q — Q is a non-linear self-map.

LetI': Q — C’B[Q be a multivalued-mapping satisfying (2.1) V - Then, I' & f

§E7£H+1€£|£6F1 KE
possess a C.F.P £ so that lim f¢, = ¢* € T'¢".
R—00

Proof. As ¢, e £

g(;f , if Jupen 50 that £, = &, 41, then the C.F.P of T and f is done. We

form a sequence according to next G.D.P:

£g" = {E)nenvioy €t = J€x € Téry, Vaen }

Now, we take &, # £, 1, then d|§§:+1 = d|§:$ > 0 Vy.en. Utilising (2.1), we get

Ui Nl
o [ umar| < wlol [ uwa (2.3)
0 0
[ Piresy PP o “
max{Dd:gz_l,Dhjigz_l}
= ¥ |¢ p(r)dr
0
WA s
—wlo| [ woar||<o| [ wa
0 0
From (2.3) and (¢,), we get
Fén Fénm
Uten dle "
/ p(r)dr < / p(r)dr.
0 0
U5t
Consequently, the sequence w(r)dr » is decreasing and bounded from below. There-
0
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dlffn

f5m+1
fore, 3,>0 such that lim / w (1) dr = p. Assume that ¢ > 0. Thus, from (2.3), we have
- K— 00
0
Aty djer ™
¢ p(rydr| < oo p (r) dr (2.4)
0 0
e}
< P | / p(r)dr
0
e}
< v lo| [utyer
0
Taking x — oo in (2.4), and as ¢ € U, we haeve
Urén i 158
0< lim ¢ / w(r)ydr | < lim ¢~ |¢ /u(r)dr =0,
K—00 K—00
0 0
hence e
d‘f&:+1
lim ¢ / w(r)ydr | =0.
K—00
0
From (¢,), we get
Fért1
lim / w(r)dr=0.
K—0Q
0
From Lemma 1.1.31, we get
- fee 1 Srt1 _
KILHSO d|f€K+1 = Klgrolo d‘ﬁ,wz =0. (2.5)
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Now, we verify that {{,} is a Cauchy sequence in (€2, d|) . Assum on the contreery that {£,} is

not Cauchy, then Jc~¢ so that Ypen, Jx(p), (p)

d|§§"(") > e

x(p)

Let s (p) to be the least integer exceeding x (p) and attaining (2.6), such that

f&‘n(p)
d’fg/g(p) ) < €, VPGN'

Using the triangle inequality in (2.6), we get

f&m(p) ‘ffﬁ(p) d‘f&y(p)-ﬁ—l
F& )1 [y

Letting p — oo in (2.8), using (2.5) and (2.7), we obtain

fsn(p)
plggo d|ff (P)+1 —
Thus, 3, en, such that

‘fgn(p) E V
Frtpin = 3 VPP

This implies that

max{d’ffn(m , ’f5~<p>+1} € Ypopr-

&) 2’

(p)+1

From (2.6) and applying triangle inequality again, we have

f&n(p) F€rp) fﬁn(p)ﬂ
esdly " <dlp "l |f£

Taking p — oo and using (2.5), we get

"”"(P)-"l >

lim d|f€

p—00 x(p)+1

Thus, dp,en, such that

fé’n(p)%»l €
|f§/(p)+1 > 5’ v10>;D2'
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Now, from (2.11), (¢1) and (2.1), we have

PRALIORE! Sr(p)+1
c M
3 |f5/(p)+1 |5/(p)+1
o| [nerar] < o w(rydr | <o o (r) dr (2.12)
0 0 0
Fen)+1 pfSrm)+1 | o e @)+1 ) S+
D‘Fff»@(p)-ﬁ—l D‘Ff,«(p)-ﬁ—l+ ‘ng( )+1 D‘an(p)+1
maxd D SR@FL S ()41
TE, (41" Tep(p) b1
< ¢ p(r)dr
0
On the other hand, from (2.10), we find that
Férp)+1 Férpy+1 e py+1 & my+1
Dlre, 0y Dlee ) + D’rs wan - Plre, 15 7,
k(p)+1 #(p)+1 (p)+1 k(p)+1 < D’ r(p)+1 D‘ x(p)+1
= max { D|f§n(p)+1 | p)+1} = Tl py+1 P (py+1
LS pya1”’ Fﬁﬁ(p)ﬂ
Let p — oo above and using (2.5), we deduce that
|f§n(p)+1 | ORI ‘f£/<p)+1 & )+1
lim Lyt Fﬁy( )+1 m+1 Tepyt1 —0.
p—00 max { D,f&n(p)-kl ’f§4(p)+1}
P py+1” 7  Tn(p)+1
So, dp,en, such that
|f£n(p)+1 |f§n(p)+1 | ’fg;{(p)Jrl
o1 Dy T re, ()+1' an(p)ﬂ < Sy (2.13)
max { D‘fgn(p)+l ’fgx(p)+1 } 2’ p=ps: ’
P17 Tepy41
Fusing (2.12) and (2.13), we get
LIRS B AL ORS! ,f5/<p>+1 IO
Pernp+1 Te(p)+1 )41 T n(p) 11
€ max{ leéﬁ(p)Jrl |f€y(p)+1} €
3 Pom+1’ Teap+1 3
¢ /M(T)dr <¢ p(r)dr | <¢ /M(T)dr ;
0 0 0
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V.

p>max{p1,pa,ps}, & contradiction. Thus, {{,;} is a Cauchy in a C-M.S (£, d|) . So, 3¢=cq so that

lim f¢, = £, that is lim d\gl” = 0. By virtue of (2.1), we infer that
K—00 KR—00

dfs s dffest! Mg
o) / w(rydr| = lime¢ / w(rydr | < limy |¢ / p(r)dr (2.14)
K—00 KR—00
0 0 0
pifés. ol + oIS DifE |
max{D|{:§'j,D\1{§’f}
= limy |¢ / w(r)dr
K—00
0
d‘§§:+1'dIﬁEer‘ﬁ:'dl;g;rl
max{ d\‘;gf,d\;gﬁ+l}
< lim ¢ / w(r)ydr |,
K—00
0
dfS
which together with (¢;) and (¢3) yield that / p () dr = 0. According to Lemma 1.1.31, we
0

deduce that d|§:§* =0, that is £* = f¢* € I'¢*. Therefore, f and I" have a C.F.P £*. m
Example 2.1.5. Let = [0,00) with the usual metric d\g; = |§; — &5|. Then, (2, d]) is

a C-M.S. Consider the maps f : Q — Q by f¢€ = % and ' : Q — C’B\Q by I'¢ = [O, %} . The

sequence {¢, } can be defined as &, = 51" ! Ven with £, =4 and [ = i, so that £, =4 and

4 1 4
§r = 1:f51€F§0=[0,3},53:4:f§26F§1:[0,3];

1

1 1 1
& = 16=f536F£2=[0’3]’55:64:f54€F53:[0’12]'

Proceeding in this aproach, we get

1 1 1
£ =01, = =
|4 {74716’64’ }7
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1 t
is a G.D.P of f & I' having a start point £, = 4. Define p (t) = g €Y, ¢(r) =4r € ® and

Y (r) = 1112771“6 evw. Vv and d\;g:ﬂ > 0, we have

T
§H7£H+1€ £|47f

€k K
dlfnié d‘Jféerl i|§m*fn+1| %|§n*5n+1|
167
o| [wwar| = of [ uwar|=ol [ wme|-1 [ Fa
0 0 0 0
A 16465 —€nt1] 1 _ 2 A 16/6x—€xt1] 1
- 3In16  3In16/) — Inl6 3lIn16  3In16
U Mg
2

1| [ ewa] | <ele| [ werar

0 0

We can select any two arbitrary points §; =1, &, = i € ££’f to obtain the following:

f1
dlfes A3 .
p / (dr | = o / (ydr | =a (250 1 ) L33
pAr)ar = AT =%\ 31016~ 316 ) =~
0 0

Therefore, we have
1 1 f3 f1
Dify- DIy + DId - Dl

17
M’%: 1 :6—4’
a8y 0]
4
so that
17
T16" 2 1661 1
d = 4 — ~ 0.38.
Ve /3 " lan[ <3ln16 31n16>] 0.38
0
Therefore, we conclude that
d|;1% M|1%
6 /u(r)dr ar /u(r)dr
0 0

Hence, the condition of Theorem 2.1.4 is achieved, so that f & I' have a C.F.P 0 = f0 € T'0.
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Otherwise, we get

e Mg
6 /M(T)dr > | /umdr
0 0

For instance, if £; = 0 and £, = 2, then we obtain

f
dl}es dlf5 )
o) / (r)ydr | =¢ / (r)dr | =4 o= 1 ~ 1.44
. B . ~*\3m16  3m16) "~ T
0 0

Therefore, we have
0 0 2 2
dif - dlfy + dif3 - dify _ 1

Ml = o g2l 2
max{d|r2 , d|m}
so that
%167' 2 163 1
2
= 4 — ~ 1.04.
Ve /3 ds 1n16[ (311116 3ln16>] 0
0
Therefore, we conclude that
It M3
¢ /u(r)dr > |9 /M(T)dr
0 0

That is, the premise of Theorem 2.1.4 is not attained for some &,, &, 1 € Q.

Definition 2.1.6. Let f : © — Q be a map on a M.S (Q,d|) and I' : Q@ — CB|* is termed
an f-integral Khan-type multi-valued contractive map w.r.t. the G.D.P £ |£O’f , & € Q, if
Jke(0,1),0€0 and per SO that nggwlef‘géf, N

. . féx K
(i) If max{Dyff : Dyrg;l} #0, then D" 0 and

F£K+l
k
U Mg
d\;g:ﬂ >0=0 / w(rydr | < |0 / w (r) dr , (2.15)
0 0

where M| is defined as in (2.2)
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F£m+1 ’
Theorem 2.1.7. Presume that (2, d|) is a C-M.S and f :  —  is a non-linear self-map. Let

r:.qQ— C’B|Q be a multivalued-mapping achieving (2.15). Then, I" & f possess a C.F.P £* so
that lim f&, = & € T¢*.
KR—0Q
Proof. As ¢, € £|§F(;f, if there is o € N so that £, = £, 1, then the existence of a F.P is

N fE, féeii & _
(id) 1 max { DIfr |, DI+ } =0, then DIfgr 0.

done. We form a sequence according to next G.D.P:

£|£7f — {(EI{,)KENU{O} : €n+1 = fg,{ S anfl, \V/.L:GN} .

0

Now, we take &, # &, 1, then d|§§z+1 = d|§:i; > 0 Vyen. Utilising (2.15), we have

. k
Uty Ay
0 / w(r)ydr | < |6 / w(r)dr . (2.16)
0 0

Applying In to each side of (2.16), referring to Lemma 2.1.3 with taking ¢ (r) = kr € ¥ and
¢ (r) =1nd(r) € @, leads to

U rey ™"
b /w«)dr <ol /umdr
0 0

Henceforth, by tracing the line of proof employed in the Theorem 2.1.4, we deduct that f & T’
possess a C.F.P £*.
[

Example 2.1.8. Let 2 = [0,00) and dfg] = [§; — &, then (£, d) is a C-M.S. Consider
0(r) = eV € © and the maps f: Q — Q by fé=§ and T': Q — CB|? by T¢ = [o,zﬂ.The

sequence {¢,} can be defined as £, = £l" ! Vyen with £y =2 and | =  so that {; = 2 and

4 1 4
£ = 1=f§1€F£0=[0,3},£3=2=f€26F£1=[0,3];
1 2 1
§4 = 4:f§3€F52:[073},55:8:f§4€F§3:[0a;]-
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Proceeding in this aproach, we get

r, 111
£|2f:{1a2a4587“- )

1
is a G.D.P of f and I' having start point £, = 2. Let pu(t) = 3 For £,,&..1 € £|f1“ and
d]j;g:ﬂ > 0, we have

dfer 1en—nta]
0 /u(r)dr = 0 / %d’r :9(‘5“_65”1‘)
0 0

S

We can select any arbitrary points £&; = 1 and &, = % of £

g,f to obtain the following

1
; 1
g 3 "
1 1
o / w(rydr | =46 / gdr =0 /3d7‘ = 1.33.
0 0 0
Thereafter, we have
1 f1 3 . f:
M = dlpy - d‘p% + d‘lé Jdrp g
3

1 - —.
max{dh{ll , d\{:f} 8
2
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So that for k = -1, we get

\/57

k

[y
[N
[

Hence, the required condition of Theorem 2.1.7 is satisfied, and 0 = f0 € I'0 is a C.F.P of f
and I'.

Otherwise, we have

k
Ui Mg
G / p(r)ydr | > |0 / p(r)dr
0 0
For instance, if £; = 0 and £, = 2, then we obtain
k
47 473 a#\1"
1 L
0 /u(r)dr = |6 /,u(r)dr = |0 /3dr =ev3 ~ 1.8
0 0 0

Therefore, we have
0 0 2 2
dlfy - dlfy + dlf5- difg

0 2
max { d|f:2 , d|{10}

0
M|, =
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So that for k = -1, we get

V2’
M]3 g 1 k
1
0 /,u(r) dr = |0 /3d7‘
0 0
1
= ev6 =15
Therefore, we conclude
s M *
0 /,u,(r)dr > |6 /,u(r)dr
0 0

That is, the premise of Theorem 2.1.7 is not satisfied for some &, 1 € Q.
Corollary 2.1.9. LetT': Q — C’B|Q be a multivalued-mapping on a M.S (€, d|). Then, T is
termed an (v, ¢)-integral Khan-type contractive map w.r.t. D.P £|£0, §o € Q, if Jped pew, per

so that vﬁmﬁnﬂe‘flgo, REN-

(4) If max { Dl D@Zl} £0, then T¢, #£T¢,,, and

Hﬁzﬂ M
- 1TEx
H) ) >0=¢ / p(r)ydr | <o |o / w(r)ydr ||, (2.17)
k41
0 0

where ¢ . ¢ ¢
Dlgg,", - Dlre," + DI, - DlIre

Ene "
max { D’Fgml , D|1é5k1 }

S o
M| = L. (2.18)
.. K 5){,
(i4) If max { Dl D\ng} =0, then T¢, = T¢,., .
Hence, I" possesses an F.P £* such that £* € lim I'¢,, =T'¢".
K—00
Corollary 2.2.10. Let I' : Q@ — Q be a self-map on a M.S (€, d|). Then, I' is termed an

(1, ¢)-integral Khan-type contractive map w.r.t. D.P ££O &0 € Q, if Jped,pew and per such

that V§N75n+1€ £ |, weN’
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(4) If max { dig d@:l} £0, then T¢, £T¢, ,, and

i, i
d]?g:ﬂ >0=¢ / p(rydr| <o |¢ / w(rydr ||, (2.19)
0 0

where M|[""" is defined as in (2.18).
(i4) If max { dis d|§’2:1} =0, then T¢, = T€, ;.
Thus, I' possesses an F.P £ such that £* = lim I'¢, = I'¢™.
j—00
Corollary 2.1.11. Let I : @ — CB|® be a multivalued-map on a M.S (€, d|). Then I is

termed a f-integral contractive map w.r.t. D.P ££0 » S0 € , if Frec(0,1),0€0 and pex such that

v .
£n7§n+le ££O ‘7 KEN

(i) If max { Dl Dyf:g:l} £0, then T¢, £T¢,,, and

A TE k
|F§,~c+1 M‘§:71
1T,
H‘Ff, >0=10 / p(r)ydr| < |6 / p(r)dr , (2.20)
Kk+1
0 0

where M|§“*1 is defined as in (2.18).
.. " £,
(11) If 1113@<:{D\§EH+1 , D|F€:1} #0, then ¢, =T¢, ;.
Thus, I' possesses an F.P £ such that * € lim ', = T'¢".
K—00
Corollary 2.1.12. Let ' : Q — Q be a mapping on a M.S (€2, d|). Then, I is termed an integral

. T . 3}
Khan-type 6-contraction w.r.t. D.P "560‘ ; if Jre(0,1),0€0 and pey such that vfm§ﬁ+1€££0 ke

(i) If max{D[%’EKH : Dyfxgl} £0, then T¢, #£T¢,,, and

k
i i
d]?g:ﬂ >0=10 / p(r)ydr| < |0 / w(r)dr , (2.21)
0 0
where M|?:_1 is defined as in (2.18).
J

(i4) If max { Dl Dﬁzl} — 0, then T¢, = T¢,., .
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Thus, I' possesses an F.P £* such that £* = RlingoFgﬁ =T¢".
Corollary 2.1.13. Let (2, d|) be a C-M.S and I' :  — Q be a self-map. Thus, the next
propositions are equivalent:
(i) T' is a #-contractive map with 6 € ©;
(79) T is an (1, ¢)-contractive map with ) € ¥ and ¢ € P.
Corollary 2.1.14. Let (2, d|) be a C-M.S and T' : © — CBJ|® be a multivalued mapping.
Thus, the next propositions are equivalent:
(7) T is a multi-valued f-contractive map with 6 € ©;

(7i) T' is a muli-valued (1), ¢)-contractive map with ¢ € ¥ and ¢ € ®.

2.2 Application to nonlinear fractional diferential equations

In this part, we apply the F.P technique to find a solution of NFDE using Corollary 2.1.10. In
particular, inspired from [36, 42, 43], we recall the definition of Caputo derivative of function

€ :[0,00) — R order 8 > 0, which is Considered as following:

D2 () = s [ (=B Wk (1< < nn=[5]41),
0

where [3] means the integer term of 8 € RT, and T is a y-function.

Hence, observe the next NFDE:

DP(E(r) + Elgy =0, r€I=10,1], B<1
§(0) =¢(1) =0,

: (2.22)

where the function = : [ x (—o00,00) — (—00,00) is continuous. So, the NFDE (2.22) is

equalized to the next IE V,.¢;:
1
£(r) = /0 Of; 2y d (2.23)
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Where, U : I? — R is a G.F defined as

rA—k)t—(r-k*t 0<k<r<l1

(r(l:[(k(z;“i, 0<r<k<1

O, =

Define d| : Q2 — [0,00) such that = C’\]{g is a space of continuous functions on I by

dig, = 161 (1) = & (")l = 5P 161 (1) = &2 ()] Ve, e

Distinctly, (€, d|) is a C-M.S.
Theorem 2.2.1. Under the two postulates below, NFDE (2.22) has at least one solution £* € €2
iff I has an F.P.

(1) 5>1 so that Vg, 4,cr, we have

e—a
S 7 M‘g; VT‘EIv

(1]

—_—
——
—_—

T T
q1 q2

where

M|% = [0 =Tl - lgs = Tgo| + |g2 = T'qo] - [g2 — T
@ max {|qg1 — g/, g2 — Tq1|}
(%2) Jp>1 so that max, ker fol O}, dk < %'
Proof. Define the operator I' : @ — 2 by

1
rer) = [ Ol Sy dk Vrer (224)

Evidently, the solvability of the IE (2.23) is equivalized to find a F.P of I". From above propo-
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sitions, Ve, ¢,eq, rer, we get

1 1
P& (r) = Tés(r)| = ‘/0 Ol EIE, oy dk—/o Ok EIE, oy dk‘
! U T = k _ U T = k d
Ik 451(1@ [k ~‘§2(k) S
E
U ! dk

- [%M\é] UO U\’,;dk].

IN

IN

Consequently, we have

max €, (r) — Dé,(r)] < [82 M ] <max/01 U|;;dk>,

tel r.kel

implying that

I
d|F£i~ = 3263 M|

Choosing 9 (r) = 82—1651" € ¥ and ¢ (r) =r € ® to obtain

o (dhg) <v (o[ ME])

Furthermore, by a contractive condition in Corollary 2.1.10 with setting u (1) = 1 V,.cr, we get

i3, s
6 /M(T‘)dr <v o /umdr
0 0

Hence, the hypotheses of Theorem 2.2.1 are realized and I" possessess an F.P which is a solution
of (2.22). m
Example 2.2.2. Consider the next IE

e~ 9

g [ (- N — (= k) e(k)dk, 0 <k <r <1 (2.25)

§(r) =

40



Let I' : Q — Q be defined by

6—8 1

=135 J, CA=R)T = (r =R EGk)ak, 0k < <1

Ig(r)

By specifying U]} = & (r (1 —k))* " = (r —k)* " and E|§(k) = %5(1{:) in Theorem 2.2.1, we

obtain that the IE (2.25) has at least one solution in Q. Now, we have

:‘k _ :’k
=g (k) (k)

IN

Foro0=2, a=2and 0 <k <r <1, we get

N |

1 1
1
r — - 1_ a—-1 o a—1 <
E}fg}/g Ul dk kazé)}/o b {(r( k)) (r—k) dk <

Hence, the hypotheses of Theorem 2.2.1 are satisfied, and I" possessess an F.P which is a solution

of (2.25).

2.3 Common fixed point theorems for Cirié-type contraction

on closed ball

Let (€,d) be a M.S, & € Q and I,S : Q — CB|® be multivalued mappings. Then there
exist & € I'¢, such that D|§°50 = df¢?. Let & € ¢, be such that D@&l = d[ . Continuing
this manner, we build a sequence {&,} in Q such that .., € T'{, = D|§’2 = d|§"Jrl and
£roao € Siq = D\i“‘ng = d\?‘: . We say that {I'S(&,,)} is a sequence in Q generated by &.

Definition 2.3.1 Let I', 3 : Q — C’B|Q be two multivalued mappings and « : 2 xQ — [0, +00).

Let AC Q. The pair (I', Q) is regarded as a semi a,-admissible on A, whenever oz|§; > 1 implies
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that oz*]gélz > 1 and a*]§§21 > 1, V¢, ¢,ea, where
a*|g§12 =inf{aly :a € T¢;,b € I, }.

If A= Q, then we say that (I', ) is a pair of a,-admissible on .
Definition 2.3.2 Let I" : Q — C’B[Q be a multivalued mapping and a,n :  x Q — [0, +00).
Let AC Q. T is regarded as a semi «a,-admissible w.r.t 7 on A, whenever a|§; > éi implies

r r
that a*lrg > 77*|F§; » Ve, £,e4, Where
onlpel = inf{alf s a € T¢;,b € TE,},

and

I
n.lpel = sup{nls : a € T¢;,b € Ty},

If A= U, then we say that I' is a,-admissible w.r.t n on .
Definition 2.3.3 Let I', S : Q — C’B[Q be two mappings and «,n : Q x Q — [0,400). Let
AC Q. We say that (I',J) is a pair of semi a,-admissible w.r.t 7 on A, whenever oz\g; > 17\2

. . T T R R
implies that 04>,E|§§12 >, g% and a*|1f§21 > 77*|F§21 y Ve, £,e4, Where

oz*|£\§12 =inf{aly :a € T, b € Sy},

and

T
N.lsel = sup{nly : a € T&;,b € S&,}.

Again, if A= Q, then we say that (I",J) is a pair of a-admissible w.r.t  on Q.

Definition 2.3.4. Let (€2, d|) be a M.S, a,n : @ xQ — [0, +00) be two functions and I', § : Q —
C’B[Q be two multivalued mappings. The pair (I', J) is called Cirié-type rational (s My U, )-
contraction, if there exists ¢ € © and ¢ € ¥ such that Ve, ¢ cirae, )}

. |T¢ ~ ¢
a2 > 0= 0 (il ) <o (Mg)], (2.26)
SS2

SS2
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where

|F§ DIg 3¢
M|€ = max d| ‘Fg , |\y£2 1—d‘1\52 . (2.27)
&2

Theorem 2.3.5. Let (€, d|) be a C-M.S, a,n : Q x Q — [0, +00) be two functions. Assume

that I, : Q — C’B|Q are a pair of semi a,-admissible w.r.t 7 satisfying (2.26) on a closed ball

Byls?, for 7 > 0 and £, € Bdlfo. Suppose that {T'S(¢,,)} is a sequence in Q generated by &.
Then {I'S(¢,)} — 2z € Bd\go, and

o () < Zw[ (a)] < r>0. (2.28)

Moreover, if V&, &, € (Bd\fo N {I‘%(fn)}> U {z} the contractive condition (2.26) holds .
Then, I' and 3 have a C.F.P in Bd|§0.

Proof. Since ¢, € Bd\go, and I, 3 : Q — C’B\Q are two multivalued mappings, then there
is & € T'¢, so that D’Pg = d|§(1’ df &y =&, then §yisan F.P of T in Bdlfo. Let £, # &;. From
(2.28), we get,

o(a8) < Sourfo(ag)] <n s>

It follows that &; € Bd|§°. As a|§(l’ > 77|50 and (T', ) is a pair of semi «a,-admissible w.r.t. 7

on Bd\go SO a*lrgo > n L0 As Oé*|g€§0 Z Ty gﬁgo , €1 € ¢y and &, € J¢y, so a|§; > n\é. Let

xlge,

&y, €, € Bd\fo for some 2 € N. As (T, Q) is a pair of semi a,-admissible w.r.t. 7 on Bd\fo, we

have

\f§1 > ‘551

O[*’ T ¢, 0

implying that a|§§ > 17|§§ , which further implies

r r
a*| 52 >, %Z

Continuing in this manner and if: =2+ 1, =1,2, ...151, we have
. K62 ‘Fﬁz
FISEo 1 = IS0
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which leadss to

€241
e, .,
Now, we write
§2+1) ] ’F§2
d < H, <
¢ ( |§2+2 - ('b ( d g§2+1 -
= 9 |¢ | max d|§§
= 1 |¢ | max ]5 S
It M| = d|52+1 then

. T
T, ‘ 2
Qyla H
¢ ( \Y§2+1 d g§2+1>

§2+1
> e,y

vlo(m,,)]

’ 52+1
D| |§2+1 F§2 §2+1
ey S€oy1? 14+ [,g;J__H
j

§a41
‘524,-1 |§2+1 ) d|§2+2
§a42

L+ dig2

o () <vlo(den)].

Using (¢;) and sicethe ¥ € U, we get

§2+1
dle,

which is an 1nc0n81stency as d\62+1 > 0.

|f2+1

§2+2 ’

€2+1
Similarly if M |§2+1 = 512:2” |€2+2, we obtain an inconsistency. Therefore, M \5;
£
which implies that o
€ot1 £
¢ <d’52+2> < Y [¢ (d‘ﬁjﬂ)]
S¢ L 1S€aq
< . 621 ’
< v [¢ (04 ’rgz re )]
2 €21
< vt o ()]
< s folag)

Following that,

o (i) < v o (a)].
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Utilizing triangle inequality, (¢4), (2.28) and (2.29), we obtain

€211
( |§2+1> < ¢ (d|§(1] Tt d|§§+1 + d|§2+2>

< o (d)+ro(d,)+e(de)
< o (dE) ot o (dg)] v o (d)]
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3o (a2)] <.

IA

Thus, &5, € B\io. Therefore, by induction, &, € B\fo and algzﬂ > n\gzﬂ Vien. As I, are

semi ai-admissible w.r.t. n on B|£0, then a*|g€“ *| Str i Vwenu{oy- Now, inequality (2.29)

can be written as

o (dgt) <urtt o (al2)]. (2.30)

£H+2

Passing k — oo in (2.30), we get
0< MH¢<M?:)§ MHWH1M<ﬂg)]:Q

hence

hm¢<ﬂ““)—0

K—00 3 +2

From (¢,), we get
lim d|5** = 0. (2.31)

K—00 gm 2 -

To prove that {¢,.} is a Cauchy in (B|§0, d|). Let k,s € N with 3¢ > k > p. Then, we get

¢(ﬂ§) < ¢Qm: +ﬂ““+— +ﬂg1> (2.32)
< o(di,) +o(ag) +oro(ag)
< v foaf)] vt [o(d F")} o ()]

Letting &, 2z — oo in (2.32), we get
1m1¢(@g)—
R, —00
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Applying (¢,), we get
hm d’& = 0. (2.33)

Since every closed ball in a C-M.S is also complete, so there is £* € B|§0 so that &,, — ¢*, and

lim d\g* =0. (2.34)

n—oo

Hence, {I'S(&,,)} is a sequence in B|£0generated by &, and {I'S(§,)} — & € B|£0. So, for

£ Erp1 € {IS(E,)}, one can write

|£.~a+1 = 17|§ +17 ”>0'
Due to
QI 73
O‘*|1\"y§ I 77*| ¢ 41’ VKZO-
Thus, we get
gﬁ/ K
£ 2l Vo,

From our assumption, we have

ofgs > nlE, Yiso.

Hence
¢,

O‘*’rg* 2 n*‘rg* :

Now, to claim that £* € I'¢*, Suppose that d|§*§* > 0, then, we have

o (D)

IN

o (df + D) <o (af ) +o (D)

o(df ) +o (a*rféf Hd\fj) <o(af ) oo (a)]

IN

(d]f* ) w _¢ d| ’ ‘ ’%{ L |f‘*£*
= ¢ + max , D , oy
f,ﬁq £, SE,. IN3 1 d‘g
( | ) _¢ m d| d| | —|§:+1. |F§*
ax , , ,
Ert1 & e IR 1 d|5ﬁ
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Letting © — oo in the previous inequality, using (¢,), as ¢ € ¥ and (2.34), we get
D|§‘g* < D|§‘§* )

a contradiction. Thus, D|1§E =0and £ € T'¢".
Similarly, we can obtain that D@g* = 0. Hence £* € 3¢*. So, I and & have a C.F.P. m

The following outcome shows that our results are valid in the context of partially ordered
M.Ss (for short P.O.M.Ss).

Via this space, let A, B C Q. If V,eca, Jpep so that a < b and I'a <, &b, then we say that
A =< B and I'A =<, B, respectively.
Theorem 2.3.6. Let (2, =, d|) be a C-P.O.M.S, a,n: Q x Q — [0,00) be two functions and
rsg:Q— C’B|Q be two non-decreasing semi a,-admissible maps w.r.t 7. Suppose there exist
¢ € ® and ¢ € U so that

H, ifl >0=>¢><a*|g§12 Hd‘;i:) <wlo ()], (2.35)

I

where, M‘E; is defined as in (2.27) for all £;,&, € B[ N{T'I(€,)}, r > 0 and

K

St (df)] <n >0

1=0

with & <X &, T¢, =X, 3¢, and ZW {qf) (d@” < r. Then, {T'S({,)} is a sequence in B|£0,
1=0

£ = &opq and {T'S(E,)} — & € BJ°. Moreover, if £ < &, or £, < £ and inequality (2.35)
holds for all &, &, € <B|§o N {m(gﬁ)}) U{¢*}. Then, & is a C.F.P of T and S in B|%.
Proof. Let &, € B\ﬁo so that £, = I'¢,. Define a sequence {I'S (£,.) }en by letting &; € T,

so that {5 < &, and &, € J¢; so that £; < &,. AsT', ¥ are non-decreasing, we have &5 € I'{,5 such
that £, = &3. Continuing the same manner, we get a sequence {I'S (€,.) }en C B|§O generated

by &, such that

Eant1 € gy and &y 0 € SEopi1. = i = Eoppr and o,y =X Eoptay Va0
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Following that

IR TRt T R e & S . SO

As the pair (T, Q) is semi a,-admissible w.r.t. 7, we have 04|§”Jrl > 77|§"‘+1 V.>0. Tracing the
line of proof employed in the Theorem 2.3.5, we deduce that

nhl& d\g* =0. (2.36)
Hence, {T'S (£,)} is a sequence in B|£0 generated by £, and {I'S({,)} — &€ € B|£0. Also, for

gm gn—i-l € {P% (gn)}a we get

gK/ gK/
a’§m+l Z n’£m+1’ VHZO'

£m+1

. 9
e By assumption, we get 04’5* >

As a*\rg” > n*| a¢.,, k>0, we have a]é'““ > 1)

17\6* , Vi>0- Thus a*|rg" > n*| . Now to prove £* € T'¢", let d\i* > 0. Then, one gets

o(die.) < o(af,, + i) <o(df ) +o (D)

< o(ag, ) o (ol il 1) <o (ag, ) o fo (005)]

. [ DI Dl |\
= o(df )+ |o|max{ g, D D ’FE*’W

: ' df D )]
- ¢<d|sn+1>+w 6 | max { dgs, dgr | Dl 11%

Letting k — oo above, using (¢5), as » € ¥, and from (2.36), we get
Dt < Dlpe- -

A contradiction. Thus, D|’§*§* =0and & € T'¢".

Analogously, we can obtain that D|§£* =0and £ € I¢*. So, I" and & have a C.F.P. m
Definition 2.3.7. Let I' : Q@ — Q be a self-mapping and «,n : 2 x Q — [0, +00) be two

functions, then the mapping f is termed semi a-admissible w.r.t. 7, if for some &;,&, €AC Q,

a\gl > g = a|F§1 > 17|F£1 If A= Q, then I is told to be a-admissible w.r.t. 7.

Corollary 2.3.8. Let (Q2,d|) be a C-M.Sand I' : Q@ — Q, » > 0 and £, be an arbitrary
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point in B|£0, for r > 0. Let {£,.} be a Picard sequence in Q with initial guess £,. Let
a,n : QxQ — [0,4+00) be semi a-admissible mappings w.r.t. 7 on B|§O with a|§? > n|§(1)

Assume that Jyco, yew so that V a\gl > 77| , implies

&1.6€ B[O
r
o(drg) <vlo (M), (2.37)
where

ds, - dI}?
Mgt =max{ dlg!, g, dif | M , (2.38)

+ dfg!

2
and ZW[ ( 0)} , 7 > 0. Then {£,.} is a sequence in B|§07 £, — & e B|§O and

alg, | =l Viso. Also, if aftf > nlEE Veso, and the inequality (2.37) holds for all £;,¢, €
<B\§0 N {Qr(gn)}) U {€"}. Then, ¢* is a F.P of T in B|%.

Bear in mind that if (2, <) is a partially ordered set and I' : Q — € is a mapping so that
for £;,&, € Q, with £; 2 &, implies I'¢; < T'¢y, then I' is said to be non-decreasing.
Corollaery 2.3.9. Let (2, d|) be a C-P.O.M.S and ' : 2 — 2 be a non-decreasing mapping.
Assume that £, be an arbitrary point in ?ﬁo, {{,.} be a Picard sequence in Q with initial guess

&o and &y = &,. Presume that there are ¢ € © and ¢ € U so that

o () < v o (ME)]. 239)

where M|¢! is defined as in (2.38) V &;,&, € B[s° N {QT(£,)} with & < &, and

ZW[ (a)] < r>0.

Then {€,} is a sequence in BI$, &, < €, and {€,} — & € BI". Also, if € < €, or £, < €°
and the inequality (2.39) holds for each £;,&, € (Hﬁo N {QF(f,Q}) U{&*}. Then £* is a F.P of
I in B|%.

Example 2.3.10. Let Q = [0,00) with metric df} = |§; — ;|- Then, (2,d]) is a C-M.S.
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Define I', S : @ — CB|*
36 &

I'¢) = e’ el
{L&+4if g

}if§1€01

€ (1,00).

ed 7 et

{?’51 51} if £, €10,1],

{061 +5} if & € (1, 00).

0.1} and 3¢, =

Consider, £ = 1, 7 = 10. Then, B|% = [0,11] and DI}

— Dl gl _
o = Plrn=dly =

- L Hence, we
e

obtain a sequence {I'S(¢,)} = {1, %, e%, 6%0, e%, ...} in © generated by &. Let ¢ (t) = 2t and
¥ (t) = 2t. Define the functions,
& 2> if§17£2€ [071]; 1 17 if§1a£2€ [071];
alzi =1 5 oand nlg =90 -
T otherwise. 3 otherwise.

Now, for £ =4 and &5 = 6, we get

¢<@*r6()Hd

Hence, the condition (2.26) does not hold V¢ ¢ co and V

{I'S(&,)}, we have

" 223105 2 [amax {2,4,5,
=2(= =~ |2max
ré6 4 e

80

— =90.8.
3e

20 20\]
379 -

e e, cmm Now, V6 € Bl%n

o _
a*‘F& Hd R 2 |max { sup d‘l"g 7SUp d’b
ré, i a€SEy S
- 31 &
33!
= 2 |maxq sup d|’g 3¢, £y 0 SUP dl,« ©
aceJEy [— o 4 ber§2
i e
B 351 351 61 3751 é
= 2 |max{d| ¢ 35 g, d|352 =2 | max d|£2 »dlg
i ey el et et et o
. & -l fe -8 o - 4|,
< - |2max 3 ’
e ’5177
R
implying that
Cx A~ El 2
RY3 £
2aulrey Ha| | <7 { lgg] :




which yields that
(g 8,0 <o o ()]
Therefore, the condition (2.26) holds on ?ﬁo NA{TS(£,)}- Also, V>0, we obtain
(o) = S-S (3
1\« (2
— 2<1_63>Z<6> <10=r.

1=0

IN

Hence, all requirements of Theorem 2.3.5 are fulfilled. Moreover, {I'S(&,.)} is a sequence in
BlY, aff” > nlf  and {TS(¢,)} — 0 € B Also, ofgr > nl§* or aff > nlf Vo
Further, & and I" have a C.F.P 0.

Now, we apply Theorem 2.3.5 in graph theory

Theorem 2.3.11. Let (€, d|) be a C-M.S endowed with a graph G, r > 0, §, € B|§0,
[,3:0— CB%, a,n:QxQ— [0,00) and let {T'S(£,.)} be a sequence in ) generated by &,
with (£g,£;) € Eg. Assume that:
(i) the pair (I', ) is edge preserving,
(ii) for all £; ,&, € B2 N{T'S(¢,)} and (£, ,&,) € Eg, Jdyco, pew so that

Hy z >O;‘¢<ﬁd@> <v o ()], (2.40)

362

where, M|€1 is defined as in (2.27)

(iii) 36 cBE that

K

(D’F€o> > [¢ <d|gf )} <r, r>0.

1=0

Then, {I'S(£,)} is a sequence in B|§0, (£xr€rr1) € Eg and {T'S(E,)} — & Also, if
(&,.,€%) € Egor (£%,€,.) € Eg V>0 and inequality (3.1) holds for all £, &, € (B[ﬁo N {F%({Q})U
{¢*}. Then, " isa C.F.P of I and S in B|§0.
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Proof. Define, a,n: Q x Q — [0,4+00) by

]-7 if (£1a£2) € EG

ol = nlg) =
: : 0, otherwise

As {T'S(&,,)} is a sequence in € generated by &, with (£,,&;) € Eg, we have a|§? > 17|§(1’ > 1.
Let a\g > 77]2 =1, then ({,&5) € Eg. From (i), we get (u,v) € Eg Vuere, and Yyege,. This
implies that «af; > |, = 1 Vuere, and Vyege,. It follows that inf {af, : u € T, v € Y&} >

sup{n|, : u € T&,v € Y&} = 1. Thus, (T, Q) is a pair of semi a,-admissible w.r.t. 7 on B|£0.

reg, F51_1
Iy T HISE, T

Furthermore, if (£§;,&,) € E¢, then a|§; = n|§; =1 and hence, o

Now, condition (ii) can be written as
X3 ’F& _ i Iy < [ <M£1)}

V€L €y € <B|§0 N {I‘%(ﬁn)}) Condition (iii) leads to all assumptions of Theorem 2.3.5. Now,

we have {I'S(£,)} is a sequence in B\fo, a|§:+l > 77|§:+1, that is, (§.,&.y1) € Fg and
{TS(€,)} — ¢ € BJf. Further, if (£,,¢*) € Eg or (£%,€,) € Eg Vx>0 and inequality (2.40)
holds for all £, &, € (B\fo N {FS(&Q}) U{€*}. Then, we ahve of& > nf or aff > 5} Viso.

Thus, the existence of C.F.P £* € B |£° of I' and & immediately follows by Theorem 2.3.5.

2.4 Fixed point theorems for almost Fisher-type Fy-contraction

with binary relation

In this part, we study existence of F.Ps for an almost Fisher-type multivalued Fg-contraction
mappings into a C-M.S endowed with a I'-transitive binary relation R.
Definition 2.4.1. Let (€, d|) be a M.S. A map I' : Q — CB|" is called an almost Fisher-type

multivalued Fg-contraction endowed with a I'-transitive binary relation ¥, If 3, cp+ r.en,, and Iy, x,, >0 With

w
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A1+ A2 < 1 such that Ve, ¢ eme, R* = {(£1,&) € R:§y,8 € Q\Fiz (')}, we have

. T¢
T+ F <Hd’F£1> gﬂe(mf;) +LNE, (2.41)
2
where 1
DEL piEz \ P 5]5
¢ A1 (W) + A2 (d|§1) if 8> 0;
Ml = Lt dlgg 2 (2.42)
2 S \M (e )\
(D‘F&) <D|F§2) if 3 =0,
and
€ : 3 3 3 13
N|g! = min { Dltg, » DItg, » Dl D’le} : (2.43)

Theorem 2.4.2. Let (2, d|) be a C-M.S, and let I' : © — CB|” be an almost Fisher-type
multivalued Fx-contraction mapping endowed with a I'-transitive binary relation . Assume
that

(T1) Qg ={& €Q:(&,8,) € R for some & € TE} # 0;

(T2) R is I'-closed;

(T'3) T is R-continuous or (2, d|) is R-regular space.

Then, I" has a F.P £ € Q.

Proof. From (T1) 3¢ cq such that (§,T¢,) € R and from (72), we have (I, %) € R.
Since T'¢y # 0 and closed 3¢ cq such that §; € Ty C Q such that (§;,T¢;) € R and from
(T2), we have (F2§0,F3§0) € R. Continuing in this way, we constract a sequence {£,.} by
. €T, =17y, Veen,- If £, € T'€, for some k € Ny then £, becomes a F.P of I and the
proof is finished, so we presume that &, ¢ I'¢,., V,.en, then D[%’zﬁ > 0 and from Lemma 1.1.23,
we get,

’Fﬁn
T

0< DIt < Hy | Veeno- (2.44)

k+1

Since (£9,T¢y) € R and from (T2), we conclude that (I'"&y, T"1&y) € R, Vien,. That is

(£n7§n+1) € ng v.'-iGN()- (245)

Now, from (2.44) and (2.45), we have (£, 1,&,) € R* Vuen,.Utilizing (Fy) in (2.44) and
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applying Remark 1.2.20 together with (2.41), we get

A~

Var (d|€“ ) = Fx (D|§ZK> < Fr <Hd

£n+l

an—l
2.46

< Fa (M) + LN -7

where if 8 > 0, then

— 1
gf@—l S IB s
D] . D% 8
§,€7 F{K71 FSH‘/ &H,
Mg = A — W (dygn 1)
L+ dg
1
[ k—1 gn IB E
d’&n .d|£m+1 EH,*I B
B L
d|£n71 K

=

_ [)\1 <d|£:+1)ﬁ T (dézl)ﬁ]

Asume that d]?’“_l < d|§"”"+1 , then we get

IN
=

M [A1<dﬁiﬂ)64—A2<dE;H)6] (2.47)

BA14—A2)(d§:H)B]é

€n
d’€n+1 ’

A

and

— . - P Sn— K —
N = mln{d‘éﬁ 3 dygm N d\gﬁ} —0.

Then, from (2.46), we have

Fn(dle,) < Fe(de,)-7

< Fn (d|§:+l) .
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A contradiction. Therefore, d|§”’1 > d|§"‘Jrl , which implies that

1

Mg~ < [M(dng‘l)B+A2 (d’52_1>6]6
- [overa (a)]
< d|§:*1.

Then, from (2.46), we have

]—“g;e<d]§:+l) < f%<d|£:‘1) 7 (2.48)
< Fn <d|§:71).

Thereafter, the iterative sequence {d| éﬁﬂ} is decreasing and convergent. Through induction,

we obtain

Fr (d\§” ) < Fgn <d|§:_1) —T7< ... < Fp <d|£‘;> — KT.

§n+1

Taking limit as kK — oo above, we get
lim Fy (d\g” ) = —00.
K—00 €n+1

Applying (F3), we deduct
lim alFN

K—00 £m+1

= 0. (2.49)

We claim that {£,} is a Cauchy, by supposing on the contrary that it is not. Then 3.~ and

subsequences {45 ln} and {5 qn} so that for I, > ¢, > Kk, we have
A >cand "' <e, ¥ (2.50)
£¢IK - EQN ’ NGN. )
By triangle inequality, we have

e < d|§f;; < d\Z:A T d]?:;l.
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Taking limit as kK — oo and using (2.49) and (2.50), we get

lim d|£“‘ =e.
KR—00O
Using triangle inequality again, we get
d|£l,.€ < d,&lN + d’ '3

Egut1
Taking limit as kK — oo above, using (2.49) and (2.51), we get

M

lim d|; <e.
K—00 ‘1m+1
Similarly, we have
e < d g

Taking limit as Kk — oo above, using (2.49) and (2.51), we get

lim df; e >

n—o00 q;le

Therefore, from (2.52) and (2.53), we get

By similar way, we conclude

Next, we claim that
dgt >0, Ve
qr+

Arguing by contradiction, J.cn, such that

|£ln+1 _
§QK,+1
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Using triangle inequality, we have

™
IA

gln élﬁ €ZH+1
d’£4f< S d|£l.‘~c+1 + d|£q,~a

IN

glm £ZK+1 §¢IK+1
d|fl,€+1 + d|£qn+l + d‘fqﬁ :
Taking limit as k — oo above, from (2.49) and (2.55), we get a contradiction. Hence (2.54)
hold true.
Now, we have
0 < df = pt < i, (2.56)
£QN+1 FEQN - Fé(]m
Since {¢,;} is R-preserving sequence, then by I'-transitivity of R, we have (§; ,¢,. ) € % and

from (2.56), we have (¢,,,§,, ) € ®*. Utilizing (F1) in (2.56) and applying (2.41), we obtain

r¢,
2.57
r¢ > ( )

aK

Fa () < 7 (Hd

qr+1

< Fn (M|?q’;) +LN|ZZ _r

where
i -1
& § g ’
D‘FH : D’Fqﬁ
Mg =[x él—slg% A2 (d@m)
dK ]_ + d’é— ® "
L Kk =
1
_ 8 15
d|g:+1 ) d’£::+1 &)
= )\1 —gl + )\2 <d’£qm) ’
1+ dlgq“
and
3 K : 3 K § Il ¢ r ¢ f
N‘Efm = mm{D‘lelﬁ , D|1ﬂq§q’i ) D‘Flgqﬂ ’ D|F(1§zn}
B . &l €qn Si Sar
= m1n{d|§ln+l , d|§q,<+1 ) Cl’gqﬁﬂ ’ D|F£l,€+1} .

As Fg is continuous, then taking limit as k — oo in (2.57), we get
Fi(e) < Fn (Vaz) + L(0) = 7 < Fn (&),

o7



which gives a contradiction. So, {¢,} is R-Cauchy sequence in a C-M.S such that Jg«cq implies

that lim £, = £*. To proof that £* € T'¢*, we claim that D[ re+ > 0 and by using (2.41), Lemma
K—00

1.1.23 and (7'3), we write

* . . 2 anfl
Fi (D\ig*) < lim Fp (D|fﬁ*) < lim Fy (Hd o ) (2.58)
< lim Fg <M\E ) + gf—l_’i',
KR—0O
where
I 8 1%
Dt DS,
M’g:—l — )\1 Pén 1 g FE + AQ (d‘ém 1)
n 1
_ 1
ai o\ ’
B
— )\1 gr{ § - <D‘F§n 2) ,
] 1+ d|£* |
and
EN* M K—
N 1 = mln{D| ! D‘Fg*’ |F§* , | 1}

_ mm{d|;1 Dffe., DIyt dif )

Taking limit as kK — oo in (2.58) with continuity of Fg, we obtain

Fa (D) < Fn (V2 D) +L(0) -

< Fn(Dlfe).

A contradiction, thence D\f;* =0and £ €T¢" isaF.Pof I
Now, if § =0, then

e = (pf2)” (Pr)” @09
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Assume that d|§’€’1 < d|£"‘+1 , then (2.59) becomes

A1 A2
k—1 gn 5»@
Mg < (dg,, ) (d,) (2.60)

A1+

_ €

- (d’65+1)

€
S d‘é‘n#»l’

Thereafter, from (2.46) and (2.60), we get an inconsistency. Thus, d|§"71 > d|§"‘Jrl and (2.59)
becomes

Mgt < dfge (2.61)

Applying (2.61) in (2.46) and following the same steps from (2.48) till (2.57), we get

&, &, \M € \ N2
Mg = (D, )" (Dl )

_ dfln A d|>as A2
o ( |£ln+1) ( |€¢1n+1) ’
and

£,€ _ 3 gm E K gm g K
N‘éfln - mln{D‘Flgln ’ D’Fng,% ’ D‘Flglln ’ D’Fqgln}

_ . §l,€ Sqn £l,@ EQN
= mmin { d’ﬁzﬂﬂ , d‘éqn+1 , d‘5qn+1 , d\glnﬂ } )

As Fy is continuous, then taking limit as m — oo in (2.57), we get
Fr(e) <Fp(0)+ L(0) -,

which gives a contradiction again. So, {&,.} is R-Cauchy sequence in a C-M.S such that

J¢rcq implies that lim £, = £*. To proof that £* € I'§", we claim that D|fj£* > 0 and by
K—00

using (2.41), Lemma 1.1.23 and (7'3), we write

* . . ~ anfl
7o (D) < Jmre (D) < m (A, 262
< lim By (MIE) + lim LN =
KR—0O K—00
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where

A1 A2
Erm &*
(D|r§,i1) (D|F£*>
A1 A2
_ . £
_ (cﬂgm 1) (19|F£*) ,

M\gf’l

and

fﬁ_ . gf»@— * éﬁ_ y
N|§* ' — min { D|F£ni1 , D‘léf* , D’pg*l , D|§“§,¢1}

1 K— * gﬁf *
_ mln{d]§H ', D, DIt dygﬁ}.
Taking limit as Kk — oo in (2.62) with continuity of Fy, leads to
Fa (Dlfer) < Fn(0) + L(0) 7,

this implies that D\lgjg* =0and £ elf*isaFPof. m

Example 2.4.3. Let Q = [0,00) equipped with a usual metric. Take a sequence {9} C Q
by O = SOy ) Set B = {0, 0n) s Oy Ug1) s (U, Dega) s = 1,2, and T : Q —
CB|* by

(3¢} if0< &<,
e = {0,791} if 1 <E <
{nr+ (32050 ) (€= 0a) |} i de <€ <Dpn, k=2,

Then, (Q,d|) isa C-M.S, Qg #0as ¥y =1€Q, 1€ T =T1={0,1} and (1,1) € R, also R

is I-transitive and I" is R-continuous or (2, d|) is R-regular space. Now, for k = 2, ..., we have
p [F0s r ro
Hy = max<{ sup D|F19H+1 , sup DI,
IRV} reld,, s€ElVky1

— max{dﬁ;:*l , d\g:’l} = d|g:71 .

From (2.42) and (2.43) with 8 > 0, we get M|J* = d|y™*' and N[}  =0.
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Applying (2.41), we get

T,

Tkt

T+ Fp <£fd

and

) — 7+ Fn (d|3:71> =7+1In (d|§:71) )

Ve D
F <M|g:+1) +LN[S | < Fp (2 d|19m“> —In (2 dyﬂh_“) .

From (2.63) and (2.64), we deduce that

i (dye ) < (dly),

dfly+ (ww — )
7 <In r =In| ——~
( d|g:71 ‘19% - 19,%—1|

implies that

>=f(ﬂ)-

(2.63)

(2.64)

(2.65)

In the line of Table 1 and Figure 1, the Eq (2.65) holds for 0 < 7 < 1.21 and V,.¢[251]- So, the

contraction (2.41) is satisfied Vy, y,eq such that (J1,791) € R*. Then, I" has at least one F.P.

Table 1: Iteration and f(k)

Iter f(k) Iter f(k) Iter f(k) Iter f(k) Iter f(k)
K= 1.21 k=12 024 | k=22 0133 | k=32 |0.092 | k=42 | 0.071
K= 0.86 k=13 | 022 | k=23 | 0.127 | k=33 | 0.090 | kK =43 | 0.069
K= 0.66 k=14 | 020 | k=24 | 0.122 | k=234 | 0.086 | xk =44 | 0.067
K= 0.55 k=151 019 | k=25 | 0.117 | k=35 | 0.085 | k=45 | 0.066
K=206 0.46 k=16 | 0.18 | k=26 | 0.113 | k=36 | 0.082 | kK =46 | 0.065
K=1T 0.40 k=17 | 0.17 | k=27 | 0.109 | k=37 | 0.080 | kK =47 | 0.063
K= 0.35 k=18 | 0.16 | k=28 | 0.105 | k=38 | 0.078 | kK =48 | 0.062
K= 0.31 k=19 | 0153 | k=29 | 0.102 | k=39 | 0.076 | k=49 | 0.061
k=10 0.28 k=20 ]0.146 | k=30 | 0.098 | k=40 | 0.074 | k=50 | 0.059
k=11 0.26 k=21 10139 | k=31 | 0.095 | k=41 | 0.072 | k=51 | 0.058
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Figure 1: Behavior of f(k) for k € [2,51].

Example 2.4.4 Let Q = {1,2,3,4} and d| : Q2 x Q@ — [0,00) be a metric on  such thad
dy=4, diy=6, dj=3, di=4, dj=3 df}=5 dg =d and dg =0, Y, ¢,cq. We
(1,1),(1,2),(1,3),(1,4),(4,1),(3,4),

define a binary relation on 2 as & = . Consider a
(2,1),(2,2),(2,4),(3,1),(4,3),(4,4),

map I': Q@ — CB|" as
{3,4}, £e{l,4};
I'e= {3}, =2
Then, Q]lg; # 0 as4eQ,4€Tl3={4} and (4,3) € R. Also, it is easy to check that R is
I-closed, I'-transitive and I is R-continuous or (€2, d|) is R-regular space. Now, V A\; = £, Ay =
3. 6=2 L=gand (§.,&) € R ={(1,1),(1,2),(1,3),(3,1),(2,2),(2,1)}, we have for
(€1,62) = (1,2)

il = D|% DIt
d = max sup D|p,, sup D,
2 a€l'l beT2

- max{dygf, dyg} — max {5,0} = 5,
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where

INA
W=
N
[N
o 2
~_ +
[\
+
Wl N
—~
W
N—
(V)
| I
=

ot

1
2
= <> x 4 = 4.283300908,

and

1 . 1 2 1 2
N, mln{D|F17D|F27D|F27D|F1}
. 1 52 g1 42
= min { d’S ) d‘.?) ) d‘3 ) d|3}

= min{6,4,6,4} = 4.
For g =0, we get

3
5

1 1 3
Mly= (DIt )" (DI2)" = (dhy)” ()" =65 x 43 ~ 3.3

Therefore, the contraction condation is satisfied.

LIl
For (£1,&9) = (1,3), we have H‘Fg =5, M|§ ~ 5.488 and N|§ = 0. Therefore
T+ Fp (5) < Fp (5.488) .

, Tl
For (£1,&5) = (1,1), we have H‘Fl =5, M|} = 12V/3 and NH = 6. Therefore

™+ P (5) < Fr (12v3) + g
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~ Tl
For (£1,§,) = (2,2) ,we have H N 0, M|} = % and N|; = 4. Therefore

T+ Fr(0) < Fn (16> +

4
VeV

Hence, V¢, ¢,ex+, we find that (2.41) is achieved and all conditions of Theorem 2.4.2 are satisfied
so that I" has a F.P 4 € Q.

Corollary 2.4.5. Let (Q,d|) be a C-M.S. A selfmap I' : @ — Q is called an almost
Fisher-type Fg-contraction endowed with a I'-transitive binary relation R satisfies conditions
of Theorem 2.4.2, If 3 cp+ znea, and Iy x, >0 With A; + Ag < 1 such that Ve ¢ cpe, R* =
{(€1,€2) € R 1,65 € Q\Fiz (1)}, we have

r+ Fn (dlg)) < Fn (MIZ) + L NIE,

where M|§; and N\E; are defined as in (2.42) and (2.43) respectively. Then, I" has an F.P.
Corollary 2.4.6. Let (£, d|) be a C-M.S. A selfmap I' : Q@ — € is called a Fisher-type
Fp-contraction endowed with a I'-transitive binary relation R satisfies conditions of The-

orem 2.4.2. If 3. cp+ pren, and Iy x>0 With Ay + A2 < 1 such that Ve ¢ ege, R* =
{(51752) eR: 51762 € Q\FZ‘T (F)}) we have

T+ Fg (dhpéi,) < Fr (Mé;) ,

where M|§; is defined as in (2.42). Then, I" has an F.P.

Corollary 2.4.7. Let (€, d|) be a C-M.S. A map I' : @ — CB|“ is called an almost Fisher-
type multivalued Fg-contraction endowed with a I'-transitive binary relation R satisfies con-
ditions of Theorem 2.4.2. If 3 cp+ ren,, Inr>o and A+ L < 1 such that Ve ¢ cpe, R* =
{(€1,€2) € R: &y, 865 € Q\Fiz ()}, we have

IR31

T+ Fr (Hd‘rf ) < Fn(Ndlg) + L.

2

Then, I' has an F.P.
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Chapter 3

Fixed Point Results for Hybrid

Contractions in M;-Metric Spaces

Mlaiki et al. [71] extended the idea of Mb-M.S and established notable F.Ps under an advanced
BCP. Alizadeh et al. [11] proposed the formulation of cyclic (a, 3)-admissible mapping which
was subsequently generalized by Isik et al. [49], Padhan et al. [92], Sezen [103] and Ameer et
al. [19]. Geraghty [35] contributed a valuable extention of BCP and derived F.P theorems for
single-valued mappings. The idea of symmetrical fractional contractive maps were developed in
[36, 42, 43], where four distinct classes of such contractions wrer analyzed, resulting in significant
F.P findings. Hardy and Rogers [38] investigated the BCP and formulated a series of impactful
F.P theorems.

This chapter comprises six sections. In first three sections, we explore the motif of 7-
cyclic (au, 8,)-admissible type F-contraction multivalued mappings with establishing a C.F.P
results for such mappings, along with relevant consequences and practical application within
the Mb-M.S. Sections 4 and 5 introduce four categories of symmetric fractional contractions
for single-valued mappings within Mb-MS and closed ball therein, with application to FODE.
Finally, section 6 is devoted to the analysis of almost Hardy-Rogers multivalued contarctions,
where we establish several C.F.P outcomes in Mb-M.S.

The results given in this chapter have been published in [78, 83, 85].
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3.1 Common fixed points for («.,3,)-Geraghty multivalued F-

contractions

We propose the definitions of n-cyclic (ax, 8,)-admissible mappings and so improve the hybrid
multivalued F-contraction-type of (a, 3,)-Geraghty and establish some new C.F.P theorems
in Mb-M.S. Moreover, consistent with the results in [23, 96], we introduce the followig Lemmas
to be useful in the future study:

Let (24,mp) be an Mb-M.S and CBb\Qb be a family of nonempty, closed and bounded
subsets of Q. For R, Q € CBy|" , define

A~

H,

N
0 = max { 5b|g ) 517‘8} )

where 51,% = sup {mbﬁé ip € N} and 5b|g = sup{mb|? iq € Q} )
Let R denotes the closure of ¥ with respect to my. Then R is closed in (£, mp) iff 8 = X,
Lemma 3.1.1. Let R # ) in an Mb-M.S (€, my) , then

p €N <= myl} = sup mpl, y -
AeR
Proof. Let p € R

By[? N R # (), for every open ball By in €, and € > 0
my[§ < mp|  +e€, for some A € R

mylh — my| <€

inf {mb|§ - mb]nA tAE N} =0

inf {mp[§ : X € R} = sup{mb\p’A T € N}

O

p
Myl = Sup my .
p AER o

Lemma 3.1.2. Let X, Q, R < CBb\Qb , then m

(a) 5b‘§ = sup ¢ sup my|, ,
peER | geN
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(b) for s > 1, we have

5u|X — supsup m <s|6 inf inf m +5%7infinfm — inf my|”.
bl supsup blp.q bl — inf inf blpr T Oblg inf inf blrq| — Inf Ml

Proof.

(a) Since X € CBy|™ and R = X. Then from Lemma 3.1.1, mp|5 = sup mb] .Thus,
AeRr

Sply = sup {myl}} = sup {sup mblpq}

peE peEN | geX

(b) For any p e X, ¢ € Q and r € R, Js>1 such that

myll — mpl, < s | mely — mel, .+ mly — mb|r,q] — myl; . (3.1)

We can write (3.1) as
mylt — my|, , + s ml,, +smpl,, <s [mbﬁ«) + mb|g] = mly -

Since q is arbitrary element in Q and mb”@ < (51,\%, we have

V4 : P T T
mplg — 21615 M|, 4 + 8 Mbl, . + s;g(g mpl,, < 8 [mblr + mb|@} — my|,

T

s [mb|ff + 55,%} — my);. .

IN

Since 7 is arbitrary element in R, we have
p : P R . r
mplmn — Sup m + sinf m + sinf inf m, <s[m + 6 }—mfm
b|Q qeg b|p7q reR b|p E?Rqe(@ b‘ b|§R b|@ reR b|7,

As p is arbitrary element in X, we have

51X — supsup m + sinf inf m, + sinf inf m <s[(5N+5§R]—infmr
b‘Q pegqe(g b| pERTER b‘ reR qeQ b‘ b‘% b‘Q reR b‘r
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Therefore, we deduce that

812 — supsup m 1) inf inf m +5§R7inf inf m, — inf my|".
bl supsup blpg <8 [ bl — inf inf myl, . + dblg —inf infmyl, | — inf ml;

Lemma 3.1.3. Let X, Q,R € C’Bb|Q” , then

R
(1) Hy| = 51)‘}2 = sup ¢ sup my|, ,
R peEX | geX
LN .~ 1Q
(2) Hp| = H| ;

(3) for s > 1, we have

ﬁ —supsup mb|
pEREQ
— infinf m + I:I‘ — inf my|” .
|: peERTrER b| ) ( b Q reRgeQ q>:| ref b|r

Proof.
(1) It is straightforward from (a) of Lemma 3.1.2.
(2) It directly follows from (Mp;;;) of Definition 1.3.1.1.
(3) Using Definition of ﬁb‘; and (b) of Lemma 3.1.2, we get

N
3 R
Hb 0 = max{5b|(@ y (51)‘8}
< max{s | 5|5 — infinf m + 6|8 —inf inf m —mfm + supsup m ,
- { I: b’% PENTER b|p’T b’Q reR q€Q b‘r,q b’ pegqe(g b‘pq
Q g
s | dplss — inf inf m + 6 inf inf m —mfm + supsup m
63— g ing mul, oY~ | inf o+ supsup )
< max{s {(5 N,5 §R}}—l—max{s [5 , 0 @]}—smflnfm —sinf inf m
< bls » Obly blty» Sbls 5 inf inf blpr sinf inf blrg
—inf mp|;. + supsup myp|, ,
reR pERGEQ
That is
ﬁ — supsup m H ‘ inf inf m + H,| —inf infm — inf my|"
"lo ™ pengct g <5 [ “ln " penren o b@ reR q€Q blrq| = Inf oy
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Lemma 3.1.4. Let X,Q € CBy|™ and h > 1, then Vpen, J4c0 so that
(i) mlf < ]

(i6) mol? < ﬁb\; +h

Proof. (i) Suppose that J,ex such that mp[? > h ﬁb‘;, Vg4eq- This implies that inf {m|§, qe€ Q} >
h H, ;, that is m\% > h ﬁb‘;

Note that
R

LN ~
Hb) 25bN:su {m)‘,)\EN}ZmPZth
0 |Q p |Q |Q 0

. X
That is a contradiction. Thus, mb\g <h Hb‘Q.

R
(i7) Suppose that 3,ex such that mb\g > Hb‘Q—i—h, Vgeq- This implies that inf { m\f]’, ge Q} >

. I ~ N
Hy| + h, that is m|6 > Hb‘ + h.
Q Q
Note that
R

LN N
H‘ > 6% = su {m’\, AeN}>mP>H) + .
blg = Oblg =sup Mg > mlg > Hy|
R
That is a contradiction. Thus, mb\’q’ < Hb’@ +h =
Remark 3.1.5. For all £;,&,,&5 in an Mb-M.S (Q,mp), then

¢ ¢
(1) Mylg, ¢, + 1m0l ¢, = mule; + male;

1 3
(2) Milg, ¢, = mole, ¢, = ’mb‘si +mplg s
(3) For s > 1, we have

Myle, g, = mle, ¢, <5 [(Mb‘sl,fs - mb‘mg) + (Mb‘sg,sz - mb’ég@)} :

Notice that: If s = 1, then we get Remark 1.1 in [23].
Definition 3.1.6. Let Q, # 0, o, 8,1 : Qp — [0,00) be three functions and A,B8C Q. A
mapping I' : O — CBb|Qb is regared as n-cyclic (o, 5, )-admissible if for some £ € ,

a(§) 21 (&) = L. (I¢) 2. (IE),
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and

B (&) =21 (&) = ax(TE) = 1, (TE),

where 3, (A) = ingﬁ (a) and a, (8) = })nga (D).
ac €1
Definition 3.1.7. Let Q, # 0, o, 8,m : Q — [0,00) be three functions and A,B8C Q. The two

mappings S, T : Q, — CBy|" are regarded as n-cyclic (s, 8, )-admissible if for some & € Q,

a(§) Zn (&) = L. (3€) 2 n, (S€),

and

B(&) 2n(§) = ax(T§) 2 n, (I'E).

Notice that:
elfn=mn,=1and S =T, then we get Definition 2.2 in [19].
e Definition 3.1.7 reduces to Definition 3.1.6 if we put & =T
Example 3.1.8. Let 2, = [0,00). Define the mappings ,I": Q — CB|Q” and o, 8,1 : Qp —
[0,00) by S¢ = {36}, T¢ = {2}, 1(€) = & Yeca,.
S i E>0 5% if £ >0
a(§) = and 3 (§) =

1  otherwise 1 otherwise

Then, V¢, we get

a(6) = > € =€) = B, (3€) = B, (36) = 5% > 3¢ =1, (S¢€)..

Similarly
B(E) =5% > =n(6) = a.(T€) = au(€?) = ¥ > 2 =, (T¢).

Otherwise, for ¢ = 0 the conditions are satisfied and the pair (3, T") is n-cyclic (o, S, )-admissible
mappings.
Definition 3.1.9. Let (Q5,my) be an Mb-M.S, «, 5,1 : Q — [0, 00) be functions. Two multi-

valued maps 3,1 : 0 — C’Bb]Qb are regarded as generalized (o, 3,)-Geraghty F-contractive
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~ 1€
maps if Jpcrr and Frca, such that Ve, ¢ cq,, and 7 € Ry with H,,‘ ; >0,
2
Ba (S€1) an (T6y) > 1, (IEy) 0, (TEy) (3.2)
186, ¢
1 1
— T+ F <s Hb‘m) <F (go (Mb]§2> . Mb]§2> ,

where
3 €
M|, - |,

Mb|§; = max mbE; ’ mb|§1§1 ’ mb|§2§2 ’ (3'3)

s+ mb\éé

Theorem 3.1.10. Let (Qp,myp) be a C-Mb-M.S, «, 5,7 : Q — [0,00) be three functions, and
S, 0 Qp — C’Bb|9b be multivalued maps satisfy the conditions below:
(1) The pair (3,T") is generalized (o, 8, )-Geraghty F-contraction;
(2) The pair (3,T') is n-cyclic (o, 5,)-admissible;
(3) Either 3¢ cq, such that a.(I'§y) > n, (['{y) or J,yeq, such that 3, (Soo) > 1, (Soo).
Then, & and T' have a C.F.P £* € (.
Proof. Let &, € €2 such that a (§y) > 1(§,), by axiom (2) 3¢, ege, and J¢,ere,, such that

a(&o) = n (&) = B(&1) > By (IE) = 1. (SEo)

and

a(§2) > ax (T§) =2 n, ().

Therefore

s (&) By (SEp) = 0 (TE1) M (SEo) -

From Remark 1.2.20, we get

F(omile,) = mg 7 (s mf)

Thus, J,—=¢,er¢,, such that

5’:(5 mb|£;> < f(s Hbﬁgf) (3.4)



where

£o 3]
mp|L . my|
Mb’g? = ma 8% TG

"

€o o €1
mb’fl ’ mb‘%fo ’ mb‘rgl ’ s+ mb’éo
1

i3 i3
mb|§(1) . mb’g;

IN

max ¢ e )

"

mb@;

= max{mb]?l) , mb@} .

If My[e? < mylc}, then from (3.4), we can write

F (s mﬂé) < F (gp <mb\§;> : mb\g) -7

< F(mlg)
Applying (F'1), we have
s mb|£; < mb\gé ,

a contradiction. If Mb|§? < mblg‘; , then by (3.4), we get

Flsmfe) < F(o(ml) mlE) -

< f(mb|§g).

From (F'1) again, we get

s mb@ < mb\gf .

Analogous to (3.4), there is {5 € I, such that

F (s mb\é) < F ((,0 (Mb|§;> . Mb|§;) _r

.7-'((,0 (mb@) . m|§;) .

Continuing with the same manners, we construct a sequence {£,} in € so that &y, € Sy,
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and &5, 15 € '€y, 1. As the pair (3,I") is n-cyclic (ax, 5,)-admissible, we have

5*(35%)“* (F§2K+1) > n*(%é-Qﬁ)T]* (F£2n+1) VHZO’

Subsequently by (3.2), we have

T+ F(smlgl) < T+ F (s k)
521@ 52%
S f( (Mb‘iz +1> ’ Mb’£2m+l>
521@ §2n
S }—( ( 52 +1 >'mb|f2n+1>
Ear
<= 7 (mb’§§n+1) ’

Therefore, (3.5) implies that

7'+]:(5 mb@:i;) < f(mb|§2“ ) .

Eant1

et = s2Hp, 11 V>0 , then we write

Let pyey1 = mb|§ , and pig g

T+F (3p2n+1) S f(p2n>7 VHZO'

By (F4), we get
T+F (M2m+1) < F (o) 5 Ve>o0-

From (3.6) again, we infer that

F (l’l’Ql‘i-‘rl) < f(:“&n) —7<..< f(ﬂo) - (2/43 + 1) T, VHZO'

Litting K — oo in (3.7), we have

Hh_{&f (M2I€+1) = 00,

which implies from (F'2) that

lim fi9,;,4 = 0.

K— 00

73

(3.5)



From (F3), 3 for which

he(0,1)

lim (N25+1)h7:(,u2n+1) = 0.

K—00

Using (3.7), we have

()" (F (1g) = (205+ 1) 7)
- (M2n+1)hf(ﬂo)

= - (M2m+1)i1 (26+1)7

< 0, Vi>o.

IN

(MZH—&-I)}AL]:(MQR—&-I) - (M2n+1)ﬁ}—(ﬂo)

Taking limit as k — oo and because of 7 > 0, we get

lim (pige1)" (26 + 1) = 0.

KR— 00
Thus, 3k, ey such that

A 1
(M2n+1) (26 +1)<1 Vi, = Hopp1 < 1 Vi>r -
(26 +1)%

Henceforth, the series ) 15,1 is convergent.

K
Now, we verify that {{,.} is an my-Cauchy in €. Using (My,,), we get

Eant1

mb|£2n+3 o mb|§2n+17§2n+3
< s|lm ‘£2H+1 — my| +m |£2n+2 — | —m |§2;«V+2
- b £2n+2 b E2n+17£2n+2 b £2K‘,+3 b §2n+27£2n+3 b £2K‘,+2

Eort1 Eort2
< [ K+2
- § |:mb‘£2m+2 mb‘£2n+17§2n+2 + mb|£2)§+3 mb|§2n+27€2n+3
§2n+1 2 §2n+2

s s mb|£2n+2 s mb’§2n+3 ’
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Similarly

Sant1
mb|£2n+4 mb|§2n+17§2n+4
Sant1 Sant2 E2nt2
< K _ K _ _ K
- § mb‘£2n+2 mb‘f2n+17£2n+2 + mb|£2n+4 mb|§2n+27£2n+4 mb|§2ﬁ,+2
§2n+l 2 52n+2 3 £2n+3
S § mb|£2)§+2 + s mb|£2r@+3 + § mb|£2m+4 ’

In general, V ¢ > p > k1 with p = 2k + 1, we obtain

q—1 q—1

o0
5 - 2 2
mb|§z B mb|§p7£q S ZSZ p+1 mb|§z+1 S ZSZ mb|§z+1 é ZM/L.
1=p 1=p 1=p

o0
The convergence of ) pu, leads to
1=p

. 3
lim (mb|£z - mb|£p’£q> = 0.

p,g—0o0

By the same way and from Remark 3.1.5, we obtain

Mble,, s = Mbley i 6onpa
2
< — J—
= % (Mb|§2n+17§2n+2 mb‘£2n+17§2n+2> TS (Mb|§2n+2vf2n+3 mb|f2n+27§2n+3>

3
+s (Mb|§2n+37£2.4+4 - mb|£2ﬁ+37§2n+4) )

In general, V ¢ > p > k1 with p = 2k + 1, we obtain

qg—1 q—1
_ 1—p+1 _ 1—p+1
Mb’f}ﬂ&'q mb’f}ﬂ&'q S Z s (Mb|§zvf7,+1 mb|£17§1+1) S Z $ Mb‘£17£1+1
1=p 1=p
q—1 q—1 q—1 e}
- 1 K2 - 1 7 K2
S Z SZ p+ mb‘gv é Z Sz p+ mb|§z+1 é Z SZ mb’§1+1 S Z Ml‘
1=p 1=p 1=p 1=p

&)
The convergence of ) pu, leads to
1=p

ng%(Mmﬁg”mh@>:Q
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Therefore, {£, } is an my-Caeuchy in €. Because (), is my-complete, Jgxcq, such that £, — &*

as K — 00, implies &y, 1 — £ and &y, 9 — £ as kK — 0o. Thus, we have

2k+1

. 3
lim (mblg* — mb’g%ﬂ,g*) = 0.

K— 00

Since lim mb\?”“ =0, then from (3.8), we get
K—00 2k+1
. Eort1
lim |2 = 0.
K—0Q

From (3.2), (3.5) and (3.9), we conclude that

~ Jf2n
lim Hy =0.
K—00 I‘g*
Since 52‘,{4,1 S %ééﬁ and
R
mb‘f}g’l < H F;
So, taking limit as kK — oo above, we get
lim mb\&'i“ = 0.
K—00 g

By (Mp;;) , we write

Eont1
. < wt
mb’€2K+1,F£ < mb‘rg* ,

that is

lim = 0.
K—00 mb|£2n+171—‘£* 0

Now, utilizing (Mp;,), we get

&-*

< mplee — Mplge pee
g* EQK 1
< s |:mb|£2n+1 - mb|§*7525+1 + Tnb‘l“é'*Jr - mb‘g%ﬂ,r‘g*
£2H+1
o mb|€2n+1 ’
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Letting x — oo in (3.13), from (3.9), (3.11) and (3.12), we deduce that
g*
Mp|3er < SUP M ex - (3.14)
g ~JeTE" &y
Using (Mpii) , mpex ., < mb\f; V.ere+ implies that
—ml& <0
mp|ex ., — myp|5 < 0.

Thus

sup{mb £y mb|§ iy € Ff*} <0.

Implying that

sup mb’g*,»y — inf mb]§ <0.
yere* velg

Therefore

sup mp|gr ., < mb\%g* ) (3.15)

vere*

From (3.14) and (3.15), we have
mb|1§*§* = Sup mp|ge -
VETE ’

Thence, by Lemma 3.1.1, we get ¢* € T€* = DI'¢*. Similarly, we can easily conclude that
£ € 3E*. Hence, * is a C.F.P of S and T

Remark 3.1.11. Theorem 3.1.10, stil valid if we consider the following:
¢ If we put s = 1 in Definition 3.1.9, then generalized (o, ,)-Geraghty F-contraction

mappings takes the form Hm|§§21 > 0,

o (3€1)0.(082) = . (S€1) m. (T€)

— 4T (Hm|§§;) <F (cp (Mm\£;> . Mmyg) ,
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where p € II, F € Ar, 7 € Ry and

31 &
¢ ¢ ¢ & Mise, - mirg
Mm‘f; = max m|§; , m|<\§51 , m|F2§2 ,—— 2
1+ m|§;

Moreover, under the same conditions of Theorem 3.1.10 & and I" have a C.F.P in a C-M-M.S.
¢ If we take Mb\g = mb|£; in Definition 3.1.9, then & and I" have a C.F.P in a C-Mb-M.S,
provided that the stepulations (1) — (3) of Theorem 3.1.10 hold.
¢ If we consider & = I' in Definition 3.1.9, then the results is given immidiatly by tracing
the line of proof employed in the Theorem 3.1.10.
Example 3.1.12. Let , = [0, 00) and my, : Q< — [0, 00) defined by mb|§; = max {&1, & 1P+
€1 — &P, Ve, g,e0,- Then, (€p,my) is an Mb-M.S with p > 1 and s = 2P, which is not an
M-M.S. Since if £ =5, £, = 1 and &3 = 4, we obtain mb\gi - mb‘gl,gz > mblg — mb’§1,§3 —
mb@ — mplg, ¢, - Define §,I": Q — CB|*" by

&}, itee@) T {0.%} ifee(]

{0,£} otherwise {0} otherwise

3¢ =
Also, we define a, 3,1 : @ — [0,00) by 11(§) =&+ 1 Veeq,,

282
o () = 3e iféE>0 ond 5 (€) = 5 +1 £€>0 .
3 £=0 1 £=0

For ¢ € (0, 1], we have

0a©2n©=0.00=0({G}) -Hr1zgr1-n({&}) -neo.

IfI'¢ =0, then

B 2 n (&) = ax () = ax ({0}) =3 =1 =1, ({0}) = n. (I'€).
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IfT¢ = &, then

50200 = a9 =a ({G})=32@ = Lri-n ({§}) =n@o.

%

Hence, (3,T) is n-cyclic (o, 8, )-admissible maps. Define ¢ (t) = 6% e Il for £1,&, € (0,1], we

2P | max ¢ sup my|fe , sup mb‘bSél
a€SE, ? bere,

o g )
max | mp| 07%},mb|%

&1 &1
= F <2p max <mb\5’4 , mb|gg>>
is

write

By taking F (£;) = In&;, we get

In (s fIb

R 1
< L 1) — 1
F§2> <In <6p mb|$2) pln (6) + In (mb|§2> :

implying that

~ S
In | s Hy
NS
Since mb@ < Mb|§;, and ¢ € I, we obtain

F <5 Hbj:::) <F (cp (Mb|5;)) T <F (ap (Mb\gé) . Mb\gé) _

Similarly, for each £;,&, € Q and 7 = pIn (6), p > 1 that satisfy the above inequality. Hence,
all conditions of Theorem 3.1.10 are satisfied and £* =0is a C.F.P of & and T
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3.2 Some consequences

This part is reduction of previous part by considering that & and I' are single-valued maps.
Definition 3.2.1. Let Q # 0, o, 3,1 : Q — [0,00) be three functions. The map I": Q, — O

is regarded as n-cyclic («, 5)-admissible if for some & € €,

a(§) =n (&) = BT =n(IE),

and

B (&) =1 () = a(l§) =n(TE).

Definition 3.2.2. Let Q, # 0, o, 5,1 : Qp — [0,00) be three functions. The maps &, T : Q) —

)y are regarded as n-cyclic («, 3)-admissible if for some & € €,

a(s) Zn (&) = B(SE) 2 n(3E),

and

B (&) =n (&) = a(l'E) = n(TE).

The followig results can be virified in the similar way as in Theorem 3.1.10.
Corollary 3.2.3. Let (Qp,my) be a C-Mb-M.S and «, 8,1 : @ — [0,00) be three functions.
I': Qy — Q is regarded as a generalized (o, 3)-Geraghty F-contractive map if J err and Irea,

such that V¢ ¢, cq,, s > 1 and 7 € Ry,

a(€)B(&) = n(&)n(&s)
— r+F(smlig) < F (v (MI2) M12)

where Mb@ is defined as in (3.3) with taking & = I'. Assume also that the followig hypotheses
hold:
(7) T is an n-cyclic (o, §)-admissible;
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(i1) 3¢y eq, such that a(€y) > 1 (§y) or B(&y) = n (&)

Then, I" has a F.P £ € Q.
Corollary 3.2.4. Let (2, mp) be a C-Mb-M.S and «, 8,1 : 2, — [0,00) be functions. <,T":
O — § are regarded as generalized (o, §)-Geraghty F-contractive-type maps if I,emr and

Jren, such that Ve ¢ co,, s > 1and 7 € Ry,

a(§1)B(&2) = n(&1)n (&)
= 17+ F (s mb|§§21> < F (gp <Mb]€;> . Mb]§;> ,

where Mp| 5; is defined as in (3.3). Assume also that the followig hypotheses hold:
(1) (3,T) is a pair of n-cyclic (a, §)-admissible;

(i) 3¢, cq, such that a(&y) > n(&y) or Jy,eq, such that S(og) > n(0o).

Then, & and I' have a C.F.P £* € (.

Setting a(&;) = B(&y) =n(&;) =n (&) =1 in Corollary 3.2.4, we have the following result:
Corollary 3.2.5. Let (£, mp) be a C-Mb-M.S. The maps &, T : €, — Q are regarded as
generalized Geraghty F-contractive maps if 3,cir and Jrea, such that Ve ¢ cq,, s > 1 and
TeRy,

T+F (5 mb|§521) <F (SO (Mb|§;> Mb’g;) :

where Mb@ is defined as in (3.3). Then, & and I" have a C.F.P £* € (.

3.3 Application to ordinary differential equations

Consider the next pair of ODEs:

&2¢, o — 6 — KI! =
~at = e, rel=01] ) —GF=Klge, rel=[01] (3.16)

£1(0) =& (1) =0. £5(0) =&, (1) = 0.

where f, K : I xR — R are continuous functions and the pair of ODEs (3.16) are equalized
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to the next IEs:

/G|k FIE ol and & (v /Gyk KIE 4 db. (3.17)

where G : I? — (—00,00) is a G.F defined as

r(1—k),

alr =
g k(1—r),

o o
IA
<
IN
o
IN
—

IN
oyl
IN
<

IN
—_

Define d : Q2 — [0, 00) such that Q = C hé is a space of continuous function on I by

§1(r) +&(7)

2
5 >  Ver 6260

mpl.t = max
|§2 rel <

Obviously, (924, my) is a C-Mb-M.S with a constant s = 2.
Theorem 3.3.1 The system (3.16) has at least one solution under the stepulations below.

(#1) There is a function w : R — (0, 1) such that Vy, y,cr, we have

9
| fl, + Kly,| < yJw () Myl Vrer,

where

924705 |* 914901 |2
: .

2

Oy + Ty |2
2

91+ S |2
2

) I ’

V1 + 99 |
9 1 2
My, = ‘

2

2
s+ 191;192

(#2) There is s > 1 so that max fol G|}, dk < /2" for some 7 > 0.
r.KkE

Proof. define the operators &, I : ), — 0 by

/ GIy fIE o dh and T&y(r /GIkK|5 dk, Ve

Distinctly, the solvability of the IEs (3.17) is equalized to find a C.F.P of Sand I". Let &1, &, € Qp,
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by our assumption V,c7, we get

f

2 [ ! k L k
196,(r) + Te () = 1 |Gl tle s+ [ Gl K g di
r 1

/ al:
L/ O
_ 1 2
| Gl u |gdk]
: 1 )
_ m} [/O G];dk}

2
12e—7
w (r) Mol] [ —

12e™7 &
7s A46E2'

IN

2
k
) T K‘@(k)‘ dk‘]

IN

IN

= w(r)
Consequently, we have

ma (96,0) + T < [o0) 2] [may [ ]

rel t,sel

IN

() i) 2

implying that

e ;
MG < e (MIE) M

which implies that
7+1n (s mb|§£21> <In [gp <Mb]£;> Mb‘gﬂ ,

where F (£) = In¢ and ¢ (r) = 2 v, ;. Thus, all stipulations of Corollary 3.2.5 are held.
Therefore, & and I" have a C.F.P, that is a solution to the ODEs (3.16). =

3.4 Symmetric fractional contractions and related fixed point

theorems

Herein, we introduce four types of symmetric fractional (o, 3, 1, 1)-contractions for self-mappings

and obtain related F.P results in Mb-M.S and the same results is discussing on closed ball of
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Mb-M.S. Consistent with [88, 91], we introduce the follwing results to be useful in our study.
Definition 3.4.1. Let (€3, mp) be an Mb-M.S. The open ball of €, with center £; and radius
€ is

Bb|§1 = {52 € Qy: mbéi — mb\&@ <eg, V&legb and V5>0} .

Notice that we have £; € Bb|§1 Veso- Indeed, we get
m|£1—m| :m|1—m|£1:0<5
ble, bley& ble, ble, '

Analogously, the closed ball of 2 is

BE = {6 €0 myfSt — ml ¢ ¢, <<, Ve,cn, and Veso ).

e>0

Lemma 3.4.2. Let (Qp,mp) be an Mb-M.S and 3, = {Bb|§1}£ N be a collection of open
1€

balls of €, then 8, forms a basis on €.

Proof. Let &5 € Bbygl , we get
3
mylg, = mol ¢, ¢, <€ Veieqy, 0. (3.18)

Take § = ¢ — mb|§; + myp| ¢ ¢, = 0 > 0. Now, we show that By[;* C Bb\gl . Let §5 € Byly”.
Then, we obtain

mplg2 = ml ¢, ¢, < 0. (3.19)

From (My;i;), we get
3 1 3 3
Mole, = Myl ¢, ¢, <8 [mb‘si = M| ¢, g, T Mlgs — 1| 52,53} — Myl -
Utilizing (3.18) and (3.19), we conclued that

5=

[V

(2 male) = (mlls = mil .,) - (3.20
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Again from (My;;) and using (3.18) - (3.20), we get

¢ e ¢ ¢
mole, = Ml ¢ g, S8 | Mlg — Ml ¢ g, mfg — | 52,53] -yl

< s |l =l e, + 5} - mylg;

3 .
— 2 _ 2
< s E (z—:+ mb|€2)} my|g2

Hence, &5 € By|St, that is Byl3?> C B[St . Therefore §, satisfies the conditions of basis. m
This segment introduces F.P results for symmetric fractional a-8-n-1-contraction type-I.

Definition 3.4.3. Let (€, m3) be an Mb-M.S, I' : , — Q; be a selfmapping, «, 5,1 : Q) —

[0,00) be functions and ¢» € ¥ . T is termed a symnlaetri(; fractional a-B-n-1p-contraction of

pattern-1, if J5>1, 344 cc(0,1) and A = (s mb|£17§2> (e=a)e=b) [0,00) such that Ve, €,€00\ Fiz(T)s
whenever a(€)8 (€) > 1(€,)n (€2), we have

r
s malrg, < v [AEE)] (3.21)
where
3 ( b)l( ) 13 ( b)l( )
Bilgy = mlg [l | i, T

1 1
] (b—a)(b—c) ] (c—a)(c—b)

¢ ¢ ¢ ¢
[molsl, + mal, |l + i,

Example 3.4.4. Let Q) = {0,%,%,%,1} and my @ Qp X Q — [0,00) be defined by mb|5; =

2
(%) . Then (€, my) is a C-Mb-M.S with s = 2. Define T : €, — € by

T0=T:=12=71=0 T =],
373 2 2

and «, 5,1 : Qy — [0,00) by

1, ifeeQ Lifeeq
o(€) = B(€) = HEED e =] e

0, otherwise 0, otherwise
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Let ¢ (t) = §t. If &, &5 € Q. Clearly a(&1)8 (€5) > (1) (€5) , such that
1 1
9 ri i 1 (a=b)(a—c) 2 (a=b)(a—c)
s mplps = 0 < YAmyl3. | mells T
3 3 3 3

1 2 m 1 2 Wlwz:)
(ol + il ) (ol + mlfy )
3 3 3 3

A (%) =) . (%) @) ) (?16 + %)W .

- 1
' (h+ et
1

1 ANTHED [ 5\TD06T [ 5\ oD
— X — A= A=
36 36 36 36

1 1 1
5\ @00 T o-at—0 T o=
36

3

| S|

IN

(4

B
4
B
4

By Choosing any value of A € [0,00) and a, b, c € (0, 1), we find that (3.21) holds V¢, ¢, co,\ Fiz(r)-
Thus, I' has two F.Ps of 0 and %
Theorem 3.4.5. Let (5, mp) be a C-Mb-M.S with coifficient s > 1 and T' be a mapping
satisfies (3.21) along with assertions below:

(i) T is an n-Cyclic (o, §)-admissible;

(ii) Ether 3¢ cq, such that a(£y) > n(&y) or Io,cq, such that 3 (c0) > 7 (00);

(iii) T" is continuous.

Then, I" has an F.P £ € Q.

Proof. Let &, in €, such that «(&y) > n(&y) and B (&§,) > 1 (&) - Define an iterative {£,.} in
Qp by &, =€, Vuen. If Ipen for which I, =&, , then £, is an F.P of I' and the proof is

finished. Presume that mb|§2° > 0, from axiom (i) 3¢ eq, so that
kO

a(&o) =1 (&) = B(&1) =B(TE) 2n (L&) =n(),

and

B (&) = n (&) = a (&) = a(l§y) =2 n () =n (&) .
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By continuing this approach, we get

a (6/{) Z n (5/{) = B (€m+1) Z n (€n+1) :

Similarly
5 (gn) Z n (gn) — o (§H+1) 2 n (gnJrl) .

Hence Ve, we have

a (&) B (Er1) = 1) M (Enyr) - (3.22)

If €, =&, for some k € N, then ¢, = £, and the proof is finished. Thus, we Presume that

Vien, & # €,.y1 accompanied by mblgg“_l = mb\ffé > 0. From (3.21) and Ve, we have

re,_
mb|§:+1 < s mp|pe” ! (3.23)

< v B

where
r 1 1
mb@:fl (g 15“211)m (myffy YEPEa.
1
€ € IR ==
L—1|§K L <mb\1ﬂ£;1 + mb’;%) =) (3.24)
1
€ £x =)=
L (mb|F5 i mb‘FE,vl)
- ) -
&-nf EH* a— a—c K s
myl - (ol 1)( B)(a=c) '(mb|§n+1)(%b)(a%)'

o1 (e oma—o)
mb‘gm + mb’£n+1)

1
_ En (c—a)(c—b)
(mb’{;ﬁ T mb|£n)

(mb|§:—1)1+m . (mb‘ngrl)m.

1
§rn1 13 ) (b—a)(b—c)
< " .
- <mb|€n + mb|€n+1 1
Eom1 e (c=a)(c=b)
L [S (mbygm mb‘&n—l:&m + mb’£n+1 mb‘&n?§n+l + mb‘55—17§n+1
B 1 1 T
£er\ T @m0 ¢, \@va—a
(mb|§ﬁ ) ' mb|§m+1 '
1
<

£, )(bfa)(bfc) ]

Erm
(mb|£n ' + mb|§r@+1

1
} (c—a)(c—b)

s (mle i)+ il
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1+—21 1
r—1 (a—b)(a—c) & (a—b)(a—c)
(mb‘ﬁm ) ' (mb%l) '
1

_ fn (b—a)(b—c)
(mb’§: i mb|§n+l> '

Eh‘,*l E
|:S (mb|§n ' mb|€:+1 ' mb’§H717§n+1
1 1 1
R (mb’?-1>1+<a—b><a—c>+<b—a><b—c>+<c—a)(c—b> .
- 1 " 1 1 1
fn (ufb)(u,fc)+(b7a)(bfc)+(cfa)(cfb) (c—a)(c—b)
L mb|£n+1 ' mb|£r€71’£n+1

1 1 4 1 + 1
8 =1 e (mbén_l)(a—b)(a—c) G-a)=0) | ema)e=b)
K

IN

1
] (c—a)(c—b) ]

1 1 1

+ + Enr
— fn (a=b)(a—c) ' (b—a)(b—c) ' (c—a)(c—b) k—1
(mb‘gkrfl ) ' mb‘é’i

m | (c—a)(c—b)
b 5&71 7§N+1

1
o (c—a)(c—b)
- (8 mb|£n—17£n+l>

milg
Now, from (3.23) and (3.24), we obtain that

mb\gzﬂ < mb]§:_1 (3.25)

1
)= e
< 7T <)\ [s mb|£,€71,£n+1}( et mb‘gn 1)

= 7 (mbézil) < mb|§:’1 .

Henceafter (3.25) implies that {mblg’"l} is decreasing and 3,>¢ such that lim,_, mb|§"*1 = 0.

Presume that ¢ > 0. From (3.25), we write

N o
mle < Sl <y [mb@ 1} (3.26)
Erm &
< P milgt] < 0P [l
< <R [mﬂé)} .

Taking k — o0 in (3.26) and as 1 € ¥,we have

0< lm mpl* < lim o, |my2| = 0.
Ert1 K 31

K—-+00 T k—+oo
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Leading to
lim mblgzﬂ = 0. (3.27)

K——+00

Now, we verify that {¢,.} is an Mj-Cauchy in (€5, mp) . From (My;;) , we have

0<mple ¢ < mb|§:+1 VN
Since from (3.27), we have
Nan;o mb’&,i,éﬂﬂ =0, (3.28)
which denotes to
I{ETOO mb’g: =0or KETOO mbE:i =0. (3.29)
Therefore
Jlim mufe o = lim min { myf§ mb\gz} ~0. (3.30)
Hence

=0.

pl (M”|5mfn N mb|£m£n> = m ‘mblg: — myl¢”

X ,R— 00 H,K—00

Next, we verify that lim (mb\g” — male ¢ ) = 0. Suppose on the contrary
H,K—00 K ©ISK

lim (mb’Z — mb|§x,£~> #0.

2#,K—00

Then, 3.~0 and subsequence {L;} C N such that
mp|o5F — my| > . (3.31)
gnk ngvgnk -
Let L represent the least quantity for which (3.31) holds, so that

Ecy g

mb|§ﬁk - mb|§ck71,§nk < e. (3.32)
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By (Mpiy) in (3.31) and using (3.32), we get

< _ 3.33
€ e mb’gﬁk €, (3.33)
7
s s Kmb‘a - ‘&k,sg“) + (mb’g — M, l,énkﬂ
Sepy
mb|§z:,C 1
< €£k—l
se+ s mb\£ — mb|§£k’§£k—1 b’ﬁck .
Letting k — oo in (3.33), using (3.27), (3.28) and (3.29), we get
e < lim (mb|§£’“ — my| ) < se. (3.34)
T k—oo g“k Eﬁkvsnk -
Applying (3.30) in (3.34), we have
. e,
€< lim myle " < se. (3.35)
k—o0 Kk
Similarly from (Mp;,) and (3.31), we obtain
e < mbf‘k — my| (3.36)
- gmk gﬁkagmk
r ey, €y +1
< s |l = mleg, e, ) + (molert™ = mile, g, )]
- m |£[’k+1
b €y +1
' (ol = e gc,00)
b Ecp+1 b Ecpfey+1
€cp+1 o t1
< s| +s |:(mb|£~k+1 - mb|€£k+1’§”k+1> + <mb|§,§k — My 5Hk+1’§~k>:|
énk-‘rl
L mb’f/—ck+1
—m |5£k+1
bles, 1

ey, 2 €cp+1
s(molect = mle, e, )52 (mole™ T = mule, e )

b‘?ﬂm_l . mb| s mb‘?kﬂ . mb|§£k+1

€rpt1oSmy K1 €y 41

+52
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Similar to (3.33), we find that

§cp+1
€ = mb’f s+l o b|§ﬁk+17§nk+l (337)
§c, 41 9 e
s s [m ’5 : mb’égkwégk} TS [mb’é " mb‘sgk,sﬁk]
2 v nk+1 B ﬁak
+s [mblw Mile, o] =S = Tl
Utilizing (3.36) and (3.37), then
ey,
€ S mb|£ﬂk — mb’ﬁﬁkvfnk (3.38)
ey, 2 £k+
< s <m5|§£k+1 — mb|gﬁk75%+l> +s (m |5 mb|5z:k+1u§~k+1)
2 Srpt1 nk+1 oyt
+8 (mb|5nk mb|£nk+l7€nk) b’é -m ’éﬁkﬁ—l
Etl
s [mb|§ mb|££k+1’§£k:|
9
2 k __
< s ( |£Lk | ) s e [mb‘gﬁk mblfﬁk’gﬁk}
= b £Lk+1 b 5£k75£k+1 +S2 [m |§Hk - ’ :|
b 5 +1 b gnkvgnk-&-l
k+1 fﬁk
!g mpl¢,
12 (m |§,@k+ — | | Hk+1 —m |§£k+1
fﬁk b £Rk+17€nk b é §£k+1 :

Inserting limit £ — oo in (3.38), and utilizing (3.27), (3.28), (3.29) and (3.34), we obtain

. C
e < lim s (m ]5 ’“+ — Male, ¢ ) < s%.
k—o0 Lp+15rp+l

Therefore

€ . €cp41 3
2 < klirrolo <mb]£r€k+1 — mb’§£k+1:5nk+1> < s%. (3.39)

From (3.30), we have
— < lim my L"Il < s%e. (3.40)

S k—o0
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Now, from (3.21), we obtain

9 §c, 41 9 Tée,
Smle =8 mlng
&
< v MBS,
where
13 13 13 ( )1( ) 3 ( )1( )
L L L a—b)(a—c P a—b)(a—c
Bale = mile - (il ) ()

1 1
&, AN (= c=n) Ecy SN = =)
- my + my ) . (mb + my )
( |F§£ ’ ‘ank |F££k
1 1
B Ec, RN =) =) e, \ @ D@D
- mb’fnk ' mb’fckﬂ ’ mb‘ﬁnkﬂ

1 1
¢, e\ om0 =0 &, N L)
' (mbkgkﬂ ™ mb|§nk+1) ‘ (mb‘swl T mb|fak+1) :

Inserting limit £ — oo in the above equation with utilizing (3.27) and (3.28), we get

0< hm E e <0= hm E Soe (3.41)

ey ey

Thence, it follows from (3.40), (3.41) and (¢p3) of Lemma 1.1.8 that

€ Ly+1 . IX92
€ = 32(2)<shmm\ F = 5?2 lim mi|pe *
S k—o0 Spt1 k—o0 Rk

IN

. c . £c
v [AleI& Tﬁ_l'fn:} <¥ [klin;o L_1|5~:]
— 0] =o.

Hence, we conclude that ¢ < 0, that is a discrepancy. Thus lim (mblg” — my| €€ ) =0,
#,K—00 K 25K
therefore {&,.} is an Mj,-Cauchy in Q. Because €2y is complete, 3 some £* € €, so that &, — &*

as k — 00. Since I' is continuous, then lim I'¢, = I'¢*. So, we have
K— 00O

— mb|§ﬂ+17£*> =0. and lim (Mb|5ﬁ+1,§* — mb|€n+17€*) =0. (3.42)

K— 00

Jim (
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Since from (3.29) and (3.42), we get

. ¢
lim. (mb\g*“—mbkwhg*) = 0 (3.43)
= lim myf
K—00
= lim my 5*5”
K—0Q
= mb’;& .

That is ¢* =¢" and ¥ isan F.Pof . m

Theorem 3.4.6. Let (Q4,myp) be a C-Mb-M.S and T' : Q, — € be a mapping satisfies
(3.21) along with affirmations below:

(i) T is an n-cyclic («, 5)-admissble;

(ii) Ether 3¢ cq, such that a(£y) > n(£y) or Io4ecq, such that 3 (c0) > 7 (00);

(iii) if {¢,.} is a sequence in €, such that &, — " as Kk — oo, and B (&,.) > n(§,) Vken, then
BE) > (e,

Then, T" has an F.P £ in .

Proof. By tracing the line of proof employed in the Theorem 3.4.6, we acquire 3 (£*) > n(£*)

. Now, we show that mb\gf* = 0. Since §,, — " as n — oo, from (Mp;,), we have

o
IN

£ .
’(mb’pgl — mb|€n+1»1“§*> — (mb|§§* - mb|§*,F§*>‘ (3.44)

£ . :
s <(mb|§*+1 _ mb|£n+l7€*) + (mb|%§* — mb|g*7rg*)> — my g

So, taking limit as Kk — oo in (3.44) with using (3.29) and (3.42), we get

IN

. §K+1 6*
0< nggo ’ (mb’rg* — mb’£n+1»r‘§*> - <mb\rf* — mb‘g*,rg*)‘ <0,
this implies that
. gn * *
lim (mblrgl - mb|€n+1»F§*> = mb|1§5* — Mp|gr e = mb|1§£* . (3.45)

K— 00
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Now, from (3.23) and (3.45), we have

€ 2 I £,
Myl = mple e <8P mulres — malpe per <0 [A (1;1 5)] (3.46)
1 1
* Te*\ (a=b)(a—c) €. ) (a=b)(a—c)
A mb|§i . (mbléf > . (mbl‘FEJ
(b—a)(b—c)

IN
<

. <mb\£§ + mb\fﬂa)

1
F c—a)(c—
. (mb|£§” + mb\lé'é*)( e
Letting k — oo in (3.46) and since ¥ € ¥, we get

. §n+1 —
Tim (mb|F£* - mb|£n+1,1ﬂ§*> —0. (3.47)

Therefore, from (3.45) and (3.47) , we get mb\i* =0and "isan FPof . m
Example 3.4.7. Let Q, = [0, 1] and my : Q4 x Q, — RT defined by

2
& _ (&6
Then, (2, mp) is an Mb-M.S with s = 2. Define I' : , — € by

£ if ¢ € (0,1);
Ff: 9 § ( ) ]7
0, otherwise.

Describe the functions a, 8,1 : Qp x Q — (0,1] by

w@)=pe) =1 2O o] DEEEO

0, otherwise 0, otherwise

Clearly for &1, € (0,1}, a(§;) =2 > 1 =n(&) = B(IE) =2 > 1 =n(T¢), and
B(&)=2>1=n(&) = a(l&) > n(T¢). So, T is n-cyclic (o, B)-admissible, as long as
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a(&1) B (&2) = n(&1) n(€2), such that

&2 2 21 2 2 4[4 2
2, & g 19—y §1+& <4 §i+&6\ _ 4|1 (&+E
s molre, ™l < 8 ) = 18 9 2

IN
O W~
O =
/_\@‘
/N
oS
=
o[+
o
(V)
N
YN
w
>—\’J>£ﬁ
N——
N}
7
|
g
—~|
)
|
&
- N Nej
‘w
A
(V)
——
N
7
Z
—~=
Q
|
2

That is attained by taking ¢ (r) = g7, A= % € [0,1) and a,b,c € (0,1), Ve, €,€00\ Fia(T)-
Otherwise, for £ = & = 0, So, I' is n-cyclic («, 5)-admissible, as long as «a (&) 3 (&) >
1(&1)n (&), and

? malrgl =0 < v [A(Elg)] -

Therefore, all affirmations of Theorems 3.4.5 and 3.4.6 are satisfied. Hence I" has an F.P
€ =0¢€ Q. (Notice that 9 is an another F.P of I', but 9 ¢ ).

This segment introduces F.P results for symmetric fractional a-5-n-1-contraction type-II:
Definition 3.4.8. Let (2,m;) be an Mb-M.S, T : €, — € be a selfmapping, «, 3,7 :
Qp — [0,00) be functions and 1) € ¥. T is termed a symmetic fractional a-{3-n-1)-contraction

—c
(c—a)(c—b)

pattern-1I provided that Js>1, 3gpcc0,1) and A = (s mb]§17§2> € [0,00) such that

Ve, €,€0,\Fiz(T)>, Whenever a(&;)8 (£2) > n(§1)n (§2), we have
2 e <y [A(J;ﬂg)} , (3.48)

where . .
1 §1 (a—b)(a—c) 52 (a=b)(a—c)
mb’52 ' (mb’F§1> ' (mb’F§2>

oS! = e
’52 31 & \ —a)(b—c) & & 1\ (c—a)(c—b)
\ mlrg, + ke, - molrg, + el

Theorem 3.4.9. Let (5, mp) be a C-Mb-M.S and I' be a mapping satisfies (3.48) along with
the affirmations of Theorem 3.4.5. Then, I" has a F.P in .

Proof. By tracing the line of proof employed in the Theorem 3.4.5, we find that £* € €, is
an FPof . m
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Theorem 3.4.10. Let (£2,m;) be a C-Mb-M.S and I' be a mapping satisfies (3.48) along
with the affirmations of Theorem 3.4.6. Then, I" has an F.P in .

Proof. By tracing the line of proof employed in the Theorem 3.4.6, we find that £* € €, is
an FPof . m

This segment introduces F.P results for symmetric fractional a-8-n-1-contraction type-III:
Definition 3.4.11. Let (Qp,mp) be an Mb-M.S, T : Q, — € be a selfmapping, «, 3,7 :
Qp — [0,00) be functions and ¢ € U. T is termed a S};mmetic fractional a-(3-n-1-contraction
pattern-IIT, if 3451, 34 cc(0,1) and A = (5 m|§17£2)m €]

whenever a(£1)8 (§2) = 1(£1)1(€2), we have

0,00) such that V¢ ¢ cq,\Fiz(r),

s mplre < T M(EslE)] (3.49)

where

a2 a2
3 &\ (@a=d)(a—c) 13 (a=b)(a—c)
iy () ()
2 2

153\51 = max
&2 e e
(o, + e, ) - (afy, + s, )

Theorem 3.4.12. Let (€2, m;) be a C-Mb-M.S and I' be a mapping satisfies (3.49) along with
the affirmations of theorem 3.4.5. Then, I' has an F.P in 2.

Proof. Let &, € @, such that a(&y) > n(&y) and 5(&y) > n(&y). Vken, we construct an
iteration {¢,}72; so that §; = 'y, &, = T¢, = I'2¢,. By continuing this approach, we get
€1 = D¢, =TT, From (i), we obtain that

(&) B (En1) = (&) M (€ntr) 5 Tren: (3.50)

If &1 =&, for some k € N, then {, = £" is a F.P of I'. So, we presume that £, # £, in
conjunction with

L. o
777Jb|1“§}‘i t= mb|§*§n > 0, Vien-

From (3.49), we own

r¢, e
mb|§"+1 < s mb|r§: '<y [)\ (b3|§n 1)} . (3.51)
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Followig the same steps in (3.24), we deduce that

2
Sn— gn— (c—a)(c—b) K
bg‘{ﬁ ' = {mb‘gn ' ’ <8 mb|£h‘,—17£h‘,+l> mb‘én-{»l} :

Now, if
2
"= (c=a)(c=b) &
hg‘fn R (s mb’£,§_1,£,§+1) mb|£m+l . (3.52)

Then, from (3.51) and (3.52), we get

2
" (c—a)(c—b) s
mb|§n+1 S w [)\ (8 mb|£n—17£n+l) mb|§m+1]

§n+1 £n+l

a contradiction, thus

Esle ! = mylf (3.53)
From (3.51) and (3.53), we deduce that

€

§n+1

IN

¢,
52 mppe”! (3.54)

T [A (1;3@:—1)} < mplgt

my)|

IN

By tracing the line of proof employed in the Theorem 3.4.5, we find that £* € Q is an F.P of
T.
|

Theorem 3.4.13. Let (5, my) be a C-Mb-M.S and I' be a mapping satisfies (3.49) along
with the assertions of Theorem 3.4.6. Then, I possesses an F.P in (2.

Proof. By tracing the line of proof employed in the Theorem 3.4.6, we find that £* € € is
an F.P of I.
|

Example 3.4.14. Let Q, = [0,1] and my : 2 x €, — R defined by
2
¢ §1+&
mile, = (2> Ve 62e0-
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Then, (2, mp) is an Mb-M.S with s = 2. Define I' : Q, — €, by

el | o iEe:
1, ife=1.

Describe the functions a, 8,1 : Q4 x Qp — [0, 00) by

a=p =] 2O ] e

0, otherwise 0, otherwise

Clearly, T is n-cyclic («, $)-admissible mapping. Moreover if {£,.} is an iterative sequence in €2,
o that £, — € as £ — o0 and §(£,) = 0 (€,) . Then, §(€") > n (") whenever a (&) 5 (&,) >
n (§1> n (52) ) and for 51 € [07 1)752 = 17 we have

1 2 2
57 mb|r§; = 4 mb|1€1 =4 (15 5 ) <4 <15>

<o) =50

VA (Es(E1))].

IN

That is attained by taking ¢ (r) = 37, A = & € [0,00) and a,b,c € (0,1). Therefore, all
affirmations of Theorems 3.4.12 and 3.4.13 are satisfied. Hence, I' has two F.Ps £* =1, % € Q.

This segment introduces F.P results for symmetric fractional a-35-n-1-contraction type-IV:
Definition 3.4.15. Let (£2,mp) be an Mb-M.S with a self-map I' : Q, — O, «,5,7n :

Q — [0,00) be functions and ¢ € U. T is termed a symmetric fractional a-8-n-1)-contraction
3

pattern-IV, if 35>1, Japce(o,1) and A = (8 my| 51,52) =9 ¢ 10,1) with (a + b+ ¢ < 1) such

that Ve, ¢ cq,\Fiz(r), Whenever a(§1)B (€2) = n(&1)n (€2), we have
r
s malrg, < v [ABIE)] (3.55)

where

a3 a3
a) (@=b)(a=e) ( & )7<a—b><a—c>
. ’51 B (mb]£2 mb|r51
4 £y 3 3

b c
(b—a)(b—c) (c—a)(c—b)
(i, mulf, ) - (ol + )
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Theorem 3.4.16. Let (95, m;p) be a C-Mb-M.S and I' be a mapping satisfies (3.55) alond with
the affirmations of Theorem 3.4.5.

Then, I' possesses an F.P in 2.

Proof. Let &, € Q so that «(&y) > n(&y) and (&) > 1n(&y). We build a sequence {£,.}o; as
& =T¢,, & = T¢; = I'%¢,. Proceeding in this manner, we get §pr1 = I, = ey, Veen-

From (i) we can conclude that

a(€e) B (Exr1) =0 (E) N (Exp) s Vien (3.56)

If €., 1 =&, for some x € N, then {, = £ is an F.P of I So, we presume that &, # £, in
conjunction with

LE, "
mb|r§,i L= mb\légn, Vien.

Now, from (3.55), we have

where by the same steps in (3.24), we deduce that

) a+b+c

54’2:_1 < <mb‘§:_l . mb|§:+1 < max{mblgz_l , mb\ng} .

If max{mbé:’l , mb|§:+l} = mb|§:+1 , then

&

&KL K
mb|§n+1 S /l)Z) |:mb|§n+1i| < mb|€n+1

)

a contradiction, thus

milgr, <0 mle] < malg (3.57)

By tracing the line of proof employed in the Theorem 3.4.5, we find that £* € , is an F.P of
I'' m

Theorem 3.4.17. Let (2, mp) be a C-Mb-M.S, T" be a mapping satisfies (3.55) along with
the affirmations of theorem 3.4.6.

Then, I" possesses an F.P in €.
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Proof. By tracing the line of proof employed in the Theorem 3.4.6, we find that £* € € is
an F.Pof . m
Example 3.4.18. Let Q) = [0,00), p > 1 and my : 4 x , — RT defined by

mb|51 =max {{;, &} + 6 — &7y Ve, ge0,-
Then, (2, mp) is an Mb-M.S with s = 2P. Define I' :  — 2, by

§H05 if ¢ e (0,1
e | B ee o
0, otherwise.

Describe the functions a, 8,1 : Qp x Q — [0,00) as

w@=pE =] O =] BEEeO

0, otherwise, 0, otherwise.

Clearly, V¢ ¢,c0,1), ' is n-cyclic (o, B)-admissible mapping, whenever a (§;) 8 (£2) > 1 (&) 1 (&2)

we have
£1405 I3
52 mbhl:g; = 2% mb]521+255 < 2% mb\g
125 64
§&1 & &L &l
— 9?2 51 52
<max { 64’ 64 K 64 64
2% p P
= (max {£y, &} + €1 — &f”)
_ 111 &
B 2 ’52 - 2213 [21? <h4|52):|
< v ()]
That is attained by taking ¢ (£) = 53¢, A = 55 € [0,00) and a,b,c € (0,1).

Otherwise, it is obvious that I is n-cyclic (a, B)-admissible, whenever « (£1) 8 (&5) > 1 (1) 0 (&s) ,

we have
s2mplpel = 0 < w [A <I;4\§;>} .

Thus, all affirmations of Theorem 3.4.16 are satisfied. Hence, I" has two F.Ps 0 and 25%111 Qp.
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Taking n(§;) = (&) = 1, in Theorems 3.4.5, 3.4.6, 3.4.9 and 3.4.10, we derive the next
corollaries.
Corollary 3.4.19. Let (€, m;) be a C-Mb-M.S and I' be a symmetric fractional a-3-1-
contraction-type-I fulfilling affirmations below:

(i) T is a cyclic (o, )-admissible;

(ii) Ether 3¢ cq, such that a({y) > 1 or d5cq, such that 3(og) > 1;

(iii) T" is continuouss.

Then, I has an F.P in 2.
Corollary 3.4.20. Let (£,mp) be a C-Mb-M.S and T' be a symmetric fractional a-3-1-
contraction-type-I fulfilling affirmations below:

(i) T is a cyclic (o, 8)-admissible;

(ii) Ether 3¢ cq, such that a({y) > 1 or d5cq, such that 3(og) > 1;

(iii) if {£, } is an iterative sequence in € so that &, — £* as Kk — oo, and B (&,.) > 1 Vuen,
then (%) > 1.

Then, T" has an F.P " € Q.
Analogously, we can drive corollaries for symmetric fractional contraction-type-II, III and IV.

Now, we derive F.P outcomes for symmetric fractional contractions on closed-ball of Mb-

M.S.

Theorem 3.4.21. Let (5, mp) be a C-Mb-M.S, £, be any point in a closed-ball Bb|§°, o,n:
Qp x Qp — [0, 00) be semi a-admissible mappings w.r.t.  on Bb|§0 with a\g‘i > n|§‘i and ¢ € U.

. . . o . 13
Let I' : 2, — € be a continuous semi a-admissible to satisfy (3.21), V£1’§2€Bb|§0 CO\Fia(T \ >

il ¢, Moreover,

K
mfgs = mole,e, < D2 [mafgt] < fore >0 (3:3%)
=0

Then, I has an F.P in Bb]§0 C Q.

Proof. Since {; € Bb|§°, J¢,eq, such that §; = 'y and J¢,cq, such that &, = T'¢;. By
continuing this approach, we construct an iterative {£,.} in €, so that, ,, = I'¢,.. As a|§fi > n\g‘;
and I' is semi a-admissible mapping w.r.t 1, we have alrgo > 77\;?1’ from which we deduce that
a\él > 77| , which also implies that oz|F51 > 17|Fél Continuing in this way, we obtain that

|F£N 1

a‘an t> , this leads to a’§:+1 = n’£f~”~+1 el
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Now, we show that £, € By|° V.en. Utilizing inequality (3.58), we have
R £

K
muffs = mle,e, <3t [miffS] <e, for e >0
=0

That is &; € Bb\go. Let £5,85,..,&; € Bb|§0 for some j € N, we write
re; -
<SPl <o MBI
Thereafter, by tracing the line employed in (3.24), we get
3 GOl NS
Bilg ' < (3 mb‘sj_1,§j+1> mle) "

From (3.59), (3.60) and similar to (3.23) and (3.24), we conclude that

mbfgj < wj [mb|§°] \ 7 N

§it1 & |0 TN

Using (Mp;,) and (3.61), we have

¢ & € 6
mplel  — Mble e, S8 [(mb|§1 - mb|£o,51) + (mb|§j+1 - mb|£1,£j+1)} — Myl

< s [mb|§2+smb|§;+52 mb|§§+...—|—sj mb|§
= smb\é(l’ + 5? mb\éé + 53 mb\£§ SRR mb‘éj’-&-l
< s mb‘&? + 5% (mb’g?) 4o 5T (mﬂé?)

J
< ZSLHW (mb|5‘1)) <e.

=0

J
Jj+1

|

(3.59)

(3.60)

(3.61)

That is ;44 € Bblgo. Hence, by induction, we get &, € Bblgo V.en, therefore {&,.} is a sequence

in Bb|§0. As T is simi a-admissible w.r.t 7 on B[, so a]£:+1 > 17\6;1. Also, inequality

g

(3.61) can be written as
mblﬁjﬂ <y" [mb|§f] ; Vien.

o0

(3.62)

[o.¢]
As Zs%/}‘ (r) < oo, thus for some k € N the seri@sZ st* [wkfl (mb|§‘1))] converges. Fix

=1 =1
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€ > 0, then Jg(,)en, so that
3 sty [w—l (mb|§?>} <e. (3.63)
=1

Let K, € N with k > > > k (¢) and from (My;,), (3.62) and (3.63), we get

£L+1

x—1

—k+1
> s [l
=K

_ ’SSL_W-_H [t ()]

x—1
mylgt = mle o < D8 Tyl
L=K

IN

@ S )
< s

o0
The convergence of the series Z st [wk_l <mb\ 5‘1’” leads to
=1

lin (molgs = male, e, ) = 0.

K, —00

By the same way, we can show that

Jim (Mol ¢ —mile ¢ ) =0.

Therefore, {{,.} is an my-Cauchy sequence in Bblgo. So, 3 so that £, — £ as k — oo.

"€ By|20
By continuity of I" then lim I'§,, = T'¢* and
KR—00

: €e _ _
Tim (ol = mle_¢-) =0. (3.64)
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Next, we show that I'{* = £*. Suppose that mb|§“*§* -

&
mblré* my

<

IN

« > 0, then by (Mpy;,), we have

s [(mbli+1 - mb!g,gw) + (mb| wit— mdm“wﬂ (3.65)
b|£m+1
F K
(mb|rg* - mb|F§mF£*)
2 re,
" mp|pgt | = 8 Mblpe pes
(0

5*)] -9 mb|§n+17r‘£*

1
13 (a—b)(a—c)
7nb|§"j : (mb|F2&) :
1

(a=b)(a—c)
(mb’r§*> )
1
S En f* (b—a)(b—c)

1
“ * (c—a)(c—Db)

—s mb‘i,ﬁ.pfé* .

By taking k — oo in (3.65) and applyng (3.64), we get

- mb‘g*’rg*

IN

_ ) X )
' £\ (a=b)(a=0) &\ a=b)la—c)
mp|pge - (mb’f*> ‘ <mb’r£*) '
1 1
_ &* £* (b—a)(b—c) B .
Sw A (mb\g* + mb’rg*) . 1 8 Mp|er g
* * (c—a)(c=b)
(mbhg“s* + 5 myle. + mb|§*,r£*>
B 1 1 1 A
* * —+ —+
(a=b)(a—c) T (b—a)(b—c) " (c=a)(c—b)
mb|§£* : (mb|5*) .
1 1 + 1 + 1
— £\ @) (a—c) T G=a)(b=e) " (c=a)(c=D) _
Foh (i) N -
1
(c—a)(c—b)
_ (s mle-re) _
1

- mblgg* — 8 Myp|gs pee by (¥3)

a contradiction. Therefore mb|1§*5* — Myp|gx pe= = 0 implies that mb|1§2* = Mp|e+ pe» - So, that is

I¢*=¢ and € € By isan F.P of T. m
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Example 3.4.22. Let Q, = [0,00), p > 1 and my : O x Q — RT defined by

mlgt = max {&, &} + 1€ — &I, Ve, g0,
Then, (4, mp) is an Mb-M.S with s = 2P. Define I" : 0, — Q3 by

re 5, if¢e(o,10];

46 — 45, if € € (10,00).

Describe a,n: 2 x € — [0,00) as

2, if&€0,10]; 1, if&e(0,10];
offt = ¢ €[0,10] and gfft = ¢ € [0,10]
& &

0, if £ € (10,00), 0, if €€ (10,00).

Consider £, = 1 and & = 180, then B,|*° = [0, 10] and mb|1§°£0 = my|p, = mb\l% =1+(1-%)".

Therefore a|11ﬂ1 =2>1= 77|%11 . Now, V¢, ¢.€[o,10], the semi a-admissiblity of I' w.r.t. 7 is held,

)

whenever a|§; > 77]2 , we have

o

& &

ed e

0

b

1 p
2 I 2 a3 2 51 62
s mb’rgé = 2P mylg, :2p<max{e5,e5 +

2%
- & (max {&1,& 1P + 1€ — & F)

s (7 mi) <o 2 (ki)

That is attained by taking ¢ (¢) = %t, A =2% € [0,00) and a,b,c € (0,1). Now, Vx>0, p>1,

we have

IN

K K

mb‘?i - mb’go,gl = ZSZHW [mb|gg] < SZ—H?W [1 + <1 - ;)p}
120 N\ ’:70 22p Z
-2l (-5) 15 ()
< 180 =e.
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Note that 20,21 € 0, and for p = 2, we get |2 > 7|20 and
52 mbhl:;? >7T {)\ (Tgl 3(1))} ,

yields that (3.21) is not attained. Thence, all affirmations of Theorem 3.4.21 are satisfied, and
I’ possesses an F.P £* =0 € Bb|§0. (Note that 15 € € is an another F.P of I', but 15 ¢ Bb|§0).

3.5 An application to a fractional-order differential equation

In this section, The outcomes given by Theorem 3.4.9 are applying to show the existence of a
solution to FODEs.
Consider the function £ : (0,1) — R. The confgrmable fractional-order derivative of order

k of L at r > 0 is defined in [1]:

L (r + 57’1_”) —L(r)

D~L(r) = gl_{I(l) 5 (3.66)
The confgrmable fractional integral related to (3.66) is defined in [1, 58] as given below:
ISL(r) = /k“_lﬁ (k) dk. (3.67)
0
The BVP of a FODE can be formulated as:
D?&(T) =A ‘C|2(7~) , TE (07 1)’ K€ (172)
; (3.68)
€0 =0, &)= [ewan
0
The IE related with BVP (3.68) can be expressed as follows:
1
€(r) = [ O £l a. (3.69)
0
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where, U[} is a G.F given by

—2rkf 4+ kL 0<k<r<i
Ol), = ; (3.70)

—2rk", 0<r<k<l1

and /f(k)dk is the Riemann integrable of & w.r.t £ and £ : [0,1] x R — R is continuous.

0
Consider

1
&(r)y=co+crr+ )\/k:“_l £|]§€(k) dk, (3.71)
0

1
when £ (0) = 0, then ¢g = 0, £(1) = 1 + /\/ko‘1 E\Ig(k) dk, and from the condition & (1) =
0

1

/é(k‘)dk, we have

0

1

1 1 k 11
1
/g(k)d = /clkdk+ A//v“_l LIy dvdk = et )\//v”_l LIy dvdk
0 00 0 v

0

1 k—1 k
= 501 +>\/ (1—'1))'1) £|§(k‘) dvdk
1
— 701 + )\/ kﬁ 1 kH ﬁ’g
0
this implies that

kL (K, € (k) dk

1 1
1 k—1 k k—1 I{
0 0

O\H

Hence

1
¢ = —2>\/k:"”” LI¢ dk
0
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It follows from (3.71), o, and ¢; that

1 T
&(r) = —2)\r/k” L\’g(k) dk + A/kz"l £|’g(k) dk
0 0
0/

r

1
= =2 [ K" L[gy dk — 2At/k*”~ LIg dk + )\/k”—l Lt dk
t

0

= A/ (—2rk" + &) LI dk+>\/(—2rk“) LI dk

= A/ Ol LIg ) dk-
0

Let Q"(I) be the space of continuous functions on I, where I = [0,1], k > 0. Let mb‘gé —
2 2
= alrfal) ) Ve, e,e0x(r)- Then (Q%(I),my) is a C-Mb-M.S with a con-

o0

stant 6 = 2.

= IMaXyeg (

Theorem 3.5.1. The BVP (3.68) has at least one solution £* € Q*([), under the affirmations
below:

(1) 3w :R — (0,1), p,0,0: R — R are four functions and ¢ > 1 so that V,¢; ¢, ¢,cr With
p(€1)o (§2) > 0(&1) 0(€2), we have

@ (1) ¢ &)
|2+ S| < 1052 Ele
where
3t 22
pa® (k) +&R) [P |&1(k) + D& (k) [Ttea | &5(k) +TEy(k) [Thiaa
[ b
E1(k) +T& (k) |2 | €a(k) + Téy(k) |*] 20
_l’_
2 2
G(R) + TR [P [6(k) + TG (k) 1] 77 |
2 2 s Vab,ee(0,1))
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2) 3 =(r) such that V,cy, we get
§1€Q"(1)

p(E(M) 0 ( / U dk) > 0(64(r) 0 ( / U dk) ;

(3) vre[ and V§1’§2€Qn(]), 3537§4€Ca(1)7 such that

! k L k
p(E(1) = 0(61(r) — o< | on £|53(k)dk)zg< [ o £|53(k>dk),

and 1 1
7€) 2 06m) — o[ Ok ctwde) 2o ([ O ot ar):

(4) For any clugter point € of {€,} in Q“(I) with p(€,)0 (§us1) > 2(6) ¢ (€xs1) s0 that
Jim infp(£,) 0 (§) > lim inf o (£,) 0 ()

Proof. It is known that £* € Q"(I) is a solution of (3.68) iff £* € Q"([) is a solution of the
FODE:

1
£(r) = )\/0 Oy, LIy dk, Varer.

Define a map I' : Q*(I) — Q"(I) by

1
re(r) = /\/0 Ol LIg gy dk, Varer

Then, the problem (3.68) is equivalent to find £* € Q" (I) that is a F.P of I". Let &;,&, € Q"(1),

f

such that p (§,(r)) o (&4(r)) > 0, V,cr. Using the stipulation (1), we get

1
D€, (r) + Tep(r) P = M |l 2l oyt O 21
1
N / ol |2k
= () i
k
[Ar [ otan =t \“]

L o] 4w () e
= o o] =0 g

IN

£ ) + Ll |k

IN
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For r € I, we get

1 24
Iyg;([lfﬁ(r)JrFﬁz(r)Hz = max [\)\\/0 U|2dk] ?0;2)'
€1(k) + E(8) " | €10K) + Dy (k) [T | (k) + Do) | @0
2 9 5
2 2
2 2 )
this implies that
4 k k 2
[||F£1(r)+rf2(r)||oo]2 < if);g) &1 )‘5§2() )
2 o 2 N
i 2 s 2 o
2 - 2 .

Thus,
r
52 mb\rg <9 [)\ Lfg\é] ,

where, ¢ (r) = w(;)?”, A =3 and

1 &1 @h@=o & O s
mplg! - (mb’rgl) : (mb’l“&z) '
b

i3
Bt = . .
2’62 &1 & (b—a)(b—c) I3 ) (c—a)(c—b)
mb‘rgl + mb|F§2 . mb|F§2 + mb|1“§1

Ve, e,eqr(n), rer such that p(&1(r)) o (€2(r)) = 0(§1(r)) 0 (§2(r)) . We define o, 8,1 : Q%(I) —

110



[0, 00) assuming a (§;) = 5 (£1) by

o (6)) = { 2 if p(&1(r) o (€2(r)) > 0, } and 1 (€) = { 0}1 if 0(£,(r)) 0(&5(r)) >0, } |

0 otherwise otherwise

Then, V¢ ¢,cQ=(1): a (&) = n(&) and B (&) = (&) If (&) = 1 (&) and B (&) = n(&z)
v£1,§2€Q*‘(I)a then p (§1 () > 0(&1 (1)) and o (§5 (1)) > 0(§2 (7)) - From (3), we have p (I'¢; (1)) >
oI, (r)) and o (I'§y (r)) = 0 (I, (r)) and so o (I'€;) = 1 (T'€;) and B (T'€y) = 7 (T'¢y). Thus,
I" is n-cyclic a-admissible mapping. From (2) there subsist £; € Q"(I) parallel to a (&1) 5 (&y) >
1(&1) 1 (€2) By (4), for any cluster point € of {&,.} in Q"(I) with p (€,.) 0 (€x41) > 0(€,) 0 (6xs1)
implies a (§,) B (§541) = 1(€4) 1 (€x11) and limy oo inf o (§,) B (€441) > limpoo inf 7 (§,) 7 (§,41)-
So, all affirmations of Theorem 3.4.9 are satisfied, and then I' has an F.P £* in Q"(I), that is

a solvability of BVP (3.66). m

3.6 Common fixed points of almost Hardy-Rogers (¢, ¢)-type
multivalued contractions

This section contains C.F.P outcomes for almost Hardi-Rogers (v, ¢)-type and #-type multival-

ued contractions in C-Mb-M.S.

Definition 3.6.1. Let (£, m3) be an Mb-M.S and I', 3 : Q — C’Bb|Q” are told to be almost

Hardy-Rogers (¢, ¢)-type multivalued contraction maps, if Jyea+ pew and g aelo,1] such
that Ve, c,eq,, Hb\g(é;)) > 0, implies,

o (s* mlg) < v (o [a Uil + Lmol, ]) (3.72)
where

Upled = amule) +bmlpl ) +emplQe )+ (3.73)

myS2 [8 + S } L. mplS2
d I'(¢2) I'(¢1) Te I'(¢y) I'(¢s)

s+ mple s+mb|§;
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and a,b,c,d,e > 0 with aa < 8% and 0 <aa+ab+ac+ad+ae+ L < 1.
Theorem 3.6.2. Let (Qp,my) be a C-Mb-M.S and the maps I', & : Q — C’Bb]Qb be an almost
Hardy-Rogers (1, ¢)-type multivalued contraction maps. If ¢, " and & are continuous.

Then, I' and & have a C.F.P.

Proof. Let (, € Q be an arbitrary point. Since I' (¢) # 0 V¢egq,, we take ¢; € I' (¢y) with
¢, & S(¢y) and mb|1€° > 0. Then, 3,cq, such that ¢, € S (¢;) with ¢, ¢ T'(C,) . Since T (C5)

is closed and mb‘(\ y > 0, we have

0< ’I’I”Lb|él(C Hb|£(i_0)
From (¢,), we get
r
o (mile,)) <o (Hlse) - (3.74)

By (¢5), 3¢, es(¢,) such that ¢ (mb|é1(<1)) = ¢ (mb|€;) Thence, from (3.72) and (3.74), we

have

0<6(ml) <o (s mls) <o (o [otile + LmlS,)])- (3.75)

From (M) and (3.73), we have

¢
Ub|g? = a mblg + bmb|r C ) + cmb|§1(C1) +

Co 1
d ml3ic,) [5 + mb‘uco)] te Milrigy) ™3¢y

s—l—mb|c(1) s+mb|<‘1)

IA

a mb’C(l) + bmb|<‘1) + Cmb|C; + dmb‘é; +e mb]<;

AN

(@ +b) mp|ed + (c+d+e) my|) -

From (3.75), (Mp;;) and since ¢ € U, we get

¢<mb‘<1> < vlo (aa + ab) mblgf—k(ac—kad—kae) mb|<;
- ¢
FLmolsicy)
< ¢<¢ [(aa—i—ab) mb|g‘;+(ac+ad+ae+L) mb‘gﬂ) .
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Since 9 € ¥ and from (¢,), we get
mb|§; < (aa + ab) mb|g(1’ + (e + ad+ ae+ L) mb|C; .

Since aa + ab+ ac+ ad + ae + L < 1, we deduce that 1 — (ac+ ad + ae + L) > aa + ab > 0.
Thus

(ca + ab)
1—(ac+ad+ ae+ L)

mylel < myc°

< mb’C(l).

Again, from (¢;) and since ¢ € ¥, we have

o (mig) <o (o (mi).

By continuing this approach, we construct an iterative sequence {(,.} in p by (o1 € I' (¢25),

Conp2 €S (C25+1) and Co.q1 7 Coxs Vienu{oy: we find that

¢ (mb\<2~+1> <4 (¢ (mb|<2"‘ )) < ¢ (mb\c% ) . (3.76)

Cont2 Cont1 Cort1

The inequality (3.76) yields that {mb| C§n+1} is a decreasing sequence. From (3.76), we get

o (molz ) < v (o (ml)) <v? (o (mil?)) (3.77)
< LSy <<Z> (mblgf)) -
Similarly, one gets
o (milzt) < w(o(milee)) <v? (o (mol)) (3.78)
()

Letting kK — oo in (3.77) and (3.78), we get

0% Jim o (miiz,) < Jim v (o (mif)) =0
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which implies that
3 Cn p—
Kh_r{loo(ﬁ (mb’Cn+l) B 0

Applying (¢5) and Lemma 1.1.32, we have

hm mb|< =0. (3.79)

k+1

We prove that {,} is an M,-Cauchy in (25, mp). From (Mp;) and Vien, we have

0 S mb|<n7<'€+l S mb|<:+l . (380)
As of (3.79) and letting x — oo in (3.80), we obtain
th mblcm%r1 =0, (3.81)
where (3.81) denotes that
lim mb‘( =0 or hm mb]C”+1 =0. (3.82)
K—0Q
Therefore
%lnlgloo mplesc. —%légloomln{mbk ,mb]C } =0. (3.83)
From (3.82) and (3.83), we get
o m_ (Mb|<%,cn - mb|<%,cn> = Jim )mbk; — mp|¢r] = 0. (3.84)

Next, we shall prove that lim (mb|g” — ) CC ) = 0. We argue by contradiction that
x,K—0Q0 K HISK

lim (mb‘g: - mb‘cmcﬁ) # 0,

2 ,K—00
~ oo

Consider ¢ > 0 and subsequences {hﬁ} ) and {jx }oo, such that V,en, by > Jrx > K with
K=

h( k) _
my ‘C b’(g(n):Cj(n) Z€ (3.85)
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Let h (k) € N be the smallest satisfies (3.85), so that

Cﬁ(m)q .

mb'%(n)

Therefore, by (Mp;,) in (3.85), we get

™
IA

IN

s [mbéf}(”)

Cﬁ(m)
mb‘Cﬂn) B mb’%(n)vfjm)

h(rk)—1

Cﬂ(n)—l

N mb|<ﬁ(n)—l ’

- m
b|Cﬂ(m)’Cﬁ(n)fl

m
b’C,;(H),l,Cj(,{)

+ my|

i)

Letting k — oo in (3.87), using (3.79) and (3.86), we obtain

h(k)

¢
e< lim |m m
= oo [ b’%(n) b‘%(n)’ﬁﬂn)

Again, by (Mp;,) in (3.85), we get

™
IA

IN

IN

Chix)
mb’@*(n) - mb'%gﬁ)u%(n)

S

Lettting x — oo in (3.89), we get

lim
K— 00

N
L (¢im))

Cﬁ(n)q

<e.

- m,
b|€ﬂ(n)717€j(’€)

Chiw) L(Si0m)

L blr(%)) mb‘%(n)va(n)) + mb’%(n) mb‘F(%)):Cﬂn)
L(Cim)

mb’F(Ca’(n))

m ’Cﬁ(n) — my)| +m ‘Ci(n)ﬂ — my|

I bI¢;(my+1 O1¢H 0y Citmy 41 b1¢50m) O1¢50m+1:C500) |

e
mb|§fL(n)’F(<5(N)):| - s

Applying (M) in (3.90) together with (3.79) and (3.88), we have

£ .
— < lim
S K—00
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(3.86)
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(3.88)
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Using (Mpi,) twice in (3.91), we have

e Cfb(ﬂ)
< < _
s = mb'%(nm mb|<a(n)v€}*<n)+1 (3.92)
C-h(re) )
S § |:m ’ Ch( )) o mb‘é;}(,ﬁ):r‘@ﬁ(,@)) b|C](K)+1 mb’F(CiL(N))@j(n)ﬁ—l
CE(H>+1
m ’Cﬁ(,.;)ﬂ
L(Chmy) |F Caw) b|Cﬁ<n>7F(<ﬂ<n>)+
< kS h(r) _ N %(Cj(n)-&-l)
e [Hb S(Cnya1) mb‘F(C;L(K))7\f(C5(K)+1) t mb‘(j(n)-kl
S
m ‘Cj(n)+1 ]
’CE(K)H
CE(@H
< sy Chr 1 H ‘ (i) 1 ‘ (Ci(m)+1)
= D(Cry) H)+1) bI¢5 )41
Taking limit as K — oo in (3.92) and applying (3.79) together with (3.91),
o 1P (Chy) €
lim Ay, " > = (3.93)
=00 1S(Gaa) 8

From (3.72), (3.79), (3.91) and (3.93), using (¢3), (¢3) and since ¢ € ¥, we get

o TG ey)
3¢ . 3 h(x)
P(e) = ¢(s°3) <¢| lims” H,
S K00 S(C5my41)
G ¢
< () O
= <¢ {a Ub’gi(mﬂ + Ly ICj(r)+1
Ch) Chir)
s{m —-—m m - m
< b|<f1(n) b|€ﬁ(n)’cfl(n) + b|¢i(n)+1 b‘ch(n)vci(n)ﬂ
Chir) Cim)+1
< limy |6 +aa mb’c,;( 1 iy + ab mb‘ch(n)ﬁ»l + ac mb’Cj(m)+2
Rm00 mbfj(n)ﬂ{ ) ] mp| )y I
+d C5(m)+2 Py 41 +e P12 Lm ’gj(m)-kl
< ¢
h(ﬁ) h(k) J(k)+2
ol ol
3
= ((b (cms 6))
< ¢(e),

a discripancy. Therefore, %1’3900 ( mblgi — my| @@) = 0 and {¢,.} is mp-Cauchy sequence in

Q. Since (2p,my) is a C-Mb-M.S, by Lemma 1.1.32, the sequence {(,} converges to (* €
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(€2, mp). Again, by Lemma 1.1.32, J¢+cq, such that ¢, — ¢* as kK — 00 = (5,41 — (" and

Corr2 — (" as kK — oo. Thus, we have

lim (mb\?“l

K—00

_ mb‘£2m+l7§*> - 0 and K,ILIIOlO (Mb|§2n+17£* B mb’£2n+l7£*> = 0 (394)

Next, we prove that ¢* € I' ((*) NS (¢*). Since I' and I are continuous with using (3.80) and

(3.94), we get

HILIEO (mblgi'”l — mb’§2m+1’£*> = 0
= llm mb’§£K+l
KR— 00
= lim mb|£§2”
KR— 00
F *
= mb|£*5 .
That is £€* € I'(¢*) and £ is an F.P of T'.
Similarlly,
lim (m 52”“—m| =0
K—00 b E* b £2m+27€*
= lim my EE““
K—00
= lim g2
K—00
_ mb‘z*&%-'—l )

Thence, £* € J(&") and " is an F.P of §. Due to the limit uniqueness, we obtain that
el (¢*)NS(¢*). Thus, I and S have a CF.P (* €. m

Example 3.6.3. Let Q, = [0, 1]. Define my, : QpxQ — [0, +00) by mb\g — (HTU)Q Ve ey
Clearly, (Qp,m3) is an Mb-M.S with S = 2. Let ¢ (r) =r € ®* and ¢ (r) = Zr € U, V.
Acquaint T, S : Q) — CBb]Qb by

¢ ¢ : ¢ 3¢ .
F(C): {%’E}’ lfCG(Ovl] and%((): {40,110}, lfCG(O,l]

{0}, otherwise. {0,75}, otherwise
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Now, we have

(Z)(s H|“(C2) = ¢[23max{ sup mb|%(<2), sup mb]b(C1)}]

a€l(¢q) be3(¢2)

1 ¢1 Cl}
= ¢ [23max{mb] s 3(2} mb|3<320 o }]
J— 8 3
o i)
_ 2 ¢, 3G
- 254“““{( ) (a*s) H

where, o = %, a=z=b=d= 7, c=e=0,L=y L and Ub|<1 is defined as in (3.73). Thereafter,

IA
<
-
Q
&
AT
+
t~
3
4@

all condations of Theorem 3.6.2 are satisfied so that, 0 € ; is a C.F.P of I' and &
Definition 3.6.4. Let (£2,,my) be an Mb-M.S and I', 3 : Q) — CBb|Qb are termed an almost
Hardy-Rogers 6-type contraction mappings, if there exist § € ©, o € [0,1] and k € (0,1) so
that Ve, ¢,cq, and Hb|@<1) >0,

0 (3 i, |£<§1)> < [9 (a Ul + L mb|§§(<2))]k, (3.95)

where, Ub|<; is defined as in (3.73) and a, b, c,d,e > 0 with aa < S%, and 0 < aa + ab + ac +
ad+ae+ L < 1.
Theorem 3.6.5. Let (£, m;) be a C-Mb-M.S and I', ¥ :  — CBb\Q” be almost Hardy-
Rogers 0-type contraction mappings. If ¢, I' and & are continuous. Then, I' and & have a
C.F.P.

Proof. Let (, € Q be an arbitrary point and ¢; € I'({y), 3¢,eq, such that (5 € I((y).
Assume that mb|“(< > 0, as

r
0 < milS,) < Hblg)

From Remark 1.1.33, we have
0 (mb@(m) = on (m”Fl)
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Thus, there is v = (5 € $(¢;) and from (3.95), we have
k
0 (mb@) <0 (s H, |0<0)) < [ (a OB + Loy, )} . (3.96)
Inserting In in both sides of (3.96), we obtain
1n9(mbyé) < k:lnH(a Ubycg+Lmby<§(<l)). (3.97)

From Corollary 2.2.14 with taking ¢ (r) = kr € ¥ and ¢ (r) = 1nf (r) € ® in (3.97), leads to

6 (mil&) < [o (o U+ Lml§e,)]

By tracing the line of proof employed in the Theorem 3.6.2, we find that I" and & have a C.F.P.
Example 3.6.6. From Example 3.6.3. Let 0 (1) = eV" € © and I, & : Q — CB, | by

N U o)
Q) = {r &) ¢, reN 30— { ), ifCe 01, nEN

{0}, otherwise. {0, ﬁ }, otherwise

Now, Vee(o,1] and Vien, we have

0(s°> Hy L = 0 |2°max<{ sup mplSy, sup My (G
(5 #i5G)) _ Sy I B0 Tl

I & ESEST
= 0|2 max{mb]{ "t 3(2} mb|£i;” 6”}}]
L 16’16k
i 8 2¢q1 ?1
= 0 T6m 2maw({mb\C2 0l ey H
_ [ G, 3
= max 2= 4 22
2k2 6 8

[ 1
0 2 53 (Oz Ub‘C —I—Lﬂlb‘c2

IN

_ (e\/an|< +Lmb\,(g2)> v — [0 (a Ub|g; +L mb’%(éz)ﬂk’

wherek—f (01),@2%,a:%,b:d:%,c:e:O,L:%andUbIC;isclearin
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(3.73). Thus, all condations of Theorem 3.6.2 hold and 0 € € is a C.F.P of I" and &
Corollary 3.6.7. Let (Qp,myp) be a C-M-M.S and ', : Q — € be almost Hardy-Rogers
(1, ¢)-type contraction maps, if there exist ¢ € ®* ¢p € ¥, L > 0 and o € [0, 1] such that

Ve, goems milg(c) > 0, implies,

6 (i) < (6 [0 Ul + LmiS, ).

where

Unlgd = amlg! +bmlgl ) +emlg, (3.98)
¢ ¢
dm’s«z) [1 + m’r(cn] . e”"'rl(cl) mlSie,)
1+ m|C; 1+ m\cé

and a,b,c,d,e > 0 with 0 < aa+ab+ac+ad+ae+ L < 1. If ¢»,I" and & are continuous, then

$ and I' have a C.F.P

Corollary 3.6.8. Let (Qy,mp) be a C-M-M.S and T', S : ©Q, — € be almost Hardy-Rogers 6-

type contraction maps, if there exist 6 € ©, k € (0,1), L > 0 and « € [0, 1] such that V¢, ¢ eq,,
¢1)

mb|g((C2) > 0, implies,
0 (m@éﬁ) < {9 (a Unle, +L m‘%(@)Hk’

where Um|€; is defined in (3.98). If I' and & are continuous, then ¥ and I" have a C.F.P
Remark 3.6.9. Definitions 3.6.1 and 3.6.4 are stil valid if we consider the following: m

¢ If we take Mb\g; = mb]C1 and L = 0, then § and I’ have a C.F.P in a C-Mb-M.S, provided
that the conditions of Theorems 3.6.2 and 3.6.5 hold.

¢ If L =0, then & and I have a C.F.P in a C-Mb-M.S, provided that the conditions of
Theorems 3.6.2 and 3.6.5 hold.

¢ If we consider & = I', then the resuls are given immidiatly in the same steps as the proof
of Theorems 3.6.2 and 3.6.5.

¢ If we consider I', & as single-valued maps, then the resuls are given immidiatly in the

same steps as the proof of Theorems 3.6.2 and 3.6.5.
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Chapter 4

Fixed Point Results for Contraction
Mappings in Rectangular M-Metric

Spaces

The concept of R.M-M.S was introduced by Ozgiir et al. [91] as an extension of M-M.S. Suzuki
[108, 109] developed the BCP [27] and proved new F.P results. His contribution has been
widely extended in various directions, (see, for instance [18, 22, 41, 66, 69]). Jleli et al. [52, 53]
introduced the notion of #-contraction, which was later modified by Liet al. [65] into #-quasi-
contraction, leading to several F.P findings. Altun et al. [12] explored F.P theorems for a new
category of f-contractive mappings. The outcomes of Jleli et al. were further generalized by
several researchers (see, e.g., [4, 44, 47, 94]).

The objective of this chapter is to analyze the idea of almost Suzuki-Rational (i, ¢)-type
multivalued contraction and to establish related C.F.P theorems within R.M-M.S and closed
ball therein, which are generalization of almost (v, ¢)-contractions self-mappings. Moreover,
we present F.P theorems for f-contraction type self-mappings in the same framework. As an
application, the obtained theorems are utilized to show the existence of solution to NIEs.

These results have been published in [79, 81].
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4.1 Common fixed points of almost Suzuki-Rational (¢, ¢)-type

multivalued contractions

Next results generalize some C.F.P theorems for Suzuki-Rational (¢, ¢)-type multivalued con-
traction into R.M-M.S and on closed ball of R.M-M.S. We introduce the following results to be
consistent with the similar results in [23, 96] and to be useful in our study.

Definition 4.1.1. Let (Q,,m,) be an R.M-M.S and A C . Then, A is called bounded if
Vgea there exists an open ball B,[:* of center ¢1 € €, and radius € > 0, so that g € B,[:", that
is me[st —mg|, , <e

Let (€, m,) be an R.M-M.S and CB,|" be the family of non-empty closed and bounded
subsets of €,.. For X,Q € CBT\Q”" , define

HT\(B = max{(wa, (5T|(8} ,

where 6T](E = sup {mﬁé ip € N} and (5r|g = sup{mr\s 1q € Q} .
Let X denotes the closure of ® w.r.t m,.. Then R is closed in (., m,) iff X\ = X.
Lemma 4.1.2. Let R # () in an Mb-M.S (., m,), then

p € N<= m, |} =sup My, -
AER
Proof. We follow the similar way in the proof of Lemma 3.1.1.

Lemma 4.1.3. Let X, Q,R,U ¢ C’BT|QT , then

(a) 5r|§ = sup {Sup mrlpg
peEN | geX

(b) fora e XN, beQ, ce Rand d € U, we have

5,5 — inf inf 5, — inf inf
>< (% %%WMJ+@%:M&WWP-

O . c:
(8 - afjng o)

N
<5r’<@ — supsup mT|a7b
aeNbeQ
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Proof. We follow the similar way in the proof of Lemma 3.1.2. =

Lemma 4.1.4. Let X, Q, R € C’BT]Q" , then
LR

= 0, |N = sup < sup mr\ 1 (2) Hy| =
peEN | geX Q

(3) forae X, beQ, ce R and d € U, we have

A,

Q

llifN
()TN R

~ N
R (Hr — infinf m,|, > — inf inf m,|, d)
2 R aeRceR "l ceRdev
(HT 2 Supiu(g m?“|ab> < 5
aERbe +( H.| — infinf m
(2], = intint el

Proof. We follow the similar way in the proof of Lemma 3.1.3. =
Lemma 3.1.4. Let X, Q € C’BT]QT and h > 1, then Vpen, J4eq so that

(@) m; q ;

R
(i) m.|, < H, 9 + h.
Proof. We follow the similar way in the proof of Lemma 3.1.4. m
Definition 4.1.6. Let (Q,,m,) be a R.M-M.S and a,n : 2,xQ, — [0,00) be two func-
tions. The mappings I', & : Q, — CB, ] " are termed (1), ¢)-Suzuki Rational-type multivalued

contractions, if 3¢€¢,¢€\p and J,¢(0,1), >0, With v+ L < 1 such that V¢ ¢ cq, with I'§; # 3E,.

1 ¢ ¢
3 mm{mT]FE1 mr|§§2} < mylgd = (4.1)
) < M|t + L N, |2
o(Frly ) < vlo(r g +LNg)],
where
5 i 1)
M, ¢} = max m,«|5 amr’rg ,mr|\y§2 , (4.2)
1+ myg!
and ¢
\rg mw’efg
N, \21 = min mr\g 7m7’|1"§ ) |\;§2 : (4.3)

+ el
Theorem 4.1.7. Let (Q,,m,) be a C-R.M-M.S, a, 7 : Q,xQ, — [0,00) be given functions and
let T, : Q, — CBT\Q’“ be a pair of a,-admissible mappings w.r.t. 7 satisfying (4.1). If ¢, &

and I' are continuous. Then, & and I' have a C.F.P.
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Proof. Let &, € €, be an arbitrary point. Since I'{y # 0 Vecq,, we select & € T'¢, and
mr\g%o > 0.If & € 3¢y, then & is a F.P of & Now, consider & ¢ 3¢;. Since J¢; is closed

RS
and mr|§1£1 > 0, then %min{mrﬁgo , mr@gl} < mr\g(i, we have mr@gl < Hy|_ 0 Utilizing

N3
(d)l)’ we get §b (mr|%§ ) < ¢ (I:Ir

a‘g? > 77| implies that a*|F§0 > n*\gg . Applying (4.1), we can write

¢(A

&
50) . Since (I, Q) is a pair of a,-admissible w.r.t. 7, then
3¢,

z) <o (v Ml + L VD)) (4.4)

ASS
—
3
3
G
o
~—
INA

mr‘o |:1+mr|[‘50:|
7 max mr\g ’mr|1“§ ’mr|u£1 14 e |0
= ¢ |¢ o
m ‘§0 m |§1
I Mg TISE
+ mln{mr\5 7mr’1“5 7mr‘\s£1 1+m \60 }
i r £1
Y max mr‘g ) m’“’ﬁ ) mT‘\f& 1+m |
= ¢ |¢ T
L mi €o €o &1 m’"‘fl m"\fél
+ min mr‘£17mr|§1’mr‘%§17w
- Tgl

IN

Y {qﬁ (fymax{mT@l’,mr\gl }—i—me{mr\g ,mr|\s§1})]
< (;5(7]0[1&){{7727«]2‘1),mr|§1£1}—i—me{mr|5 7m7“’\s§1}>'

If max{mr\gf , mr@fl)} = mT] 3¢, » then mln{mr|§ ,mT] } = mr\g‘;, from (4.4) and (¢,),
we get

e, < mrlS, + Lomelg)

Since v+ L <1, then 1 —~ > L > 0, implying that

mr\

L
0 0
3¢, < T mT|§1 < m’"‘&' (4.5)

Similarly, if max{mrlg(l) , mr‘g&} = mT]g) , then min{mrlg(l) , mr‘g&} = mTlglﬁl, from (4.4)

and (¢;), we get
m |§1 <vm |£°+Lm |§1
rige, =7 Mrle, riSe
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Since v+ L <1, then 1 — L > v > 0, implying that

v
¢, < ﬁ mr|€1 < m»,-| . (46)

mr|

Since ¢; # 0 is compact Ve cq,, Je,ese,- If §o € TEy, then &, is a F.P of " and the proof is
done. Consider &, ¢ I'é, such that mrlg = m,n|§1€1 from (4.5) or (4.6), we get

melg <m0 (4.7)

Therefore, %min{mr| 3¢, ,mT| } < mr| , and m,n|£2 < H, |§51 Since (I', ) is a pair of
4.1)

as-admissible w.r.t. 7, then 0"53 > 77|5 1mphes that a*|‘y$1 >

’rg From (4.1), we have

o (miliz,) <o (HIFE) <vlo(v Mg +LNE)].
By similar way in (4.4), (4.6) and (4.7), we obtain
(g2 < )

Because of T'§; # () and is compact Ve, eq,, Je,ere, and if {3 € S€3 , then {3 is a F.P of &
consider &5 ¢ I3 such that mT|§3 = mT| . Therefore, mln{mr|rg , My | 63} < mr|5 , We

have m,ﬂ|g3 < H, ’1“52 and from (4.1), we get

T
6 (mrlS,) < 0 (Hlsty) <wlo (Mg + L NIE)] <0 (i)
implying that
S < g2

Continuing in the same vein, we find that Vi>0, 3¢, . ere,,, so that

E2142€8€2k417

1
§mm{mr|£% .m €241 }< m |§2r§, :

T %52/@-’—1 r §2n+1
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§art1 §2rt1 52m+1 S€ok41
and oz|£%+2 2 Nty = a*|r§2 52 77*|F£2n+2 . Hence from (4.1), we have
52”1) < g5 Y < [ (
o (mile < o |, J=elo(ym

&2&
E2rt1

< wfo(mii,)] <o (mr@i:“)-

The inequality (4.8) confirms that {mr| é”’"ﬂ} is decreasing and J,>0 such that lim m,|

0. Presume that o > 0. From (4.1), using (4.4) and (4.8), we can write

Téy,
o )gw (v Ml
k-1

[0 (v 2§
vlo(mie )] < rMmr

¢(mT’§2:+1> = ¢<I:IT

IN

IA

< o (mel2)

Letting k — oo in (4.9), and as ¢ € U, we obtain

3 2K 4 2K 50
0< Khj{.lo(p (mT|52~+1> < lim 9 [¢ <m7’|51)}

K—00

implying that
lim ¢ (mT]£2“ ) =0.
K— 00O

§2rt1

From (¢,) ,we get

lim mT|§2” = 0.
K00 2k+1

+L N )]

2]

(4.8)

£2m

Eart1

(4.9)

(4.10)

Next, we verify that {¢,.} is an m,-Cauchy in (£, m,). Recollect that, from (M,;;) and V>0,

we have
0 S mr"ﬁrﬁ&m«kl - |£ —+1 :

Let k — oo in (4.11) and using (4.10), we get

lim m =0
K—00 r‘fnvén«kl ’

leading to

lim m,[z" =0or lim m,| “*1 =0

K—00 K—00
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Therefore

lim mr’g £ = lim mln{m,n]§ ,mrfg }—0. (4.14)

K, t—00 K,x—00

Thence, using (4.14), we get

hm (Mr|£'€’£% N mr|£fm£%> - hm ‘mT|§: - mr‘g: =

K,2—00 K,2—00

Next, we manifest that lim (mr|§” — m,ﬂ|5 € ) = (. Suppose on the contrary that

K,2—00

lim (mréi - mr|§m£%> £ 0.

K,2%—00

Then, J.~o and subsequences {{R(p)} and {fﬁ(p)} of {{,,} such that Vpen, Ju(p)s(p)en With
#(p) > Kk (p) > p attaining

N(P o >
|§ m”|5~v<p>75x<p> =€ (4.15)
Let  (p) be the least exceeding s (p) and satisfying (4.15) so that
En(p)—1
r|§;«(p) - ’m,?«|£n(p)717§%(p) < 6, \VIpeN (416)
Utilizing (M) in (4.15), we get
< ”(P) _ .
€= milg (») Ml iy i (4.17)
/(p) _
= m’"‘i (»)—2 mT‘@(p)&(p)—z t
Er(p)—2 _ En(p)—1
|§,@(p) 1 mr‘ﬁ (p)—28r(p)—1 ’f T|£K,(p)71’£f€(p)
< e+ mr|§m(p) ? r‘gﬁ(p) !
Let p — oo in (4.17), using (4.10) and (4.16), we obtain
lim (m |£“(p) — my| ) =e. (4.18)
p—oo \ & (p) "€ ()€ (p)
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By (M) again, we have

En(p)

_ Se)  _
mr’5%<p>+1 ’”|5~<p>75%<p>+1 mr|5n<> 1 mr‘pr)vfn(m—l (4.19)
H(p) 1
|§ mT|£n(p)717€z(p)
54<p> B
T|€%<p>+1 mr|f%<p)7fz(p)+1
) Er(p)—1
<
= mr‘5 < o T mr‘ﬁn@) T’fn(p)—lvf%<p)
/(p)
+ mr‘g o1
Letting p — oo in (4.19), utilising (4.10) and (4.16), we obtain
3 H(P) _ <
plggo( ’f (P)+1 m”|5~<p>»5x<p)+1) =€ (4.20)
Similarly, by (M,;,), we have
P (4.21)
" () "k (p)—1:€ (p)
55(17)—1 éﬁ(p)
< —
- mr\£ ( ) T’f»e(p)—lvfn(p) + mr’fx(pm ’"|5n<p>»§x(p>+1
£ (p)+1 o
‘5 My ’5/(p>+175x<p> :
N(p n(p) éu(p)ﬁ»l
= m’"‘f ’5 P+ r|5n<p>’5x<p>+1 * mr‘fx@) '
Letting p — oo in (4.21), using (4.10) and (4.16), we get
K(p)—1
plggo (m’”|§ m’"|5~<p>—1v5x<p)) se€ (4.22)

From (4.10) and (4.18), we can choose kg > 1 such that V>,

|5»z<p)

1
min { mT’ e TSk (p)

D) T’f»e(p),rsﬁ(p) ’

2

1 ¢ ¢ 3
< —mi #(p) ~(p) ~(p)
- 2 mm{m’"'“x(m ’ mefn(p) < m’“|f~(p> :
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Now, utilizing (M), (4.

10) and (4.16), we get

lim (’yM |§“<P> "L LN, \E“@’ 1) (4.23)
p—)OO
En(p)—1 M. [erm—1 Ex(p)
mr|54< y |§ ] |€z(p>+1 ’
max , k(p)—1 |:1 mr V(P)
v mrle [Tl gy
1+mr|§“(”) 1
= lim 2
p—00 m |5n<p) 1 ‘ﬁn(m—l |5x<p)
"y T k) " (py+1
+L min LERE=1 ()
Sk (p) S (p)+1
1+mr\£:<(z;))—1

IN

vymax {0+ €+ 0,0,0,0} + Lmin {0+ ¢+ 0,0,0,0}

ve.

Thence, from (2.26), (2.1), (¢;) and since ¢ € ¥, one concludes

Pé(p)—1
p(e) = plLIEogb(mr‘g (p>+1> <p1520¢< "9t )
< v fo(fmy g L NS )
< Ylp(rl <ole),

a contradiction. Therefore, lim (mr|§" —mrle ¢ ) = 0 and hence {¢,. } is an m,-Cauchy in a

K,2—00

C-R.M-M.S (A, m,), 50 Jgxcq, such that §, — " as k — 00, = 5,11 — £ and &y, 9 — £ as

Kk — 00. By virtue of (4.1), we infer that

§2n+l _ . _
Hh_)m ( - m,«|§2n+17£*) =0 and th_)rgo <MT‘52,¢+17§* - mT|§2K+17€*) =0. (4.24)
Next, we prove that £* € JE*. Since from (4.13) and by (4.24), we get
lim_m, |32 = 0, (4.25)
K—00
It follows from (4.1), (4.8) and (4.25) that
o T2k
lim H,| " =0. (4.26)
K—00 e



Since 62‘,{_’_1 S ].—‘525, then

P2
mr|§\2;*+1 < H, 2 .
E*
Letting k — oo in above inequality, we obtain that
lim _m, |25 = 0. (4.27)
K—00
From (M,;;), one can write
£2m+1

mr|§2n+17g£* < mr|g€* s

which yields that

KILII;O m”‘£2m+1,§¥£* = 0. (4.28)
Now, utilizing (M), we have

Mg — sup my (4.29)

S mr‘gg* - mT’é-*’Sx*
62.‘»@—&-1
S T‘€2r€+l a mr‘5*,§2~+1 ’ - T‘§2~+1»Fm2n
~ FéQn
T Hr| e Mg, 00
Sant1 i [2n

< T|€2n+1 |§2n+1 05* ’

Letting k — oo in (4.29) and from (4.24), (4.25), (4.26) and (4.27), we infer that

m"|c‘$ < sup Mmyfes, (4.30)
yesEg”

Using (Myi;) Vyeger, we get

Mrlge y < m"f/* ’

yields

mr‘g*,y - mrlg* <0.

Thus

sup{mT|£*7y - mr|§ cy € 35*} <0,
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this implies that

SUP Mp[gx , — SUP mTF <0.
yestr yese”

Therefore

sup my|es , < mr\gg*. (4.31)
yes¢”

Now, from (4.30) and (4.31), we obtain

melS .. = Sup Myl
r@g ye\sg 7“6

Thence, by Lemma 4.1.2, we get &* € J€¢ = 3¢*. Similarly, we can easily conclude that
£ € T¢* =T¢*. Hence, S and I have a C.F.P. m
Example 4.1.8. According to Example 1.3.2.3, we take 6 € {0 } and the R.M-M.S

becomes <Qr{0737ﬂ},mr> so that

Qr{o,%ﬂ} =[0,00) U (V; ={2=rki:k <0}),

and m, | \31|+|Z2\ Y.y e (o) Consider the two mappings I', S : Q S CB| {0 7}
by
I'z = %7% “€ Vs and Qz = {%} €V
{%} z € [0,00), {%} z € [0,00).

Define a,n : Q rfo,82) % Q rfo,52) ™ [0,00) by o =2 and 7|7} = 1, V217Z2EQ{ 035} Then,

1
I, are ax-admissible maps w.r.t . Now, V,, .,cv;, we have 5 min {mT|Fz1 , M |2

Define ¢ (r) = 2r € ¥, ¢(r)=2r€ ®,v=1 € (0,1) and L = 2 > 0, so that

~ |T'z1 r zl {3%7%}
¢ <Hr ) = 2 <max{ sup Mg, , sup me|, Z1}> =2 | max < my| s,y M,
S22 a€l'z; beS 20 { 222 } T2
_ Bl IBl) 8, (a3 20m+ 3
8 2 8 3 2 3 2

< 99 [2 (1]z1| + | 22| +2\21| + ‘Z2’>:|

Sizg

100 3 2 3 2
= Yo (yml2 +Lm |2 )] <o (v M2+ LN

131



Similarly, V., .,e[0,00) (4.1) satisfies. So, the hypotheses of Theorem 4.1.7 hold, and 0 is a C.F.P
of I' and .

Theorem 4.1.9. Presume that (,,m,) is a C-R.M-M.S, {, € Hﬁo C Q, be an arbitrary, a,n :
Q,%xQ, — [0,00) be given functions with a\g‘; > 77\?;, ¢ € ®andp € U. Let I',¥ = Q, —
CBT\QT be continuous semi a,-admissible multivalued maps w.r.t n satisfying (4.1) V

£1,62€ B|§O '
Moreover,

o (mrl$e = ol ) <30 [0 (mef®)] €0 Voo (4.32)
1=0

Then, I and & have a C.F.P in B|§° C Q,.

Proof. Let & € B[, J¢ cq, such that & € T'¢) and J¢,cq, such that & € J¢,. By
continuing this approach, we construct an iterative {£.} so that, &y, 1 € T'éy, and &y, 5 €

SEoprr- As oz|§(1) > 17|£(1’ and (I, §) is a pair of semi a,-admissible multivalued maps w.r.t 7, then

Qv gﬁfi > n, gifi which implies that oz|§; > 77|§; from which we deduce that a*|§§; > 77*|§§21

N . . . o o —1 rés,. T¢,,.
Continuing in this way and if ¢+ = 2k + 1, Kk = 1,2,. Sy > 1, ST

.., 5=, we obtain ax|

Eant1

which leads to o¢*|£2 i > ,’,’*|£2n+1 v

Eon iy TR0 - Now, we evince that &,, € B|§0. From (4.32), we have

o (molfs = el ) = 30 [o (mlf)] < Voo

That is £, € B|®. Let &, &, &yl € B[, for some 1 > 0. Now, from (4.1), we can write

6 (milgt) <o <H fh) <y fo(ml )]

E2042

Similar to steps (4.4)-(4.9), we deduce that

o (mel2t) < v o (ml)] Vizo - (4:33)

§2042
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Using (Myiv), (¢4), (4.32) and (4.33), we obtain

€ 3
€ melg) — mr|£o e T mr|§ = Mg, g F o
¢ (mr’aml - mr’50,£21+1> < ¢ ' ’

|£2 +1 T’§22’§22+1
< ¢ (mr|§? +mell +.+m Igz’H)
< ¢<mr\50+mr\£;+ +m \521 )
< o (mil2) + o (molt) + ot 0 (mife2 )
< o (mrlfe) + [0 (mrlip) ]+ e 0 o (me)]

IN
<
ASS
—
3
3
g
~
AN
o

Thence, £,,1 € B[fo by induction §,, € B\fo, therefore {¢,} is a sequence in B|*° and a\é“

n\é”ﬂ V>0 As I and S are simi a,-admissible maps w.r.t n on B| then a*|F£“ > 17*|1;%+1 .
Now, inequality (4.33) can be written as
QZ) (mr|§n+l> < TZJH—H [¢ (mr‘g)} . (4'34)
Passing k — oo in (4.34), we get
hm ¢ (mr\g”‘*l) =0.
From (¢,), we have
lim m,,|£“+1 =0. (4.35)

KR—00

Now, we evidnce that {{.} is an m,-Cauchy sequence in (B|f°,mr>. Let s,k € N with

133



»x >k > p. Then

3
mT’§:+1 o mr‘gmffﬁ—l

SK, K
o (mrls —mile e ) < 0| tmilE —mile o

+ mT’&:_l o mr’&x—l’éx

+ 0 (mlg)

< ¢ (mr|§:+1 + mT‘ﬁ:E Tt mr‘giil)
& e

< o(mle,,) o (mles) + -

<

A+ [¢ (mrlgf)] -

Taking limit as k, > — oo in (4.36), we get

lim ¢ <mr\§: - mr\gﬁ,g) —0.

K,2—00

Applying the condition (¢,), we have

lim (mr|§i — m7"|£m$z> =0.

K,—00

By the same way and from Remark 1.3.2.2, we obtain

MT|§2~+17§2K+2 a
¢ (MT|§2K+17§2H+4 - mr|£2n+17£25+4) < ¢ + MT‘§2K+27§25+3 o

+ M, ‘E2n+37£2n+4 o

¢ (Mr‘£2n+1’£2n+2 - m

IN

o8]+ o ()] -

m.
r ‘€2n+1)£2m+2
m

r ’§2K+2 7£2n+3

m
r |£2n+3 E2m4a

T‘£25+17§2n+2>

+¢ <MT’£2/€+27£2N+3 B mr|£2f€+2’£2'€+3)

+¢) <MT’£2K+37£2N+4 - mr|£2m+3’€2"€+4) ’
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In general, V. . pen With 22 > k£ > p. Then

MT|§H’£}:+1 o mT‘£n7§H+1 +
¢ <MT’£N7£;{ o mr‘gnigx) S ¢ Mr|5n+17£n+2 o mr‘£n+17§ﬂ+2 + _I—

Mr|£;¢711£;{ - mr|£%711£%

(MT|£z’£z+l - mT‘517£l+1>>

Mile e\ — mr|5l,5z+1>

-1

I
-
M&

2
1

¢

K

X
|

IN

N
L

IN
M1 L
VS VS

¢ mT’sz)

31
1L

IN

vt o (melf)] <

i
o

this leads to

lim qb (MT|£M§;: - mr|§m§z) = 0.

K,%—00

Applying (¢5) again, we get

i (Mr‘gms% - mr|£mfx> =0.

Therefore, {£,.} is an m,-Cauchy in Br|§°. So, such that £, — & as Kk — 00, =

g€ By0
Eopr1 — & and &g, 9 — & as kK — 00. Since I' and I are continuous, and

lim (mr\?““ - mT|€2H+1,§*) —0and lim (MT|§2K+17E* - mr|£2n+17§*> —0. (4.37)

n—oo KR—00

Next, we prove that £* € I NT'¢". Pressume that mr]f;* — My|g= pex > 0. So, by (Myiy), we

have

mlg, = mulg e+ malg = mele e

6 (milfer = muler per ) <0 o (4.38)
+ mr‘l—\g* - mr|£n+171—‘€*
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Applying (¢;) in (4.38), we get

£ £
x mylg — Myl e+ my
mT‘ﬁ‘f* - mr\é*’rg* &x H+1 ® Srt1 . (439)
‘ B mr|§n+lvl—‘€*

Taking limit as kK — oo in (4.39), we have
mr‘%g* — mr‘g*,rg* < m,«hég* — mv"g*,rg* ,

a contradiction. Therefore, mrlf;* — Myl pe» = 0, and hence £* € T'¢". Similarly, we can

evidence that £* € S¢*. Thus, £ € SE* NTEF, that is T and S havs a C.F.P £ ¢ BT|§0. (]

Example 4.1.10. From Example 1.3.2.3, we consider 6 € {0 7r} . Then, the R.M-M.S

’ 9
becomes < T{[)’%’ﬂ},mr) so that

T{O Ta) = RU(Vi={z=ri:x>0}),

z z 2z Q P

and m, |7, = h\zﬁ VZLZzGQT{o,g,W}' Define I', & : Qr{o,g,w} — CB,| 057} by

L) e se@2oqupon b {geg) 2 € (0,200000,20;
{1,4z — 63} otherwise, {0,6z — 105} otherwise.

Consider 29 = 0, € = 10. Then, B,[|* = (0,204 U [0,20] and m, | = my|a = 0, therefore,

1 20
Vn>0, € >0 and VZ SEBT 2 mm{mr\FZO , M| & } < mAZl , we have

SIz1

6 (ml2 — mal.,..,) < zw (mef2)] <.

Define a, 7 : QT{QW’W} X Qr{o,z,n} [0,00) by
7
52 z€Vy 2z zeV;
all) = and 7|7} =
2 zeR, 1 zeR.
le 399

Thus, |7, > 7|7} implies that oy |\YZ2 VZLZQGQT{O,%J}. Now, let ¢ (r) = 5 and
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¢ (r) = 2r. Then, for z; = 30 and 23 = 31, we have

. |I'30
(i

331

) =187 > 37.99 = ¢ [¢ ('v M,[3) + L eri‘f)} '

So, the condition (4.1) does not hold for some 21, 29 € Qr{o T} On the other hand, V
19

21,22€ BT|50
with considering v = % € (0,1) and L = % > 0, we have

s (H

i = 2max<{ su 9 3 {35030 }
= P mr’{ﬂﬁ , Sup mr|b

aclz 30760 peQzo

21 {21 21
— 40 1207 40
= 2max < my|{% =y, Ml

30760 30

2 21
— 40 120
= 2max my|% , my| L2
60 30

2 1
6

) m’!" 229

3

= max{mT]z
< 399 [2 (1]21\4—\,22] N 2[21\4-\@])}

w
o k\.’)‘,_.

<}

20
400 |“\3 2 "3 2
= ¥ [o(yml2 + L m|2)]
)

¥ o (y M2 + L N2

IN

Hence, all hypotheses of Theorem 4.1.9 are satisfied, and 0 € B, |2 is a C.F.P of I" and 3.(Note

that 21 € Qr{o,g,w} is an another C.F.P of I and , but 21 ¢ B,|°).

Corollary 4.1.11. Let (£,,m,) be a C-R.M-M.S and the pair I'; ¥ : Q, — Q, is said to be
(¥, ¢)-Suzuki Rational-type contractive maps, if 3pea pew and I,¢ 1), >0, With v + L < 1
such that Ve, ¢ cq, with T'¢; # S&,.

L.
7m1n{mT]§1§1 , mT|gQ£2} < mT|§; = (4.40)

2
o(mrlse) < wlo(vamlg+LNE)].

where Mr|§; and NT]Z are defined as in (4.2) and (4.3) respectively.
Hence, I and & possess a C.F.P £* € Q,.
Corollary 4.1.12. Let (©,,m,) be a C-R.M-M.S, and the map I" : Q, — €, is termed (¢, ¢)-

Suzuki Rational-type contraction, if Jpee yev and 3,¢(01), >0, With v + L < 1 such that
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vgl,EQGQT With F§1 # ng'

1
Smin {m, B ol b o< omelg = (4.41)

2
o(milre) < wlo(vMIE+LNE)]

where
my| [1 + mr|1§15 ]
M, |§ = max mrlg ,mr|F§ ,mr\rgz Tt m(2.9) ) (4.42)
and
|F£ me |
N, |§ = min mr|§ ’mT|F§ , |ng . 1 : (4.43)
+ el

Hence, I' possesses an F.P in §2,..

Corollary 4.1.13. Let (Q2,,m,) be a C-R.M-M.S, £, € Br\fo C Q, be an arbitrary, o,n :

Q,xQ, — [0,00) be functions with « $o > n|2° . Assume Jypecq ey and I g 1) >0 With v+ L <
51 €1 ¢ 7'¢' ’Ye( I )7 =

1. Let T', ¥ : 2, — Q, be continuous semi a-admissible maps w.r.t 7 satisfying (4.40) and (4.32),

: o
vgo,gleB,\fo Then, I" and & have a C.F.P in B,[;° C ,.

4.2 Fixed point theorems for single-valued f-contraction map-
pings

Here, we initiate generalized #-contraction and prove related F.P results in R.M-M.Ss.
Theorem 4.2.1. Let (2,,m,) be a C-R.M-M.S, and I' : Q, — €, be a mapping. Suppose that

Joco and er(o,l) such that V¢, ¢, cq,,

mylrel #0 =6 (mrﬁl) < [9 ( Nr\gmk, (4.44)

where

A _max{mTy£ gl ,mTy%} (4.45)

Then, I" has a U.F.P.
Proof. Let £, € €, be an arbitrary and define a sequence {{, }xen by letting &; = T'¢,
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§o =T¢ & =T¢,,....¢ 1 =€, =T"TE, If for some g € N, we have [¢ = T'7T1¢, then T'9¢

isa F.P of I". So, we suppose that mr\£:§1§ > 0, Vyen . Now, from (4.44) we get

0 (i) < [0 (W)

where

rw—l Tr— 1 Fn—lg Ff»@g
Nr|pe = max { mpltee & M |hpe Sy s M| brs
Tre ¢ I'Tr—1l¢ Irr¢
Fm 1 Fn—lg
- max{m Tre mr|1w5 mrlr,iﬂg}
T+ 1
— max{mr\rm§ mT|FK+1§}

If N, |£:§1§ = mrlr,iﬂé, then from (4.46), we write

0 (mr|m+1§) < [9 (m’"‘Fnﬂg)r'
Taking In in both sides of (4.48)
o o (re5.0] 1 o )
a contradiction because k € (0,1). Therefore, we get
N = mlf.

It follows from (4.46) that

2

o (meltitse) < [0 (melbie )] < [0 (meE29)] << [0 (e

That leads to

K

1<46 (mr|£:§15) <0 (mT|§§)]k ; VkeN -

Letting K — oo in (4.49), we infer that

0 (mT|£:§r1§) — 1 as K — 00,
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which implies from (©2) that lLim m,|%

Jim. Fn+1§ = 0. Now, from condition (©3), 3,¢(0,1), 1c(0,00]

such that

o (molfitee) —1
lim 7
K—00 (mT]F,{H&)

Presume that I < co. Let B = é > 0. Invoking the definition of the limit 3, en

=1.

I‘K
0 (mr\r,ﬁ1§> -1
T
<mr|1—w+1£>

0 (mr|m+1£) 1

I T
(mT ‘Fmilg)

—1 < B7 VKZZHO'

This leads to

>1—B =D, Yesn,.

Thus
" r K
n <m7~|11:£1§> < Ak |:9 (mr‘g,{i%) - 1i| ) VHZHW

where A = %. Presume now [ = oo and let B > 0 be chosen. Invoking the definition of the

limit, 3,,en such that

0 (mrlrﬂﬂg) 1
I r
<m’f‘|r‘ﬁ§»1£>

> B7 VHZHO‘

This implies that
K T K
n (mr!;ﬁlg) < Ax[0 (mr!;ﬁ%) — 1] Vizko,

where A = %. Thus, in all cases, 34~0 and 3,,cn such that

n (mr\r,ﬁlg) < Ar [0 (mr|m+1§) 1} Vie>ko -

Using (4.49), we get

K (m’"|rn+1§)T < Ak ([0 (mr|rn+1§)]km _ 1) V> ko
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Taking x — oo above, we infer that
. re r
Jim s (melag) =0

Thus, J,,en so that

1
mr|1’w+1£ < ﬁ VHZ,‘Q . (451)

Now, we discuss two steps.
Step 1. When I'"¢ = I'*¢ for some intagers k # s with s > k, we get I'* 7" (I'"¢) = I'*¢. choose
w="T%¢ and p =m — n. Then, '’y = p, and p is a periodic point of I'. By (4.44) and (4.49),

0 (molt) =0 (melfis,) < [o (melt)]

If p — oo, we get mr|’1i# = 0. On the other hand, we write

o) =0 m) <o (mE )] = o )] < o ()]

which leads to

we obtain

6 (mlt) <k i |0 (mylih)| < kom0 (mol2)]
implying that
0 (mr|ﬁ> =0 (mr|£ﬁ> .

That yields mr\z = mr|ll:z = 0. Hence I'y = p, that is pis a F.P of I.
Step 2. When I'"¢ # I'*¢ for every k, s € N with s # sz, we prove that I' has a periodic point.

suppose on the contrary, utilizing (4.44) and (4.45), we obtain

0 (malfitag) < [o (MR (4.52)

where

Tr— 1 anl 1—%71 I“N+1
N ‘Fn+1£ - max{m’r|pn+1§ 9 mr’l"ng 5 9 m?“rn«kzg} . (453)
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From (©1), (©4), (4.52) and (4.53), , we can write
0 (mrlfiag) < [ma {0 (molFE) 0 (ol ) o (melBif) ) @)
Let k € I C N, so that
we = mas {6 (melfaf) 0 (ol ©) 0 (meloiag) b =0 (el
If |I] < 00, Inen such that V>,
max {9 <mr|£:;§) .0 <mr|£:;1§> .0 <mr|£:¥§>} = max {9 (mrﬁiglf) .0 <mr|£:$§>} :
In this case, from (4.54), we infer that
1< 0 (moll7eg) < [max {0 (ml20€) 0 (melE0E) ) Vs
Let Kk — oo above and using (4.50), we get

0 (mT|£:§r2§) — 1 as kK — o0.

If |I| = oo, we find {a} C {us}, such that
o re—1lg .
Uy = 0 (mr| ) for k sufficiently large.

Fn+1§

From (4.54), we get

IN

E <mr|£:;2£)]k2 <.<|o (mr|1€2£)]k“’

for k sufficiently large. Le k — oo above, we obtain

P k—1 k
<0 () < o (m )

0 (mr|£:$2§> — 1 as k — oc. (4.55)
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Then, in all cases, (4.55) holds. Using (4.55) and (©2), we have

nh_)Ilgo mT‘F~+25 0.
Similarly, from (©3), Jy,en such that
rr 1
Mrlpniag € 77 ooy (4.56)

Let N = max {rq, 51} . we consider the following:

If ¢ > 2 is odd, then we consider » = 2¢ + 1, ¢ > 1, Using (4.51) V_, 5, we obtain

m?“‘l“l-z+/£ mr’Fm&I‘m-&-%g < m"’|rm+1§ mT’Pﬁg,FH‘l{ (4'57)
FK+1
+ mT’I—\H+2E mr‘rﬁ+1£’1"fi+2£
T+ +2q
+...+ mT’I‘K+2q+1§ m’r‘|1"n+2q£71"n+2q+1£
Fn+2q£

S mT|FH+1§ + m’l"rn-&&g + + mT’I‘n+2q+1£
< L
TRV (e DY (k4 2V
<

S|
2
1=K

Now, if 5 > 2 is even, then we write s = 2¢, ¢ > 2, Using (4.51) and (4.56), V. x, we get

mr|1’*n+n5 mT|I"<§,I‘”+%§ < mT|rn+2£ mr|F’i§,F“+25 (4'58)
+ mT|Fn+3§ m'r’|rn+2£7pn+3£
Fﬁ+2q—1£
+... .+ mT|FN+2q£ — mr|pn+zq_1§7pn+2q£
T~ +2 Fn+2q71
S mr‘pn+2§ + m’r"Fn+3£ + + m’r‘|rn+2q§ 5
< L 1L !
TR (s YT (k42— DY
1
< D
1=K
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Combining (4.57) and (4.58), we have

o0

re¢ 1
mT’FN+%§ - mT‘F“é,F“'F}fg < Z /T VHZN, »eN"

1=K

oo K

Since the series Y | 7,1% is convergent, we find that mr|£,€§r% - My |prg prtrg 18 also convergent
1=K

as k, > — 00, which implies that

mr|1w+%£ - m’r‘|1"r€€’r‘n+%£ < mT‘F"H‘”{'

Thus, the sequence {I'*¢} is m,-Cauchy in m,-C-R.M-M.S (Q,,m,). Hence, there is some
u € , such that I'"¢ — u as Kk — oo. With no affecting generality, we can suppose that

I'"¢ # u Vk. Assume that m,|p, > 0, Using (4.44), we get
FK+1€ wa k
() < (N v

where

NT‘ENE — max{mryg'iﬁ , mr‘£:§1£ , m,«‘%u} .

Taking k — oo above, using (©4), Lemma’s 1.3.2.5, 1.3.2.6 and 1.3.2.7, we have
k

a contradiction. Hence, I'u = u, which again contradicts the assumption that I" has no periodic
point. Thence, I" has a periodic point u of period ¢q. Presume that Fiz{I'} = (. Then, we
obtain

my|p, >0, ¢ > 1.

Using (4.44), we obtain 0 (m,|%,) = 0 (mr\5311u> < [0 (me |2 )] < 0 (mylt,), a discripancy.
Thus, Fiz{T'} # 0, that is, I" has more than one F.P. Now, assume that u,v € Q, are two F.Ps
of T such that m,|* = m, 1" > 0. Utilizing (4.44), we get

0 (ml) =0 (mnlfe) < 10 (2] < 0 (el
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a contradiction. Then, I' has a U.F.P. m
Remark 4.2.2. Theorem 4.2.1 is stil valid if we replace condition (4.44) with one of the
following stipulations, V¢, ¢, ueq, with my|y =0:

(v1) There is 0 < k < 1 so that
el <k
My |pg max mr|§ ,mT|F5 ,mr|F§2 .
(¥2) Thereis 0 < k < % so that

r
m,,| 51 <k (m,,|1§1 + mT\F£2>

(v3) There is 0 < k < <‘/§2_1> so that
mr|F§1 <k <mr|§1 + mr\F&)
(¥4) There are § € © and k € (0,1) so that

0 =0 (m§9) < o ()]

We note that © contains a large class of functions. For instance
2 1
0 (r) =2 — —arctan , 0<a<l, r>0
v re

Corollary 4.2.3. Let (2,,m;) be a C-R.M-M.S, and T": 2, — €, be a self-mapping. If Jgcg
and Ela’ke(()’l) such that vﬁl,égeﬂr and ['¢; #T'&,

k

2 2
2 — —arctan T e < |2 — — arctan T ,
" et " R

where Nr|§; is defined as in (4.45). Then, I" has a U.F.P.
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Example 4.2.4. Let Q,, = {0} U{z€ C:arg(z) =} for a fixed ¢, 0 < ¢ < 2m. De-
fine m, : Q, x Q, — [0,00) by m,,\g; = % Ve, £y6Q,- Then (£.,,m;) is a R.M-
M.S. We take ¢ = 0,75 and the R.M-M.S becomes (Qro,g,mr> such that Qro,g = [0,00) U
(A; ={z=ri: 1 <Kk <oo})and m,|;) = m VZLZQEQTO%. Let 0 (r) = eV" € O©. Define

I Qro,g - QTO,% by

I

z€eA;, 1<k <o

24Kk °
z=4¢ 5, z € [0,1];
53¢ 2€(l,00), 2< K < o0,

Now, for z €A;, 1 < n < oo, we have

‘ZQ

Tz = +
9 (mrlrn> = eVl _g [ 1ZEEL 12Dy (1 mr@)

Izo 2 24+ K

— .
- R () (VY g

Then, I' satisfies the contraction (4.44) with 0 <k = /51— < 1.

For z € [0, 1], we have

21 22 _
0 (mrygg) _ 9 (W) _ <; ml) _

Similarly, for z € (1,00), 2 < kK < 00, we get
24|22 1 L NE!
0 (mr|£2) = 0 < 2l 12rl } 5 ‘2 ‘) =46 <25 mr|z;) =e? " |22
1 1
z1 2K z1 K
= (ev ’”') < (ev NT'Z?) = [0 (N 2))

where £ = 2% € (0,1). Hence, the conditions of Theorem 4.2.1 are satisfied and z = 0 is a

UF.Pof I
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4.3 Application for existence a solution to a non-linear integral

equation
In this section, we apply Theorem 4.2.1 to consider the following NIE:
! k
£(r) = /0 £[7 |l dk, 7€ [0,D], D >0, (4.59)

where £ : [0, D] x [0, D] — R and w : [0, D] x R — R are continuous functions.

Define I' : 2, — Q.. by:
t
¢ (r) = /0 £]}, @|E g dk. (4.60)

Let ©, = C([0, D],R) be the space of all continuous functions on [0, D] to R with

2 rel0,D]

§1ll +1I€ £ (r)| + 1€ (r
N [ B YR 1T S
Obviously, (2,,m,) is a C-R.M-M.S.
Theorem 4.3.1. Via follownig assumptions, the problem (4.59) has a unique solution in £,.
(A1) £:]0,D] x [0, D] — R is a continuous such that max, ycjo,pj | £[}| < 1;

(A2) w : [0,D] x R — R is a continuous such that 3y>; and

- 3
<Ne Bl Ve, ge0,. ref0.0]

‘w‘gm + ‘w‘gm

where PTE; — max { ‘§1|‘5‘52" ‘§1|+2‘F51‘7 ‘52|+2‘F52‘ } :

(A3) v£1,§2€Qr7 Hé‘l”)\ = maXTE[O,D] ’§1 (71)’ e*)\T‘ and
g &l + 10, 160 ()] + 165 (M s
Ml ==~ = mex . —

Then, (2,,m,) is a C-R.M-M.S with A = 2;
(A4) V¢, ¢ cq,, we define § € © by 0 (r) = V", 7> 0.
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Proof. Define the operator I' : Q, — Q, as in (4.60), we get

T ()] + [TE (r)]

‘/0 £]; @I k) dk‘ + ‘/0 £]i wIE i) dk‘
" r k k
/0 | £]] (‘Wkl(k)‘ + ‘w|52(k)’) dk

" k k T2 ox b k)
/0 (‘w|5l(k)]+‘w\£2(k)‘)dk_/o X B[S0 dk

|£1(k)|§|£2(k)\ oA |£1(k)\+/\\1“51(k)| e~ A

IN

VAN

= )\26_)\/ e™ max dk
0

|€2(k)\+)\\F€2(k)l oA
T
< )\26_)\/0 e max{mm\g; , mm\?&l , mrA\§252} dk

t
= NN / ek
2 Jo

1
= XN (1)
= AN = de T NG
< e NT@ e
Consequently, we have

L& (k)] + [TEy (k)
A

|e—)\r S e—A N’r”gé .
This implies that

¢ (k &, (k
& pax ITE, (k)| + [TE( )|€7)\r < e N[
£ 1€0,D] A &

From (A4), we get

I
N

yielding that
X3 e\1*
0 (mrA‘r52) < [0 (NT|52)] s Ve £,60

€ (0,1) with A = 2. Thus, all the conditions of Theorem 4.2.1 are satisfied and

A
where K = e 2

I' have a U.F.P, that is a unique solution to NIE (4.59).
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Conclusion

In this dissertation, we introduced the concept of semi «a,-admissibility w.r.t n and inves-
tigated F.Ps of Cirié—Type rational contractions, we also proposed the concept of a G.D.P
as a novel framework to establish F.P findings for both (1), ¢)-integral Khan-type contraction
and f-integral contraction. Furthermore, we examined F.Ps of almost Fisher-type multivalued
Fx-contractions within C-M.Ss endowed with a I'-transitive binary relation ®. These findings
are supported by illustrative examples and an application for solving NFDEs. The extensions
developed in this section yield various multivalued F.P outcomes, considerably deepening our
knowledge within this domain of analysis. These contributions extended the results reported
in [106, 15, 114, 112, 51, 57], as well as in other works cited in the literature. In the second
part of the dissertation, we combined Wardowski’s cyclic contraction with admissible multival-
ued Geraghty contractions to introduce the notion of 7-Cyclic (ax, ,)-admissibe contraction
maps and established C.F.Ps for such contraction in C-Mb-M.Ss. We also proved F.P results
for self-mappings of symmetric a-5-n-1-contraction and almost Hardy-Rogars-type multivalued
(1, ¢)-contractions in C-Mb-M.Ss. These theorems were then applied to examine the existence
of solutions to pairs of ODEs and FODEs. These outcomes extended the results reported in
[35, 11, 38, 19, 42, 43, 36], along with other relevant references in the literature.

In the third part, we explored the concepts of f-contraction self-maps and almost Suzuki-
Rational (1, ¢)-contraction multivalued maps, and established several F.P and C.F.P results
for these mappings in C-R.M-M.Ss. An application provided for solving a NIE. These outcomes
serve as extensions of the work presented in [109, 66, 52, 53] among other documented studies.

Overall, this dissertation makes significant contributions to the field of F.P.T by providing
new insights and methodologies that enhance both the theoretical understanding and practical

application of these concepts in broader domain of M.F.P.T.
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