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Preface

Bioconvection occurs because microorganisms, which are denser than water,
swims in one direction on average results in change of density in the fluid. The
microorganisms which move against the gravity are called gyrotactic microorganisms,
these organisms rise upwards in a fluid. When the upper surface of the suspensions
becomes too dense due to the accumulation of microorganisms, it becomes unstable,
and microorganisms fall to generate bioconvection. The pattern continues since these
fallen organism tries to return to the top surface. Bottom-heavy alga and some
oxytactic bacteria are two forms of up swimming microorganisms widely used in
bioconvection investigations. Although their bioconvection patterns are extremely

similar, their orientation processes are not.

Asymmetric mass distribution causes bottom-heavy microorganisms to swim
upward in motionless water. When such microorganisms are in a flow field, the
swimming direction is governed by the balance of torques caused by shear flow
viscous drag and gravity acting on the cell. Cells tend to swim towards regions of
downwelling fluid, which is known as gyrotaxis. Experiments using oxytactic bacteria
on bioconvection are carried out in a chamber with the upper level of suspensions
open.  These bacteria use oxygen and swim up to higher oxygen concentrations.
Theoretical models for both bottom-heavy alga and oxytactic bacteria are available.

Numerical simulations of bioconvection are also carried out by several researchers.

Dillon et al. [1] developed a microscale model of bacterial swimming in 1995,
which portrays microorganisms as individual germs. This model takes into account
with various geometries such as flagellar rotation, hydrodynamic interaction of
swimming bacteria, and microbial absorption. He also simulated this model, but due
of the complex geometry included in this model, only a few microorganisms were

depicted in the simulation.
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A particle model of chemotaxis was proposed by Hopkins and Fauci [2]. They
described microorganisms as discrete particles while ignoring the geometry (such as
flagellar motion). They were able to simulate numerous particles using this simplified
definition of microorganisms. It was also assumed that dilute fluids were

homogeneous and incompressible.

It is noticed that there is no addition to the research of viscoelastic fluid flow
between rotating circular plates filled with microorganisms and nanoparticles. In the
thesis, we assume that the flow in the tangential and axial direction. The viscoelastic
nanofluid with motile gyrotactic microorganisms is filled between the pair of rotating
plates. The famous Differential Transform scheme is used to obtain the solution of the
ordinary differential equations. Padé approximation is also applied to enhance the
convergence rate of the solution obtained by the Differential Transform Method. The
impact of various parameters in nanoparticle concentration, velocity, temperature, and
motile microorganism function is analyzed thoroughly using graphs and tabular

forms.

The current thesis has been organized into nine chapters.

Chapter 1 discusses research background, motivation, objectives, outline of
the thesis and semi analytical method. Chapter 2 is concern about governing
equations, literature review, important terminologies, geometry of the problem.
Chapter 3 focuses on transport of motile gyrotactic microorganism in nanofluid
between circular rotating plates with the effect of thermal radiation. Semi Analytic
technique DTM is applied with the merger of Padé approximation. Graphical results
and tables are drawn to discuss the physical outcomes of the results. Chapter 4
examines transport of motile gyrotactic microorganism in nanofluid between circular
rotating plates with effect of external magnetic field. Influence of different parameters
are analyzed through graphs and tables. Chapter 5 investigates the transport of motile
microorganism in a Carreau fluid between circular rotating plates with effects of

Arrhenius kinetics. Carreau fluid is the class of viscoelastic fluid. DTM-Padé



technique is used to solve the problem. Graphs and tables are drawn to discuss the
physical outcomes of the problem. Chapter 6 focuses on transport of motile gyrotactic
microorganism in a Williamsons fluid between circular rotating plates embedded in
porous medium. Semi-numerical technique is applied for the solution of the governing
equations. Chapter 7 investigates the transport of motile gyrotactic microorganism in
a Reiner-Rivlin nanofluid flow betwixt rotating circular plates alongwith induced
magnetic field and activation energy. The detail model of Sutterby fluid is explained,
and flow problem is solved with the help of DTM-Padé in chapter 8. The impact of
activation energy and thermal radiation parameters on nanoparticle concentration and
thermal profile are shown graphically and discussed in detail. Chapter 9 provides the

chapter wise conclusion of research performed and future work of this thesis.
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Chapter 1

Preliminary

1.1 Introduction

In this chapter, research background related to title of the thesis is discussed.
Related literature review is discussed briefly. Motivation and objective of the thesis is

also discussed in this chapter.

1.2 Research Background

The word “bioconvection” refers to a desirable research field that
encompasses a diverse range of applications in everyday life and has the potential to
lead to interesting advancements in real-world. In biology, the term “bioconvection
pattern” refers to convective flow of materials on large scale caused by differences in
density between two materials. Movement of microbes is responsible for the variation
in the density gradient. These self-propagating microorganisms are typically
examined in the upper fluid region, which is significantly denser than the lower fluid
region. The instability of the system is responsible for the demarcation trend of
surfaces. Biofuels, enzyme biosensors, biological tissues, micro-systems,
biotechnology, transportation processes, and all incooprated this phenomenon. The
bioconvection process makes use of microorganisms-enhanced oil recovery. This is
used to investigate variation in permeability since it is based on combined use of
microorganisms and nutrients in oil-bearing zones. Based on the movement of various
microorganisms in three distinct directions, the bioconvection system may be divided
into three major types which are gyrotactic, chemotaxis and geotactic
microorganisms. On the other hand, nanofluid bioconvection offers a wide variety of
applications, such as coolants for vehicles, architectural design, processing of
nanoparticles, sterilizing in thermal sciences, colloidal stability, polymer coating, etc.

Over the course of the last decades or so, number of researchers studied flow of



bioconvection nanofluids through a variety of geometries. For instance, in 1995,
Dillon et al. [1] developed microscale model of bacterial swimming, which showed
microorganisms as sole microbes. Another model for chemotaxis was suggested by
Hopkins and Fauci [2]. Turkyilmazoglu [3] evaluated the temperature and
concentration gradient properties of several nanofluid flows traveling vertically across
infinite plates. Sk et al. [4] used gyrotactic motile bacteria across a vertical stretched
sheet to examine the equation of motion for bioconvective nanofluid flow. Motsa and
Animasaun [5] explored the movement of an unstable nanofluid flow including
vertically moving gyrotactic motile microorganisms with passively managed
nanofluid over convectively heated surface. Mallikarjuna et al. [6] investigated
nanofluid flow in a vertical cylinder containing gyrotactic microorganisms, as well as
mixed convection processes. Sudhagar et al. [7] studied the existence of gyrotactic
bacteria in an isothermal cylinder fixed in porous material. They concluded the study
by suggesting that gyrotactic microorganisms increase the temperature and
concentration gradient while microbe thickness reduces it. Khan and Ali [8] studied
the effect on transport of an unstable bio-nano-transport model with activation energy
and thermal conductivity. Kotha et al. [9] studied two-dimensional bioconvective
MHD flow in the vicinity of a temperature and concentration gradient in a water-
based nanofluid. Basha and Sivaraj [10] looked at how MHD and gyrotactic microbe
density affected hyperbolic tangent fluid flow. Awais et al. [11] used nanoparticles

and gyrotactic bacteria to investigate the bioconvection phenomena of rheology.

Moreover, different authors discussed behaviour of microorganism using non-
Newtonian fluid models. For instance, Raju et al. [12] studied influence of gyrotactic
microorganisms on two-dimensional MHD Casson fluid flow through a wedge. They
concluded the study by saying that gyrotactic bacteria increase temperature and
concentration gradients. Saleem et al. [13] proposed that gyrotactic microorganisms
might influence MHD in a Jeffery nanofluid. The findings showed that increasing

Rayleigh number decreases magnitude of tangential velocity. The behaviour of



nanofluids in Darcy medium under the influence of MHD was explored by Kotnurkar
and Giddaiah [14]. Nima et al. [15] explored mixed convective flow in porous
mediums containing non-Newtonian fluids and motile gyrotactic microorganisms.
The results show that mixed convection parameters affect Nusselt number, motile
microbe density profiles, and Sherwood number, but only for pseudo-plastic fluid.
Khan et al. [16] investigated effect of binary chemical reaction on thermal flow of
thixotropic nanofluid containing gyrotactic microbe. Sohail et al. [17] investigated
homogeneous-heterogeneous reactions using Maxwell fluid and motile gyrotactic

microorganisms for three-dimensional entropy analysis.

Cooling down electronic equipment is one of most significant requirements in
twenty-first century. Heat transfer enrichment has also been discovered in mechanical
and thermal systems recently. Many commonly used fluids such as engine oil, water,
kerosene oil, and ethylene glycol, had limited thermal conductivity until the discovery
of nanotechnology. Choi and Eastman [18] proposed a new way to improve thermal
conductivity by incorporating a sufficient number of nano size particles into the
working fluid. His findings aided in the development of strategies for enhancing the
thermal properties of ordinary liquids known as based fluids. The thermal suspension
was improved by adding nanoparticles (size less than 100 nm) to base fluids, resulting
in nanofluids. Buongiorno [19] presented significant findings that are applicable to a
variety of industrial processes. He discovered Brownian motion and thermophoresis,
which are important in increasing thermal conductivity of working fluids. In cooling
process of machine parts, electric devices, and medicines, different fluids have
distinct solicitations. Nanofluids have multitudinous applications in engineering and
industry, such as smart fluids, nuclear reactors, industrial cooling, geothermal power
extract, and distant energy resources, nanofluid coolant, nanofluid detergents, cooling
of microchips, Brake and distant vehicular Nanofluids, and nano-drug delivery. In the
light of these applications, numerical researchers discussed the nanofluids in different

geometrical configurations.



Magnetohydrodynamic (MHD) has grabbed different researchers attention
because of its multitudinous applications in the agricultural, physics, medicine,
engineering, and petroleum industries, etc. For instance, applications of MHD involve
bearing sand boundary layer control, MHD generators, rotating machines, viscometry,
electronic storing components, turbomachines, lubrications, oceanographically
processes, reactor chemical vapor deposition, and pumps. The magnetic field is
critical and plays essential role in controlling boundary layer of momentum and heat
transfer. The presence of magnetic is beneficial to control fluid movement. It's
worthwhile to mention that magnetic essential modified the outcomes of heat transfer
in flow by maneuvering suspended nanoparticles and reorganized the fluid
concentration.

The usual models for linearly viscoelastic, isotropic and incompressible fluids for
which study related with flow, heat, and mass transfer features of motile
microorganisms in different geometries has not been discovered so far.

The non-Newtonian fluids have significant applications including science and
engineering, such as coating of wire and blade, textile dying, papers, manufacturing of
plastics, the flow of biological liquids, and food processing. In industrial applications,
the flow of non-Newtonian viscoelastic Carreau-nanofluids is essential to increase
energy performance. For example, it is used to release polymer sheets from the die or
in plastic film drawing. Non-Newtonian fluids have drawn considerable interest
among researchers and scientists because of its broad applications. Examples include
apple sauce, chyme, photographic emulsion, dirt, soaps, blood, and shampoos at low-
shear stress that may be noted as non-Newtonian fluids. In the chemical engineering
industry, viscosity of fluid plays a significant role. Viscosity is dependent on shear-
rate in case of generalized Newtonian fluids. The idea of the generalized non-
Newtonian fluid was introduced by Bird et al. [20]. Fluid flow past a rigid surface has
also been investigated, and literature suggests that the micro-level surface forces are
essential, and that fluid layering increases viscosity. They help to increase the

viscosity of fluid due to fluid coating. In the power-law model, limitation is that



when shear rate is extremely low or high, the viscosity is not adequately addressed.
To tackle this problem, the model of Carreau fluid model is presented [21]. Carreau
fluid model gains the attention of many researchers for several years because of their
essential characteristics. The flow on the magnetized permeable shrinking sheet and
radiation due to heat was examined by Yahya et al. [22]. Eid et al. [23] analyzed flow
over nonlinear permeable stretching sheet due to Carreau fluid under influence of
chemical reaction. Santoshi et al. [24] numerically studied Carreau nanofluids in
three-dimension on a stretching sheet in addition to considering mass slip and
nonlinear thermal radiation. The effects of the internal energy in the porous Von-
Karman model in steady electrically Carreau fluid under ohmic heating and transverse
magnetohydrodynamics were studied by Khan et al. [25]. They considered a
cylindrical coordinate system, and similarity transformations are applied to obtain
ordinary differential equation for proposed problem and implement a well-known
shooting scheme to achieve the results. Bilal et al. [26] studied flow features of
Carreau fluid by conferring the stimulating traits of thermal stratification. Appropriate
use of MHD and infinite shear rate viscosity flow equation are modelled. They
concluded that the thermal stratification characterizes fluid flow's thermal distribution,
and Carreau fluid acts in a reverse direction for shear thickening and shear thinning
liquids. Khan et al. [27] examined mass and heat transfer for convection in non-
Newtonian Carreau nanofluid on a cylinder in presence of temperature-dependent
thermal conductivity. They considered a well-known model, i.c., Buongiorno’s

model, which contains the Brownian and thermophoresis parameters.

Williamson's fluid is example of a non-Newtonian fluid that has shear thinning
characteristics. This model was presented by Williamson (1929), and several scholars
[28,29] used it to achieve the flow solution due to Williamson's fluid model. Khan et
al. [30] investigated two-dimensional flow of Williamson's fluid with thermal
radiation and effect of MHD. Amanulla et al. [31] considered magnetized
Williamson's fluid flow in permeable cone with slip effect. Hamid et al. [32]

investigated numerical research of Williamson fluid within chemical reactive species
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using a multi-slip model. They discovered that Hartmann number had greatest impact
on velocity and temperature profiles. Shamsi et al. [33] studied laminar flow in a
rectangular channel filled with a non-Newtonian fluid numerically. The Jeffrey fluid
model investigated by Nadeem et al. [34] over a stretching sheet. They discovered
that Nusselt number decreases as Brownian parameter increases but decreased
Sherwood number increases when the thermophoresis parameter decreases. In
presence of magnetic thermal conductivity, Shankar et al. [35] analyzed heat transfer
characteristics of Williamson fluid. They stated that increasing the index of

compressed flow reduces velocity.

1.3 Research Motivation and Objectives
The current study is concerned with “Transport of Motile Gyrotactic

Microorganism in viscoelastic fluids”. The main focus of thesis highlights on effect of
different viscoelastic fluids behaviour on bio convection of motile gyrotactic
microorganisms. Only, the flow through rotating circular plates have been
contemplated in present study to develop a better comparision between fluids.
Further, influence of thermal radiation, viscous dissipation, porosity, thermophoresis,
Brownian motion, induced magnetic field and activation energy are given due
attention.
In light of the aforementioned details, the current thesis seeks to:

e Study movement of motile gyrotactic microorganisms in one-parameter

viscoelastic fluid mediums.

e Examine influence of temperature for incompressible viscoelastic fluids on
movement of gyrotactic microorganisms.

e Examine influence of rotation of disks on the movement of gyrotactic
microorganisms.

e Compare movement of microorganisms in different viscoelastic fluids.

The current research has numerous industrial, scientific, and technical

applications. Future study will use the mathematical models and results for major



flow characteristics as a standard for validating traditional and experimental studies.
For the scholars in this field, this research also adds a fresh perspective to the

literature.

1.4 Semi-Analytical Methods

Few numerical methods need to be developed because coupled, nonlinear
higher order equations with non-linear boundary conditions (BC’s) are difficult to
solve analyatically. However, analytical and semi-analytical methods remains highly
crucial because they serve as a benchmark. In the literature, there are many different
numerical and analytical methods. Differential Transform Method (DTM), which is

used in current research, is as follows:
Differential Transform Method (DTM)

The Taylor series expansion serves as the foundation for differential transform
technique. This method provides analytical solution in form of polynomial.
Magnetohydrodynamics and complex material flow problems can be solved by using

DTM, which is reliable technique in finding solutions to nonlinear problems. To

explain briefly about the DTM method, let us define the »” derivative as

1|d
F(’?F-,[-{} : (1.1)
g!L dn n=ny

where, f(n)and F(n) represents the original and transformed functions. We can

define differential inverse transformation of F(7) as

F) =3 Fanm-n,). (1.2)

The aim of differential transformation is attained from the Taylor series expansion

and actual application the function f(7) can be written in terms of finite series as

£ =Y Fo)n-ny), (1.3)



The convergence rate depends upon value of m . Various differential transformations

used in this thesis are
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1.5 Thesis Qutlines

The current thesis comprises of nine chapters, set up from the preliminary
chapter, which addresses research background, aims and motivation, and literature
review. Further chapter 2, present detail about dimensionless number, governing
equations, geometry of the problems and solution methodology. Different problems
are investigated in subtiquent six chapters (chapter 3 to 8). Chapter 9 offers a

thorough summary of all previous research and recommendations for future effort.



Chapter 2

Literature Review and Governing Equations

2.1 Introduction

In this chapter, detailed literature review is presented. Governing equation of
fluid mechanics i.e., continuity, momentum, energy, nanoparticle concentration and
microorganism concentration equation are defined and discussed. All non-
dimensional parameters which are used in this thesis are also defined briefly in this
chapter. Squeezing flow phenomena between parallel circular rotating plates is

focused in this thesis. Two finite parallel rotating disks initially placed at distance D

away from each other. The cylindrical polar coordinates (”,9,2) with associated

velocity field U=(V,,V0,Vz) is consider in this thesis. The flow problem is

simplified and then solved with the help of Differential Transform Method. All
differential transformations which are used in this thesis is defined in this chapter

briefly. Finally, a complete layout of the thesis is given.

2.2 Literature Review

A nanofluid is substance that contains nano-sized particles suspended in base
fluid. These nanoparticles are generally made of oxides, metals, carbon nanotubes, or
carbides, while base fluids are often taken as water, oil, and ethylene glycol. The
potential use of in many applications in industry, i.e., heat transfer, especially in
pharmaceutical processes, microelectronics, engine cooling (vehicle heat
management), hybrid-power engines, chiller, fuel cells, heat exchanger, grinding, and
boiler flue gas temperature reduction. Gourarzi et al. [36] scrutinized impact of
thermophoretic force and Brownian motion on hybrid nanofluid. They concluded with

excellent point that nanoparticle formation on cold walls is more essential due to



thermophoresis migration. Ghalandari et al. [37] used CFD model silver/water
nanofluid flow towards a root canal. The effects of injection height, nanofluid
concentration, and rate of volumetric flow were explored and addressed.
Sheikholeslami and Vajravelu [38] studied control volume-based finite element
approach to determine magnetite nanofluid flow into same heat flux in whole cavity.
The impact of Rayleigh number, Hartmann number and volume friction of nanofluid
flow magnetite (an iron oxide) and heat transfer features were discussed.
Sheikholeslami and Ganji [39] addressed hydrothermal nanofluid in existence of
magnetohydrodynamics by using DTM. They discussed impact of squeezing number
and nanofluid volume fraction on heat transfer and fluid flow. Biswal et al. [40]
deliberated fluid flow in a semi-permeable channel with influence of transverse
magnetic field. Zhang et al. [41] considered outcome of thermal diffusivity and
conductivity of numerous nanofluids utilizing transient short-hot-wire technique.
Fakour et al. [42] inquired laminar nanofluid flow in channel using least square
approach with porous walls. This study shows that enhancing Hartman and Reynolds
number, velocity of nanofluid flow in channel declines, an extreme amount of
temperature is enhanced. More, enhancing Prandtl number along with Eckert number
also increases temperature distribution. Zhu et al. [43] inquired second-order slip and
migration of nanoparticles from a magnetically influenced annulus. They applied a
well-known HAM technique for solving equations and h-curve are drawn to validate
exactness of the obtained solution. Alamri et al. [44] revealed the impact of Poiseuille
nanofluid flow with Stefan blowing and second-order slip. The accuracy of analytical
solution is obtained by HAM and verified by h-curve and residual error norm for each
case. They claim that ratio of buoyancy forces in existence of a magnetic field played
a vital role in velocity distribution.

In previous decades, study of magnet fields in fluid flow grabbed substantial attention
because magnetohydrodynamics (MHD) is frequently used in many areas such as
crystal growth process, pumping, agriculture, and polymer industry. MHD was

recently identified as very useful in biotechnology as it is used in multiple testing

-
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processes for diseases. Recently, Lu et al. [45] studied mathematical models for
axisymmetric steady magnetohydrodynamic flow of Carreau nanofluids across
radially stretched surfaces under nonlinear radiation of heat and chemical reaction.
The additional feature of problem, which makes it unique, is generation/absorption of
heat connected with new applied zero mass flux conditions. The flow due to boundary
conditions due to convection with Carreau nanofluid with a magnetic field is studied
by Amanulla et al. [46-47] in addition to jump and slip conditions on a stretching
cylinder. Khan et al. [48] examined flow induced by non-Newtonian Carreau fluid on
stretching  cylinder ~ with  magnetic  field. Mustafa [49]  investigated
magnetohydrodynamic flow of nanofluid in presence of chemical reaction on a
rotating disk under effect of buoyancy forces and partial slip. Pandey et al. [50]
investigated effect of viscous dissipation in MHD nanofluid flow through a wedge in
a porous media. [51-53] could be used to interpret certain additional relevant
references.

Due to complicated nature of chemical reactions system, restricting to binary
type alone becomes more comfortable and straightforward. A chemical reaction
requires a quantity of activation energy to start. In Arrhenius equation, a reaction's
activation energy is obtained by describing constant rate changes with temperature. A
chemical reaction is chemical change in which reactants with varying properties may
yield one or more products. Several industries need chemical reactions as essential
phase in manufacturing process. Traditionally these types of responses occur in
chemical reactors and are generally constrained to mass transfer. The response is
sufficient when reagent volume and energy inputs enhance, and waste is reduced, then
the optimum product can be obtained. Bestman [54] applied the model of binary
reaction in the Arrhenius equation to produce a chemical reaction. The effects of
energy of activation and binary chemical change on a two-dimensional radiative
magnetohydrodynamics boundary layer flow for nanofluid on a vertical plate was
discussed by Anuradha et al. [55]. They scrutinized that temperature distribution was

accelerated, and nanoparticle concentration profile decelerates under effects of heat
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generation, viscous dissipation, and MHD. Irfan et al. [56] discussed the Carreau
nanofluid time-dependent flow for Arrhenius activation energy by using properties of
binary chemical reaction with mixed convection. Khan et al. [57] explored the
incompressible flow past a stretchable sheet of the Carreau-Yasuda model. Kumar et
al. [58] analyzed effects of chemical binary reaction in flow of tangent hyperbolic
fluid along with zero mass flux. Khan et al. [59] reported a new nanofluid relation
which examines the characteristics of the energy of activation with mixed convection
Carreau nanofluid. They studied radiation and magnetic field parameters on both the
entropy generation and the Bejan number.

For many industrial applications such as production of glass, furnaces, space
technologies, comic aircraft, space vehicles, propulsion systems, plasma physics, and
aerodynamics in field of aero-structure flows, combustion processes, and other
spacecraft applications, the role of thermal radiation is significant. Khan et al. [60]
studied effect of multiple slips on Jeffrey fluid model in existence of Soret and
radiation over a permeable sheet. Raju et al. [61] examined flow of convective
magnesium oxide nanoparticles with nonlinear thermal convective over a rotating
disk. Sheikholeslami et al. [62] presented the analysis of thermally radiative MHD
nanofluid through the porous cavity. Muhammad et al. [63] studied characteristics of
thermal radiation for Powell-Eyring nanofluid with additional effects of activation
energy. Aziz et al. [64] numerically analyzed hybrid nanofluid with entropy analysis,
thermal radiation, and viscous dissipation. Mahanthesh et al. [65] inquired the
significance of radiation effects of the two-phase flow of nanoparticles over vertical
plate. Jawad et al. [66] investigated bio-convection nanofluid flow of Darcy law
through a channel (Horizontal) with magnetic field effects and thermal radiation.
Majeed et al. [67] thermally analyzed magnetized bioconvection flow with additional
effects of activation energy. Numerous fresh developments on this topic can be
envisaged through [68-73].

Bioconvection characterizes the hydrodynamic instabilities and the forms of

suspended biased swimming microorganisms. The hydrodynamics instabilities occur

N



due to the coupling between the cell's swimming performance and physical features of
the cell, i.e., fluid flows and density. For example, a combination of gravitational and
viscous torques tends to swim the cells in the direction of down welling fluid. A
gyrotactic instability ensues if the fluid is less dense than the cells. Bioconvection
portrays a classical structure where macroscopic mechanism occurs due to the
microscopic cellular ensue in relatively dilute structures. There is the ecological
impact for the bioconvection and its mechanisms, thus promising for industrial
development. In the recent era, many scientists discussed the mechanism of
bioconvection using nanofluid models. For instance, Makinde et al. [74] examined
nanofluid flow of rotating disk and thermal radiation with titanium and aluminum
nanoparticles. They showed that the base liquid thermal efficiency is remarkable
when the nanoparticles of titanium alloy are introduced in contrast to the
nanoparticles of aluminum alloy. Reddy et al. [75] studied the Maxwell thermally
radiative nanofluid flow on double rotating disk. Waqgas et al. [76] examined the
effect of thermally bioconvection Sutterby nanofluid flow between two rotating disks
along with microorganisms. The fluid speed with mixed convection parameters grows
quicker but delays magnetic field parameter and Rayleigh number bioconvection.
Some important studies on the bioconvection mechanism can be found from list of

references [77-80].

Moreover, different authors discussed the behavior of microorganism using non-
Newtonian fluid models. For instance, Raju et al. [81] studied the influence of
gyrotactic microorganisms on two-dimensional MHD Casson fluid flow through a
wedge. They concluded the study by saying that gyrotactic bacteria increase
temperature and concentration gradients. Saleem et al. [82] proposed that gyrotactic
microorganisms might influence MHD in a Jeffery nanofluid. The findings showed
that increasing the Rayleigh number decreases the magnitude of the tangential
velocity. The behavior of nanofluids in Darcy medium under the influence of MHD

was explored by Kotnurkar and Giddaiah [83]. Nima et al. [84] explored mixed
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convective flow in porous mediums containing non-Newtonian fluids and motile
gyrotactic microorganisms. The results show that mixed convection parameters affect
Nusselt number, motile microbe density profiles, and Sherwood number, but only for
pseudo-plastic fluid. Khan et al. [85] investigated the effect of a binary chemical

reaction on

The thermal flow of a thixotropic Nano fluid containing a gyrotactic microbe. Sohail
et al. [86] investigated homogeneous-heterogeneous reactions using Maxwell fluid

and motile gyrotactic microorganisms for three-dimensional entropy analysis.

The minimum amount of energy needed to begin a reaction is referred to as
activation energy. Swedish physicist Svante Arrhenius coined word for the first time
in 1889. The Arrhenius equation represents energy activation as well as pace of
chemical reaction processing. Because of various uses in chemical engineering,
geothermic reservoirs, nuclear reactor cooling and thermal oil recovery,
mechanochemistry, water mechanics, and food processing, activation energy has
aroused the attention of various experts. Maleque [87] looked explored how activation
energy, heat sink/source, and viscous dissipation affect incompressible flow over a
porous vertical plate. Awad et al. [88] solved highly nonlinear coupled PDEs for
unsteady flow of incompressible rotating viscous fluid flow with influence of binary
chemical reaction using the SRM approach. The influence of the second law of
thermodynamics on the flow of an electrically conducting Casson Nano fluid through
a wedge was explored by Zaib et al. [89]. They discovered that increasing the wedge
angle parameter values increases the velocity distribution while reducing the
temperature profile and nanoparticle concentration. In the presence of nanoparticles,
Hamid and Khan [90] investigated the effects of a changing magnetic field on heat
absorption/generation in Williamson fluid flow caused by a rotating cylinder. These
findings demonstrated that raising the value of the response rate parameter lowers
heat transfer across the cylinder surface. Umar et al. [91] examined the flow of non-

Newtonian fluid over a stretched sheet in the presence of activation energy and slip.



They observed that when the velocity slip parameter and Hartmann number rise, the
fluid velocity profile decreases while the temperature distribution and concentration
profile increase. Abbas et al. [92] examined impact of EMHD on surface flow caused
by porous Riga Nano fluid with a gyrotactic microbe computationally. Wagas et al.
[93] used thermophoresis and Brownian motion characteristics in a cylinder
containing a gyrotactic microbe to study Wu’s slip, also known as the second-grade
slip mechanism for the Buongiorno’s relation. Usman et al. [94] examined flow of
viscoelastic fluid in cylinder and influence of activation energy. References [95-104]

include some existing research on the aforementioned topic.

In previous decades, the study of magnet fields in fluid flow grabbed substantial
attention because magneto hydrodynamics (MHD) is frequently used in many areas
such as crystal growth process, pumping, agriculture, and polymer industry. MHD
was recently identified as very useful in biotechnology as it is used in multiple testing
processes for diseases. Recently, Lu et al. [105] studied mathematical models for the
axisymmetric steady magneto hydrodynamic flow of Carreau Nano fluids across
radially stretched surfaces under nonlinear radiation of heat and chemical reaction.
The additional feature of the problem, which makes it unique, is the
generation/absorption of heat connected with new applied zero mass flux conditions.
The flow due to boundary conditions due to convection with Carreau Nano fluid with
a magnetic field is studied by Wakif et al. [106] in addition to jump and slip
conditions on a stretching cylinder. Khan et al. [107, 108] examined flow induced by
non-Newtonian Carreau fluid on a stretching cylinder with a magnetic field. Further,
the flow on a stretching cylinder affected by homogenous and heterogeneous
conditions was examined by them and applied to convective boundary conditions
numerically. This study mainly aims at the direct influence of homogenous and
different reactions of Carreau fluid on stretching cylinder with a magnetic field. A
practical method for two-dimensional Carreau Nano fluid for a non-similar solution

with magnetic field (applied) and mixed convection was analyzed by Sardar et al.



[109]. They showed that increasing the buoyancy parameter boosts both skin friction
and Nusselt number. In presence of infinite shear rate viscosity, the stagnation point
and the MHD flow of Carreau fluid are also detected. Salahuddin et al. [110]
examined generalized slip effects of magnetic field on Carreau Nano fluid for a linear
stretching cylinder with reactive species. Bhatti et al. [111] investigated peristaltic
motion of small particles suspended in Carreau Nano fluid with constant density.
Laminar flow in two-dimensional past a stretching cylinder covered with the porous
surface was studied with the effects of the magnetic field by Bovand et al. [112]. This
article presented the findings of a numerical study of the circulatory cylindrical fluid

flow under the influence of magneto hydrodynamics.

From the above-mentioned literature, it is evident that no efforts are made for
the flow of gyrotactic microorganism in squeezing rotating circular plates with
different viscoelastic fluid models. The aim of this thesis is to study movement of
motile gyrotactic microorganisms in one-parameter viscoelastic fluid medium through
semi-analytical approach. In this thesis our main focus should be on one geometry
i.e., pair of Circular rotating plates with different viscoelastic model because of its
importance in lubrication, rotating machinery, crystal formation processes, and

viscometry.

2.3 Governing Equations

The fundamental laws in fluid mechanics which expedites the flow behaviour
are law of conservation of mass, energy and momentum. A brief description of

mathematical formulation of these laws are presented as follows.
Continuity Equation

The continuity equation mathematically represents the law of conservation of
mass. This law asserts that neither mass can be created nor destroyed, and that mass is

preserved. The continuity equation for incompressible fluid is [8]

V.U=0. @.1)
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Momentum Equation

The momentum equation can be derived from the law of conservation of

momentum and is represented by the equation [8]
ou
P (U~V)U+Et— +Vp-Vr+pb=0, (2.2)

where, pressure is represented by P, 7 represents cauchy stress tensor , fluid density is

denoted by o, 4 is the fluid viscosity and b is the body force per unit mass.
Energy Equation

A relation for temperature distribution through the flow is required for the
convective heat transfer problem. The energy equation for Nanofluid flow is

represented by [9]

(U-V)T V. (kV)T 42

pe,

DBVT-VC+[£T)1)VT-VT} =0, 23)

m

where temperature denoted by 7", concentration of nanoparticles is denoted by

C, mean fluid temperature is denoted by T, specific heat at uniform temperature is
denoted byC, ,D;  Brownian diffusivity, and D;is thermophoretic diffusion
coefficient.

Nanoparticle Concentration Equation

The concentration difference through the flow must be solved for the mass

transfer problem. It can be expressed mathematically as follows [9]

(U-V)C—DBV-(V-C)—%V

m

{(V-T)=0. (24)
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Microorganism Conservation Equation

The gyrotactic microorganism conservation equation depends on the
bioconvection’s model in a suspension of gyrotactic bacteria created as [8,9]
o v.j=o, @.5)
ot

andj is flux of microorganism due to fluid convection reads as
j=nV+ny-D_V-n (2.6)
The average form of directional swimming velocity of a microorganism reads
w=bW_H(C)V-C, 2.7)
Viscoelastic Fluids

Non-Newtonian fluids are fluids which do not satisfies Newton’s law of viscosity, i.e.,
shear stress is not directly and linear propotional to strain rates. Ussally, stresses are
divided into viscous and elastic components. Not every fluid has elastic nature but
viscosity is the complusrily part of fluid consituivative equation such as power law
fluid. If fluid shear stress processes both viscous and elastic components they are
called viscoelastic fluids. In nutshell, viscoelastic fluid are a mixture of solvent and a
little amount of polymer. Paints, DNA suspensions, various biological fluids, and
other products from chemical industry are a few examples of these fluids. The study
of viscoelastic fluids are particularly intriguing and important for industry due to a
variety of characteristics, including the prevalence of polymers. For industrial
applications, a thorough grasp of viscoelasticity is essential. Polymeric suspensions
exhibit viscoelastic behaviour; however, it is difficult for a single model to capture the
link between stress and deformation. These models are referred to as constitutive

equations in rheology.

Viscoelastic fluids may behave in both linear and non-linear ways, making
viscoelasticity modelling a challenging task. On the other hand, some polymeric

component characteristics can be too significant to be implicitly included in these



models. Thixotropic activity in liquid crystalline dispersions and viscoelastic micellar

solutions exhibits this type of behaviour.

In this thesis, we will discuss different viscoelastic fluids flow in parallel circular
rotating plates and analyze the effects of different fluid model on movement of

Gyrotatic microorganism in these fluids.

2.4 Dimensionless Numbers

Reynolds Number

The Reynolds number is defined as the ratio of inertial to viscous forces. Reynolds
number is a dimensionless number used in fluid mechanics to determine whether a
flow is laminar or turbulent. Mathematically

Re= Inertial forces

Viscous forces

Squeezing Reynolds Number

A nondimensional number that arises in squeezing flow problems. It is the
product of retardation time and square of distance between plates divided by
kinematic viscosity

_aD?

S
e 2

Rotational Reynolds Number

A nondimensional number emerging from rotating viscous fluid problems.
It is the product of angular velocity and square of distance between plates divided by

kinematic viscosity




Magnetic Reynolds Number

The magnetic Reynolds number is the magnetic analogue of the Reynolds
number, a  fundamental  dimensionless  group  that  occurs  in
magnetohydrodynamics. dimensionless quantity that estimates the relative effects
of advection or induction of a magnetic field by the motion of a conducting medium
to the magnetic diffusion

aD?Bt
ReM = v

Brownian Motion Paramter

Brownian motion parameter describes the phenomena of random motion
of particles suspended in a medium (a liquid or a gas).

TDB(CI _CM)
a

1, =

Prandtl Number

It describes the momentum-to-thermal diffusivity ratio and measures heat transfer

between a moving fluid and a solid surface.
R==
a
Weissenberg Number

The Weissenberg number is the dimensionless number employed in the investigation

of non-Newtonian viscoelastic fluids. It is commonly denoted with We.
We=Q'T*
Activation Energy Parameter

In chemistry and physics, activation energy is minimum amount of energy that must

be provided for compounds to result in a chemical reaction.
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Thermal Radiation Parameter

The thermal radiation defines relative contribution of conduction heat transfer
to thermal radiation transfer. Mathematically it can be written as

_4CJ'T3

e u

R e u
Bk

Bioconvection Schmidt Number

Schmidt number is defined as the ratio of momentum diffusivity (viscosity) to

mass diffusivity. Mathematically it can be written as

v
Sy =—
M DB
2.5 Geometry of the Problem
Let us consider two finite parallel rotating disks initially placed at distance D
away from each other. The distance between the disk changes with time Z defined as

F(f) =(1 —af)mD which causes squeezing flow. The upper disc (z =T°(¢)) is rotating

with an angular velocity Q. and is moving towards or away with velocity

2
v, =-— ; l()t) from the fixed lower disk plate (z =0) rotating with an angular velocity

Q.. Both disks are sustained at a constant temperature Ty,7, and nanoparticle
concentration C,,C, respectively. Furthermore, the micro-organism density at both

disks is maintained as #,,1, respectively. The external magnetic field on the moving

plate is applied with axial and azimuthal components i.e.

=™ /_’L
A, \T(@) 2.9

_BMD
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In which M, N, are the dimensionless quantities which make H,, H_ dimensionless

andA;, A, represents dimensionless of magnetic permeability’s of squeeze film and
medium external to the disks, respectively. For the liquid metals, A, = A, where A,
denotes the permeability of free space. H,,H, on the lower plate is assumed zero
here. In present investigation, induced magnetic field B(r,6,z) having the component
B,,B,,B, is generated by the magnetic field (applied) in a squeezed film between the

plates. Also, the upper disc is under the influence of an external applied magnetic

2
field with axial and tangential component B, = Nor—g—,Bz __ppM, .
() I'@)



Chapter 3

Transport of Motile Gyrotactic Microorganism for Nano
fluid flow between Circular Rotating Plates

3.1 Introduction

In this chapter, a mathematical model for nanofluid bioconvection axisymmetric
squeezing flow between parallel rotating circular plates in presence of thermal
radiation is developed. The governing equations involved continuity, momentum,
energy, concentration of Nanoparticles and concentration of microorganism species
for flow of Nanofluid in cylindrical polar coordinates. Problem is then simplified to
non-linear coupled Ordinary Differential Equation with help of appropriate similarity
transformations. Differential Transform Method (DTM) combined with Padé-
approximation is applied to solve the resulting equations. Analytic results with

physical interpretation are shown by drawing graphs and tables.

3.2 Mathematical Formulation

Flow Assumptions

To formulate the mathematical problem following assumptions have been
taken into account. Flow of viscous Nano fluid saturating space between rotating and

squeezing disks is

e Laminar, incompressible, axisymmetric flow with no-wall slip.

A mild concentration of nanoparticles uniformly mixed with viscous base
fluid.

e Radiative heat transfer is introducted with Roseland approximation.

* Viscous dissipation and forced convection are minimum therefore neglected.

¢ Nanoparticle concentration is governed by Brownian motion and
thermophoresis.

e Motile Gyrotactic Microorganism.
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( Microorganisms
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Fig. 3.1. Geometrical representation of squeezing nanofluid gyrotactic bioconvection
between rotating circular disks.

Mathematical Model

The cylindrical polar coordinates (F,V/,Z) with the associated velocity field

V= (V,,Vg,Vz ) In view of flow assumptions, the governing equations for mass and

momentum (radial, tangential, and azimuthal) conservation for Nano fluid may be

presented as

10

10 0
- (v )+ — = 3.1
rag(vﬂ) rar( r) az(v:) 0 ( )
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The transport of energy with thermal radiation may be presented as

oT oT oT k 0T

o0 "o oz pe, oz
(pe),| - (oTac eroc) D,[(orY (oY E AN
LAY N peadall ) Pl | ol Y e RIS 1=,
(pe) / or or 0z 0z) T, |\Or 0z (pc) S\ or

According to Rosseland approximation radiation heat flux which is uni-directional

3.5)

40, OT* | _
“—— in which o, represents the Stefan—Boltzmann’s

38, or

takes the form, ¢, =—

constant and B, represents the mean absorption coefficient respectively.

The nanoparticle concentration conservation equation reads as follows:

2 2
oc,, o, C_, ¥C DT

o, %, , . 36
a o e oz* T oz G.6)

and the microorganism species conservation equation takes the form:

on on _om _om bW, [ 8 oC d’n
— VY, Vg —+V, —+—" | | p== =D, | — | (3.7
ot or 08 oz C~C,|0z\ o0z Oz
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In Eq. (3.7), the chemotaxis constant is combined with maximal speed of cell
swimming and is denoted by EWmo and the diffusivity of micro-organisms is denoted
by Dmo.

The boundary conditions prescribed at the disks which correspond to Egs. (3.1) - (3.7)

are as follows:

2

D
vr=0,v0=Qr}2—(tS,vz=0,C C,T=T,n=n at z=0, (3.8)
2 2
vl =0’v€=£12r_?——’vz=—a0 ’
(@) 2@ at  z=T() (3.9)

r=r1,C=C,n=n,.

3.3 Similarity Transformations
The nonlinear partial differential equation defined by Egs. (3.1)-(3.7), with the
boundary conditions Egs. (3.8)-(3.9) are reduced to ordinary differential equations by

introducing following set of similarity transformations

_oF pr D . . T-T, _o D
R T T e
D’/ () -, ST
v, =—2F(z,t) = - 5 ¢(n)—c c < x (7 )—nl_n”’nzr(t)'

Using the Eq. (3.10) in Egs. (3.1)-(3.7), the following nonlinear coupled ordinary

differential equations with independent variable 7 are obtained as

2
0
g"=5,[2g+ng'+2¢"- f&'], (3.12)
0”(1+§R )+S0P,f9'+T,9’2+T,,9’¢’:0, (3.13)

" +—9"+S Sy f9' =0, (3.14)
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X' =S,B, (%)x +BS,f7 -Bl1¥+(x+9)¢"]=0. (3.15)

: . aD’
In Egs. (3.11)-(3.15) the Squeezing Reynolds number is represented by S, = "

. Q, D . .
Rotational Reynolds number is denoted by R, = ———, Brownian motion parameter
v

tD,(C,-C,)

is represented by7, = —= , thermophoresis parameter is designated by

, Schmidt number is SM:Di’

B

DT -T.)
a

I = , Prandtl number is P =

Q| c

bioconvection Schmidt number is B, =5 and bioconvection Péclet number is

n

bW, 40T} - M
Pe=—" R =—"represents the radiation parameter and® = is a
Dmo ﬁ,k n[ - nu

micro-organism bioconvection constant.

The corresponding boundary conditions in Egs. (3.8)- (3.9) are reduced to:
f(0)=f"(0)=0,g(0)=1,6(0) =1,4(0) =1, x(0) =1,

1 : (3.16)
fh= 5-8)=¢,0(1)=0,¢(1)=0,7(1) =0,

where, f represents axial velocity, & represents the tangential velocity, @ represents

temperature, ¢ represents nanoparticle concentration, ¥ is motile microorganism

density number. Also, f (= Q,/ Ql) denotes the angular velocity and the spin velocity

range for the dual disk system i.e., for the rotating disks is ~1< & <1.

The dimensionless torque on the upper moving disk is defined as:

b
Y, = zﬂpj(i) ar. (3.17)
0 z=[(t)

4
Here disk radius is denoted by b. Using Eq. (3.10) in Eq. (3.17), yields:

y, =90 (3.18)
P d77



This provides an expression for the non-dimensional torque on the upper moving disk
by the swirling nanofluid Yup and furthermore the gradient of the tangential velocity

on the moving disk is dg(1)/dn . Similarly, the torque in dimensionless form on the
lower (fixed) disk is obtained by the same calculation at n =0, gives

v, =29 (3.19)

dn

3.4 Solution Methodology
The non-linear dimensionless ordinary differential Eqs. (3.11)-(3.15) with boundary
conditions mentioned in Eq. (2.16) is solved using the Differential Transform Method
(DTM). Applying differential transforms mentioned in Egs. (1.1)- (1.11) to Egs.
(3.11)-(3.15), we get:

S
F(g+4)= Q 3(2 NFQ2
@ = g @ pue g LT DF2+ )

+ Zq:[(—i +q+1)(=i+2+q)g+3-DFQG3+q-ie@)]

) (3.20)
=Y [20-i+q)Xg-i+2Xg-i+3)F()F (=i +q+3)]

_2?2_2i[(q_i+ DGE)G(=i +g +1)),

Q =0

G(g+2) = 2G (q)+Z[(l—1+q)+e(z)G( —i+1+g)]

il
(g+2)(1+q)

+ Z[Z(—i +1+q)GOF(~-i+q)-(1+9-i)G(g-i+DF(i)]
1=0

(3.21)

O(g+2) = i [—RSQZq:(l+q—i)F(i)@(q+1—i)
(q+l)(1+§Rd)(q+2) =0

—qur,(l +(1-i+g)@> +1)O(g—i+1) (3.22)

i

—ZF:Y],(I +i)(1+q—i)d>(1—i+q)t9(i+l)},

=0



5,8, 3 (g =i + D1 —i + Q)F () -
\ i=0

O(g+2)=— , (3.23)
@rof+a) (T J®(2+q)(z+q)(q+1)
X(g+2)= s Zf(’—)(q i+D)X(=i+1+¢q)
Graxiral 0"
-8,Su Z(—i +1+g)F ()X (=i +1+¢q)
i=0
+17{i(1 +i)(=r +1+ )X+ DD(g—i+1) (3.24)

g
+D(q-i+ D)2 -i+XOPQ2+q+i)
i=0
+(X() +9)2+ )1+ )02 +9)] .
Here, the transformed functions of  f(n),g(n7),6(n),¢(n)and y(n7) are

F(9),G(9),0(q), D(g)and X(q) respectively and are expressed as follows:

S = gF(q)n", (3.25)
g(n = ;G(q)n", (3.26)
9(n)=;®(q)nq, 627
¢(f7)=;®(q)77", (328)
x(n) = gX(q)n"- (3.29)

The associated boundary conditions are:

98]
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F(0)=0, F(l)=—, G(0)=1, O0) =1, ®0)=1,

| —

X(©0)=1, F@=0, FE=0, GU=I, W=, L (330)
o()=I1,, X1)=II,

Solving Egs. (3.20)-(3.24) with help of boundary conditions given in Eq. (3.30), we

obtain the following series solutions:

Fm)=fin* + 0 + " + a1’ + . (3.31)
G =1-gm+gn’ +&n’ +&im' +.. (332)
) =1+0n+6n" +0n’ +61" +.., (3.33)
O()=1+gn+0" +87 +61" +..., (3.34)
X(m) =1 g+ 200"+ 21+ 201"+ (3.35)

Here f,,8,m.,n,6,8, 7 (i=1,2,3,..) are constants. With the aid of computational
software “MATHEMATICA”, the above equations are solved up to 30 iterations.
However, the desired rate of convergence is not obtained. Therefore, by deploying
DTM-Padé simulation, the analytic solution obtained by DTM is combined with the
Padé approximation, which gives a reasonable convergence rate at 77 =1. So, appling
the Padé approximation of order [5x5] to solution obtained in Egs. (3.31)-(3.35), the

Padé approximants are as follows.

1.70053n* —1.448907° +0.3148775" - 0.06248n°

= , (3.36

Jam 1+0.0126177 — 0.004037% — 0.000407° —0.000207* +0.0000637’ (3.36)

() = 1-1.359297 - 0.14544n" +0.36560n° +0.121287* +0.017857° (3.37)
1-0.351197-0.509487> - 0.145117° - 0.016057" +0.000757° '
1-0.801957 - 0.205321° +0.005837° - 0.001697* + 0.003257°

6(n) = 7 iU 7 7 T (338)

1+0.07466n —0.022107° +0.00570%° — 0.006167" +0.000177°°

4
a0



1-0.712807 — 0.585927% +0.338747° —0.056254n"* +0.023647n°

, (3.39
1+0.661077 - 0.035687" +0.021274° - 0.021735* —0.003127° (3:39)

o) =

_1-0363777—-0.712817% +0.168437° —0.1287737" +0.038117°

= . (340
1+1.071397+0.151107% =0.021067° —0.026347* —0.013617° (3.40)

x(m)

3.5 Graphical and Tabular Results
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Figure 3.2: Impact of various values of squeezing Reynolds number SQ and rotational

Reynolds number R, on axial velocity distribution JA)X
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Figure 3.3: Impact of various values of squeezing Reynolds number SQ on tangential

velocity distribution g'(n).
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Figure 3.4: Impact of various values of thermophoresis parameter 7, and Brownian

motion parameter 1, on temperature distribution om) .
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Figure 3.5: Impact of various values of squeezing Reynolds number SQ , Prandtl

number P, on temperature distribution 6(z7) .
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Figure 3.6: Impact of different values of radiation parameter /2, on temperature

distribution 8(7) .
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Figure 3.7: Impact of various values of thermophoresis parameter 7, and Brownian

motion parameter T, on nanoparticle volume fraction @(77).
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Figure 3.8: Impact of various values of squeezing Reynolds number SQ, Schmidt

number S » on nanoparticle volume fraction é(n) .
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Figure 3.9: Impact of various values of squeezing Reynolds number SQ, Péclet

number Pe on motile microorganism density function ¥(77).
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Figure 3.10: Impact of various values of Bio convection Schmidt Number B, on

motile microorganism density function (7).



Table 3.1: Comparison of 6'(0), ¢'(0), x'(0) for various values 7; ,TZ,,B S, ,SM,PI by DTM-Padé[5x 5] and

the numerical Shooting Method.

6'0) ¢'(0) x'(0)
T I, P SQ S, P[ Shooting DTM- Shooting DTM- Shooting DTM-
Method Padé Method Padé Method Padé

003 001 68 001 5 05 -0876624 -0.876624 -1.373875 -1.373875  -1.435174 -1.435174

0.06 -0.788046  -0.788046  -2.275155  -2.275155  -1.831637  -1.831637
0.09 -0.706065  -0.706065  -3.648415  -3.648415  -2.438629  -2.438629
005 0.1 -0.583239  -0.583239  -1.212212  -1.212212  -1.361695 -1.361695
0.3 -0.249589  -0.249589  -1.128954  -1.128954  -1.323609  -1.323609

0.5 -0.095107  -0.095107  -1.094404  -1.094404  -1.307756  -1.307756

0.1 4 -0.735315  -0.735315  -1.136189  -1.136189  -1.329559  -1.329559

7 -0.573375  -0.573375  -1.217143  -1.217143  -1.363747  -1.363747

10 -0.440450  -0.440450  -1.283606  -1.283606  -1.390905  -1.390905

6.8 0.01 -0.583239  -0.583239  -1.212212  -1.212212  -1.361695 -1.361695

0.05 -0.596730  -0.596730  -1.220156  -1.220156  -1.363114 -1.363114

0.10 -0.613646  -0.613646  -1.229987  -1.229987  -1.364822  -1.364822

001 5 -0.583239  -0.583239  -1.212212  -1.212212  -1.361695 -1.361695

10 -0.582837  -0.582837  -1.216244 -1.216244  -1.363346 -1.363346

15 -0.582435  -0.582435  -1.220274  -1.220274  -1.364997  -1.364997

5 05 -0583239 -0.583239 -1.212212  -1.212212  -1.361695 -1.361695
1.0 -0.583239  -0.583239  -1.212212 -1.212212  -1.772446  -1.772446
1.5 -0.583239  -0.583239  -1.212212 -1.212212  -2.226726 -2.226726




Table 3.2: Values of torque at the lower (fixed) and upper (moving)

disks for different values of SQ .

4g(0) g
dn dn
Woting DTM-Padé Shooting  DTM-Padé
Method Method
0.01 -1.008097 -1.008097  -0.991545 -0.991545
0.05 -1.039719 -1.039719  -0.977810 -0.977810
0.10 -1.078561 -1.078561  -0.956358 -0.956358

3.6 Discussion

Extensive DTM-Padé computations have been performed with computational
software MATHEMATICA to investigate the impact of various parameters on the
transport characteristics for the dual disk squeezing regime is considered. To verify

the exactness of the results, solutions with the shooting method are compared with the

DTM-Padé. The influence of squeezing Reynolds numberS, , rotational Reynolds
number RQ , Prandtl numberP, , thermophoresis parameter T,, Brownian motion Tb

, thermal radiation parameter R;, Schmidt number SM , bio convection number Bs,

and Péclet number Pe on velocity distribution, temperature profile, nanoparticle
concentration, and motile microorganism function are visualized in figures (3.2)-
(3.10).

In all graphs strong data is extracted for numerous parameters. This provides a
realistic range for squeezing rotating bio-Nano fluid radiative systems. The physical

description of the figures are as follows.
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Velocity Distribution

Figure (3.2) shows the collective impact of squeezing Reynolds number SQ
and rotational Reynolds number R, on axial velocity distribution. It is observed that

when values of squeezing Reynolds number SQ are enhanced, the axial velocity

distribution decreases. Momentum in squeezing regime is suppressed clearly as upper
disk approaches the lower disk. This inhibits axial flow and produces axial flow

retardation. It is also noteworthy that for very low squeezing Reynolds number
S, =0.01, a velocity overshoot is computed closer to the upper disk77 =1.0. This
feature vanishes with higher S, values owing to the damping effect induced on the

axial flow with more intense squeezing. However, with increasing the values of

rotational Reynolds number K, axial velocity increased, since the rotational inertial

force is amplified with greater R, values, relative to the viscous hydrodynamic force.

2
R, = 2D Expresses the ratio of these two forces, both velocity components are
v

either directly or indirectly influenced by Reynolds number. The dominant effect is

however an acceleration in axial flow.

Figure (3.3) shows the impact of squeezing Reynolds SQ number on tangential
velocity distribution. It is evident that by enhancing value of squeezing Reynolds
number, tangential velocity distribution also decreases. Large estimates of SQ disrupt

mass diffusivity that eventually lowers tangential velocity profile.

Temperature Distribution

Figure (3.4) displays the influence of thermophoresis parameter 7, and

Brownian motion parameter I, on temperature profile. The graph illustrates that

enhancing values of thermophoresis parameter and Brownian motion parameter

considerably elevate temperature magnitudes. The ballistic collisions of nanoparticles
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produce an enhancement in conversion of kinetic energy of nanoparticles to thermal
energy. This is dissipated as heat and temperatures are rises. The presence of
rotational body force would also appear to amplify this effect. In all cases
approximately linear decays in temperature are computed from the lower disk
(maximum) to the upper disk (minimum). The influence of Brownian dynamics is
also more pronounced than for thermophoretic body force which encourages the
migration of the nanoparticles under a temperature gradient to cooler zones in the

regime.

Figure (3.5) illustrates evolution in temperature, with a variation in squeezing

Reynolds number, §, and Prandtl number F,. It is observed that increment in Prandtl

number P, leads to depletion in temperature magnitudes. This is attributable to

depletion in thermal conductivity with larger Prandtl number since it is inversely
proportional to thermal conductivity for fixed values of dynamic viscosity and
specific heat capacity of nanofluid which cools the regime i.e., produces a resulting

temperature decline. It is also noted that the temperature profile declines with

enhancing value of squeezing Reynolds number S,. The destruction in axial

momentum with greater squeezing also inhibits thermal diffusion in the regime which
a produces cooling effect. This is clearly beneficial in lubrication applications and

also assists in improved thermal control of the regime in rotating bioreactor design.

Figure (3.6) depicts effects of thermal radiation parameter, R, on temperature

distribution between two disks. It is seen that an increment in value of thermal
radiation parameter considerably accentuates the temperature magnitudes. The
thermal radiation parameter simulates relative role of radiative heat transfer to thermal
conduction heat transfer. This is because, increase of radiation property causes

reduction in absorptivity, consequently increases rate of heat transfer for fluid.



Nanoparticle Concentration Distribution

Figure (3.7) visualizes influence of thermophoresis parameter 7, and

Brownian motion 7, for nanoparticle concentrationg (7). It observed that
concentration of nanoparticles falls with an increment in Brownian motion parameter
T, since ballistic collisions are exacerbated and this inhibits transport of nanoparticles
in fluent medium. Conversely, the concentration of nanoparticle increases when
values of the thermophoresis parameter 7, are elevated. Thermal gradient driving the

thermophoretic migration is therefore beneficial to the diffusion of nanoparticles
whereas the haphazard motion associated with Brownian dynamics impedes

nanoparticle migration.

Figure (3.8) shows impact of squeezing Reynolds number SQ and Schmidt

number S), . By increasing values of squeezing Reynolds number,, , nanoparticle
concentration is boosted, while opposite behavior is observed with increment in value
of Schmidt numbersS,,. Clearly the suppressive effect of enhanced squeezing

decreases volume of Nano fluid film intercalated between the disks. This increases
concentration of nanoparticles since same quantity of nanoparticles is squeezed into a

smaller overall volume. However, with increasing Schmidt number, as defined by

v
Sy = B— for fixed dynamic viscosity, there must be a reduction in nanoparticle mass
B

diffusivity. This manifests in a depletion in the nanoparticle concentration magnitudes

as the nanoparticle diffusion rate is reduced.

Motile Gyrotactic Microorganism Distribution

Figure (3.9) portrays influence of squeezing Reynolds number §, and

bioconvection Péclet number Peon gyrotactic microorganism density number

function. It is apparent that there is substantial increment in microorganism density

number with rise in squeezing Reynolds numberS, which may be attributed to
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significant decrease in volume of nanofluid due to enhanced squeezing. This
constrains the same number of micro-organisms in a smaller overall nanofluid film
volume and naturally elevates their concentrations. On contrary, elevation in
bioconvection Péclet number Pe induces opposite effect there is significant
reduction in microorganism density number. As defined bioconvection Péclet number
and is inversely proportional to species diffusivity of the microorganisms. Larger
Péclet values will inevitably result in a reduction in micro-organism diffusivity. This
will counteract the propulsion of the gyrotactic micro-organisms and result in a
significant suppression in microorganism density number magnitudes. Figure (3.10) is
displayed to get the physical behaviour of the Bio convection Schmidt number. It is
shown that when the values of the Bio convection Schmidt number increase, the

microorganism density increases, but the effects are minimal.

Physical Quantities

In Table 3.1, numerical results for local Nusselt number, local nanoparticle
Sherwood number, and motile density number wall gradient are Shown. From this
table, it is evident that very good agreement is achieved between DTM-Padé
simulation and numerical shooting method. Egs. (3.18)-(3.19) are used to calculate
the effects of torque on the upper fixed and lower moving disk, and the DTM-Padé

computations are displayed in Table 3.2. Finally it is noteworthy from inspection of

Table 3.2, that the torque at the lower (fixed) disk %0—) i.e., tangential velocity

are respectively decreased

gradient, and the torque at the upper (moving) disk, di(l)

and increased with an increase in the squeezing Reynolds number, SQ. Therefore,

while axial momentum is reduced in the squeezing regime it has a different impact on
the torque at the lower and upper disks. The amplification in squeezing effect reduces

torque at the lower disk whereas it enhances torque at the upper disk.
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Chapter 4

Transport of Motile Gyrotactic Microorganism for
Magnetized Nano fluid Flow between Circular Rotating
Plates

4.1 Introduction

In this chapter, a mathematical model for magnetized Nano fluid flow between
rotating circular plates filled with nanoparticles and gyrotactic microorganisms is
developed. A generalized form of induced magnetic field is used for mathematical
modelling of nanofluid flow. The governing equations involves continuity,
momentum, energy, nanoparticle concentration and concentration of microorganism
species for the flow of Nano fluid in cylindrical polar coordinates. Problem then
simplified to non-linear coupled ordinary differential equations by using suitable
similarity transformations. DTM combined with Padé-approximation is applied to
solve resulting equations. Analytic results with physical interpretation are shown by

drawing graphs and tables.

4.2 Mathematical Formulation

Flow Assumptions

The mathematical model for the flow of Motile Gyrotactic Microorganism for
Magnetized Nano fluid Flow between Circular Rotating Plates following assumptions
have been accounted. Along with the flow assumptions from chapter two, Viscous

Nano fluid saturating space between rotating and squeezing disks with

¢ Induced magnetic field.
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Figure 4.1: The schematic diagram of nanoparticles between parallel finite plates in

presence of Microorganisms.
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Mathematical Model

The governing equations by taking the above assumptions, the hydro-magnetic
squeeze film regime for the equation of continuity and momentum read as

1ogyte
ro6" "’ ror

p(V, AL av,,rV_ng_,_zg):_a_er

(rv,)+§(vz)=0 @1

or o "0z raol r or
(4.2)
1ov, 10 o 2d8v, v, | 0B 0B,
| -—Lt+5—F+—F-=—L-—L|-—LB -—£B,
ror r 068" 0z ro@ r oz 0z
p[%+ﬁ%+vr%+vzév_9_&v_ﬁ)=_l@.+
o r 06 or 0z r r 06 3)
2 2 ’
p _176 V‘Zg +l£(y%)+a_vf+%%_1§_ _a_BﬂBz_aﬂBr’
r- 060" ror\ or oz r° 06 r 0z or
(8vz v, O, Ov. 6v.) op
Yo, +L L4y —Z4y —E |=-—+
o r 06 or oz 0z
) (4.4)
1é, 18 ov,) o, | 0B, 0B
WS t+-——|r—=|+—|-—B,+—8,
r° 08" ror\ or) oz 0z 0z
The magnetic field equations read as
19 4B y+19Bo OB _ @4.5)
¥ Or r 068 oz

2
aB’+uaB’+vaB’+waB’=—E(V,BZ—VZB,)+-—I— 61? ; (4.6)
ot or 00 oz oz ou, \ Oz

0B,
+u
or or 00 oz

i 2
OB, +vaB€ +waBg :g(vrBﬁ_vgBr)--—aa7 (\)HBZ—BQVZ)+5IL [8025;‘9],
> 2

4.7)

2
Lhy—L+v—E+w =—a—(v,.Bz—sz,)+L 6_3;2 , (4.8)
or ou, \ oz

where, O the electrical conductivity.

The energy equation reads as
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2 2
: c T D, |(oT oT
_a_T+vr_a_T_+ aT k a{+(p )I’ DB(QZE_+6__a£j+_7— (-———j +(—)
o0 "er ‘oz pe , 02 (pc), oz oz oror) T, |\or oz
4.9
where the temperature is denoted by 7, concentration is denoted by C, mean fluid
temperature is denoted by T,,, specific heat at uniform temperature is denoted by C, ,
D, is Brownian diffusivity, and D, is thermophoretic diffusion coefficient.

The nanoparticle concentration equation reads as

6c, 8C.  9C_, &C DT

oc,, €, € _poc 4.10
a e am v T (4.10)

The equation for conservation of microorganism reads as

on on on on bW,,m 0 6C o’n 4.11
TV, — Yy —— Y, — + —— =D, | — | 4.11)
o or Pe0 Ve ¢ -c e\ oz oz

The corresponding boundary conditions are

2

u=O,v=QrD—,w=O,BZ =B,=0,C=C,T=T,n=n, at z=0, 4.12)

()
u=0,v= Qr b Norlz)—,B:=—'BDM°,w=—ﬂDh,
2@ ) I'“(r) '@ 2I°(t)  at z=T(1).

r=7,C=C,;n=n,
(4.13)

4.3 Similarity Transformation

Along with the similarity transformation from chapter two, Introducing following

similarity transformations

aM ﬂrDM dm D?
B =y —-— = = —_—
r aZ 2r ([) d VN(Z,t) rNO rz(t) n(n)’ (4 ]4)
B.=-2M(z,1) = _E_D_M.
) (1)

Substituting the above similarity transformations to Eq. (4.1)-(4.11), we obtain set of

following coupled ordinary differential equations with dimensioanless variable 77,

we have
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=8, 3f"—2[£9—} gg'+2FAZ(mm'"+m'm”)—(2f—77)fm+2Frz[&] nn' |,

Sy Sy
(4.15)
g' =S, [2g +ng'+2gf' - fg' + 2N, M, (mn' + nm')], (4.16)
m"=ReM[nm’+m—2fm'+2mf’], 4.17)
" ' FA ' '
n"=Re,, | nn'+2n+2 - mg'— fn' |, (4.18)
T
0"+T,09' +T6" +S,Pf0' =0, (4.19)
" 7: ” I}
¢ +-T—9 +8,8u f9' =0, (4.20)
b
Z'=S,B, (%)Z +BS,f 7' ~-B[1¢+(x+p)"]=0. 4.21)
The corresponding boundary conditions read as
f(0)=0, f'(0)=0,g(0)=1,m(0) =0,n(0) =1,6(0) =1, #(0) = 1,4(0) =1,
(4.22)

f= %,g(l) =& m(l)=1,n(1)=1,6(1)=0,4(1) = 0, z(1) =,

where f and g are the axial and tangential velocity, M and 7 are the axial and
tangential induced magnetic field component, @ the temperature profile of
nanoparticles, ¢ is concentration of nanoparticles volume fraction, % is motile
density microorganism profile, and & (= Q,1Q, ) represents the corresponding angular

velocity between the plates having range —1< & <1, which is beneficial to examine

different flow features associated to the plates that rotates in opposite and same

directions. Torque on both disk is also calculated using Egs. (3.17) - (3.19).

4.4 Solution Methodolgy

Applying the differential transformations mentioned in Eq. (2.12) -(2.19) to Egs.
(4.15) -(4.21), we get
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S
F 4) = g 3(1 2 F(2
A ey vt UL G LR

+i[(1 —i+g)2-i+q)3-i+q)e()F(B-i+q)]

- Zq:[z(l —i+g)2-i+q)3-i+q)F()F(3-i+q)]

2 (4.23)
% [A-i+9)GHG(1-i+q)]
Q7

Z -i+q)2-i+q)B-i+g+)MIMB-i+gq)
+1+D)E+2)A-i+q@)2-i+gMI+D)M(2-i+q)

+2F; E‘j’-] ﬁ[(q i+1)N(g+1-)N(@)),
Q

i=0

G(g+2)= 2G(q) + Zq:[(l —i+q)+e(HG(-i+q)]

S, {
(g+2)(g+1)
+ ﬁ[z(l ~i+Q)GHOF(1-i+q)-2(1-i+q)F()G(-i+q)] (4.24)

i=0

+2F,F, i[(l —i+qM@ON(-i+q)-(—-i+q)NOM1-i+ q)]},

M(q+2)=@%[ (q)+ﬁ(1 P+ )e()M(1-i+9)

—2[2(1 —i+q)f(WM(1-i+q)-2(1-i+qM)F(1-i+q)]|,

(4.25)

N@g+2)= Rey, ){2N(q)+zp:(l—i+q)£(i)N(l—i+q)

(g+D(g+2

_Z[Z(] i+qQ)FON(1-i+q)- 2(? )(1 i+q)G(l- 1+q)M(z)H

=0 T

(4.26)
B[
@(q+2)—ml: SQ;(I I+Q)F(l)®(l I+CI)
~S T+ - i+ )00 + O~ i +q) 4.27)

—zp:Tb(l +i)(1—i+q)d>(1-—i+q)®(i+l)],
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O(g+2) =;{—SQSMEU—i+q>F<i)d><1—i+q)—[%J@(wz)(%qxuq)}

(g+D(g+2) i=0
(3.28)
X(q+2)=———l——{ SMii(l—) (g+1-DHX(1-i+q)
2+g)1+9q) i 2
—SQSMZq:(l—i+q)F(i)X(1—i+q)
+P [i(i + D -r+g)X(1+)D(g+1-1i) (4.29)

+i(l—z’+q)(2—i+q)X(i)<D(2—z'+q)
i=0
+(X() + )1+ )2+ )22 +9)]],
Where F(q),G(q),m(q),n(q)®(q), &(q)and X(q) are the differential transformations

of 1 (n), g(m), m(n),n(n),0(n), ¢(r7)and x(n7) are shown as

fm) = gF(qm", (4.30)
2(n) =gG(q)r7”, @4.31)
m(n)=2M(q)n“, (4.32)
nn) =:§N(q)r7", (4.33)
o) =qz:,®<q>nq, (4.34)
) =;Zocb(q)n", (4.35)
) = ;xm)n", (4.36)

and the BC’s take the form
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F(0)=0,F(l) = %,G(O) =1,M(0) = 0, N(0) = 0,0(0) = 1, ®(0) = 0, X(0) = 0,

FQ)=a,F3)=a,,G() =a,,M(Q) = a,, N() = a;,0() = o, &(1) = &, X(1) = .
4.37)

Where @, (i = 1,2,3...8)are the constants. Solving Eq. (4.30)-(4.36) with the help of

the boundary conditions given in Eq. (4.41), we obtain the following series solutions:

Fm)=fir" + 0’ + ' + £ + ... (4.38)
G =1-gn+gm + &1’ + 81" +.. (4.39)
M(n)=mn+mny’ +mn’ +mn’ +..., (4.40)
N =nn+ng +nn* +n07 +..., (4.41)
Q) =1+6n+07" +67° +6" +..., 4.42)
Q) =1+ +m + 4+’ +.., @.43)
X(m)=14+ 20+ 20" + 150 + 20"+ (4.44)

Whereﬁ,gi,mi,ni,a,ﬁ,li;(i=1,2,3,---) are the constants which are difficult to
express here because of their long and complex values. Solving these equations by
using MATHEMATICA software with 30 iterations, but the convergence rate is
prolonged. For more and accurate convergence radius, the Padé approximation is used
because without employing the Padé approximation; the DTM is not able to fulfill the

conditions. So, after appling the Padé approximation of order [5x5] to Eqgs. (4.38) -

(4.44), the Padé approximants are as follows.

-1.50366n% —0.533471° +0.34357n* +0.009477° +---
1-0.3257377 - 0.02657n" +0.003397° - 0.000457* +0.000347° +--

fm= -, (445)

_1-1.3227477+0.236915° —0.014727" +0.038067" +0.060197° +...

- 2 3 4 5 » (4.46)
1-0.37540n-0.21872n° —0.03677n" —0.00622n" +0.0023177° +...

g(n)

I
to



1.733691 + 4.65046n —1.760211° + 0.727911* — 4.193171° +..
m(n) = 7 7 7 i 7 , (4.47)

"1+ 2.682407—1.515305> —0.54542° —0.495657" + 0.151877° +...

1.127357+0.356725° +0.170817° — 0.04666n* —0.475837° +...

n(n) = , (4.48
) 1+0.3164277+0.12994n" —0.501037° - 0.51832n* —0.236137° +... (4.48)

o )_1—3.3450417+3.00336772—1.45387773+ 0.593715" -0.236457° +... (4.49)
7 1-1.700917 +1.29240%° — 0.697597° +0.33483n* - 0.081237° +... "

$7) = 1-1.136577+1.56823n" —0.69396n°+0.269387* —0.007147° +... (4.50)
7 1-0.838757+0.232897> —0.191927° +0.0810277* +0.023187° +..."

1-1.287837 +1.03347n* —0.654857,° +0.397851" - 0.018947° +...
2(n) = 7 7 7 7 TE (451

1-0.771757 - 0.538057°+ 0.001797° +0.255267°+0.109997° +...

i)
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4.5 Graphical and Tabular Results
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n

Figure 4.2: Effect of different values of magnetic Reynolds number Re, on the axial

and tangential induced magnetic field distribution m(7), n(77).
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Figure 4.3: Effect of different values of Squeezing Reynolds number SQ and Prandtl

number £, on the temperature distribution 6(7) .
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Figure 4.4: Effect of different values of thermophoresis parameter 7; and Brownian

motion parameter 7, on the Temperature distribution 6(7;) .
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Figure 4.5: Effect of different values of thermophoresis parameter 7; and Brownian

motion parameter 7, on the nanoparticle concentration distribution g(7;).
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Figure 4.6: Effect of different values of squeezing Reynolds number SQ and Schmidt

number s, on the nanoparticle concentration distribution g¢(7) .
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Figure 4.7: Effect of different values of Péclet number Pe and squeezing Reynolds

number SQ on the motile density function z(7).
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Figure 4.8: Effect of different values of bio convection Schmidt number B, on the

motile density function y (7).



Table 4.1: Values of 6'(0),#'(0), x'(0) obtained-by DTM-Padé [5>G]_j

510) 50 20

Shooting “DTM- Shooting DTM- Shooting DTM-
Method Padé Method Padé Method Padé

N

0.10 -0.619650 -0.619650 -1.922555 -1.922555 -1.613755 -1.613755
0.20 -0.413998 -0.413998 -3.168139 -3.168139 -1.987593 -1.987593
7, 0.10 -0.955216 -0.955216 -1.769984 -1.769984 -1.568817 -1.568817
0.20 -0.680870 -0.680870 -1.800588 -1.800588 -1.580640 -1.580640

N

50 -0.863804 -0.863804 -1.511531 -1.511531 -1.633151 -1.633151
10.0 -0.733705 -0.733705 -1.647605 -1.647605 -1.710388 -1.710388
S 2.0 -0.009741 -0.009741 -0.909232 -0.909232 -1.050186 -1.050186

1.0 -0.733705 -0.733705 -1.512289 -1.512289 -1.510372 -1.510372
B, 50 -0.737106 -0.737106 -1.511531 -1.511531 -1.380064 -1.380064

10.0 -0.736283 -0.736283 -1.512289 -1.512289 -1.324426 -1.324426
Sy 5.0 -0.683897 -0.683897 -1.511531 -1.511531 -1.424089 -1.424089
10.0 -0.635811 -0.635811 -1.844023 -1.844023 -1.561973 -1.561973



Table 4.2: Error analysis between DTM-Padé and shooting metho

d [5x5]

Shooting Method DTM-Padé [5x5] Error
1) -2.9974946291988984  -2.9974946291988984 0
") -6.069084589598415 -6.069084589598414 -1 x 10718
g'(1)  -0.9472655092972202  -0.9472655092972202 0
m'(1)  1.5231212819375095 1.5231212819375095 0
n'(1) 1.0688314914593107 1.0688314914593107 0
g'(1)  -1.084379592223696 -1.084379592223696 0
#$'(1)  -0.8990243846144889  -0.8990243846144887 -2 x 1071
X' -0.763298959655151 -0.763298959655151 0

Table 4.3: Torque values at the lower and upper plate when r_ =0.3,F, =0.5,Br = 0.6 for various

values of SQ .

dg(0) dg(l)
dn dn

SQ DTM-Padé Result Numerical Result DTM-Padé Result Numerical Result

(Shooting Method) (Shooting Method)

0.1 -1.0929372214309236 -1.0929372214309236 -0.948663684660318  -0.948663684660318

0.2 -1.180889912821983  -1.180889912821983 -0.9013607839508947 -0.9013607839508948




Table 4.4: Torque values at the lower and upper plate when SQ =03,/ =05, Bt

=0.6 for various

values of g, .
dg(0) dg(l)
dn dn
R, DTM-Padé Result Numerical Result N DTM-Padé Result Numerical Result
(Shooting Method) (Shooting Method)
0.1 -1.265492575299778 -1.2654925752997779 -0.8533000683642988 -0.8533000683642988
0.2 -1.2652748717875888 -1.2652748717875888 -0.8549052425970227 -0.8549052425970226

4.6 Discussion

In this section, we discuss the Analytical and numerical results obtained with DTM-
Padé method by a computational software MATHEMATICA. DTM is applied
successfully to find the analytical solution of coupled non-linear differential equations
for governing flow. Therefore, the physical and graphical significance of different
parameters on heat transfer, induced MHD, temperature distribution, nanoparticle

concentration, and gyrotactic microorganism distribution are discussed. Mainly, the

effects of magnetic Reynolds number Re,, on the axial and tangential induced magnetic
field distribution m(n),n(n7), the effects of Prandtl number P, Brownian motion
parameter I, , thermophoresis parameter 7, Schmidt number S,/ , bioconvection B,

Péclet number P, are also considered for temperature distribution, nanoparticle

concentration distribution, and motile microorganism density profile. To explore the
physical more, figure (4.2-4.8) have been plotted.

To authenticate the exactness of our current results, a comparison with the
shooting method is given. Padé approximation is used to validate the convergence of
the series solutions. The describe outcomes is associated with shooting method for

multiple values of leading parameters, as shown in Table 4.1. One can observe from
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this table that the results perfectly match with numerical shooting method. It can be
also seen from Table 4.2 that the error between both schemes is minimal and almost
negligible, which shows that the present technique used is an efficient tool to examine
the highly nonlinear equations. Table 4.3 and Table 4.4 reveals the Torque effects on
the upper and lower circular plate, which is calculated with the help of Egs. (3.17-
3.19). The physical description of the figure are as follows.

Induced Magnetic Field

From figure (4.2), magnetic Reynolds number Re,, effect on the axial and
tangential induced magnetic field distribution is observed. From this figure, it is
keenly observed that increasing values of Rey causes a significant decrement in the

axial and tangential induced magnetic field distribution.

Temperature Distribution

The impact of Prandtl number P, and squeeze Reynolds number SQ on the
dimensionless temperature profile 9(77) can be seen in figure (4.3). It is understood

that for superior values of Prandtl number P, , the temperature distribution decreases
over the whole regionf, because increasing the Prandtl number enhances the

momentum diffusivity, which in results temperature profile declines. It also perceived

that temperature profile significantly falls with rise of squeeze Reynolds numberSQ.
Figure (4.4) displays effect of thermophoresis parameterz and Brownian motion
parameter 1, for fixed values of other parameters on the temperature distribution

6’(77) . Results reveal that rise in thermophoresis parameter results in an increase in
temperature profile. A similar phenomenon is also noticed against Brownian motion

parameter for temperature profile 9(77) .
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Concentration Distribution

The significance of thermophoresis parameter I, and Brownian motion
parameter 1, on nanoparticle concentration are shown in figure (4.5). It reveals that a
notable declines in the nanoparticle concentration, when the values of T, increases.
Moreover, quite opposite phenomena occur while increasing the values of 7, . Effect

of squeezing Reynolds Number SQ and Schmidt number ), on the nanoparticle

concentration field ¢ is shown in figure (4.6). Nanoparticle concentration profile rises

with the increase in the values of squeezing Reynolds parameter SQ. While the

nanoparticle concentration field ¢(77) declines with the rise in Schmidt number S M-
Motile Gyrotactic Microorganism Distribution

Effect of squeezed Reynolds number SQ and Péclet number £ on the
microorganism density function )((77) sketched in figure (4.7). It is perceived that by
increasing the value of squeezing Reynolds number SQ the behaviour of
microorganism density function ;((77) increases and increasing the value of Péclet
number F}, the behaviour of the microorganism density function ¥ (77) is decreasing.

Therefore, for higher values of F) the speed of microorganisms is reduced, and the
diffusivity of microorganisms is reduced. Figure (4.8) is displayed to get the physical

behaviour of the Schmidt number S, . It is established that by increasing the value of

Schmidt number S u the microorganism density function increases, but the effects are

minimal.

Physical Quantities
In Table 4.1, the numerical findings for the motile density number wall

gradient, local nanoparticle Sherwood number, and local Nusselt number are reported.
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This table clearly shows that the DTM-Padé simulation and the numerical shooting
technique have extremely excellent agreement. Table 4.2 shows the Error analysis

between shooting method and DTM-Padé [5x5]. It also shows that the results

obtained with DTM- Padé is accurate and in good agreement with shooting method.
Eqs. (3.18) -(3.19) are used to calculate the effects of torque on the upper fixed and
lower moving disk, and the DTM-Padé computations are displayed in Table (4.3-4.4).
Finally, it is noteworthy from inspection, that the torque at the lower disk i.e.,
tangential velocity gradient, and the torque at the upper disk are decreased and
increased with an increase in the squeezing Reynolds number respectively. Therefore,
while axial momentum is decreased in the squeezing regime it has a different impact
on torque at the lower and upper disks. The amplification in squeezing effect reduces

torque at the lower disk whereas it enhances torque at the upper disk.
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Chapter 5

Transport of Motile Gyrotactic Microorganism in a Carreau
Fluid between a Pair of Rotating Circular Plates

S.1  Introduction

In this chapter, the flow behaviour between a parallel rotating plate filled with
Carreau fluid with suspended nanoparticles and motile gyrotactic microorganisms in
presence of generalized magnetic Reynolds number. The activation energy is also
contemplated with nanoparticle concentration equation. The appropriate similarity
transformations are used to formulate proposed mathematical modelling in three-
dimension. The impact of Carreau fluid velocity for shear thinning, Newtonian case,

and thickening cases on velocity field f '(77) discussed in tabular form and graphical

figures.

5.2 Mathematical Formulation

Flow Assumptions

The assumption along with thoses discussed in previous chapters, for mathematical
formulation of flow problem of Carreau viscoelastic Nano fluid saturating space

between rotating and squeezing disks is

e (Careau base fluid

e Arrhenius equation is used to analyze chemical kinetics.
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Figure 5.1: The schematic diagram of nanoparticles between parallel finite plates in
the presence of Microorganisms.

Rheological Model for Carreau fluid

The Carreau fluid model is defined as [105]

n-1

7, = /Jw+(yo—yw)(l+(l"}?)2) * 4, (5.1)

In which, T ; represents the stress tensor, 4, represents the zero shear rate viscosity /4,
represents the limiting constant viscosity at infinite shear rate viscosity, I represents

the constant of time, ! represents the power law index, 4, represents the first Rivlin-
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Erickson tensor and y represents the second invariant rate of strain tensor which is

defined as

4 =(L+Ly=[(VV+VrT)],

(5.2)

(5.3)

Assume that 4, is zero, and by using binomial series approximation of first order of

Eq. (5.1) becomes

z, =[y0(1+”—;—1(r7)3ﬂ/1,.

Mathematical Model

(5.4

The governing flow equations by taking the above assumptions, the MHD squeezed

film regime for Carreau fluid model the equation of continuity and momentum in

(F,H,Z)direction read as

1 0 0
(Wr)+;%(v6)+é—z—(v:)=0

10
r Or

o "or r o8 oz or

10 r ) 10 _Tw 0% OB 5 OB
¥ or r 06 ¥ 0z oz oz

o r o0 oz r roé

L1 0% +i2 or’r,) 0% 0B, B - 0B, B,
r o6 r or 0z oz - or

p(%” By Ve, %_vr_ve_j=_16_p
a r

+v, g
ot or r 06 0z oz
+—l-i(rrn)+largz +%_%30 +%B,,
r Or rofd o0z Oz Oz
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(3.6)

(.7

(5.8)



(5 (%)
u SEANENN
(5 (%)

or Oz |
(n-—l)rz ? ov, 2+(5V, 2+(% 2+ %_v_&)z_i.z[ll 2 8_"!?.’
or 0z Z ror r 0z
=0.

The equation of magnetic field read as

li(rBr)+l%+a_B-;=0, (5.9
¥ Or r 06 Oz

oB oB OB OB o 1[623)
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0B, 0B, o 1 (8B,
=2 w8 -
a o a0 T e e mveB)- (VGB “Ee (82 )

(5.11)

2
aB’+uaBz+vaBZ +waB =—(vB -V B)+L é—é— (5.12)
ot or o6 0z Su, \ oz’

The energy equation for the proposed problem reads as

or orT or __o'T '(aTac 8T6C) D, (6T)2 (arjz
—+v, —+vV =Q—+7|Dy| ——+——|+—=|| — | +| — ,
a Tor e o oror &z oz) T |\or 0z

(5.13)
The concentration of nanoparticle equation with activation energy reads as
o o o . &C DT TY
— 4V, —+v,—=Dy—+—L—-k (C-C,)| | ex L 1(5.14
a "o e Tat T o ' )(Tw] p[ 1+K‘T] .19

2 - .
where, K k, n and Ea represent the Boltzmann constant, reaction rate, rate constant,

activation energy respectively.

The conservation of microorganism reads as

on on on on bW, |0 6C o’n
— Vv, —+V, —+v, —+ — | — =D,.| = | (5.15)
ot or 0o 0z (C,-C,)| 0z o 0z

The initial and boundary conditions for the Egs. (4.5)-(4.14) with our assumptions are

2

v,=0,v3=§2lrrlz)—([),v_,=O,BZ=B0=0,C=C,,T=7),n=n, at z=0, (5.16)

2 2 2
V,=0,vg=er—£2)—-—,B€=Nor—?——, z=‘aDMO,V,=—aD ,

(1) I (n) I " ° 2 at z=T().
I'=7T,C=C,n=n,.

u’ ud

(5.17)
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5.3  Similarity Transformations

By using the similarity transformation of chapter two and three, substituting similarity
transformation and component form of Carreau fluid model in Egs. (5.5)-(5.13), the
following highly coupled, nonlinear ordinary differential equations (ODE’s) with

unit-spaced variable 77 are obtained as

Yy

2 2
™ =88, {3[”-2[%‘1] gg' +2F} (mm" +m'm")—(2f -n) /" +2Ff[%‘] ””']
0

(27887425 {7fff”’+3f”+ fos - 3E*’(sz""’ s f")}
~4(n-1)we| ¢ re ° 1
“IRs, [(gf "+gf% [ g") (" + 288 ”)J

(5.18)

g'(m)=25,"[2g +1g'+2gf" ~ fg' +2F,F; (mn' + )|

R S) "2 n , "
~(n-DWes, { O (128 2R ) - e g <(3f & v gry ﬂ

28,R, R, 4

(5.19)

m" =Re,, [m+nm'+2mf" -2 fn'], (5.20)
F,

n"=Re,, [2}1 ' +nn +2[F ]mg} (5.21)
T

+S,Pf0'+ T +T,0'%' =0, (5.22)

¢"+£6”+S S, f¢' -8, 0(+80) ex (——g—](z):o (5.23)

I, et Ui+de)' ™ |
SB(zjx +BS,fx - P[;(¢ +(;(+d>)¢] 0. (5.24)

. 22 . . .
Weissenberg number represented by We=C T chemical reaction parameter is

kT | < _T-T,
, temperature difference represented by 0 = and

represented by O =

u

energy Parameter represented by £ =
K

4

oY



The corresponding boundary mentioned in Egs. (5.16)- (5.17) reduced as
f(0)=0= f'(0),2(0)=1,m(0) = O,n(O) =1,6(0)=1, y(0)=1,4(0) =1,

1 (5.25)
fy= E,g(l) =¢&,m(l)=1,n(1)=1,6(1)=0,4(1) =0, (1) =0,

5.4 Solution Methodolgy

The non-linear dimensionless ordinary differential Eqgs. (5.18)-(5.24) with boundary
conditions (5.26) is elucidated with DTM. Substituting differential transformation
mentioned in Eq. (1.1)-(1.11) into Egs. (5.18)-(5.24), and solving with the help of

boundary conditions given in Egs. (5.25), The obtained series solutions are

F)=fi" + £ + 1 + S0 + (5.26)
Gm)y=l-gn+gn’ +gm +&n" +.. (5.27)
M) =mn+mp’ +my* +mn’ +..., (5.28)
N =nn+ng +nn' +n17 +.., (5.29)
OA)=1+0n+0n +67° +01n" +..., (5.30)
) =1+gn+87° +¢n’ +4n’" +.., (5.31)
X() =1+ g+ 0" + 7+ 21 + s (5.32)

where, f[,g,-,m,-,n,-,(%,¢,» Ais (i=1,2,3,...) are constants but difficult to represent here.

With the aid of Mathematica (12v) software, the above equations are solved with 30
iterations. However, the rate of convergence is not obtained. Some schemes are
available to increase the rate of convergence. One of the easiest ways to enhance the
rate of convergence of the truncated series is Padé approximation, which is utilized
into the form of rational fraction (ratio of two polynomials). Without the use of Padé
approximation, the results attained by DTM not satisfy the boundary condition at
infinity because of the nonlinearity in the governing equations. So, it is compulsory to

combine the analytic solution obtained by DTM with the Padé¢ approximation which
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gives good convergence rate at infinity. As a result of numerical values to a desired
exactness, the number of terms required is determined by the higher approximation of

the order. The Padé approximation of order [5x 5] is applied to Egs. (5.26)-(5.32), the
Padé approximants are as follows.

1.903457% —1.467915> + 0305745 —0.096137° +...
1+0.2542177 +0.05445,° - 0.005767° - 0.010637* - 0.003697° + ...

Sm=

_ 1-2.532107+0.146307° +0.821497° +0.441297* +0.1305497° +...

5.34

g0n) 1—1.5318577—1.38353772—0.56653773—0.1264777“—0.00042775+...( )

() = 0.709587 +0.088917% —0.013767" +0.3016177* —0.328377° +... (5.35)
1+0.12530n —0.35273n" + 0.066057° —0.061251* —0.019787° +...

n(7) = 0.93923n +1.48352n" +0.904487° +0.462497* +0.191817° +... (5.36)
P 579507 +0.71489n% +0.41838n° +0.296771* —0.022257° +...

o) = 1-0.809377 —0.21526n% +0.01351%° +0.004121* +0.00707° +... (5.36)
7 1+0.1285477-0.027121* - 0.00391° —0.010745* +0.000561° +...
b07) = 1-0.121237 - 0.344097” — 0.485745° - 0.000107* —0.047467° +... (5.37)

1+1.0598277 +0.65555n” +0.094257° +0.02288n° +0.001157° +...
1-0.147321 - 0.625961° —0.16040%° —0.055197* —0.011077° +...
2(m)= ! 2 z L T (538)

1+0.919287 +0.266337 +0.072155° +0.0158475" +0.0004677° +...
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5.5 Graphical and Tabular Results

P — ..

4" __§y=-0.15,0.02,0.12
—Rq=02,03,04
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Figure 5.2: Effect of various values of squeeze Reynolds number S, , rotational

Reynolds number R, on axial velocity distribution ()

0.5

04

0.3

~
0.2 — Re=0.0010, 0.0013, 0.0016
We=0.01, 0.04, 0.07

0.1

0.0 J
0.0 0.2 0.4 0.6 0.8 1.0

n

Figure 5.3: Effect of various values of Reynolds numberRe, Weissenberg

number We on axial velocity distribution £'(77) .
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Figure 5.4: Effect of different values of Power law index n, Weissenberg number

We on axial velocity distribution f'(n).
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Figure 5.5: Effect of various values of squeeze Reynolds number SQ on the

tangential velocity distribution g'(77) .
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Figure 5.6: Effect of various values of rotational Reynolds number g, on the

tangential velocity distribution g’(n).
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Figure 5.7: Effect of different values of thermophoresis parameter 7, and

Brownian motion parameter 7, on temperature distribution 6(7;) .
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Figure 5.8: Effect of various values of squeeze Reynolds number SQ , Prandtl number

P, on the temperature distribution &(7) .
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Figure 5.9: Effect of different values of activation energy £ and reaction rate

O on nanoparticle volume fraction ¢(n).
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Figure 5.10: Effect of various values of squeeze Reynolds number SQ, Péclet

number Pe on the motile microorganism density function y(#) .
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Figure 5.11: Effect of various values of bio-convection number g on motile

microorganism density function y (7).

76



Table 5.1: Comparison of Nusselt number —@'(0) for various values 7;,7;,,3, SQ by Shooting Method and

DTM-Padé[5x 5] .

1 =—3, We =0.01 n=1We=0 n=3We=001

!
e
g
T

Shooting DTM- Shooting DTM-Padé Shooting DTM-Padé
Method Padé Method Method

003 001 68 0.5 0.89308203 0.89308203 0.89309699 0.89309699 0.89310474 0.89310474

0.06 0.80302479 0.80302479 0.80303833 0.80303833 0.80304535 0.80304535
0.09 0.71985201 0.71985201 0.71986417 0.71986417 0.71987048 0.71987048
005 0.1 0.58574689 0.58574689 0.58575671 0.58575671 0.58576180 0.58576180
0.3 0.24295587 0.25072139 0.24295986 0.24295986 0.24296193 0.24296193

0.5 0.08998096 0.08998096 0.08998239 0.08998239 0.08998315 0.08998315

0.01 4 0.89845222 0.89845222 0.89846105 0.89846105 0.89846562 0.89846562

7 0.82769241 0.82769241 0.82770676 0.82770676 0.82771419 0.82771419

10 0.76139836 0.76139836 0.76141735 0.76141735 0.76142719 0.76142719

6.8 -0.05 0.78688575 0.78688575 0.78688221 0.78688221 0.78688033 0.78688033
0.02 0.81862905 0.81862905 0.81863007 0.81863007 0.81863059 0.81863059
0.12 0.97452857 0.97452857 0.86421817 0.86421817 0.85056260 0.85056260




Table 5.2: Comparison of 4'(0) for various values of

t?

TZ,,S ,SM,E,O' by Shooting Method and DTM-Padé

n=-3,We=0.01 n=1,We=0 n=3,We=0.01

T T, S S Shooting ~ DTM-Padé Shooting ~ DTM-Padé Shooting  DTM-Padé
Method Method Method

0.03 001 005 5 -1.48750051 -1.48750051 -1.48747228  -1.48747228  -1.48745764 -1.48745764

0.06 -2.31230089  -2.31230089  -2.31224459  -2.31224459  -2.31221539  -2.31221539

0.09 -3.59230155  -3.59230155  -3.59222994  -3.59222994  -3.59219276 -3.59219276

0.05 0.1 -1.37683310 -1.37683310 -1.37684321  -1.37684321  -1.60791008 -1.60791008

0.3 -1.29862771  -1.29862771 -1.29864147  -1.29864147  -1.40562686 -1.40562686

0.5 -1.26476393  -1.26476393  -1.26477795  -1.26477795  -1.33606822 -1.33606822

0.01 -0.05 -2.16407621  -2.16407621 -2.16408297  -2.16408297  -3.91679239 -3.91679239

0.02 -2.03817454  -2.03817454  -2.03817048  -2.03817048  -3.69044429  -3.69044429

0.12 -1.96569720  -1.96569720 -1.85623506  -1.85623506  -3.49325834 -3.49325834

001 5 -2.05625050  -2.05625050 -2.05624885  -2.05624885  -3.72303640 -3.72303640

10 -2.17949478  -2.17949478  -2.17949321  -2.17949321  -3.77225894  -3.77225894

15 -2.29665895  -2.29665895 -2.29665738  -2.29665738  -3.82221775 -3.82221775

5 -1.99640130  -1.99640130 -2.81393318  -2.81393318  -3.69971651 -3.69971651

-1.95271335  -1.95271335 -2.29665738  -2.29665738  -3.68433831 -3.68433831

-1.93641884 -1.93641884 -2.07634697  -2.07634697  -3.67871779 -3.67871779

-1.99640130  -1.99640130 -2.81393318  -2.81393318  -3.69971651 -3.69971651

-2.06392299  -2.06392299 -3.48018830  -3.48018830  -3.72438933  -3.72438933

-2.12957297  -2.12957297 -4.03630116  -4.03630116  -3.74942313  -3.74942313




Table 5.3: Comparison of x'(0) for various values

;>8> B, by Shooting Method and

DTM-Padé[I% 3]
n=—3We=00l n=LWe=0 n=3We=0.01

SQ S« £  Shooting DTM- Shooting DTM- Shooting DTM-

Method Padé Method Padé Method Padé
-0.05 0.5 -3.68071264 -3.68071264 -3.68070328 -3.68070328 -3.68069877 -3.68069877
0.02 -3.40398671 -3.40398671 -3.40397880 -3.40397880  -3.40397480 -3.40397480
0.12 -3.24595020 -3.24595020 -3.20633134 -3.20633134  -3.20623463 -3.20623463
0.01 5 -3.44353509 -3.44353509 -3.44353113  -3.44353113  -3.44352914 -3.44352914
10 -3.44262691  -3.44262691 -3.44262260 -3.44262260 -3.44262046 -3.44262046
15 -3.44171898 -3.44171898 -3.44171434 -3.44171434 -3.44171203 -3.44171203
1 0.5 -3.23321118 -3.23321118 -3.23320693 -3.23320693  -3.23320481 -3.23320481
1.0 -5.75926435 -5.75926435 -5.75925402 -5.75925402 -5.75924883 -5.75924883
1.5 -8.53042052 -8.53042052 -8.53040286 -8.53040286 -8.53039401 -8.53039401

"l()



Table 5.4: Values of Torque at the lower (fix) and upper (moving) plates.

ag(0) dg(

dn dn
s, Re e — DTM.Padé  Shooting  DTM.Padé  Shooting Method

Method

001 0.1 00 2105591667  -1.05591667 -1.00586254  -0.99994831
0.03 2100101432 -1.00101432  -1.00688815 099954622
0.05 -1.03595883  -1.03505883  -1.01803750  -0.99874826
0.01 0.1 -1.00101432  -1.00101432  -1.00586254  -0.99994831
0.2 -1.00087495  -1.00087495 -1.00030989  -0.99989969
0.3 -1.00091052  -1.00091052 -1.00062003  -0.99988534
0.1 0.0l -1.00101432  -1.00101432  -1.00586254  -0.99994831
0.04 -1.00174207  -1.00174207 -1.02341830  -1.00012927
0.07 _1.00247679  -1.00247679 -1.04340432  -1.00031195
0.01 0.0013 -1.00101290 -1.00101290 -1.00054533  -0.99994839
0.0016 -1.00101295 -1.00101295 -1.00053459  -0.99994839
0.0019 -1.00101299 -1.00101299  1.00051846 -0.99994839

5.6 Discussion

The numerical results of DTM-Padé, which is employed to solve nonlinear coupled
ordinary differential equations for the governing flow, are discussed in this chapter.
Computational software Mathematica (12v) is used to obtain solutions of system of
equations. Results are compared with the shooting method to verify the accuracy of
the present method. The primary purpose is to analyze the physical significance of
various parameters involved in the energy equation, induced MHD equation,
nanoparticle concentration equation, momentum equation, and motile microorganism

function. Multiple parameters are discussed, i.e., squeezing Reynolds number S, ,

rotational Reynolds number R,, Weissenberg number We, Reynolds number Re,
magnetic Reynolds number Re,, on velocity profiles and induced magnetic field.

Furthermore, the influence of squeezing Reynolds number S, Prandtl number P,

Q’

thermophoresis parameter 7,, Brownian motion 7, , activation energy £, activation
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rate o, Schmidt number §,,, Bio convection number B, and Péclet number are also

discussed. The numerical results for local Nusselt number, local Sherwood number,
and motile density number are presented in Tables (5.1)-(5.3). From these tables, it is
observed that our outcomes are in good agreement with the numerical shooting
method. Egs. (2.19)-(2.20) is used to calculate the effects of torque on the fixed and
moving plate, which is displayed in Table (5.4) For the graphical outcomes, we have
selected the following parametric  values against each  parameter
Sy =02,Pe=0.5,B=5,5,=0.02,R, =02,We=0.01,Re =0.001,Re,, =0.5,
T =0.03,7,=0.,P=68,E=2,0=2.
Velocity Profile

Figure (5.2) shows the impact on the velocity field in the axial direction due to
squeezed Reynolds number, and rotational Reynolds number. It is seen that when
values of squeezed Reynolds number enhance, the axial velocity distribution
decreases. However, increasing the values of the axial velocity increases. This is
because the rotation of the plates accelerates the velocity of the fluid. Furthermore, in
figure (5.3), it is seen that the increasing value of the velocity of the fluid decline and
the Weissenberg number increases the axial velocity profile. Physically, when the
values of the Weissenberg number is increased, the relaxation time increases for the
particles of Carreau fluid, so these particles and velocity decreases the resistance. This
is because that the Weissenberg number is the ratio of relaxation time of fluid and

particular process time. In figure (5.4), it is seen that the impact of Weissenberg

number on Carreau fluid velocity for shear thinning(n < 1), Newtonian case(n = 1),

and thickening (n > 1) cases on velocity field. This is because, in shear-thinning case,

the fluid viscosity is lower with shear strain, and the velocity is high compared to the
Newtonian and shear-thickening case. Figures (5.5-5.6) represent the influence of
squeezed Reynolds number and rotational Reynolds number on tangential velocity

distribution. It is notice that by enhancing value of squeezed Reynolds number and



rotational Reynolds number, the tangential velocity distribution decreases, but the
effects are negligible.
Temperature Distribution

Figure (5.7) shows the influence of the thermophoresis parameter T, and the
Brownian motion parameter 7, on temperature profile by keeping rest of parameters

unaltered. The effect indicates that increasing the values of both parameters raises the

temperature profile. The impact of S, and Prandtl number F, is portrayed in figure

(5.8). It is seen that by upgrading the Prandtl number P, the temperature profile

decline. The reason behind this is that when increasing the value of the Prandtl

number P, the thermal conductivity reduces, and due to this reason, the temperature

profile declines. It is also seen that temperature distribution decreases with increase in

values of squeezed Reynolds number S, .

Concentration Distribution

Figure (5.9) depicts the influence of Activation energy and reaction rate on
nanoparticle concentration. It can be seen that by enhancing the dimensionless
activation energy, the concentration of nanoparticle increases. That is because low
temperatures and high energy activation contribute to a constant reaction rate, and
thus, the chemical reaction slows down. As a result, the concentration of solute
increases. Besides that, higher values of reaction rate O the nanoparticle
concentration declines.
Motile Gyrotactic Microorganism Distribution

Figure (5.10) depicts the influence of squeezed Reynolds number and Péclet
number on microorganism density function. It is perceived that increase in the value
of squeezed Reynolds number the microorganism density function increases and
increases in the value of Péclet number; the behaviour of the microorganism density
function shows the opposite phenomenon. The reason behind that the speed of
microorganisms is decreased when a rise in the value of Péclet number, and therefore

diffusivity of the microorganism decreases. Figure (5.11) demonstrates the physical

82



behaviour of the Schmidt number. It is seen that the density of motile microorganism
function increases by enhancing the value of the bioconvection Schmidt number, but

the influence is nominal.

Physical Quantities

In Table (5.1-5.3), the numerical findings for the motile density number wali
gradient, local nanoparticle Sherwood number, and local Nusselt number are reported.
It is seen that by increasing the value of thermophoresis parameter the Nusselt number
decrease but opposite phenomena is observed for Sherwood number. Also, by
increasing the value of Brownian motion parameter the value of Nusselt number
decrease and reverse is observed for Sherwood number. This table clearly shows that
the DTM-Padé simulation and the numerical shooting technique have extremely
excellent agreement. Eqgs. (3.18) -(3.19) are used to calculate the effects of torque on
the upper fixed and lower moving disk, and the DTM-Padé computations are
displayed in Table (5.4). Finally, it is noteworthy from inspection, that the torque at
the lower disk is increasing the torque at the upper disk are decreased with an increase

in the squeezing Reynolds number respectively.



Chapter 6

Transport of Motile Gyrotactic Microorganism in a
Williamson Fluid between a Pair of Rotating Circular Plates

6.1 Introduction

In this chapter, the unsteady flow confined by parallel rotating circular plates in a
porous media filled with Williamson Nano fluid is studied. Nanoparticles, magnetic
field and motile gyrotactic microorganisms are included in the Williamson fluid
model. A numerical methodology known as the differential transform method is used
to solve nonlinear differential equations. The Padé approximation is also employed
with the suggested technique to improve the convergence rate. The tabular and
graphical approaches are used to discuss the physical impact of various

characteristics.

6.2 Mathematical Formulation

Flow Assumptions

To formulate the mathematical problem, following assumptions along with
assumption of chapter 3 and 4 have been considered. Flow of magnetized viscoelastic

Nano fluid saturating space between rotating and squeezing disks is modelled with

e  Willamson fluid as base fluid.

e Porous media satisfies Darcy’s law.
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Figure 6.1: A physical structure for magnetized Nano fluid flow between finite

parallel disks in the existence of motile gyrotactic microorganisms.



Rheological Model for Williamson Fluid

The constitutive equation of Williamson fluid flow is defined as [115]
-1
Where 7 denotes stress tensor, H, denotes shear rate viscosity (zero) K, denotes

infinity shear rate viscosity, [ denotes constant of time, Al denotes the first Rivlin-

Erickson rate tensor and ¥ denotes rate of strain tensor and it is defined as

1
7=,/5tr(4), (6.2)

4 =(L+L)=[(VF+VVT)], (6.3)

Using the Taylor series approximation of first order as (1-Ty)" =(1+T7) with
'’ « 1, Eq. (6.1) takes the form

7, =1, +(ty - 1,)T7) 4. (6.4)
Mathematical Model

Assuming Williamson fluid flow in the MHD squeezed film, the continuity and

momentum equation in the direction of r, @,z read as follows:

10 10 0
S ~ 35 =)= 6.5
s o (v )+ -5 () + () =0, (6.5)

P[év’ +v », +v9 v, +v Q_v,_ V_gjz_a_p

o8 or ro6 ‘oz r or 66)
100 )4 1070 Tw 07, OB p Byp v,
r Or r 06 r oz Oz 0z K
p(%J,vr%WLv_eév_eJ,v,a_vg_z&):_l?ﬁ
ot or r 08 oz r r 0o 67
, .
+l 07, +L26(r r,g)+6192 _ 0B, Bz_aBg B _Kvg’
r ol r or 0z Oz or " K
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p o "or rod oz 0z 68)
+l 0 (rr,z)+laT‘” +aT” _ 9B, Bg+aB’ Br—ivz,
r Or r o8 0z 0Oz 0z K
where
7
aw ¥ (v (av,} (v, v\ (v)V
- F2 L —~ A 6 _8 i r
o= (2 o (2] (B2 ) | |3
I\
ov, ov 2 (ov P lov, v 2 v 2)2 ov, v
T =1 4 )2 - - —4_¢ 2| — £ _4
¢ {'LO ol ,u (arj (62J+(02j+(5r r)+(rj (6}* r]
aw Y (Y (ov,) (ov, v,) (v 2%—6v
= +( ity — 1 )T| 2 == 4 £ —6_5 r r
T Ho (ﬂo ,uw) ((&) +(82J+(82)+(8r rj +2(rJJ oz’
awY (v (ov,¥ (v, v,\ (v 3% o, v
T, = + 2] = | + rl 4| =& e __8 2L —_81
o Ho (,uo ,u (arj (azj (az]+(6r r)+[rj] (ar r)
[ 1
ov P av Y (ov,Y (ov, v 2 v 2\ v
Too =1 | 1 Dl 2| == | +| = | +| =2 | +| =&--2&| +2| = 2| = |.
% [‘0 (ar) (az) (62) (6r r)+(r (r)
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7, =0,

zz

The magnetic field equation read as

12 ,5y+1% 9B _ (6.9)
v or r 08 oz
2
aB’+v, aB’+v,, 6B,+vz 98, =——(v,B,-v B,)wLL 9 f’ , (6.10)
ot or 06 0z ,\ Oz
2
aB‘5'+v aB"+\/9839+v 95 (v.B,—v,B,) (v,B.-B )+L 6“B
ot or 06 0z W, \ Oz
(5.11)

The energy equation reads as

or 8T or 8T _oT [ (arac arac)
-+ +TD +

2(2)+(Z)]|

a e e T e Y or or | oz oz
(6.13)
The concentration of nanoparticle equation reads as
2
0_C_+vr6_C_’+v66_C+VZQ£_DBO€ by 6T (6.14)
ot or 06 0z 0z T e

The conservation of microorganism reads as

on on on  om bW_|[ 0 o o’n
— 4V, —+V,— 4y, —+ — — =D,,| — | (6.15)
ot or 06 oz C-C,|o0z 62 0z

The Initial Conditions and Boundary Conditions for the Egs. (6.5)-(6.15) with our

assumptions are

2

Vrzo’ve=Q"f,lg)(—5,vz=O,Bz=BB=O,C=C,,T=7;,n=n, a z=0, (6.16)



D? D’ aDM, aD?

= =Njy——,B.=- =——,
v, O,Vg Q rr ( ) of I_,Z(t) z F(t) 2r(t) at z =F(t).
=T,C=C,n=n,.
(6.17)
6.3 Similarity Transformations

Substituting similarity transformation of chapter five, and using component form of

Wil

laimasons fluid model in above mentioned governing equations, the following

nonlinear, coupled ordinary differential equations (ODE's) with independent variable

arc

generated
w " R 2 ’ 2 " L m 2 R 2 ’
S =48,|3f —2[—“] g8’ +2F (mm" +m'm")—(2f -n) f" +2F, (—QJ nn
SQ SQ
_Refnmr+ nn2 __ w 12 " 12 2
e SQ( ( FE" 88"~ ["8") - 2R (/%" +287E')) "
4 S() 12 piv "3 m m2 iv _E. '
"2 ((4f Fr6fm-argy) e (e gy ))
(6.18)

R | . , ' ' ' '
[S—Q+We}/]g :S()[2g+77g +2(gf" - fg')+2N, M, (mn' + nm ):l

0

‘4W‘{ﬂe gy +Re( R g +%f@.’f’"n 248,8(n),

47 S() R,y

(6.19)

m"=Re,, [m +nm'+ 2mf’—2fm’], (6.20)
F,

n —RCM{M ' +nn +2(F] g} (6.21)
T

+S,Pf0'+T0" +T,6'¢' =0, (6.22)

L4 T; N r
¢ +;0 +8,8,f¢' =0, (6.23)
b
x"=S,B (2J1 +BS,f 7' -B[x'¢ +(x+0)¢"]=0. (6.24)
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QI (y,- _
Where W€=M Weissenberg number and 4 =)

represents porosity
Hy ak

parameter.
The boundary conditions in Egs. (6.16)- (6.17) assume the following form after

utilizing the similarity variables:

£(0)=0= f'(0),g(0)=1,m(0)=0,n(0) =1,6(0) =1, y(0) =1,4(0) =1,
(6.25)

f= %,g(l) =¢,m(1)=1,n(1)=1,6(1) = 0,¢(1) = 0, y(1) = 0.
6.4 Solution Methodolgy
The dimensionless Eqgs. (6.18)-(6.24) generated using the similarity transformation
mentioned in chapter five and then solved using DTM with the help of boundary
conditions mentioned in Eq. (6.25). Substituting Differential transformations given in
Egs. (1.1)-(1.11),in which F(q),G(q),M(q),N(q),0(q),®(q) and X(q) are
transformed function of f(17), g(n),m(1),n(1),6(n),¢(n)and x(n) respectively and are

expressed as

f(m= g F(gn*, (6.26)
g(n)= gG(q)n", (6.27)
m(n):j;M(q)n", (628)
n(n) = gN (@n*, (6.29)
6(n) = §®(q)77", (6.30)

o) =D D), (6.31)
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201 =3 X(@nr". (6.32)
=0
The differential transform of the corresponding boundary conditions (BC's) is:

F(0)=0, F)= G(0) =1, M(@0)=0, N(0)=0,

|
59
00)=1, ®(0) =0, X(0)=0, F2)=1I1, FQ3)=I1,, (6.33)
GW=M, MW=I, NO=T, W=, o@=II,

X(1) =114,

Where I, (k = 1,2,3,---8) are the constant values. By substituting the transformations

given in Egs. (1.1)-(1.11) into Egs. (6.18)-(6.24) and using the associated boundary

conditions given in Eq. (6.33). The following are the series solutions:

F)= £’ + 0’ + ' + fr +.. (6:34)
Gin)=1-gm+gn’ +&m +&0' +... (6.35)
M) =mn+mmn’ +mn* +mmn’ +..., (6.36)
Nm)=nn+ng’ +ng' +n0 +..., (6.37)
O =1+0n+6,7" +67° +6," +... (6.38)
() =1+gn+dn" +d77 +8i’" +... (6:39)
2=+ g0+’ + g+ ' + (6.40)

where, f,g,m.,n,.,0.,¢ r.;i(=12,3,..) all are fixed values but difficult to provide

here. The previously given equations are solved with 30 iterations using Mathematica
software. However, because we were unable to achieve an excellent convergence rate,
the Padé approximation was used. The ratio of two polynomials, i.e., rational

fractional form, is defined as the Padé approximation. Because of the nonlinearity of
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the governing equations, the results obtained by DTM do not meet the boundary
requirements at the end point without using the Padé approximation. The DTM
solutions must then be combined with the Padé approximation, which has a
significant rate of convergence at infinity. A higher order of approximation is

necessary depending on the desired accurateness. Here, [Sx 5] order approximation is
applied to Egs. (6.34)-(6.40), the Padé approximants are as follows:

1.903457% 146791 +0.305747" —0.096137°
1+0.254217+0.054457 —0.005765° —0.01063n* —0.003697°

fn= (6.41)

_ 1-2.5321+0.146307° +0.821497 + 0.441297" +0.130547°
1-1.531857—1.383537% - 0.56653n° —0.126471* —0.0004277

g() (6.42)

0.709587 +0.088917% —0.013767° +0.301617* —0.328377°

() = 6.43
) 1+0.12530% - 0.352735 +0.066057° — 0.061257* —0.019787° (6.43)

0939237 +1.48352n% +0.904487° + 0.462497° + 0.19181°

n(n) = 6.44
) 1+1.57950 +0.714897% +0.41838%” + 0.296771* —0.0222577° (6.44)

_ 1-0.809377-0.215267% +0.013517° +0.0041277* +0.007017°

0(n) = 6.45
) 1+0.128547 -0.027127% -~ 0.003917° —0.010747n* +0.000567° (6.43)
b = 1-0.1212377~0.344097° - 0.485741° —0.00010n* - 0.047467° (6.46)
1+1.0598277 +0.65555%° +0.094251° + 0.02288n° +0.001157° '
1-0.1473257 - 0.6259675° —0.160401° - 0.055197° —0.011077°
2(p) = 7 7 7 7 T (647

 1+0.919287+0.266337° +0.072157° +0.015847° +0.000467°
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6.5 Graphical Results and Tabular Results

0.5 e .
0.4
_ 03 —Rp=02,03,04
-~ — 5¢=0.04,0.07, 0.12
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n
Figure 6.2: Variation of §, and R on f'(n).
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0.2
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Figure 6.3: Variation of Re on f'(n).
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Figure 6.4: Variation of We on f'(7) .

Figure 6.5: Variation of 4 on f'(n).
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Figure 6.6: Variation of S, on the g'(7).
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Figure 6.7: Variation of R, onthe g'(n).
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Figure 6.8: Variation of T, and T, on the 8(n).
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Figure 6.9: Variation of S, and F, on the 6(z) .
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Figure 6.10: Variation of T, and T, on the ¢(7).
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Figure 6.11: Variation of S, and §,, on the ¢(7).
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Figure 6.12: Influence of S,, Pe on y(7).
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Figure 6.13: Influence of B, on y(7).
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Table 6.1: Analysis of Nusselt number §'(0) for

DTM-Padé[5 = 5].

various values T,7,,F,S, by

A=0,We=0

1 =3.We=0.0014

. T, F 5
0.03 001 68 005 -0.894331445910291 -0.8941277793999004
0.06 -0.8037095122926121 -0.8035188663335286
0.09 -0.7198149657681331 -0.7196374670200603
0.05 0.2 -0.39410764468127524 -0.3939963299160305
0.3 -0.2527760428884648 -0.2526990987319676
04 -0.15733909794397594 -0.1572882408932199
0.01 4 -0.8991280725547512 -0.8990075291259064
7 -0.8285960662715828 -0.8283960513827385
10 -0.7623431624160361 -0.762072979159478
68 -0.01 -0.8055467619687604 -0.8055857980288299
0.05 -0.8331638701744839 -0.8329688625583156
0.10 -0.8562584976198991 -0.8558694550669134
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Table 6.2: Analysis of Sherwood number ¢'(0) for various values

T.T,,8,,Sy by DTM-Padé [5x 5].

0.03 001 005

T I, S, S, A=0We=0  A=3We=00014

-13206515674569705  -1.3212290607096857

—

0.06 -2.1810375658926415 -2.182143519538101
0.09 -3.524472568479956 -3.526023984905224
0.05 0.0l -1.8376104521007752  -1.8385494309701467
0.02 -1.494470255082240  -1.4949112495938333

0.03 -1.3788394622249018  -1.3791144757696543

0.01 -0.01 -1.9716481796319092  -1.9714606614525256

0.05 -1.8376104521007752  -1.8385494309701467

0.10 -1.7254895229072031 -1.727366226587155

0.05 0.2 -1.8346779737721937  -1.8356474740015034
0.8 -1.8368775618025093 -1.837824171426474
1.0 -1.8376104521007752  -1.8385494309701467
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Table 6.3: Analysis of 4'(0) for various values of S, B,,f)

by DTM-Padé [5x5].

S, B, P A=0We=0  i=3We=00014

001 1 T -1.6536338714862044  -1.6536062606415687

0.05 -1.6288240938041103 -1.628962928925392
0.10 -1.6081090485862037  -1.6083872620540738
0.05 5 -1.6264756231408841  -1.6264540777338687
10 -1.623542316208881 -1.6233209170249776
15 -1.6206115509039687  -1.6201909883290273

1 0.5 -1.2933454396424895  -1.2933934902581639
1.0 -1.6288240938041103 -1.628962928925392
1.5 -2.0028259652004254  -2.0030638099298255

Table 6.4: Torque Values on the fix and moving plates by DTM- Padé [5x 5] for various

values of Squeezing Reynolds NumberSQ .

dg(0) dg(l)
dn dn
S, A=0We=0 1=3.We =0.0014 1=0,We=0 1=3.We=0.0014

0.1 -1.092937221430923 -0.8954500024658023 - 0.948663684660318  -0.8968514132478014
0.2 -1.180889912821983 -0.7842736506672865 —0.901360783950894  -0.7898299005296441
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1Table 6.5: TOI‘C-|IJC values of on the fix an?moving plates by DTM- Padé[5x 5] for

various values of Reynolds Number (Rotational) R,, .

dg(0) T dg(1)
dn dn

R, A=0We=0 A=3.We=00014 A=0.We=0 1=3.We=00014

0.1 ~1.26549257529977 -0.668788920573831  —0.853300068364298  -0.6266946930246056
0.2 -1.26527487178758 -0.668350694212925  —0.854905242597022 -0.6567018469217151

6.6 Discussion

The numerical solutions found using the Differential Transformation method
and the Padé approximant are given using graphical and tabular approaches in this
section. Numerical simulations were carried out using the computational software
Mathematica 12v. The physical effects of various components in the momentum
equation, magnetic field equation, temperature equation, motile microorganisms'

equation, and nanoparticle concentration equation are our key interests. Various

physical parameters are deliberated, i.e., effects of squeezing Reynolds number S, ,

rotational Reynolds number R,, Weissenberg number We, Reynolds number Re,

porosity parameter A on the axial and tangential velocity profiles f'(n),g'(n).
Additionally, the impact of different parameters, i.e., squeezing Reynolds number
SQ, Bioconvection Schmidt number B,, Péclet number Pe, are presented for motile
microorganism profile.

Tables (6.1) -(6.3) provide the numerical results for various parameters such
as Sherwood number, Nusselt number, and motile density function. Egs. (3.19)-(3.20)

are used to calculate the torque effect on lower and upper circular plates, as indicated

in Tables (6.4)-(6.5).
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Velocity Distribution

Figures (6.2)-(6.4) illustrated the influence of velocity profile in the axial

direction f '(77) due to squeezed Reynolds number SQ, rotational Reynolds number

R, Weissenberg number We, Reynolds numberRe, and porosity parameter A.
From figure (6.2), one can perceive that by increasing the values of squeezing
Reynolds number SQ and the rotational Reynolds number Ry, , the axial velocity

profile decreases and increases, respectively. The reason behind fluid accelerates by

the rotation of the plate, which causes an increment in velocity field for large values

of Ry . In figure (6.3), it is notice that by increasing the value of Reynolds number,

velocity field in axial direction f'(I]) decreases. In figure (6.4), it is noticed that the

Weissenberg number boosts the velocity profile, but the effects are minimal. This
increase in axial velocity is the consequence of the increase in relaxation time due to

the reduction of resistance in particles of the Williamson fluid. Figure (6.5) shows the

impact of the porosity factor A4 on axial velocity distribution f '(77). It is observed

that by enrichment in the value of the porosity parameter A, velocity profile f'(?])

decreases. The fluid velocity declines because the viscosity of the fluid increases for

the increasing values of the porosity parameter A .

Figure (6.6) represents the tangential velocity profile g'(ﬂ) behaviour for
squeezed Reynolds number SQ. It is detected that by boosting the Squeezed Reynolds

number §,, the tangential velocity distribution declines. A similar mechanism is

observed in figure (6.7), i.e., enhancing the values of the rotational Reynolds number,
tangential velocity profile decreases.
Temperature Distribution

Figure (6.8) elucidate impact of thermophoresis and Brownian motion

parameters 7,,7, on the temperature proﬁleﬁ(n). The graph illustrates that by

!
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enhancing the thermophoresis parameter and Brownian motion parameter 7,7, , the

temperature distribution rises. The physical reason for this is because the fluid

temperature is rising as the kinetic energy of the nanoparticles increases. The effects
of SQ and Prandtl number P, on temperature profile 6’(77) displayed in figure (6.9). It

is seen that by upgrading the Prandtl number £ and the squeezing Reynolds number

SQ, the temperature profile 0(77) diminishes. The reason behind this is the thermal

conductivity reduces when we increase the value of Prandtl number P, which

declines temperature proﬁleH(n) .
Nanoparticle Concentration Distribution

Figure (6.10) shows the influence of Brownian motion 7, and thermophoresis
parameter 7, on nanoparticle concentration¢(77). It is perceived that the

concentration of nanoparticles decays by boosting values of the Brownian parameter

T, , and nanoparticle concentration increases by enhancing values of thermophoresis

parameter T,. Figure (6.11) elaborated impact of Schmidt number §,, and squeezed
Reynolds number SQ on nanoparticle concentration. By enlarging values of squeezing

Reynolds number S,, nanoparticle concentration @(77)rises, while the opposed
phenomena are detected by enhancing the values of Schmidt number S,, .
Motile Gyrotactic Microorganism Distribution

Figure (6.12) portrays the influence of the Péclet number Pe, and squeezed

Reynolds number SQ on the motile microorganism density function }((77). One can

observe that by raising the values of squeezing Reynolds number SQ, motile

gyrotactic microorganism density function enhanced; on the other hand, increasing

values of Péclet number Pe, causes a decrement in motile microorganism density

profile. The physical cause of the above-mentioned physical parameter's behaviour is

that as microorganism diffusivity drops, the microorganism's speed reduces. As a
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result, as the Péclet number increases, the microorganism density function declines.

Figure (6.13) reveals the physical performance of the bioconvection Schmidt number
B,. The density of the motile microorganism function increases when the

bioconvection Schmidt number is increased, however the consequence is minor.
Physical Quantities

In Table (6.1-6.3), the numerical findings for the Nusselt number, local Sherwood
number and motile density number wall gradient are reported. It is evident that
increasing the thermophoresis parameter value causes the Nusselt number to rise,
whereas the opposite trend is observed for Sherwood number. Additionally, the
Nusselt number decreases when the Brownian motion parameter is increased, and the
opposite is true for the Sherwood number. This table demonstrates the extraordinarily
good agreement between the numerical shooting approach and the DTM-Padé
simulation. Eqs. (3.18) -(3.19) are used to calculate the effects of torque on the upper
fixed and lower moving disk, and the DTM-Padé computations are displayed in Table
(6.4-6.5). In conclusion, it should be noted that by closer examination, it reveals that,
as the squeezing Reynolds number rises, the torque at the upper disk decreases and

the torque at the lower disk increases.
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Chapter 7

Transport of Motile Gyrotactic Microorganism in a Reiner
Rivlin Fluid between a Pair of Rotating Circular Plates

7.1 Introduction

This chapter deals with the unsteady flow in rotating circular plates located at a finite
distance filled with Reiner-Rivlin Nano fluid in the presence of gyrotactic
microorganism with effects of activation energy and nonlinear thermal radiation. The
finalized formulated equations are solved using a semi-numerical technique entitled
Differential Transformation Method (DTM) after employing the similarity
transformation. Padé approximation is also used with DTM to present the solution of
nonlinear coupled ordinary differential equations. The tabular and graphical results

are displayed to discuss the physical effects of various features.

7.2 Mathematical Formulation

Flow Assumptions
To formulate the mathematical problem, following assumptions along with
assumption of chapter 3 and 4 have been considered. Flow of magnetized viscoelastic

Nano fluid saturating space between rotating and squeezing disks is modelled with

¢ Reiner-Rivlin fluid as base fluid.

¢ Non linear thermal radiation.
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@ Nanoparticles

Microorganisms A~ Qz Circular Plate

Circular Plate

Figure 7.1: A physical structure for Nano fluid flow between parallel circular plates
in the existence of motile gyrotactic microorganisms and induced MHD.
Rheological Model for Reiner-Rivlin Fluid fluid

The constitutive equation of Reiner-Rivlin fluid flow is defined as
le = _pé‘l_] +/'lelj +luceikekj’ eﬂ' = 0 (71)
where, 7, represents stress tensor, p denotes pressure, u denotes the viscosity

17



coefficient, 1, denotes cross-viscosity coefficient, 5,]- denotes Kroenke symbol, and
deformation rate tensor is represented bye, =(au, /ax])+(au , /ax,). Components of

deformation rate tensor are

ov v ov ofv ov, v
— — _ z _ _ 6 | _ ] [
rr_z_”egg_z_"’ ez_z_’ era_egr_r__ — |=—=-—,
s or\r or r
(7.2)
€p=€, ="V € =€, =—V +—V

Assuming the above-mentioned Reiner-Rivlin fluid model, the proposed governing

equations for continuity and momentum in direction of » 4,z read as

10 rv,)+1%+%=o (1.3)
v Or roeé oz
p(_’.}.vr_al.,\_ﬁ_a_zf_.}.vz%_vi):_a_p
at 5}‘ r 59 aZ r Br (7 4)
+li(rr”)_l_lar_’g_r_%._{._a.i’i_B_gB_’_ngB_e’
r or r 00 r 1574 T Oz Oz
p(%wrév_a_Jrze_?_viw_%_&zg):_l@_P
ot or r 668 0Oz r r 06
1 0 1o, , or,, OB, 0B,
T+t — (1) +—F— B. - ,
rog * Gr( 2 0z oz ° 00 7
(7.5)
(6v- ov. v, Ov. 0v:] op
—ty 4+ L4y = =——
ot or r 06 oz 1574 (1.6)
+ Ory +la(””)(rrrz)+l—ar"z —%Be +%B,,
o0z r Or r 00 0z Oz

e oS
~ 0z Or ¢ or J\oz or or r)\ oz Oz )\ Oz ©Or
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e @A)
fo: =T0 = H Oz #e or rJ)\ 0z Or oz )\'r Oz

The equation of Magnetic field is

19 (,5)+198 0B _, (1.7)
r or r o8 oz

2
9B, 8, %, %=-§(V,BZ—VZB,)+L(6 B’J (7.8)
Z

o "o ‘o6 7oz S, \ 0z°

0B, ©oB, OB, OB, 0 0 | (2B,
=—(v,B, —V,B,)~—(v,B, - Byv,) +— (7.9)
6[ +vr ar +v8 6 +vz 62 a}" (vr ] v@ r) 52 (VH z Hv.) 5#2 aZZ
2
%.er%.'.ve aBz +v, aBz =—a—(vrBz _szr)+—1—_ 0 B;z . (710)
ot or 06 oz Ot ou,\ Oz

The energy equation reads as

or or 8T k 8T 1(aq,j

2z Or

*a-t‘ TV, 5 +V, Pe (,OC)f oz’ - (pc)f

(pe) | . (eroc orocY D.[(orY (orY
+( Dyl ——+—— |[+=|| — | +| — .
pe), oror oz oz) T |\or oz

(7.11)

In accordance with Roseland approximation radiation heat flux, which is

4o, 0T* . .
£——, in which o, represents

38, or

unidirectional (acting axially) takes the form, g, =—

the Stefan—Boltzmann constant and f. represents the mean absorption coefficient,
respectively.

The equation of nanoparticle concentration reads as

oC aC aC o°C D, T , T) -=
— 4y —4v.—=D,—+—L— —k(C-C) —| e, 7.12
a "o Ce "o T A )[Tj (712

u 0

2. . _ . . .
Where k; is reaction rate, 7 is rate constant, ~ is Boltzmann constant, and E, is the

activation energy.
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The microorganism conservation equation reads as

1 2

on, On,, On  on bW, ?_(nﬁ‘i] _p,[2n] (7.13)
o "ar ‘90 "oz C-C,|loz\ oz oz

The corresponding boundary conditions are

2

vr=0,va =er2D—(),v2=0,Bz=B€=O,n=n1,T-_—T;,C=C[’ at Z:O’ (7]4)
!

2 2

o) 0 3 N
C=Cu’T=7:nn=nu,Vz=—aD’
2T()

7.3  Similarity Transformations

Substituting similarity transformation of chapter five, and using component form of
Reiner-Rivlin fluid model in above mentioned governing equations, the following
nonlinear, coupled ordinary differential equations (ODE's) with independent variable

77 are obtained,

2 2
S =4R,|3f" -2[?—9) gg' +2F (mm" +m'm")-(2f -n) f" +2F] (%) nn’
0 Q

2y 0 Rol o
—41<H&gg +2[2rymaa(syme sy )_}

0 Q
(7.16)
g'= 25'02 [2g +ng'+2gf' - fg'+2F,F, (mn' +nm'):| -2K I:g'(n)f"(n)—f'(n)g"(n)],
(7.17)
m"=Re, [m+nm' +2mf' =2 fin'], (7.18)
n ] ! F !
n"=Re,, {2n—fn +nn +2(F4]mg }, (7.19)
4

(1 + % R,(1+(T - 1)0)3)0" +4Rd(T, -D)(1+(T, -10)* 0" +S,P.f6'+T8° +T,0'¢' =0,

(7.20)



¢”+%9"+SQSMf¢'—SMO'(1+5~9)E exp(—%)(ﬁ:& (7.21)

b

7" =S,B, (%Jz +BS,f ¥ -B[x¢'+(x+D)¢"]=0. (7.22)
3

Where K =£ the material parameter of Reiner-Rivlin fluid, Rd=% is
H r

radiation parameter.

The boundary conditions said in Egs. (7.14)- (7.15) reduced as

S(0)=0, £(0)=0,m(0)=0,g(0) =1,n(0) =1,6(0) =1, ¥(0) = 1,4(0) = 1,

1 . (7.23)
S = E,m(l) =1g()=¢,n(1) =1,6(1) =0,¢(1) =0, x(1) = 0.

7.4  Solution Methodolgy

The dimensionless Eqs. (7.16)-(7.22) generated using the similarity transformation

and then solved using DTM by using the boundary conditions mentioned in Eq.

(7.23). Substituting Differential transformations given in Eqgs. (1.1)-(1.11),in which

F(9),G(q),M(q),N(¢),®(q),P(q) and X(g) are transformed function of

SO, g(m), m(m), n(17), 8(n), #(17) and y(77) respectively and are expressed as

fm=> F(@n', (7.24)
gm=Y.Ggn",

#=0 (7.25)
m(n)=> M(g)n’, (7.26)
n(n) = i N(gn*, (7.27)
61 =Y o(gn’,

4=0 (7.28)

#(n) = i D(g)n’,
4=0 (7.29)
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2= X"

(7.30)
By applying differential transform on corresponding boundary conditions, we
obtained
F(0)=0, F(l)=%, G0)=1, M(0)=0, N(@0)=0,
00) =1, @(0) =0, X(0)=0, F@2y=I1,, F@3)=II,, |
G()=T1,, M0)=I1,, N@)=II, 1) =I1,, o) =1TI1,,
X1 =1, J 231

where [T, (€=1,---,8)are the constants. Substituting transformations given in Egs.

(1.11) -(1.18) into Egs. (7.16) -(7.22), and solve with support of associated boundary

conditions shown in Eq. (7.31), The resulting solutions in the form of series are:

Fm)=fo" + o + fn" + far’ +... (7.32)
G =1-gn+gn +gm' +gn' +.. (7.33)
M(n) =m,77+m2773 +m3774 +m4775 +. (7.34)
Nm)=nn+nng’ +nn* +n0 +..., (7.35)
Q) =1+6n+6n* +07° +6,7" +..., (7.36)
Q) =1+gn+dn’ +é’ +40" +.., (7.37)
X =1+ 20+ 20" + 20+ 20"+ (7.38)

where, f,g.m,n,0,¢ x; where i=(1,2,3,..)are constants, and it isn't easy to

express them here because of their complex and long numerical values. With the
assistance of Mathematica computational software, the equation as mentioned above
is solved with 30 iterations. However, it failed to an obtained a reasonable rate of
convergence. The convergence rate of certain sequences can be improved with certain
techniques. Many researchers used the Padé technique, which was used in the form of
a rational fraction, i.e., ratio of two polynomials. The results obtained by DTM, owing

to the non-linearity on the governing equations, don't satisfy the boundary conditions
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at infinity without applying the Padé approximation. The obtained solution by DTM
must then be merged with Padé-approximation, which gives a substantial rate of
convergence at infinity. According to one's desired exactness, a higher order of

approximation is required. Here, [5x 5] order approximation is applied to Egs. (7.32) -
(7.38), the Padé approximants are as follows.

1.74424n% — 6.38470n° +7.80094n" —2.873137° +...
1-2.77547 +1.7989677 +0.61264n° —0.04754n" —0.00180%° +

fm= (7.39)

_ 1-0461937-0.4808147° —0.0300277° -0.036507* —0.00872p° +...

80 = 705805 117 +0.1107077 +0.014901 +0.003987° +0.0036177° +...

(7.40)

()= 0.706587 - 0.052297° —0.045397° +0.272737* —0.322967° +... a4
1-0.0740077 — 0.397577% +0.119957° —0.06098%° —0.027787° +...

)= 0.767837 +1.046015> +0.365147° +0.429175* +0.171077° +... 742
1+1.362297 +0.039497% +0.254797° +0.340037* —0.212407° +...

) = 12079454 —0.240487% +0.053227° —0.032687° +0.014407° +. 243
1.0+0.038877 —0.035237% +0.050997° —0.033597" +0.001297° +... "

1-1.715367+0.56035% +0.391457° ~ 0.354487" +0.119377° +..
1+0.217147-0.0687177% +0.04708%° —0.043507° —0.008307° +...

p(n) = (7.44)

_ 1-0.776897 +0.662047 —0.78526r° +0.099757" - 0.193737° +...
142.487697 +2.46292n +1.100657° +0.134287* —0.037657° +...

x(m) (7.45)



7.5 Graphical and Tabular Result
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Figure 7.2: Implications of SQ and Ry, on velocity distribution (axial) £'().
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Figure 7.3: Implications of K on velocity distribution (axial) 7'(7) .
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Figure 7.4: Implications of SQ on velocity distribution (tangential) g'(7) .
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Figure 7.5: Implications of R, on velocity distribution (tangential) g'(7) .
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Figure 7.6: Implications of R;, on temperature function @(77)
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Figure 7.7: Implications of £,0 on concentration function o(n).
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Figure 7.8: Implications ofSQ, P, on motile microorganism density function y(z) .
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Figure 7.9: Implications of B, on motile microorganism density function (7).
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Table 7.1: Comparison of the torque values at the lower and upper plate with previous results [115] when

0.1
0.2

0.1
0.2

the fluid behaves as Newtonian model (K = 0) and the remaining values are

R, =03,F.=0.5,B/=0.6,K =0,R, = 0,0 =0 for various values of §, and R,.

dg(0)

Zhang et al. [115]

-1.0929372214309236
-1.180889912821983

-1.265492575299778
-1.2652748717875888

Present results

-1.0929372214309236
-1.180889912821983

-1.265492575299778
-1.2652748717875888
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dg(l)
dn

Zhang et al. [115]

-0.948663684660318
-0.9013607839508947

-0.8533000683642988
-0.8549052425970227

Present results

-0.948663684660318
-0.9013607839508947

-0.8533000683642988
-0.8549052425970227



Table 7.2: Analysis of Nusselt number 8'(0), for multiple values Z,];,P,,SQ

by DTM-Padé[5x5].

T

0.03 0.01

0.06
0.09
0.05

7,

0.2
0.3
0.4

0.01

£ So

6.8 0.05

4

10
6.8 -0.01
0.05

0.10

DTM-Padé

-0.8944762272711257
-0.8063777250952755
-0.7253079370829076
-0.37080900827594065
-0.2316716738652042
-0.1411942252519443
-0.8998893435594736
-0.8304624112857932
-0.7656313391774631
-0.8068399501595973
-0.8334251602591399
-0.8553872157158188

19

-0.8944824906474336
-0.806383306245722
-0.7253128728932438
-0.37081139690286175
-0.23167310222667004
-0.14119505897571566
-0.899893033465222
-0.8304683534204742
-0.7656391365026328
-0.8068414709109244
-0.8334257278827505
-0.8553910187144096




Table 7.3:

0.01
0.02
0.03
0.01

Analysis of Sherwood number ¢'(0) for various values T,,T,,S,,S,, E,0 by DTM-

-0.01
0.05
0.10
0.05

N AN

—_— B W N

g

1

2
4
6

Padé [5x 5]

K=0

DTM-Padé

-1.423723583572087
-2.242251830648612
-3.52021034762737
-1.915474205493601
-1.5921974868312598
-1.4831389820481062
-2.0517295527621053
-1.9367842616882913
-1.832060050336652
-2.0146398467429014
-2.2012470588694386
-2.3744735466373146
-1.8531063430623982
-1.829718893888726
-1.821048746320453
-2.01093920918129
-2.19121593549506
-2.359245916149752

K =

<

DTM-Padé

-1.4237062656685955
-2.24222066465715
-3.5201695528198456
-1.9154471661812198
-1.5921851742637334
-1.4831315689992728
-2.0517273504948057
-1.9268295351904132
-1.8320099157048728
-2.0241644922138637
-2.2102937724970664
-2.3831035839166357
-1.8630765987997622
-1.8397573168178392
-1.8311125640363681
-2.020462840246665
-2.2002581288517207
-2.367866612938209
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Table 7.5: Numerical computations of Torque at a fix circular and upper circular plates by DTM- Padé -

Table 7.4: Analysis of '(0) for various values of S,,5,,P by DTM-

Padé [5x5]
K=0 K=0.1
S, B, P DTM-Padé DTM-Padé

-0.01 1 ] -2.5484740630681886 -2.5484721652641165
0.05 -2.4422867164206274 -2.442278141197654
0.10 -2.3326945059751685 -2.3545141881576237
005 S -2.4315407355757515 -2.4315225967036653
10 -2.4300912988489185 -2.430083525231539
15 -2.4286396339889302 -2.4286422222719586
105 -1.6814808605966678 -1.6814680934795112
1.0 -2.432698678642556 -2.4326722455225793
1.5 -3.2408290233020116 -3.2407890961974375

[5x5] for various values of Squeezing Reynolds Number SQ .

0.1
0.2

dg(0) dg(l)
dn dn
K=0 K=0.1 K=0 K=0.1
-1.0944523632334688 -1.0885716574469078 -0.9499690408077309 -0.9876461173721226

-1.1811908734455248

-1.1746346120145237
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-0.9071760445081409

-0.9777866647632717



Table 7.6: Numerical computations of Torque at a fix circular and upper circu

Ry

0.1
0.2

[5x5] for multiple values of Rotational Reynolds Number R, .

lar plates by DTM- Padé

l)=

dg(0) dg(

dn dn

K=0 K=0.1 K=0 K=01

-1.0470698634685973  -1.0416647863739605 -0.9735621738611226 -0.9805868144292514
-1.047887492344034  -1.0424472521086106 -0.9736078836468506 -0.9885069828641508

—
—

7.6 Discussion

In this segment, graphical and numerical analysis is made on the solutions of
resulting nonlinear ordinary differential equations mentioned in Eqs. (7.16)-
(7.22). The differential transformation scheme is applied to present the solutions
of the foregoing equations. Our principal focus is to inspect the physical
characteristics of numerous physical parameters in the momentum equation,
induced MHD equations, temperature distribution, motile microorganism density

function, and mass transfer equation. For instance, the influence of squeezing and

Rotational Reynolds number Sy, R, Reiner-Rivlin fluid parameter K, Brownian
motion I, , magnetic Reynolds numberRe,,, Prandtl number F,, thermophoresis

parameter 7,, Schmidt numberS,, , bioconvection number B,, and Péclet

number Pe are examined.
Velocity Distribution

Figures (7.2-7.3) illustrate the influence on velocity profile in the axial direction

because of the squeezed Reynolds numberS,, rotational Reynolds numberg,_,
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and the material parameter of Reiner-Rivlin fluid K. From figure (7.2), one can

perceive that increasing the squeezed Reynolds number SQ axial velocity

decreases but increasing rotational Reynolds number R, , the axial velocity profile
increases. The physical reason behind this when we increase the value of
Squeezing Reynolds numberS,, the distance between the plates increases, so
fluid velocity decreases, and fluid accelerates by rotation of plate when we
increase the values of rotational Reynolds number K. Figure (7.3) depicts that

increasing values of the material parameter of Reiner-Rivlin fluid the velocity

distribution against axial direction increases.

Figures (7.4)-(7.5) depict the influence of squeezing Reynolds number SQ and

Rotational Reynolds Number R, against tangential velocity distribution. From
figure (7.4), it can be ascertained that by enhancing the values of the squeezed

Reynolds number SQ, tangential velocity distribution decreases. Similar

phenomena are observed in figure (7.5) i.e., by increasing values of rotational
Reynolds number, tangential velocity profile declines.

Temperature Distribution

The effects of radiation parameter R, on temperature profile are shown

in figure (7.6). It is observed that by enhancing the radiation parameter R, the
temperature profile increases. The physical reason behind this is an increase in
radiation releases the heat energy from flow; hence there is an increase in

temperature.
Concentration Distribution

Figure (7.7) deliberates the influence of reaction rate O and activation
energy E on the nanoparticle concentration. It may be observed that nanoparticle

concentration displays a substantial rise by increasing values of £ . Since high

energy activation and low temperatures impart to a constant reaction rate, the
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resulting chemical reaction is therefore slowed down. Consequently, the
concentration of solute rises. On the other side, increasing values of O the
nanoparticle concentration decrease.

Motile Gyrotactic Microorganism Distribution

Figure (7.8) portrays the consequences of Péclet number Pe and

squeezed Reynolds number SQ on motile microorganism density function. One

can experience that enhancing values of squeezed Reynolds number SQ tends to

boost the microorganism density function while increasing values of Péclet
number Pe the motile microorganism density function diminishes. The reason
behind this is that the diffusivity of the microorganism reduces, then the speed of
the microorganism also decreases. This is the physical fact and resulting in the
microorganism density function decreases while increasing the value of Péclet

number Pe . Figure (7.9) is plotted to see the physical performance of the

Bioconvection Schmidt numberB,. It apparent that enhancing values of

bioconvection Schmidt number B, motile microorganism density function rises

but the consequences are negligible.
Physical Quantities

Table (7.1) shows the numerical comparison with previous results of
chapter 2 against the torque values at the upper and the lower plate by taking

K =0,R, =0,0 =0 in the present results. It is found that the results obtained in the

present study are not only correct but also converges rapidly. Furthermore, we
can also say that the proposed methodology i.e. DTM-Padé shows promising
results against the coupled nonlinear different equations. Tables (7.2-7.6) are
developed for different physical parameters against Sherwood number, Nusselt
number, and motile density function ¢'(0),6'(0), ¥'(0). Moreover, the torque

values at the lower plate dg(0)/dn, and upper plate dg(l)/dn are also

calculated numerically in these tables.
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Chapter 8

Transport of Motile Gyrotactic Microorganism in a
Sutterby Fluid between a Pair of Rotating Circular Plates

8.1 Introduction

In this chapter, we analyse unsteady flow confined by parallel circular disks filled
with magnetized Sutterby fluid in the presence of nanoparticles and motile gyrotactic
microorganism along with the effects of activation energy. The Differential
Transformation Method (DTM) is used to obtain the solution of the set of non-linear
Ordinary Differential Equations for the flow situation. The Padé approximation is
merged with Differential Transformation Method (DTM) to attain the better
convergence of coupled, non-linear ODE’s. Torque effects on both plates i.e., lower,
and upper disks are taken into consideration. The tabular and graphical results are

showed to discuss the physical effects.

8.2 Mathematical Formulation

Flow Assumptions
To formulate the mathematical problem, following assumptions along with
assumption of chapter 3 and 4 have been considered. Flow of magnetized viscoelastic

Nano fluid saturating space between rotating and squeezing disks is modelled with

o Sutterby fluid as base fluid.



@ Nanoparticles / \ 0
Microorganisms N
P vicroor W

2 Circular Plate

Circular Plate

Figure 8.1: A physical structure for Nano fluid flow between parallel circular plates

in the existence of motile gyrotactic microorganisms and induced MHD.
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Rheological Model for Sutterby Fluid

The etxra stress tenson of sutterby fluid flow is written as

r=—pl+S, (8.1)
where
g Hy sinh” (ﬂl )

T

Where T signifies Cauchy stress tensor, f, signifies viscosity at low share rate, y
signifies share rate, [, denotes infinity shear rate viscosity, §signifies extra stress

tensor, 4, represents first Rivlin-Erickson rate tensor and define as

A =(graav)+(gradv)’, (8.2)
A

=22, ity = \E 83)

A =trace[(gradV)+(gradV)T:]2. (8.9

By series expansion

3
- By
sin '(ﬂ,y)sﬂl}/—%. (8.5)
For the sutterby fluid model the viscoisty relation is expressed as
sinh”
H=— ('B]}/) (8.6)
2 By

After using Eq. (7.5)-(7.6), the viscosity relation for second order approximation is

yzy{l—@]zyoll—n(ﬂ—'”z]. 8.7

6
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This model behaves like visous fluid and Eyring model for various values of n i.e.,

for n =0, Eq. (8.7) reduces to U = 4, (viscous fluid) and for n =1, Eq. (8.7) reduces

2
to U= p, {1 _L'Blé’_)} which is known as Eyring model.

Assuming the above mentioned Sutterby fluid flow in MHD squeezed film, the

continuity and momentum in direction of r,8,z read as

"Vr)+ 1 —a_ v8)+—a_(v:)=oy

10 1
r 06 Oz

;5}’

o "or r ol ‘oz r or
+12(rz'")+la—ri‘2-—fﬁ-+%—é—q’—32—%Be,
r Or r 06 ¥ Oz 0574 0z

p(avr oy e Ve %_v_o):_a_P

p(%+vr%+v_9%+vz%_w)=_la_ﬁ
0 or r 06 Oz r r 06
+l 07, +_1’_ 6(r21r6)+5102 _889 Bz_aB67 B,
r o8 r or Oz Oz or

Zz

(6v. ov.
pl —+v, —=+-L— 4y,
ot or r 00 0z

v, Ov. i)_ op
Oz

+li(rr,-)+l or,, +61:: _ 0B, Bg+6Br B
I3 00 Oz 0z Oz
where
[ 2 2 2 2
np; 2(@ + a"’) +(%) (avﬂ—ve) 2
or Oz Oz or r
z-rrzluo l_ 6
2 2 2 2
o) o) (% () oo
or Oz Oz or r
Trﬂzluo l—
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(8.9)

(8.10)

8.11)



=ull-
fr =t 6 Oz

ElCEGERCRRo)
| : or 0z 0z or r r ov, vej
for =t 6 (ar r)
i 2 2 2 2 2\]
o5 (5 (B 5 )
or oz 0z or r r v
Too =—P+ M| 1- 2(4),
6 r
2 2 2 2 2
o %)) (3 (2] )
or 0z 0z or r r ov
Ty, = M| 1 - —£,
6 0z
2 2 2 2 2
o f5) (5] ()5 )
b or 0z 0z or r r v,
z'zr—_/'IO 6 az’

The magnetic field equation in 7,6,z direction along with temperature, concentration

of nanoparticle and conservation of microorganism read as

19 rBy+198e 9B _ (8.12)
¥ Or r 080 Oz
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2
OB, vuB: 08, OB 95 _vBy+|2E] 8.13)
ot or 06 0z Oz : S, \ Oz

2
oB, OB aBg+w6B9=é_6_(VrBB_vB) 9 BB Z)+51 {6Bj
v

ot or 06 oz oz’
(8.14)
2
98, +uaBz +vaB’ +waBz =—a-(v,B_ —v,B,)+—1— 9 B;z ) (8.15)
ot or 06 0z Or : o, \ 0z

or or T _oT (arac arac) D, (ar)z (ar)z 1 (6q,]
—tV, v, —=a——+7|Dy| ——+—— |+=-|| — | +|— — 1,
ot or oz oz oror oz oz) T,|\or oz (pc), \or

»

(8.16)
C oC oC . 3C D, T 7Y ( j
—+V,—+v,—=Dy—+—L—-k*(C-C,)| — — |, (8.
a o e PR T K w)[TmJ P\ T TexT @.17)
@H,@_Hea_nwza_mbw {8( —a—c—ﬂsza(a—ng. (8.18)
ot or o6 0z Oz Oz Oz

According to our assumptions the initial and boundary conditions for Egs. (8.8)-(8.18)

are

2

u=0,v= Qr w=O.Bz=BH=O,C=C,.T=7},n=n, at z=0, (8.19)
2 2 2

u=0,v= Qr D Nor_?_,gzz__ﬂ_%,wz_ﬂl) .
() (1) ING) ()" at z=T().

r=7,C=C,n=n,

i u?®

(8.20)

8.3 Similarity Transformations

Substituting similarity transformation of chapter five, and using component form of
Sutterby fluid model in above mentioned governing equations, the following
nonlinear, coupled ordinary differential equations (ODE's) with independent variable

17 are obtained,



2 2
w4 2 "
S =—3f"-2 Ry gg' +2F; (mm" +m'm")—(2f -n) " +2F; R | e
Sy Sy Sy

" " Re
ane? |35, o5 (28T e ) R 12R,S, ks (8
S) m2 "2 R v 12
¢ (2f7 + ")+ TS (17g”+2gef")+ <

g"(n)=28,2[2g +ng +2gf" - f&g' + 2FF, (mn' + nm') |

28,°ne* | R, 2 !
_ Q 2" _L v _r 12
—RQZ [_4392“” g 3fgf 3f g +

m”=ReM[m+77m’+2mf’—2fm'],
F,
n —ReM{Zn fn'+nn +2( ) g]
FT
4 4 ! 12 Y
(1+§Rdje +S8,Pf0'+T0" +T,6¢' =0,
¢ + 6?"+S S, f4'=S,,0(1+50) ex (—qup—o
M M p 1450 )

-S,B [2)1 +BS,f7' - B[ x¢+(x+D)¢"]=0.

Where = = 0 g, the material parameter of Sutterby fluid.

" +ee fM+gf'g")

SoR 2 w2
e (2177 )

(8.21)

g +gf )
(8.22)

12RQ R
(8.23)

(8.24)

The boundary conditions said in Eqs (8.19) - (8.20) converted to

f (0)=0 = /'(0),(0) =1,m(0) = 0,n(0) =1,6(0) =1, 7(0) =1,¢(0) =1,

JHh== ,g(l) £:m(1)=1,n(1)=1,601) = 0,6(1) =0, x(1) =0,

8.4 Solution Methodolgy

The dimensionless Eqgs. (8.21)-(8.27) generated using the similarity transformation
and then are solved using DTM using the boundary conditions mentioned in Eq.

(8.28). Substituting Differential transformations mentioned in Eqs. (1.1)-(1.11),in
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(8.28)



which  F(¢),G(9). M (q). N(¢),©(q),P(q) and X(q) are transformed function of

L), g(m7), m(), n(m), 6(n7), #(17) and x(7) respectively and are expressed as

f@m= ;F (n', (8.29)
gn) = Z,G(q)n", (8.30)
m(1) = qZ:;M (9, (8.31)
n(n) = ggN (@’ (8.32)
o(n) = g;@(q)n", (8.33)
¢(n) = ;d)(q)n", (8.34)
x(n)= ;X(q)n". (8.35)

The differential transform of the corresponding boundary conditions are

F(0)=0, F)==, GO)=1, M@©)=0, N(@0)=0,
00) =1, @0) =1, X)) =1, FQ)=I,, FQ@3)=I1, r(8.36)
GH=II,, M@O)=I, ND=IL, 60=I, &O=I,
X(1) =TI,

N | —

Substituting transformations given in Egs. (1.1)-(1.11) into Egs. (8.21)-(8.27),
obtained solution with the aid of corresponding boundary conditions given in Eq.

(8.36), The resulting series solution are:
Fmy=fir + 1’ + 1" + 1" + .. (837)
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G =1-gn+gn +gm +8n" +... (8.38)

Mm)y=mn+mmy’ +my* +mmy’ +..., (8.39)
Nm)=nn+na’ +nn* +n7 +..., (8.40)
O =1+0n+0n" +677° +07" +..., (8.41)
$(n)=1+dn+dn’ +47 +4’" + ... (8.42)
X =142+ 2 + 250+ 2471+ (8:43)

Where f,g,.,m,n.,0.,8 7 ;i(=1,2,3,.) is a set of fixed values that is difficult to

show here. The above-mentioned equation by replacing the differential
transformations is solved with 30 iterations using Mathematica software 12 version.
However, a good rate of convergence was not achieved. Various approaches are
available which can boost the convergence rate of certain sequences. Many
researchers employed the Padé approach, which is defined as the ratio of two
polynomials, i.e., the rational fractional form. Due to the non-linearity of the
governing equations, the results generated by DTM do not satisfy boundary
conditions (BC's) at infinity without the use of the Padé approximation. The DTM
solution must then be combined with the Padé-approximant, resulting in a high rate of
convergence at infinity. The higher order of approximation is required depending on

the desired exactness. we use [5x 5] order approximation is employed to Eqgs. (8.37)-
(8.43), the Padé approximants are as follows.

1.503807° —0.569837° —0.309577* +0.014507° +...
1+0.294147-0.0174177° —0.0005377° - 0.00020n* —0.000177° +...

fm=

_1-0.949387-0.055287% +0.0053277° —0.001075" +0.000417° +...
1+0.050807 — 0.004667° +0.000547° —0.000377* +0.0000017° +...

g(m)

(8.44)

(8.45)



m(1)

n(1)

&(n)

¢(n)

x(m)

0.701277-0.164717% +0.01670%° +0.228867° —0.253977" +...

 1-0.234887-0.3095177 +0.154015° —0.064347° —0.0168757° +...

0.927997+1.059857% +0.472757° +0.297007* +0.139815° +...

T 1+1.1420867 +0.26137n% +0.28733%° +0.233957* —0.025127° + ..

_ 1-0.9554217-0.050861" +0.010177° —0.005187" +0.001461° +...

" 1-0.010067 - 0.00278%° +0.008287° —0.004437* —0.0000017° +...

1-1.101277 +0.087675" +0.04069%° —0.031827* +0.012267" +...

1-0.015837—0.040987% +0.01257° —0.008277° —0.000497° + ..

1-1.411787+0.58200%° —0.2098177° +0.045577" - 0.004367° +...

" 1+0.248837-0.018617° +0.018837° +0.000615" —0.002787" +...

(8.46)

(8.47)

(8.48)

(8.49)

(8.50)



8.5 Graphical and Tabular Results
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Figure 8.2:  Variation of §, and Rg, on 1 (7).
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Figure 8.3:  Variation of Re and ¢ on £'(n).
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Figure 8.4:  Variation of §; on the g'().
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Figure 8.5:  Variation of R, on the g'(n)
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Figure 8.6: Variation of R, on the 8(z) .
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Figure 8.7:  Influence of £,0 on ¢(n).
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Figure 8.8: Influence of §,, Pe on (7).
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Figure 8.9: Influence of B, on y(7).

138

1.0



0.0t
0.02
0.03
0.01

0.01

0.0t
0.02
0.03
0.01

£S5,

6.8 0.01

4

7

10

6.8 0.01
0.05
0.10

R,

0.1

0.1

0.2
0.3

Table 8.1: Nusselt number —6'(0) for various values T,,T;, F,S,, R, by DTM-Padé[5x 5].

N=0,6=0

Shooting Method

0.9453581458257031
0.9129392464647502
0.885050353876044

0.9453581458257031
0.9127247607771866
0.8846306434056175
0.9652550488660355
0.9397439543758035
0.9147012636449525
0.9453581458257031
0.962823634655179

0.9846650661460106
0.9453581458257031
0.9510070301645854
0.9555976234799036

DTM-Padé

0.9453581458257031
0.9129392464647502
0.885050353876044

0.9453581458257031
0.9127247607771866
0.8846306434056175
0.9652550488660355
0.9397439543758035
0.9147012636449525
0.9453581458257031
0.962823634655179

0.9846650661460105
0.9453581458257031
0.9510070301645854
0.9555976234799036
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Shooting Method

0.9453580229418479
0.9168105199062608
0.8888640984792582
0.9453580229418479
0.9165850260955254
0.8884227981982002
0.9675928032457709
0.9437839679869379
0.9203987712978005
0.9453580229418479
0.9628229964119813
0.9846637459508848
0.9453580229418479
-0.9510069195680435
0.9555975229405811

N=000Le=001

DTM-Padé

0.9453580229418479
0.9168105199062608
0.88886421387948

0.9453580229418479
0.9165850260955254
0.8884227981982002
0.9675928032457709
0.9437839679869379
0.9203987712978005
0.9453580229418479
0.9628229964119814
0.9846637459508849
0.9453580229418479
0.9510069195680435
0.955597522940581 1



Table 8.2:

Values of —¢'(0) for various values of

N=0,6=0

T

t

0.01
0.02

0.03

0.01

b

0.01

0.01

0.02

0.03

0.01

T,

S

0.01

0.01
0.05
0.10

0.01

Sy O [E Shooting Method

2

1.0 0.5

1.0

1.2

1.4

1.0 05

1.0

| -

1.435178775912007

-1.5386661248386588

1.6915815282592488

1.435178775912007

1.4232820562236754

1.419093062504203

1.435178775912007

1.4251485442115686

1.4125835930091923

1.435178775912007

1.7668272242531649

2.061809288257862

1.435178775912007

1.5047236560982666

1.5724569509177595

1.435178775912007

1.2934921698534982

1.2032049045002797

N =0.001,£ =0.01

T.T,,S,,S, by DTM-Padé [5x5].

DTM-Padé

1.435178775912007

-1.5386661248386588
1.6915815282592488
1.435178775%912007
1.4232820562236754
1.419093062504203
1.435178775912007
1.4251485442115686
1.4125835930091923
1.435178775912007
1.7668272242531649
2.0618092882578622
1.435178775912007
1.5047236560982666
1.5724569509177595
1.435178775912007
1.2934921698534982

1.2032049045002797

Shooting Method

1.4351845601115252

1.5386815699499619
1.6916058310008029
1.4351845601115252

1.4232823835584472

1.4190915732019218

1.4351845601115252

1.4251794413504606

1.4126492708515266

1.4351845601115252

1.766826872469483

2.061802518834794

1.4351845601115252

1.504729257426788

1.5724623816684822

1.4351845601115252

1.2934983531439321

1.203211360514021

DTM-Padé

1.4351845601115252

1.5386815699499619
1.691605831000803
1.4351845601115252

1.4232823835584472

1.4190915732019218

1.4351845601115252

1.4251794413504600

1.4126492708515266

1.4351845601115252

1.766826872469483

2.061802518834794

1.4351845601115252

1.504729257426788

1.5724623816684822

1.4351845601115252

1.2934983531439321

1.203211360514021

'!
'1

—
— —




1

Table 8.3: Values of z'(0) for various values S,,B., 2 by DTM-Padé [5x5].

— ——
— e——

N=0,e=0
S, B, P Shooting Method DTM-Padé Shooting Method DTM-Padé
0.01 5 ] 1.9920960111923511 1.9920960111923511 1.9920441739686712  1.9920441739686712
0.05 1.9809248574300737 1.9809248574300737  1.9806519209599767  1.9806519209599767
0.10 1.9669545329043135 1.966954532904315 1.9664308565984414  1.9664308565984414
0.01 5 1.9920960111923511 1.9920960111923511 1.9920441739686712  1.9920441739686712
10 1.9913862326581517 1.9913862326581517 1.991250840275269 1.991250840275269
15 1.9906766098258128 1.9906766098258128  1.9904576936771408  1.9904576936771408
5 1 1.9920960111923511 1.9920960111923511 1.9920441739686712  1.9920441739686712

1.2 2.2139723400728952 2.2139723400728952
1.4 2.4426103927893497 2.4426103927893497

N=0001¢=001

2.213920738108241
2.4425593242811856

2.213920738108241

2.4425593242811856

Table 8.4:_"l:orque Values on the fix and moving plates by DTM- Padé [5x5] for various

values of Squeezing Reynolds NumberSQ .

dg(0) dg(1)
dn dn
SQ =0 c=0.01 =0 c=0.01
0.1  -1.092937221430923 -0.8954500024658023 — 0.948663684660318 -0.8968514132478014
0.2 -1.180889912821983 -0.7842736506672865 ~ 0.901360783950894  -0.789829900529644 |
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8.6 Discussion

The numerical solutions found by using the Differential Transformation Method in
conjunction with the Padé approximant to solve coupled non-linear differential
equations for the above-mentioned flow condition are discussed. Nonlinear equations
are usually solved using several numerical approaches based on boundary conditions,
one of which is set to infinity. Many researchers have created approximate analysis
methodologies for non-linear problems while mathematical computational software
such as MATHEMATICA, MATLAB, and MAPLE are being used. The Homotopy
Perturbation Method (HPM), the HAM, and the Differential Transforming Method
(DTM) are some techniques which is used by the various researchers. Some of these
methods use special transformations to simplify difficult equations or convert them
into systems of equations, and others give solutions in the form of series that are near
to the actual solution. The above-mentioned system of equations is solved with help
of computational software Mathematica (12v). To ensure that our findings were
accurate, we compared our results with shooting method. The physical properties of
several components appearing in momentum equation, MHD equation (induced),
temperature equation, motile microbe function, and nanoparticle concentration

equation are the main focus of our study. Various physical parameter are considered,
i.e. effects of squeezing Reynolds number SQ rotational Reynolds numberRy,
material parameter £, Reynolds number Re on the axial and tangential velocity
profiles £'(17),g'(;7) , and magnetic Reynolds number Re,, on induced magnetic field

m(n), n(n) . Additionally, the impact of different parameter i.e. squeezing Reynolds

number SQ, Prandtl number P, thermophoresis parameter 7, , Brownian motion 7},

Schmidt number SM , Bioconvection Schmit number Bs , Péclet number Pe are also

discoursed on temperature profile, nanoparticle concentration and motile density

function. For graphical results, the following values of different parameters is
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selected for analysing the graphical outcomes.
S, =00LR, =0.1;Ne =0.0;Nb =0.01; Bt =6;Re,, =1;Pr=6.8;5,, =1;B, =1;Pe=0.5;
i=0.0l;Re=0.1,6 =0.01;

Velocity Distribution

Figure (8.2)-(8.3) illuminated that the impact on velocity profile in axial
direction due to squeezed Reynolds numberS,, rotational Reynolds number R,

material parameter ¢ and Reynolds number Re. As seen in figure (8.2), by rising the
squeezing Reynolds number and the rotational Reynolds number the axial velocity
profile decreases and increases respectively. In figure (8.3), it is detect that, increasing
value of material parameter ¢, velocity field in the axial direction increases. This
increase in axial velocity is consequence of the increase in relaxation time due to
reduction of resistance in particles of the Sutterby fluid. By increasing the value of
Reynolds number, the axial velocity profile decreases. The tangential velocity profile
behaviour for squeezed Reynolds number is shown in figure (8.4). The tangential
velocity distribution decreases when the Squeezed Reynolds number is increased.
Similar phenomena are observed in figure (8.5) i.e., temperature profile decreases by
increasing the value of rotational Reynolds number.
Temperature Distribution

The influence of radiation parameter on temperature profile is seen in figure
(8.6). By increasing value of radiation parameter, temperature profile increases. The
physical reason for this is that an increase in radiation causes the heat energy in the
flow to be released, resulting in a temperature increase.
Concentration Distribution

Figure (8.7) portrays the influence of rate of chemical reaction and activation
energy on nanoparticle concentration. The consequent chemical reaction is retarded
because high energy activation and low temperatures produce a steady reaction rate.

As a result, the solute's concentration grows.



"

Motile Gyrotactic Microorganism Distribution

Figure (8.8) portrays the influence of Péclet number Pe and squeezed

Reynolds number SQ on the motile microorganism density function ){(77). One can

observed that rising in the values of squeezing Reynolds number SQ .motile gyrotactic

microorganism density function enhanced and enlarging values of Péclet number Pe
, performance of motile density of microorganism function opposed. The physical
motive of this behaviour of above-mentioned physical parameter is microorganism
diffusivity declines then the speed of the microorganism decreases. That’s why the
microorganism density function decreases while increasing the value of Péclet

number Pe . Figure (8.9) establishes the physical performance of Schmidt number
S . It perceived that by enhancing the value of bioconvection Schmidt number B,,

density of the motile microorganism function rises but the impact is minimal.

Physical Quantities

The numerical results for of different parameters i.e., Sherwood number, Nusselt
number, and motile density function are represented in Table (8.1)-(8.3). It is evident
that increasing the thermophoresis parameter value causes the Nusselt number to rise,
whereas the opposite trend is observed for Sherwood number. Additionally, the
Nusselt number decreases when the Brownian motion parameter is increased, and the
opposite is true for the Sherwood number. Moreover, the torque values at the lower

plate dg(0)/dn, and upper plate dg(1)/dn are also calculated numerically., which is

showed in Table (8.4).
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Chapter 9

Conclusion and Future Work

9.1 Introduction
This chapter summarizes the main findings of this thesis. We also outline
some expected directions for future research on transport of motile gyrotactic

microorganism in different fluid models as well as in different geometries.

9.2 Conclusion

The aim of this research work explained in this thesis is to provide mathematical
modelling and semi-numerical computation of transport of motile gyrotactic
microorganism in a Viscoelastic fluid. For mathematical modelling of nanofluid
Buongiorno’s model have been taken into consideration. Fluid flow take place
through parallel rotating disks. Several flow and heat transfer characteristics like
linear and nonlinear thermal radiation, activation energy, Activation energy and
porosity are considered. The DTM-Padé approach is used to solve the first order
equations derived from the reduced system of nonlinear equations. As the first chapter
is preliminary study, which focused on introduction, motivation and objective of this
thesis, semi analytic method, and thesis layout. Chapter 2 focus on literature review,
governing equations, dimensionless numbers, discussion about viscoelastic fluids and
geometry of the problem which is discussed in next 6 chapters (Chapter 3 to 8). From
chapter 3 and onward the main published and submitted work is reported.
Mathematical model is developed flow the flow situations. Obtained flow problem is
then simplified with the help of similarity transformations and then solved with the
help of well-known DTM-Padé method. Graphical and tabular discussion is made to
discuss the physical parameter occur in the ordinary differential equations. Torque
plays important role in the rotating flows. Torque is also calculated for the flow

situation.
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Mathematical model for nanofluid bioconvection axisymmetric squeezing flow
between parallel rotating circular plates is investigated in chapter 3. Rosseland is
employed to examine effects of thermal radiation. The key findings of this study
shows that with increment in squeezing Reynolds number, both axial and tangential
velocity magnitudes decrease. By raising the values of the rotational Reynolds
number, the axial velocity distribution increases. Rise in the values of thermophoresis
parameter induces significant elevation in nanoparticle concentration values. By
Increasing the value of Brownian motion and thermophoresis parameters, fluid
temperature is increased due to elevation in the kinetic energy of the nanoparticles.
Thermal conductivity reduces when we increase the value of Prandtl number which
declines temperature profile. The inclusion of radiative flux therefore produces
different results to when it is neglected, and it is important in realistic models of high
temperature bioreactors or lubrication systems to include a robust radiative heat
transfer model. Speed of the microorganism decreases because the microorganism
density function decreases while increasing the Péclet number. The amplification in
squeezing effect i.e., greater squeezing Reynolds number, reduces torque at the lower
disk whereas it enhances torque at the upper disk.

A mathematical model is devised for flow of magnetized Nano fluid between
spinning circular plates containing nanoparticles and gyrotactic microorganisms in
chapter 4. A generalized form of magnetic Reynolds number is used for mathematical
modelling of nanofluid flow. The key findings of this study show that Magnetic
Reynolds number tends to diminish induced magnetic field in axial and tangential
direction. Brownian motion reveals the opposite effects on temperature distribution
and nanoparticle concentration, while the thermophoresis effects remain similar.
Squeezed Reynolds number significantly suppresses the temperature, microorganism,
and nanoparticle concentration distribution. Péclet number tends to diminish the
microorganism profile, whereas Schmidt number intends to boost the microorganism

profile.
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In presence of a generalized magnetic field, flow behavior between two spinning
circular plates filled with Carreau fluid in suspension of nanoparticles and motile
gyrotactic bacteria is discussed in Chapter 5 along with Arrhenius equation. The key
findings of this study show that Rotational Reynolds number gives opposite behavior
for the axial and tangential velocity distribution. The shear-thinning fluid viscosity
decline with shear strain because of big velocity as collate to Newtonian and shear-
thickening fluids. In axial and tangential velocity distribution, velocity is decreasing
by increasing value of squeezed Reynolds number. Activation energy enhances while
the reaction rate suppresses the nanoparticle concentration. Péclet number reduces the
microorganism profile, whereas squeezed Reynolds number and bioconvection
number intend to enhance the microorganism profile.

The unsteady flow confined by parallel rotating circular plates in porous media
filled with Williamson Nano fluid is discussed in chapter 6. The impact of the
porosity parameter is considered as well. The key finding of this study are shows that
on axial and tangential velocity profiles, the rotational Reynolds number shows a
reverse trend. As the squeezing Reynolds number increases, the axial and tangential
velocity profiles decrease. Increasing the squeezing Reynolds number increases
nanoparticle concentration and motile microorganism profile. The motile
microorganism profile is decreased when Péclet number increased, whereas
microorganism profile increased when bio convection Schmidt number increased.

The unsteady flow between rotating circular plates located at finite distance filled
with Reiner-Rivlin Nano fluid analyzed in chapter 7. The Reiner-Rivlin Nano fluid is
incompressible and electrically conducting. Moreover, Nano fluid also accommodates
motile gyrotactic microorganisms under effect of activation energy and thermal
radiation. The key finding of study are shows that opposite behavior is experienced
for the rotational Reynolds number on tangential and axial velocity distribution.
Enhancing value of squeezing Reynolds number, tangential and axial velocity
distribution decreases. The thermal radiation parameter enhances temperature

distribution. Nanoparticle concentration and motile density increase by enhancing
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value of squeezing Reynolds number. Increasing values of Activation energy tends to
intensify the nanoparticle concentration profile. The microorganism profile declines
by increasing values of Péclet number, but microorganism profile rises by enlarging
bio convection number.

The unsteady flow confined by parallel circular disks filled with magnetized
Sutterby fluid in presence of nanoparticles and motile gyrotactic microorganism
discussed in chapter 8. Impact of Arrhenius Kinetics also considered in this study.
The key findings of this study show that on axial and tangential velocity profiles, the
rotational Reynolds number shows a reverse trend. The axial and tangential velocity
profiles reduce as the value of the squeezing Reynolds number increases. The
temperature profile rises as the thermophoresis and Brownian motion parameters are
increased. The temperature distribution rises as the radiation parameters is increased.
Energy parameter and rate of chemical reaction indicate opposing patterns for
nanoparticle concentration. The microorganism profile decreases as the Péclet number
increases, whereas the microorganism profile increases as the bio convection number

increases.

9.3 Future Work

Useful information is provided by flow phenomena investigated in this thesis about
the swimming of motile gyrotactic microorganism in parallel rotating disk. By
applying it to many real-world scenarios, current exploration's qualities and benefits
have been clearly demonstrated. But there are still a lot of difficulties to overcome to
achieve complete predictive capabilities for swimming of motile gyrotactic
microorganism in different fluids. In this thesis, struggle is made to perform
investigations with more complex simulation models and more improved

measurements. Here, some notions and directions for future work are.

Entropy Generation: The work investigated in this thesis focused on
transport of nanoparticle. future plane is to extend this work for case of swimming of

motile gyrotactic microorganism in viscoelastic fluid along with entropy generation.

148



"

Microchannel and Microtube: The actual configurations incorporated

in current thesis are parallel rotating disk. Because microchannel and micro tube
geometries have several technical and industrial uses, it is planned to further this

study in the future.

Homotopy Analysis Method: In current study, differential transform

method is used for solving nonlinear coupled differential equations. Another
mathematical model that was built by the transport of a motile, gyrotactic bacterium

using HAM will be solved in a future proposal.

$8: In current study, uniform distribution of nanoparticle is chosen. The
extension of our work on particle random distribution, which might lead to stochastic

modelling, is a future suggestion.
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