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Pretace

The research work presented in this dissertation is based on "metric fixed point theory" in
particular: on generalizations of Banach’s fixed point theorem in three abstract metric spaces.
We formulate a method for investigations of fixed points of generalized F-contractions in par-
tial b-metric and Branciari metric spaces (see Chapter 2 for details). We investigate criteria for
existence of coincidence and common fixedpoints of improved f-contractions in metric spaces
(see Chapter 3). We investigate criteria for existence of common fixed points of (A, T, Rg)-
contractions (where, Rg is an arbitrary binary relation) on metric spaces and prove some fuzzy
common fixed point results for fuzzy mappings in metric spaces (see Chapter 4). We also
compose three concepts namely a}-admissibility, multivalued (Y, A)-contraction and partial b-
metric space and investigate common fixed points of two self-mappings (see Chapter 5). We
investigate criteria for existence of common fixed points of generalized graphic (T, A)- contrac-
tions in partial b-metric spaces with graph (see Chapter 5). This thesis presents a comprehensive
and comparative study of existence of fixed and common fixedpoints of generalized contractions
in three spaces: (1) metric space (2) Branciari metric space (3) partial b-metric space.

This dissertation comprises five chapters.

Chapter 1 deals with the general introduction of fixed point theory. It defines fundamental
concepts, notations and some of the well-known results.

Chapter 2 aims to intorduce the notion of cyclic (., 3,)-type-y-FG-contraction for multival-
ued mapping and establish some new fixed point theorems in partial b-metric spaces. Moreover,
the application of nonlinear integral equation is shown. These results have been published in
U. P. B. Sci. Bull., Series A, Vol. 81, Iss. 2, 2019.

We present the concept of Branciari F-rational contractions and discuss some related fixed
point results in Branciari metric spaces. Some examples are given to illustrate the usability of
the obtained results. These results have been published in Journal of Analysis & Number
Theory, 5 (1) (2017), 1-9.

Chapter 3 deals with the generalized #-contraction mappings. We discuss some coincidence
point theorems for a mapping and a relation. Moreover, As the application of integral equation

is given. These results have been published in Differential Equations and Dynamical



Systems, (2019), doi.org/10.1007/s12591-01900506-7.

We discuss generalized Suzuki type (Q,C’)—rational contractions, generalized Suzuki type
Ciri¢ JS-contractions (6-contractions) and corresponding common fixedpoint results for four
self-mappings. We employ our result to study the existence of the solution of the system of
fractional differential equations. These results have been published in Journal of Mathemat-
ics, Vol. 2020, Article ID 4786053, 17 pages.

Chapter 4 aims to study (A, T, Rg)—contraction mappings and to establish related common
fixed point theorems in complete metric spaces. An application and an example are given to
support the results.

These results have been published in Mathematics 2019, 7, 443; doi:10.3390/math7050443.
Furthermore, we study generalized almost (T, A)-contractions and corresponding common fuzzy
fixed point theorems for two fuzzy maps defined on complete metric spaces. These results have
been published in "Journal of Function Spaces, Vol. 2020, Article ID 8835751, 12
page".

Chapter 5 deals with the notion of generalized multivalued (o3, T, A)- contractions and pro-
vide common fixed point theorems in as-complete partial b-metric spaces. We give a applica-
tion to illustrate our results. These results have been published in "Symmetry 2019, 11, 86;
d0i:10.3390/sym11010086".

We discuss some common fixed point theorems for Cirié type rational graphic (T, A)-
contractions on partial b-metric spaces endowed with graph and present some applications.

These results have been published in "Symmetry2020,12,467;d0i:10.3390/sym12030467".



Chapter 1

Introduction and Preliminaries

In "metric fixed point theory (MFPT)" the Banach Contraction Principle (BCP) is one of the
most important result of analysis and considered to be the main source of MFPT. It is the most
widely applied fixed point (FP) result in many branches of mathematics because it requires the
structure of complete metric space (CMS) with contractive condition on the map which is easy
to test in this setting. The BCP has been generalized in many different directions. In fact,
there is vast amount of literature dealing with generalizations of this remarkable result.

Nadler [93] extended BCP to multi valued mapping and introduced the concept of multi-
valued contractions and gave FP results for multi-valued contractions in a CMS. Subsequently
many authors extended Nadler’s FP result in different way.

Samet et al. [108] initiated the notions of single-valued a-admissible maps and a-y-
contraction self maps and proved FP theorems by using these notions. Further Mohammadi
et al. [85] extended some results on FPs of a-y-Ciri¢ generalized multi-functions. Asl et al.
[64] intorduced the notion of a*-1-Geraghty contractive multi-functions and established FP re-
sults for multifunctions. Popescu [100] introduced single-valued triangular a-orbital admissible
maps. Karapinar [74] investigated FPs of generalized a-1-Geraghty contraction type mappings
via triangular a-admissible maps (see also [35, 36, 37, 66, 85, 105, 111, 112, 63, 29]). Alizadeh
et al. [3] initiated the concept of cyclic (a, B3)-admissible mappings, (o, 8)-(v, )-contractive
and weak (a-B-y- rational contraction mappings.

Wardowski [120] introduced a new family of mappings known as F-contraction. He gave

an interesting generalization of BCP. Wardowski et. al [121] initiated the concept of F-weak



contraction. Secelean [109], established FP results for F-contractions by iterated function sys-
tems. Piri et al. [97] extended the result of Wardowski by applying some weaker conditions on
the selfmap in a CMS. Cosentino and Vetro [50] presented some FP results of Hardy-Rogers-
type for self-mappings on CMSs and complete ordered metric spaces. Hussain and Salimi [99]
introduced an a-GF-contraction with respect to a general family of functions G and estab-
lished Wardowski type FP results in metric and ordered metric spaces. Further Acar and Altun
[1] extended multi-valued F-contractions with J-Distance and established FP results in CMSs.
Recently, numerous research papers on F-contractions have been published (see for instant,
([2, 54, 90, 21, 4, 5, 84, 110, 102, 103, 122]).

Jleli and Samet [66] introduced a new generalization of BCP called JS-contraction (also
called #-contraction). Later on, Arshad et al. [5], Hussain et al. [58], Liet al. [83], Ahmed et al.
[19], Parvaneh et al. [99], Hussain et al. [59], Al-Sulami et al. [23], HanCer et al. [60] (see also
[119]) and Altun et al. [26] extended the result of Jleli and Samet [66] in different settings. Liu
et al. [80] introduced (T, A)-type Suzuki contractions, and corresponding FP results in CMSs.

The idea of a b-metric space was introduced by Bakhtin [44]. Subsequently, Czerwik [52, 53]
initiated the study of FP theorems in an b-metric space and proved an analogue of Banach’s
FP theorem. Afterwards, numerous research articles have been published on FP theorems for
various classes of single-valued and multi-valued operators in b-metric spaces (see for example,
(61, 62, 69, 76, 101, 116]). Matthews [86, 87] initiated the concept of a partial metric space
and extended BCP in the setting of partial metric spaces. Shukla [115] introduced the notion
of a partial b-metric space. Branciari [45] announced the notion of a Branciari metric space.

In this chapter, we recollect some basic notions and explain the terminology used throughout
this thesis. Some existing known FP theorems are given without proof.

Throughout this thesis, we denote the intervals (0, +cc), [0, +oc) and (—oo, +00) by Rt,
Rar and R respectively. Denote metric space, complete metric space and Cauchy sequence by
MS, CMS and CS respectively. We use some more notations defined as

o(r, ) = 05; Oo(1,5) = Oljs Ob(r,5) = s} P(r,j) = FJ;
Py(r,j)= Bl};  0p(rj)=0slj; P(rj)=P}; Dp(r,A)= Dply;
I:Ipb(A,B):ﬁpbz; ﬁ(A,B):I:Ig; a(ry) = aj; as (r,y) = asl}.



1.1 Some basic concepts

Definition 1.1.1 Let 3 be a nonempty set. E, S: 3 — O, then r € § is called

(if) Common fixed point (CPF) of the pair ( D,
(iii) Coincidence point (COP) of the pair (E, S
Theorem 1.1.2 [40] Let (S,0) be a CMS an

e

S : 8 — $ a contraction mapping (i.e., if
there exists /i € [0,1), such that
850) < 17, for each 7 JES).
sG) =" ’

Then S has a unique FP in &

Suzuki [114] proved a generalized BCP in CMSs as follows:
Theorem 1.1.3 [114] Let (3,8) be a CMS and § : 3 — 3 be a self-mapping. Assume that
for all r,j € O with r # 7,

1 T T S’(r) T

Then S has a unique FP in S.
Definition 1.1.4 {71] Self maps S and E of a MS (3,0) are compatible if and only if
lim GS(E(J"» = 0, whenever, {jn} is a sequence in & such that, lim § (jn> = lim E <jn) =
n—00 E(S(Jn.)) n—oo n—oo
t, for some point £ € 3.
Lémma 1.1.5 Let (3, 9) be a MS. If there exist two sequences {r,}, {v,} such that

lim 9" =0, limr, =t, for some t € 3.

n-—>00 n—00

Then,

lim v, = t.

n—oo

If (r,5) € Rg, then we express it by ngj and it is said that “r is related to j”. Here, Rgis a

binary-relation on a nonempty set & and (3,0) is a MS endowed with a binary relation Rs.

Definition 1.1.6.[22, 76] Let §: & — . Then, Rg is called S-closed, if for any 7,5 € S,
(r,§) € Re = (8(r),5(j)) € Ra.
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Definition 1.1.7. [76] For r,j € S, a path of length n € N in Rg from 7 to j is a finite
sequence {rg, 1,72, ..., 7} € < such that

(i) ro =r and r, = 7;

(ii) (r4,7i41) € Ry for each i € {0,1,2,...,n — 1}.

Notice that a path of length n involves n + 1 elements of <, although they are not necessarily
distinct. "Denote by I'(r, j, Rg) the set of all paths in Rg from r to "

Definition 1.1.8. [104] A (3, 9) is Rg-regular if for every {r,} C G,

(TnsTnt1) € Rsand, rp, =1 €S implies {r,,r) € Rg, for each n € N.

Definition 1.1.9. [122] Let S,E:3 - S be self-maps. Then, Rg is called (S’, E)—closed, if

forany r,j € G,

Definition 1.1.10 Let 3 be a nonempty set and 2% denote collection of all nonempty subset
of §. Then §: & — 29 is called set-valued map. A point r € S is called:

(i) Fixed point of § if 7 € §(r).

(ii) Common fixed point of the pair (S, E) if r € S (r) N E(r).

Let (3,0) be a MS. we shall denote by, CB(<) the class of all bounded and closed subsets
of 3, K(3) the class of all compact subsets of § and, CL(S) the class of all closed subsets of
3. We define

Bb(r,B) = infd], for r € S and A, B € CB(S).
JjeB J



Let H be the Pompeiu-Hausdorff metric induced by 8, i.e.,

H% = max {supag,supail} , for all A, B € CB(S).
reA jE€B

Lemma 1.1.11 [93] If A, Z € CB(S), then, 8"25 H’é, for every 7 € A.

Lemma 1.1.12 [93] If A, Z € CB(S), then there exists & € Z such that, 83 < A’Z; + N, for
N>0,ac A

Definition 1.1.13 [93] A mapping § : 3 — CB(S) is set-valued contraction if there exists
A€ [0,1), such that,

AS( ) < 7" N (&%
Hg(j) < )\8], forall ,j € G.

Theorem 1.1.14 [93] Let (3,8) be a CMS and S : § — CB(3) a set-valued contraction.
Then $ has a fixed point 7* € § such that r* € S (r*).

A fuzzy set (FS) in & is a function with domain S and range [0, 1], A(w) is called the grade
of membership of w € $ in A (A is a fuzzy set). The élevel set of A is symbolized and given
by,

[A} - {s»:/i(w) zé} ifee (0,1, [A] - {s;,&(w) >o}.

0

For A, B € F(3), (F(S3) is the class of all FSs in a MS §) A C B meansA(w) < B(w) for each
w € Q. If [4],,[B]; € CB(S), Va € [0,1]. Then,

Pi(4,B)= inf &, DyAB)=H4L,
7€[Aly,J€[Bl, ¢
P4 = supbs(4, B), Ooo| = supDs(A, B).

A FS A in a metric linear space (MLS) V is called an approximate quantity(AQ) if andonly if
[A]; is compact and convex in V for each € € [0,1] and sggA(v‘) =1
F

Ap(V) = {A : Aisan AQs in V}. Let &7 be any set, S a MS. A map S is called fuzzy
map ( in short FM) if § is a mapping from 3 into F(J2). A FM §: 31 — F(S) is a fuzzy
subset on $1 x S with a membership function S(#)(J). The function S(7)(J) is the grade of
membership of J in $(7).
Definition 1.1.15 Let §,T : & — F(3). Then o in S is called:



1. An é-fuzzy fixed point of ' if 3¢ € [0, 1] such that ¢ € [['u],.

2. A common a-fuzzy FP of § and T if o € [Su] _N[Tu}; . When & =1 is called a common
€
FP of FMs.

Lemma 1.1.16 [38]. Let V be a MLS, S:V— Agp(V)beaFManddp € V. Then 38, € V
suchthat {8;} C S(8y).
Lemma 1.1.17 [39] Let (3, ) be a MS, #* € w, and §,T : § — F (S) be FM suchthat g’(f) is

non empty compact set for each # € 3. Then #* € S (#*) & S (7*) (7*) > S (7*) (), VF € Q.

1.2 Some abstract spaces

In this section, we discuss some abstract spaces, that is, a partial b-metric space (abbreviated

as PbMS) and a Branciari metric space (abbreviated as BMS).

1.2.1 Partial b-metric spaces

Czerwik [53] announced the notion of b-metric space (abbreviated as bMS).
Definition 1.2.1 [53) Let S # # and s > 1. A function 9, : § x 3 — R{ is a b-metric (bM) if,
for each r,j,v € 3,

(i) Gl; = 0 if and only if r = j;

(i) b} = BulZ;

(if) Ol; < s [C%IZ + 3b|ﬂ :
(3, 0b) is called a bMS with coefficient s.
Matthews [89] introduced the concept of partial metric space (abbreviated as PMS).
Definition 1.2.2 [89] A partial metric (PM) on a set § # § is a function P : § x § — R{

such that for each r, j,v € S,
(P1) Pr =Pl = P/ if and only if r = j,

(P2) PI < P



(S, P) is called a PMS.
Shukla [115] extended both the concepts of bMS and PMS by introducing the PbMS.
Definition 1.2.3 [115] A partial b-metric (PbM) on a set (3 # () is a function P, : 3x 3 — RS
suchthat Vr, j,v € G,
(Po) Pyl = Pyl = Py if and only if r = j,
(Pe2) Pilr < Py},

(P3) Bl = B,

(Pyq) there exists a real number s > 1 such that

Bl; < s[Rl, + Blj] - Bl

(3, By) is called a PbMS with coefficient s.

Remark 1.2.4 The self distance P,|;, referred to the size or weight of r, is a feature used to
describe the amount of information contained in 7.

Remark 1.2.5 Obviously, a PMS is also a PbMS with coefficient s = 1. A bMS is also a PbMS
with the same coefficient and zero self-distance. While, the converse of each fact need not hold.

Example 1.2.6 [115] Define the mapping P, : R x RT — R} by
B[} = (max {r,j})* +|r = j|¥, k> 1, forallr,jeS

is a PbM on Rt with s = 2%, For any 7 > 0, we have Bl = r® £ 0, so P, is not a bM on

R*. Also, for r = 5,5 = 1 and v = 4, we have, B|j = 5 + 4% and B[, + P|] — B[y =

5+ 144k 43k 4k =5k 11435 s0
Bli > Pl + Plj — By

Then P, is not a PM on Rt.
Proposition 1.2.7 [91] Every PbM P, defines a bM Op, where,

Op,(r,5) =2 Bl = P, — PR’

9



forall r,j € G.

Definition 1.2.8 [115] Let (<, P,) be a PbMS with a coefficient s > 1.
(i) A sequence {r,} in S converges to a point 7 € S if, lim B> = By|".
n—oc
(ii) {rn}is CSif lim P|" exists and is finite.
n,m—oo m

(iii) (3, Ps) is complete if every CS in 3 converges to a point v in $ such that

Tn

. oo v
nl-l—{go Pb'“ - Pb|v B n,rl7}Lr—I+loo PbIT‘"" '

Lemma 1.2.9 [91] Let (<3, P;) be a PbMS.
(1) Every CS in (3, 0p,) is also CS in (3, P) and vice versa,
(2) (3,0p,) is a completes (3, Fy) is complete;

(3) The sequence {r,} in (3, dp,) converges to some v € S iff
1 Tn __ v o__ . T™n
rLlLIIc;lo Pb'“ - Pb|v - n7}%r2w PbIT‘m )
Moreover, let (3, P,) be a PbMS. Then, we define

Dp,|’y = ;22 B, 6p,(A,B) = Slelg Blg,
a

for r € § and A4, B € CBp,(S3) (where, CBp,(S3) is the class of all bounded and closed subsets

of ). Define a mapping Hp, : CBp,(3) x CBp,(3) — [0,00) by

. A
Hp, R = max {dp,(4,B), dp,(B,A)},

Lemma 1.2.10 [55] Let (S, P;) be a PbMS. For A € CBp,(S) and r € S, then Dp,[), = Py
if and only f » € A = A, where A is the closure of A.
Lemma 1.2.11 [55] Let (3, P,) be a PbMS. For any A, B,C € CBp,(3),

A

b

. A .
(H)) Hp|, < Ap,

10



A

. (A ) )
(Hs) Hp,| < s[Hp, ot HR

“ f B¢
B]_clgc ble -

Lemma 1.2.12 [55] Let (S, ;) be a PbMS and B € CBp,(3). If r € S and Bl <c
where ¢ > 0, then there exists j € B such that B[} < c.
Lemma 1.2.13 [55] Let (3, P,) be a PbMS, A, B € CBp,(3) and ¢ > 1. Then, for all ¢ € A,
there exists 7 € B such that Pb[f7 <qHp 2.

1.2.2 Branciari metric spaces

Branciari [45] refined the notion of metric to get a new distance function by substituting the
triangle inequality with the quadrilateral inequality. This refined metric function was called
Branciari metric.
Definition 1.2.14 [45] Let S # 0 and 05 : 3 x § — R{ be a function such that vr,j € &
and all distinct points u,v € S\ {r, 5},
(i) 9Bl =0 = r =,
(ii) 0!} = 9gl7,
(iit) O5[; < 05l + Ol + OplY.

Then (3, dp) is called a BMS.
As it is mentioned above, such spaces are called also generalized metric space (GMS), rectan-
gular metric space (RMS) in the literature. We assert that BMS is more suitable regarding the
fact that several extension of metric is called general metric.

Definition 1.2.15 Let (3,0p) be a BMS, {r,} C 3 and r € G, then {r,} is convergent to r

Tn

;—0asn — o0 (or ry — 7).

< Op|
Definition 1.2.16 Let (3,0p) be a BMS and {r,} C & be a sequence. {r,} is CS &
OBl — 0 as n,m — oo.

Definition 1.2.17 Let (3, 0p) be a BMS. (S, 9p) is complete < if every CS in 3 converges to

some element in .

Remark 1.2.18 Obviously, every MS is a BMS. But the converse is not necessarily true.
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Example 1.2.19 Let S, = [-2,-1]U {0} U [1,2]. Define 95 : $ x $ — R as follows

osl. 0, forallr € G,

T

dsly = 0s)*=3,

I

O8lL, = 9sl{'=08l;" =08 =1,

dgl; = [r—Jl, otherwise.

Then (3, 0p) is a complete BMS, but it is not MS because g does not satisfy triangle inequality
on 3. Indeed,

3=0ply>0plL,+ 08, =1+1=2.

Proposition 1.2.20 [70] Let ($,0p) be a BMS, {r,,} be a CS in (3,8p) and 9p|," — 0 as
n — oo for some r € §. Then Op|}" — Opl; as n — oo for all j € S. In particular, {r,}

does not converge to j if j # r.

1.3 oa-Admissible and cyclic (o, f)-admissible mappings

Samet et al. [108] announced the notions of a-admissible mappings.

Definition 1.3.1. [108] Let $: S — S and a: § x & — R. We say that S is a-admissible if
S‘("') >

so = b )

Example 1.3.2. [72] Consider § = R}, and define S : 3 — S and a : S x $ — R§ by

r,je(\‘s‘,a;ZI-—;a

S(r)y=2r forallr je S and

er ifr>4,r#0
0 if r<ij.

Then § is a—admissible.

Hussain et al. [63] (see also [62]) extended the notions of a-admissible mappings.
Definition 1.3.3. [63] Let $:3 > 3 beamapand o,: 3 x 3 — RSL. The mapping S is
called (o, n)-admissible if r,j € G,

$(r)
50)

Zlandngfl:n‘?(r)gl.

« 30)

i21l=a

12



Definition 1.3.4 [63] Given § : & — S and a,7: S xS — RJ. § is said be triangular
a, n)-admissible if

r S(r) .
T1), of Zlﬁas,(j) >1,rjes;

(

(

(T2 <1=n3" <1, rjes;
(

(

- 534)
T2) af, > 1 and of > 1= o} > 1, for each r,u,j € Sy
T4) n <1 and 77]“- <1l=—= 179 < 1, for each r,u,j € .
Definition 1.3.5 [88] Given § : & — CB(3) and a : 3 x § — RJ be a function. Such

)

) > 1, where a*Ig =

S is said be o*-admissible if for r,j € S with af > 1, we have a*|§g
inf{a;:reA, jeB}.
Definition 1.3.6 [92] The PbMS (3, P,) is called as-complete if every CS {r,} in (S, B)

Tn

™ > s?% ¥n €N converges in S.
n+1

satisfying o]
On the other hand, Alizadeh et al. [3] introduced the concept of cyclic («, 3)-admissible mapping
as follows:

Definition 1.3.7 [3] Let 3 be a nonempty set and o, 8 : § — R} be mappings. A self-mapping

S on § is called a cyclic (o, B)-admissible if,

o
C
v

10eQ) = B(SA) >1,
13es)=a(SQT) > 1.

™
C
v

Example 1.3.8 [3] Let S :R — R by defined by 5’(]) =-(1 +33). Define o, : R — R{ by
a(J) =€, 8(3) = e, for each I € R. Then $ is a cyclic (o, 3)-admissible mapping.

1.4 F-contractions

Wordowski [120] introduced F-contraction:
Definition 1.4.1 [120] Let (3,8) be a MS. § : & — $ is said to be an F-contraction if there
exist F € F and 9 € R* such that for all »,j € 3,

S(’") S(") r
gy >0=9+F(50)) <F (95), (1.1)

13



where F is the set of functions F : Rt — R satisfying:

(F1) F is strictly increasing;

(F2) V {0,122, C RY, limpoo On = 0 & limp 00 F(35) = —00;

(F3) 30 < h < 1 suchthat limg_,q+ 3"F(3) = 0.

Example 1.4.3 [120] Let F : Rt — R be defined by F(t) = Int. Then F € F. Note that (1.1)

reduces to the following

S(r) -9 gr ooy Q G
6S(j) <e "9}, forallr,jeS, Sr# 5.

It is clear that for r, j € & such that S (ry= S (7) the inequality 82((;)) < e—"a;, also true, i.e.,

S is a Banach contraction.

Example 1.4.4 [120] If F(t) = Int + ¢, t € R then F € F and (1.1) reduces to £

=6 P -9]]

J

<e™? for all r,J €S, Sr # S]

Remark 1.4.5. From (F1) and (1.1) it is easy to conclude that every F-contraction is neces-
sarily continuous.
Theorem 1.4.6 [120]Let (3,8) be a CMS and S : & — & is F-contraction. Then 3 only one
FP r* € S of S.

Piri and Kumam [97] modified the notion of F-contractions by changing (F3) by

(F'3) F is continuous.

Denote F* the class of functions F : RT — R satisfying (F1), (F2) and (F'3).
Example 1.4.7 The following are some examples of functions belonging to F*:

W Fi()=Int, t>0 2)F2(t)=t—-1,t>0 (3)F3(t) = 2, t >0

Remark 1.4.8. Piri and Kumam [97] showed that F\F* # 0, F*\F # } and F N F* # 0.
More precisely, for F(t) = —th; g>1,wehave F € F*, F ¢ F, and for F(t) = ——m;k €
(0,d4), 4 <1, we have F € F, F ¢ F*. For F(t) = In(t), we have F € F N F*.

Acar et al. [2] introduced the concept of generalized multivalued F-contraction mappings.

Definition 1.4.9. [2] Let (3,0) be a MS and $ : 3 — CB(S) be a multivalued mapping,

14



Then S is said to be a generalized multivalued F-contraction (GM F-C) if F € F and there

exists ¥ € Rt such that

ri€s, Byl > 0= 9+ F(HL) < F(Mu(r, ),

where, A

N r " 7 r J
Ma(r,j) = max{9], D5, Dy ) [Ds< )+ Pyl

Theorem 1.4.10 [2] Let (3,8) be a CMS, and § : § — K(3) be a GM F-C. If S or F is
continuous, then ShasaFPin
Theorem 1.4.11 [110]Let (¥,9) be a CMS and S : 3 — CL(3) a multivalued mapping.

Assume that there exist F € £ and ¥ € R such that

5 (r)

29+ F(H;

) < F(m 8 + #23 y T Nsa] y b#43§(j) + Nsag(r))

fOI' all Taj € (‘\Sa Wlth 5(7‘) 7& S’(J)v where .u17,u’27)u3nu41:u’5 Z 0> 1 + Ho + “3 + 2:“4 =1 a'nd
pt3 # 1. Then S has a FP.

In light with ([102],[51],[17]), we denote the set of all functions F : R* — R by Ap which satisfy

following axioms;

(Aq) F is strictly increasing,
(Ag) for each sequence {t,} C R*, limp_oo tn = 0 & limy—,00 F(t,) = —00,
(A3) 3 he (0,1) suchthat lim,_,q+ t"F(t) = 0,

(Ag) F(stn) < F(ta1) + G(y(tn—1)) = F(s™,) < F(s" Hpo1) + G(y(tn-1)),
(G,7) € Ag~,

(As) F(inf C) = inf F(C) for all C C R* with inf C > 0.

Let A¢ , represents the family of pairs (G,v), where G : R* — R and v : Ry — [0,1) are
mappings such that

15



(Ag) for each sequence {t,} C RY, limy—oo sup G(tn) > 0 & limpoosupt, > 1,
(A7) for each sequence {t,} C Rg, lim, oo sup¥{tn) = 1 = limp oo tn = 0,
(Ag) for each sequence {t,} CR*, 3> G(v(tn)) = —o0.

Example 1.4.12. If F(t) = G(t) = In(t) and v(t) = k£ € (0,1), then ¥ € Ap and
(Ga’Y) € AG,'y'

1.5 6#-contractions

Let © := {#: Rt — (1,00) such that 6 satisfies ©;, O, O3}. where,
(©1) 6 is non-decreasing;
(02) for every sequence {a,} C RT,

lim 6(a,) = 1<= lim a, = 0%;
n—o0

n—o0

(©3) there exist 0 < ¢ < 1 and ¢ € (0, o] such that &l_i'r(r)ha(‘z# =/

Jaleli et al.[66] introduced the following concept of #-contraction (or JS-contraction):
Definition 1.5.1 [66] Let (3,0) be a MS. The map S : & — 3 is called f-contraction, if 3
k € [0,1) and 8 € © suchthat,

nies,80 >0=0(030) <[p (o))", (1.2)

Example 1.5.2 Define 6;,05 : Rt — (1,00) by,
01(t) = eV, 6a(t) = V1,

for each t € R*. Then #; and 6, € ©.
Theorem 1.5.3 [66] Let (3,0) be a CMS and §: 3 — < be an JS-contraction. Then § has a
unique FP.

Consistent with [19], let ©* := {§ : R* — (1,00) : 8 satisfies (0y), (O2), (0%}, where

(©'3): 6 is continuous.
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Note that (©3) and (©'3) are independent of each other, (see [19]).

Consistent with [80], Z is the class of functions 6 : Rt — (1, c0) satisfying (1), (©2) and
(©'3), where

(©'2): inf,cg- O(t) = 1.

The set of functions ©* is not empty:

Example 1.5.4 [19] Define 63, 64,605,086 : R — (1, 00) by,

05(f) = €t 4(f) = cosht;
05() = eV Gg()=1+In(i+1).

Then 83,64, 65,85 € OF.
Hussain et al. [58] modified the family © of mappings in the following way.

Let ¥ = {9 R — [1,00) : 0 satisfles U1 — \115} , where,

(¥1) 6 is non-decreasing;
(¥) 6(0) =10 =0;
(¥3) for every sequence {0,} C RT,
lim (3,)=1<¢ lim 8, =0%;
n—o0 n—00
(¥4) 31 € (0,1), € € (0, 00] suchthat 6133}%? =
(Ws) 0(81+02) < 6(01)6(32).
The functions 6(3) = e¥?, 03(0) = 53, for each 8 € [0, 00) , are members of V.
Let A denotes the class of functions C : R** — R* satisfying:
(C*): for all 1, &9, £3, £4 € RT with £,f2f3f4 = O there exists k € [0,1) such that C(f1, 2, 83, 4) =
k.
Example 1.5.5 [99]

1. If C(f1, &g, £3, £4) = hevmin{tniztata} where v € R* and h € [0,1), then C € Ap.
2. If C(f1, 12, 3, £4) = min(fy, 2, f3, £4) + K, where 71 € RY, i € [0, 1), then C € A
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We define the following class of functions, which was considered in [18].
+ + 1
P=cp:R"xR —>]Rand,<,p(s,t):§s—t .

[18]
HanCer et al. [60] (see also [119]) extended the concept of f-contraction to multivalued

mappings as follows.
Definition 1.5.1 [60] Let (3,8) be a MS, $: 3 — CB(S) and 6 € ©. Then § is said to be
a multivalued #-contraction if there exists k € [0,1) such that for each r, j € 3 with ﬁg((;)) > 0,

o (frgy) < 0 @5))*

1.6 (Y, A)-contractions

Throughout this thesis, Aa is the family of functions A : Rt — R* satisfying [80]:
(A1) A is nondecreasing;
(Ag) for every sequence {t,} C RY, lim, 00 Y(tn) = 0 < lim,—0otn = 0;

(A3) A is continuous.
The function ([41]) T : Rt — R is a comparison if:
(1) a1 < a2 = Y (a1) < Y (ay);
(74) limy,_,00 T™(¢) = 0 for each ¢ > 0.

Denote by Q2 the class of comparison functions. If T € Q, then Y(s) < ¢ for every ¢ > 0.
Example 1.6.1 [41] The following functions Y : R* — RT € O :
(1) Y(c)=0bs,0<b< 1, (3) T(s) = =5
5, 0<e<1,

1 <g,

(2) T(t) = {

S
3
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Example 1.6.2 [80] Define: (1) A1(%) = 4, (2) A2(%) = Vava, (3) As(4) = de®. Then
A1, Az, Az € An.

Liu et al. {80] announced (Y, A)-type Suzuki contractions ((Y, A)-TS-contraction) and cor-
responding FP results.
Theorem 1.6.3 Let (3,8) be a MS and § : & — 3 be a (Y, A)-TS-contraction that is, if
3T € Q and A € Aa such that Vr,j € S with S (r) # S (5)

—a’ <O = A (a;‘))) YA (Mz(r,§))], where, (1.3)

M2(T,j):max{8 Ty af 28&3 a;ﬁm}.

If T is continuous. Then S has a unique FP.
Lemma 1.6.4 [80] If A : Rt — R7 satisfying ((A1), (A3) and infieg+ A(t) = 0) and {tx}, C

R* is a sequence. Then, limg_,o A(tr) = 0 < limj_, oo tx = 0.
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Chapter 2

Fixed Point Theorems for

F-Contractions in Abstract Spaces

Wardowski {120] presented F-contraction and established a Banach FP result concerning F-
contraction. His findings were followed by Secelean [109], Piri and Kumam [97], Cosentino and
Vetro [50], Acar et al. [2], Acar and Altun [1], Minak et al. [84], Sgroi et al.[110], Ahmad et al.
[16, 28], Kutbi et al. [75], Parvaneh et al. [102], Padhan et al. [103] and many other continue
these investigation on F-contraction and obtained FP theorems. This chapter consists of three
sections.

In section 2.1, we evolve the notion of F-contraction by using the idea of Alizadeh et al. (3]
(the concept of cyclic (o, §)-admissible mappings) and introduce the notion of cyclic (o, 8,)-
type-y-FG-contraction for multivalued valued mapping and obtain some new FP theorems in
a complete PbMS. In section 2.2, we introduce the existence theorem for nonlinear integral
equations. In section 2.3, we initiate the notion of Branciari F-rational contraction for single
valued mappings and established FP theorems on a BMS.

Results given in this chapter have been published in ([10],[6]).
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2.1 Fixed points of cyclic (as, 8,)-type-y-FG-contractions in par-

tial b-metric spaces

Here, S # @ endowed with a PbM P, that is, (3, P) is PbMS with coefficient s > 1. Further,
in results it is considered as a complete PbMS. Unless otherwise stated. Also note that o, 3 :
¥ — R{ is mappings and A, B are subsets of 3. We begin with the following definitions:

Definition 2.1.1 A map §: & — CBp,(S) is called a cyclic (., B, )-admissible mapping if,
afr) > 1 (r € §) = B,(S(r)) > 1, where §,(4) = inf f(a),
ac

and

B(ry>1(re3) = a,(8(r)) > 1, where a,(B) = ggga(b).

Definition 2.1.2 A mapping S$:% - CBp,(S) is called multivalued Py-continuous at point

reSif
S(rn) . 18(r)

S(r)

s P

lim P, = Pl = lim Hp,
n—oo N—00

Definition 2.1.3. Amap $: § — CBp,(3) is called cyclic (o, 8,)-type-y-FG-contraction,
S(r)

if there exist F € A, (G,7) € Ag, such that for each r,j € S, a(r)B(j) > 1 and Hp, 56y >0
j
imply
N |50 , .

F(a(r)8(5)s Hp, S‘(j)) <F (Ms(r,5)) + Gly(Ms(r, 5))) (2.1)

where '

, Dp,l5;, + Dn,l}

N T T (]) b S(T)

M3(7‘,]) = max Pb|j7DPb|g(j)7DPbl§(r)7 75 (22)

Theorem 2.1.4. Let §: S — CBp,(3) be a cyclic (ax, 3,)-type-v-FG-contraction mapping

satisfying:
(1) either 3 g € S suchthat a(rg) > 1 or 3 jo € S such that B(jg) > 1,
(2) $ is multivalued Py-continuous,
(3) S is cyclic (a, 8,)-admissible.
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Then $ has a FP.
Proof. Let ryg € § be suchthat a(rp) > 1. Since S is cyclic (a4, B,)-admissible mapping,

there exist r € g(ro), Ty € 5'(7“1) such that
aro) > 15 8(r1) 2 B.(8(r0)) 2 1= a(ra) = au(S(m)) > 1. 23)

Because of a(r)B(r1) > 1, it is easy to see that

S(ro)

s DPb|T$1( <sHp,|. <arg)b(r)s Hp,

ZV S(r1)

S(r1)

by (A1), we have

)

< F(Ms(ro, 1)) + G(v(Ms(ro, m1))). (2.4)

r - 15(r0)
F(s Dp 3, ) < Fla(ro)B(r1)s Hp,,|g(n)

The axiom (As) implies that F(s pr]gl(”)) =inf s F(s Po[;"). Thus, there exists r = ry €

S(r1) such that F(s DP"|T§1(r1)) = F(s P[]}) and the inequality (2.4) implies

F(s Byl;}) < F(Ms(ro, 1)) + G(v(Ms(ro, m1))), (2.5)
where
Di[3, .+ Dnl3
— . ro r1 T S(r1) *'S(ro)
Ms(ro,71) = max { Pyl DPb|S‘(r1) ’ DP”|50(T0) ’ 2s }

o pr Dol T Bolny

< max {Pblr(l’ s Byloe s _223—1}
S[P)7° + Py}

< max Pb‘:o , Pb':l , M

1 2 2s

<max {P[}°, P71} .

If M3(ro,m1) < By|;}, then (2.5) yields that

F(s Bolr) SF(R[) + G(y(Ms(ro, 1)),
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which implies G(y(M3(ro,r1))) > 0 and by (As) we get y(M3z(rg,71)) > 1. This is a contra-
diction to definition of v. Thus, M3(rg,r1) < Pb|:‘1’. By (2.5), we get

F(s PI])) < F(R[Y) + G(v(Ms(ro, 1))
Similarly, there exists 3 € $(r) such that
F(s P|72) < F(PR[;}) + G(v(Ms(r1,72))).-

Continuing in this fashion we produce a sequence {r,} C S such that rn4; € $(ry), for ever

n €N, a(ry)B{rns1) > 1, and

F(s Bl ) SF(PI ) + G(v(Ms(rn—1,7n)))- (2.6)

n+1/ —

By (2.6) and axiom (Ay),

F(s" B’ Y<F(s" ' Py

Tn+1

1)+ GO M3 (s, ),

for each n € N. This implies,

F(s" Byfr ) SF("72 Bl =2) + G(y(Ms(rn2,mn1)))
+ G(vy(M3(rn-1,70))).

Thus,
F(s" Bl )) SF(R[°) + ) G(y(Ms(riz1,m))). (2.7)

i=1

Taking n — oo in (2.7), we get

nler;oF(s" Byl ) = ~c0.

From (Aj), we obtain,

lim (s P|’* ) =0.

n-+00 Tntl
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By (As3), there exists, 0 < h < 1 such that,

lim (s™ Pb|r +1) F(s™ Pb|r" ) =0.

n—oo Tn+1

y (2.7), for each n € N,

P'E(s™ Bl ) = (8" Bl )'F(PLS (2.8)

Tn+1 Tn+1

(8™ By|yr

Tntl

< ("R )t ZG(’Y(Mz(W—hm))) <0.

Tn+1
i=1

Letting n — oo in (2.8), we get,

lim (3 G(v(Ma(rimy, ri)(s™ Bl )" = 0.

n—oo 4
=1

Thus, In; € N suchthat

Y GOy Ma(riy,r))(s™ Bl )t < 1,¥n >y, or

i=1
, 1 -
s" Byl,n . < s for all n > n;, where, A, = ZG(’Y(MS(Ti—l,Tz‘))). (2.9)
n 1=1
Using (2.9), we get for m > n > ny,
m—1
Pl < Z sSSP, - Y YR
i=n+1
1
< Zs P|T+1 ZS Plrwl—ZAil/h'

The convergence of the series > -

PbMS, so 3r € & suchthat

imn A —4r entails {r,} isa CSin (S, ), As (S, By) is a complete

AIL= Jim B = Jm B =0
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By multivlued Py-continuity of S we get,

lim Dp|7% < lim Hp,|, (2.10)
n—oo

S'(T) — n—oo

Using (Pyyq), we have

Dp,

IN

s|Ply .+ Dpl2t] = Po(Tnt1s Tnt1)

5(r)

+ Drylgy

T
Tn+1

Ig'(r)

AN

S[Pb|

-
Tn+1
Letting n — oo and using (2.10),

r . r'd . Tn ~ S(T)
DPbiS(r) < nlLH;OS Pb|rn+1 + nli,ngo‘s DPb'g(:)l] <s HPb () .

N o S(r) N N
So we have Dp,(r,S(r)) < s Hp, Si . We will show that r € Sr. Suppose that r ¢ S(r). By

r

Lemma 1.2.10, we obtain that Dp, (r, S(r)) # 0, which implies that

S < Pa).80)s n| )
R olr). T8 .
$(r) Blsery

< F(Ms(r,r)) + G(v(Ms(r,7))), where,

F(S Hpb

IN

r r T DPb|T$'T +DP?)|TS'7' r
Ms(r,r) = max{Pblr,pr|S~<r) DR [50y O~ = DAl
We get
] S(T) T T
Pa fin|, ) < F(Dnlg) +C(Dnly,)

S
5(r) Y Plg

A
Hry
@
5

))-

(r)

. ~ 15" . . . 18
Since G(vy(s Hp, 5 ))) > 0, which yields that v(s Hp,

7€ S(r)and hence S hasa FPin 3. m

5 )) > 1, a contradiction. Therefore,
.

Example 2.1.5 Consider S = {0, 1, 2,3} endowed with the PbM P, : § x & — R{ defined
by

Pb|; =|r —j|2 +max{r,j}2, for all ,j € S.
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Clearly, (S, P,) is a complete PbMS with coefficient s = 4, but
it is not a PMS since B,[3 =18 > 14 = B+ Py - Py|7. Define mappings $:9 = CBp,(9)
and v: R — [0,1), by

3(0) = §(1) = {1,2}, 8(2) = $(3) = {1} and A(t) = 1%

Define mappings o, 3: S — ]R(J{ by

= ifre {2,3},
a(r) =
0 otherwise.
5 jfre {2,3},
Bry={ °
0 otherwise.

For, r € {2,3}, we have

a(r) 2 12 B8 () = (1) = 5= 21,

and

Br) 215 au(3 () = an({1)) = o2 > 1.

Hence, S is cyclic (s, 8,)-admissible mapping. Now, assume that r,j € < are such that
L 1S
a(r)B(j) > 1, then we have r,j € {2,3} and Hp, 50) > 0 imply
J
A S( ) ~ {1}
F(a(r)B(j)s H ) = F(ar)B(j)s Hp,| )

S() (o {1}
= F(a()8G)s B
(
(M

IN

F Pb| )+ Gy (Pb|§))
F(Ms(r, 7)) + G(y(Ms(r, 1))

VAN

For F(t) = G(t) = In(t),t > 0, all hypotheses of Theorem 2.1.4 are obeyed. Hence, S has a FP.
Following Corollary provides a generalization of the results in [120}, [103] in the set up of a

PbMS.

26



Corollary 2.1.6. Let S : & — CBp(S) be a multivalued mapping satisfying following

conditions:
(1) there exists 79 € S such that a(rg) > 1 or there exists jo € S such that 8(jo) > 1;
(2) S is multivalued Pj-continuous;
(3) there exist ¥ € RY, for all r,j € 35 a(r)B(j) > 1 and

K S(r) T .
Hp, s 0= 9 +F(a(r)B(j)s Hp,|, ) < F(Ma(r,j)),
J

(4) S is cyclic (o, 8,)-admissible.

Then, S has a FP.
Proof. Put y(t) = k, G(t) = In(t), where k € (0,1) and ¥ = —In(k) in the Theorem 2.1.4 .

Corollary 2.1.7. Let §: 3 — CBp,(S) be a multivalued mapping satisfying following

conditions:

(1) there exists ro € S such that a(rg) > 1 or there exists jo € S such that 8(jo) > 1;
(2) S is multivalued Py-continuous;
(3) for each r,j € § with, a(r)8(j) > 1,

15

a(r)B(j)s H

Py 86 < 7(M3(Taj)))M3(r7j))7
(7
(4) §is cyclic (o, B, )-admissible.

Then $ has a FP.

Proof. Set F(¢t) = G(t) = In(¢) in Theorem 2.1.4. m

Definition 2.1.8. Let $: 3 — S be a self-mapping. Then S is ~v-FG-contraction, if there
exist F € Ar, (G,7v) € Ag,y such that,

F(s AIST) < F(Ma(r, ) + GO(Ma(r,9))),
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forall 7,7 € S, PH?E;; > 0, where

Pyl o+ Py’
) r i r ) S(r)
M4(7’,]) :max{Pbtj’Png(j)’ Pb|$’(r)a 9

Corollary 2.1.9. Let $: S — S be a y-FG-contraction. If S is P,-continuous, then S has a
FP.

Proof. Consider Picard iterative sequence {ry : 7, = S(7n_1)}nen in the proof of Theo-
rem?2.1.4. This proof contains similar steps as in the proof of Theorem 2.1.4, so, we omit details.
]

"Corollary" 2.1.10. Let S : S — CBp,(3) be a multivalued mapping, such that

for some A € [0,1) and for all r, 5 € 3. Then S has a FP.

Proof. Set F(t) =¢t,G(t) = (1 — k)t,v(t) = k, k € (0,1) and a(r) = B(j) = 1 in Theorem
214. =

Corollary 2.1.11. Let §: 3 — C Bp, () be a multivalued mapping, such that

S0 |
HP;, . < /\M3(T,]),

5(7)

for some A € [0,1) and for all ,j € 3. Then § has a FP.
Proof. Set F(t) =t, G(t) = (A - 1)t, v(t) = A\, A € R}, k = 1 aand a(r) = B(j) = 1 in
Theorem 2.1.4. =

2.2 Application to nonlinear integral equations

In this section, We investigate the existence of the solution of nonlinear integral equation (NIE).

Consider the following NIE:
1
r(@) = g(t) + A / (i, &) (@, 7(@))dd, .6 € T = [0, 1], A > 0. (2.11)
0
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Assume the following conditions:

(a) g: 1 — R is a continuous mapping;

(b) f:Ix X — R is a continuous mapping and there exists a constant § € [0, 1) such that

for all r,j € 33

(@) - F(@,§@)) < 6y/In (Ms(r(d), 5(2))eCOMC@a@N),

(c) k : [0,1] x [0,1] — R is continuous at & € [0, 1] for each G € [0,1] and measurable at

d € [0,1] for each @ € [0, 1], suchthat,

1
sup/ k(t,a)dd <K;
0

ael
(d) MK < 1;
(¢) In(s PUI5)) < supger 1S(r(@) — SGi(@)P.

Let & = C([0,1]) be the space of all continuous real valued mappings defined on [0, 1].

Define mapping P, : 3 x 3 — R{ by
2
Py(r,j) = (sup |r(@) — j(a)| + n) for all 7,5 € 3 and n > 0. (2.12)
ael
Then (3, P,) is a complete PbMS with s =2 > 1.
Lemma 2.2.1. Let & = C([). Define mapping P, : 3 X & — [0, 00) as in (2.12). Then
My(r,j) = %UI?Ms(T(ﬂ)»j(ﬂ))-
ue
- s 9 . Ay 2
(supger [r(@) = 3(@)| + )% (supses [1(@) - SG@)| +n)
. 2
Ms(r(@), () = (supser (@ - S(r(@)| +n)",

(supaes [r(@) = SG@)| +1) "+ (supses |i(@) — Sr(@)] +)°
2s

29



Proof. Since,
2
Py(r,j) = <sup Ir(w) — ()] + n) forall r,j € S and n > 0.
a€l

Result follows. =

Theorem 2.2.2. Let & = C(I). Define the mapping 5 : S — S by

1
$r(t) = g(@) + A / (i1, &) (4, 7(8))da, @ € T = [0,1], A > O. (2.13)
0
If the conditions (a)-(e) hold, then the NIE (2.11) has a solution in J.
Proof. We note that r*(-) € 3 is a solution of (2.11) iff r*(-) € 3 is a FP of the mapping
S defined in (2.13).

By assumption (b), one has

By assumption (¢) and (d), we have

N 2 . o\ o
sup |S (r(@)) - S (j(a)){ < A26K?In (sup Ms(r(d), j(a))eGﬁ(Supae:Ms(r(ama)))))

u€l ael

< (su[l)M5(r(d),j(&))eG(v(suPael M5(r(&),j(6))))> )
de
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By assumption (e) and Lemma 2.2.1, we have

In(s Py |S(r ) < In (Mmj)echwanj)»)

< In(My(r, 5)) + G(y(Ma(r, 5)))-

Now F(¢) = In(¢) satisfies all the conditions of Corollary 2.1.9, and so the integral equations

given by (2.11) has a solution. =

2.3 Fixed points of Branciari F-rational contractions in Bran-

ciari metric spaces

Here, we initiate Branciari F-rational contraction and provide related FP results on BMSs.
Definition 2.3.1 Let § : 3 — $ be a self-mapping defined on a BMS (3,0p). Then S is
called Branciari ¥ —mtz’onal contraction (BF-R-contraction), if there exist F € F, ¥ > 0 such

that Vr,j € 3, Op I ) > 0, implies,

5()
9+ F (0557)) < F (Ms(r, 1)), (2.14)

where,

085, 08l OBl 08l

|S(J 1+0gl; ' 1+ 05 |§§r)

MG(T,j) = max 83];7 8B|g(r (215)

Theorem 2.3.2 Let (3,0g) be a complete BMS and S : & — & be o BF-R-contraction. If §
or F is continuous, then $ has a unique FP in 3

Proof. Let r € 3 be an arbitrary point. If $” (r) = §"*! (r), n € N. Then, $"r is a FP of

S. So, suppose that 83[?715?( ) > 0, for each n € N. Then, from (2.14), we have,
9 +F (a [, )) (MG(S" L(r),5" (1)), for cach n € N, (2.16)
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where

Sn 1(7‘) Sn 1(7. 8 S"(r
6 |Sn(., aBl (Sn Ir )) B| (Sn(r))
cn—1 & — S (s s $™(r)
MG(Sn (T) 7Sn (T')) - max 8”‘5(5” l(r) aBls(s(‘n( ) a”'g(s"n.—l(r)) BlS(S’"(r))
$71(r) S(sm=1m)
1+33|S“(1_) 1+3T3|§(5~n(1.))
S"'_l(’l‘ Su l(r S"(T‘)
6 lSn(.r‘) 8 | Blg’”l(r)’
_ gn-1¢,. $n(r gn—1 ) 5‘"(r)
= Inax aU'Sn(, ( )aB|sn-(§—l)(,) 8 lgn( )( a’ |S"+1§T‘)
1(r) ! Sn(r)
1+a’3|5n( o 1+83!gn+1( )
Snir ) S™(r)
< max{osly, 7, 0550 1
. Sn—1 Sn(r) .
Now if, Mg(S™1 (1), 8™ (1)) < (93|S"+1 , then (2.16) turns into

08 (BBlg0) < (05150).

a contradiction. Hence, Mg(S$"~1(r),S" (1)) < g |S" (r) Thus, (2.16) turns into

(amij‘jl( ) (aB|§:(‘)(’)—z9, vn € N. (2.17)

[teratively, we find that

Foslg 0 ) < F(omlg ) -0 (2.18)
< F(oslg ) ~20
< (aB|§: ;‘E?) 39
< F(0sly,,) - nv.

Taking limit as n — oo in (2.18), one get

S F (8’3 |§:Yl)<r>) -
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By (F2), we get,

lim aBr;:i’l =0 (2.19)

Now from (F3), there exists h € (0,1) such that,

Jim[95[5.), ]BF (881500 ,) =0. (2.20)
By (2.18), we have
[83|§:$)(T)VF (85|§:(+T1)(,)) - [8B|§:(+’1)(T ]hF (aBKé(r)) (2.21)

< [819'2:9@)]&[F(GB'%)‘ mi] - [O15.0, >]HF (98150)

Setting m — oo in (2.21) and from (2.19) and (2.20),

h
nhm n [6B|§nirl)m] =0, (2.22)
and hence
Jlim nk 8517 =0, (2.23)

Then, In, € N suchthat, n {83@ (fl } <1, ¥n > ny, Thus, one has,

§™(r) 1
8B|§"+1(T) < -1 (2.24)
Now, we will prove that S has a periodic point (PEP). Suppose, the contrary, that is, S has no
PEP, then $™ (r) # §™ (r) for each n,m € N suchthat n # m. By (2.14), we get
S™(r
2+ (98155, )

aB|sn 1(7. aB|Sn 1(1") aB|Sn+1(T

Sn+l(r (51 1(r) ) (Sn+1(r))
< F a gn— 1 ) g7 +1(r) gn— 1() S"+1(r)
— max aBIg(gn 1(r)) Bls(gn—f»l(,.)) 8B,g(gn 1(,))8 [S(S'”‘*‘l(r))
Sn— 1( ") 5(_511 1(1‘))
1
+8B|gn+l( 5 1+8B|$‘(§1L+1(1<))
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S”'l(r) Sn l(r) S"+1(T‘)
8BtS71+1( 6Bl5"(r) , 0B IS"+2 _2

- gn =1 sntl(y sn- l(1 Liry s 2.25

F max alilsn( ) aB|5n+2(,.) 8B|Sn( r) Blgn+2(,.) ( )

gn—1¢, k] gr( )
l+613|5n+121) 1+a“|sn+2(7)

As F is increasing, we obtain from (2.25)

gn—l(,r) S'Tl—](-r)
F (aBIS"n+1(T)) F+1(aB|§n(r) > ’
S*ti(r)
(aB|S”+2(T‘))
Yoy g (57N
alfisn( 8”|8"+2(7‘) . (226)

n—1¢, Y
1+8u|:,,+1§,)
5 ISn 1(7 S"+l(r)
F B Sn( ) B 5n+2(r)

St(r
1+8B|S”(+2)(r)

S" (T‘)
S‘n+2(r)

19+F(68|

)Smax

Consider I is the set of n € N suchthat,

( S'n—l(r) S‘n—l(r)
F (63|9"+1(r)> ¥ (83|S"(r> ) ’
Sntl(r)
F (aB|Sn+2(r)) 3
911—1(7_) S”+1(7~)

5"(1 B|Sn-+-2(,.)

sn—1¢, ’
1+a}3‘g"+1§ ;

F (
=1, n+lo,
aB[? (r) Ii‘g (r)
F

U, = max

S"( r) 511+2( )

(s
1+¢9/1|5n(+2( 3

— 5" ()
- F(osl5..)

If |I| < oo then 3N € N suchthat for each n > N,

S'Tl—l(,,.)) )
(aB|Sn+1( ) F(aBISm(T) ’
Sn+1(,,.)

(aB|Sn+2 7‘
P |Sl 1(1) |Sn+l(7
max F Blgn(ry  9Blgn+2(y
gn—1 9

1+a,,|s”+1§:;

gn-—l( ) 5n+1(
83|§,n(1_) lf|5n+2(r;
S”(7
snr2(r) J

1+ 84,
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Sn J(’!‘)
(aB|Sn( ) ’
Sn+l
(8B|Sn+2(1- )
r) 51L+1( )
=max{ p (a""s"(r) a”ls"+2(1-)>
Y

sn—1¢,
9013, ;

gn— 1(1) S"+]( )
[ 2Plsne Ounlgnrag)
.S"(r)
\ L 88lsnta,

In this case, we obtain from (2.26)

v+ ¥ (‘93@"52( ))

S 1(1‘)
(8B|s"<r ’
Sn+l(r)>
(83 Snt2(r)
5 |5n 1( )3 |S"+l(r)
< max Blgn(y  Blgnt2(ry )
- F 5 Sn— l(r) ’
1+ Blsnﬁ-l()

gn— 1(1) _S"+1(r)
F Onlgniy  O8lgnra,
]+313|9 Hr) )

S"+2( r)

for all n > N. Setting n — oo and using (2.19), we get

lim F(@B@ng( ) = —00.

If |7] = oo, we can find a subsequence of {u,}, then we denote also by {u,}, suchthat
Sn l(
(83| ) , for n large enough.

Sn+1 (

In this case, we get from (2.26)

9 F (onl5 ) < F (9815110)
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Iteratively, we find that

F(os15h,,) < F(0sl5) 9

< (aBg"(:(’“) 29
< F(oalg,)) - 30
< F(88l5,) 9, Vn €N,

Letting n — oo in (2.27), we get

hm F (83|§nff2)( ) = —o0.

Then in all cases, (2.28) holds. From (2.28) and (F2), we obtain,

S"(T -0

hm 8B!Sn+2( )

From (F3), there exists 0 < h < 1 such that,

A .
. S r) S*(r

By (2.27), we have

|9515.%, )] F(oslgy,,) - (08155, )]Bp(amgz(r))

(8615, [F (Buliagy) — n0] - (05150 1"F (005

I

I

S™(r
-nT [6313"520)} <.

Setting n — oo in (2.31) and using (2.29) and (2.30),

h
lim 7 [BB@HYQ(T)] =0,

36

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)



and so

. 1 Sy
nll_I’l'loonh 83|57l+2(r) =0. (2.33)
Hence, there exists ny € N such that
o, 1
8B|§7)£2)(r) S T> vn 2 na. (234)
nh

Let £ = max {ng, n;}. we consider two cases.

Case 1: If m > 2 is odd, then writing m = 2L +1, L > 1, using (2.24), for each n > £, we obtain

S‘"(T) S'" ('r) Svn+1 (r) Sm+2L (7‘)
0B|S'n+1n(r) < aB|S‘n+l(r) + aB|gn+2(,.) +...t+ 83|§1L+2L+1(r)
1 1
< — t+ LA e
nk  (n+ 1)k (n+2L)x

IN
KM8
| =

Case 2: If m > 2 is even, then writing m = 2L, L > 2, using (2.10) and (2.20), for each n > £,

we have
S"(T) S'”(r) S"+2(T) §1L+2L—1(,’.)
83 |S'n+m(r) S aBlSn+2(r) + aB|S‘n+3(r) + + aB‘S‘n-%QL(r)
1 1
< —+ Dt
ni  (n+2)k (n+2L-1)%
x>
1
S T
i=n th
Thus, combining all cases, we have
SCEPE R
"(r
OB gumyy < Z qlralln>{meN.
1=

o
Since Z li is convergent series, we deduce that {5’” (r)} is a CS. As (3,0p) is complete,
i=n th

there z € 3 suchthat " (r) — z as n — 0o. Now we Suppose that § is continuous. Then,

z= lim "' (r)= lim § (S’" (r)) = S( lim S™ (r)) =5(2).

n—=o0 n—oxo n—:~oo
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Next, we Suppose that F is continuous. Without restriction of the generality, we can assume

that ™ (r) # z for each n. Assume that 9Bl%(,) > 0,

”"r S T
9512”7 0nl5. ) Dol

¥+ F (83|S H(T) < F | max

8B|sn+1<1 al?'g(z) aBlyH.](r BlS(z

n(r +1(,
14851577 140y |§?) S

Letting n — oo in the above inequality, using Proposition 1.2.20, we obtain

9+F (aBig(z)) <F (33|z§(z)) )

a contradiction. Thus, z = S (z), which is also a contradiction with the assumption: S does not
have a PEP. Thus § has a PEP, say z of period ¢q. Assume that the set of FPs of S is empty.
Then,

g > 1and 3B|§(Z) > 0.

From (2.1), we get

2+ F (9sl3,) =0 +F (05130 ) <F (5

)

This implies

F(oaly) < 7 (0al57) -0
< L <F <83|S‘(z)> —gqi<F (aBlzg(Z)) )

a contradiction. Thus, S has at least one FP. Now we assume that z,u € S are two FPs of S
5(=)

such that dp|; = aBIS‘(u)

> (0. By (2.14), we get
9+ F (0pl7) =9+ F (9513 < F (051%),

this is a contradiction. Therefore, S has a unique FP. m
As a MS is a BMS, we can define F-rational contraction:

Definition 2.3.3 Let (3,0) be a MS. Then, S : & — 3 is called F-rational contraction
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(F-R-contraction), there exist F € F and 9 > 0 such that, Vr,j € S, 8:((;)) > 0, implies,

Y+ F <8§((;)))> < F (Mqe(r, 7)),

where,
A I A
, roar U807 8G) T8 8G)
Ma(r,3) = max § 85,950,050 Tyar 7 500
J 1+83(j)

Theorem 2.3.4 Let (3,8) be a CMS and § : 3 — S be a F-R-contraction. If S or F is
continuous, then 3 only one FP of Sin S.
Definition 2.3.5 Let (3,05)be a BMS. § : S — S is a Branciari F-contraction (BF-

contraction), if IF € F and ¥ > 0 suchthat

vrj e, 0,;[28 >0=9+F (aB|§g;) <F (33|;) .

Theorem 2.3.6 Let (3,0g) be a complete BMS and S : & — S be a BF-contraction. Then
S has a unique FP in S.

Example 2.3.7 Let $ = {1,2,3,4}. Define a function g : X x X — R by,

dply = BBIf =3,
O3 = 0gls= 0sl3= 08l =1,

8ply = 9pl1 = 0sl; = 9pls = s[5 = 9pl3 = 4.

Cleary, (S,0p) is a complete BMS. But it is not MS because dg does not satisfy triangle

inequality on S. Indeed,

3=10ply> Opl3+ 05 =1+1=2.
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Define §: 3 — O by
. 3 ifre{1,2,3},
3 {

1 ifr=4,

and F: R* — R by F(u) = In (u) .Now, for r € {1,2,3}, j = 4, where ¥ = 1, one has

S(r 3 T
9+F (33|§§4;) —1+F (aB1l> < F(03l}).
Then, S is BF-contraction, and S has a uniqueFP.

Example 2.3.9 Let & = {0, %, 7} endowed with the usual metric 97 = |r — j| foreach r,j € S.

Define a mapping, $:9—9 by,

8 8
S‘,(r):{ 3 6{073}7
0 r="17.

Then, (3,0) is a CMS (also a complete BMS). As S is not continuous, so S is not F-
contraction (by Remark 1.4.5).

Now, For r € {0, 3} and j = 7, we have

8$(T) :60 = l§ _0’ - g >03 and M7(’l",7) =1

So, by choosing, F (u) = Inu + u and ¥ € (0,4.965] , we see that Vr,j € S, S (r) # S(7)
9+ F (350)) <F(Ma(r,9)).

5(5)

Hence, S is BF-R-contraction (or F-R-contraction) and so, S has a unique FP.
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Chapter 3

Fixed point Theorems for

f-Contractions in Metric Spaces

Jleli et al. [66, 65] announced #-contraction (or JS-contraction). Li et al. [83] presented 6-
quasi-contraction and obtained related FP results. Altun et al. [26] obtained some FP theorems
for new class of §-contraction. The work of Jleli et al. [66, 65] has been extended by many
authors, see, ( [19, 59, 58, 99, 5]).

In first two sections of This chapter, we study the existence of a COPs results for mappings
and relations satisfying new 6-contractive condition on MS and provide application to Volterra
integral equations, while in the remaining three sections, we discuss the concept of generalized
Suzuki type f-contarctions for single valued mappings, existence of their common FPs and
apply these results to prove the existence of the solution for a system of nonlinear fractional
differential equations.

Results given in this chapter have been published in ([7],[12]).

3.1 Coincidence points theorems for single valued mappings

and relations

Consistent with [30], let Ay # 0 and Ay # 0. A relation R, : A, ~ Aj is called left-total if for
every r € A; 3 a j € A, suchthat rRej (i.e., ris R.-related to 7). A relation R, : fil ~ 1‘12
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is called right-total if for each j € A there exists an r € Ay such that rR.j. A relation
R, : /vll ~ ;12 is called functional if, r € fil and j,z € ;12 with rRej and rR.z imply j = z.

A mapping S: A, — A, is a relation from A to As which is both functional and left-total.
For a relation R, : A] ~ A2, E C A; we define R.(E), domain of R, (Do (Re)) and range of

R. (Ran(R.)) by

R.(E) = {j € Ay : rR.j for some 1 € E} , Do(R,) = {r €A1 R.({r}) # d)},

and

Ran(R.) = {j € Ay:j € R.({r}) for some r € Do(Re)}.

The set of relations from A; to A» is denoted by Re(fil, ;12) Thus the collection ,u(fil, /12) of
all maps from Al to Ay is a proper subcollection of Re(;h, ;12) An element w € A; is called a
COP of a mapping S : A; — Aj and a relation R, : A} ~ Ay if $(w) € R, ({w}). If R is a
mapping, then S’(w) = R, (w). For a relation R, : 3 ~» Y and u,v € Do(R.), we define
Re({u}) _ ; r
DRF({U}) - uRClrr}fané) ‘
In this section, we investigate COPs for mappings and relations satisfying satisfying 6-
contractive condition (6 € ©*).
Theorem 3.1.1. Let S # ¢ and (Y,8) be a MS. Assume that § : S — Y is a map and
R.: S ~ Y is a left-total relation, Ran(S) C Ran(R.) and there exist 6 € ©* and k € (0,1)
such that,
S < [ R({r}) Jk o wrih .
9 (as(j)) <o (DRE({],})) , for each r,j € 3 with §(r) # 8 (7). (3.1)
If Ran($) or Ran(R,) is complete, then R, and S have a COP.
Proof. Let 7y € S be an arbitrary point and let j; = S (ro). Since Ran(S’) C Ran(R.), we

can select r; € Q such that 71 R.j1. Repeating the above argument, inductively, we can define

two sequences {r,} C 3 and {j,} C Ran(R,) such that j,;; = S () and 7,41 Rejny1 for each
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n € N. If 3n* € N suchthat S (rp_1) = S (7+), then,
P Refine = Tro ReS (Tne—1) = Tn=ReS (Tn+) .

Hence 7+ is a COP of § and Re. Suppose that § (r,_1) # S (ry) for each n € N. By (3.1), one
gets
. 5 5 (fr k
o) oy ) < o) a

g(rn) RC({"“})

for each n € N. Since r,Rejy for each n € N, by the definition of D, we get

Re({rn—l}) fn—1
D’y < o (3.3)
From (3.2) and (3.3), we obtain
. , k
o (o) <o (en)] (3.4)
It yields that
1<6 (a;f;;“) <[00 (o, j1))]" , for each n € N. (3.5)
Letting n — oo in (3.5), we get
lim o (o3, ) =1. (3.6)
By (©2), we have
lim & = 0. (3.7)

n—o00 Jn+1

Now, we shall show that {j,} is a CS. Assume that there are ¢ > 0 and sequences {p(n)} and

{g(n)} of natural numbers suchthat

Ip(n) S, Ip(n)-1
p(n) > g(n) > n and 8]7q(”) > €, 6]:(”) <. (3.8)

By (3.8) and the triangle inequality, we have

< :p(n) < :p(n) :p(ﬂ)—l < :p(n)—l
€= 8;q(n) - 85,;(")—1 + 8]7q(n) - ajp(n) te (3'9)
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Taking n — oo in (3.9) and from (3.7),

lim 87 =e. (3.10)

n—o0 jQ(")

From (3.7), there is n; € N suchthat,

p(n) € fg(n) €
(?sz(vl)+l < 4 and a;q(")ﬂ < 4’ (3.11)

for each n > nj. Next, we will claim that

gt 5, (3.12)

Jq(n)+1

Yn > ny. Suppose that 3 n > ny suchthat

§rett g, (3.13)

Jg(n)+1

It follows from (3.8), (3.11) and (3.13) that

< G« gle Ip(n)+1 Ja(n)+1 1
€ = 8.;q(n) - a]]p(n)+l + a;q(n)le + 8:]7q(n) (3 4)
< Sqo+i=t
4 42

this is a contradiction. Then (3.12) holds. From (3.1), we obtain

o) < 6 (7)< [6 (6*“"”)}Ik . (3.15)

Ja(n)
Letting n — oo in (3.15) and using (©’3) and (3.11), one has
6() < [8(e)]* < B(e),

which contradicts our suppostion. Hence, {j,} is a CS in Ran(}?e). Here, we assume that

Ran(R.) is complete. Then Ju € Ran(R.) suchthat lim j, = u. As u € Ran(R,.), there is
n—oo
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w € S such that wReu. Let

D= {neNU{0}: agf((;’;) ~0}.

o If D is infinite, we obtain v = S (w) and so S (w) € R, ({w}), that is, w is a COP of S
and R..

e If I} is finite, there is a subsequence {r,, } such that 85((;’;") £ 0, that is, S (rn,) # S (w).

From (3.1), we get

e5) =o(i) < (oAl < et <o)

S{w) S(w) - Re({w})

. . . "la—l _ < . . . 'na-l _
Letting o — oo and using (02), we get alLIIgog (3& ) = 1. This implies that ah_{r;g@ (6‘;(1‘)) ) =

. . . . fna—1 __ u _ — &
1, which further implies aler;oﬁg(w) = (. Therefore (95,(w) = 0 and so u = S (w). Hence

S (w) € R, ({w}), that is, w is a COP of § and R,.

In the case of Ran(S) is complete, as Ran(S) C Ran(R.), so there is u* € Ran(R.) such

that lim j, = u*. The remaining part of the proof is the same as in the previous case. ®
n—oo

Theorem 3.1.2. Let § # () and (Y,@) be a MS. Assume that S, R : & — ¥ are two

maps with Ran(S) C Ran(R.) and there exist # € ©* and 0 < k < 1 such that

3(r) Ro(r)) ¥ e s A 5
8 (Bs,(j)) < [9 (aée(j))] , for each r,j € S with S(r) # S(j). (3.16)
If Ran(g) or Ran(R,) is complete, then S and R, have a COP in 3. Furthermore, if either S
or R, is injective, then S and R. have a unique COP in .

Proof. From Theorem 3.1.1, we get S and R, have a coincidence point in $. Now we
suppose that wi,ws € & such that wy # wo, g(wl) = R, (w;) and S'(WQ) = R, (wo). If S or

. R (w1)
Re 18 ln.]eCtlve’ then we get aRc(wQ)

o (ot =0 (05)) < [o (f )] < 0 (oflem).

a contradiction. Therefore S and R, have a unique COP in . =

> 0. From (3.16), we obtain

fweset =Y, Ro=1 (the identity mapping on &) in Theorem 3.1.2, then we get.
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Corollary 3.1.3. Let (3,8) be a CMS and §: 3 — 3 be a map. If there exist § € ©* and

0 < k < 1 such that

S(r ~\ 1k . . A &g
0 (9507) < [6(85)], for each r,j € S with S () # 5(9).

Then, 3 only one FP of SinS.

3.2 Application to Volterra integral equations

We investigate the existence of solutions of the Volterra integral equation by applying the

obtained results in the section 3.1,
(o) = () + [ O s,nr(s))s, (3.17)
0

where r : b = [0,é] — R is unknown, where, é > 0, w : h — R and n,c : R — R are given
functions and the kernel U of the integral equation is defined on h x h x R
Let C(ﬁ, R) be the space of all continuous real-valued functions defined on h.

Theorem 3.2.1. Consider the equation (3.17). Assume:

(I1) U, », w and 7 are continuous and s is injective;

(I2) there is k € (0, 1) suchthat

13 12 k
~ . 1
1+/|U(L,s,él)—U(L,s,&2)|ds§ 1+5/|d1—62|ds (3.18)
0 0
for each ¢ € h and d1,42 € R with dy # ao;
(I3) for each r € C(h,R), 3j € C(h,R) suchthat
#(j()) =w(t) + /f](c,s,n(r(s)))ds, for each ¢ € h; (3.19)

0
(I3) for all ay1,d2 € R, |n(a1) —n(d2)| < |5(d1) — > (d2) |-
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(I5) the set U := {fL St x(r(e)):r€ C(fz,]R)} is complete.
Then 3 only one solution of (3.17).

Proof. Let 3 =Y := C(h,R) and 8 : C(h,R) x C(h,R) — R be given by

9 =sup{|r(¢) — j(u)[}, for each r,j € C(h,R). (3.20)
teh

Obviously (C(ﬁ, R), ) is a CMS. Define two maps S,R:3 — S by
(3) @ =w+ [Olsntends and  (REE =),
0

for every ¢« € h, r € &. From (Is), we get Ran(R.) is complete. Next, we will prove that
Ran(S) C Ran(R,). Let r € Ran(S), so there is r* € S suchthat r = §(r*) € 3. By the

condition (I3), there is j € S such that

Aﬂm=wm+/ﬂwam~@mw; (3.21)

0

for every t € h. Thus, R, (j) = S (r*) = r and so r € Ran(R,). Hence Ran(S) C Ran(R,).
Next, we shall show that S satisfies condition (3.16) with § : R* — (1,00) defined by
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0(3) =1+08for VO e R". Let rj €S with S(r) # S (4) and ¢ € h. Then,

12

1+\(5’(r)) (o) - (S(j)) (L)‘ — 1+ /U L s, n(r )ds-/U(L,s,n(j(s)))ds

IN

1+ / [0 5,m(r(5)) — T, 5,m(i(5)))| s
0

k
- (i ()l dS}

IN
1T 1
—
.+_
| =
. O~——.
=
—~
—_
p—
-

IN
—
+
™| =
X
—_~
=
—_~
®w
A
g
|
X
o~
.
—~
Ve
S
-
QL
&
—_
=

r k
< 1+?/8§f£§3d}
L 0
L et R(M]* _ [ g
s [1 + TOR{(J):| S [1 + aRP( ):' - [e(af%(])] .
This implies that
S(r) R.(r) k
1+89(j) s {9(61?,:0) )] (3.22)
and thus
S(r R.(r k
9(6( ) [e(akﬂ((j)))] : (3.23)

Therefore, $ satisfies the (3.16) (with 6 € ©*). The injection of s implies the injection of Re.
Thus, from Theorem 3.1.2, $ and R, have a unique coincidence point in <¥. Thus, the equation
(3.17) has only one solution.

Example 3.2.2. Consider

[

r(t) — Bsin(l? +1) = /
0

ds, (3.24)

st L (V2r2ve (s)
VI T+ 27 82 2+ 42
where 7 : [0,1}] — R is unknown. We apply Theorem 3.2.1 for solving the Volterra integral
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equation (3.24). Let é =1 and w: [0, €] — R be defined by
w(t) = 3sin(e? + 1)
for each ¢ € h. Deﬁnemapsn,u:R—»]Rand(j:ﬁxﬁxR—»Rby

#(s) =s, n(s) = g, for every s € R and

U(e,s,v) = +
(t5,) VI+2+s2 14+2v2

Then the equation (3.24) is equivalent to the Volterra integral equation

~ 248 (\/2+2\/§—1

> v, for every ¢ € hand v € R.

L

(1)) = w(e) + / Ulx,s,m(r(s)))ds. (3.25)

0
Next, we will show that conditions (I1)-(I5) hold. m
(1) It is easy to see that U, s, w and 7 are continuous and ¢ is injective. Then (I;) holds.

(d2) We shall prove that there exists k = % € (0,1) such that

L . k
. ~ 1
1+ / [U(e,8,d1) — Ule, s, d2)|ds < |1+ 3 / |d1 — dolds (3.26)
0 0

for all . € h and 41,49 € R with d; # as.
First, we shall define 4 : RT — R by,

Ala) = ——1, for each o € R™.

We know that the minimum of A is —‘/21122‘\2"1 and so

V2 -1 v 1 -
—ii < Ale) = ——tg——l, for each o € R™.
1+ 2v2 o
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This implies that

+ iz—\[Ea < V/1+ a, for each a € R*, (3.27)
1+2V2
Next, we shall prove that (3.26) holds. Let ¢ € h= [0,1] and d,,d2 € R with @; # da2. By
(3.27),
. - 2+2vV2-1 /
1 U{e,s,d1) = U(e,s,d2)|ds = d, — daolds
+/| (¢,8,d1) (¢,s,d2)|ds < W ) |dy — dg)
0 0
< 1+/|d] — dolds
0

Hence (1) holds.

(%3) For every r € C(h,R), there is j € C(h,R) defined by

2+t . V2+2V2-1 (o)) ds
V1t 2+ s2 2+ 4v2

L

§(e) = Ssin( 2+ 1) +
/

for all . € h such that

#(j() = 3
= Bsin(.? +1)

/ 2483 V2422 -1
+O/ \/1+L2+82+( 2+4V2 )m)}ds

= w()+ /U(L,s,n(r(s)))ds, for each ¢ € h.
0
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Hence (I3) holds.
(d4) For every dp,d: € R, we have

ay ao 9 . Ny o
5 5 <@y — | = |5 (a1) — »(ag) |.

[n(d1) —n(az)| = 5

Then (1) holds.

(ds) Since U := C(h =[0,1],R), we have U is complete. Thus, (I5) holds.
Thus, all hypotheses of Theorem 3.2.1 are obeyed and so the equation (3.25) has a unique

solution. Then, the equation (3.24) has a unique solution.

3.3 Generalized Suzuki type f-rational contractions and related

common fixed point theorems

In this section, we present generalized Suzuki type (9, C’) -rational contractions (GST (9, C‘)-
R-contractions) based on four self-mappings and obtain related CPF theorems.

Definition 3.3.1 Let ¢, 4, £,,€5 : 3 — 3 be self-maps on a MS(S,0). q,4,€; and £, form a
GST (0, C’)—R—contraction, if, for each ., j € 3, with 8%) > 0, for € ©", C € Ag and ¢ € &,

q(r)  a€1(r) a(r) ACW(r.i))
@ (010 050)) < 0= 0 (017)) < 16 (Ms ()] , (3.28)
where
' a(I(T)‘ +a#(j) (1+QQ(T) )8H(J'?
N E1(r) qalr)  au(i) “€0) £4(r) £(r)) “&:04)
Ma(rg) =maxg iy %0000 = 3 T Laam [ (3.29)
&)
and
o [ aq(r) @) qe(r)  4ul)
U(ij) - {661(7-)70?20‘)) 652(])’ 651(1‘)} . (330)

Let us define the following conditions:
(C1): The pairs (g,€1), (1, &) of self-mappings defined on I are compatible.
(C2): €&, and £, are continuous on .

Theorem 3.3.2 Let (3,0) be a CMS. Assume that the mappings ¢, p,&;,8, : S — 3 form a
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GST (9, C') -R-contraction with, ¢ (S) C &, (S) and 1 (S) C &, (3). If the conditions (C) and

(Cg) hold, then g, &, &, and &, have a unique CPF in .

Proof. Let vy € 3. Since ¢(S) C &, (), there exists r1 € S such that g(rg) = &5 (1) .

As p(ry) € & (Q), we can select rp € S such that p(ry) = &; (r2) . Thus, 2,41 and rop4p are

selected in & suchthat g (ro,) = €y (ront+1) and g (ront1) = €1 (rant2). Define {R,} C S such

that

§R2n =4q (r2n) = 62 (7'2n+1)

and

Rons1 = p(T2nv1) = &1 (Tong2),

for n =0,1,2,.... Assume that 8‘1(”") > 0 and since

F(T2n+l)
l q(r2n) _ 18%2” < 8%211—1 _ 8{1(T2ll)
27& (r2n) T 9 Rana Ran 7 Y€x(ran+1)’

we have

w(aqmn) r(ran) )) <0

€1(r2n )’ “Ep(ran+1

Hence, from the contractive condition (3.28),

<8 (o) =608 ) < 18(Ms (ran, ransn))] EV 2 o)

m?u-{—l F(T2"+1)

for each n € N, where

— éR?n §R2"+1 g“-?yl %211-#1
U (r2n, TQ"'H) - {85?211—1 ’ 89?211 ’ 89?21; ’ 89?27:,-1

_ Ron Ran+1 Rant1

- {692271_1 ! 8§R2n ’ O’ 68%2”_1 )
Ran §R2n+1 g‘?2114-1 _ Ak .

As 0, 5} 0=0,so0f (C*), th ts z € [0,1) such that
Ron-1"Ron Ro V=Y O Irom s ere exists z N
-1

A A Ran Ran Ront1) _
C(U (ran,r2n4+1)) = C (@R;_l’8&e2n+1’0v‘9§}ezn+ ) =%
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and

61 (7'21: 8‘1(7'2” ar(r2n+l)
52(7'27L+1)’ {1(7'2n 62("”211-&-13
Mg (Ton,Tong1) = max{ piten) 4 5F0r2nea) (Haq(un ))a (ran+1)

€2(rang1)  €1(ran) $1(r2n)/ "€a(ron41)
2 ? £1(ran)
148
€2(ran+1)
Ron—1 gR2n Ron+1
6922;{ ’8§R2 85732" “’
= max Ran 2n+1 ( ‘Rzn ) Ron+1
6"”27! +8¥R2n—‘1 1+8%2n l aﬂ%t
’ Ron— 1
1+8§R2n,
§R271.-+—1
— §R2n 1 §R2n+1 §R2n~l
= max{ Op """, 0" Ty
Since
6%2"+I ga2n §R2n+l
§R2n—l S §R2n—1 + %27. S max {a 2n-1 a%%”—l}
2 2 2
one writes

§R2n §RZn
Mg (ron, Ton+1) = max {8 ! 3%2““} .

If for some n, Mg (Ton, Tons1) = 052" | then from (3.31), (3.32) and (3.33), we have

§R2n+1 ’

o (ape,,) < |o(arz.,)] <o (fx,.),
a contradiction. Therefore,
o (orin,.) < o (o))
Thus, we have
(85%u+1) < [0 (8;?:'1)]z, for each n € N.
This implies that

2 n

1<o(af J<lo(am)] <.<[o(ef)]
for each n € N. Taking n — oo in (3.34) and since 6 € ©*, we get

lim 6 (8%” ) =1

n—oo
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By (©2), we get
lim op* =0. (3.35)

To prove {R,} is a CS, we assume that {R,} is not a CS, then 3¢ > 0 and subsequences
{n(k)}r=; CN, and {m (k)};=; C N suchthat
m (k) > n (k) >k, am"(“ e, 0 <

n(k) — Ror(ry-1

for each k € N. Therefore,

n(L) §Rn(k) ‘San(k) 1 1n(k)—1
£ < 0Oy By a%m(k)_l + 3§Rm(k) <e+ 89em(k) . (3.36)
By applying kli_'rgo in (3.36) and from (3.35),
PN S
lim 9" =e. (3.37)

Using the triangular inequality, we have

Rk Rk R
n(k) < n(k) n(k)+1
§Rm,(k) - sen(l\')%—l §R"L(k') ’ (3.38)

and

R R
n(k)-+—1 n{k)+1 n{k)
65}%(” = 6§Rn(k) T 8?Rm(k)' (3.39)

By taking upper limit as £k — oo in (3.38),(3.39) and applying (3.35) and (3.37),

£ < lim OER”(““ <e.
k—oo m{k)

Thus,

lim 83:"““)“ =¢. (3.40)

k—o00 m(k)

Similarly, we can obtain

%71 . %7
hm Op ! = lim 9" ™ = (3.41)
koo Bm(k)+1 koo Rm(k)+1
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(T1L(k)+l)

Assume that §° )> 0 and Since

HATmn(k)+1

1 oa(ra) _ 1R R.uh) ACY
- 113 — _a n < 6 n — a
Qaél(r,,,(k)) 2 §Rm(k)—l §Rm(lc)—l 52(7'11(k)+1)7

we get

0 (aQ(Tn(k)) 6‘51(T7'l(k)) )) < 0.

El(rm(k))’ 52(Tn(k)+1

Hence, from (3.28),

gem.(lc)+1 #(Tm(k)ﬂ)

6 (a“”"‘:"“”“) =4 (a"("‘(“*l)) < [0 (Mg (rn(k),rm(k)))]é(” (rwrmw)) | where,  (3.42)

[ aRay+1 R+ aRam+r gRinry+1
U (rn(k)’ rm(k)) B {amn(k) ’ a§R'm(lc) ’ 8§Rvn(l\") ’ agen(k) ’ (3.43)

Setting k — oo in (3.43),

: §Rn()c)«}-l . §R1n(lv)+l

lim 85, W lim Oy !
lim U (rn(k)vrm(k)) =q S‘En v o ={0,0,¢,¢}.
k—oo lim a n(k)+1 hm 8§Rm(k)+l

k—o0 mrn(k) ’k_,oo §Rn(lc)

By C*, there exists z € [0,1) such that c (0,0,¢,¢) = z. Using the continuity of ¢ and (3.43),

é <kll>n;oU (Tn(k)arm(k))> < z. (344)
Also,
a{l(rn(k)-f—l) aq(r1l(k)+l) 8“(Trn,(k)+l)
( 5)2(Tm(k()+1)’ 5)1(Tn(k)+1)<’ 52("13;(!:)+1%’ )
M r r — ma 8q Tn(k)+1 +a“ Tm(k)+1 l+3q "nik)+1 )8“ "m(k)+1
8( n(k)> m(k)) X &2(rniy+1) 1 {Tuwy+1) &1 (rnry+1) ) €2(rmy+1)
2 ! 1+a£1(%(k)+1)
\ 52(Tm(k)+1)
( R R R
n{k) n{k)+1 m(k)+1
6§Rm(k) ’ a‘Rn(k) ’ fmm(k) ,w
— Ro(k)+1 | JBmk)+1 Ro(k)+1 Y 3®mk)+1
max{ " +‘9~"*:Zk) L+dg" )ang(k) . (3.45)
’ 14am(®)
\ Run(k)
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Taking k — oo (3.45) and using (3.35), (3.37), (3.40) and (3.41), we get
klim Mg (rn(k), rm(k)) <e. (3.46)
Thus, from (0'3), (3.41), (3.42), (3.44) and (3.46), we have

C (kli‘ﬂ;)u(rn(k) (k) ))

. §Rn 3 ]
0 - o{am) (st )

k—oo

6 () <b(e),

IN

a contradiction. Then, {R,} is a CS. As § is a CMS, so there exists r* € & such that

lim 8% =0,

n—-oo
lim g(ren) = lim & (ron41) = Um p(rop41) = lUm & (rony2) =7°.
n—:oo n—:oo n—m~oo n—m>oo

As &, is continuous, so

im & (q(ran)) =& (r") = lim & (& (r2n42)),
n—oo n—~oo
Since the pair (g,£;) is a compatible,

lim_§¢€1{r2) — g,

n——00 61 (q(T'?n)

From Lemma 1.1.5, we have

nliﬁmooq (€1 (r2n)) =& (7).

Put r = € (ron) and j = r9p4q in (3.28) and assume that Gfi(r‘) > 0, and

1 q(€1(r3n)) _ afa(€1(ran)
5651(3(7'271)) < a52(7'2n+1) ’

Hence,

261 (r2)) (62 (r2n)
2 (aslgl(rzn))"952<r2n+1> ) <0,

56



and by (3.28), we get

w(ran+1)

0 (85} < 1 (M (ran, rang))| OV, (3.47)

where

E1(€1(r20)) 8‘7(51(’"%)) {r2n+1)

€2(T27HE1) ’)51(51(7”%))’ 52(T2n+1)(’ )

— 9(€1(ran)) | g# 2n+1 q(&1(ran)) “(T2n+1

Mg (T2, , Tont1) = max A L A (1+3£1(61(7%)))852(”““)
2 ’ €1(€1(r2n))

149
+ €2(ran+1)

and

_ q(€1(r2n)) (ron+1) q(&1(r2n)) (r2n+1)
U ran,anr1) = {980 aelonei) o L AEESIE

Setting n — oo in (3.47), one has
0 (0507) < [0 (a87)] <o (087,
a contradiction. Thus, 85.1 ") = 0 and so &, (r*) = r*. As £, is continuous,

lim & ((ron41)) = lim &y (&5 (r2n+1)) = &2 (r").
n—00 n—oo
Since the pair (u,&,) is a compatible,

lim gLt — g,

n—soo 52 (/—‘(7'2n+1 )

From Lemma 1.1.5,

nlLrlgou (€2 (r2n+1)) = &2 (7).

Set r = ro, and j = £, (2,+1) in (3.28) and, assume that 8;'( > 0, and

)

1 q(r2n) £1(ran)
-2_651(7'211) < a{z(T(7‘2n+l))'

Therefore,

q(ran) 51(7'211)
¥ (851(7'211)’652(52(7'2n+1))> <0.
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By (3.28), one gets

Ton C(U(ron,ron
0 (T8 ) < 10 (M ran, g ) S0 349
where
§1{ram) q{r2n)  qu(€a(ran+1))
o) f?(ffz("hglz)’ 5337’211)’ 521(52()"%4—1()5)’( N
_ ron w(€2(ran+1 ron u(€2(ron+1
Mg (Ton, Tont1) = max aéédmﬂ))+351(,.2n) + (1+agl(ﬁh)()aﬁ)ﬁ(f?(rzjﬂ))
2 ! $1(ran
1+8521(§Z(7‘2n+1))
_ J a(ran)  gu(€a(rant1)) 4a(ran) w(€o(ran+1))
U (ran T2n41) = {afmn)’6<2(52(r2n+1))’asz(sz(ran))’asl(mn) } :

Setting the upper limit in (3.48), we obtain

9( 2;<r*)) < [9( E;w)r < 9(‘%0*))7

a contradiction. Thus, 07" y = 0 and * = &, (r*). Suppose that a;’,‘”) > 0, and

Eafr

L o) £,(r)
3%,() < Oeyranin)

Then

or*)  afa(r”)
¥ (ael(r*)’aszl(rzm)) <0,

and by (3.28), we get

* * CUE* rom
g (8ZE:Q?I+1)) S [9 (Mg (T‘ ,T‘gn_H))] (U(r*,r2 +1))7 (349)
where
a(+*) #(ran+1)
51(7") aq("") H(T21w,+1) 852(7'2n+1)+ £1(r*)
. Ea(ran+1)’ 7€1(r*)? “Ey(rant1)’ 2 ’
MS (7‘ 7T.2TL+1) = max 1+aq(7'*) a“("?n-f—l) y
&10r) 52(7‘2n+1)
&1(r*)
1+8€;("2n+1)
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and

* _ [ 590) (rans1)  ga(r”) p(rant1)
U rans) = {3E(00, 65T 0 %}

{2(7ﬂ2n+1)’ {2(7‘21L+1)’

Setting the upper limit in (3.49), and since &, (r*) = & (r*) = r*, so
6 (o) < [o (08| <0 (a8),

a contradiction. Thus, 8;75”) = 0 and r* = ¢(r*). Finally, assume that a;zr,) > 0, and since
q(r*) =& (T‘*) =& (T*) =77, so,
@ (0.8,)) <0

and, from (3.28),

0 (Tpiy) =0 (600) < (6 (00m) | <0 (8hiem)

a contradiction. Hence, 97, y = 0 and so r* = p(r*). Therefore, r* is a CFP of &, u,q and

uir*
&5. Assume that v*is another CFP of &, i, ¢ and &, such that r* # v*, ¢ (0,82((;:;) < 0, then
from (3.28),

0(0) =0 (3103) < 10 (Ms (7 0OV,

u(v*)
where,
q(r™) w(v*) q(r*) u(v*)
o + o) (14 ) oL

. £1(r) aq(r*)  gu(v) e
Mg (r*,v") = max ag;(u«yagl(r*)’ag(u')’ 2 ' £1(r*)
L4 G, 0)

x o0y _ [ aa(r™)  gu(vt) ae(r)  gu(ve)
Urt o) = {980 o o ot
It implies that
6 (071 < [0 (ag:)} <o(ar),
a contradiction. Hence r* = v*. Hence r* is the unique CFP of £;,I",¢ and &,. =

Corollary 3.3.3. Let (3,0) be a CMS, and ¢, u, £4,€5 :  — 3. Assume that if, Vr,j € &
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with 6;8 > 0 for some 8 € ©*, z € [0,1) and p € P,

ar)  oa(r) ar) gz
14 (851@)’35;(]')) <0=¥¢ <8/,L(j)) < [0 (Ms (r,9)))7,

with ¢ () C £, (S) and u () C & (3). If the conditions (C1) and (Cy) hold, then g, x, £, and
&5 have a unique CFP in S.

Example 3.3.4. Let $ = [0,1] and define the function d : 3 x 3 — R by g7 = |r—jl.
Clearly, (3,0) is a CMS. Let 6(c) = ¢, and ¢ (s,5) = § —, then § € ©*, ¢ € ®,. Define

1,1, 4,651 S — S by

Then, ¢ () C & () and 1 () C & (). If {r,} is a sequence in S suchthat for some ¢ € G,

lim g (r,) = lim &, (r,) =5,
n-—0C n—oo

Hence
lim |g(ry) —¢| = lim lS(rn) - §| =0,
n—00 n—oo
and,
. Tn 16 . Tn _
s | []" =] = Jim |[5)" - =0
Then,
lim |[r,]* - 316§‘ = lim |[ra)® - 38§} =0.
n—oo n—oo

We conclude g% = gé (by uniqueness of limit), then, ¢ € {0,1}. By continuity of ¢ and &;, one

gets

JLIangff;((::)))) = nlLf{:o lq (& (rn)) — €1 (g ()]

9()— & () =100 =0, forc =0 € S.

Thus, the pair (q,£;) is compatible. Similarly, the pair (p, £5) is compatible. Define C:R™ -
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R* as C (s, 52,53,84) = %. Now for each r,j € § with 82((;; > 0,

‘J(T) '3 (7") q(r) . C’(U(r,]))
@ (010, 080) < 0= 6 (3K])) <10 (Ms (. 9)) .

Thus by Theorem 3.3.2, ¢, 11, &; and £, have a unique CFP.

Corollary 3.3.5. Let (3,0) be a CMS, and q,,£;,&, : S — Q. Assume that if, Vr,j € G,
with GZE;; > 0, for some 6 € ©*, p € ® and C : Rt* - RY,

; CU(r.1)
a(r)  o&i(r) a(r) a(r)  au()
o (080 3516) <0 =0 (01)) < [o (max {20 2200 })] ’

with ¢ (3) C £, (S) and 1 (3) C £ (). If the conditions (C)) and (Cz) hold, then g, i, &, and
&5 have a unique CFP in G.

Corollary 3.3.6. Let (3,0) be a CMS, and ¢, ¢1,£,,§ : § — 3. Assume that if, Vr,j € G,
with 622;; > 0, for some § € ©*, o € ® and C : Rt — R¥,

0 <8q(r) a&(f))) < 0=0 (aq(r))

A V() A
< [o(mac{ot et DI

with ¢ (3) C £, () andu (I) C £ (Q). If the conditions (C;) and (Cq) hold, then g, u, &; and

&, have a unique CFP in Q.

3.4 Common fixed points of generalized Suzuki type Ciri¢ JS-

contractions

In this section, we introduce generalized Suzuki type Ciri¢ JS-contractions (GSTC—J S-contractions)
and prove related CFP results in CMS.

Definition 3.4.1. Let (3,0) be a MS, and ¢, x,&1,€5 : S — & be selfmaps. ¢, p,&; and &,
form a GSTC-JS-contraction, if, for each r,j € S, for 6 € ¥, p €D,

a(r)  a&1(r) a(r)
o (o0 35)) < 0=0(a1) (3.50)

< o))" (o)) o (aaty)]” [o (o2 +o6d)]
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where, e1,e2,e3,e4 > 0 with e; +e3 + e3 + 2e4 < 1.

The result is as follows:
Theorem 3.4.2. Let (3,8) be a CMS. Suppose that ¢, &, &9 : § — & form a GSTC-JS-
contractions with ¢ (3) C £, (3) and x () C &, (). If the conditions (C1) and (Cs) hold, then
q, t, €1 and &, have a unique CFP in Q

Proof. Let rp € 3. As q(S) C &5(9), there exists rg € I sucht hat g(rg) = &3(r1).
As p(ry) € & (), we can select 7o € 3 such that p(ry) = & (r2). Thus, ro,41 and 72,42
are selected in & suchthat q(ra,) = €, (ron+1) and p(rant1) = € (ron42). Define {Ry} C &
suchthat

Ron = q(ren) = &g (Tont1) and Rony1 = p(rons1) = & (ron+2),

forn=0,1,2,.... Since

q("'2n) _ Ray, §R?n 1 51(7'21
2 & (ren) _af’Rzu ;< O 852(7‘2z+1)

we have

w(aq(rzn) 661(T2n) )) < 0.

£1(r20) “€a(rant1

Hence, from (3.50),

g (89§;§§:+1> =6 (OZE:ZLLQ (3.51)
< Joae )" e ()] o (outim)]™ o (o, + i)
= (o (8n)]" o (o)) [e (o)) ™ [o (o + aRnn)]”
< [o ()" [o ()] [o (R + e )]”

By (¥5), we have for every n € N,
o (ot + o, ) <o (omn) 4 (0Rn,)
Hence, (3.51) becomes
cofaR) < o)
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It implies that

l—e3z—eq e1+ea+eq
§R 7 §R n—
LG IS i | R

e1tegtey
—e3—¢4

Therefore,
o (oRin,.) < [0 (o))

Thus, we have,
<] +z:2 +cg

6 (6;’;1’:“) < [9 (8m‘1)] 177 for every n € N.

n

It implies that

e oo, <o) F < o)

< ... < [9 (3;?;))] ( T-cg3—eq

(3.52)

, for every n € N.

Taking the limit as n — oo in (3.52) and knowing that 8 € ¥, we have

nli_r.nooe (a%:LLH) =1

By (¥3), we get
lim &%  =0. (3.53)

n—aoe

From condition (¥4), there exist A € (0,1) and ¢ € (0, oo] such that

(0% ) -1
lim —( ER”“)A —¢
n—aod s'e“
[8§Rn+1}

Suppose that £ < oo. Let n= % > (0. From the definition of the limit, 3ng € N suchthat for each

nZnOa
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This implies >
o(ofr,,) -1
n+1
—— 2t
[aﬁ:ﬂ}

Then
A
ﬁ”, §R7b
o] e ) )
where £ = r—ly Assume that ¢ = oo. Let > 0 be an arbitrary number. From the definition of

the limit, there exists ng € N such that for each n > ng,
%’Il
0 (agenﬁ-l) - 1 >
TS
amn
[ §Rn+l:’
Which implies
A
nlof ] <enlo(ofn,) -],

where, & = % Then, in each cases, there exists £ € Rt, ng € N suchthat ¥n > ng,

n [a;’;;;ﬁ]k <én [9 (6;?:“) - 1] :
By using (3.52), we get

(3 +c2+eg

nlo] <en (P’ (o)) 55 - 1) e o

Taking n — oo in (3.54), we obtain

lim n [632" ])\ =0.

n—oo n+1
Hence, there exists n; € N such that

L

R,
6%114'1 = 1
nx

for each n > ny. (3.55)
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To prove {R,} is a CS, we use (3.55) and for m > n > nq,

m~—1 o]

o0
for m > n > ny, 8;%’; < Zaﬁ;l < Zag%ﬂ < Z :
i=n

i=n i=n t

| =

>

Since the series > o0 %+ is convergent, we find that lim 8%" = 0. Thus {R,} is a CS. As
ix oo m

nm—

S is a CMS, there exists 7* € & such that lim 8% = 0 and
n—ooo

lim g(ren) = lim & (ropy1) = lm p(rong1) = lim & (rong2) =77,
n—oo n—.—;o n—aod n—oQ

Since &; is continuous, so

11_1{10051 (q (7'271)) =& (r") = nknwgl (&4 (rens2)),

n

As (g,€,) is a compatible pair,
: a(€1(ran)) _
e a(rany) = O
From Lemma 1.1.5, we have

nli—r>nooq (&1 (T2n)) =£ (T*) :

Put r = £ (r2,) and j = rop4q in (3.50) and if af.l(”') > (0, we get,

L& (r2n)) _ af(6(r2n))
5661(51(7‘2n)) < 8‘521(7'2111,+1) :

Hence,

q(&1(ran)) £1(&1(ran))
2 (%(%(w)y%(rzm) ) <0,

and from (3.50), we get

F(7'2n+l )

< [B(aRE)™ (o (e ] " o (o)) [o (ol + 2l )]

o (ope:0=) (3.56)
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Setting n — oo in (3.56), we obtain

0(87) < o) o (7 5]
< [9 (afz‘“))]””e“ <o (o807),

a contradiction. Thus, 853 ) — 0 and so & (r*) = r*. As &, is continuous,

Jim €o (p(r2n41)) = €2 (77) = lm &5 (&3 (T2n41))-
As (i, €,) is a compatible pair, so

lim 8#(52(7‘2n+1)) = 0.

n-—o0 52 (iu'(r?ﬂ-l-l))

By Lemma 1.1.5,

nli_r'noou (€2 (r2n+1)) = &2 (7).

Set r = ro, and j = &5 (r2,+1) in (3.50) and assume that 8g;(r,) > 0, and

1 g(ran) £1(ran)
§8ﬁl(r2n) < Bfg(ﬁz(rznﬂ))'

Therefore,

Q(r’.’n) 'f (721L)
2 (%(rm’ 855(52@2”“))) <0,

and from (3.50), one gets

9 (a"(”") ) (3.57)

p(€a(ran+s1)) .
€ € r €3 r T 4
GGy IR G T A Gty | R [ C Ao |

Setting n — oo in (3.57), we get

9( Z?;(r')) < [9( E;(r*))rl+2€4 < 9(5§;(r~)>»
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a contradiction. Thus, 6;;(7*) =0 and r* = &, (r*). Suppose that c')f,(ri) > 0, and

1 q(r) £ ()
3%, < Fey(rania)

Then,
(p(aq(r*) &) ))<0’

£1(r*) “&a(ranta

and from (3.50), we get

p{ran+1)
< [B(oEe )] [ (@)]™ [ (@)™ - [o (et + 2] ™

Setting n — oo in (3.58), and Since r* = £, (r*) = &, (r*), so

o (a8) < [0 (aﬁfr‘))r2+e“ <o (o),

9 (a"“*) ) (3.58)

a contradiction. Then, Offrt) =0 and so * = ¢ (r*) . Finally, assume that 5‘;?“) > 0, and since

™ =&y (r*) = & (r*) = q(r*) so, one has,

0 (0, ag;(r*)) <0

and from (3.50),
0 (0iiy) = 0(055) < (@ien)

a contradiction. Then, 97, 5 = 0 and so r* = p(r*). Hence, r* is a CFP of &, u,q and &,.

u(r
Next, assume that v* is another CFP of &;, i, ¢ and £, suchthat r* # v*, we get

o (0.9505) <0

then from (3.50),

9 (a;;i) . (azg’;')))
(o (aeh)] ™ o (a)] ™ e (o)) - [o (ool + 22)]™
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It implies that
o(o5) <o (a;i)]“”‘“ <o(a),

a contradiction. Then r* = v*. Thus r* is the unique CFP of £;,,q and £,. =

Example 3.4.3. Let 3 = [0, 00) and define the function 8 : 3x ¥ — R by 8(r, j) = |r — j|.
Clearly, (3,0) is a CMS. Let 6(5) = eV, and @ (s,6) = 5§ —<, then § € ¥, ¢ € ®,. Define

§1):u’7q7§2 3 —9 by

Obviously, g () = £, (3) = 1 (8) = & () if a sequence {r,} C S suchthat

lim g (r,) = lim & (r,) =¢, for ¢ € G,
n—od n—oo

then,
lim |g(ry) —¢| = lim [£; (rn) — <] =0,
n—o0 n—oQ
and,
lim ‘ln (1 + T—n) —gl = lim |e7'" -1 —g| =0
n—0o0 6 n—oo ’
Then,
) , In(1+¢)
— ¢ — fraaed —__— | —
nh_{gj |rn — (6€* — 6))| nlLrgo T Z 0.

It gives that 6e* — 6 = ﬂ,ﬁ—), then ¢ = 0. By continuity of ¢ and &, we get

lim 8q<£1(rn)) = nll_lgo |q (51 (Tn)) - él (q (Tn))|

n—oo &1(q(rn))
lg(s) =& () =10-0]=0, forc=0€S.

Therefore, the pair (g,&;) is compatible. in a similar way, the pair(y,£,y) is compatible.

r,J € $ with

aor) ()
¥ (asl(rrae;(j)) <0,
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we have

0 (167)

< [o(e80)]" o (et)]” [e (o8] [o (o) )] ™

where, e; = ez = e3 = 0,e4 = 0.95. Hence by Theorem 3.4.2, q, u, £; and &, have a unique

CFP.

3.5 Application to nonlinear fractional differential equations

Here, we apply the result given by the section 3.3 (Theorem 3.3.2) to show the existence of a

solution of the system of nonlinear fractional differential equations (NFDE). Let § = C (f , ]R)

be the space of all continuous functions on I = [0,1]. Define 8: 3 x & — R{ by

0 =|r~jllo = rnaix|r(t) —-j@)], r,j €.
te

Then, 3 = C (f, IR) is CMS.

Consider the following system:

CDer (t) = Ui(t,& (r(t)))
CD%j (t) = Ua(t, & (J (1))

with boundaryconditions

€D denotes the Caputo fractional derivative of order «, defined by

CDRU () = gy Jo (¢ — )" 7771 Uz (s))ds,
CDSU () = gy Jo (¢ = )" 771 U5 (s))ds,

(where we consider

n—1<a a<landn=[a]+1,
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and I¢U; and I°U;, denote the Riemann-Liouville fractional integral of order « of continuous

functions U, and Uy, given by

The system (3.59) can be written in the following form.

(r(s)))ds + "(Ej fo fo ) ' Ul(u &y (r(u)))duds,

{w=ﬁﬁmw%w,<
(j(s)))ds + r fo fo (s — )™ lUZ(U’ &5 (§(u)))duds

3
J ) = ey Jo (¢ = 9)° 7 Oals,€

Define the mappings ¢,I" : & — & by

{ a(r(8) = oy Jo (6= )7V Ta(s, & (r()))dls + 12 Jo fo (5 — )0 (o, & (r(w)))duds,

mm:ﬁﬁww%%@demmk@ “WMMWW%

Theorem 3.5.1. Suppose that the following conditions hold:

(i) U1,0y I x R — R are continuous functions;
(i) T4 (s,.),Us(s,.) : R — R are increasing functions,

(iii) for each r,j €  with ¢(r) < 3 (j) and |¢(r (s)) — (i (s))] > 0, 7 > 0, we have

101 (5,60 ¢ () - D (5,62 G ()] < S0 D gy ),

(iv) 37‘0,j0 eC

TN

f, ]R) suchthat for each ¢ € I,

(t) < %fot )27 O1(s, €1 (ro(s)))ds + i fo Jo (s = w7 Un(u, & (ro(w)duds,
(8) < v Jo (¢ = 9)° 7" Tals, & Go(s)))ds + 125 Jo Jo (5 — w)® ™  Dalu, & (Go(u)))duds

(v) if there exists a sequence {r,} in J suchthat

lim 8‘1(51 (rn)) _

n—oo &1(q(rn))

—0and lim &™) — 0,

n—oo S2(s(rn))
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whenever,

lim q(rn) = hm {1 (rn) =t, and lim p(ry) = hm £2 (rp) =t, fort e Q.

n— N OO

Then the system (3.59) has a solution.

Proof. From (iii) and (iv), one has,

fmf (t = )" Ou(s,& (r(s)))ds

1 —8)7 L 04(s d

g (r(®) — n (G )] = s Jo (6= )" Uals, & (3(5)))ds
)))duds
)

+%f(}f§(s—u) 101 (u, & (r(w))
)duds

(
—rs Jo Jo (s = w7 Do, &5 (j(u

)
)
)

sﬁ/ta—alwl 61 (r(s))) — Da(s, &5 (i(s))] ds

+———/ / (s —uw)*” llUl (5,&1(r(s))) — Ua(u, &5 (j(u))] duds

< F(l) _TF(OC+1) /t(t_ )a lMg(T])d
+ 2 e_TF(CY“Jr‘]. / / a IMS 7_ ])duds
1 e T'(a+1) N a1
< r M) [ (-t as

2 e"I'(a+1) N L P
Mo () [ ) duas

e T'(a).'(e+1)

< I'(a).I'{a+1)
-~ 4'(a).T'(a+1)

A (o) T (a + 1)

Mg (r,7)+2e " B(a+1,1)

Mg (r, )

IN

T Ms () + S5 Ms (1,5)
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where, 8 is the beta function. Which implies,

o

917 < € M (r,5).

It follows that

em < eﬁ_TMS(T’j) = e\/%e'T VMe(rd)
_ [e\/m],/%e—" _ [em}é([](ﬁj))

k)

where, C (41, t2, b3, ta) = % < 1land 8(t) = eVl. As this inequality holds for each r,j € &

with g (r) < &5 (4), so it is true for any ¢ € @,

a(r)  5€1(r) a(r) ACW )
@ (afl(r)’asi(ﬁ) <0=0 (au(j)) < [0 (Ms (r, )] -

Then, q, u,€; and &, form a GST (9, O) -R-contraction. Hence, from Theorem 3.3.2, ¢,I',¢; and
&, have a CFP, that is, the system (3.59) has a solution. m
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Chapter 4

Fixed point Theorems for

(T, A)-Contractions in Metric Spaces

Liu et al. [80] announced the notion of (T, A)-contractions, which encompasses both 8-contractions
(8 € E) and F-contractions (F € F*) and they established new related FP theorems in
CMSs. Recently, Ameer et al. [14, 15] established some FP theorems for multivalued (Y, A)-
contractions in MSs and bMSs and applied these results to show the existence of solution
of functional equations. The intention of this chapter is to study the notion of (A, Y, Rg)—
contraction self mappings, (where R is an arbitrary binary relation) and discuss related CFP
theorems on CMSs. As application, we apply our main theorems to show the existence of a
solution of the nonlinear matrix equations. We further discuss some common é-fuzzy FP theo-
rems for a pair of fuzzy mappings which are generalized almost (T, A)-contractions in CMSs.

Results given in this chapter have been published in ([8],[13}).

4.1 Common fixed points of (A, T, Rg)-contractions

Here, G is a nonempty set and (3, d) is MS. Further, in results it is considered as a CMS. Also
note that Rg is a binary relation on . Unless otherwise stated.

Here, we announce (A, T, Rg)—contraction under an arbitrary binary relation Rg and inves-
tigate the existence of CFPs for those two self-maps satisfying (A, T, Rg}) -contraction condition.

We start with the following definition.
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Definition 4.1.1 Let 5, £ :  — . Consider x = {(r,j) € Ry : 32((;; > O} . The pair (5, E) is
called (A, T, Rg)—contraction if 3 a continuous T € Q and A € A, such that, for each (r,7) € x

) o &
S(r) r E(F) 7 S(r)
A <8E(j)> <7 (A (max {8]-, T o +8;7 })) . (4.1)

M ((S‘,E) ,Rq) is the class of all order pairs (r,j) € § x § such that (S’(r) ,E(4)) € Rs.

Let us define the following conditions:

(1) : Rq is (s, E)-closed, (k2) : Rg is S-closed,
(%3): (3,0) is Rg-regular, (%4): S and E are continuous,

(%s): S is continuous.

Theorem 4.1.2. If §,E£: 3 - S satisfy:
(a) M((S,B):ks) £,
(b) condition (%) holds,
(¢) (S,E) is (A,T,Rg)—contraction,
(d) condition (¥4) holds.

Then 3 a CFP of S and Ein §.
Proof. Let (rg,71) € M ((5’, E’) ;Rg), then (S(ro),E(rl)) € Ry. Define the sequence
{rn} in S by

, neN.

Ton42 = E (r2n+1)

{ ront1 = S (T2n)

If rope 41 = ron« for n* € N. Hence, rg,» is a CFP of S and E. If Tontl 7 Ton, V0 € NU {0}.

Then, 8}5;({2") ) > 0 for each n € NU{0}. Since Ry is (S, E)-closed, we get
T2n+1
(rir) = (S(0), E(r)) € Ba,  (rama) = (E(r1), S (r2)) € o,
(rs,r4) = (§(r2), B (r3)) € R, (ra;rs) = (E(rs), S (r4)) € Fs,

o (ranymanen) = (B (r20-1), 5 (ron)) € Fos.

74



Thus, (ran, Ton+1) € X, for all n € NU {0}. By setting r = r2, and j = r25,—1 in (4.1), and by

using (c), we have

S(r2n
Ton _ T2n+1
(8r2n+1) - (8T2n ) E(Tzn 1)

A
Tgn 87'271 1
" E(Tzn 1) S(ran)
( (max{aw R

O3 03z
= < (rnax {8:22Z 1? 17‘:_ 8;:'§n+1

= ( (6”’" ) for all n € NU {0} .

IN

Similarly, setting r = 79, and j = ro,41 in (4.1), and again from (c), we get

T2n+1 — S("'?n )
A (8”’"”) ( E(ran+1)
87;2n 87:2n+1
T E(r2n+l) S(T2n)

< 2n

) ( (max e
ar2n a;‘2n+l

_ Ton T2n+2 2n+1

) ( (max {a L+ 073,

= (A (05m))-

In general, we have
A (8,TZH> <Y (A (1)), for each n € N.

This implies

Ao, ) sT@@r ) <1 (a(ons)) < ST (A(G).
Taking n — oo, we obtain

0< lim A (arn

Tn+1

)< lim T (A(8]7)) =0

This implies
lim A (o7z,,) =0.

00 Tn+1
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From Lemma 1.6.4 and (A3),

3 Tn
A O

=0. (4.2)

oo

To prove {r,} is a CS, suppose that there is ¢ > 0 and {ﬁn} : and {fn}m . suchthat for
n=

n=

every n € NU {0},

il f arfl(1t) > d 8T;L(7l)~1
n > n > n, 7‘,"(") Z¢&al Tf(n) <é&.

Thus,
<O <O 4 oI <yl (4.3)

itn) — “Th(n)-1 i(n) Thiny-1"

Taking n — oo in (4.3), we get
lim 8,:™ = ¢ (4.4)

n—oo i(")

Again,
8ri1(7t) < arfz(7L) +8Tﬁ(n)+l +6Ti(rt)+l (45)
Titn) = " Th(n)+1 Ti(n)+1 Titm) ?
and
Tit(n)+l ril(n)+l Til(") ri(1L)
arl'(n)+l < a’ﬁ(n) +6’"i(n) +8’"i(n)+1' (4‘6)

Taking n — oo in (4.5) and (4.6), we get
lim 9, = ¢ (4.7)

n—oo I(n)+1

Consider (Tiz(n)’ Ti(n)) € Ry. Since Rg is (5’, E)—closed,

(S‘ (ri..(u)> E (Ti(n))) = (sz(n)+1v7'i(n)+1) € Ra,
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S{r
and from (4.7), we have 9 ( h(")) > 0. Thus, (ril(n)-f—l’rf(n)-}-l) € x. From (4.1), we have

( un))

0 < A (a:?fff:f) _ Ewng
6 h(n) 3”(70

Thn) (l(u)) ( (n))

I(!L) ’ h{n
1+ 0,2

I(n)

IN
-3
-

max { O

Til(n) 7‘,'(”)
= T Al max a’"f}(n) Tiny+1 " Th(n)+1

T'(") ’ h(n
+ arl(n)
T T T
a If(n) 8 h(n)+1 8 {(n)
Tiin [ ’“h(n)+1 Ti(n)+1 Th(n)+1
< T[A[|max ar?((n)), T
1+ 0r;

i(n)

Taking the limit as n — oo and using (4.2), (4.4) and (4.7), we get

"h(n)
87-1-(71) ’

” . re e ri
A ( lim 6,'“ ’)“) < lim Y | A | max [a.”'(") 48, MM+ g ()

i(n)+1 n—0o Th(n)+1 T(m)+1 | Th(n)+1

Afe)

IN

1 6}1(11)
* i)

T (A(e, li'fe)> <Y (A(s, ?)) =T (Ale)) < A(e),

a contradiction. Then, {r,} is CS in S. Since (3, ), so we can find r* € 3 suchthat

lim 07 = 0. (4.8)
n—oo

Next, since F and S are continuous and

lim 872" =0 = lim /2",

n—oo n—oQ
we find that,
T2n+1 __ S(T27L) _
Am Fg ey = m dg 57 =0, (49)
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and

M 72n . E("'Zn‘l) .
JLIIJO‘?E(M - JL%%(M) =0

This leads us to conclude that S (r*) = * and E (r*) = 7*. Thus S (r*) = E (r*) = r*. Hence,
Sand Ehavea CFPr* €S. =
Next theorem shows the uniqueness of the CFP.

Theorem 4.1.3. Let §, £ : S — $ and Rg be a transitive relation (TR) on §. Assume that:

(a) M ((S‘, E) ;Rg) # 0 and T((r, 7, Rg) # 0,

(b) 3 a continuous Y € Q and a function A € A so that for all (r,j) € x,

) o, &

r 1. "EG”S()
AMETD) <1 | A | max{ o7, 220 , (4.10)
%) ( ( {2J2[1+65]})>

(¢} condition (¥4) holds,
(d) condition (¥1) holds.

Then 3 only one CFP of S and F in 3.
Proof. By Theorem 4.1.2, $ and E have a CFP . If v and v* are two CFPs of § and E such
that v # v*. As I'((v, v*, Rg) is the set of paths in Rg from v to v*, there exists a sequence

{wo, w1, w3, ..., wr} in Rg from v to v* (i.e., 3 a path of finite length L) with,
wo = v, wr, = V", (wj,wj41) € Rg for j=0,1,2,...,(L —1).
AsRisa TR, so
(v,w1) € Rg, (w1, ws) € Rg, ..., (wg_1,v") € Rg = (v,v*) € Rg.

By (4.10) with r = v, j = v",
: oY oY (v*, S(U))
S(v) 1 ZEw) 5w
A (%(u)) s¥ (A (max { g v 2[1 + 0. '
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This implies,

1, 0OuoY
new) < 0 (1 ({59 0oy )
]. U 6::})*
< T<A (max{iﬁv*, 5 }))

- T<A (% :;)) <T(A@BY)) < A(B),

a contradiction. Then, v = v* and so S and E have a unique CFP. m
In the following result we omit the continuity condition of S , E.

Theorem 4.1.4. Let S‘, E: 3 — $. Assum that:

(a) M (($.8):8s) #0,
(b) If 3 a continuous T € Q and A € Aa such that, for all (r,j) € x, the inequality (4.1)
holds,

(¢) condition (¥3) holds,
(d) condition (%) holds.
Then 3 CFP of § and E in .

Proof. By the analogous proof as in Theorem 4.1.2, we have obtained that (r,, rn41) € Rg

and 7, —{i as n — oo, ¥n € NU{0}. As (S,8) is Rg-regular, so (r,, i) € Ry, Vn € N. Let
A= {n €N:§(ran) = B (4) and E (rong1) = S’(ﬁ)} .

Then we have two cases:

Case (1): If A is finite, so 3 ng € NU {0}, S (r2,) # E (1) and E (rony1) # S(1), for each

n > ng. Since ron, #1 and rony1 #l, so 852" > 0, 82" > 0 and 82((22)") > 0, 85((5)2"“) > 0, for

each n > ng. Set r =i and j = ro,41 in (4.1), we obtain,

A 81“1 87:27L+1
Aoz )< i TBemen %@ )
(aE(T27l+l)) - T (A (max {8T21L+1 ! ]. —+ 0;:12n+1
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This implies that

au aT2L+1
Tan+2" §(it)
(85(“ ) < YT|A|max{ot 2T
T2n+2 2n+1 1 + 6;127L+1
(911 87"27;+1
< A | max au M
T )
et 1 + 87‘"12 +1

Tl 140R, L n—00

aﬁ TZTL-H
But a positive sequence {r,} = {max {8“ M}} and lim r, = 0, From Lemma

1.6.4 and (Az), we obtain, lim A (r,;) = 0 and thus, hn(r)loA (8,52(:32) = (. Again by (Ag) and
n—o n—
Lemma 1.6.4, we obtain, lim 852(,122 =0, ]un 6;12 +2 = 0. Hence,
n—0o0

S () =14, (4.11)
hence ¢ is the FP of §. Similarly, Set r = 9, and j =fi in (4.1), we obtain, hm A (6;;(";1) =0.
By (A2) and Lemma 1.6.4, we get, hm 6;2(";1 0. Also, hm A (057*1) =0, so,

E (1) =t (4.12)

By (4.11) and (4.12), we get that

~

Case (2): If A is infinite, so El{rgn(k)} of {rn} with ropyy1 = S(ronw)) = E () suchthat
Ton(k)+2 = E(rzn(k)H) = S (1) for each k € N. But, nlg&@?”““ =0 and JLI&@E%UCHQ =0.
Then

S(t)=E %)=

Therefore, in cases (1) and (2), {i is a CFP of § and E.
Theorem 4.1.5. Let Ry be a TR on § and S, E:3 — S, Assume that m

(a) M ((s E) ;Rg) # 0 and T((r, j, Bg) # 0,
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(b) if 3 a continuous YT € 2 and a function A € Aa suchthat V(r,j) € x,

r(o(s1-80)) 1 ({1000 LN

(¢) condition (¥3) holds,

(d) condition (1) holds.

Then 3 only one CFP of S and E.
Proof. The proof is the same as the proof of Theorems 4.1.4 and 4.1.3.

Corollary 4.1.6. Let S:3 =S, Assume:
(a) M (S Ba) #0,
(b) condition (¥2) holds,
(c) either condition (%) holds, or condition (% 3) holds,

(d) 3 a continuous T € Q and a function A € Aa suchthat V (r, j) € x,
) o, &
P r %86) %)
A(ag(j)) _T(A (max{(’)], 1o .
Then § has a FP.

Proof. Set § = E in Theorem 4.1.2 and Theorem 4.1.4. =

Corollary 4.1.7. Let S : 3 — G and Ry be a transitive relation on §. Assume that:

(2) M (S: o) # 0 and I((r,j, Ba) # 0,
(b) condition (Jr2) holds,

(c) either condition (%) holds, or condition (¥3) holds,
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if 3 a continuous T €  and a function A € Aa suchthat ¥V (r, j) € x, we have

: oz, . &
A(#0) <7 (A <m{;aﬁ}>> |

Then S has a unique FP.

Proof. Set § = E in Theorems 4.1.3 and 4.1.5. =

Example 4.1.8. Consider S = [0,2]. Let 0: 3 x 3 — R¢ be defined by 9(r, j) = |r — j|,
for each 7,j € 3. Hence (S,8) is a CMS. Consider A, T : R* — R* as A (&) = de?, T (d) = %,

d > 0. then, A € Aax and T € Q is continuous . Define,

on . Define §,E: 3 — S by,

) { t
S(t) =

Obviously, Rg is (5” , E) -closed and, S , E are continuous. Let

<o
IN
o+
IA

,E(t)=0, foreach t € 3.

oY=
o=

AN

o~

[N

[N L

x={(rj) e s : S - E()| >0},

then

X = {(17 0)’ (17 1)7 (2v0)} .

Now, for each (r, j) € x,

) o, &
$(r) - %8 %)
A (%m) <Y (A (max {aj, o })) .

Thus from Theorem 4.1.2, § and E have a CFP in 3.
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4.2 Some consequences

Next results generalize some recent FP theorems in the literature.

Corollary 4.2.1. Let S,E: S — S. Assumethat
(@) M (($.B);Rs) #0,
(b) condition (%) holds,

(c) condition (¥4) holds,

(d) If 36 € E and k € (0,1) suchthat, ¥ (r,j) € x,
: k
. o, &
SN <« ro_EG) S)
9 (aE(j)) < {9 (max{aj, o .

Then S and F have a CFP.
Proof. Set T (&) := kd and A (&) = In (6 (d)), in Theorem 4.1.2.
Corollary 4.2.2. Let §, F: S — $. Assumethat m

(a) M ((SE) ;Rs> # 0,
(b) condition (J1) holds,

(c) condition (¥r4) holds,

(d) If 3F € F* and ¥ € R* suchthat, V (r,j) € x,
. o, &
S < e ) S()
94 F (050)) <F (max {aj, 1+ }) '

Then § and E have a CFP.
Proof. Set Y (4) = e & and A (d) = @ in Theorem 4.1.2. m
Let 8 : Rf — [0,1) be suchthat lirrhﬁ (ry<1,vte RY.

r—t

Corollary 4.2.3. Let §,E: 3 — 3. Assumethat
(a) M (($,8): Bs) #0,
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(b) condition (¥) holds,
(¢) condition (¥r4) holds,

(d) If 3 a function 9 suchthat, V (r,j) € x,
. o & o, &
S(r) < r_EG) S() r _BG) S
BE(J,) <0 (max{f)],———1+a; ) .max{aj,-———1+8; .

Then § and E have a CFP.
Proof. Set Y (a) :=0(d)a and A(d) = @ in Theorem 4.1.2. m
4.3 Applications to nonlinear matrix equations

In this section, we shall apply the obtained results in the section 4.1 to ensure the existence of

a solution of nonlinear matrix equations (NMEs). Let us denote,

Cm(7i) :=  the class of 7 x #i complex matrices (M,);
H, (1) := the class of 7 x 7 Hermitian M;
Pp(Rt) := the class of 7t x 7t positive definite M_;
H(n):= the class of fi X 7t positive semi-definite M.

Here, Pp(i) C Hp(R) C Cpo(R), HE(R) € Hp(72), Q1 > 0 and Q1 > 0 means that Q; € P(7)
and Oy € H(71), respectively. For Q; — Q2 = 0 and 3 — Q2 > 0, we shall use Q7 > Qs and
Qq > o, resp.

We consider the following NME:

W=D+ i VWY — }E ZWz,, (4.13)

i=1 i=1
where, D € P, (1), V;, Z; are arbitrary 7 X 7 matrices.
Define the trace norm ||.||,, by ||O|l,, = > iz 6: (O), where 8, (E), i = 1,2,...,n, are the
singularvalues of O € Cpn(71). (Hm(7), ||.|l;,) is a CMS (see [42],(106],[43]). Hp,(7) is a poset

with partial order =<, where O; < O3 & 02 < 0.
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Lemma 4.3.1. [106] If O1,02 = 0 are 72 x 2 matrices, then

0 < tr(0102) = ||0g]| tr (O1) .

Lemma 4.3.2. [101] If O € Cp,(72) with O < I, then ||O] < 1.
Define the operator E : Hy, () — Hp(71) by

1/ .
B =5 (Bl + ),
where, Ey, Ey : Hp(7) — Hp(7i) are defined as

n n
Ey(\)=D+2) VRV, and E;(R) =D -2 Z{RZ;. (4.14)
=1 =1

Then the solutions of the equation (4.13) are the FPs of E, which are the CFPs of Ey and E;.
Theorem 4.3.3. Assume that:

(h1) there exist positive reals §; and 2 susch that > V;V;* < §;1,, and
=1 i=1

S ZiZ} < Ooly;
(h2) for each 01,02 € H,,,(p) such that (Oy, O2) E{, B
1 UI(O:[,OQ)
< L EW\T e
“OIHtr + HOZHtr =95 Ul(OlaOZ) +1°

where

§ = max {01,082}, Uy (01, 0n) = 101 = Oallr
= maxt0n, 02, th{On O02) = max4 - o, 200, 02 BrcOV],, (-

1+[|01=0qll,,.

Then the NME (4.13) has a solution in Hy, (7).
Proof. As F; and E5 are well defined and

(01,0) €x= (E1(01), E2(02)), (B2 (01) , 1 (0)) €%,
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80, = on Hy (1) is (El, EQ)-CIOSGd. Now, we prove that E; and E» satisfy (4.1). Consider

HEH (01) — By (02)” — (E1 (O)) — Ey (02)) -

tr

= 2tr (Z (VO V; + Z,-*ozz,-)>

i=1

= 2> tr(V;rO1Vi+ Z; 0y Z:)

=1
- 2 (Z tr (V;Vi*O1) + Ztr(ZiZi*Og)>
i=1 =1

e[S e (a0

=1 i=1

S 2 < ZV;V;* ”Olntr + ZZlZz* “02'|tr)
1=1 1=1

< 2(61 |0l + 62 102]l¢,.)

< 20|01l + |02l -

From conditions(hl) and (h2),

Ul (017 02)

HEI (01) - E2(02) - U,(01,02) +1°

Let A, T : R* — R* be defined byA (@) = &, T (4) = 5% . Hence,

N N |01 — O2l;,,
(|E2 00 - £200)], ) < max | ||0,=5a(0a)]],, [[02—Fa OV, '

1+[01-02]l;,

99t 592
E](O]) O1 E2(02) El(ol)
A (%(oz)) <7 (A (ma" {802’ 1+ 09! })) '

Thus, all the hypotheses of Theorem 4.1.2 hold. Then El and EQ have a CFP of El and EQ,

Consequently,

(say O*). Thuse, E has a FP and hence the equations (4.13) has a solution. m
Theorem 4.3.4. Under the condition (h1) of Theorem 4.3.3, the equation (4.13) has only

86



one solution if Rg is TR and for each O, Oy € H(p) suchthat (01,09) €=,

1 UQ(OL 02)

o1 Us(01,00)
10tler + 102l < 3577 67 09 £ 10

where
3101 = 0.,
0 = max (01,02}, Up(Or, O2) = max § o, £a(04)]| 02~ Er(O0)],
2[1+]|01-0a]l,, ]

Proof. Using Theorem 4.1.3. and the proof is similar to the proof of Theorem 4.3.3. m

4.4 Fuzzy fixed points of fuzzy mappings via generalized almost

(Y, A)-contractions

Here, we study the existence of common é-fuzzy FPs of fuzzy maps satisfying generalized almost
(T, A)-contractions in CMS. (3, ) is assumed to be a CMS.

Theorem 4.4.1. Let §,Q : ¥ — F(3) be FM and, V7 € S, 3&;(7),€q(7) € (0,1] suchthat
(G (7)] & () and [Q (j )} are non-empty, bounded and closed subsets (NBCS) of 3. Assume

&(7)

- No(P)e (¢
that there exist T € 2, A € A and ¢ > 0 such that, for every 7,J € S, H[Z?(j)]g( " s,
&0 ()
implies, Q
A[.@(f‘)]ég(i) . A . 3
A <H[Q(j)]éq(j) <T (A (Mo (7)) + ot (7,9), (4.15)
where
7 J
s i 3 a[Q(J‘)]EQm + a{@m}égm
Mg (7’, J) = max { 97, 3@(;)}%(”7a[Q(j)]éq(j), 3 ) (4.16)
and
= 7Y — i 7 J P J
* (r, J) - {a{g(i)]é.@(")’8[Q(j)]aQ(i)7a[Q(J)]EQ(J’)’alg(r)}%(*)} ' (4.17)

If T is continuous, then 3 some Z € & suchthat % € [§ (2)]6,;(2) N[Q (2)]%(2) .

Proof. Let 7o € 3, then there exists &;(o) € (0,1] such that [ (70)];, (7, is a NBCS of 3.
then 3 &o(f1) € (0,1] suchthat [Q (F1)l,, (s, is

&5 (7

We denote &;(7g) by €;. Let 7, € [§ (7))

éﬁ (1‘0) ?
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a NBCS of S. By (A;), (4.15) and Lemma 1.1.11,

« . [9(F0)l e, (rp) Lo
7 [¢] - “
A <‘9[c3(m]éqm>> s4A (H{an;w) < T(A Mo (o, 1)) + 084 (Fo, 1), (4.18)
where
o + 7
L. o N QU] (7) [9(7“0)]59(,:0)
M9 (7'0, 7'1) = max {87'-?7 a[;(io)]f?g("'o)’ a[é(h)]é(g("‘l)’ D) 5
and

N 7 7 7o 71
N (70,71) = min {8[90(%0)]%(;0)’8[612(7‘1)]%(;1)’ 8[Q(fl)]€Q(F1)aa[g(fo)]ég(io)} )
By (As), we have,

AO7,. = inf A7) .
( [Q(Tl)]éQ(fl)) JEQUM)]sg ) ( J)

Thus, there exists 72 € [Q (71)] such that

éq(71)

A <8[75(F1)]5Q(f1)) =A (67:21)

Then from (4.18), we have

A (OF) < T (A (Mo (R, 71))) + o8 (Fo, 1), (4.19)
where ) )
SN > L o U L
Mo (7o, 71) = maX{al«"?»aﬁi’ﬁ%, —-5—} = max {032, 02},
and

Ry (7o, 71) = min {070, 82, 670, 01 } = 0.

AR R T & |
If max {3?0 8’51} = 71, then from (4.19), we have

r1?Yre To?

A(O5) < T (A(85)) < A(dR),
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which is a contradiction. Thus, max {c’f" afl} = 8:? By (4.19), we get that

71?7712
A(95) <T(A(85))-

Next, 3¢;(F2) € (0,1] suchthat [ (72)];, () is a NBCS of 3. From (A;), (4.15) and Lemma
1.1.11, we have

N ~ [9(F2)]z, (rq) . L
A (8[;(7‘2)15_@(%2)) <4 <H[Q(f1)]égQ(i1)> < T(A (Mo (7,72))) + o8y (71, 72), (4.20)
where
oz + 87
- < - [Q(Tl)]g (#1) [9(7"2)15.(f )
S e ) — 71 QT2 71 Q"1 glm2
Mg (Tla T'Q) = max {877'2 y 6[§(f2)]ég(F2)7 a[Q(i'l )]EQ (7‘1)7 2 )
and

N1 (71, F2) = min {8[;@2)]%@2), a[é(fl)]éQ(ﬁ),3[5(;1)]%(;1),5[5@2)1%(@} .
From (A3), we have,

g (a[;(wég(f-z>> = et A (07).

jl E[g(f’Q)]éa(vFQ)

Then, there exists 75 € [§(72)] such that

&;(72)

A <8[T§<m1é§(f2)> = A(03)

From (4.20), we get

A (972) < T (A (Mo (71, 72)) + 081 (71, 72) (4.21)
where ) )
Mo (F1,72) = max {a:;,a:;,a:;, W} = max {0}},072},
and

Ry (F1,72) = min {6}2, 05}, 672,871 } = 0.

T3 Yre) YT Yry
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If max {87}, 6:2} = 02, then from (4.21), we have

T2 T3
A(972) < T(A(02)) <A (9%),

which is a contradiction. Thus, max {8’-:1 6f2} = 8:2‘ By (4.21), we get that

A(0F) < T (A () (4.22)

Continuing in the same way, we get {7,} C < suchthat 75,4, € [§ (Tzn)]ég(f%) , Fonta €

[Q (P4 1), (7pp), VR EN,
A(omn) <t (a(op,)) and A (az) <1 (a(87201)). (4.23)
Thus, from (4.23), we have

A (af'n ) <T (A (afn-l)) , for each n € N. (4.24)

Tn+1 - n

which implies that
A, )<t (a(an)) st (a(elhr)) < s (A (@)

Letting n — oo,

0% Jlim A(27,,) < Jim X7 (A (27) =0

—00
Then,
"}iillwA (87::+1> =0.
From (A;) and Lemma 1.6.4, we obtain,
lim 8i* =0. (4.25)

n—oo '+l

To prove {7,} is a CS, we suppose that 3¢ > 0, sequences {p,}o., and {gn}ne; of integers
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suchthat Vn € N,

Pn> G >N 8,”((") €, and

8”(") '<e.
Tq(n)

Thus,
£ < 5. Pp(n) < 8. Tp(n) + 0. Tp(n)-1 < 6?17(") +e

Tan) = Tp(n)-1 Ta(n) = "Tp(n)-1

Letting n — oo in (4.27), we obtain

lim 0; ) g
n—oo '4(n)

Again,
7 7o u
a Pp(n) 8]’(") 8_p(rl)+l 8'q(n)+1
Tq(n) — “Tp(n)+1 + Tq(n)+1 + Tq(n)
and
ol o o Fp(n)+1 + o O Ta(n)

Tam)+1 = Tp(n) Tq(n) Tq(n)+1"

Taking n — oo in (4.29) and (4.30), we get

llm 8?;}(n)+1

= £.
n—oo g(n)+1

From (4.15), we get

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

7 [_(}(1‘),)(")]“ 7
Foln 2 25(Tp(n)) o <
A(af”( ”‘) <AlH o T (A (Mo (Fp(m)s Tam))) + 81 (Fpn)s Fom)) » (4:32)
a(n)+1 Q) g(my), 2 Ugioy)
where
Ta(n) 57p(n) Fq(n)
o L Ty P LR I
Mg (rp(n)vrq(n)) = max 87";.(1,) +8 T (n)
[Q(f‘>q(7.)]éq(,=m)) M”v(n)]q(r'p(n))
"p(n) Ta(n)
i +a*p<n)+1

< max af‘p(n) afp(n) 8fq(n) Ta(n)+1

Ta(n) ? “Tp(n)+1" “Tq(n)+1’
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and

Fp(n) ] 6{«2(") ]

) piny s . TRl ’

. . . . 5 (Tp(n)) #Q(Tq(n))

N1 (Fp(n)) Fony) = min 6"(") T Fa(n) o
{Q( q(n) }‘Q(' ( )) [g( )P(”)] (r (“))

Tp(n)+17 “Tq(n)+17 " Tq(n)+17 ~Tp(n)+1

< min {a p(n) a. q(n) d. p(n) . Ta(n) } = Q.

Setting n — oo in (4.32), by using continuity of T, (A3), (4.24), (4.26), (4.28) and (4.31), we
get

Afe) = Tim A (877) < Tim ¥ (A (Mo (Fpqmys Tym))) + 00 = T (A(e)) < Afe),

n-00 Tq(n)+1 n—oo

a contradiction. Thus, {#,} is CS. As S is complete, so there is # € & such that lim 8" = 0.
n—o0

To prove % € [Q (é)]éq(é), we assume that 2 ¢ [Q (Z)]é i (e, 8[ZQ(E Neg: > 0), then Ing € N

and a subsequence {7, } of {,} suchthat 6;3{’“;]1 > Q, for each ni > ng. As 6[57(12;]1 - >0,
PQ ) éqlz

for each ny > ng, so from (4.15), Lemma 1.1.11 and (A;), we have

Tong +1 [!}(7‘271,\ )]ﬁ §(F2n)) 5
A [Q(é)]éQ(E) <A H[Q(z)] <Y (A (Mo (Pon,, 2 Z))) + 0%y (Pony, 2 z), (4.33)

PQ(Z
where
Ton Ton 3
ook k 9%
] ] z [g(h”")]éa("‘znu)’ [Q(z)]éQ(Z)’
S e T
gz 9(Tan o (Fgm )
g(fony
2
on >
a7k Oz
< max arznk o gz Q@)eg ) 2t
= Tong +1° [Q(Z)](Q(z) 2 !
and
Ri (Fan,,2) = min{ 80 b o o7
Y13 - Afw 5 s af <
k2 [g(m"k)]ag(f'hk)’ [Q(z)]acg(z'f [Q(z)]o‘Q(E)7 [g(”"k)]a!}(fznk)

IN

: 2n 7-27 .
min {8 ’°+1 ) 8[Q(z ]CQ(z)’a[Q(z ](Q(é)’8§2"k+l } .
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Letting k — co and using the continuity of A and T, we have

A (an(i)]éQ(z)> S T (A (a[ZQ(E)]EQ(z‘))> + 0< A (6{22(5)1569(:’)) ’

a contradiction. Then, 8[2'Q(2)]v o = 0, and so Z € [@ (5)]&3(2)' Similarly, we obtain % €
CQ 2
[§(2)]y, s). Hence, % € [S(z)] N[ (2)]

€5(%)

Example 4.4.2. Let 3 =[0,1] and 8 : § x 3 — R* be defined by 8; = |7‘ - ji, 7JeS.

er(z) - ™

Consider A, T : R* — RT as A (t) =t and Y (t) = 33¢. Here, A € Ap and T € Qs continuous.
For € € (0,1], given §,Q : ¥ — F (J) by

¢
o
IA
.
IN

Ll NI
Bl =
IN
a3
IN

IN
o~
IN
— Blse Bl B~

[SA114%3
83}
I
o~
IN

and

qﬂ!(
[aw]
IA
L
IN
5l

O
—_
=3
~—
—_
o~
~—
[l
il Wt
&l
IN
o~
IN
Sl

o
SR~
IN A
ok o~
IN A
= o

such that

3= [0, g5 and Q0

For 7#,J € $ with fl[g(i)]ég(i)
, S wi R
[Q(J)]éQ(j)

(e, ) < oo ) o ()

Therefore, the hypotheses of Theorem 4.4.1 (with ¢ = 1) are satisfied and so 0 € [§(0)]; N

(@ (0)],-

Corollary 4.4.3 Let §,Q :  — F (3) be FM and for all 7 € 3, there exist &;(7),éq(7) € (0, 1]

such that [9(7‘)]50(;), [Q (j)] o) are NBCS of 3. Assume that there exist T € Q, A € A
A 2

>0 (ie., 7 # J #0), we have,
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such that
A [g(f)]a(f) N [@(7‘)]@(,-.) .
H .°¢ >0=A[H, , .7 <T(A(Mg|7,J .
i o (g ) <3 (a0 ()

for each #,J € . If T is continuous, then 3% € & such that 2 € [§ (2)]%(5) niQ (2)]EQ(Z.) :
Proof. Take p =0 in Theorem 4.4.1. m
Corollary 4.4.4 Let § : S — F(S) be a FM and for all 7 € S, 3&4(7) € (0,1} such that
(g (f')]gg(i) is a NBCS of . Suppose that there exist T € 2, A € Aa and p > 0 such that

o, >0 =4 (B, ) <7 (4 (o () - 1),

where A
7 J
5j a[g(j)]a@(j) * 8[57(")159(*)
[

$()., ) 2 :

My (f’,j) = max 6J,8[9(T] .

and
Ny <7‘ j) = min < 9. 8‘1 s or .. o .
’ 50,00 9180911, 0y DO 5y B [

for each 7,J € §. If T is continuous, then 3% € S such that 3 € [§ (2)]é§(2) :

Proof. Setting ¢ = @ in Theorem4.4.1. =

Now, we discuss some relation of FM and set-valued maps.
Theorem 4.4.5 Let F,G : § — CB(S) be multivalued mappings. Suppose that 3T € Q,
A € Aa and p > 0 suchthat, for each 7, Jes

E& >0 = A ( gér))> <T ( (Mu (rJ))) + oR (7‘ j) , where,

& .+ 8L
o FoaF J G(J) " TF()
My (1.) = max§ 07, 85 08 o 0

and

N3 (7‘, j) = min {BF(T),Bi( Jy

o?%

() %} |

If T is continuous, then there exists € & suchthat z € F (3) N G ().

~—

94



Proof. Let &: S — (0,1] and §,Q : S — F (3) be defined by,
) { o, HAEFE) o { “), 1T
0, ifdaé¢F()), 0, ifaé¢G(F).

Then,

and

Hence, from Theorem 4.4.1, 32 € 3 suchthat £ € [§ (2)],, ;) N [@ (Degz) = F (2 ) G(3). =
Theorem" 4.4.6 Let (3,0) be a complete MLS and §,Q : § — Ag (3) be FM. Suppose
that 37T € 2, A € Aa and g > 0 suchthat, Vi, JeS

|g((r)) >0=A <300|é(8)) <T (A (M12 (f, j))) + oN4 (7‘ j)
where v
P2

Q) O (4.34)

.MIQ ('F,J) = max p pg(r), Q(j), B

and

Ry (7‘, j) - min{Pg(f),Pj 20y Py Pan } (4.35)

If T is continuous, then t32 € ¥ suchthat {3} C §(2) and {2} C Q (3).
Proof. Let 7 € S, then from Lemma 1.1.16, there is J € S such that J € [§ (7)];. Similarly,
we can find ¢ € S such that é € [Q (7)],. This implies that for every 7 € I, [§ (7)] s, @ (M)
are NBCS of 3. As &(7) = &(J) = 1,
APl < Boo]g(( 7)) for each 7#,J € S

[Q()]esy =

From (A1), we get

s (e ) <n (0, ) <0 (3 (Min (7. 9))) + o ()

95



Since [§ (7)]; € [§ (7)) for every € € (0,1],

°°|[g(r lory = 3[g(r] , for each a € (0,1].

Thus

Py < Oy, - Similarly, PGy < O, -

this implies that for each 7, Jes,

A (ﬁ[[g(g))]]ll) <Y (A (Mg (r J))) + 0%y (1‘, j) ,

where

7 J
(), + Y,

2 ?

~ 7 —_— f f' j
Mo (7.7']) = max aj7a[§(i)]17a[Q(j)]l,

and

R, (T,J> = min {8[9(,] ,3[ Q(J)),’ 6{ Q)] a[g(r)h}

By Theorem 4.4.1, we get Z € Q suchthat Z € [§(2)]; N [Q(2)],, that is, {Z} C §(Z) and
{2} cQ(z). m

Corollary 4.4.7 Let (3,0) be a complete MLS and 2,Q : 3 — Ag (Q) be FM. Suppose
that 3Y € Q, A € Aa suchthat, V7, J € G,

g(7) a(7) < < T
Ouclfy ) > 0= A (ale(j)> <T (A (M12 (rJ)))
If T is continuous, then there exists Z €  such that {z} C §(2) and {2} C Q (3).
Proof. Setting ¢ = 0 in Theorem 4.4.6. =
We denote by 5( see [[117], [124]) the multivalued map induced by §: & — F(9), ie.,

0 ={J:3 (7)) =maxa ) @)}

TSR

@

Corollary 4.4.8 Let §,Q : & — F (3) be FM such that V7 € G, E(f),Q () are NBCS of

96



§. Suppose that there exist T € 2, A € Aa and ¢ > 0 such that, for each 7, JeSg,

A > 0= A (B ) <0 (8 (M (7.9))) + s (7. T) . where

) 8’( )+6~J( y
A 7 oF J r
Mg (7,7 = max § 95,82 0F 5y, = , and (4.36)
s Ty — s 7 J 7 j
Ns (r,J) = min {agm,a %03y %5y agm}. (4.37)
If T is continuous, then there exists 2 € 3 such that §(2)(2) > §(2)(F) and Q(2)(2) >

Q(2) (7), for each 7 € Q.
Proof. From Theorem 4.4.5, 32 € § suchthat 2 € g( N @(
get, for each 7 € §, § () (2) > § (%) () and Q () (5) > Q (2) (7).
Corollary 4.4.9 Let §,Q : & — F(3) be FM such that V7
3. Suppose that there exist T € 2, A € Aa such that, for each 7 j

. From Lemma 1.1.17, we

, 9 (7),Q (¥) are NBCS of

LQ)(

O
\S

Hg((*}) >0=>A (Hg((})) <1 (A (Mg (%))

If T is continuous, then there exists Z € 3 suchthat § (2) (2) > §(2) () and Q (2) (2) > Q (%) (%),

for each 7 € 3.

Proof. Setting ¢ = 0 in Corollary 4.4.8. m
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Chapter 5

Fixed Point Theorems in Partial

b-Metric Spaces

In this chapter, we extend the concept of (T, A)-contraction by using the idea of Popescu [100] (
triangular a-orbital admissibility) and initiate the notion of generalized multivalued (o, T, A)-
contraction pair of maps. Related common fixed point theorems are established in as-complete
PbMSs. Furthermore, we introduce Cirié type rational graphic (Y, A)-contraction pair maps
and discuss corresponding CFP theorems on PbMSs endowed with a directed graph (DG). We
present examples to elaborate these results and give some applications.

Results given in this chapter have been published in ({9, 11]).

5.1 Common fixed points of (a}, T, A)-contraction multivalued
of mappings

Throughout this section, 3 # @ endowed with a PbM P, that is, (3, P,) is PbMS. Further,
in results it is considered as a complete PbMS. Unless otherwise stated. Also note that oy ;
$ x & — R{ is a function and a;|g = inf { as|; r€A jE B}. We start with the following
definitions.

Definition 5.1.1. Given s > 1and $,E: 3 — CBp, (3). The pair(S’, E) is called triangular

oz-admissible (T-o%-admissible) if:
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(7) (5‘, E) is a¥-admissible (i.e., aslg > s% implies a;|z((;)) > 2s6)

(43) as|l > s? and asli > s? imply as; > s2.

Definition 5.1.2. Given $, E : 3 — CBp, (3). The pair(S’, E) is called of-orbital admissible
(a:-O admissible) if:

2 s* and o) > s* imply a;|SE((rsz(r)) gég(r)) 2"

Definition 5.1.3. Given §,E: & — CBp, (S). The pair (5’, E) is called triangular a-orbital

O‘;K@(r) > s? and o]

admissible (T-a}-O admissible), if:
(i) (5, E) is a-O admissible;

(i1) aol] > &%, « > s% and afl’. . > s? imply azlg(j) > 5% and a;ITE(j) > 52,

*|J
sls6) o E@G) = o
Lemma 5.1.4. Given S,E : § — CBp (J). Assume that (S, E) is T-a}-O admissible and

there is 7o € O such that o > s2. Define a sequence {r,} in S by rg41 € S (re;) and

*|7:0
s S(To)
r9i+2 € F (ra;41), where ¢ € NU {0}. Then, asl:jn > s2 ¥n,m € N suchthat m > n.

Proof. Since a;]rg"(ro) = inf{asl:? 1T € S’(m)} < a,]7* > 5*, using the T-a}-O admissi-

bility of (S, E), we have

> o implies o500 <ol < agt > s
asls(ro) > s* implies aS|E(S(r0)) < a3|E(r1) <aglh >
and

|?(Tl)

* T2 T2 2
5(ry)) S Xy S slry 2 87

*|T] > 2 : *
ale(n) > s“ implies o

Thus, as|;> > s%, for each n,m € N with, m = n + 1. By the T-a*-O admissibility of (S‘, E),
we have asl: > 52, for each n,m € Nwith, m >n. m

Definition 5.1.5. Let §: S — CBp,(3). Such § is a}-Py-continuous on (CBp,(3), Hp,),

if {r,} C & suchthat asl:"ﬂ > s? for each n € Nand r € S with lim PB|/" = 0, then
n n—aoo
R A~ S(rn)
lim Hp|, =0

n—oo S(r)
Now, we initiate the notion of generalized (o, T, A)-contraction multivalued pair of map-
pings (generalized (a¥, T, A)-contraction).

Definition 5.1.6. Let S,E : 3 — CBp, (S). The pair (5’, E) is called a generalized
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(af, T, A)-contraction if 3T € Q and A € Aa suchthat for r,j € S, as|;~ > §2

.~ 18() .18
s H <T(A INE 5.1
a [} > 0= & (ad; fin)) ) £ (A (Mus (1) 6.
where ;
, Dp,|zy + Dpl%
N T T 7 (J) b S(T)
My (T,])—maX{Pb[]'aDP,,|S(T),DP,,|E(].), 242 . (52)

Let us define the follwing conditions:
(01) $ and E are a*- P,-continuous.
(62) If {r,} C $ suchthat as|::+1 > 2 for each n € N and r, — r* € § as n — 00, then 3
a subsequence {rn(k)} of {r,} suchthat as|:7(k) > s, Vk e N.
Theorem 5.1.7. Let $,E: 3 — CBp, (3). Suppose that
(i) (Y, d) is an as-complete PbMS;
(i) (S, E) is a generalized (a®, T, A)-contraction;
(iii) (3, E) is T-a*-O admissible;
(

*|T0 > g2,
3lsry =

iv) there exists ry € J such that «
(v) (a) condition (O}) holds;
(b) condition (Og) holds.

If T is continuous, then § and E have a CFP, say r* € .

Proof. (a) Let rg € I be such that a;|g’(r0) > s2. Choose r; € S(rg) such that g > 52
and 7] # rg. Since,

g(ro)

1 < & ]
Dr g < HP”’E(H)

Since A is nondecreasing, we have,

A

0<A (prrl ) <A (Hpb

S(ro) o 5 3(ro)
E(r1) 1 > <A (QSIT(; Hr, ) ' 53

E(r)

By (A3), A (DP')VE}(n)) = inf, g A (Pb|;1>. Thus, there exists 75 € E(r1) such that

A (pr@(n)) =A (Pb|:;) . Then from (5.3), we have,

S(ro)

A(P7L) <A (HPb

S(r°)> . (5.4)

<Al a®H
)‘ (a I HA g

E(r1)
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Thus (5.4),

o 7 S(ro)
0<A (Pb|:;) <A <03!r? Hp, E(m)) < T (A (Mia(ro,m))), (5-5)
where
DP'|;‘§ + DPb‘g‘I
r " r b T (ro)
M14 (7’0,7‘1) = max{PbL?, DP;, 50(7,0)7 Pbll:?](rl)’ ( 1)282 -
Dalf, * A
7 r »'E(r1) n
e
<

max{p,,|:g , pr@(rl)}.
If max{Pb|:‘l’ , pr|rE.‘(n)} = Dp, E(rl), then from (5.5), we have
A(RD) < T(A(R)) <A (B,
which is a contradiction. Thus, max { P, DP"|TE}(r1)} = Py;°. By (5.5), we get that

A(Rl) < T (A(RIY)) -

Similarly, for 7, € E (r;) and r3 € S (r3). We have

B A B0
9 _ 2 1
A(RIZ) = A(DRIg,,) <A (HP" A(m)) =4 <a3|” Hr, S(rz))
< T(A(Mus(r,m) < T (A(B)).
This implies that
A(RIZ) T (A(BIR))- (5:6)

Thus we are able to build a sequence {r,} in § such that ro;41 € S (ro;) and roi4o € E (roi+1),

i=012.. a;|;°( > s? and (S', E) is T-a:-O admissible. By Lemma 5.1.4, we have

7o)
> 52, for each n € N. For i € N, we have,

Tn

3|7‘n+1

0<A (Pb|’2i+1> <A (asr% Hp,|5) ) <Y (A (Mg (125, 72i41))) » (5.7)

T2i+2 T2i+1 E(raii1)
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where

72 |T2i+l

Dp,|} Dp,|3
b E(r ) 418 (rai)
T2i4+1 2i+1 21
Mg (7‘22',7"214_1) = max Pb|7'2;+1 ’ DP" r2:) DPb| E(raiy1)’ 252
T2 T2it1
< ax{ By | By|ra+ Pb|T2i+2 + Pb|r21‘+1
- blrgizr r Fblrgiyqg 252
21 T2i+1
< max { Rl P,,jrm} .

If max { Py|r2 Pblm“} P72+ "then from (5.7) we have

T2i4+1 " T2i+2 T2i+2

A(Rlzn) st (a(Bizn)) <a(pizs),

Pblr21+l} = B,|’* . By (5.7), we get that

T2i42 T2i4+1

724
Pb T2i+1 )) )

which is a contradiction. Thus, max { B2 roret

ARz <1 (a(

This implies that
A(Rlzs) <1 (A(BIz,)), meNU{o},
Thus
APz ) <Y (A(RIZ,,)) ST2(A(RIZ) < < T (A (RED)).
Letting n — oo in the above inequality, we obtain

0< lim A(prwl) < lim Y™ (A(B)) =0,

implies
lim A (Pb|’2"+1> —0.

T2n+2

From (A2) and Lemma 1.6.4, we get

3 T2n+1
nh—r>noo Pb|r2 2 =0.
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We will show that {r,} is CS. We assume that {r,} is not CS, then there exist € > 0 and a

- o0 ~ o0}
sequence {hn} and {In} such that for every n € N, h, > I, > n with Pb|r';((")) > €,
n=1 n=1
P, |r7((")) ' < . Therefore,
h(n) h(n) h(n) 1 h(n) 1
£ < P|Tl( Wy — [P|’"h(n) 1+ P|r1() } P|’"h(n) 1 (5'9)
h(n) h(n) 1 h(n)
< [PIT;;(n) 1+P|’"l( ) ] <S€+8P|Th (n)—-1"
Taking n — oo in (5.9) we get
£ < hm Pb|r'l(") < se. (5.10)
From triangular inequality, we have
h(n) h(n) h(n)+1 h(ﬂ)+1
P|TI( y — [P |’h( )+1 + B |’l(n) ]_ |rh(n)+l (5'11)
h(n) h(n)+1
S [‘P lrh( ) +1 + |T,( ') ]’
and
h(n)+l h(n) h(n) T;L(n)
P Il"l( ) S S[ |Th(n)+1 + P |T‘I( } Pb|ril,(n) (512)
h(n) h(n)
S 8[ Irh(n)+1 + B ITI( )]
Setting n — oo in (5.11) and using (5.8), (5.10), we get
g < hrn sup P, |T';((n>) <s ( hm sup P, fr','((;')“> )
Again, Setting n — oo in (5.12) yields that
€ < lim sup P, r"(")“ <s hm sup PbITh(" < s.5e = s%.
nes00 i(n) ()
Thus
€ .
- < lim sup P, | < g2 (5.13)
S n— i(n)

103



Similarly,

£ < hm sup Pb|r"(") < s%. (65.14)
s

n— I(n)+1 —

By triangular inequality, we have

h(") 1 h(n) 1 h(n) h(n)
|T1(n)+1 < [P |rh(") + P, lr,( )+1] - |rh(n) (515)
h(n) 1 l( )
< slBrlrgy + Bl

On letting n — oo in (5.15) and using (5.8) and (5.14), we get

hm sup Pblrh(”) ' < 3. (5.16)

I(n)+1 —

From (5.1), we get,

A (@l B ) <Al A, S<r'(’l)>> <Y (& (Mt (rhyoromin)))

i(n) I(n)+1 il r
h(n)-1
(5.17)
where,
Th(n)-1 "in) Th(n)-1
n T n)—
Pb"l‘l DPb|V 7DP;,|A bl
(n) Slr. E(Tﬁ.(n)—l)
Mg (7 ) = . o
14 h(n)—l’/r[(n) = max DPI‘ i(n) +DP[ 7}3,(7:.)—1
E(riz,(n)—l) 5(7[.("))
252
P| )L(n) 1 I I(n) D Til(rz)—l
Tl(n) ! b T,( n)+1 ) b iL(n) ’
< max Dp, | '(”)+Dl’b| A(n)-1
"h(n) (n)+1
252

Taking the limit as n — oo and using (5.8), (5.10) and (5.16), we get

. s + s%¢ s3e + 53¢
nan;o sup My (r;l(n)_l,ri(n)) < max {5, T} < max {5, e (T se.
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T.
From (5.14), (A2), and by Lemma 1.6.4 since aslr'l_’(("))” > 52, we get

Mse) = AGt) < A (@l sup R ) < Y (A (Mae (a1 )p19)

< Y (A(se)) < A(se).

a contradiction. Hence, {r,} is CS in (3, P) and from Lemma 1.2.9, in the bMS (S, 0p,). By
Lemma 1.2.9, the as-completeness of the PbMS (S, P,) implies the a,-completeness of the bMS

(3,0p,)- So there exists 7* € < such that

lim Op, |t = 0. (5.19)
n—eo
Because of Lemma 1.2.9, we have
lim Py[lt = B[l = lim Pfl" =0. (5.20)
Hence,
lim P =0, (5.21)
n—00
which implies,
lim P2 = lim P[[¥** = 0. (5.22)
n—ooo n—oo
. A . . ~ S‘(’"21'+1)
Since S is an a}-Py-continuous, lim Hp,| = 0. Thus
n—oo
B ) A S(T2i+1)
T — 1 T2i4+2 : —
Drlsee) = lim, Drlgg.y < lim Helg ’

and so, r* € § (r*) and similarly, 7* € E (r*). Then S and E have a CFP r* € 3.

(b) From (a), we constructed a sequence {r,} in $ defined by rg;1; € 5”(7“21) and roj4o €

E (roi41) with as}::H > 52, for each n € NU{0}. Also, {r,} converges to r* € 3, and there is

a subsequence {rn(k)} of {r,} suchthat as|:'f(k) > s? for every k. Thus,

T -~ S(r211(k)) T ~ g(r2n(k))
20 (k)+1 20 (k)
A(pr|E(r,) ) < A(Hpb‘é(“) ) 3A<as|rt )Hpb’E(r‘) ) (5.23)
S T(A (M14 (Tgn(k),’r‘*))),

105



where,

Pb|7‘3"(k) K DPb|T‘2”(k) ) 3 DPb'%‘(rt) b

s S(r27l(k)
Mg ("'Qn(k)’ T‘*) = 1max DI),,,,E("(:;)‘*‘D/%'? )
r 2 "2 (k)
252
T n r ? ¢ y
Pyl ™ Polrgnt o1 » DR ey
< ma. T2n *
= X pr|;(7,gk))+DPb|S(r2"(k))
2s
Since
DP |TA21L(k) + DP |rt D |r: + P|T‘*
lim su ol E(r) b5 (rank)) < P EG) o
k—00 p 252 h 282 ’

by letting k — oo, we have kli_ian14 (Ton@), ™) = DP&I%(T*)‘ Suppose that pr]%(r,) > 0.
From (5.23),

A(DALES™) < (A (Mis (rany, ) (5.24)

Letting k — oo in (5.24) and by (A3) and continuity of T,

A (pr|’Ef(r.)) <T (A (prag(r,))) <A (DP,,IE(T*)) ,

a contradiction. Thus, we obtain, 7* € E(r*). Similarly we can show that r* € §(r*).
Therefore S and E have a CFP r* € S. =

Corollary 5.1.8. Let £: & — CBp, (3). Suppose that:
(1) (S, By) is an as-complete PbMS;
(ii) E is a generalized (o, T, A)-contraction, that is, if there exist T €  and A € Aa such
that, for r,j € S, QSI; > 52,
E(r)

A ) < T (A (Mg (r,5))), whers,

Hp, (E (r),E(j)) >0=A <as|; Ap, It

T J
j D, g + DPb|E(r)

E@)’ 252

MIS (Taj):max Pb|§7DPbI%‘(,.)7DB,

iii) £ is T-a*-0 admissible;
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(iv) there exists rp € S such that « |5’(m) > 52
(v) (a) E is an a*-Py-continuous;
(b) condition (Oz) holds.
If T is continuous, then E hasa FP r* € §.

Proof. Take § = E in Theorem 5.1.7. ®

Example 5.1.9. Let 3 = [0,1]. Take P, : § x & — R by By} = |r — j[* + (max {r,j}),
for each r,j € 3. Clearly, (3, P,) is a complete PbMS with s = 4. Define A, T : Rt — R* by
A(t) =tet, T (t) = 2% Then A € A and T € Q is continuous. Define S, E : & — CBp, (3)

200 -
by
A ifo<r<t .
S(r)= {roto } = =2 and E(r)={0}, foreachre
{1y, ifz<r<i

Also, we define the function o, : O x § — Rg by

52 if0§r,j§%

r ?

0, otherwise.

Tn

If the sequence {r,} is CS with oyl > s? for each integer, then {r,} C [0,3]. Since

([0, 5] ,Pb) is a complete PbMS, {r,} converges in [0, 2] C . Thus (3, Py) is an a,-complete

PbMS. Let a;[g( > s? and a;|rE-( s?, thus r € [0,3] and S(r), E(r) € [0,1] and so

82 (1) — & 2 «8(r) 2 E(r) 5 g2
SA(TA) S’(S( )) E2(r) = (E(r)) [0,1], then a i )>3 and o} |S2() s°. Thus,
(S, E) is a}-O admissible. Let 7, j € < be such that as| > 52 s[]( N

> s? and o |J,(j)zs.
> s2. Then, (S, E) is T-a;-O admissible. Let {r,} be a CS

Clearly, a5, > s* and ajlp )

so that lim By’ =0 and aslt, > s% for each n € N. Hence {r,} C [O, %] for all n € N.
E(rn) S ”
Then hm Hp, ’E( , = lim {EO?O 1p, }{220())0 = 0. Hence F is an «}-P,—continuous.

Slmllarly, S is an a}-Py,—continuous. Let rg = %. Then

1 1
%1 _ 1 2
a5|§(%) - a5|40800 2 s
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Let r,j € S be such that a3|; > s2 Thenr,j€ [O, %] . Vr, j are nonzero and r < 7,
S(T) {1000 8r 2 ( 8r )2
= = 16
E(j)> A (s ans ) A < “ 1o00| + \ 1000
8r |2 8r \?
- A<16 UIOOO * <1ooo> D

() Tt ] BT )

A <a3|; f]pb

1000
< ;gg [) _Jl + (max {r, j})q e(%[lr_jlzﬂmax{r’j})z])
C I ) < B e
= ;gg (Mia(r,7)) = T (A (Maa (1,5))).

Thus all the conditions of Theorem 5.1.7 hold. Then, $ and E have a CFP.

Definition 5.1.10. Let (3, P,) be a PbMS. Given o, : § x $ — Rf and $,6 : & —
CBp, (9). <5’, E’) is called an (aZ, T, A)-contraction if there exist T € Q and A € Ap such that
forr,j €S, as|; > §2,

Ap,

S(r) -~ 18(r
. >0=A <a5| Hpb _
E(5) J

J

Theorem 5.1.11. Let S, £ : 3 — CBp, (3). Suppose that:
(i) (3, Py, s) is an as-complete PbMS;
(i) (S, E) is an (o, T, A)-contraction;
(iii) (3, E) is T-a*-O admissible;

(iv) there exists rg €  such that o f’(ro) > s%
(v) (a) condition (O1) holds.

(b) condition (O3) holds.

If Y is continuous, then S and E have a CFP r* € &
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Corollary 5.1.12. Let (Y,dpb) be a bMS. Given S, E:Y —CB, (Y) Suppose that:
(i) (Y, dpb) is an ag-complete bMS;
(ii) (S, E) is an (af, T, A)-contraction with respect to Y;
(iii) (S, E) is T-a*-O admissible;
(iv) there exists o € Y such that o ?(go) > 5%
(v) (a) S and E are a}-dp,-continuous.
(b) If {gn} C Y suchthat as|g:+l > 52, ¥n e Nand ¢, — ¢* € Y as n — o0, then 3 {g]n(k)}
of {yn} suchthat as|§f(k) > s?Vk e N.
If T is continuous, then 3 a CFP y* € ¥ of S and E.
Proof. Take Py|; =0, for each r € S in Theorem 5.1.7. ®
Theorem 5.1.13 Let S, E : 3 — CBp, (3). Suppose that:
(i) (3, By) is an as-complete PbMS;
(ii) If there exist 6 € = and k € (0,1) suchthat, Vr,j € S, a|} > 52,

5(r)

50 A >§[0(M14(r,j))]k3

Hpb 5G) >0=16 (Ocs|; Hpb

E(j)

(iii) (3, E) is T-a?-O admissible;
(iv) there exists rg € ¥ such that a;‘|g"(ro) > 5%
(v) (a) condition (O1) holds;
(b) condition (O3) holds.
Then § and E have a CFP r* € §.
Proof. Set T (s) = ks and A (¢) =In(6 (<)) in Theorem 5.1.7. ®
Theorem 5.1.14 Let 5, £ : 3 — CBp, (). Assume that:
(1) (S, By) is an ag-complete PbMS;
(ii) there exist F € F* and 9 > 0 such that, for each ,j € S, as|; > 52,
S(r)

N 4 . S(r)
th L >0=9+F as|r.Hpb
E() J

o ) < F (Mg (7))

(iii) (S, E) is T-a*-O admissiblee;
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(iv) there exists g € S such that « | o) > s?;

(v) (a) condition (O;) holds;

(b) condition (O3) holds.
Then S and E have a CFP r* € &
Proof. Set T (c) =e s and A(5) = ¥ ©) in Theorem 5.1.7. ®
Theorem 5.1.15 Let §,E : § — CBp, (3). Assume that:

(i) (3, By) is an ag-complete PbMS;

(ii) If for all r,j € G, as|; > 52,

S
asi th 50 ) B(Mig(r,5)) Mya(r,j) and

8: R} — [0,1) is suchthat TE} B(r) < 1 for every t € Ry;
(iii) (3, E) is T-a?-O admissible;
(iv) there exists 19 € S such that as|5( o) > s?
(v) (a) condition (Oj) holds;
(b) condition (Oy) holds.

Then $ and E have a CFP r* € 3.

Proof. Set T (¢} =8(¢)s and A(¢) =< in Theorem 5.1.7. m

5.2 Some common fixed point theorems for singlevalued map-
pings

Here, we introduce some FP theorems for self-mappings.

Definition 5.2.1. Let S’,E : 3 — 3. The pair (S’, E) is called a generalized (as, T, A)-

contraction if 31 € ) and A € Aa suchthat Vr, j € G, with as|; > 52

2} |}53((r) >0=A (asl 15 ls(r)) T (A (Mas (. 5)))

B\ + Bl
. . - ; ) S(r
Mg (7”7]):maX{Pbb'vPb'S(r)’Pb|]E(j)’ 252 e
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Theorem 5.2.2. Let S, E: S — $. Assume that:
(i) (S, By) is an ag-complete PbMS;
(i) (8, E) is a generalized (o, T, A)-contraction;

iii) (8, E) is T-a,-O admissible;

2

iv) there exists 1y € & such that as| Stro) 2 >s

v)

a) S and E are s~ Py-continuous.

b) condition (Og) holds.

If Y is continuous, then S and E have a CFP r* € §

Corollary 5.2.3. Let (3, X, F;) be an ordered complete PbMS. Assume that SE:3—¢
are weakly increasing maps [i.e., $(r) < E (S’(r)) and E(j) < § (E(])) hold for all r,j € S|
and satisfy:

(i) if 3T € @ and A € Aa suchthat V comparable r,j € G, (i.e,r < jorj <r),

Py} S )) >0=>A(Pbl;((’")) T (A (Mg (7,5))) 5

(ii) there exists rg € 3 such that rg < Sro;
(iii) (a) either, £ or § is continuous.
(b) If {r,} C 9 is a non-decreasing suchthat r,, — r* € § as n — oo, then 3 {rn(k)} of {rn}
suchthat 4y X 7* vk € N.
If Y is continuous, then § and E have a CFP r* €

Proof. Taking

s2

T b

r=Xjorj=xr,

0, otherwise.

in Theorem 5.1.7. m
Jachymski [67] introduced G-contraction on MSs.
Definition 5.2.4. [67] 5: 3 — & is said a G-contraction if

rJj €3, (rj) € E(G) = (5(r),5(j) € E(G)
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and there exists A € (0,1) suchthat

ri €S, (rnj) e BC) = agéj)) <A

Definition 5.2.5.[67] A mapping S : 3 — S is said a G-continuous, if given r € & and sequence
{r,} suchthat r, — 7, as n — oo and (7, 7n41) € E(G) for all n € N, implies S (r,) — S (r).
Corollary 5.2.6. Let (‘\‘s, G’, Pb> be a complete PbMS endowed with a graph G. Suppose that
S,E:3-¢ satisfy:

(i) if there exist YT € Q and A € Aa such that, for all . j € S, with (r, j) € E(G),

P|( >0:>A(p|z((r))> T (A (Mg (r,5)));

(i) for .5 € S, (r,§) € E(G) implies (S ( r)}) ) and (E(5), S (E(j))) € EG));
(iil) there exists rg € S such that (7’0, S( )) (C’
(iv) (a) either E or S is G-continuous.
(b) If {r,} C S suchthat (rn,rm11) € E(G) and 7, — 7™* € S as n — o0, then 3 {rn(k)} of
{rn} suchthat (rn(k),r*) e E(G) vk e N.

If T is continuous. Then S and E have a CFP r* € §

Proof. Taking,

as|j =

. st () e B@G),
0, otherwise.
in Theorem 5.1.7. =
Corollary 5.2.7. Let S’, E : 3 — $ be suchthat:

(i) there exist T € © and A € Aa such that for r,j € G,

Pbls(r >0= A (P @((r)) T (A (Mg (r2)));

(ii) £ and § are P,-continuous.
If Y is continuous, then § and E have a CFP,say r* € &

Proof. The proof follows immediately from the proof of Theorem 5.1.7. m
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5.3 Application to functional equations

Here, we investigate the existence of the common solution of functional equations (FEs) arising
in dynamic programming (DP) by applying obtained results in the section 5.1. Consider ¥ and
€ two Banach spaces, Z C¥, F C€ and

w . ZIxF—2Z
&n : ZxF—R

I,C : ZxFxR—R

For more details, see ({47, 48, 49, 96]), where Z is the state space and F is the decision space.
The problem of related DP is reduced to solve the FEs

p(r) = sgjg{ﬁ(r,j) +T(r,5,p(@(r, )}, forre Z (5.25)
q(r) = Sélg{ﬁ(ﬁj) +Q(r,5,q(@(r, )}, forr e Z. (5.26)

Here, we show that the Equations (5.25) and (5.26) have at most one common and bounded

solution. Define P, : B(Z) x B(Z) — RY by

Pyly =sup|h(r) = k(n)]* + L, L>0, (5.27)
TGZ

for every h,k € B(Z), (where, B(Z) is the class of all bounded real valued functions on Z).

Suppose that:

(B1): T',¢, € and 7 are continuous and bounded;
(B2):Forr € Z, h € B(Z), define E, A : B(Z) — B(Z) by

E(h(r)) = supjez{&(r,5) + T(r,j, h(w(r, j)}, (5.28)
A(h(r)) = supjer{n(r,j) + Cr.J, h(w(r,5)))}. (5.29)
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Moreover, for every (r,j) € Z x F, h,k € B(Z), t € Z and o > 0 implies

ID(r, 3, h(8)) = C(r, , k(8)) 2 < 21 “"(’i(ot)’ K _, (5.30)

whéré

Pl + Pl
h k Alk E(h(t)
Mus((h(t), k() = max{ Bl , Polponyy » Poliacuey o LY

Theorem 5.3.1 Assume that the conditions (B1) and (B2) hold. Then Equations (5.25) éand
(5.26) have a common and bounded solution in B(Z).
Proof. Obviously, (B(Z),P,) is a complete PbMS (s = 4). From (Bl), (B2), E, A :
B(Z) — B(Z). Given A > 0 and hy, hy € B(Z). Select r € Z and j3,j2 € F such that

E(h) < &r,g1) +T(r, g1, ha(w(r, 1)) + A (5.31)

A(h2) < 5(7'7.7.2) +C(T‘,j2,h2(ﬁ(’f‘,j2)) + A. (532)
Further from (5.31) and (5.32), we have

E (hy)

v

§(r,j2) + L'(r, g2, hi(w(r, j2)) (5.33)
A(hg) > &(r, 1) + C(r, J1, ha(wo(r, j1)). (5.34)

Then (5.31) and (5.34) together with (5.30) imply,

E(hi(r)) = A(ho(r)) < T(rj1, hi(w(r,51))) — C(r, j1, ha(w(r, j1))) + A (5.35)
)

[T(r, j1, ha(w(r, 51))) — C(r, j1, he(w(r, 1)) + A
\/9M16(h1(7’), ha(r))

IN

-0+ A

10
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Then (5.32) and (5.33) together with (5.30) imply

L(r, jo, hi(w(r, j2)) — C(r, jo, ha(w(r, j2)) + A (5.36)

< |D(r, jo, ha(w(r, j2)) — C(r, ja, ha(w(r, j2))| + A

\/gMIS(hl(T)v ha(r))
10

A(ha(r)) — E (ha(r))

AN

N

— 0+ A

where,

Pl + Pl gy
r hi(r ha(r T Eh T
Mug((ha(r), ha(r)) = max{ B3, BoIEG) ) Poliathny s —ga— 1

From (5.35) and (5.36) and since A > 0 is arbitrary, we obtain

IE(hl(r)) — A(hg(r))l < \/9M16(h11(g),h2(7')) .,

Thus,

< IMig(hi(r), h2(7")).

| (h(r) — A(ha(r)|* + 0 < 5 (5.37)

The inequality Equation (5.37) implies

E((r) < IM6(hi(r), h2(7"))'

Pyl aha(r) < 10

(5.38)

Taking A (t) =t and T (¢) = % for ¢ > 0, we get

A (Plgmn) < T (Mig(ha(r), ha(r)).-

Thus, by Corollary 5.2.7, E and A have a CFP, say h* € B(Z), and so, Equations (5.25) and

(5.26) have a common solution, say h*(r). =

5.4 Common fixed points of Ciri¢ type graphic (T, A)-contractions

Throughout this section, we denote by A the diagonal of 3 x S and by Fp (S’) the set of all FP
of §. Consider a DG G which has no parallel edges suchthat the set V(&) of its vertices coincides
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with a PbMS (3, P,) (i.e., V(@) := ) and the set of its edges (E(G) = {(r,7) : (r,5) € S x §})
is such that A C E(G). Then, G is identify by the pair (V(G), E(G)).
Property (C*): If for any {r,} C V(G) with r, — 7 as n — 00, (n,7ns1) € E(G) for n € N
= 3 a subsequence {rn(k)} of {r,} with an edge between 7,y and r for k € N.

Here, G is a weighted graph suchthat the weight of each vertex r is P, (r, ), and the weight
of every edge (r,j) is P, (r, 7). Since (3, P,) is a PbMS, the weight assigned to each vertex r
need not to be zero, and whenever a zero weight is assigned to some edge (r, j), it reduces to a
loop (r, 7).
In this section, we introduce Ciri¢ type rational graphic (Y, A)-contraction pair of maps (CTRG
(T, A)-contraction pair of maps) and provide corresponding CFP theorems. Here, W(r) is the
weight assigned to the vertex r, W ((r, 7)) is the weight assigned to the edge (r, j) and (3, F})
is a PbMS endowed with a DG C, (s > 1). Further, in results it is considered as a complete
PbMS. Unless otherwise stated.
Definition 5.5.1 Let 5, F : 3 — . The pair (S’, E) is a CTRG (T, A)-contraction pair, if:
(1) for each vertex v € G, (v, S (v)), (v, E (v)) € E(G);
(2) there exists T € Q and A € Aa such that for each r1,ry € S, with (r1,75) € E(G) and
S(r1) # E (), we have

A(s RIETY < TIA (Mar (11, m2))] (5.39)
where,
. Pl RIS
P Pl Pl =t
Mz (r1,72) = max Pblb(12)<1+P n (5.40)
S(rq
1+ P[71

Remark 5.5.2 If $ = E, then § is a CTRG (Y, A)-contraction.

Theorem 5.5.3 Let 5, F : & — & be maps such that (S’, E’) is a CTRG (T, A)-contraction
pair. If T is continuous, then:

(a) Fp(S) # 0 or Fp(E) # 0 if and only if Fp(8)NFp(E) #

(b) if r* € Fp(S) N Fp(E), then W (r*) = 0;

(c) Fp(g) N FP(E) # (), provided that G satisfies property (C*);
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(d) Fp(S) N Fp(E) is a complete set if and only if Fp(S) N Fp(E) is a unit set

Proof. (a) Let Fp(S) # 0, so 3 7* € Fp(S5). Then 3 an edge between 7* and § (r*), so
(r*, 8 (r*)) € E(G). We shall show that r* € Fp(E), that is, W ((r*,E(r*))) = 0. Assume
on the contrary that W ((r*,E’(r*))) # 0. Since (r*, E (r*)) € E(G) and (5‘, E) is a CTRG

(Y, A)-contraction pair, so from (5.39),

(A1) <A (- B < T,

where
. « P o+ Pl
r r T E(r*) S(r*
M ( . *) Pb|r‘ ’ Pb|5(7. Pb|E(r » 952 a P |,rx
17 {r*,r*) = max = Byl n
’ P, )(1+P’|s< 5) E)
1+ Py«
Thus,

Hence,

Conversely, let Fp(S)N Fp(E) # 0. So there exists r* € S such that r* € Fp(S) N Fp(E), then
r* € Fp(S) and r* € Fp(E).

(b) Let 7* € Fp(S) N Fp(E). Assume on the contrary that W (r*) # 0. Since (r*,7*) € E(G)
and (5’, E’) is a CTRG (T, A)-contraction pair, we obtain

A(RIZ) <A (s BRI ) < TIA M (7)),
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where

. Pyl oyt Pl

., BT " byt Polsge)
7‘* ’ S(r* )’ blEE=y» 252 ’
Moz (r*, %) = .
17 (%, %) Pb|F(T (1+P,,|5(1,))
1+ P
Pyliat Pyl
LB, B, et ,
= — Pl’l‘
Pbl ; 1+Pb| blpx -
1+P(|

It implies that
A(R) < [a(BIE)] <A (A7),

a contradiction. Then, W ((r*,r*)) = 0.

(c) Let 1o € S. If rg € Fp(S) or 79 € Fp(E), then from (a) the proof is finished. Assume
that 7o ¢ Fp(S), then §(rg) # 9. Since there is an edge between S (rg) and 7y that is,
(TO,S'(TO)> € E(G), this implies that there is $(rg) = r; € & such that (rg,7) € E(G).
Similarly, (rl,E(rl)) € E(Q) implies (r1,r3) € E(G). Thus, we obtain a sequence {rn} C S
suchthat (r,, rn41) € E(G),

3 (T2n) = Tont1 and, ropq0 = E (ron+1) for each n € N.

If W ((rgm, ram+1)) = 0 for m € N, then ro,, = romy = S’(rgm), thus rg,, € Fp(S'), and from
(a), rom € Fp(S’)ﬂFp(E). Hence there is nothing to prove. Suppose, that W {(rop, r2p+1)) # 0
for every n € N, that is, ro, # ro,41 for every n € N. From (5.39),

A (Pblrznﬂ) <A (S Pb|r2"+1) = (s P, |S(T21

Tans2 T2n+2 T2n+1)

) ST (A Mg (ran,ran))), (5.41)
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where,

Mz (Ton, Tons1) =

If max { Py|i2n | Py|T2n !

Ton+1? T2n+2

A(P,,|

a contradiction. Then, max { P,

A (B

T2n+2

By (A1), we have

Analogously,

T2n
Pblg(rzn) 3 Pb E(m" ) y 252
+

2 |7'2n+1 <1+ Pbl"Zn )

m2n

Pyl

TIn+1
S(ran)

|T2n+1 Y E(rans1)

)ST(A(PI,|

" B(rant1) 5(ran)
1+ Pb”-%fiﬂ
) r
7‘2 7 Pb|:2n+1 : Pbl'r%:in;_Pbl il
n+1 2n+2 8
s (Rl )
1+Pb'1-311+1

b

. Then from (5.41) we have,

)ST(A(P,,|

T2n+1 T2n+1
T2n+2)> <A (Pb'7'2n+2> ’

"2~ and

T2n+1

T2n+1

for each n € N.

< Pyl for each n € N.

T2n+1

)

)) <A (Pb|r2" ) , for each n € N.

From (5.43) and (5.44), we conclude that { Py|>**'} is a decreasingsequence and

A(Rlz,) <Y (A (R

Similarly, one gets

A (P,,|:§;:;) <T (A (P,,|

T2n

) <1 (A(AF2)) < ST (A (RID).

B < . < THH (A (BY)).

b

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)



Letting n — oo in (5.45) and (5.46), we get

0< Jlim A(RE,) < lim X7 (A(RIR)) =0

Tn+1

thus,

Tn+1

lim A(Pb|’" ) 0.

From (A2) and Lemma 1.6.4, we get

Tn
hm Pb | Tn+1 -

Further, from (Py;) we have
lim P’ =0.
n—ioo n

(5.47)

(5.48)

To prove that {r,} is CS in (S, P,), we assume the contrary, that is, there exist ¢ > 0 and

{in}w C N and {Bn}w C Nsuchthat

n=1 n=1

for every n € N, h >I > n, Pb]r),'((n) 2 €, P|’"’;((n))1<5'

. Therefore,

™
IA

h(n) h(n) l(n) 1 _ l(n) 1
By |T1( ) = {P 'Tl( y-1 + P|T/( ) } |’l(n) 1

(AN

h(n) I(n) 1 I(n
[P|’l( o T P|"r< ) ] < 86+3P|’:<m

Letting n — oo in (5.49), we get

e < hm Pb|r',’((")) < sE.

By (Pp4), we have

+ P |rh(u +l] P |Th(11)+l [P |rh(11 + Irh(71)+l]’

I(n) h(n)+1 — h{n)+1 I(n)

h(n) h(n
P |’"/( ) < S[Pirh(n)+l
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(5.49)

(5.50)

(5.51)



and
P |rh(")+l [P |rh(n) + P ’r;(::)] _ P |rh(n) [P |rh(n) + P |rh(n)].

iny = h(n)+1 R(n) — h(n)+1 i(n)

Taking n — oo in (5.51) and using (5.47), (5.50), we obtain

£ < llm sup ber’;((")) <s ( hm sup P, IT'I‘((Z))“) )

Again, Taking n — oo in (5.52), we get

rl( n) I(n)

E : Tn (n
< lim sup B < s ( lim sup Byj )> < s%.
S n—oo

Thus
i< hm sup P, |r';<(”))+l < s%.
Similarly,
< h(n) 2
< nhm sup P, ITI.(”)+1 < s%e

By (Py), we have

Th(n)+1 Th(n)+1 Thn) h(f) Th(n)+1 Thin)
Pb'rr:(n): < [P’T;Z(:) + Pi’l() 1] P|Th(L) - S[P|T)(1 + PITI(n) 1
S S[P |7-h(")+1 + 5].

h(n}
Letting n — oo in (5.55) and using (5.47), we have

hm sup P, lr',’((")”: < se.

From (5.39), we get

0<A (s P, |r);(("))+l) <A (s Pb|i((:’:((:)))—l)> <7T (A <M17 (Tﬁ(n)’ri(n)—l)>) )
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(5.52)

(5.53)

(5.1)

(5.55)

(5.56)

(5.57)



where

P R
Pb[r’,.(:l) L Pbi "R A ; J( l(7l)712)sr : (Th(")) ,
R (T E(r,-(")_l)
Mz (rﬁ(n),rl-(n)_J = 1max ( . ) >
el )
"h(n)
1+P,,|,"(")

I(n)-1 /

Thn) Th(n) I_(n)—]
P |Tl( ) 1! l‘!‘h(")_H ’ |7‘].(ﬂ)
max A(n) Tim-1 p, Ty (4 Py |
P |’1( )+P| A(n)+1 I f(n)—1 + Pl Th(n)+1
252

b

IA

h (n)
I(n)-1

1+Pb|r

Taking n — oo and using (5.47), (5.50), (5.53) and (5.56), we get

» ™
A

. se + 8€
i sup Miz (’"fz(nv Ti(n)-l) = max {6’ _232_}

ma 2s¢e ma{ 6}__
X 6’252 X " =¢.

I
o
|

Thus,

AE) = A2 <A (s lim sup B ) < lim T (A (Mur (73 i) ) ) (5:58)
T (A(e)) < Afe),

IN

a contradiction. Hence, {r,} is CSin (3, F;) and from Lemma 1.2.9, in the bMS (3, dp,). Since
(S, Py) is a complete PbMS, by Lemma 1.2.9, (3,dp,) is a complete bMS. Therefore, Ir* € §
suchthat

=0. (5.59)

llrn Op, |

Again, by Lemma 1.2.9,

Tn

"= lim By =0. (5.60)
n—oo mi

Now, we show that r* € Fp(S), that is, W (r*,é(r*)) = (). Assume that Pb|g(r,) > 0. If
rons1 € V(Q), n € N, Hence (rant1, ransa) = (7”2n+17E(C2n+1)> € E(G). From property

(C*), there exists a subsequence {ro,k)41} Of {ron+1} with an edge between ro,(5)1; and r*
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for k € N. Using (5.39), one gets

S(r*) ) < A S(r*)
s 5.61
( b|r2n(k )+2 - blE(T21L(k)+1) ( )
T ™ Ton(k)+1
Pbl”"(k)ﬂ ! b|5(r b’ E(rany+1)’
< YT{A|lmax<{ p~° (k)41 p "2k -
= ol +P| - | 14+ Pyl »
b(r2"(k)+]) S( ) r(r21l(k)+l)( s( ))
252 4 r
\ I+ b|T2 (k)41
r r* Ton(k)+1
b,TZ-n(k)+1 ’ PblS‘(r Pb|r21l(k)+2 >
= T | A| max ” Ton(k)+1 Ton(k)+1
bl"h (k)+2+2})"|§(7“) Pb|12n(k‘)+2 (1+ P”'sh *))
2s ’
\ 1+ bl’?:(k)+1

Setting & — oo in (5.61), using (A3) and since T is continuous, one gets

A(PilGs)) < T (A (Bl5e))) <A (Bl

a contradiction. Then, W (T*,g(r*)) = 0, that is, r* € Fp (S’) Similarly, 7™* € Fp (E)
Hence, r* € Fp <5') NFEp (E) . The proof of (¢) is ended.
(d) Frist, we Suppose thar Fp (S’) NFp (E) is complete. We will prove that Fp (5') NFp (E)

is a unit set. Suppose that, there are r*, j* € Fp (5’) NFp (E) such that 7* # j*. As (r

E(G), so from (5.39), we have

M

IA

)€

St
A (3 Pb'li“((j*)))
\
Bf5-, Pyl
P|E(J
Y | A| max Pyl e )+pb|s(7
2s ’
P”]Fi(j*)<1+P”|S( ))
1+Pb|j

T (a(Rg)) <a(

r*
7”0

a contradiction. Thus, r* = j*. Conversely, suppose that Fp (S) N Fp (E) is a unit set, then

Fp (S’) N Fp (E) is complete. m
Example 5.5.4. Let 3 =V (G'

) = {1,2,3,4,5).
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[max {rq, 7’2}]2, Vri,re € §. Then (P, S) is a complete PbMS (s = 2). Consider, (see Figure 1

represents the graph G with all the possible cases)

B(G) = (1,1),(2,2),(3,3),(4,4),(5,5),(2,1), (4,1),
(5,1),(3,2),(4,2),(52),(4,3),(53),5,4) |

Define S,E: S — S by

1, 1 6{1,5},

2, rei{2,3,4).

~ 17 T1€{17295}’
2, T1€{3,4}.

and E (r) = {

and A, T : R* — R*, by A (t) =te!, T () = E. Clearly,

for every vertex v € G, (v, S (v)), (v, E (v)) € E(G).

Now, for each r1,ry € & with (ry,m2) € E(G) and r1 # 7o,

(r1,r2) A(sPy Ié(”) ) NA(Mer(r,12)))

E(r2)
(2,1) 14.77 174.71
(4,1) 23,847.66 113,742,214.66
(5,1) 14.77 1,440,097,986,747.71

(3,2) | 23,847.66 58,342.20
(4,2) | 23,847.66 113,742,214.66

(5,2) | 23,847.66 1,440,097,986,747.71
(4,3) | 23,847.66 113,742,214.66

(5,3) | 23,847.66 1,440,097,986,747.71
(5,4) | 23,847.66 1,440,097,986,747.71

Hence, (S’, E) is a CTRG (T, A)-contraction pair. Hence from Theorem 5.5.3, S and E have
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a CFP.

Figure 1
§(a
Polgn) = 4
3
\1 T 5 e
Vo Ry
5 e %\'v,\"\ e
~. 7 §(3)
-‘ ~e T . P, =4
e ) i)
/ \flg A
w7 (s L
P"lé(z)) =4 T
: X2
s
g
o >
5 ?/% / S //\
“ N 3
<t
» 9 ‘,\10\

If S = E in Theorem 5.5.3, we get the following corollary.
Corollary 5.5.5. Let §: S — S be a map suchthat S is a CTRG (T, A)-contraction. If T is

continuous, then:

~

(a) if r* € Fp(S), then W (r*) = 0;

(b) Fp(S) # 0, provided that G satisfies property (C*);

(c) Fp(S) is a complete set «» Fp($) is a unit set.

Theorem 5.5.6. Let (3, P,) be a PMS with a DG G, (s > 1). Let S, FE: < — S be maps
suchthat:

(1) ¥ vertex v € G, (v, S (v)), (v, E (v)) € E(G);

(2) 3T € Q and A € Aa such that for each r1, 7o € $ with (r, 72) € E(G) and 5’(7‘1) # E(rg),

we have

S(r
A (PETD) < TIA (Mas (r1, 7))

where

r S(r1) E("2)< 1 )
P pEe) (14 pr
pr pro B TP P U Py
S

_ 1
Mg (r1,72) = max P, r1)’ " E(ra)’ 252 ' 1+ Py

T2 ?

(5.62)

If T is continuous, then:

(a) Fp(S) # 0 or Fp(E) # 0 if and only if Fp(S) N Fp(E) # 0;
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(b) if r* € Fp(S) N Fp(E), then W (r*) = 0;
(c) Fp(g) N FP(E) # {), provided that G satisfies the property (C*);
(d) Fp(S) N Fp(E) is complete set < Fp(S) N Fp(E) is a unit set.
Proof. Take s =1 in Theorem 5.5.3. =
Example 5.5.7. Let & = V (G) =[0,1) and P : & x & — R} be defined by P} =

max {ry, 72}, for each 71,72 € 3. Then (P, 3) is a complete PMS. Consider,
E(G) = {(r1,m2) 1 1,72 € [0,1]} .

Define 5,FE: S — S by
. r N r
S(r) = Zl and E(r)) = 31,

and A, T : R* — R™*, by A(t) =te!, T(t) = %%. Clearly, for every vertex v € G, we have

(v, S(v), (v, E (v)) € E(G). Now, for each (ry,r9) € S, with r # ry # 0,

A (PSE:;))) <Y [A (Mg (r,r))].

Therefore, (5' , E) is a CTRG (T, A)-contraction pair. Therefore, the hypotheses of Theorem
5.5.6 are satisfied, and S, E have a CFP.

5.5 Some consequences

In this section, we introduce some consequences for Theorem 5.5.3.

Corollary 5.6.1. Let S’, E:3 > S be maps suchthat:

(1) for each vertex v € G, (v, S (v)), (v, E(v)) € E(G);

(2) there exist # € Z and 0 < k < 1 such that for each ry,rs € S, with (r1,79) € E(G’) and
S(r1) # E(ry), we have

S(r
9 (s Pb|E((r12))) < [0 (Muz (r1,m2))]%.

Then the following conditions hold:
(a) Fp(8) # 0 or Fp(E) # 0 if and only if Fp(3) N Fp(E) # 0;
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(b) if r* € Fp(S) N Fp(E), then W (r*) = 0;

(c) Fp(S) N Fp(E) # 0, provided that G satisfies property (C*);

(d) Fp(8) N Fp(E) is a complete set if and only if Fp(8) N Fp(E) is a unit set.
Proof. Take T (t) = kt and A (t) = In (#(¢)) in Theorem 5.5.3. m
Corollary 5.6.2. Let 5, E: S — & be maps suchthat:

(1) for each vertex v € G, (v, $ (v)), (v, E (v)) € E(G);

(2) there exist F € F* and 9 € Rt such that for each (r1,r3) € $ with (r1,72) € E(G) and

Pb,S(n)

B(ra) > 0, we have

Q9+F(3P|‘Z((”))> F(Mar(r1,72)).

Then the following conditions hold:

(a) Fp(S) # 0 or Fp(E) # 0 if and only if Fp(S) N Fp(E) # 0;

(b) if 7* € Fp(S) N Fp(E), then W (r*) = 0;

(c) Fp(S ) N Fp(E) # 0, provided that G satisfies property (C*);

(d) Fp(S) N Fp(E) is a complete set if and only if Fp(S) N Fp(E) is a unit set.
Proof. Set Y (t) = e~ and A (¢) = ef ® in Theorem 5.5.3. m

)
) F

Corollary 5.6.3. Let S, £ : & — G be maps suchthat:
(1) for every vertex v € G, (v, S (), (v, E (v)) € E(G);
(2) if for each (r1,m9) € S, with (r1,72) € E(G),

Pg((n)) < B(Myz(r,m2)) My (r1,72)),

and 8: R} — [0,1) is suchthat TE'I; B(r) < 1, Vt € RY.

Then:

(a) Fp(S) # 0 or Fp(E) # 0 if and only if Fp(S) N Fp(E) # 0;

(b) if * € Fp(S) N Fp(E), then W (r*) = 0;

(c) Fp(8) N Fp(E) # 0, provided that G satisfies property (C*);

(d) Fp(8) N Fp(E) is a complete set if and only if Fp(S) N Fp(E) is a unit set.

Proof. Take T (t) =B(¢)t and A (t) =t in Theorem 5.5.3. =
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5.6 Application to electric circuit equations

Here, we shall apply obtained results in the section 5.4 to study the existence of a solution of

electric circuit equation (ECE) (see [21]). It is well known that electric circuit

r—'ﬂ/‘j\/‘——-—"}%\f‘]‘

contains a voltage V, in series, a resistor R, an inductor L., an electromotive force F, and
a capacitor C,. If the current I, is the rate of change of charge Q. with respect to time t, we

have,

_dQ. - Q _dl
I, = 7 and (1) V, = IR, (2)V, = Ce,(3) Ve=1L TR
From Kirchhoff’s voltage law,
Qe dl.
ec L— =Ve(t),
I Rec + = C. + It Ve ()
or

LRect &+ 155 V.0, Q. (0) =0, QL(0) =0 (5.63)

The Green function associated to (5.63) is given by

Gt s) —se™7) if0<s <t <,
y8) =
—te™G7 if0<t<s<1

where 7 > 1 is calculated in terms of L and R.
Let & = C([0,1]) be the set of all continuous functions defined on % = [0,1]. The PbM P,

on S is defined by

R = max |r1( ) — o ()2 e
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Moreover, we define the graph G with the partial ordered relation:
r1,72 € C(R),r1 <rg e ri(t) <rs(t), Vt ek

Let E(G) = {(r1,72) € S x S :r; < ry}. Then (B, ) is a complete PbMS (s = 2), endowed
with a DG G. Obviouslyly, A = (3 x §) € E(G), and (P,, 3, G) has property(C*).

Theorem 5.7.1. Let S : C(#i) — C(h) of a PbMS (C(h), P,). Suppose that:

(1) 3 a non decreasing and continuous function U:A x R — R suchthat for each r1,ry € C(k),
with 1 < rg,

U(t,r1) - U(tﬂb)‘ < 7%\ [ Mg(r1,m2),

where

Mg (r1,r2) = max { Pl Pl o B, () 2 ()

Pb|r1 + Pblg(n) Pb|§2(rz) <1+ Pb|r1 )
T2 S(ra)’ 22 ’ 1+ Pbl:; -

where t € fi, and 7 > 1,
(2) Vry € C(R), 11 < [ G(t,8)U(t,r1 (s))ds, Vt € F.
Then the equation (5.63) has only one solution.

Proof. The equation 5.63 is equivalent to the following equation,
1 ~
r(t) = / G(t, )0 (t, 1 (s))ds, ¢ € h (5.64)
0

Define §: 3 — $ by
t ~
S(ri(t) = / G(t,8)U(t,r1 (8))ds, t € h. (5.65)
0

Then, r* is a solution of (5.64) if and only if r* is a FP of S. By condition (2), clearly,
for every 11 € 3, we have r; < S'(rl), ie., (rl,g(r1)> € E(G’) Thus, from condition (2),
Sy = {rl €S :r < S5(r),ie,(r,S(r)) € E(G)} # 0. Let ry,70 € G, then from condition
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(1), we have

S(rl(t))—g(rz(t))' < G(t,s)‘(]’(t,rl (5)) = U(t, 72 (s))’ds

/Ot
/0 t G(t,8)m% "/ Mg(r1,m2)ds
/t

IN

< T2 Te 2SS Mg(r1,m2)G(t, s)ds

IN

0
t
7277/ Ma(r,r /62”Gt,s ds
VMg(ri,m2) A (t,s)

e Mgl ra) [ (1= 287 + tre™™ — )]

IA

Thus,
’S (m() - S (rg(t))’ e 2 < ey [ Mg(ri, o) [1 - 27 +tre ™ — e

This implies that

|5' (ri(t)) - S (rz(t))’ e It < e\ [Mg(r1,m2) [1 — 27 + tre”T — 7T

|38 = 8 (ra()| e < &7\ [Mg(r1, 7).

Hence,
S(ri(t —2r
Pblsg:léc;; <e? M (r1,r2).

Taking A(t) =t and Y (t) = ?227t’ one gets

(s P, !gg:lx )) = eg‘rA (Ms(r,m2)) =T (A (Mg(r1,m2))) -

Thus,
(3P| M) < (A (Mglr1,12)))

Therefore, from Corollary 5.5.5, S has a FP. Hence, the equation (5.63) has a solution. ®
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Conclusion and Future Work

In this thesis, we initiated the notion of cyclic (o, 8,)-type-y-FG-contraction type for mul-
tivalued maps and established related FP results in PbMSs. These results are popularizations
of recent FP theorems of Wardowski [120], Padhan et al. [103] and some other results in the
literature. Then we applied these FP theorems to examine the existence of a solution of NIEs.
We introduced the notion of Branciari F-contraction and established FP theorems for such
contractions in BMSs.

Next, we introduced the new type of contractions for a mapping and a relation and proved
certain COF theorems in CMSs. An application to the existence of a unique solution for
the integral equation was also provided. We structured two CFP theorems comprising four
self-mappings involving GST- (0, C') -R contractions and GSTC-JS-contractions in CMSs. The
existence of the solution of NFDEs was shown through a CFP result.

The (A, T, Rg)—contraction considered in the section 4.1 of chapter 4 which encompasses
both 0-contractions (6 € =) and F-contractions (F € F*). The theorems obtained are applicable
to solve NMEs. Furthermore, we investigated the existence of common é-fuzzy FPs for two FMs
under generalized almost (T, A)-contraction in CMSs and we also gave illustrative examples
to elaborate these result. We further showed some relation of multi-valued mappings and
FMs, which can be utilized to derive CFP for multivalued mappings. These FP results are
generalizations of recent FP results of Liu et al. [80], Jleli et al. [66, 65], Wardowski [120] and
Piri and Kumam [97] and some other results in the literature

Afterwards, we investigated CFP theorems for generalized (a?¥, Y, A)-contraction multival-
ued pair of mappings in as-complete PbMSs. We applied these results to solve systems of FEs.
Then, we introduced CTRG (T, A)-contraction and investigated related CFP theorems for a
pair of mappings in PbMSs endowed with a DG. Furthermore, we gave examples to clarify our
results. Lastly, we applied these results to study the existence of a solution of ECEs. The new
concepts lead to further investigations and applications.

The following open problems are suggested for future work.

e The results offered in chapter 2 can be extended by defining F-contractions for a pair of

set valued mappings.
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what occurs if functions T and A are not continuous in chapters 4 and 5.

A lot of research work can be done by defining a distance function on the subsets of a MS

(or PbMS) instead of using Hausdorff metric.

We intend to do some work on F-contraction, §-contraction and (Y, A)-contraction in

F-metric spaces and (¢, ¢)-metric spaces.

Instead of taking CMS, complete BMS and complete PbMS for the convergence of CS

one may use some weaker constraint.

We intend to do some work on F-contraction, -contraction and (T, A)-contraction in

M-metric spaces and Mb-metric spaces.

Can we define a new type of contraction which encompasses both F-contraction, 6-

contraction and (Y, A)-contraction.

We feel that our results in the section 2.1 of chapter 2 and the section 5.1 of chapter 5

can be used for the existence of solution set of differential and integral inclusions.
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