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Preface

Different physical phenomena of physics, chemistry, biology and economics such as sur-
face waves of fluids, shock waves in physics, processes in nuclear reactors, stability of scientific
processes, models of game theory in economics, optimization of production processes, study of
many particle systems, gravitational effects in general relativity, study of variation of electrical
potential in the heart etc., lead to nonlinear problems. Many of these problems reduce math-
ematically to operator equation F = (), where F' depends on z and y. This operator equation
may include the following forms.

(1) éx ==

(2) Inhomogeneous problem Tz =y, y is known and z is to be determined.

Consider a mapping € of Q into  and £z = z. Then every solution of the operator equation
is a fixed point of &.

We investigate the existence results for differential and integral equations (DEs and IEs) by
fixed point (FP) analysis. For this purpose, we generalize existing fixed point results and apply
them to different types of problems. Qur main focus is to obtain generalized Krasnoselskii and
Schauder type fixed point theorems (FPTs) and apply them to DEs to give a comparison of
the present results to new one. So we improve the existing work of fixed point analysis so that
broad class of differential equations might be discussed for the existence of solutions. Our work
is motivated by compactness, convexity, boundedness, measure of noncompactness (MNC),
continuity, contraction, monotonicity, and the analysis to be presented reveal key features of
Krasnoselskil and Schauder type FPTs in the framework of topology, analysis and algebra.

The thesis contains generalized Schauder andKrasnoselski type fixed point results in metric,
normed and Banach spaces (BS) with or without ordered hypothesis (total ordered or partial
ordered topological spaces (TS) with monotonicity condition on operators) for the operator
equations §v + (v = v or ['(v,v) = v. Generalized equiexpansive (GEE) and equicontractive
conditions are used to find the fixed point results. The concept of MNC is generalized to
investigate fixed point results by weak assumptions on the space and operator. The main
results are applied to find the existence of solutions of differential and integral equations. The
thesis is divided into eight chapters.

Chapter one is compiled for basic definitions and theorems, literature review, motivation



and research methodology.

Chapter two contains some variant results of Krasnoselskii type fixed point theorems. The
Krasnoselskii type results are established in a setting consist of a map I' depending upon
two variables. The FP results for the operator equation I'(v,v) = v are discussed under the
assumption of equiexpansive mappings. The results are generalization of some important results
in the literature. An existence result for controlled problem with less conditions is discussed
which is generalized type of Cauchy problem for evolution differential equations. The contents
of this chapter can be seen in Journal of Function Spaces. 2021 Sep 11;2021.

Chapter three discusses the fixed poit results for the equations of types ['(v,v) = v using
the tool of MNC and the assumption of equiexpansive (EE) and equicontractive (EC) family.
Noncompact operators, k-set contraction (KSC) and condensing, which is more general class
than compact operators, are assumed for the investigation of fixed point results. The results
are generalized form of the some variants of Krasnoselskii type fixed point theorems and gen-
eralization of Sadovskii theorem, which is generalized form of Schauder FPT. Application is
given to apply the main result.

Chapter four consists of some fixed point theorems with newly defined generalized equiex-
pansive mapping. Fixed point theorems are proved for operator equation I'(v, v) = v. Contrac-
tion principle and tool of measure of noncompactness to prove the theorems. Some important
results in literature are special case of these theorems which are extended forms of some Kras-
noselskii type theorems. As an application, the existence solution of a general class of integral is
discussed which presents many types of evolutions. The contents of this chapter are published
in Advances in Continuous and Discrete Models: Theory and Modern Applications.
2022 Dec;2022(1):1-9.

Chapter five presents the concept of partial E-MNC in ordered E-metric space (MS). The
fixed point result are proved using monotone operators in Banach space with partial order. The
concept of partially continuous, partially bounded and partially compact sets are introduced
using E-valued function "E metric" on Banach space. FP results are established for the sum of
two monotone operators. Application is given for the illustration of results. The investigation of
this chapter is published in Vietnam Journal of Mathematics. 2022 Jan;50(1):275-85.

Chapter six illustrates the concept of fuzzy MNC, fuzzy condensing and fuzzy KSC and fixed
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Chapter 1

Preliminaries

1.1 Introduction

This chapter consists of some preliminary results and basic knowledge of topology and FPs that
are used in proving the new theorems. Literature review, motivation and research methodology
are also included.

Notations: Let © be a Banach space.

(1) B ©),Da®@), Dey (©), Dpre (©), DNep (©), Dy (D)are the sets in which there are all
nonempty, nonempty closed, nonempty convex, nonempty precompact, nonempty compact and
nonempty bounded subsets of O respectively.

(2) Sy, Se S'pr S, S, are the sets in which there are bounded, continuous, compact and
convex mappings respectively and if, for example, there is a mapping £ € S”cp,, then it means
that £ is compact on its domain.

However one can combine any of these notations, for example, Iy, (O) is the set in which
there are all nonempty closed and bounded subsets of O.

(3) If O is a Banach space then the the operation of addition is defined by ®(v,v) = v ® v
for v,v € O and for v € O, ® v represents the inverse of v. Moreover, for a field F = R, the

same notation for the operation of addition is used.

1.1.1 Basic definitions

Here are some basic useful definitions.



Definition 1.1. [119] (contraction mapping) Consider a MS O and € : © — ©O. Then £ is

contraction mapping if there is a number § such that 0 < § < 1 and
d(év,&v) < dd(v,v)

for all v,v € O.

Definition 1.2. [128] (expansive mapping) Let Q be the set contained in a MS 0. A
mapping £ : € — O is known to be an expansive if for some constant h > 1 it satisfies the
inequality

d(év,&v) = hd(v,v)

for all v,v € Q.

Definition 1.3. [119] (FP property) A TS O is known to possess the FP property if "every
continuous mapping of O into o has a FP".

Definition 1.4. [72] (equicontractive mapping) Suppose O is a BS and 1) : O x O — .

The family {I)(.,v) : v € O} is equicontractive if there is a k € [0,1) such that
|D(v1,v) @ D(va,v)|| < k|v1 @ vef,

for all (v1,v), (v2,v) in the domain of I).
Definition 1.5. [21] Let B(0) be the family of all bounded subset of BS ©. A mapping
©: B(0) — [0, +00) is called MNC defined on O if:
(1) Regularity: for any 2 € B (D), p(2) =0, &  is pre-compact;
(2) Invariant under closure: for any Q € B (9), p(Q2) =p (_Q),
(3) Semi-additivity: for Q,Q* € B(9), p(QU Q*) = max{p (Q),p (Q2*)}.
we can also deduce the following;
(4) Monotonicity: for 2,Q* € B (D), with Q C Q* implies p (Q) < o (Q*);
(5) Algebraic semi-additivity: Q,Q* € B(9), p(2® Q*) < p(N) ® p (%)
Definition 1.6. [128] (KSC mapping) Consider a set 2 in the BS O. A mapping ¢ :  — O
is known as KSC if

(1) £ is bounded and continuous



(2) p(£(V)) < kp (V) for any bounded subset U of (2.
¢ is called strictly KSC if it is KSC and for all bounded subsets U of Q with o (U) # 0, we have
© (£(V)) < kp (U). Every 1-set contraction map is called condensing map.

Definition 1.7. [79] (Kuratowski MNC) The ball MNC a can be written as

a(Q)zinf{/\>0:QC£JOCi7 6(@)9},

where ¢, are nonempty sets in O and § denotes the diameter of a set.

Definition 1.8. (Hausdorff MNC) Sadovskii [117] defined the Hausdorff MNC 3,
B () :inf{)\ >0:QC ‘QJOB(JQ,/\) for some s; € M},

where B (55, A) are open balls whose center at ¢ and A is their radius.

Definition 1.9. [19] (ordered space) Let ¥ be a VS and < be a partial order relation, ¥
is called an ordered space if
(O1) ¥V 5r,v,and w € ¥, 3 < v implies ¥ ®w X v ® w,

(02) V a € R® and s € ¥ such that » > Oy, implies that a» > Oy.

If ¥ is normed space with ||-||y such that

(O3) there exists A > 0 and V s, v € ¥, with Oy < s < v implies |||y < A[Jv|ly, in this case
¥ is known as a normed ordered space.

Let ¥ be a space having order. The element v € ¥ is known as positive if v = Oy. We
represent the set of all positive elements ( also called a cone) of ¥ by ¥*. For z > y clearly
indicate that z = y but z # y.

Definition 1.10. [19] (¥-MS) Let ¥ be a real ordered VS, and O be a set which is nonempty.
An ¥-valued function d¥ : © x O — ¥ is ¥-metric on O, if for all »,v and w € O, there are
following conditions
(¥1) d¥ (,v) = Oy and d¥ (s¢,v) = Oy © » = v,

(¥2) d¥ (5,v) = d¥ (v, %),
(¥3) dY (5r,v) < dY (r,w) ® dY (w,v).
Then (9,d") is known as an ¥-MS.

Definition 1.11. A mapping £ : 0 — 1J,, (D) is known as set-valued /multivalued mapping



and a point 4 € O is known as a FP of £ if & € £4.

We set Fiizg, the collection of all FPs of the map £, and { (4) = agAga for any A C 0.

Definition 1.12. [45] Let O and E be BSs, an operator £ : O — 1), (E) is said to be an
upper semi-continuous USC, ( resp, lower semi-continuous LSC) if the set {4 € O : {4 C A} (
{€ed: &N A+# ¢} for the case of LSC ) is an open set in © for each open subset A of E.

Definition 1.13. [45] A multivalued operator & : O — IJ,, (E) is compact if

(i) £(D) is compact subset of £,and the operator £ is called totally bounded if

(i4) the image of each bounded set under ¢ is totally bounded subset of E.

Remark 1.1. [45] It is well known that "compact multivalued operator implies totally
bounded operator™.

Definition 1.14. [45] The multivalued operator & : © — IJg, (E) is completely continuous
if it is USC and TB

Definition 1.15. [45] The graph of a multivalued operator £ : O — 1J,, (E) is defined as

gr(g)z{(a,u)eaxf’:;uegu},

and the graph is closed if for {(tn, vn)}aey C Gt (), with condition that (i, v,) — (4,v) we
have (i, v) € Gr(€). If the graph of £ is closed then it is closed.

Definition 1.16. [16] A multivalued operator £ : © — )y, () is called a p-condensing,
if for any B € 13, (D), the set £ (B) € 1), (9) and

p(£(B)) < p(B)

for p(B) > 0.
Definition 1.17. [16] A multivalued operator £ : O — ﬁd,b () is known as -KSC, if for
any B € 1], (D), the set ¢ (B) € I3, (D) and

p((B)) <k-p(B),

for some k£ € (0, 1).
Definition 1.18. [38] Suppose f € H! (a,b), and « € (0,1), then the left FD (in the sense



of Caputo and Fabrizio) is defined by

Cn0) 0= 2L [ (¢ @ e [0 52 ) e

and the right FD is

(CFDz?f) (1) = @91/;’(2)7 <f’ (z)exp [®’a(;’:§/l;)]> dx.

L

Here § is an ordinary derivative of f. The corresponding integrals are

(CE.1%0) (o) = %w) © 5o [1 s

and

respectively.
The higher order FD and integrals are given below in the following definitions.
Definition 1.19. [3] Let n < a < n® 1 and f be such that {* € H! (a,b). Set 3 = a @ n.
Then 3 € (0,1] and we define

(CF.0%) () = (SFD°F") (v,
the associated fractional integral is
(1) () = (I"EFIPF) ().

Definition 1.20. [3] Let n < a < n®1 and § be such that {* € H' (a,b). Set 8 = a &' n.
Then 8 € (0,1] and we define

(¢FDgf) () = (°F D (8')" ") (),

10



the associated fractional integral is
(CF 1) () = (BOFI) .

Let H be the space in which there are all continuous functions from [0, ¢] into O.
Definition 1.21. [5] A function f: J x H — H is Carathéodory if
(a) + — §(¢,v) is measurable for every second variable.

(b) v — §(¢,v) is continuous for almost all ¢ € J.

1.1.2 Basic theorems

These are basic theorems that are useful for proving new results.

Theorem 1.1. [119] (Banach) If a self map is contraction and the domain of the map is
complete, then it has a unique FP.

Theorem 1.2. [119] (Brouwer) Every Q € I, o (R™) has FP property.

Theorem 1.3. [45] (Schauder ) Let O be a normed space and Q € IJy ., (©). Then every
compact and continuous function £ : 2 — Q possesses at least one FP.

Theorem 1.4. [94] (Krasnoselskii ) Let O be a BS and €2 € Iy (©). Suppose & and ¢
map {2 into 0 such that
DNévecveQforall v,vin Q
(2)¢e Sct,cp
(3) ¢ is a contraction.

Then there is a v in  such that £v ® (v = v.

Theorem 1.5. [73] (Schaefer) Let © be a BS and @ : © — D be a completely continuous
mapping. Then either y = AQy has a solution for A = 1, or the set {y € O : y = AQy for some A € (0,1)}
is unbounded.

Theorem 1.6. [133] (Arzela-Ascoli) Consider a subset F of the space C(J,R). If F is
relatively compact then it is UB and equicontinuous on J. The converse is true also.

Lemma 1.1 [128] Suppose Q2 € I, (O) and ¢ :  — O Lipschitzean with

l6v & &v]| < kfjv &' v]]

11



for v, v € Q. Then we have p(£(S)) < kp(S) for every 2 € TJ, () .

Theorem 1.7. [50] (Dhage) Let © be a BS and Q € Ty (9) and let & : © — Tey cp (O) be
an USC operator. Then the operator has a FP.

Lemma 1.2. [45] If a multivalued operator £ : © — Iy (E) is compact and its graph is
closed, then it is USC. The converse is true also.

Theorem 1.7. [69] Let  be a subset of a BS ¥. Also  is closed and convex and let
T:Q — I e (¥) be an upper semicontinuous compact map. Then it has a FP.

Theorem 1.8. [104] For a given BS O and Q € Ty ¢, () and let € : @ — Tepev (O) be an
USC compact map. Then it has a FP.

The following theorem is more general case of the above theorem and is stated as follows.

Theorem 1.9. [100] For a given BS O and Q € Dy b (©) and let € : Q@ — Ty, (D) be a
map, where £ € Sy . Then it has a FP.

Theorem 1.10. [49] For a given BS © and € Ny (D). Let € : Q@ — Dy () be
B-condensing and USC operator. Then £ has a FP.

Lemma 1.3. [3] For 0 < a < 1, we have
(CF, 1> CTD*f) (1) = () @ f(a)

and

(CFIs CFDgf) (1) = f(b) @' ()

The next proposition will be crucial for our main results.

Proposition 1.1. [3] For y (¢) defined on [a,b] and a € (n,n ® 1] for some n € N,

n ok (a
(CF;Ia CiD“y) (L) =y (L) ® kgoy k(! ) (L ® a)k

and

oCF P n (@) (b
(CFICFDgy) () = y (1) @ /Eo% (be' o).

Lemma 1.4. [5] Let O be a BS and Q € [y (©) and G be a continuous map whose
domain is J x J and f be a Carathéodory on J x O. If there exists ¢ € L! (J,R®) and for every

12



subset 8 of © which are bounded, we have

lm (F(JN[e® h] xB)) <q)a(B).

k—0®

If U is equicontinuous subset of {2, then
a /G(K,L)f(n,v(n))dn:veU S/||G(/£,L)||q(/<;)a(U(n))dn.
J J

1.2 Literature Review

FP theory play very important part in the ES of many kinds of differential, integral and frac-
tional differential equations. In 1910, Brouwer [119] proved a basic FP theorem such that a
continuous self mapping of convex and compact subset of a euclidean space has FP. The most
simple form of Brouwer result is from closed interval to itself and closed disk into itself. In his
proof, he used the definitions of degree of mappings (rotation of a vector fields). Another proof
using classical methods (calculus and determinants) was constructed by Birkhoff and Kellogg
(1922) and by Dunford and Schwartz in 1958. In 1922, Banach [119] constructed a FP result
that every self contraction on a MS which is also complete has a unique FP. Schauder [119],
in 1930, extended Brouwer theorem to infinite dimensional BSs. These two results have funda-
mental importance in FP theory. Darbo [119], in 1955, generalized Schauder FP theorem by
introducing k-set contraction and relaxing the compactness condition on the space. Later on
Sadovskii [119], in 1967, used more general class of functions than k-set contraction of Darbo
theorem, called condensing mapping, to get FP theorems

In 1955, Krasnoselskii [75] made a useful attempt and proved a FP result for the sum of
two operators. During the analysis of solutions of neutral and delayed differential equations,
Krasnoselskii observed that, in most of the cases, the solutions of these equations might be ex-
pressed as a sum of contractive and compact operators. Therefore Krasnoselskii [75] generalized
both results of Banach and Schauder, for finding the FPs of sum of contractive and compact
operators. This theorem of Krasnoselskii is applied in constructing ES for the equations with
perturbed operators. The perturbed operators may be split into compact and contraction op-

erators. The application in the existence theory of DEs and IEs can be seen in the following

13



monographs (73, 105, 133].

Considering the importance of Krasnoselskii FP theorem, many generalizations and modi-
fications are being established. One of the most impressive extensions was given by Hoa and
Schmitt [64] in 1994. They studied FPTs of Krasnoselskii type (KT) in locally convex spaces.
In 2005, Barroso and Teixeira [28] investigated FP results through topological and geometric
approach on sum of two functions. Burton [33] in 1998, replaced Krasnoselskii assumption
(x®Cy € Q for all z and y in Q) by ([z = (z ® &y, y in Q] implies z is in Q) and find
FP result which is improvement in the Krasnoselskii’s theorem. Burton also {34] investigated
the stability results by FPTs of Krasnoselskii type in 2002. Ok {98] in 2009, explored the FP
problem for £ ® ¢, where £ is continuous and ¢ is compact. The domain of these functions was
not necessarily convex. He assumed the compact operator to be multivalued while the other op-
erator is multivalued or a suitable nonexpansive map. Park [103] also generalized Krasnoselskii
FPTs. He assumed Hausdorff topological VSs with fundamental system V of neighborhoods
about origin. In 2009, Xiang and Yuan [128] studied FP results of KT which complements
Krasnoselskii FPT. They applied the results to IEs having periodic solutions.

O’Regan and Taudi [101] obtained FPTs of Krasnoselskii-Leray-Schauder type FP results
in weak topology. In 2010, Xiang and Yuan [129] used MNC for the sum of two operators
where one is noncompact and the other is not necessarily continuous. They applied the results
to neutral DEs having periodic solutions with delay in critical cases. Ben and Xiang [29)
explored the FP results by measure of weak noncompactness to have FPT for sum £ ® ¢ of a
metrizable locally convex space in weak topology where 1 ®' £ may not be invertible, £ may not
be continuous and ¢ is not weakly compact.

The Krasnoselskii type FPT assuming order properties on the space was considered by
Dhage [51]. He made an extension of Tarski FP theorem. In 1992, he studied FP analysis in
BSs having order properties. Ran and Reurings [107] investigated hybrid FPTs using partially
ordered (PO) sets. Nieto and Lopez [95] explored FP analysis in PO sets and applied it to
ordinary DEs. Hybrid FP analysis in normed spaces with PO assumption on the space was
done by Dhage [50] in 2013 and applied the results to fractional integral equations. He used
mixed arguments from topology, algebra and analysis. He also proved analogous results in

complete normed linear spaces with partial order. These results are useful for applications of

14



perturbed DEs and IEs.

Fractal fractional calculus is an emerging topic from last few decades. Fractal derivative
is a natural generalization of Leibniz’s derivative for discontinuous fractal media. It can be
considered as a local FD and used in modeling of many physical phenomena, for instance one
can see in details the articles [36, 38, 57] and the references cited therein. Many FDs has been
defined in the literature (2, 20, 36, 38, 57, 83]. The same argument will work for the case of
fractal derivatives as well [57]. Every new definition improves some aspects of derivative but till
now no perfect definition of fractional and fractal derivative have been defined. It was started in
18th century when Liouville tried for defining FD. The working most known FDs are Riemman-
Liouville, Hadamard, Caputo and Grunwald-Letnikov, Caputo Fabrizio and Atangana-Baleanu.
Beside these definitions, every derivative have had been applied in many physical problems and
more accuracy has been obtained [36, 38, 57]. Here people got some realistic and natural
questions regarding their physical problems. Whether the problem has any solution? These
types of questions allow us to study the qualitative theory of fractional differential equations.
The existence can be guaranteed by means of many metric and topological FP results. Since
most of the metric FP results are concerned with contractive conditions. There are very small
classes of differential equation whose kernels are contractive, so that we choose topological FP

theory which is applicable for most of the existing and new problems.

1.3 Motivation

Keeping the importance of the above work, to generalize its results and apply them to differential
and fractional differential equations, it is appropriate to give new definitions and generalized
FP results for the operator depending upon two variables in general setting and sum of two
operators. Schauder, Krasnoselskii, Darbo and Sadovskii type FPTs may be generalized by
using monotone functions, partial MNC and fuzzy MNC and weakening the condition of norm
on the space. Krasnoselskii type results can be improved by generalizing contractive, condensing
and expensive conditions on operators. This work will be motivated by compactness, convexity,
boundedness, MNC, continuity, contraction, monotonicity, and the analysis to be presented

reveal key features of Krasnoselskii and Schauder type FPTs in the framework of topology,
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analysis and algebra. As a result the ERs for broad class of differential equations may be

achieved.

1.4 Research Methodology

For analysis in FP theory, there is an operator from a set into itself with different structure
such as BS, normed space, MS, TS or these types of spaces with algebraic arguments. So we
use general continuity and convergence criteria, convexity properties, metric properties, normed
properties, ordered properties and topological results to make analysis of the problems. New
definitions and lemmas are constructed to solve our main problems and sometimes there are
already available results to be applied. Properties of MNC, k-set contraction and condensing
operator are used to weak the condition of compactness. For TSs with algebraic structure having
partial order or total order, monotonicity condition, partial continuity and partial convergence

criteria are used to prove the ERs.
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Chapter 2

Some Variants of Krasnoselskii-type
Fixed Point Results for
Equiexpansive Mappings with
Applications

2.1 Introduction

Krasnoselskii FP theorem [119] is a generalized form of Schauder and Banach FP theorems.
While studying the solutions of delay and neutral differential/integral equations, it has been
noticed that the solution can be expressed as a sum of contractive and compact operators. In
Krasnoselskii FP theorem there are two operators in which one is compact and continuous and
the other is contraction. Therefore the theorem plays an important role in the ESs of delay
integral equations and neutral functional equations. Many generalizations and modifications of
the Krasnoselskii FP theorem have appeared; for example, see [22, 33, 41, 72, 89, 94, 106, 103,
126, 128, 129] and the references therein. It is important to note that there is a very restrict
and small class of operators that are contractions, due to this reason many theorems involving
contractive operators are less applicable. Therefore it is required to cover more applications

with different types of operators. In this regard, one of suitable choices is the class of expansive
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operators. Also there are number of equations in which we cannot decompose the operator as a
sum of two or more operators. To overcome this situation the authors in [72, 89, 94] established
Krasnoselskii type results in more general setting consists of a single map 1) depending upon
two variables. The following theorem is in [94].

Theorem 2.1 Let Q € Ty ¢, (9) , where © be a BS and IJ : 2 x @ —  be a mapping with
(1) ||D(v, v1) & D(v, v)|| < vllv1 & va| for some v € [0,1);
and for all v € O,

@) w1, v) @ Dva, v)]| < 6 ® evafl
where £ is completely continuous and maps 2 into 2. Then there is an element v € Q such
that D(v,v) = v.

In most FP results there is a condition such that T(Q?) C Q, where 2 C O, O is a BS and
T is an operator on 2 into Q. No much attention has been given to the case 2 C T'(2). Xiang
and Yuan [128] investigated the case Q C T(Q2) and obtained the following important results in
this direction.

Theorem 2.2. [128]. Let Q # ¢, which is closed subset of a complete MS © and ( is an
expansive mapping of {2 into O such that Q C ¢(2). Then there is a unique x € § such that
(K =K.

Theorem 2.3. [128]. For a given BS O and Q € Iy, (). Suppose ¢ and { are mappings
of Q2 into © such that
(1) £ is continuous and £(Q) C C € Ny, (O);

(2) (¢ is an expansive mapping;
(3) QCv@¢(N) for v e E(Q).
Then there is k €  with €k ® (k = &.

Inspired by the above results we study the Krasnoselskii type FP results for the operator IJ
with conditions:

(¢) The family {I)(v,.) : v € O} is equiexpansive and;

(%) QC D, N) for v € Q or Q C D(v,N) for v € £(Q);

where {2 C O and ¢ is an operator of §2 into Q2 or © and, motivated by [72], the equiexpansive
family can be defined here.

Definition 2.1. Let O be a BS and IJ : © x O — O. The family {I)(v,.) : v € D} is called
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equiexpansive if there is A > 1 such that
Hﬁ(l/,vl) ® ﬁ(l/,vg)H >h “vl ® v2|| ,

for all (v,v1), (v,v2) in the domain of ID.
Remark 2.1. In Theorem 2.1, the mapping IJ is equicontractive and I)(v,v) € Q for v,v in

Q while in (i) and (i) the family {T)(v,.) : v} is equiexpansive and 2 C I}(v, Q) for v € ().

2.2 Main results

Here some some FPTs which are generalization of some well known results.

Theorem 2.4. For a given BS O and Q € ), () and £ be a continuous mapping of Q
into O such that £(Q2) € N, (©). Let I : £(R2) x © — O be a mapping such that the family
{D(v,.) : v € ()} is equiexpansive and Q C D(v, N) for v € £(Q) with

lm(vl,v) ®' fj(vg,v)“ < “vl ® U2|| .

Then there is k € Q such that [)(¢k, k) = &.
Proof. For 4 € £(f2), define a mapping H of Q into © by H(v) = I)(4, v). The mapping H

is expansive because
| H(v1) ® H(va)|| = ||T(&,v1) @ D@, va)|| > hljvr & va,

and Q C I)(v,Q) = H(Q). By Theorem 2.2, there exists at most one point in k* €  with
H (k*) = x*. Since for 4 € £(f2) there is a unique k* € Q, so we can define b: £(Q) — Q such

that Pa = «* = H (k%) = 1(4, k*) = 1)(4,Pa) for 4 € £(Q). Therefore, for vy, vy € £(Q) we
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have

[p(er) @ Do)
= ||ﬁ(v1,13111)®/ﬁ(v2,pv2)”

[|(D(v2, Pu1) @ D(v, Pra)) & ([(ve, Pur) & D(vy, Pur))|]

v

[D(v2, Pvy) ® T)(va, Pra)|| @' ||D(ve, Pur) @ Ti(v1, Pu1)||

v

R Por @ Pual| s & v

This means that

1
[Por @ Puaf| < - [[01 &' v h> 1,

which shows that P is continuous function of £(Q2) into . Also Pof is a continuous function

of Q into Q. Since £(Q) C C, where C is any compact set, therefore £(Q) C C = C and £(Q)
is compact by [[114],page 37). By [[77],page 412] P(£()) is compact because &S is relatively
compact, and P(£(€2)) resides in a compact set P(£(Q)). Since P(£(R2)) C ©, therefore B(£(R)) C
1 = Q. Hence Pog() =b(£(R2)) € P(E(R)) = Po£(Q) C Q and Pof is a continuous function

of Q into a compact set P o £(Q2) C Q. By Schauder second theorem [119] there is k € 2 such

that Poé(k) = k or P(ék) = k. Since for £k € £(Q) there is unique P(£x) € € such that
D(¢ék,P(€x)) =P(€k) and also P(£k) = , therefore T)(¢k, k) = k.

Corollary 2.1. [128] Let O be a BS and Q € IJ ¢, (9). Suppose ¢ and ¢ are mappings of
Q into O such that
(1) ¢ is continuous and £(2) C C € I, (9);
(2) ( is an expansive mapping;
(3) QCrv®(Q) for v € £(Q).
Then there is k € §} with €k ® (k = &.

Proof. Define D(v,v) = v ® (v with v € £(Q) (Theorem 2.4). Since N(v,Q) = v ® ¢(Q)
and from (3) Q C v ® (), therefore Q C (v, Q). Now since ( is expansive mapping therefore

B, v1) @ B(w, va)| = [|cor @ Cusl| > A Jor &' va|.
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Also
||ﬁ(V1,U) ®' ﬁ(lfz,v)H = “Vl ® V2|| < ||V1 ® V2[| .

Hence there is k € 2 such that k = D(ék, k) = Ek® (K. =

Remark 2.2. The above corollary is the Theorem 2.2 in [128]. If we take £ = 0, zero
operator, then we obtain Theorem 2.1 in [128].

Corollary 2.2. For a given BS O and Q € Il ¢, (©). Suppose £ and ¢ are mappings of
into o such that
(1) € nonexpansive and £(Q2) C C € TN, (O);
(2) ( is expansive mapping;
(3) QC & ®C(Q) for v € E(N).
Then there is k €  with (0 &)k ® (K = k.

Proof. Define N(v,v) = &év ® (v with v € £(Q) (Theorem 2.4). Since (v, Q) = £v ® ((N)
and from (3) Q C &v ® ¢(Q) for v € &(Q), therefore Q C (v, Q). Now since ¢ is expansive

mapping therefore
D, v1) ® D(v, va)|| = ||¢v1 &' Cua|| > hllvr @ vy .
Also from (1) £ is continuous. Also
DG, v) @ D, v)|| = [[€v1 @ Eral| < [Jvr @ v -

Hence there is k €  such that k = D(ék, k) = (0 &)k ® (K. m
Theorem 2.5. For a given BS O and Q € Iy ¢, (9), such that Q@ € C € ), (9). 1) be a
mapping of 2 x Q into O such that the family {I)(v,.) : v € Q} is equiexpansive and Q C D(v, Q)

for v € Q. Suppose £ is a continuous operator of 2 into a MS Y with

|D(v1,v) ® D(ve,v)|| < dy(év1,Eva).

Then there is x €  such that D(k, k) = «.

Proof. For v € Q, define a mapping H of Q into O by H(v) = I)(v,v). H is expansive
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and Q C I(v,Q) = H(Q). Hence there is a point in Q) say Pv which is unique such that
bv = 1)(v,bv). Now

|P(v1) ® P(ra)|| = |D(v1,Pr1) @ D(ve, bro)||
= ||@(ve, br1) @ (ve, Pra)) @ ((ve, brr) @ T(v1, b))
> ||D(U2,DI/1) @' D(vs, pI/Q)H ®' Hﬁ(l/g, bry) ® ﬁ(ul,PV1)||

> h||Prv1 & Pua|| @' du(évr,Eve)

This means that

||I>l/1 ®' I)l/2|| <

,ldy(fl/l,ﬁw) h>1.

In the above expression since £ is continuous so P is continuous. Since € lies in a compact
subset of O and P is continuous, therefore P(Q2) € S.,. So by Schauder Second Theorem [119]
there is k € §2 such that Px = «. Since for & € Q there is unique Px € § such that I)(k,Px) =P«
and also Pk = k, therefore )(k,k) = k. =

Corollary 2.3. For a given BS O and Q € D)y ¢, (D), such that Q C C € )¢y (9). T) be a
mapping of ! x {0 into O such that
(1) QCD(,Q) for v in Q;
(2) ||ﬁ(u,v1) ® D(v,ve || > hljvy @ vo| h>1;

) D1, v) @ D(ve,v)|| < €01 & Evall;

where £ be a continuous mapping of Q into O, then there is k¥ € Q such that I)(x, k) = .

Proof. Take Y = O (where O is a BS) in the above theorem. =

Remark 2.3. The above result is similiar to the Theorem 8 in [94].

Corollary 2.4. For a given BS O and Q € Iy, (), such that Q@ C C € [, (D). Suppose
€ and ¢ are mappings of Q into O such that
(1) £ is continuous mapping;
(2) ¢ is an expansive mapping;
(3) QCér®¢(Q) for v € Q.
Then there is k €  such that £k ® (k = K.

Proof. Define D)(v,v) = &v ® ¢v (in the above Corollary 2.3). Since (v, Q) = év ® ¢(Q)
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and from (3) Q C £v ® ((Q) therefore Q C T)(v, ). Now since ¢ is expansive mapping therefore
Dy, v1) & T(v, va)|| = [[Cv1 @ Cua|| = A|ju1 # val|.

Also
(1, v) & D(vz, v)|| = [[év1 @ Evaf| < [Jévs @' Evs.

Hence there is k € Q such that k =D(k,k) = éx ® (k. ®

Theorem 2.6. For a given BS O and Q € g, (9), such that Q@ C C € ) (D), and £ be
a continuous mapping of 2 into Q. Let I) be a mapping of £(Q) x 0 into O such that the family
{D(v,.) : v € &)} equiexpansive and Q C (v, Q) for v € £(Q) with

“U v, v) ® D(va, v “ < val ® €v2||

Then there exists & € § such that I){(¢k, k) = .
Proof. For 4 € £(£2), define a mapping H of Q into © by H(v) = I)(4, v). The mapping H

is expansive because
| H(v1) ® H(va)|| = ||D(v,v1) @ D(v, va)|| > hjvr & vall.

Also Q C T)(v,N) = H(RQ). Hence (Theorem 2.2) there is point say P4 which is unique with

|[P(v1) @ P(va)|| = [|B(v1,Pvy) @ D(ve, bvy)||
= “(ﬁ(vg, buy) ® D(vg, Pvg)) ® (I(v2, Pv1) ® D(vy, Pvl))“
> “ﬁ(vg, bv;) @' ﬁ(vz,Pvg)“ ® “ﬁ(vg, buy) @ ﬁ(vl,Pvl)H

> h|b(v1) @ B(ug)] @ [[6v1 © Eva.

This means that

“I)UI ® DUQH < hO’l “{vl ®' §U2“ h>1.
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Since ¢ is continuous so P is continuous function of £(2) into Q. Also Pof is a continuous
function of  into  and Po£() € Sep. So by Schauder second theorem [119] there is k € ©
such that Po&(k) = k or P(£k) = k. Since for £k € £(§) there is unique P(¢k) € € such that
D(éx,P(Ex)) =P(€k) and also P(£k) = K, therefore T)(¢k, k) = k. =

Remark 2.4. In the above theorem, £ is a mapping of 2 into  while in Theorem 2.4 £ is
a mapping of € into o©.

Corollary 2.5. For a given BS O and Q € 1)y ,, (9). Suppose £ : @ — Q and (: Q@ — O
with
(1) £ is continuous such that £(Q) C C € I, (0);
(2) ¢ is an expansive mapping;
(3) v € £(N) implies O C £v ® ¢(N).
Then there exists & € Q with ({0 )k ® (k = k.

Proof. Take (i, v) = éu ® (v with & = v € £(Q) and use Theorem 2.6. =

Theorem 2.7. Let O be a BS and Q € )y ¢, (9). Suppose & : ) — Y be a mapping with
£(Q) € Dpre(Y), where £ is continuous and Y is MS. Let ) : £(Q) x © — O be a mapping
which is continuous with the family {I)(v,.) : v € £(€)} equiexpansive and  C (v, Q) for
v € £(Q2). Then there is k € Q such that I)(¢k, k) = &.

Proof. For 4 € £€(f2), define a mapping H of  into © by H(v) = )(4,v). The mapping H

is expansive because
[H(v1) &' H(va)|| = D@, v1) & D@, v2) || > h[[vr @ vel|.

Also Q C I)(%,9Q) = H(Q). Hence (Theorem 2.2) there is point say Pii € £ which is unique
with P = [)(@,Pbd). We show that the mapping P of £(Q) into Q is continuous. Consider £(Q)

in which there is a sequence v, whose convergent point is vg. Then

[[P(vn) ® P(vo)|| = [|T(vn, P(vn)) ® D(vo, P(vo))|
= [|(D(vn, P(vn)) @ D(vn, P(vg))) & ((vo, P(vo)) @ D(ua, P(vo)))]|
> ||B(vn, P(vn)) @ D(vn, B(vo))]| @' [|D(vo, P(vo)) & D(vn, B(vo))]|
> h|P(va) ® P(vo))]| @ [B(vo, P(v0)) @ Ti (v, B(v0))]
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and therefore

1 =
h&'1

”P(vn D(Uo || < (vo, p(Uo)) ® ﬁ(vn, P(Uo))” .

Since 1) is continuous therefore P is continuous. The operator P maps m into  and is
continuous. Since () is relatively compact therefore by [[77], page 412] P(£(£2)) is relatively
compact. Let co(P(£(£2))) be the convex hull of P(£(€2)). By [[118], pagel95] co(P(£(£2))) is
relatively compact. Since € is closed and convex so W C Q and by [[56], page 415]
co(P(£(€)) € Q. Let P = zo(P(£(R))) then P C Q and Poé(P) C P. Since P = co(P(£(Q)))
also, therefore P is compact and convex. So by first Schauder theorem [119] there is a point
k € P such that P(ék) = k. Thus & = I)(ék, k) by similar arguments in Theorem 2.4. ®

Remark 2.5. Above is the variant result of Theorem 2.2 in [72].

2.3 Applications

Suppose O be a given BS. For ¢ > 0 denote J = [0,c] a closed interval in R. Let C (J,0) be the

BS in which there are continuous functions whose domain is J. Here ||v|| = sup |v (g)|, where
oeJ

veC(J,0). Let U € Ny ey (2). Consider the following controlled system

D (o) =®¢v (o) ®D(o,v () ®C(0)v(0), 0€J:=1[0,c, ve U and a € (0,1) (A)
14 (0) = V.
The mild solution corresponding to v of (A) is given by [125],
e 0
v (o (o ug@/ 0® k) a® 'S(o@ k)N dm@/ a(*) 'S (0@ k) C (k) v (k) dr
0 0
(B)
where
(o]
b(o) = [e.(O)T ()t
0
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L

o

3(0)=a [0, ()T (&78) a5

0
&, is probability density function defined on (0, 00), for more details about the notations we

refer the readers to [125]. Also

1T (0)]| < for some O > 1,

1B (o) v
IS (o) vl

IN

Qv

IA

L
Tlao "

and P(p), 3 (p) are strongly continuous for ¢ > 0 and are compact for each g > 0.

We can write (A) in the form

0(Qu,v) (o) = V0®/ (0@ K)°®'S (08 k) T(k,v (x)) dr ® Q (1),
)

where

Assume the following.

(H1). Q: (s — © is continuous and expansive, i.e., ||Q (v) ® Q (v*)]| = £||v @ v*|| for all
v,v* € ¢ and some £ > 1.

(H2).D: Q({;) x ¢5 — O is continuous.

(H3). ¢ CD(v,(s) for each v € Q ().

Where (s is a closed ball with radius § and centre at 0 in o.
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We show that TJ is equiexpansive. For a fixed v, and any v, 4 € (4, consider

14
B ()o@ / (06 K)°*' S (0@ k)T (kv (1)) dk ® Q (v)
Hﬁ(u,v) ®'ﬁ(y,ﬁ)|| = 0,
®'P(g)vo @ / (o® ﬁ)a(’all S(e® K)D (kv (k) de® Q (1)
0

Q@) @' Q@] 2 ¢]jv e af,

which shows that {I—J(v, JiveQ (C‘;)} is equiexpansive.
We prove compactness of Q. Continuity of  and C implies the continuity of @, we show

that @ is uniformly bounded on {;. For v € (;, consider

1R (v) (o)

Il

/ (0@ n)o@ll S(e® k) C(k)v(k)dr
0

IN

/ (0@ &) €95 (0®' K) || IC (W] llv ()] de
0

Q
ICl| quzl" (2 ®' q) . ;oya®']
S Tlea(l®g) 0/@@ W)

ICl| Q40T 28/ q) , T209

S Tlea(l®q) alag 2

which implies that Q is UB. Now for equicontinuity of @, we consider for 0 < ¢; < 03 < T},

2]

/ (02 @' K)*®1 S (0, ® k) C (k) v (k) dk
1Q (v) (02) ® Q(v) (e)|| = || %,
®’/ (0, @ K)*®1 G (0, @ k) C (k) v (k) dk
0
ICl e 26 q) | ] ’
@ 9 5 1 ye®'l ’ ; ya®@'l
s o<1®qa<1®'q>)"'{(92® K)™ dr ® {(m@ k)" d

IC1[ 240 2 @ )
T t(lea(leg)

§|os ® of| — 0as 0 — o1,
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which is independent of v, and ||@ (v) (02) ® @ (v) (01)|] — 0 as 99 — o;. Applying Arzela-
Ascoli theorem, we get @ as a compact operator. From (H3), (s C ) (v, ;) for each v € Q ().
Assumptions of the Theorem 2.7 are satisfied to get a point z with I) (Qz, z) = 2, which is the
solution of controlled problem (A).

Finally, we summarize the above discussion in the following way.

Theorem 2.8. Let O be a BS and {; be closed ball at origin with radius §. Assume that
QR: (s —oand): Q((s) x {5 — O satisfy (H1) ®' (H3). Then a mild solution of controlled

problem (A) exists.

2.4 Conclusion

Some variants of Krasnoselskii type FP theorems are presented using the notion of newly defined
equiexpansive mappings. As an application, we present an ER for controlled problem with less
conditions. This problem is also a generalized kind of Cauchy problem for evolution differential

equations.
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Chapter 3

Krasnoselskii-type Results for
Equiexpansive and Equicontractive
Non-compact Operators with
Application in Radiative Transfer

Equations

3.1 Introduction

Krasnoselskii FP theorem contains two operators, one is compact and the other is contraction.
So the theorem applies to contraction and compact operators only. There are also expansive, and
noncompact operators (KSC and condensing ) for which the FP investigation of Krasnoselskii
type can be studied. For applications and physical significance of noncompact operators, see
[132]. Also, for generalization, there is a need to study the FP results for the operator IJ of two
variables the one special case of which is I)(v, v) = £&v ® (v. This type of work can be seen in
[31, 72, 89, 94, 129].

To generalize the concept of compact operators we need measure of non compactness which

gives the deviation from relative compactness for a given set. Sadovskii [[132], p.500], using
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the idea of MNC, generalized the Schauder FP theorem by introducing condensing operators a
more general class than the compact operators.

Xiang and Yuan [[128], see also in {130]] proved the result as a variant of Banach contraction
principle. They proved there is a unique FP for the expansive operators in a complete MS.

Suppose § is the subset of a BS O and consider the mapping I : £(Q) x @ — O. We study
the ES of equation v = IJ(év, v) by taking different assumptions on &, I and © and using MNC.
We assume the following to prove our FP results;

() the family {I)(4,.) : @ € £(R)} is equiexpansive or equicontractive.

(id) £ is k-set contractive operator of  into © or strictly k-set contractive operator.

(i43) Q C I)(@, Q) for each fixed @ € £(Q) with equiexpansive family while [J(£(©2),Q) C 0

with equicontractive family.

3.2 Main Results

This section is devoted to noncompact, equiexpansive and equicontractive mappings.

3.2.1 Results for equiexpansive mappings

Here are FP results for equiexpansive mappings.

Theorem 3.1. For a given BS 0 and Q € D)y 4, (©). Consider a mapping IJ of £(Q2) x
) into O such that Q C (4, Q) for @ € £(Q) and £ be a k-set contractive mapping of  into O
with
(1) the family {I)(4,.) : @ € £(2)} is equiexpansive with h > k ® 1;
(2) ||D(a,v) @ D@, v)|| < |a @ &|| for all 4,4’ € £(Q) and v €
Then there is k € Q such that T)(ék, k) = .

Proof. Define H : Q — O by H(v) = I)(4, v) for & € £(Q). Then H is expansive because

[H(v1) & H(vo)|

= D@, v1) & D(8,v2)|| 2 h|lv1 & ve,

and Q C I)(4,Q) = H(S). From Theorem 2.2, there is a unique point in © say P@ such that
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ba = [)(4,Pd) . Now

||I>u ® I’u'“

|D(u, Pu) ® D', Pu)||
= H (v, Pu) ® D(u', b)) & (', bu) ® D(u, Pu)) “

v

|[U @, Pu) ® D(i I)u)|| ®' Hn(u bu) ® 13(u, Pu) ||

v

h Hbu ® Du'|| ® “u@ u'” )

This means that

[pue’ b <

1
——ue | > 1
which indicates that P is continuous from £(€) into Q. Also Pof is a continuous from ) into

Q. From the above inequality, Lemma 1.1 and since £ is k-set contractive mapping,

p(Po&(U)) = p(P(E(V))) < ©(£(0)) < p(0) < p(U),

h (;’ h@®'1
for all U C Q. Hence Pof is condensing and by Sadovskii FP theorem, there is k € {2 such
that Pof(k) = k or P(ék) = k. Since for £k € £(Q) there is unique P(€x) €  such that
D(¢k,P(€k)) =P(€k) and also P(€k) = k, therefore D(¢k, k) = k. =

Corollary 3.1. Let O be a BS and © € I} g (9). I) be the mapping of £(£2) x Q into O
such that Q C I)(#, Q) for 4 € £(R) and
(1) €:9Q — O is continuous such that £(Q) C C € [ (O);

(2) the family {I}(g,.) : 4 € £(Q)} is equiexpansive with h > k ® 1;
3) ||ID(&, v) @ D@ [|<Hu® '|| for all 4,4’ € £(Q) and v € Q;
Then there is « € Q such that [)(ék, k) = k.

Proof. From (1) we have £(2) C C, where C is the compact set. Therefore p(£(U)) <
©(C) =0 for all U C Q. This shows that p(£(U)) < kp(U) and € is KSC mapping. Hence the
required result is obtained (Theorem 3.1). m

Remark 3.1. Theorem 2.2 in [128] is the special case of the above corollary with assumption
that Q is bounded set. This can be shown by defining (4, v) = 4 ® (v with 4 = &v € £(Q),
where £ is continuous map from Q into O and ¢ is expansive map from  into ©.

Corollary 3.2. For a given BS O and Q € ﬁb,d,cv (2). Consider the mappings ¢ and ¢ with
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(1) €:Q — 0 is KSC mapping;
(2) ¢: 9 — O is an expansive mapping with A > k® 1;
(3) QCua® () for 4 € £(K2).
Then there is x € §2 such that £k ® (k = K.
Proof, Define (4, v) = 4® (v with 4 = £ € £(2). Here I): £(02) x @ — O is a mapping.
Since N(,Q) = @ ® ¢(Q) and from (3) Q C 4 ® ¢(Q), therefore O C 1J(4, Q). Now, from (2),

since ¢ is an expansive mapping for h > k ® 1 therefore
D % ,v1) @ D@, vz )| = [|Cv1 @ Cua]| 2 o [[vr @ v

This shows that the family {T)(4,.) : 4 € £(£2)} is equiexpansive with A > k®1. Also £ : @ — D

is KSC mapping and
ID( 4, v)@ D@, )| = |lae | < |lae &|.

Hence there is k € Q such that k = D€k, k) = EK ® (K. ®

Corollary 3.3. For a given BS O and Q € ) ¢ , (D). Consider the mappings £ and ¢ with
(1) €:9 — Q C O is nonexpansive and KSC mapping;
(2) ¢:§ — O is an expansive mapping with h > £ ® 1;
(3) C€a®(Q) for £a € £(9).
Then there is k € Q such that (0 &)k ® (k = k.

Proof. Define 1)(ii, v) = £4® (v with £ € €(2) (Theorem 3.1). Since 1)(4, Q) = £a ® (()
and from (3) Q C &4 ® () for fu € £(9), therefore Q C I)(4, ). Now since ¢ is expansive

mapping therefore

D@, v1) ® T(@, v2)|| = ||¢v1 @ Cua|| > hjvr @ vel|.

Also from (1), we have

D@, v) @ D@, v)|| = |Pra & P1d/|| < ||la® @

Hence there is K €  such that (Eo)k® (k=K. &
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Corollary 3.4. Let O be a BS and Q € Iy ¢ ¢, (9). Consider the mappings ¢ and ¢ with
(1) €:9Q — Q C 0O is nonexpansive and £(2) C C € I, (O);
(2) ¢:9Q —- O is an expansive mapping with A > k ® 1;
(3) QClud () for £u € £(Q).
Then there is k € Q such that (£ 0 &)k ® (k = k.
Proof. Using the similar method used in the proofs of above corollaries. ®
Remark 3.2. Theorem 3.1 is extended form of Theorems 2.2 and 2.6 in [128] and is variant

of the Krasnoselskii FP theorem.

3.2.2 Results for equicontractive mappings

The following FP results are for equicontractive mappings.

Theorem 3.2. For a given BS O and 2 € [y .00 (9). Let € be a continuous operator of
into . Let I be a mapping of Q x © into 2 with
(1) (MU, Q) < p(V) for all B C Q with p(V) # 0;

(2) the family {I)(v,.) : v € Q} is equicontractive;
(3) |N(v,v) @ D/, v)|| < lEv @ &) for all v, € Q and v €
Then there is « € ) such that I)(k, k) = &.

Proof. Define H : Q@ — Q by H(v) = )(v,v) for v € Q. Then H is contraction and there

exists only one point in Q say Pr such that Pv = L)(v,br). Now

|P(v) & P()| = |D(v,Pr)ye DV, b
“(ﬁ(l/',bu) ® D/, p)) @ (D, Pr) @ T(v, PI/))H

< B/, Pr) @ T, B @ DG, Pr) @ (v, By)||
< afpve )6 fleve' e
This means that
1
Y

Continuity of £ implies that P: § — § is continuous function. Since U C 2, therefore

P(U) CP(2) C Q and also I(U,P(V))) C 1)(U, Q). Hence p(N(U,P(V))) < oMU, N)). Now
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from (1) we have

p(P(U))
p(D(U, P(V)))
p(D(U,Q)) < p(U).

H

IA

Hence P: ! — Q is condensing. By Sadovskii FP theorem, there exists k € § such that
Pk = k. As for k € Q there is unique Px € Q such that I)(x,Px) =P« and also Px = &, therefore
Dk,c)=k. ®

Corollary 3.5. For a given BS © and Q € I) ¢ ¢ (9). Consider the mappings ¢ and ¢ of
2 into © such that
(1) évdc¢ue forallv,vin
(2) ¢ is condensing mapping;
(3) ¢ is contraction and £(Q) C C € I3 (O).
Then there is v € ) such that év ® (v = v.

Proof. Define (v, v) = év ® ¢v. Obviously I : © x @ — Q and

(1)U, Q)
= p0) @ (D))
< p(é(0)) ® p(¢()))
< pEU)) < p(U)

Now using (3)
Hﬁ(u,vl) ® ﬁ(l/,'UQ)” = ||C1)1 ®' (Ug” < a Hv1 @ 1)2”

and, also

P, v) & D/, )| = [lev @ &[] < [lev &' &/]].

Hence there exists v € QQ such that {vr @ (v =v. =
Remark 3.3. The above proved theorem 3.2 and the above corollary are variants of

Krasnoselskii FP theorem.
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Corollary 3.6. For a given BS O and 0 € Iy g, (9). Suppose £ : @ — O is continuous
mapping and ¢ : 2 — © is contraction mapping such that
(1) évdcCuey
(2) p(E(U)® () < p(U) for all U C Q with p(U) # 0.
Then there is k € §) such that €k ® (k = k.

Proof. Define N(v,v) = év ® (v (Theorem 3.2). Now since { is contraction mapping
therefore

]|ﬁ(u,v1) ®' ﬁ(u,vg)n = “Cvl ® C'UQ“ < a “vl ® U2“ .

Also
B,y & B/, 0)] = v e’ &) < flev e &)

and using (2)
(DU, Q) = p(§(V) & ((Q) < V).

Hence there is k € @ such that k = (K, k) = Ek ® (k. B
Theorem 3.3. Let © be a BS and Q € ﬁb,clvw (0) and £ : © — O is continuous. Let
I €(0) x Q — Q be the mapping with
(1) p(DED),N) < (V) for all U C Q with p(U) # 0;
(2) the family {U( )G € ()} is equicontractive;
(3) ||R(@,v) @ T, v)|| < |la® @'|| for all 4,4’ € £() and v € O
Then there is k € Q with )(¢k, k) = &.
Proof. Let 4 € £(f2), defineamap H : @ — Q by H(v) = IJ(@, v). Clearly H is contraction

and there is unique point in Q say P4 such that P& = [)(4,P4). Now

|P(a) ® P(a)]|

1

D4, Pa) @ (@, ba')||

|@@, pa) @' ﬁ(a’, ba')) @' ('rj(zz’, Pa) &' 134, Pa))||

IN

B, pa) @ T(a

pa) @' (4, Pa)||

IN

a|pa e Pa

/all .
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This means that

|Pa &' Pa'|| < la® @ a e (0,1),

1
1® a
which indicates that P is continuous from £(f) into © and Po€ is a continuous from  into §.

Also for U C © and using (1) we get

p(P o £(V)) = p(P(E(U))) = p(N(E(U), PE(U))) < pIIE(U),Q) < p (V).

Thus Pof is a condensing mapping of € into 2 and by Sadovskii FP theorem there is k € Q2
such that P(£k) = k. Hence k =P(¢x) = [)(ék,P(¢k)) = N)(ék, k). =

Corollary 3.7. Let © be a BS and Q € -ﬁb,d,w (9). Consider the mappings £ and ¢ of
2 into O such that
(1) év®Cue
(2) ¢:9Q — O is contraction with k < 1 and ¢{(Q) C C € D, (9);

(3) €:9 — O is strictly (1 ®'k)-SC mapping;.
Then v = &v ® (v has a solution in .

Proof. Define )(4,v) = 4®(v with 4 = £v € £(Q) (Theorem 3.3). Using (1) (i, v) € Q for
alld = &v,v € Qand v € Q. Now since  is contraction mapping therefore ||[1)(#, v1) ® (4, va)|| =
vy @' Cuall < kflur @ vyl Also ||I(@,v) ® D@, v)|| = [[a® &| < [|a® @&||. Now for
UCa

p(DED), Q)
= p((0) ®¢(Q))
p(£(0)) ® p(¢())
< (1@ k)p(U) < p(U).

IA

Hence there is k €  such that k = )(€k, k) = Ek® (k. =

Remark 3.4. If we take ( = O with £ = 0 in the above corollary, we obtain Sadovskii FP

theorem.

Theorem 3.4. Let O be a BS and Q € [ ¢ ¢, (9). Let I : £(Q) x @ — Q be a mapping
such that
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1) |D(a,v) & D@, v)|| < lae’ @||;
(2) the family {I)(4,.) : @ € £(R)} is equicontractive with k < 1;
(3) £€:Q — O strictly (1 ® k)-set contractive mapping.
Under these conditions v = I)(¢v, v) has a solution in €.
Proof. Consider a mapping H : @ — Q by H(v) = I)(4,v), for 4@ € £(Q). Clearly H is

contraction. So there is point in Q say Pd which is unique with b4 = 1)(4,P4). Now

|P(2) ® P(a')

| = ||ﬁ(a,pa)@’ﬁ(a’,pa’)||
= @@, pe) @ (@, pa)) @ (D@, ba) @ D(a, b))

< D@, pa) @ D@, b’ N(&', pa) ® (4, Pa)||
< k|pie pi|@|as .
This means that
HI)u@ bd/ ” < k€ (0,1),

which indicates that P is continuous from £() into 2 and Po€ is a continuous from € into .

Also from (3), the above inequality and Lemma 1.1 we have

p(Po (V) = p(P(¢(V))

12 26(0) = 6(0),

1
) < TrpelE)

for all U C €. Hence Po€ is a condensing mapping of 2 into © and by Sadovskii FP theorem
there is k € Q2 such that P(¢k) = k. Hence k =P(€k) = D(¢k,P(Ek)) = D(Ek, k). =
Corollary 3.8. Let © be a BS and Q € ﬁb,d,w (2). Consider the mappings £ and ¢ of
{2 into © such that
(1) &vdCu e
(2) ¢:9Q — O is contraction with k < 1;
(3) & is strictly (1 ®' k)-set contractive mapping;.
Then v = £&v ® (v has a solution in §.
Proof. Define I)(@,v) = 4 ® (v with & = év € £(Q). Using (1) TJ(& v) € Q for all

@ =€&v,v € Qand v € Q. Now since ( is contraction mapping therefore H ,v1) @ D1, vg H =
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l[¢v1 @' Cual| < Kllur @ vall. Also |D(a,v) & IN(@,v)|| = |la ® @/|| < ||&®' @||. Hence there
is k € Q such that kK = D(¢k, k) =k ® (k. W

Remark 3.5. If we take ¢ = O and k = 0, (in the above corollary) we obtain Sadovskii FP
theorem. Taking £ = O, we get Banach contraction principle.

Corollary 3.9. Let 0 be a BS and Q € 1), ¢y (). Consider the mappings ¢ and ¢ of
Q into © such that
(1) éveluve
(2) ¢:Q — o is contraction with k < 1;
(3) & is compact and continuous;.
Then v = £&v ® (v has a solution in €.

Proof. Since every compact operator is strictly (1 ®’ k)-set contractive, therefore using the
above corollary we get the required result. m

Remark 3.6. Taking ( = O, we obtain Schauder FP theorem and £ = O we obtain Banach

contraction principle.

3.3 Applications

Consider the class of stationary radiative transfer equations in a channel:

vag (T, v,v) ® 0 (1,v)€(T,v,v) & N (T,v,0) = /r (v,v,4,€(T,v,4)) dil (1)
U2

in (0,1) x (0,1) x U2, A € C, where U? is a unit sphere in R3 and £ (7,v,v) is complex function
(energy density function) with

£(r,m,0) =€ (v) (2)

Here

)% f(0,0,U) 'U2 ®T%E(l~1yv) ‘U?

)é HY (E(L 1L, v) [p2) ® 75 H? (€(0,0,v) |y2)

£ = (1
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with 0 < § < 1. Clearly for § = 1, we get the problem (4.3) ® (4.4) in {131] and for § = 1 and
7 = () we get problem (4.1) ® (4.2) of [131] [and also see [23]]. In fact we generalize the problem
and present an implicit way of finding solution of the problem (1) ® (2).

For the solutions of (1) ® (2), consider

(A1) ;7€ C((0,1) x U2 x U2 x C), r (v,v,4,&) = 0 for every (v,v,,€) in (0,1) x U? x

U? x C and v3 < %, there is some a € L! ((O, 1) x U2) and ¢ > 0 such that
Ir(v,v,2,8) @ 7 (v,0,4,0)| < a(v.i)|€® (]

and |r (v,v,1,€)| < ga (v, @) for every (v, v,4,¢) in (0,1) x U2 x U? x C.
(A2): H': C (U*) — C (U?), with H* (0) = 0 satisfies

|H (¢)® H (&) < q|¢ @' ¢

on U? for everyf (eC(U¥,i=1,2.

(A3) : q®f|0 (y,v)|dy ® |A| ® }f (y,0)didy <vy<land 2y <qg®1.

Theorem 3 5. Suppose (Al) O(UA 2) and (A3) are satisfied, then there exists a solution
£eC(0,1] x[0,1]xU?) of (1) ®(2).

Proof. Consider ¥ = {¢ € C([0,1] x [0,1] x U2) 2€(T,v,v) =0for vz < %} be the BS
with norm [[¢|] = sup {[¢ (7, v,v)| : £ (7,v,v) €[0,1] x [0,1] x U?}. Let K = {C € ¥ : |IC]| < a1}

be the convex and closed subset of ¥. We define I : S(K) x K — K by

v

T(S6,6) = @buyt™ @b / o (3, v) € (7,9,0) dy & Ab / £ (7,y,v) dy

T

®'b//r (y,v,%,&(1,y,4)) didy ® (1 ® bus) £ (7,v,v)

7'U2
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where

14

S(E) = ®bust @b / o (4, v) € (7,9, v) dy

T

’)\b/f‘ry, )dy & b// (y,v, 1, & (1,y,4)) didy.

T U2

Clearly every ¢ € ¥ satisfying ¢ = IJ(S¢, () is the solution of problem (1) ® (2). Now we show

that 1) satisfies all conditions of Theorem 3.1. For this first consider

T(SE,6) @ THSE&)| = |(1@bus)&, (rw,0) & (1@ bus) & (7,1, v)]
|(1® bus) (& (1,v,v) & & (1,v,0))]

b
<1 ® ‘2‘> |£1 (Ta I/,U) ®/ 52 (T,V,U)|

v

for £;,&9 € K. Therefore we get

— — b
M@ Dsee) 2 (183) o' el

hence 1) (¢, -) is equiexpansive. Now consider

1(5€,,¢) ® T (S€.¢)| = |bus (63 @' £T) ®b/0 (,v) (&1 (1, y,v) @ & (7,9,0)) dy

®'Ab / (& (7,3,0) & & (7,3,0)) dy

®'b / / (r (40,8, 61 (7,9, 2)) @ 1 (4, v, £ (7, y, ) didy
T [J2
= |S¢ @ 56

this implies

D (S€1,¢) @ D(S&,Q)|| < [1S€, @ S&||

Which shows that IJ satisfies (2) of Theorem 3.1.
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Now we will show that S is a KSC, for this consider,

1
q Hél ®I £2H ® { |U (yv U)| l 51 (Tvy) U) ®l 62 (T)yv U)' dy
1
|S§1 ®/ S£2| Sb ®|/\|£l£1 (T7yvv) ®, 52 (T,y,'U)|dy

1
®f [ Ir(y,v,4,& (,9,2)) & r(y,v, 4,8 (1,y,4))| didy
0y

1
qllé; @ &l ®£|0(y,v)l €1 (T,y,v) ® & (T,y,v)| dy
1
< b ®|/\|£l§1 (1,9,v) ® & (1,y,v)| dy

1
®ffa (yv a) |£1 (Tvy) ﬁ’) ®/ 52 (Tv yaﬂ')] dﬂdy
oy2
1 1
19 [lo@odye Mo [ [awwaid | & el

0 0 p2

IN
o

Clearly from above we have

|S¢, ® S&|| < vbl€ @ &,

which means § is yb-set contraction (also for v = %) Hence all conditions of Theorem 3.1 are

satisfied to obtain ( € K such that { = [D(S¢, (), a solution of (1) ® (2). =

3.4 Conclusion

In this chapter, some Krasnoselskii type FP results using the notions of equiexpansive and
equicontractive mappings are proved. The condition of compactness in some results is removed
using non-compact operators. Many well known FP results like Banach, Schauder, Krasnosilskii

and Sadovski are generalized. An ER for radiative transfer equation is obtained.
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Chapter 4

Krasnoselskii-type Fixed Point
Results for Generalized Expansive
and Equiexpansive Mappings with

Applications

4.1 Introduction

Fractional evolution equations can provide a unique way to analyze the well-posedness of many
complex systems. Most differential systems with FDs are providing useful tools for the rep-
resentation of memory and inherited properties. The physical systems of fractional order are
always more applicable than the classical integer order systems. Recently, existence of many
fractional order controlled problems and fractional evolution differential equations are studied,
see [32, 91, 90, 127, 125].

The celebrated results of FP theory are Banach FPT and Schauder’s FPT. During the
analysis of neutral and delayed DEs, Krasnoselskii observed that, in most of the cases, the
solutions of these equations might be expressed as a sum of contractive and compact operators.
Therefore Krasnoselskii [75] generalized both results of Banach and Schauder, for finding the

FPs of sum of contractive and compact operators. Huge implementations for existence theory
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of DEs and IEs can be seen in the following monographs [73, 105, 133].

Due to the involvement of contractive operators in Krasnoselskii’s result, the ERs cover a
small class of physical problems. To overcome this issue, some new results are required involving
other less restrictive conditions like expansive operators. In this regard, we describe a new class
of generalized equiexpansive mappings, assume F is an implicit function of two variables with

some conditions and present many variants of Krasnoselskii’s FP theorem.

4.2 Main Results

Let O be a BS and @ C O. Suppose IJ: Q@ x Q@ — D or D : £(Q) x © — O. We study the

FP results of the equations of types v = I)(év,v) or v = (v, v) by using generalized expansive

and equiexpansive conditions on the operator IJ such that Q C T)(¢v, Q) or @ C D(v, Q).
Definition 4.1 Let (O,d>) be a MS and § be a subset of . A mapping & of (2 into O is

generalized expansive if
edy (Ev, &v) ® ady (Ev, v) ® bdy (v, v) > hdy (v, v) a>0,>0, ¢,h>0, a®b®c<h.

Theorem 4.1. Assume that Q # ¢ which is closed subset of a complete MS O and £ is one
to one mapping of §2 into © such that
(1) QCE(;
(2) cdo(év,év)®ady (v, v)®bdy (v, v) > hdy (v, v), a>0,20, ¢,h>0, a®b®c < h.
Thus, there is unique v € Q such that &v = v.

Proof. Since £ is one to one, therefore the inverse of £ :  — £(Q) exists. For v, ¥ € £(Q)

there are v, v € Q such that év = v and £v = ¥ then v = £¥''v and v = €*'19. From (2)
hds (6910, €9'19) < ads (v, €9 10) ® bdo (9, £2'19) ® cda (v, 9)

for all v, ¥ € £(Q). Thus
do (6% 10, €¥19) < dds (v, € ) @ b do (9,6 19) ® da (v, )

where o/ ® b ®c = 2® £ ® £ < 1. Since Q C £(9) therefore ¥l : @ — Q is Reich
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contraction. Hence by [110] there is v € Q such that £®'1u = v and v = £v. For uniqueness,
let v,v € Q such that év = v and v = v. Thus, from (2), c¢dy(v,v) > hdy (v, v) which implies
that v =v. o

Corollary 4.1. Let Q be nonempty closed subset of a complete MS O and £ is a mapping
of Q1 into o with
(1) QCE);
(2) dy(év,&v) > Wdy(v,v), h' > 1.
Thus, there is unique v € Q such that év = v.

Proof. From (2) we deduce that £ is one to one. Using the above theorem, we can take
a=b=0and h > c>0such that A’ = % Thus there is unique v € 2 such that v =v. m

Remark 4.1. The above corollary is the Theorem 2.1 in {128] (see also Theorem 2.1 in
(130)).

Definition 4.2. Suppose 2 be a nonempty subset of a BS 0. I) be a mapping of  x

into O. I is called generalized equiexpansive if
c||D(v,v) @ D, v")|| ® a | D(v,v) @ v|| @b |D(r,v") & V|| > h|jve |

for all (v,v),(v,v') in the domain of I), a,b>0, c,h>0, a®@b®c<h.
Theorem 4.2. Let O be a BS and Q € )4 (D). Let 1) be a generalized equiexpansive
mapping of 2 x ) into O such that  C I}(v, Q) for all v € Q and
(1) For each v € Q, N(v,v) = ND(v,v') yields v = v/;
2) ||B(,v) @ D, v)|| < |lv @ V|| for all (v,v),(v,0') € 2 x Q.
Then there is unique v € Q such that D(v,v) = v.
Proof. For v € ), define a mapping H of 2 into O such that H(v) = (v, v). From (1)

c|[Hw)® H')|| @ a||H(v) ® v|| @ b|[H{) @ V|| > h|jve'V|.

Also
QC -rj(u, Q)= H(Q)

and, using (2), H is one to one function. Thus, by Theorem 4.1, there is unique Pr € Q such
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that bv = T)( v,Pv). Now

[p(v) &' B0
= |[B(v, bv) @' T, 2|
= B, by @' T, P &' (B, bo) ' Tiw, )|

Y

[0, B0) &' T, 2)| & [0, ) & T v, )

(WY

" ev e b @ L TV, Br) @' Bo! 2 [0, b) @ B

® |[D(, Pr) @ D( v,Pv)|

li

% iev @ b @ 2 T, br) @' T B)| @ B @' B

@' |[DE, Pr)e@ D(v, bv)|.

simplifying

a®c a®c
||I>(z/) ® I)(L/')H < he o

<ioe ve' v,

D/, br) @ D(v,Pr)|| <

which yields that P is a contraction mapping of  into . Thus there is unique v € €} such that
Pv = v. Since for this v € Q there is a unique Pv € Q such that Pv = I)(v,bv), therefore there
is unique v satisfying D(v,v) =v. =

Corollary 4.2. Let O be a BS and Q € I, (). Let IJ be a mapping of 2 x § into O with
QC(v,Q) for all v € Q and
(1) ¢||By,v) & D, v')|| = h|lv @' V'] for all (v,v),(v,v') in the domain of IJ, ¢, h >0,
2c < h;
(2) ||D(v,v) @ D/, v)|| < |lv @ V| for all (v,v),(r,v") € Q2 x Q.
Then there is unique v € Q such that I)(v,v) = v.

Proof. From (1), D(v,v) = D(r,v') yields v = ¢/. Putting a = b = 0 in generalized
equiexpansive condition, (Theorem 4.2) the required result is obtained. m

Corollary 4.3. For a given BS O and 2 € [Ny (9). Suppose ¢ and ¢ are mappings of
into © such that Q C &v ® {(Q) for all v € 2 and
(1) cllSve (V| ®@allév @ (1@ Qull @bllév & (1@ OVl > hflvd | for all (v,v), (v,v')
in the domain of 1), > 0,6>0, ¢,h>0, a®b®c< h, a®c< h@® ¢
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(2) ¢ is one to one mapping;
(3) v &/|| <|v@ V| forall v,/ € Q.
Thus, there is unique v € 2 such that {v ® (v = v,
Proof. Define D(v,v) = év ® (v. Clearly 1) is a mapping of 2 x Q into 0. Also @ C
v ® () = D(v, Q). From (1)

rlve'v]

IA

cllcve | @allev @ (e vl @ bllev @ (1 & O]

cllev®cv) @ ((v@ )| ®afve (Ev@u)f@b|v @ (gve V)
= ¢|D,v) @ Dy, V)| ®a|By,v) & v|| ®b || D, ) & .

Since ( is one to one mapping, so (v = (v’ implies v = v/ and hence D(v, v) = 1J(+/, v) implies
v="1'. Also

B, v) &/ B! )| = [lev @’ €] < v & v

Hence, by Theorem 4.2, there is unique v € Q such that v ® (v =v. »
Remark 4.2. If £ = O in the above corollary, then we acquire the result like Theorem 4.1.
Corollary 4.4. Let O be a BS and Q € ), (O). Suppose ¢ and ¢ are mappings of 2 into o
such that  C v ® ((Q) for all ¥ € Q and
(1) cll¢v @' ¢V')| > hlv® V|| for all (v,v), (v,v') in the domain of 1), ¢,k >0, 2¢ < h;
(2) v @ &V|| < |lv @ V| for all v,V € Q.
Then there is unique v €  such that év ® (v = v.
Proof. From (1) we deduce that ¢ is one to one. Hence the result can be obtained by
taking @ = b =0 in Corollary 4.3. =
Theorem 4.3. For a given BS O and Q € [),; (9). Let 1) be a mapping of £(Q2) x Q into D
such that Q C D(év, Q) for all £v € () such that
(1) ¢||Dv,v) @ Dév,v')||®@a||D(Ev,v) @ v|| @b ||D(Ev,v) @ V|| > hlfv@ V| for all (v, v),
(v,v') in the domain of ), @ >0,6>0, ¢,h>0, a@b®c<h, a®c< h® ¢
(2) For each &v € Q, N(¢v,v) = D(év, v') implies v = v/ for all v, v’ € Q;
(3) [|ﬁ(§y,v) ®' ﬁ(fzx’,v)” < lv @ V| for all (Ev,v), (&v/,v) € £(Q) x  and £ is a mapping
of 2 into ©.
Then there is unique v €  such that D(¢v,v) = v.
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Proof. For v € £(Q), define a mapping H of Q into O such that H(v) = I)(¢ér,v). From

(1)
c|H@) & HW)||®a||H©) &' v]| @b |HW) & V|| > hljve v/].

Also
Q0 C (v, Q) = H(QY)

and, using (2), H is one to one function. Thus, by Theorem 4.1, there is a unique point

b(¢v) € Q with P(év) = D(&v,P(&v)). Now

[p( &v) @ (ev)
= |Dgv, pev)) @' T, &)
@/, Blev)) @ T, bev)) @ @, B(ev)) @ Diev, BEv)))|
IB(ev, P(ev)) @ Die/, p(ev))|| @ B, p(ev)) @ Tiew, P(ev))
(g [pev) @ p(ev)]| @ < [N P(ev)) @ Piev)|

v

v

@/g DV, b(ev)) @ P(EV)|| & D&, P(év)) @ TN(Ev, P(&v))|)
(%”p(g” p(ev)|| @' 2 I, b(ev)) @ Diev, B( )|
@/Z [per) @ b(ev')| @ ||D(&, P(év)) @ TEv, P(&v))|)).

simplifying

a®c
h® c
a®c

e

| o&)v) @ (Pog))| (e, P(6v)) & TI(ev, B(ev))

IA

IN

which means that Poé is a contraction mapping of 2 into 2 and there is unique v € € such
that (Pof)r = v or P(év) = v . Also for {v € £(Q) there is unique P(§v) € Q such that
P(¢v) = D(¢v,P(€v)). Hence there is unique v such that v = (v, v). m
Theorem 4.4. Let O be a BS and Q € TJy ¢, o (D). Suppose IJ is a mapping of £(£2) x
into O such that Q C I(¢v, Q) for all v € £() such that
1) ¢||D(gv,v) @ (v, v)||®a ||D(Ev,v) & v|| @b ||T(Er,v') & V|| = kv & || for all (v, v),
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(v,v') in the domain of I, a,b>0, c,h>0, a®b®c<hy
(2) For each v € Q, T){¢v,v) = D(év,v') implies v = v/ for all v,v' € Q.

) ||B(w,v) & D&V, v)|| < ||év @ &) for all (€v,v), (€v,v') € £(Q) x R and € is a k-set

h®'c

contractive mapping of {2 into o for k < Z52.

Then there is v € 2 such that I)(¢v,v) = v.
Proof. For &v € Q, define a mapping H of 2 into O such that H(v) = I)(év,v). From (1)

c|lH@) &' HW) | @ [[Hw) @' o] 05 [ H0) o/ V] = h o' ]

Also
QC (v, Q) = HQ)

and, using (2), H is one to one function. Thus, by Theorem 4.1, there is a unique P(év) € Q2

such that P(£v) = D(év,P(€v)). Now

[p¢v) & p(&v)
= ||D(év, Pér)) & D&Y, P(EV))||
|M(er', pev)) @ TV, P(€V))) & (D &', P(v)) @ TI( &v, P(Ew)))|
D&/, P(ev)) @ D &/, P(EV)]| @ D( &/, P(€v)) @ T(Ev, P(ew))]|
ﬁ||I> (evy® P&/ @'%Hﬁ(fl/,b(fu))@' pey||

i

v

Vv

H ¢/, p(&)) @ P(&)|| @ [T &', P(ev)) @ T &v, P(ew))])
= Clp(en) o pe)| o 2 D&, B &) @ Tiew, blew))|

o2 |lb( &) &' Bl @ [V, P(v)) @ Tigw. PEM)]).

simplifying

a®c

[(Pog)v) @ (Pog)) IIU £V, P(€v)) @' T(Ev, P(v))|

IA

a@c
h®' c

IA

l|lev @ e
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which implies that Pof is a continuous mapping of 2 into . Now

p(Pog(U)) = p(P(¢(V)))
o)

a®c
k——
ey CP(U) < p(0)

IN

IN

for all U C Q. By Sadovskii theorem FP theorem there is v €  such that (Pof)v = v or
P(€v) = v. Now for £v € £(f2) there is unique P(£v) € Q such that P(év) = T( v, P(&)).
Hence v =P(¢v) = D(€v,P(&v)) = D(év,v). =

Corollary 4.5. Let © be a BS and Q € D) o o (). Suppose 1) is a mapping of £() x Q
into O such that Q@ C T)(¢v, Q) for all £v € €(Q) such that
(1) c|[DEr,v) @ D(Ew,v")|| > h|lv@ V| for all (v,v), (v,7') in the domain of T, ¢,k > 0,
c < h;
(2) Hﬁ({zx,v) @' ﬁ(fu’,v)“ < ||év @ &V|| for all (v, v), (€Y, v) € £(Q) x Q and £ is a k-set
contractive mapping of € into O for k < }_;(*c_yc
Then there is v € 2 such that D(év,v) = v.

Proof. From (1), D(¢v,v) = D)(év, ') implies v = /. Putting a = b = 0 in Theorem 4.4,
we acquire the required result. m

Corollary 4.6. Let O be a BS and Q € D o, o (9). Suppose £ and { are mappings of
into O such that Q C v ® ¢() for all v € Q and
(1) ¢ is one to one mapping;
2) cl¢v@® V| ®allév® (I& Qull@b|év® (I® V| > hive V| for all (v,v), (v,0)
in the domain of I, a,b>0, ¢,h>0, a®b®c < h;
(3) ¢ is a k-set contractive mapping of Q into O for &k < ';((*T))’CC;

Then there is v € Q such that év ® (v = v
Proof. Define D(¢v,v) = &v ® (v. Clearly 1} is a mapping of £(€2) x Q into O. Also
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QCev®((Q) =Dr, Q). From (2)

hllv e |

A

cllcve’ (|| @allév @ (T@' ol @blev &' (16" ()|

I

cl|evecv) @ (Ere )| ealve Era)|eb|ve & e
c||B(gv,v) @ (év,v)|| ® a ||D(¢v,v) & v|| ® b|D(Ev,v') @ V||

Since ¢ is one to one mapping, therefore (v = (v’ implies v = v/, and hence D(v, v) = D(V/', v)

implies v = v/. Also
[0, v) & D/, v)|| = ||év &' &' < |lév @' &/

Hence, by Theorem 4.4, there is v € Q such that év ® (v =v. ®

Corollary 4.7. Let O be a BS and Q € Dy ¢y (D). Suppose £ and { are mappings of Q
into © such that
(1) QCér®¢(Q) for all v € O
(2) c||¢v® V|| > hijv® V| for all (v,v), (v,v') in the domain of 1), ¢,h >0, c< h;
(3) £ is a k-set contractive mapping of € into O for k < h—"gi
Then there is v € 2 such that év ® (v = v.

Proof. (2) implies that ¢ is one to one mapping. Putting a = b = 0 (in Corollary 4.6) the
required result is obtained. m

Remark 4.3. Corollary 4.7 is the Theorem 2.6 in [128].

Corollary 4.8. For a given BS O and Q € I} ¢y, ¢ (©). Suppose £ and ¢ are mappings of
into © such that '
(1) QClr® () for all v € O
(2) € is continuous and £(Q2) C C € I, (O);
(3) cli¢v® V|| > h|lv @ V| for all (v,v), (v,0') in the domain of ), ¢,h >0, ¢< h;
Then there is v € Q such that v ® (v = v.

Proof. From Corollary 4.5, Define 1) : £(Q) x @ — © by D{(¢v,v) = &v ® (v. From (1),
since 2 C &v ® (), therefore Q C &v ® ((Q) = D(£v, Q). Now using (3)

c ||ﬁ(£1/, v) ® D(¢v, U/)” =c “CU ®' CU'H > h ||v &' U’H
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and

v, v) @ D&, v)|| = [|ev @ &v'|| < [lev @ €/

Since £(f2) lies in compact subset C of ©, therefore for U C §2

p(£(0)

(£(Q))
p(C) =0.

IN

IA

So £ is a k-set contractive mapping for k = 0. Hence there is v € § such that v = DD(¢év,v) =
Evelr. m

Remark 4.4. Corollary 4.8 is the Theorem 2.2 in [128] with the assumption that § is
bounded set.

Theorem 4.5. [[84]. p.392] If (O,d) is a complete MS, 0 < ¢g<1/2and €:0 —Disa
map such that

dy (&, &v) < qdy(v,&v) ® dy (v, €v))

for all v,v € ©. Then £ has unique FP.

Theorem 4.6. Let Q # ¢ which is closed subset of a complete MS © and £ is a one to one
mapping of  into O such that
(1) QC&e);
(2) do(év.v) ®do(€v.v) > hdy(v,v), h>2.
Then there is unique v € Q such that v = v.

Proof. Use Theorem 4.1 Theorem 4.5. m

Theorem 4.7. Suppose § # ¢ and closed subset of a BS O. 1) is a mapping of £(2) x
into O such that Q C N(¢v, Q) for all (v € £(R) and
(1) |0r,v) @ v|| ® |D(Ev,v') @ V|| > hflv @ V|| for all (v,v), (v,0') in the domain of 1),
h>2;
(2) For each v € Q, I}(¢v,v) = D(év, V') implies v = v/ for all v,v' € Q;
(3) ||D(ev,v) & TNV v)|| < |lv @ V| for all (év,v), (&/,v) € £(Q) x Q and £ is a mapping
of Q into O.
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(4

Then there is unique v € 2 such that N{év,v) = v.
Proof. For v € Q, define a mapping H of Q into O such that H(v) = IJ(év, v). From (1)

| @) & vl @ B 8 V] = Ao e’ .

Also
QC v, Q) = HQ)

and, using (2), H is one to one function. Therefore, there is a unique P(&r) € Q with P(ér) =
D(év,P(€v)). Now putting v =P(¢v) and v/ =P(£//) in (1) we deduce

h||P(ev) @ Ber)|| < [D(ev, B(ev)) @ b(ev)| @ |TDiev, P(&V)) @ B(ew)|
< |[p(ev) @ b(ev)|| @ |[Déw, P(ev) & DEY', (&)
= |y, b)) @ D, pE))
< Jre'/|

This gives

[potwe Pogy| < 3 valv].

which shows that Pof is contraction mapping and there is unique v €  such that (Poé)y = v
or b(év) = v . Also for £v € £(2) there is unique P(£v) € Q2 such that P(év) = (v P(¢v)).
Hence there is unique v such that v =P(¢v) = D(¢v,P(év)) = D{év,v).

Theorem 4.8. Let © be a BS and Q € ) (9). Suppose I} is a mapping of € x 2 into O
with Q C (v, Q) for all v € Q and
(1) |0, v) @ v|| ® |Dr,v") @ V|| > hive V| for all (v,v),(v,v') in the domain of IJ,
h>2;
(2) For each v € Q, D(v,v) = I)(v,v') implies v = v/;
3) ||Dw,v) @ D/, v)|| < |lv @ V|| for all (v,v),(,v) € 2 x Q.
Thus, there is unique v €  such that D(v,v) = v.

Proof. For v € Q, define a mapping H of  into O such that H(v) = (v, v). From (1)

|H@) @ o] ® |H) &' ] 2 h]jo e ]|
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Also
QC D, N) = HQ)

and, using (2), H is one to one function. Thus there is a unique Pr € Q with br = [)(v,bv).

Now putting v =Pv and v' =P/ in (1) we deduce

hipv @ P/|| < |D(v,Pv)@ bv| @ ||D(v,bv) & BV
< |[pr @ by| @Dy, b)) @ T/, BV
= [|Bw,p/) @' D', b))
< [vev|

which shows that P is contraction. Hence by similar arguments as in Theorem 4.7 there is
unique v € ) such that (v, v) =v. =

Remark 4.5. Theorems 4.1 and 4.2 are extensions of Theorem 2.1 in [128] (see also
Theorem 2.1 in [130]).

Remark 4.6. Theorem 4.4 is generalization of Theorem 2.6 and Theorem 2.2 in [128].

4.3 Applications

Now we prove the ER for the solutions of Cauchy problem (A) given below, with suitable condi-
tions on given functions. After that we propose a general class of integral equations and discuss
the ESs. This integral equation presents many kinds of evolutions equations. We summarize

the discussion in the form of theorems .

Problem 4.1
Consider the Cauchy problem

ACDPY(o) = Av(o)®Fhi(o,v(0))®® (0)v (o) (A)

v(0) = vyp.

53



The mild solution is given by;

! , 2 ¢
Vo) = VLo e BUED [(oa g g (@) des £ [5,(0" ) hlo (o) de
0

¢(p)v(p) A ¢(p)
(o) g
St P)/ ARYCR pb? /
B[ (0@ p @gvg@—-/S c® p)®(p)v(p)do
C(p)b(p)o( ) (o) v (o) C(/))OP( ) (@)v (o)
where
p:p(p]@’ A)(*)/l
and
K:®IPA(pI®/ A)®,1
with p = féji, and

m
AN

T, (0) = ¥, (8'Ko’) = 2L / e957%') (5 @' K)*' d,

S, (o) = 0" ¥, (@/'Ko*) = % / 5 (571 @' K)® d6,
A
here A is a specific path lying on ¥3 ) and i € C(J x ¥, ¥), ® € C(J,¥) where J
[0,T] for some T > 0, see [15]. If A € AP(By, @p), thus [T, (0)]] < Qe®’ and ||S, (o}
Cie®? (1 ® 0@'1) forevery o > O and w > wy. Set = igg IT, (¢)l and Q; = il;{gclew” (l ® a’“*”)

fl

IA

then we get

1T, ()l < Q and IS, (o)l < .

Define I : {5 x (5 — O by
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f)I)2 , Kb (1 @ ,0) ol
) Sp (0@ o) fi(o,v(0))do® T 0 {(ao 0)** 1 ® (o) v (o)
p?
®%/5p (0 ® 0) @ (0) v (0)do. B)
0

. [Kb(18'p) pb?
set m‘n{ R0 »4(,,)} Kp.

Assume that the following conditions hold:

(H1). { [{we o es,0a )o@ @'ﬁ(g))dQH > Ks v @' 9] for some Ks >

H2) (7o, v1(0)) ® Ao, va(e))ll < Lul|lvi @ vall for some Ly > 0.

’ (R% ”%%@H%®p“p”ﬂl> Lp<1 and 2 < Ksz,

where (; is a closed ball with radius ¢ and centre at 0 in O such that (5 C IJ(v,(;) for each

Ve C(;.
First we show that IJ satisfies (1) of Corollary 4.2,

|| (v, v) & T (v, 9)|

o' o) & ™ 20
ib;l;)pp)%‘(g ® 0)"*1 @ (0)v(0)do® &%{Sp (0@ 0)®(0)v(0)do

- . 29
@’%f o @ ) @ (0 >19<g>dg®g("—,,;fspw@'g)@(gw(g)dg

= ¢ %%Ipp) (0 & o) ®(0) (v(0) ® D (o dg@ /S o @ 0) ®(0) (v(e)® 9 (0))do

o

(0@ o)™ @ (0) (v(0) ® 9 (0) do® /Sp (0@ 0)®(0) (v(o) ® V(o)) de

| 0
/

v
o
5

= k| [ {(0& )" ©5, (0@ 0) } 2 (0) (v(0) © 9 (0)) do

v

KoK v 9

]




Now we see that IJ satisfies (2) of Corollary 4.2, consider

1B (1, v) @ T (02, )|

PT, (o) vo ® K2Uw0) f(o® ¥ A (o,v1 () @&%ZSP o ® o) h(e,v1(0))de
®'PT, (0) vy @ KD( 1:?p f 0)"® lﬁ(g’ vy (0))do® ; p)ZS,, o ® o)h(ov2(0))do
KPS T (6 ot 1 (010 &' (v ] de
0

CPZ)) 5 (0 ® 0) [R{o,v1(0) ® h(o,v2(0))] do

0

}%@L” 1 (0, v1 (0)) @ B (0, v2 (0))]

%” Q ||R(o.v1{0) & h(o,v2(0))
< (gﬂzy) Kie f’)H%@p”p“ Ql) IFi(2:v1 (0)) @' Ki(o,v2 (0))]

< L] HK“ & ")H ; ®p||1>||ﬂ1> Ln |1 & v

since ({%}L)L Hﬂhl((j—;pl'l % ®pllP| Ql) Ly < 1, therefore IJ satisfies (2). From Corollary 4.2

there is a point v € ¢ such that v = ID (7, %), which is the solution of our main problem (A4).
Problem 4.2

More generally, the above solution (A) can be written as

g o

v (o) :<<a>uo@A/hw)ﬁ(g,u(g))dg@p/w)h(w(g))dy@h(v(o))
0 0
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or

v(o)=C (o) o ® / Ak (0) ® pk ()] Fi (o, v (9) do @ h (v (o)) (©)
0

Where h: C(J,R) — R, (,k,v € C(J,R) and /i € C(J x R,R). The integral equation (C)

and the FP problem v = I) (v, v) are equivalent, where

o4

D) = (@) ® [ [M(0)® ok 0)] (o () dom h (0 (). (D)

0
We assume the followings

(C1) h is injective and there exists n > 0 such that

| (v) @ h (V)] Zn|ve |, for all v,v" € (5.

(C2)
|h(o.v(0))® h(o,v (0))| < |v(o)® V' (0)| forall v,v/ € (5and o € J.

(C3adb®c<2®ncand T (p®A) Q < 1, where Q = max {||&]|, ||~}
We apply Theorem 4.2, to show that there exists v such that v =) (v,v).

For this purpose, consider

B B C(0) 0 ® [ (M (0) ® ok ()] h(0.v () do @ h (v (0)
D, v) @D, v)| = %
& (o) vo @’{{Ah(a)@pk(a)}ﬁ(g v (6)do ® h(v (o))

IA

/ (AL (0) ® ok (0)] Fi (0, v / 0)® ok (o)) 1 (0, (0)) de
0 0

IA

(p® N ﬂ/ih(g,u@»@'n(g,u'@))wg,
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which implies using (C2) ®' (C3) that

ID,v)@ D) <T(ern v V| < |lve' V|, since T (p@ A)Q < 1.

Hence the condition (2) of Theorem 4.2 is satisfied. Since h is injective, D(v.v) = D(v, V)

implies v = v/, which is condition (1) of Theorem 4.2. Set

af¢(o)ro® Z (A (o) ® pk (o)} Ao v () de @ h(v (o)) & v ()|,

> Joe' o]

b”g(a) 0@ { A (0) ® ok (0)] (0, () do ® h (v (o)) & v/ (o)
Also as
o C(0) 70 ® [ M (0) @ pk (0] e.v ()) do ® h (v(0))
c|Dw,v) @D (v,v)|| = ¢ 0

®'¢ (o) vo @'T[Ah (0) ® ok (0)] Ao, (2)) do @' h (V' (o))

e wo) o (! )]

a|[D(v,v)® v =all¢(c

)uo®/uh<o>®pk<a>1ﬁ<o v(0)) do® h(v(0)) ® v (o),
0

and

b “ﬁ (v,v') & v’” =b

((o)ro® / (M (o) ® gk (0)] A (e, v (0)) do ® h (V' (o)) & V' (o) -
0

Then clearly

cHﬁ v,v) ® 1) (v, ') ]|®a”f_3 v,v @’v”@b”ﬁ(u,v') @'v'“

2|lve' v @cllh(vio)) & h (v (0))]]

v

v

(2®@ne)|[ve v

From Theorem 4.2 there is a point v € {5 with v = IJ (v, v), which is solution of (C). We can

get the following consequences.

58



Theorem 4.9 Let (,h, k,h are as defined above, and IJ is defined in (D). If (C1),(C2)
and (C3) are satisfied. Thus, there is a solution v € C (J,R) of integral equation (C).

Remark 4.7 Comparing equations ({) with (D), we can choose specific values of ¢, h, k, i,
in this case, the above theorem also provide the ESs of the evolution equation (A).

In the following example, we will use above theorem and iterative scheme to find the ap-
proximate solution of given integral equation.

Example 4.1 Consider

v() = (L ® e@’t) @® tsin(v () ® %

a special kind of above integral equation (C) satisfying all conditions of above theorem for

¢ € [0,1]. Here is the iterative sequence

Ve () = (L ® e®"> ®' ¢sin (v, (1)) @/
0

sin (vg, (¢)) vp (K)
(k ® e®'x)

We take initial guess vy (¢) = 1® % ®' 563, after two iterations we have the approximate solution

vy (¢) and exact solution v (1) = ¢ ® e®" given in Figure-1. The error is plotted in Figure-2.
g g

4.4 Conclusion

We prove some new variants of Krasnoselskii’s FP theorem for equiexpansive and generalized
equiexpansive mappings. We consider the map I) whose domain is either £ () x  or 2 x Q and
range in a BS O, where ¢ is an operator from Q into 0. The operator equation v = I} (v, v) is
solved with the assumption that IJ is either equiexpansive or generalized equiexpansive. We also
apply the results to obtained the solutions of a general class of IEs which represents solutions

of many evolution equations of fractional order.
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Chapter 5

Fixed Points of Monotone Mappings
Via Generalized-Measure of

Non-compactness

5.1 Introduction

Condensing operators play key role in the existence theory of linear and nonlinear operators.
For a given bounded 2 C O , Kuratowski in [79] defines the ball MNC «, and Sadovskii [117]
defines the Hausdorff MNC 3, as follows.

a () :inf{/\ :QC 'GOC’" 0(¢;) <A, me N}.
1=
Here ¢; are nonempty subsets of O, A is positive and § denotes the diameter of a set, and
B(N) = inf{)\ :QC ,T_LTJLOB (5, A) for some 3; € M,m € N},

where B (sz;, A} are balls which are open.
For a given BS O, let us denote, 1), (9), DNey (9), Ny (©), Do (D), the set of all nonempty
bounded, nonempty convex, nonempty closed and nonempty bounded-convex subsets of O re-

spectively. The above concepts are generalized in {16, 26, 27, 25, 60, 61, 112, 123|. Recently in
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[51], the author introduced a generalized MNC for monotone operators in ordered BSs, while
in [68], authors introduced cone MNC and proved some FP results.

Here, we introduce partial ¥-MNC in the settings of ordered ¥-MSs. We define partially
continuous mappings, partially compact, partially bounded subsets and partially closed sets
in ordered ¥-MSs. We prove FP results for partially continuous, partially bounded monotone
mappings and sum of two monotone mappings and generalize the well known results of Darbo
(43] and Krasnoselskii [76]. We prove the results for a class of IEs and provide some nontrivial

examples.

5.2 Preliminaries

Here, we recall ¥-MSs [19], and also introduce some new notions in ordered ¥-MSs.

Definition 5.1. {19] Let ¥ be a VS and < be a partial order relation, ¥ is ordered space if
(O1)V s,v,and w € ¥, 5 < v implies ¥ ®w v @ w,

(02) ¥ a € R® and » € ¥ such that » > Oy, implies that a» > Oy.

If ¥ is normed space such that

(03) thereis A > 0 and V »,v € ¥, with Oy < 3 < v implies |5y < A|jv]ly, in this case ¥ is
known as a normed ordered space.

Let ¥ is ordered space. The element v in ¥ is positive if v > 0y. The set of elements of ¥
which are positive are denoted by ¥®, (¥® is also known as a cone of ¥). Here z > y mean
z>ybutzx#y.

According to [19], we define ¥-MS as follows.

Definition 5.2. Let ¥ be a real ordered VS, and O # ¢ is a set. An ¥-valued function
d¥ 19 x O — ¥ is ¥-metric on O, if for all s, v and w € D, the following hold:

(¥1) d¥ (5,v) = Oy and d¥ (s,v) =0y <= x =,
(¥2) &Y (35,v) = d¥ (v, ),

(¥3) d¥ (5,v) 2 d¥ (Gr,w) @ d¥ (w,v).

Then (9,d) is an ¥-MS.

Example 5.1. Let ¥ = C[0,1], then int (¥¥) = {A € ¥® : i(5) #0 for all >} and O =
C[0,1], define d¥ : O x O — ¥ by d¥ (K, h) = |A®' h|. Then d¥ is an ¥-MS.
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For more details and properties of ¥-MSs, we refer (19, 66, 86].

We assume that int (¥*) is nonempty unless otherwise stated. For z € int (¥*) we denote
it by z > Oy. The following definitions will be crucial for our main results.

Definition 5.3. Let (O,dy, <) be an ordered ¥-MS, that is, (0,dy) is an ¥-MS and <
is a partial order on 0, let £ : © — © be a mapping then, £ is called monotone increasing
(monotone non-increasing) if for » < v implies £3¢ < &v (resp, &z > &v) for all sc,v € O.

The following notions are more general than the similar notions defined in [51].

Note: There are two partial orders, the first one ” < ” on the BS ¥ and the other one
” £ ” on the nonempty set o.

Definition 5.4. Let (O,dy, <) be an ordered ¥-MS. A mapping £ : © — O is partially
continuous (PC), at a € O, if for € > Oy there is § > Oy such that for z € o satisfying
d(3,a) < J, with » < a, implies d (€3¢, €a) < €.

Definition 5.5 For s € O and r >» Oy, we define partially ordered open ball (POB).
B(,r,<)={ve€ED:v < andd(s,v) <r},

we denote the partially closed ball by B [s,r, <] and define in similar way.

Definition 5.6. A subset A of an ¥-MS O is called partially bounded (PB) if there exists
A > Oy such that d(s,v) < X for s,u € A with 3 < v. A is said to be partially compact
(PCP)if there exists finite number of POB that covers A* where A* is the set of all chains in
A, and A is partially totally bounded if A* can be covered by a finitely many POB with fixed
radius 7 > Oy.

Definition 5.7. A subset A of an ¥-MS © is called partially precompact (PPRC ), if
A=AUA is partially compact, where A? is the set of all limits of convergent chains in A,
and A is known as the partial-closure (p-closure) of A. A is partially closed iff A C A"

Remark 5.1 (a) Every continuous function is partially continuous.

(b) Every bounded set is partially bounded.

Example 5.2 Let 0 = R with usual metric

d(s,v) = |%®'0|
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for all ¢ € v, let < be usual order of reals and we say s < v iff 3r,v € O and s < v. Since O is

closed in R, so © is partially complete. The function @ : R — R defined by

%®1if:1:#%
OHz:%

w(x) =
is discontinuous but partially continuous on R with partial order < .

5.3 Main results

Let ﬁpb (9) be the family in which there are nonempty PB subsets of an ordered ¥-MS
(0,dy, <) . We define partial ¥-MNC as follows.

Definition 5.8. Let (O,dy, <) be ordered ¥-MS. The mapping ay : I, (9) — ¥® is

called partial ¥-MNC if for any chain A, Q € 1), (9) .

(M1) ay (A) = Oy implies A is p-precompact, or A is partially compact,

(M2) A C Q implies ay (A) <X ay (),

(M3) for any A € T (D), ay (A) = oy (K) = ay ({3} U (A)) for s €D,

(M4) and for any decreasing sequence {A,} in I, (¥) such that n@way (An) = Oy, implies
that Aee = nQIAn is nonempty.

Our definition is more general than the definitions defined in [16, 25, 43, 51, 60, 68, 117],
and observe that our structure is also more general. The next definition of k-chain contraction
is crucial for the proof of our main results.

Example 5.3. Let (9,]|']|, <) be an ordered BS. Let « be a given Kuratowski MNC. For

any convex and bounded subset 2 of O, define

a () : Qis a chain in 0

A, otherwise

where A > 0 be any given fixed real number. Then a< is a partial MNC which is not a
Kuratowski MNC. If © is compact subset of © which not a chain (with respect to order <
induced by a cone of ©), we have a< (2) = A > 0, but if 2 is a bounded chain itself which is

compact, we get a< (2) = 0, as desired.
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Definition 5.9. Let (0,dy, <) be ordered ¥-MS, a monotone mapping § : © — 0 is

k-chain contraction if there exists k € (0, 1) with partial ¥-MNC ay such that

ay (£(C)) = kax (C)

for each bounded chain C € O.
Theorem 5.1. Let (9,dy, <) be a complete ordered ¥-MS and £ : © — O be a monotone
PC and PB k-chain contraction. If there exists sy € ¥ such that s < €31, then € has a FP.

Proof. Consider a sequence

Hnw1 = &y, for n € N,

Here £ is monotone and »q < &3¢9, so we have

or

My < M) K MMl S Hp S

Now define

Ap = {%n»”n(*)la Hn®2; }

forn =0,1,2,3,....., clearly
Ang1 =& (Ay), forn e N.

Consider,

Ao = {sm,m,50,53,..}
= {m} U {50,500, ...}
= {m} UM

{r0} UE(Ao)
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and

A = {s,0,03,...}
= {0} U {50, 3,4, ...}

= {a}ué(Ay),

continuing,

Ap = {3} UE(Ay), forneN.

Also
wApe1 C AL C LA C Ay,

therefore A, is a decreasing. Consider

ay (An) = ay (s} UE(AR))
= ay (£(An))
kay (An@’l)

Koy (Angr2) .. X K ay (Ag).

PN

IA

Asn — o0, we get

lim Qy (An) = O¥,
=00

which implies that
A= N

and for any n € N,

ay (A) < lim ay (An) = Oy,

n—so0
therefore Ao is partially compact, also € (Ax) C Aeo- As nli_r,noo%n € Ao, there is k € N with
#n € Moo for n > k. Since Ao is PCP so there is convergent sub-chain {3, },,5¢ of {5:},5x
in Ao such that

lim e, = s,
m—00
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and

Hp,, 3 € Ao

Since £ is PC, it is continuous on every chain of ©, so we have
w=Ex.

This proves the theorem. m

If we assume in the above theorem an ordered BS O, instead of ordered ¥-MS © ,then the
following result is obtained.

Theorem 5.2. Let (9, |||, <) be ordered BS and C € Dy, (D). Let £ : C — C be a
monotone PC and PB k-chain contraction. If there exists »xp € C with sy < €3, then € has a
FP in C.

Proof. Similar to the proof of above theorem. m

Corollary 5.1. Let (9,dy, <) be a complete ordered ¥-MS and £ : © — O be a monotone
continuous and bounded k-chain contraction. If there exists s € ¥ such that g < &3¢, then
£ has a FP.

Corollary 5.2. Let (9,dy, <) be a complete ordered MS and £ : © — O be a monotone
continuous and bounded k-chain contraction. If there exists s € ¥ such that g < €30, then
& has a FP.

Remark 5.2. Every Hausdorff MNC, ball MNC, cone MNC and MNC defined in [25, 60,
68, 117] is partial ¥-MNC.

By virtue of above Remark 5.2, and Theorem 5.1., we generalized the main results of
(25, 40, 39, 60, 71, 117, 68, 111].

The next theorem generalizes the Krasnoselskii’s FPT in the settings of monotone operators
in ordered BSs.

Theorem 5.3 Let (9, ]||,<) be ordered BS and &,( : © — © be two monotone PB
operators such that,

(a) € is PC and k-chain contraction;
(b) ¢ is PC and PCP;
If there exists >y € O such that s < €30 ® (3, then there exists w € O, such that w = fw®(w.
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Proof. Define a mapping P: © — O such that,
P () = £ ® (¢ for x € O,

since P(D) C ¢ (D) ® ¢ (D), then P is PB, also being sum of two partially continuous mappings,

b is partially continuous. Note that 39 <P(3q), and now consider for any bounded chain C of

o,

ay (P(C))

I A

oy (C(C)) ® oy (£(0))
< oy (£(C)), since ¢ is PCP,

A

koy (C),

which implies that P is a k-chain contraction. All conditions of Theorem 5.2., are satisfied to
obtain the FP of . &
Corollary 5.3. Let (O, ]|, <) be a BS with partial order < . Let £,{ : © — © be two
monotone bounded operators satisfying,
(a) € is continuous and k-chain contraction;
(b) ¢ is continuous and compact;
If there exists s € © with s < €300 ® (1, then (3¢ ® €3¢ = 3¢ has a solution.
Corollary 5.4. Let (O, ||||5, <) be a BS with partial order < . Let §,(: 0 — O be two
bounded operators with,
(a) € is continuous and k-contraction;
(b) ¢ is continuous and compact;
then (¢ ® £3r = 3¢ has a solution.
Corollary 5.5. (0,]||5,<) be a BS with partial order < . Let £,¢ : © — O be two
bounded operators satisfying,
{(a) € is continuous and KSC;
(b) ¢ is continuous and compact;
then (3¢ ® €3¢ = 3¢ has a solution.
Using Remark 5.2, and Theorem 5.3, the following result is obtained, which is a well known

result of Krasnoselskii [76].
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Corollary 5.6. [76] For a given Q which closed and convex subset of BS O, assume that
(,€: Q — O are the mappings satisfying
(1) Cr®Ev e Qforall sr,v€Q,
(4@) ¢ is continuous and ¢ (2) C C € Ny, (9),
(7i1) € is a Banach contraction, with o < 1.

Then (s ® €3¢ = 3¢ has a solution.

5.4 Applications

The applications of presented theory have a broad spectrum, like existence theory of linear
and nonlinear operators, optimization theory, game theory and Nash equilibria. We apply our

results to find the ES of the following IE.
a(v)
#() = 2@ ® [ olvrx(y (x) de (4.1)
0

for v € R®. Where
(1) w: R® x R— R and ¢: R® x R® x R — R are continuous, and
(it) 8,0,v: R® — R®.

Consider B¢ (R®,R), the normed linear space of all bounded real valued functions defined
on the set of positive real numbers with supremum norm ||-||g . For any s, v € B¢ [R®,R], we
define a partial order < by » < v iff 3¢ (v) < v (v) for all v > 0. The space (B¢ (R®,R), ||l <)
is a regular ordered BS, for details see [51].

We define a partial ¥-MNC as follows.

For a bounded chain Q in B¢ (R®,R), define

QW)= {»xW):v>0xe}

and

oy () = limsupé (Q (v)),

V30

where 6 (2 (v)) = sup {|» (v) @ v (V)] : 5,v € Q}, then clearly oy is a partial ¥-MNC. Assume
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(Al) @, 0,7 are continuous and 6 (v) > v for all v € R®.

(A2) 0 < w (v, ») for all (v, ) € R® x R, and there exists L > 0 with
0<w,) @ w(,v) <L(x® v),

for all 3¢ > v.
(A3) @ (v, ) and ¢ (v, k, ) are increasing in s for all v,k € R®.

(A4) for some 4 € B¢ (R*,R),

o{v)

a(v) < [ ov,k,x(y(K))dk

for all v € R®.

(A5) There exists functions a,b : R® — R® such that g is continuous with

lo (v, K, »#)| <a()b(k),for all k,v e RY,

o(v)
moreover the lim a(v) /b(n)dn = 0.
V=300
0

(46) lo (v, 5,5 (v(k)) @ @ (v, kv (7 (K))] < [3(7 (k) & v (7 (k)] for all k..
Theorem 5.4. Assume, (A1), (A3) ® (A6) holds. Then IE

a(v)

(V) = o(v,k,x(y(K)))dr

has a solution 4* in B¢ (R®,R).

The successive approximations for solution are defined by

a(v)

in (1) = / 0 (v Ky et (7 () di

0

with 39 = 4 converges to 4*.
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Proof. We define

Ex(v) = / 0 (v, K, 5 (y () di
0

for all v € R®. So ¢ is monotone. Note that from (A4), there is @ € Be (R®,R) with

o(v)

b a0) < [ elvins(r () de
0
for all v € R¥®. Clearly using (A5), £ is partially bounded. Since g is continuous so £ is also
partially continuous. Now we show that ¢ is k-chain contraction, let for 5 > v, in a bounded

chain Q, consider

o(v) o(v)
() &' o w)| = | [ 0wk (y () dk @ / o, K, (v (K))) di
0 0
a(v)
< [ O v @) dx
0
< o(1)5(QW),

which implies

3(£(Q2(¥)) S kS (2(v)),

for all v € R®. Taking limsup over v — 0o, we have

- oy (E() < koy (Q),
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with k = sup {o (v) : v > 0} < 1. Thus, from Theorem 5.2, FP of £ is obtained. This proves the
theorem. m

Now we state the ER for the solution of our main integral equation (4.1).

Theorem 5.5. Assume that the hypothesis (A1)®’(A6) holds. Then IE (4.1) has a solution
@* in B¢ (R®,R).

The successive approximations for solution are given

o(v)
Xn (V) :—W(l/, Hnw'l (9(V)))® /Q(Vv Ky, Mne'l ("/(K)))dﬁ
0

with 39 = 4 converges to 4*.

Proof. Same as to the proof of the above theorem, using (A2) for function w. =

5.5 Conclusion

In this study a general criterion is established to deal with monotone operators and sum of two
monotone operators to find their FPs. The notions of partially continuous mappings, partially
bounded and partially compact sets are introduced, these notions are used to define partial

¥-MNC.
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Chapter 6

Fuzzy Measure of Non-compactness

with Applications

6.1 Introduction

In this chapter, unless otherwise stated, let O be a BS over a field F and IJ,, (), D (9), Dy (©),
Dpre ), Dep (9), Ty (©) be the set of all nonempty, nonempty closed, nonempty convex, non-
empty precompact, nonempty compact and nonempty bounded subsets of © respectively. One
can combine any of these sub-notations, for example )., (O) the set of all nonempty closed
and bounded subsets of O.

The lower and upper semi-continuity of multivalued operators is very important, and is
used in many important results to ensure the existence of FPs. For example, see Kakutani-Fan
[69] result to find the FPs of a upper semi-continuous multivalued operator. Also noncompact
operators (condensing and KSCs) have gained importance in FP analysis.

Keeping in mind the importance of these concepts, we introduce fuzzy-MNC, fuzzy condens-
ing and fuzzy KSCs and generalize Monch [92], Darbo [43], Kakutani [58] and Bohnentblust-

Karlin [30] FP theorems, indeed many results in the literature.

6.2 Preliminaries

The following definitions will play a crucial role in all coming results.
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Definition 6.1. A fuzzy set pp : 1), () x [0,00) — [0, 1] is called fuzzy MNC (FMNC) if
for A, B € 1), (9) and ¢ > 0, the following conditions are satisfied;
(1) pr (4,0) =0,
(2) The family {A € I}, (9) : pF (4,:) = 1} is nonempty and contained in ¢ (D),
(3) pr(A,0) > prp(B,t) for AC B, and ¢ > 0,
(4) o (A1) = pr (4,0) = pr (conv (4) 1) for any A € 13, (9),
(5) pr(A,-):[0,00) — [0, 1] is left continuous and LlilnoopF (A) =1
(6)

6) for any decreasing sequence {A,} in I}, (D) such that lim g (A,,¢) = 1, implies Ay =
n—-aok

8

011—4—; is nonempty.
n=
pr is called fuzzy sublinear if
(7) pr (KA, 1) = pp (A, Wﬁq) for k € F,
(8) pr(A® B,.® k) > pr (A,L) * pr (B, k), where * is continuous ¢-norm.

Remark 6.1. For a given MNC a,(resp, § or p), and for ¢ > 0, we define

[

pr () = m,

then pp is FMNC, called standard FMNC induced by a, (resp, 8 or p).
Examples 6.1. (1) Let # of R® into R® be increasing and continuous, for § > 0, define a

function
_ ()
or () = P e s a )

then pp is a FMNC with x as a usual multiplication -. The standard FMNC is a special case.

(2) Define with the same function A

ot 2L)
OF (Q)L) = e® B,

then pr is a FMNC with * as a usual multiplication -,
(3) Define with the same function A

o ()

pF(QvL): 1® ﬁ,(L) )

then pr is a FMNC with * as Lukasieviczt-norm L.
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Remark 6.2. If (X, N, ) is a fuzzy BS [42], then pF : Iy ¢, (X) x [0,00) — [0, 1] defined
by any (1)®’(3) in above Examples is a FMNC and in this whole fuzzy structure we can not use
any crisp MNC. In this environment the existence theory of fuzzy DEs and IEs is not explored.

The concept of FMNC is different from the concept of fuzzy measure, we define fuzzy
measure and fuzzy measure space then explain how both concept are different.

Definition 6.2. ([62] chapter 6) Let X be a set and B be Borel field of X. A set function
o: 9B — [0,1] is a fuzzy measure (FM) if
(FM1)o(¢)=0and 0 (X) =1,

(FM2) for AJB€ % and A C B, then o (4) <o (B),
(

FM3) if {F,},>, is a monotone sequence (in the sense of inclusion) in B, then lim o (F,) =
- n—~oo

7 ( tim F).
Remark 6.3. Note that if we assume pp (Q, ) is independent of « (just to behave like fuzzy

measure). Since ¢ being a finite set is compact set then pp (¢, ) = 1 but clearly from (FM1)
o (¢) = 0, so we cannot develop any useful relationship between FMNC and FM.
We define fuzzy pp-condensing and fuzzy pp-k®’set contractions by means of FMNC.
Definition 6.3. A mapping £ : Q — Ty ¢, () is fuzzy pp-condensing if there is FMNC
pr with
pr (E(),0) > pr(Q,1)

for each Q € DNy e (0)
Definition 6.4. A mapping £ : © — Dy e p (Q) is called a fuzzy pp-KSC if there exists
some k € (0,1) and a FMNC pg such that

pr (E(Q), k) 2 pr (1)

for each Q € Dy ey (D).
Remark 6.4. In [100], it has been proved that every multivalued k-contraction ¢ is a

a-KSC and hence a pp-KSC.

74



6.3 Main Results

Now we present our first results regarding the FP of a continuous self operator on € € Tl ¢ ¢ (D).
This theorem generalizes the results of [4] and [121]. This result has a unique importance
because it will be very useful in the existence theory.

Theorem 6.1. Let Q € D)y o (D) with 0 € Q. € is continuous and self mapping with
domain . If

V=Conv(&(V)) or V=¢((V)U{0} = pr(V,i)=1, for ¢ >0,

holds for each V' C Q, then £ has a FP.
Proof. Let wg = 0 and wpe) = € (wy,), wheren =0,1,2,3,.... Let W = {w, : n=10,1,2,3,...},
then clearly W = ¢ (W)U {0} and using hypothesis of theorem we have pp (W, ¢) = 1, therefore
W € Dyre (). If K is a set in which there are limit points of W, then K = &£ (K) (see [119]
page 34, 7(it)). Let
D={YCQ:KCY and Convé (Y)CY}.

Clearly 2 € I so IJ is nonempty. Let U = N_Y,as K C U so U is nonempty and K = £ (K) C
YeD
Conv€ (K) C Convé (U) which implies

K C Convé (U). *
Also since Convé (U) € Convé (Y) C Y for all Y € 1), therefore

Conmv€(U)C NY=U, **)
vel

which implies U € T). Now as Convé(Conv€ (U)) C Convé (U), and K € Convé (U) by (%),
therefore Convé (U) € I). Also as Convé (U) C U by () and obviously U € Convé (U) € D (U
being intersection of all elements of 1), this implies U = Conv (¢ (U)). Hence by assumption in
statement of theorem pr (U, ¢) = 1,50 U € Dpre(2) and hence U € T, (). Applying Schauder’s
FP theorem on mapping &[5 (i.e, £ : U-—U),¢hasaFP. =

Next result is regarding the FP of a given multivalued fuzzy pp-KSC using FMNC. This
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result generalizes the well known results of Darbo [43], and [16].

Theorem 6.2. Every continuous fuzzy pp-KSC on 0 € [Jgcyp (2) has a FP and Fize
€ Npre (9).

Proof. For any Qg € Dy ey p () define the sequence

0=

and

Q"®1 = CO’nU (5 (Qn))7 n= 0’ 15 27 37

As Qq is closed and convex, then 1 = Conv (£ (£2g)) C Qp and by induction we have
...Qn(,@l C Qnﬂ2 C Ql C QO,

which implies that 2, is a non-increasing sequence. Now consider for ¢ > 0,

pr (Qne1,t) = pF (Conv L)
(€ () ,0)

3

(2
= Pr (CWW (€ (Qno1))s L)
(@

= PF

v
)
iO

F

k

Y

PF n®'l k2)

v

(0 ) =1

We conclude that
lim KJF(Qn(*)l,L) =1,
n—oo

which implies Qo = OF?IQ,I is nonempty. Since 2, C £, for all n € N. therefore (using (3).
n=
in Definition ), pr (Qoo,t) > lim pr (Qne1,t) = 1 which implies Qy = Qy (by construction
n—~:oo
Q4 is closed set), is compact and convex. Therefore by Lemma 1.2, the operator £ : Qs —

ﬁcv,cp (o) is upper semi-continuous, and application of Kakutani theorem implies £ has a FP.
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Finally to prove Fiz; € ﬁprc (D). Consider for k € (0,1) for ¢ > 0,

v

pr (§" (Fizg) 1),

> pFr <F2‘m5,}§;) — 1, as n — .

pr (Fize,t)

This implies

pr (Fizg,t) = 1.

It means that Fiix, is precompact. This proves the theorem. =

Remark 6.5. From Remark 6.1, we conclude that every a-condensing/k-set contraction
(resp, B or p-condensing/k-set contraction ) operator is a fuzzy pp-condensing/pp-k-set con-
traction operator.

From above definitions and results we have the following corollaries.

Corollary 6.1. Every continuous p-k-set (3-k-set, a-k-set ), contraction on Q € Iy ey p (O)
has a FP.

Now we prove Krasnoselskii-type FP theorem where functions are multivalued.

Theorem 6.3. Let Q € ), 4 (2) and pp be a fuzzy sublinear, fuzzy MNC. Let (¢ :
Q — Ty () be multivalued functions with,
(a) ¢ € Sy and pp—g-SC for some k between 0 and 1;
(b) € € Seteps
(¢) Cu®éu C Qfor 4 € 0.
Then there is a solution of operator inclusion @ € (u®&u and the solution set Fizge € Dpre (O) .

Proof. Define ¥ : @ — [y e () by
¥ (@) = Cu® &u

for each @ € 2. As ( is closed and £ is compact, therefore their sum 1 is also closed . Also the
sum is Minkowski therefore 1 is convex. Therefore ¢ : @ — ﬁd,w (Q) is well defined. Also for
any nonempty B C 2,

¥(B)CQ
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which implies ¢ (B) is bounded as Q2 is bounded, and by definition
Y (B)S((B)®&(B).
Now using fuzzy sublinearity of pp, for some k € (0,1), and ¢ > 0, consider

PF (d) (B) ’ kL)

v

pr <C(B) 5(B) tie %)
or (¢(8),5¢) or (081, 50).

L) = 1,80

v

R R

since £ is compact therefore pr (£ (B),

or (V(B). k) > pr (C(B),§L>*l

PF (C (B)»§L>

k
pr (B,t), using the fact that { is pp—i-set contraction.

Y

Hence from Theorem 6.2, there is 2 € ¥ (2), the required solution of the operator inclusion
z € (2 ® £z. Next we claim

PF (Fi:z:«*)f,L) =1

On contrary, suppose that for ¢ > 0,
pF (Fizgee, L) < 1.
Then for some & € (0,1)
1> pp (Fizcge,t) > pr (Y" (Fizcge) L) > pr (Fixc@g, k—Ln) — 1, as n — o0,

a contradiction, therefore

pr (Fizcge,t) = 1.

This proves the theorem. m

The following corollaries are due to Remark 6.4 and 6.5.
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Corollary 6.2. [49] Let Q € Dy p (2) and p be a sublinear MNC. Let ¢, & : @ —
ﬁcz,cv () are functions with,
(a) ¢ € Sy and p-KSC (resp, a or 3-KSC ),
(b) € € Setep
(c) Cu®Eu C Q for 4 € .
Then there exist a solution of operator inclusion 4 € (u®&u and the solution set (¢ € Dep (9)-
In [100] it has been proved that every multivalued k-contraction £ is a-KSC and hence a
pr-KSC. So we can make the following statement.
Corollary 6.3. [100] Let Q € Dy 5 (9) and (, € : @ — DNy e, (Q) are functions with,
(a) ¢ € Sy and multivalued k-C, for some k € (0,1),
(b) € € Set.ep,
(¢) Cu®éu C Qfor G € Q.

Then there is a solution of operator inclusion @ € (u ® {u and the solution set ¢y € D, (9).

6.4 Applications in fractional differential equations

In this section, some ERs for Caputo Fabrizio fractional anti-periodic BVP of order 1 < a < 2
are proved. We use our Theorem 6.1, to find the sufficient conditions for ES of said Caputo
Fabrizio fractional BVP. For more applications related to the FP theory and the existence
theory of IEs and DEs, kindly see {63, 87, 88, 108].

Now we discuss the conditions for the ESs of the following CF-fractional anti-periodic bound-

ary value problem (CFFBVP).
("D () =Ly (W), 1<a<2 0<i<E, (4.1)

with
y(0) = @'y (§) and § (0) = @'Y (¢), (4.2)

where f of [0,£] x R into R is continuous and y (¢) € H* (0,¢).
Lemma 6.1. Let K : [0,§] — R be continuous. A function y (:) € H'(0,¢€) is solution of
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following anti-periodic BVP
CF na _
(“"DRy) (=K (1), 1<a<2 0<i<g,

with boundary conditions (4.2) if and only if y (¢) is solution of following IE

v =h)® [6(r) K W
0
where,
(£0'2) (00 1)0(20'a)2 o (a8’ 1)[2@ (n@g ]
) i gl S
4B(a&'T) ® e (f ® k) L<KR<E
and

9224 a)
M= "B D

K(€).

Proof. We have
CFDgy) (=K (), 1<a<2 0<i<é

Applying above Proposition 1.1, we have

/1)
= Kk
y (1) 01®62L® @,1 / @,1)

O\P

Differentiating both sides, we have

(2@ (a®'1)
y(b)—02®mK(b)®B—(m/K(n)dn
0

Using ¢ (0) = ®'y (£), with assumption given in (3], i.e., K (0) = 0, we have

62=®'(62®%%K( (ao®,1/K )

80
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which implies

2®a) (a®'1)
=&'5 (B(a®'1)f‘(f)®3(aof1)

O\
=
z
U
B
\_/

Now by using y (0) = ®'y (£), we have

4 4
. (a®'1) N e
C1 :Qi})’ (61002§® aC’l /I( Oll)/(g@?)/){)f((h)dh) s
0 0
which gives
3 (2 y
’ ® ® a)
= dk .
G =®ag 23(a®’ /K <) ®2B( @q/f@“ dr
0
From ¢y and above,
£E(2® a) E(a@' 1) @ a) y
= 2" — K (x ® K (k)d
4B(a®’1)K(E 4B (a®'1 / ( @1 )/ () dr
0
§
®' / £@® k) dk.
0
Thus the solution is
(@ 2) (2@ a) {@ 20)(c@')® (2@ a)2
= K (k)d
y(©) 4B (a®'1) )® 4B (a ®'1) (1)
0
¢ 3
(a@'l)[QL@(K@E /5@ 20)( a®1)® 2(2® «) K
5 ) d
*/ Blad 1) Kydk ® e® 1) K (r)dk
T @'
7 Q Gk !
®/QB(Q®’1) (€@ k) K (k)dk

Let

1B(a®']) 2B(a®'1)

£8'2,)(2®'1)®'2(28' ) (a®'1)
{ ElaB(a®’1 ( ® 23‘?0@’1) (£ ®' K) LK< 5

b

(£8'2)(20'1)0(26'a)2 o (a®'1)[20"(x08)] <K<t
G, k) =
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hence, we have

3
y()=h() @/G(L k) K (k) dk.
0
This proves the lemma. m
Clearly G (¢, k) is continuous on J x J and denote G* = sup  ||G(¢,k)||. As h is contin-

(LK)ET XJ

uous on J therefore there exists A* = sup || (¢)]] .
eJ
To prove the ER of the CF fractional DE (4.1) with BC (4.2), assume;

(C1) f: J x© — o is a Caratheodory function.
(C2) There exists g € L' (J,R?®), with

If ()l < g () 12l

forc e Jand 4 € 0.
(C3) For each ¢ € J and each bounded subset 3 of 0, we have

Jm (F(Jon x B)) < g (1) a(B),
where J,p, = J N[t @& h, .
Theorem 6.4. If the conditions (C1) &' (C3) are satisfied and

3
G*/q(n)dn<1

o

holds, then the CFFBVP (4.1)-(4.2) has a solution.
Proof. Define an operator Q : H — H by

Clearly the solution of CFFBVP (4.1) ®' (4.2) exists if and only if Q) has a FP.
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ﬁ*
r> ,

- £
1® G*[q(K)dr

and define the set
Br={ve H ||, <r}.

The set B, € Ny b (2). Now we explain that @ satisfies all conditions of Theorem 6.1.

First we show that Q € S.. Consider v, in H with v, — v € H. Now for each ¢ € J,

3 3
Q (vn) ® Q(v)]| = /G(L,K)f(ff,vn(K))dK®'/G(L,'~€)f(ﬁ,v(ﬂ))dﬁ

o

£
— /G (¢, K) [f(n, vn () ® f(k,v (n))] dk

IN

4
[ 16 @Rl 55 v ) &' 50 ()

IN

£
6" [ 5 (xvn ()) @'f sv ) .
Since f is a Caratheodory function, then by ”Lebesgue dominated convergence theorem” [5]
[f (5, vn (k) &' F (5,0 (K))]| — 0, as n — oo,

Therefore @ is continuous.

Now we show that ¢) maps B, into B,. For each v € B, and ¢ € J, we have

1Q (v ()]

IN

¢
1 (] ®/HG(L,K)II If (e, v (k)] dr

IA

¢
18 ()l ®/||G(L7"3)HQ("¢) lv (k)| dw

33



3
<K @G*r/q(n)dfq <r
o
which was required.

Next to show that @ (B,) is bounded and equicontinuous. From above step Q(B;) is

bounded. Now for ¢1,t9 € J with ¢; < 19 and v € B,, consider

QW ())& Q)] < [|A(n)® ()]
£

/ [G (12, k) ® G (11, k)] f (K, v (k) dk

o

®

< ||A(n) @ B(w)|
€
/Q(“) [G (12, k) ® G (11, )] dr]|.

o

®r

As t; — iy the right to the inequality approaches to 0.
Let U € B, with U C Conv(Q (U)U {0}). As U is equicontinuous & bounded which implies

the function 4 (¢) := a (U (1)) is continuous on J. Using Remark , we have

T

PF(U»T)ZW,

for some 7 > 0. Now consider

In
o

)
S
c
=

which implies

12l < 12 ()]l G / ¢ (k) dr

o

4
since G* [q (k) dk < 1, so we have @ () = 0 for ¢ € J, so & = 0, therefore o (U ()) = 0 for all
[+
t € J, hence
pr (U,T) =1,
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therefore by Theorem 6.2, U is compact in B, by virtue of Arzila Ascoli. Hence by Theorem
6.2, () has a FP which was needed. m

6.5 Conclusion

We define the notions of fuzzy MNC, fuzzy k-set contractions and fuzzy condensing map-
pings. Using these notions we prove some FP results which generalize the well known results
of Schauder, Monch, Sadovski and Krasnoselskii. We provide some examples and applications

to validate our definitions and results.
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Chapter 7

Analysis of Schauder and
Krasnoselskii Theorems by
Weakening the Condition of Normed
Space

7.1 Introduction

Topological FP theory is very important branch of nonlinear and convex analysis. It has a
strong and useful history of more than a century. In 1912 Brouwer proved his well-known FP
theorem. The most applicable generalization of Brouwer’s theorem was presented in 1930 by
Schauder using compact operators. Krasnoselskii, in 1958, combined Schauder theorem and

Banach contraction principle to consider the FP problem:
Ev®lv=v, veil,

where (2 is a set in the BS O. Keeping the importance of this type of problems, many researchers
have solved the operator equation év® (v = v under different assumptions on &, and 2. These
types of results can be seen in [33, 41, 106, 103, 126, 128, 129, 130].

In this chapter we generalize Schauder, Krasnoselskii and some related FP theorems by
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wakening the condition of normed space. We assume a linear space O with metric d and the
following two properties:
(@) w®y,v®y) =0(w,v) for all w,v,y € O;
(0*) dw,w) < W(w,v) forallwpy e and 0 <t < 1.

If the metric 0 is induced from the normed space then d satisfy the following properties [44]
(@) Hw®y,v@y)=0(wv) for all wy,y € O; (translation invariance)
(b) dw,w) = || o{w,v) for all ww € O and ¢ € R. (Absolute homogeneity)

Remark 7.1, Clearly the condition (b*} is weaker than the condition (b). If O is linear
space with norm then;
(1) the open ball is convex and ;
(2) both the binary operations are continuous.

However in a linear space o with metric 9, these conditions are not true in general.

7.2 Main Results

Norfolk [96] established the condition on MS under which the open ball is convex. This is
represented below.

Lemma 7.1. Let O be a linear space with metric ? with (a*) and (b*). Then the open ball
By (w, €) is convex.

Proof. Let v,y € By(w,¢) then

w,w® (1@ )y) = 20, (we(1® )y) @ w)

= 20 ,L(z/ @’w) ® (1 ® Oy ®,w))

< 0, (v w)®U(r @' W), (re'w e (18 )(18® w)
< w0, rew)® (1& )00, (v w)

= W(w,v)® (1® )dw, 7)

< max {d(w,v), d(w,7)}

< €.

which shows that Ba(w, €) is convex.
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Now we show that if O is linear space with metric d with (a*) and (b*), then addition and
scalar multiplication (in first variable) are continuous.

Lemma. 7.2, Suppose O be a space which is linear with metric d satisfying the condition
(a*). If (wy) and (v,,) be sequences converge to w and v respectively, then (w, ® v,) converges
tow® v,

Proof: Trivial.

Lemma. 7.3. Suppose O be a space which is linear with metric 0 satisfying the conditions
(a*) and (b*) and if a, in R with a, — a then, for fixed w, a,w — aw.

Proof. Since a, converges to a therefore for € > 0 there is N with

r(an,a) < € foe every n > N.

Suppose for fixed w, d(w,0) = ¢, then

Vapw,aw) = ¥(apw ® aw,0)
= (a, ® a)w,0)
= ¥(an ® a)w, (a, ® a)0). (1)
Also
daw,aw) = 0(0,aw ®' anw)
= (a® ay)w, (a® a,)0). (2)

Since a, converges to a there is Q; > N such that |a, ® a| < 1 for all n > ©Q;. So from (1) and
(2) and using 0(w, ) < {w,v) forallw,y € D and 0 < ¢ < 1 (for every n >y, if a, ® a > 0

then by (1) and if a,, ® a < 0 then by (2)) we have

apw,aw) < ]an®'a|a(w,0)

= cdr{an,a)

IA

CE.
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Lemma. 7.4. Suppose O be a space which is linear with metric 9 satisfying the conditions
(a*) and (b*) and Q* € Scp. Then for each ¢ > 0, there is  C 9* which is finite and a
continuous mapping G of * into co(QQ) such that 3(Gw,w) < e.

Proof. Since Q* € S'cp therefore there is O = {wi,wy,.....wn} C 2 so that open balls
By (ws, €) cover B. Define

€® d(w,w;) w,w;) < €
zi(w) = ;
0 O(w,w;) > €
where z;(w) is a continuous function. Moreover, ifw € By(w;, €) then z;(w) is nonzero. Therefore

for each w € * some z;(w) in nonzero. Define a mapping G of Q* into co(Q2) by

EACIE

G =Sy

By Lemmas 7.2 and 7.3 G € S,;. Since G(w) is a convex combination of the points w; that are

in the open ball By(w, €) and By{w, €) is convex open ball for each w € Q*, therefore we have
¥(Gw,w) < e.

Remark 7.2. Lemma 7.4 is the generalization of the projection theorem in [119].
Lemma 7.5. co(f2), where 2 is finite, is compact in a linear space © with metric ? satisfying
the conditions (a*) and (b*).

Proof. Let Q C O with Q = {w1,ws,.....w, }. Define a mapping f of R” into © by
flai, ag, ...... an) = a1w; ® aswy ® ..... ® AWy,

and

K = {(a1, a9, ...... an) a4, €ERa1 ®ag ® ...... ®a, = 1}.

Clearly f is continuous on K ( by Lemmas 7 and 8). Since K is closed and bounded, therefore
its continuous image f(K) = co(?) is compact.

Corollary 7.1. [85] co(§) € I (2) where 2 C O and finite.
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Lemma 7.6. Suppose O be a space which is linear with metric 9 satisfying the conditions
(a*) and (b*) and f is a linear functional of O into R. If f possesses continuity at 0, then f is
continuous on whole space o.

Proof. Suppose f is continuous at 0. Let w, be a sequence in O that is convergent to w.
Define a, = w, ® (®w). By lemma 7.1, a,, converges to 0. This means that f(a,) converges to
f(0) = 0. Since f is linear, f(w,) converges to f(w).

Lemma 7.7. Suppose O be a space which is linear with metric ? satisfying the conditions
(a*) and (b*) with scalar multiplication is continuous in the 2nd variable and, for0 < a < 1, A
be a function of O into © defined by A(w) = aw. Then £ is homeomorphism.

Proof. Let w, — w, then for ¢ > 0 there is N with
¥(wn,w) < € for every n > N.

Now

0(H(wn), A(w)) = d{awn, aw) < ad(w,,w) < ae.

This shows that £ is continuous. Also /i is linear and bijective. Its inverse is given by h(k) = a'k,
where aa’ = a’a = 1. Since scalar multiplication is continuous in the second variable therefore
h is continuous. Hence /i is homeomorphism.

Corollary 7.2. Suppose © be a space which is linear with metric d satisfying the conditions
(@*) and (b*) such that scalar multiplication is continuous in 2nd variable and, for ®'1 < a < 0,
h be a function of O into O defined by A(w) = aw. Then £ is homeomorphism.

Lemma 7.8. Suppose O be a space which is linear with metric 0 satisfying the conditions
(a*) and (b*) with scalar multiplication is continuous in 2nd variable and U is open set. Then,
for 0 < a< 1, al is open in O.

Proof. Define £ of © into O by A(w) = aw for 0 < a < 1. By Lemma 7.7, £ is homeomor-
phism. Since U € O is open, therefore A(U) = aU is open.

Lemma 7.9. Suppose © be a space which is linear with metric 0 satisfying the conditions
{a*) and (b*) such that scalar multiplication is continuous in the second variable. f is a linear
of © into R with f(w) is nonzero for some w. If f € S, in some neighborhood of 0, then f € St

Proof. If f € S, in some neighborhood U of 0, then there is Q) > 0 such that dg(§(w),0) <
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 for all w € U. Let € > 0 and consider S.(0) = {w € R : 0g(w,0) < €}. set Qo = ?%U such
that frl < 1 for Qf > Q. Here € is a neighborhood of 0 (Lemma7.8). We have to show that
f(Q2) C S(0). Let w € s then w = i’%{‘ for some @ in U and %iw = %l(ﬂilu) = (Q—Elnil)u) =1
€ U so that D[R(f(%iw),O) < ;. Since f is linear and dg is homogeneous, therefore dg(f(w),0) <
€. This means that f(w) € S.(0). Hence f(£22) C S.(0) and f is continuous at 0. By the Lemma
7.6 { is continuous at oO.

Lemma 7.10. Suppose O be a space which is linear with metric 0 satisfying the conditions
(a*) and (b*) such that scalar multiplication is continuous in the second variable and U C O is
neighborhood about 0. Then U contains a balanced neighborhood, say s, of 0.

Proof. Let U C © is neighborhood about 0. Define a function # of © into O by A(w) = aw
for fixed a € (®'1,1) ® {0}. Then A is a homeomorphism by (Lemma 7.7). So for U in O there
is some ¥ (containing 0) in O, for every fixed a € (®'1,1) ® {0},such that A(¥) = a¥ C U.
Let Q9 = Ua¥. Then 0 € £ C U and 25 is a neighborhood of 0. Let w € €23 and a € R such
that ja] < 1. If w € Q9, then w € a¥ for some a¥ and, hence, aw € a(a¥) = (aa)¥. Since
|aa| < la| < 1 therefore aw € s and Qs is balanced.

Lemma 7.11. Let O be n-dimensional linear space with metric 0 satisfying the conditions
(a*) and (b*) such that scalar multiplication is continuous in the second variable. Then R" is
(linearly) homeomorphic to o.

Proof. Let 8 = {w;,wg,....w,} and T = {w;j, ws,..... w,} be bases sets of R™ and O
respectively. Define a mapping I) of R™ into © by D(w) = D(ajw; ® agws ® ..... ® apwy) =
a1w1 ® aswy @ ... ® an,wy,. Then 1J is linear and bijective. Also IJ is continuous by {Lemmas
7.2and 7.3). SoI® "
Consider the set S = {(a1,@,.....,a,) ER" :a? ® a3 ® ..... ® a2 = 1}. The set S is compact in

. . L —@'l . ,
of © into R™ exists and is linear. We have to show that IJ® © is continuous,

R™. Since IJ is continuous of R™ into O therefore T)(S) is compact in O. Also, I)(S) is closed
in O because O is a MS. Set Z = 0 @' I)(S).Since D) is linear and bijective and 0 is not in S,
the element 0 of O does not belong to IJ(S). Hence the set Z is an open set containing 0. By
Lemma 7.10 there is a balanced neighborhood Q9 of 0 such that 5 is a subset of = and hence the
intersection of {0y and 1)(S) is empty. Since n®" s bijective and linear, therefore intersection
of ﬁ(gll(ﬂg) and S is empty, and ﬁ@,l(ﬂz) is a balanced neighborhood of 0. Now we show that if

w = (W1,w2, .....wn) € ﬁ@l(ﬂz) then w@®wi®....®w2 < 1. Let w = (W1, w2, .....n) € ﬁ®’1(92).
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Suppose w? ® w2 ® ..... ® w2 > 1, then w§®w,§;} ..... ") €S Alsom el ()
because ﬁwll (€22) is a balanced neighborhood of Q.Since intersection of ﬁ*)ll(ﬂg) and S is empty,
so our supposition is wrong and w? @ wWZ ® ..... ® w2 < 1 for w = (w1, w9, ....w,) € _ﬁ(ﬂll(ﬂg).
Since 1% is a linear transformation of O into R™ by ﬁ®/1(v) = (fl(v), f3(v),.., f*(v)), so fi,
for ¢ from to n, is a linear functional of O into R. Since 2 is a open neighborhood of 0 and
ﬁ(*)ll(v) € ﬁ(@’l(ﬂg) for v € Q, therefore (f1( v ))?® (f2(v ))?®  ®(f*( v ))? < 1 and hence
0 g fj@ll(v), 0)) < 1. It means that 0°! is bounded at Q9 and also f* is bounded at 2. Since
f* is linear functional which is bounded in open neighborhood Q of 0, therefore by Lemma 7.9
f* is continuous at o and hence ﬁ@l is continuous at o.

Theorem 7.1. Suppose O be a space which is linear with metric 0 satisfying the conditions
(a*) and (b*) such that scalar multiplication is continuous in the second variable, Q; € ﬁd,w ()
and S € S,; whose domain is Q; and image lies in a compact set 2* C €. Then S has a FP.

Proof. The set 2* is compact, therefore (by Lemma 7.4) for n = 1,2, 3..., there is a finite
set Q C Q* and G, € S. of Q* into co(f2) such that 3(Grw,w) < % Here co(§2) C € because
Q C Q" C Q. Define a mapping H = G, 0 S of co(Q?) into co(2). H is continuous because
Gy and S are continuous. Since (2 is finite set, co(2) C ©; and span of 2 is finite dimensional
subspace that is linearly homeomorphic to euclidean space, therefore co(Q) € Sy, (span of Q)

that is homeomorphic to compact convex subset of finite dimensional euclidean space. So H

has a FP (Brouwer theorem) and there is m, with Hm, = m,. Also

¥(Smp, kn) < 0(Smy, Hmy) ® 0(Hmy, my) = 3(Smy,, Hmy,) = 0(Smy,, G, 0 Smy) < 7—1{

By [[119],Theorem 1.1.3] S has FP.

Remark 7.3. If the set Q in the above theorem is linearly independent, Then FP can be
obtained.

Proof: Suppose Q = {w1,ws, ....ws } C O which is linearly independent and K = {(a1, az, ......
a, €ER, a1 ®a2®...... ®a, = 1}. Define a function f from R™ into O such that f(a1, a2, ...... an) =
ajw; ®asws ® ..... ® @pwn. Here fis continuous on K by Lemma 7.2 and 7.3 and {(K) = co(Q).
Also f is bijective on K and K is compact. Therefore (munkres) f is homeomorphism. Since K

has FP property and homeomorphic to co(f2), so co(€2) has FP property [119].
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Corollary 7.3. [119] (Schauder second theorem) Let ©; € T, (D) and S € S of Q; into
Q* C Oy, where Q" € S,,. Then S has a FP.

Proof. Since o is normed space so scalar multiplication is continuous. Also the metric ?
induced by normed space satisfy the conditions (a*) and (b*).

Lemma 7.12. Suppose o be a space which is linear with metric ® with (a*) and ; C o.
If ¢ is a contraction of € into O then I &' ¢ is a homeomorphism of € into (I &' ().

Proof. Clearly I ®' ¢ is continuous. From second triangle inequality
o (w, )& dw,w)| <ow, v)®y, w)

we have

ow, 0)® v, 0) < d(w, V).

Replacing w by w ®' v and v by (w &' (v we obtain

we'v, 0)® o (wd' (v, 0)

< V(wd' vy, (we' (v)
Now since o(““) ®/ v, 0) = O(wa U)7D(<w ®/ CI/, 0) = O(Q‘), CV),aIld.

Wwd' v, (wd' (v) = Nwe (w,v@ (V)

(1@ Qw, (1@ (),

therefore

(w, v) & (Cw, Cv) (I & CJw, (I &' ()v)

Since ¢ is contraction,

v

AT @ Qw, (1 & () Aw,v) & d(¢w,¢v)

v

(w,v) ® ko(w,v)
(1@ k)o(w,v), ke (0,1)

Il
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so that I ®' ( is bijective function and the inverse of (I ®' () exists. For @ and v in (I ® ()4
there are wand v in ) o= (I® Quw,v= (& {randw = (I & )*4, v=T& .

Putting in the above inequality
oa, v) > (1@ k(I & )", (I & ()

implies

(I @ )4, (T @' ¢)®v) < (‘1@;—'@0(&’”)‘

Thus (I @ ¢)®'! is continuous.

Remark 7.4. Lemma 7.12 is generalization of the Lemma 4.4.2 in [119].

Theorem 7.2. For a given complete linear space © with metric 0 satisfying the con-
ditions (a*) and (b*) such that scalar multiplication is continuous in the second variable and
0 € D e (D). Suppose that € and ¢ are mappings of Q; into O such that
1 éw® (v e forall w,v e Qy;

2 €€ Scp,ct;
3 ( is contraction;

Then there is a w in ; satisfying éw ® (w = w.

Proof For each fixed 4 in ©; , Consider a function H of 1 into Q1 by H(y) = (v ® £u.

The function H is contraction mapping because
O(H(v), H(v)) = 2(¢y @ €u, (v ® €u) = 0((,(v) < ad(v,v).

Thus there is a unique « in Q; with H(k) = « that is (k ® {u = k. Thus using Lemma 7.12
k= (I® Q)%%u e Q. Since (I ® ¢)®? is continuous and ¢ is compact and continuous,
therefore (I ®' ¢)®'!¢ is continuous and compact mapping of Q; into Q;. By Theorem 7.1.,
(I ® ¢)*'1¢ has FP w in € such that w ® (w = w.

Corollary 7.4. [119] (Krasnoselskii) Let © be a BS and @ € Dy o, (D). Suppose that £
and ¢ are mappings of §2; into © with

1 éw®d (v e Q forall w,v e y;
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2 ¢e Scp,ct;
3 ( is contraction;
Then there is a w in Q; with éw & (w = w.
Proof. If O is BS then the scalar multiplication is continuous and 9 induced by BS satisfy
the conditions (a¢*) and (b*). Also © is complete space.
Lemma 7.13. [130] Let ©; € Ny ¢, (9), where O is a complete MS and ¢ is an expansive
mapping of Q into © with €3 C ¢(21). Then there exists a unique « € §; such that {x = k.
Theorem 7.3. Let O be a complete linear space with 0 satisfying the conditions (a*) and
(b*) such that scalar multiplication is continuous in the second variable and 1 # ¢ which is
closed convex. Suppose £ and ¢ are mappings of {; into o such that
(1) €€ gcp,ct;
(2) (¢ is an expansive mapping for h > 1;
(3) For i € £&() implies Q1 C {i} ® ().
Then there exists k € £2; such that £k ® (k = k.
Proof: Let @ € £(€;). Define a mapping H of ©; into © by H(w) = & & {(w). The mapping

‘H is expansive because
(H(w), H(v)) = 2(C(w) ®@ 4, ((v) @ 1) = d({(w),((¥)) 2 hd(w,v).

Also, by (3), 1 C {&} ®{(1) = H(1). By Lemma 7.13, there is a unique Gu € € such that
Gu = 1 ® ((Gu). Now

(¢(G(@)), ((G(@2))) (G(i) ® 1, G(ik2) ® o)

il

IA

D(G(ﬂl), G('[LQ) ® 0(111, ’[LQ).

Since ( is expansive,

0(¢(G()),C(G(B2))) 2 hd(G(dh), G(iz)).

From the above expressions

ha(G(d1), G(d2)) < (G (), G(d2)) ® 0(t, Ta).
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Simplifying, we obtain

D(G(ﬂl)aG(ﬂZ)) O(ﬁl,ﬂg).

<
T he'l
This shows that the mapping G of £(€) into ; is continuous. Since £ is continuous, therefore
G o £ is continuous mapping of € into ;. Also £ € S’C,, and G € Sy. Hence Go€ is a
mapping of Q; into a compact subset of £;. Thus by Theorem 7.1 there is a point m €
such that (G o&)m = m. Since ém € £(Q4) therefore there is unique G{ém) such that G(ém) =
Em ® ((G(ém)). Hence m = G(ém) = Em ® ((G(ém)) = Em ® (m.

Remark 7.5. The above theorem is variant of Krasnoselskii FP theorem and generalization

of the Theorem 2.2 in [128].

7.3 Conclusion

An interesting approach is used to prove Schauder’s first and second theorems in a generalized
topological structure. Using these results Krasnosilskii’s FP theorem is also generalized. These

results constitute a base for existence theory of DEs and fuzzy DEs in more general spaces.

96



Chapter 8

Existence Results for Fractional

Order Boundary Value Problems

8.1 Introduction

Fractional calculus is a natural generalization of ordinary calculus when the order of the deriva-
tive is non-integer. Many fractional operators are defined like, Riemman-Liouville, Hadamard,
Caputo and Grunwald-Letnikov [37, 99, 105]. The choice of the operator depends upon the
considered system. Due to the variations in the physical systems, many researchers are defining
a number of fractional operators, for details, we refer the readers to the article [122].

Many of the complex physical problems may be better understood in the framework of
fractional differential equations. One can find applications of fractional calculus in diverse
fields like biology, chemistry, physics, fluid mechanics, economics and social sciences, etc. [1,
73, 81, 105, 133].

For theoretical details of fractional differential equations (FDEs) see [73, 82] and the ref-
erences cited therein. The ERs for non-integer order differential equations are discussed in
many articles, for example, see [24, 35, 53, 59]. The theory of fractional equations involving
different kinds of BCs has always been remained a field of interest in physical sciences. Inte-
gral and Non-local BCs are mostly used where the classical BCs are failed to examine many
physical properties of the models. Many researchers have already been involved in the ex-

istence theory of BVPs involving integral and non-local boundary conditions, for instant see
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(8,9, 10, 13, 12, 11, 7, 97, 115]. Recently Alsaedi et al. [18], discussed the existence theory of
the following second order BVP with non-separated, non-local, multi-point integral BCs on an

generalized domain.

@ () =f(, 4(1) ,a < ¢ <Z, a, TER,
a1i(a) ® ai(X) = ag fac a(r)dr ® i 7. (v.), (1.1)
=1

Bl () ® By 4(Z) =5y [ W(k)dr® L p, #'(0.),
=1
where a < { < v; < Z. Motivated by [18], we prove the ERs for the following Caputo FBVP
°D™i(t) = P(1, % (1)) where 1 < n < 2, (1.2)

with boundary conditions

C €
s [ irr @4,y veilu) (13)

=1

C [
0; ‘D¥%i(a) ® gp Db4(Z) = 93/ ‘Dia(r)dr ® 04 3 _p, “D¥i(v,), 0 <k < 1.

a

1) ® 728(%)

=1

Clearly for n = 2, k=1 and v, = g, = 1, the above problem (1.2) ®' (1.3) reduces to (1.1).
The remaining part of the chapter is arranged in this way. Section 8.2 contains the ERs for
the FBVP (1.2)-(1.3) which are proved by applying Schaefer-and Krasnoselskii’s FP theorems.

In Section 8.3, existence of unique solution is discussed via Banach contraction result.

8.2 [Existence results via Schaefer and Krasnoselskii’s fixed point
theorems

Let O = C[a, Y] is BS in which there are continuous functions whose domain is [a, ] C R with

l[all = sup [@ ()] (2.1)
t€la, %}
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for @4 € O. Set

€
0 =7 ®7® (e ) (2.2)
=1
and N 2ol L'
(2®/ a)lua , (<®/a) (] , € (Ub®la) &
= ~ - 2.3
F=o v(2® k) ® o d(3@'k) DI b( 2@k (23)

=1
Here is very important result.
Lemma 8.1. Let ¢ € O and «; and § are nonzero. Then solution of linear problem (2.4)
with BCs (1.3)
DMi(t) =0 (t), fora<i< X (2.4)

has an integral representation given as

L@ e )il ¢ 1k 0 He'
W) = /(_®_E)___a(e)de®%/ (ﬂv (&) ® =3 n(t)) (C@'s) kU(E)ds

b(1t) S(n@l) vne'k®l)
1 r (Z ®, f)k Q2 , oy ’
L 1 \Aw'ke'l
® j <5’72 o(7) ® o0 @ lg)n(L>> (Z@'e) o(e)de
Ly (" (v @ €)b 94 IRYCRTCD!
®E Z;‘/a <67419L o) (Tll) ® b('ﬁ/ ®/ lf) pt.n(L) (UL ® E) U(E)d€ (2.5)
where ,
! €
ar =7, (Z® a) @ 73@ ® 4 Z 9, (v, ® a), (2.6)
v=1
7(t) = a1 (¢ ® a) ® ag (2.7)
and
K = fa. (2.8)

Proof. The general solution for linear problem
‘Di(l)=0(t), a<it<Tand 1 <h <2

as given in [73], is

() = /L (—L—%‘S%ﬁia(a)de ®di® dy (1@ a) (2.9)

99



for some real constants d; and do. Making use of (1.3),(2.2) and (2.6) in (2.9), we have

z 2@’6 ﬁ@’l C @/ n
dia; ® daag = '72/ %a(s)de ® 73/ g—c(—ﬁé%a(s)ds

v, n®’1
®'v, 219 / %U(E)d&“.

1 2 Y n®'1
d = — ®/d2a2®72/ L@i*ﬂ(ﬁ)dE
(¢3] a b(n)

yie'l
®/’yg/a (C®®)1) (6)de @' 74219/ (v@_& (5)ds>.

From (2.9)

. L @lE A®’1 ,
U(L) = [1 %U(f)(k ®' d1 ® dat.

Taking Caputo FD of order k€ (0,1) on both sides and using its properties, we get

R L ®/€)r’z®’k®’1 (L ® a)l(m’k
eph(y = [ L& e R
0= [ ey e ah gy

Now using the second boundary condition from (1.3) in (2.11) we get

> n(*) "k®'1 ) le'k
/ ( @ E U(E)d(‘: @ 02d2(—(@2——*5?£)—-
B @ £) no k@'l / (& a)2(*>’k
- "3/ / ey (OO st ey

v, v, @ €)n® k@®'1 (UL ®/ a)l(*)/k

®94ZPL/ Tyhe' k) (5)d5®IQ4;PLd2—b(2Tk),

a
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1

simplifying, we obtain

Y@ a 1w’k
do (Qz( ) ® o

2(2@'k) ‘2e'k)o(2
z (2 @ 6)7’1@’1;@’1 ,
. ey (e 9“;’)‘/(1

¢ 1 @'k
@’gg/ (,(“’“), o () de

= 02

n® k)b (n®'k)

Using (2.3) in above equation, we have

1 b (Z ®/ E)ﬁ@’k(*)’l ,
d = = -
2 = 3 (92/a ey o
U, v, @ E)n(*) k®'1
OQ4ZPL/ ek o(e)de |,

substituting (2.12) in (2.10) gives

®arg /Z‘ (E @ 8)1‘1@’15@’1 , /
d = —= e g(e)de ®
1 o, (92 v Gew) (e) %/ 3

A®'k®'1
v, ®n€)®/ n (5)d€>

dE@ ’)’42’19

®94Zpt/
@'73/: éC(@B )

Making use of (2.7),(2.8),(2.12) and (2.13) in

v ! A\R®1
a() = / %o(a)ds

20’k
(C®'a) - ®94Z

v, 'UL ® E)nO k®'1

(C@ E)n(*)k
(ne'kel

1 b (E ®/ E)ﬁ(*)’l
® — Aem———0(e)de
) <72/a b(n) ( )

" Ma(e)de) . (2.13)

UL ®' a)l(*) k
b(2®'k)

D o(e)de

¢ (8 )
rhe ka1 e

(2.12)

o(e)de

()

(2.9), we get the required solution

C@ 6 0 ; e’k
/ ([3 30 ) T @/1@ 1) 0 )) (C@'e) o(e)de

/ (L@ e)t 02 I _\hw ko'l
o [ (7B 6 ) B e e

I k ., ,
Z::/ (5’“'9 Uﬁﬁi) ® e )> (v @ )" H o e)de.
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The solution of BVP (1.2)-(1.3) exists if and only if the following operator A : © — ©
defined by

Ly n®’'1l
A(ﬂ(t)):/ %P(a i (e)) de

/ (53§<f@e> a<n®?1®1>"<ﬁ>> (co'e)" " P (e a(e)) de

E® 5 02 L *I n®'k®’l @
K/ (ﬁ Gy PR )> (E'ey P (e () de

: vL@ E)k 4P, 1 _\h@'k®'l N
®1—<;/a (ﬂwm v S k)”(‘)) (v ® )" 51D (e, (¢)) de, (2.14)

has a FP.

To reduce computational complexities we set

_E@a)t 1 (C® )™ <z® 'a)"
_b(ﬁ®1)®|a|<| 3l b (n®?2) Ml ®Z|4| n®1 )

®|a1(2®'a)®’a2| o '(CGB )"®Ik®1®' !(EO’ yre'k QZ| |pL v, ® ) ®'k
K Blorekes)  Pinekel) Yo k®1)
(2.15)
1
)

n®1
d= ([ e ol s ®|4|Z ”L,f@“l)

(C @I )ﬂ@’k@l (E@ )nOk pL UL@ a nOk
(I oY1y © 2 vroye D @l@dZ o e T)
(2.16)

® a1 (X ® a) ® ay
K

The following is the ERs by applying Schaefer FP theorem (Theorem 1.5).
Theorem 8.1. Suppose that Pe S, which is real valued on [a,T] x R. If P satisfies for
some Ly > 0,
[P(e, a(e))] < Ly

for all ¢ € [a,E], & € R. Then the solution of BVP (1.2)-(1.3) exists.
Proof. First the completely continuity of the operator A : © — O will be proved. Since

be S, this implies that A € S,;. For a positive constant ¢, define B, = {i € O : la|l <€} C o,
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we prove that A (B,) is bounded. For 4 € Be, ¢ € [a,X], consider

3 (L @l E)‘ﬁ@’l A
(Au)]| = sup /——-,—D e, u(e))de
[l(Au)l B ey (g,4(¢))
5 n
ok JS (8 fa%;—{@mnu) ¢ @ )8 D(e, i(e))de
&'F 7 (875" © smyn() (S @ &) "5 b (e, afe) )de
®71?L§1 J (5’74?% v;oﬁi ® R?f@“_’l( ) v, @ &) "K' ID(c G(c))de

o(n®l)

Din@l

b(n®2)

o(n®1) )

R ' a)" 0 q)"@1 (Z2'a)" € 9, (v, @' a)?
< b(e, a(e)) [&ﬁ—oﬁ ol Sl @ bl B2l @ 5 ol L

o (1w’ @)@’ ag (Cw'a)®"40! (Sw'a)te p (vow'a) @
® p lo |T e ® |l Smanaty @ leal “seemen

S L]C,

where ¢ is defined by (2.15).

Next we prove equicontinuity of A. For a < ¢; <3 < ¥ and @ € B, we consider

/L2 Mp(s a(e))de

[(Au)(ez) & (Au)(u)] < o(%)

®

¢ I \k
_flg/“ (ﬁ%ic(zB@Ei)@ (n@é’)sl;@l) ez >(C® €)™ p(e, a(e) de

z 1 \k o
7 [ (5 e ) oy bl o)

® b(7) b(n @

KZ J T ) [ O O P2

¢ ! n®'l
® / w)———b(a,ﬂ(e))ds

o(r1)

®

1 /¢ (C@’e)lS 03 ; @'k .
%/ (mgb(ﬁ@l)@bm@,ml)n(u) (¢ & 2)™"¥ be, a(e))de

1 [F L@ )k o ke
7 [ (1S5t o ) 5 ™ b a(eie

® b(7) o(h&' k)
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1 i (UL ®I s)k 24P, I _\h®'k®'1 ~
1 ;
®l% LEZI /a <57419L ) ® @ lg)n((,l) (v, ® €) P(e,4(e))de

(L2®’L1)ﬁ (L1®la)"ll®l(t2®’a)ﬁ (L2®’L1)ﬁ
<L [ v(R®1) ® v(n®1) ® b(n®1)
n@ "y

(®'a)™®¥01 (Z@'a)t® s 7 o, (v®'a
(1esl Selvenr © leol Soiebory © 5 lea 285" ).

As 11 — 19, the above expression approaches to zero independent of 4+ € B.. Thanks to

ai L2®/L1

Arzeld Ascoli theorem, which implies here A is completely continuous. At last, we show V =
{t€0:4 =AAu, 0< A< 1} €D (D). Ford € V and ¢ € [a, X, and using inequalities (2.17)
and (2.15), we have

l@) = sup |A(Au)| < Lic
t€la,Z}

Therefore via Theorem 2.2, A hasa FP inoO. m
We apply the Krasnoselskii theorem ( Theorem 1.4 ) to prove the following ER.
Theorem 8.2. Let P be a continuous real function on [a, ] x R with properties:
(©1) |P(e,a) ® P(,v)] < Lia® v|, for all t € [a,%], L >0, and 4,v € R,
(92) for some p € C([a, Z],R®) satisfying |P (1, 4)| < p (), V (,,4) € [a,Z] X R.
If d in (2.16) satisfies
1

— 2.1
d<L, (2.18)

then there a solution of problem (1.2)-(1.3) exists.
Proof. Consider a set B, = {@. € O : ||&] < ¢} with € > ¢||&|, clearly B, € I}y (D), where
c is given in (2.15). We decompose the operator A defined in (2.14) into sum of two operators

Ay and As on B, as follows:

Ly 1 \A®'1
(Ar)(1) = / (%%—p(g,a(e))dg
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. A (C® e) 4 ) Nk .
@) = % [ ﬂ%bm@qyauﬁ®1®nmn>«@s) B, i(e))de

b(n @'k

_]2_/ (572(2 ®, E) ® ,02 )U(L)> (E ®l E)ﬁ(*)'k@’lp(g,ﬁ(g))de
1
o% Y

/ (ﬂw? U‘®I,E)k® f"‘”Lk)n(L)) (v, ® €)' 1D(e, i(e))de.

b (n) o(n @

For 4,v € B,, consider

212 ® Agv|
= S[upz] I &Z)@_‘p( a())de
t€la

®K £ (87355 © diamyn()) (€& ) (e, v(e))de
(ﬁ 2(205“ ) E@ 6 no Tk IP(E v(e ))d€

b(%) b n()

- U, Ek n® k®
@%gf(mw ot @ vty wﬁv®@0m%@w»w

813 | (®'a)™®! 67
"3“ a(n®2) ® |~

(18’ a)" (S@'a)" Brq | 9. (v.@'a)

< ligll sup [a(ﬁealj ® ol @ Z ‘_k‘l' b(A®T
1€[a,X]

n@ k@l

Pul0)]
b(n@ k®2) ‘ k

(Ew'a)res
b(n®'k®1)

24n(L)
k

o3n(e
k

®

®

pk(w'a)"’@’“
v(A®'k®1)

T@'a)® ®'a)"® T@'a .®'a)"
swﬂﬁﬁ®ﬁﬂm%mymmﬁw®zmﬁ%%)

a1 {(T®a)®’ az| (¢(®'a)™® ko1 (Z®'a)"® 'k o, (v.®'a)™® s
® == los| nZn® R ool 5 TCE TR |04l (e k@ 1)
<lplle<e.
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Thus A1t ® Agv C Be, which verifies assumption (¢) in Theorem 1.4. For 4,v € B, consider

|A2t @' Ay

9'e)¥ n®' ~
B SE%J[%Jf(ﬂwsﬁigb<Da@éﬁ®nn00<ccva V¥ b(e, ie)de

%l (5 2%5_ ® e n(b)) (£ @ €)@k Ib(e, a(e))de
€ Yy ’ ~

o[£ ¢ (573§%g} Mn®k®ln(d)((cy5YMykP(&145»dE
&) k 2@ k@'
®/% aE (5 2(2;(();)) : nO )) (L@ e)t® k® lp(s,v(a))dg
n(v)

€
ok 5 I (610,555 © (o) 0 ) e u(e)ie|
using (1)
* Tw'a)? o a
< 1| (sl S o bl Siich @ bl 5 0.5

a1 (Z®'a)®’ az | (Qk) a)"® o1 o, (v.®'a)*®k
S aaand

e .
® b(n®'k®?2) |Q2[ b(n@a’k()l ®|Q4ILZ W)J ||u @l’l)”.

|03

= Ld |6 @ v].

From (2.18), we have Ld < 1, so Ay is contraction.
Next, we show A; € S . The continuity of P implies the continuity of A; and since ||Aqd| <
el (ozég(*?l) therefore A; is UB on B..

Set  sup |P{(¢,4)] =P and for a < ¢; < 1o < %, consider

€la,Z}x 8,
“Alu )@ Alu(bl)H
%] (L2 ® 6)"(*) 1 A ,/u (Ll ® E)r‘t@’l A
= = P(e,u(e))de ® ———— P, 4(e))de
[ [ O pe.a)
3 (L2 ®/E)ﬁ@'1 / (Lg ® 6)71@ 1 /L1 (Ll ®/E)r’z®/1
< P / ———de® L de® ————dE
a b(t) “u b() a v(r)
(Ll ®/ a)r’L ®/ (LZ ®/ a)r’z
- b.
v(n®l)

As 11 —> 12, on R.H.S, we get zero and is independent of 4. Therefore Ay € e (O) and using

Arzeld Ascoli theorem A; € D, (O). Therefore the problem (1.2)-(1.3) has at least one solution
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due to Krasnoselskii’s theorem. =m

8.3 Uniqueness of solution via Banach contraction

Here is the result of uniqueness.
Theorem 8.3. Suppose that P€ S which is real valued on [a, ¥] x R satisfying (21). If
L < c®1, where c is defined in (2.15), then a unique solution of the problem (1.2)-(1.3} exists.
Proof. Set

sup P (:,0) = Lo (3.1)
t€la,X]

and choose € > =5 1()’Lc > 0. We show that the mapping A defined in (2.14) satisfies A (B,) C B..

For @ € B, and ¢ € [a, L], we consider

Pa() = |[P(a()® P(,0)] ®P(,0)

IA

|P (e, % () ® P(:,0)| ® [P (., 0)]

A

L|ja| @ Lo.

Now for @ € B,, consider

/L Mb(s,ﬁ(e))(k

la@) = sup "

t€la,X]

(¢ @ &) [ 1\
K/ (ﬂ 3b(n®1) (ﬁ®'3k®1)n(L)> (e b e a(e)) de

! ! 2 ! \N®'k®' ~
® ?/a (ﬁ% :(aﬁ)g) ® b(ﬁi;’ k)"(t)> (T )" 5D (e, 4 (e)) de

1 € V. (UL @l E)k Q4pL ’ ‘r’l@lk@)ll n
®K ;/a (’6741‘9" b('fl) ® b(fl ®/1S)77(1’) (vL® 5) p(&,u(&))d& .
(Le® Lo)c <.

IN

Thus A (B.) C B..
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Now to prove A contraction. For @,v € o,

aue’ aof] = sup J e TS R ENE

ol (€@ ) 0: N , )
o (5 CRFC Dm@,’k®l)n(b)> (€' &)™ (b leitle)) @' P (e (e))) de

)t (D (e, u(e)) &' P e, v (e))) de

®

1 = (z ®,5)k - 02
@E/a (‘3”2 o) @o(ﬁ@'m”(‘)) (=

1 € v, L®/ )k ) r he'ke X ,
®?;/a (,3741% (”b(ﬁf ® b(r,f‘g, k)n(L)) (v, @ €)"'5®' (b (e, () & P (e, (€))) de
(3.2)

< Le

]12 ® v” ,

Since Lc < 1, therefore A is contraction, so a unique solution of (1.2)-(1.3) exists. =
The following is the example that illustrate the above theorem.

Example 8.1 Consider non-separated multi-point fractional BVP

°DLB4() = tan®'! ( (1)%5 @ e cos L) ®sine, 2 < <3,
Vi®14
11i(2) @ 1i(3) = / ST )
=1
DO 8 0, °D%(3) = oy [ DOu(r)ir e 003 p, DO%itw)
=1

= 1”74 - %’Ql =1= Oy = 03,04 = %1 191 = 1—](‘)3192 = %-193 =
. Note that

where 7 = L,y = 3,73

— 12 - B _ - _ Iz
V2 = F, U8 = ¥,V = g, P T P T 1gP3 T Py T

o=

i7194 = 17 v =
[P(,0())] £ §®1 =L and |P(s, %) ® P(¢,v)| < L|%® v|, by assuming L = Z' Slnce Le < 1,

so by Theorem 1.1, unique solution is obtained.

8.4 Conclusion

In this chapter, we apply Krasnosilskii and Shaefer fixed point theorem to find the criterion for

existence of solution to the given fractional boundary value problem. For unique solution, we
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use Banach contraction principle. Example is provided to validate our results.
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