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Preface

Recently considerable attention has been focused on the peristaltic flow through
tube/channels. Such flows are significant in both theoretical and industrial contexts. The
peristaltic action also occurs in many biological system for example, food swallowing
through the esophagus, intra-urine fluid motion, circulation of blood in small blood vessels
and the flows of many other glandular ducts. The mechanism of peristaltic transport has
been exploited for industrial application like sanitary fluid transport, blood pumps in heart
lung machine. Extensive literature on the topic is now available and we can only mention
a few recent investigations [1-10]. The subject of bio magnetic fluid dynamics has become
more and more evident during the past few decades. The example include the
development of magnetic devices for cell separation, magnetic wound or cancer tumor
treatment causing magnetic hyperthermia, reduction of bleeding during surgeries etc. ln
view of importance of MHD, some recent attempts 111-171in this direction.

ln chapter one, the basic deflnitions of fluids and equations are discussed.

Chapter is devoted to the study of the peristaltic flow of a fourth grade fluid in an inclined
asymmetric channel. Analytic solution for the problem using perturbation is studied.

The objective of chapter three is to discuss the peristaltic flow of an electrically conducting
fourth grade fluid in a curved channel. The solutions for the stream function and pressure
gradient are calculated by using perturbation method. Results of pressure rise is analyzed
through the use of numerical integration.
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Chapter 1

Preliminaries

Some basic definitions and coicept of various types of fluid are described in this chapter.

1.1 Basic dbfinitions

1.1.1 Fluid

A fluid is a substance that deforms continuously undbr the influence of shear stress.

L.L.z Newtonian fluid

A Newtonian fluid is" a fluid in which shear stress is directly proportional to rate of deformation

in a linear manner is called Newtonian fluid

'du Tur: ltr--,'da
tr

where pr is the dynamic viscosity arrd duf dy is the shear rate.
ll

(1.1)



L.1.3 Non-Newtonian fluid

A non Newtonian fluid is a fluid in which shear stress is directly proportional to rate of defor-

mation in a non linear mannu', i, 
"uU"d 

non Newtonian fluid,

/ du\"
'rr: P 

\ay )
n*1, ( 1.2)

(1.4)

where n is the flow behavior index and p is the dynamic viscosity, duldy is the shear rate.

1.1.4 Density

Density of a fluid is defined as its mass per unit volume. Mathematically it can be written as

rTL

P: -,u

where p is the density, rn, is the mass and u is the volume.

(1.3)

1.1.5 Viscosity

Viscosity is the property of a fluid that resists the force tending to cause the fluid to flow.

1.1.6 Kinematic Viscosity

Kinematic viscosity is the ratio of dynamic viscosity to density. Kinematic viscosity can be

obtained by dividing the absolute viscosity of a fluid with the fluid mass density

l-Lu: :,
p

i
i

J

I

where

y : kinematic viscosity

p : absolute or dynamic viscosity

p : density.

8,
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1.2 Ilpes of Flows

L.z.L Uniform Flow

The flon, in which the velocity field and other hydrodynamic pararneters do not change from

point to point at any level.

L.2.2 Non-Uniform Flow

The flow in which the velocity and other hydrodynamic parameters changes from one point to

another the flow is defined as non-uniform flow.

L.2.3 Steady Flow

If the flon, pattern is not changed with respect to time then it is called steady flow.

L.2.4 Unsteady FIow

If the flow pattern is changed with respect to time then it is called unsteady flow.

L.2.5 Incompressible and Compressible Flow

If density p of. a fluid particle does not change as it moves in the flow field, then flow is

incompressible otherwise it is compressible.

1.3 Dimensionless number

1.3.1 Reynolds number

The Reynolds uumber (Re) is a measure of the ratio of inertial forces to viscous forces- Math-

ematically, the Reynolds number is defined below

O" _ incrtial {orces. (1.b)
viscous forces'

E

\
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L.3.2 Wave number

Its define as

O 2rdt
':t, (1.6)

where d1 is the half width of the channel and ,\ is the wave length of the peristaltic wave.

L.4

MHD is the study of the dyna,mics of electrically conducting fluids.

1.5 Maxwell equation

Manwell's Equations are a set of four equations that describe the world of electromagnetic.

These equations describe how electric and magnetic fields propagate, interact, and how they a,re

infuenced by objects, these equations a,re known as Gauss's law, Gauss's magnetism law, Fara-

day's law and Ampere's law. These equation are describes as

a
v.E

v.B

VxE

VxB

p
,

€0

0,

AB-6'
AE

poJ + poeo6l. (1.7)

In the above equation e9 is the permittivity of the free space also called electric constant, ps

is the permeability of free space which is also called magnetic constant, p is the electric charge

density and J is the electric current density.

L.6 Equation of motion

When some bodies constituting an isolated system act upon one another, the total momentu:n

of the system remains sa,me. In an inertial fra,me of reference, the general form of equations

t



of fluid motion is

at' p#:divT*Pb, (1:8)

(1.e)

(1.10)

where *4 is the material time derivative, V is the velocity T is the Cauchy stress tensor, p is a

density and b is a body force. In component form Eq' (1.8) yields

la 0 alolA*uar+'ao)":

la o a1
o lA* u a* +, ar), 

:

07,,.0Trr.,
--t-;-*oxtor oy

drs,,ffoo,,
a* 'w - uo'

{v

1,7 Perturbation Method

This is one of the most powerful technique to solve nonlinear ordinary and partial differential

equations of fluid mechanics in which one of the physical parameter can be assumed very small.

1.8 Regular perturbdtion

Differential equations with small parameter yields. A series of terms of decreasing magnitude

that approximate the solution of the original differential equation. When an equation is changed

by only a small amount, the solution will often only change by a small amount. Expand the

dependent variable'in a power series depending on the small parameter in the problem. Substi-

tute this series into the original equations, the boundary conditions and the initial conditions.

Expand these equatibns in a Taylor series, equate the terms corresponding to different powers

of small parameter and solve equations sequentially.

i
ry"
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Chapt er 2

Peristaltic flow of a fourth grade

fluid in an inclined asJrmmetric

channel

2.L Introduction

This chapter is a review work of [9] . This chapter studies the peristaltic flow of a fourth

grade fluid in an inclined asymmetric channel. Analysis is carried out under long wave length

approximation. Expression of the pressure gradient per, unit wave length,' AP and the stream

function ry' are obtained. Several graphs of physical interest are displayed and discussed.

2.2 Physical Model

Extra stress tensor S for fourth grade fluid model is given by

1':-pI+S, (2.1)



S : pI4 * c,rtz * ozE? + 1tAs + 0, (TrE.r+ E1f2) + Os (trE?) f,
*rrAa .t- zz (A-efr + E1[3) + xTZ *', n (lrll?+ fiXr) + y (trT.r)T.,

+?6 (rrA-2) A? + ltz (trEr) + ?8 (rrE2E,)] 4,, (2:2)

Ar : (gradV) +(gradV)",

l, : ++ Er-r (grad7) + (gradfl" A,;-r, i ) 1,

where
-lr
9,

(2.3)

a

in which l, ?, p, S, A; (z : 1 - 4) respectively stands for identity tensor, the pressure, the viscos-

ity, the extia stress,tensor and the Rivlin Ericksin tensor in which a;(i: I - 2), /i(i: I - 3)

and "y; (i : I - 8) are the material parameters.

2.3 Mathematical formation
a

Considbr fourth grade fluid in an asymmetric channel of width dr * dz and inclined'at an

angle o to the horizontal. 'Let c be the speed by which sinusoidal wave trains propagate along

the channel walls. The X and'Y are taken parallel and transverse to the direction of wave

propagation, fespectively. The wall surface satisfy

h, @,1) :

hr6,I) : (2.4)

d1t a1,* 
[T @ - d)),

-d,2-,r,t" [T 6 - ct) + df ,

€,J
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Fig. (2.1) : Geometry of the problem

where a1 and a2 ate the a,mplitudes of the waves, ,l is the wave length, c is the wave speed

and d is the phase difference which varies in the range 0 S 0 ( n. Denoting the velocity

component D and 7 atong the X and 7 direction in the fixed fra,me, one can write V as

v :W ex,Y,t),V 6,Y,4, o] .

The funda,mental equations gwerning the flow of an incompressible fluids are

nt,,

: 9 *% *oSg * oosina.ax ax 0Y

: g *% *oSg - oocoscr.0Y 0x aY

0a 0v
--!--ON' OY

,(**a*.o,!r)o
,(**r*.r,!r),

(2.5)

(2.6)

(2.7)

(2.8)

in which p denotes the density and g the acceleration due to gravity.

Tb facilitate the analysis, we introduce the following transformation between fixed and wave

rt
10



i : X-d, A:Y, t:O-c,
T : V, F@,9): P 6,Y,1), (2.9)

in which (z,o) and @,m are the velocity components in wave fra,me and fixed frarne of

references respectively. We now introduce the following dimensionless variables

2ndaT,d2rclr : ), n:8, u:;, o:;,':T,
hrdr- Er Ez ^ dr-=p : --P, Ill : -i, ll7::, D - -D. l,c a1 0,1 l.tc

Now using the dimensionless variables (2.10) and introducing the strea,m firnction through

(2.10)

(2.11)

(2.14)

0$ 
"Orhu: -o-.-- aY' a*

The continuity equation is identically satisfied and momentum equations aree
,.1(H*-#*)w\.H : 6w.w+ry, QL2)

-n^l(H* - #*) (#)1. # : 6,* * ow- ry, (2 13)

in which d the dimensionless wave number, E the Reynolds number, Fr the Froud number, the

materialcoefficients);(i:L-2),6t(i:1-3)andq;(i:1-8)aredefinedrespectivelyas

d _ ,+, R:+, ,,:#, t,:ff, b:ffi,
€r : #, er:ffi, er:ffi, ,,:ffi, ,r:ffi,
rts: #, ,o:ffi, ,u:#, ,u:ffi, ,r:ffi,
tla: #

k
11
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Eliminating the pressure gradient from Eqs. (2.12) and (2.13) is

,.1(H* - Hil o,rf K# - r #)*,] *'lh (s,. -'*)], (2 15)

where

": (u#.#)'
and then applying long wavelength approximation in Eqs. (2.12), (2.13) and (2.15), we have

0p QSw , r?sino
o":oa-pr'

?:0,oy

025,y _ n
ov2 - v'

where

c, - 
a2{ -rn (o"/\turs 7yr , -. \6a2 ) ,

f : €z*€e.

The boundary conditions in dimensionless form becomes

.FA1b"t, _1 for y - h(*),v 2' ay--
,F01b,! : -;, 6; : -r for y - hz(*),

(2.16)

(2.17)

(2.18)

(2.1e)

(2.20)

lsrv

in which the dimensionless time mean flows 0 and F respectively in fixed and wave frame by

the following expressions

0:F+1+d, (2.21)

where

': fnn,' ff" (2.22)

&
72
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I

2.4 Perturbation solution

We look for a regular perturbation in terms of small parameter I as follows

: go+lgr+...

: ]7o+ffr 1...
: po * Ipr *...

Substituting Eq. (2.23) into Eqs. (2.16) to (2.20), we find the following system.

2.4.L Zeroth order system

,1,

F

p

0,

Astbo , Esina
aF- Fr '

(2.23)

(2.24)

(2.25)

iirv with the boundary conditions

2.4.2 First order system

with the boundary conditions

: -r*L,[(#)']
: #.,&l(w)'),

y: h(r),

a : hz(r) .

for y: h(*),

0 for y: hz(r).

oarbo :
ova

opo :
0r

, Fo ?rbotbo : ;, d: -, for

, Fo ?tbn
{to : -;, d:-, for

, F1 1tb,tbt : ;, d;:o
, Fr ?tb,9t : -T' o;:

ffrl,t
AF

oPt

0"

d,
13



2.4.3 Second order s5rstem

a

v

with the boundary conditions

$z: +' W:o for Y:h(a)'

rltz : -+, W:o for s: hz(s). (2.g2)

2.4.4 Zeroth order solution

Solving Eq. (2.2q and using boundary conditions (2.26), we get

|to : # [(r,, - hz* Fo) (zv' -3(hr + hz)v2 +6h1h2v))

-t - + * hz+ #\fi@r- 3hr) (ht - hz+r'0)l . (2.33)

The pressure gradient of this order is

*:-"1#.#)*""' (2s4)

2.4.6 First order solution

Substituting the zeroth order solution (2.33) ifio (2.27) and using the boundary condition

(2.29), we obtain

ttr : -*(*- r2c)3 us *@rlnhz) (* -",c)s un +ffu'

-@Y (* - nc)s us- 1&+}:) pu, - (h, * hz)2 (* -rzc)'] u,

.1ry-r'], .;]ry+F,-zs,+zh,s,], (2.3b)

t
74



t
hpr t2r:- 25s2(h-nil2c3,648(tu-hz)2d lor4\o, : -@- 5 - 5 \a.)

_54(h - hil2 G (an\', _3(h - hz)2 /aa\',\#)+- \#/ (236)

2.4.6 Second order solution

Substituting the zeroth order and first order into Eq. (2.30) and using the boundary condition

(2.32), we have

rltz : Kfl7 *Kzy6 *Kgi *Kny4 *(Ks+Ka)ys +(Kz+Ka)y2

*KsU * Kro, Q.37)

*: #[w(*-,2G)u
.{$3(*-,,")'] fto,_w (238)

The non dimensional pressure rise per wave length is defined as

or: 
Ir'" ffa*, (2.se)

where

D l2f1 . 12 (Sr - Sz) 12,SsEr : -@t 1n;_6 @r_n*,
,sr:WW_zG)',
sz:Wff-L2G)3.
se: ^*W@-rr")',

v

!
15



K1 :
? (# - 

",G)u, 
Kz - - (hr + hz) (*

r5
nG) ,.\

irr

".1
I

Ks : *(#-",G)'17+^;*r
.W(*_12c)'] ,

Ka: -s+D(# nG)' t#-r.WW,,")'] ,

K5 : (ht + hz)2 (* - rr")' tu,*f
*(4h?+nnftz++nZ) (A _rrr\'l .- 10 \a"-""))'

K6 : 
6:r..;i2(Kr - Kn)+ (hr - hz) (KB + Ku)),

K7 : d+[3(hr+ hz)(Kt-KP)

- (hr - hz) ((tu + 2h2) Kn * (2h + hz) Kra)1,

Ks : _s(,^th)t (* _rr")'t.'?r;
(n?+anrnz+nZ)

Kg : Ku-3hZK6-2h2K7,

Kn - htKu - n, (n? - tnZ) Ka - tu(tu - 2h2) K7, 
_

-h?x,. + - hTK, - hlK, - hlKs - nlxn - nlxu,

-h'rK, - + - hlK, - hgK, - hBK, - nlx4 - nlxr,

-2hKs - ThlKt - 6hlK2 - bhth - +nsrx n - zh?Kb,

: -2hzKa - zn$x, - 6hrK2 - shth - anlx4- mfxu.

(*-"")'] '10

Kn

Kt

Ku

Kts

Ku



2.5 Results and discussion

In this section, we briefly describe the effects of various emerging behavior of included parame-

ters on the pressure rise per wave length and trapping. The variation of pressure rise AP with

flow rate 0 for various values of I, sin e, Fr, { and d is studied in figure 2.2(a) to 2.2(e). Fig

2.2 (a) shows that the effect of f on AP and it is observed that for a Newtonian fluid I : 0,

there is a linear relation between the pressure rise and the flow rate. For f I 0 it is non linear.

Fig2.2(b) describes the variation of sino on AP. It is observed that the pressure rise increase

with an increase of sin o. Fig2.2 (c) depicts the variation of Fr on AP. It is notice that flow rate

and pressure rise decreases with an increase of Fr. Fig 2.2 (d) and Fig 2.1 (e) shows the effect of

(> ard d, on AP. It is found that pressure rise decreases by increasing 95 and d. Fig 2.2 (f) studies

the eflect of I on variation of AP with d. It shows that pressure rise increases with increasing

f. Fig 2.2(S) is a graph of AP with the upper wave amplitude a for different values of sino.

It indicate that the pressure rise increases as sina increases. Fig2.2(h) describes the eflect of

Fr on variation of AP with lower wave amplitude 6. It is notice that pressure rise decreases as

Fr increases. Fig 2.2 (i) presented the effect of phase differerce g on variation of AP with R.

It is observed that pressure rise decreases as / increases and increases with an increase of .8.

The trapping for different values of l, /, sino, I.r are shown in Figures 2.3 to 2.6.

The effect of I on trapping is illustrated in Fig 2.3. It is notice that the size of the trapped

bolus decreases with increasing f. Fig 2.4 describes for different values of @ on trapping. It is

observed that the bolus appearing in the center region for $ :0 and it moves towards left and

decreases in size as / iucreases. Fig 2.5 depicts the variation of sino on trapping. For sino : 0

the trapped bolus does not efst, when sino l0 the trapping bolus exist and the bolus volume

increases with an increase in sin o. Fig 2.6 present the effect of Fr on trapping. It is notice

that the size of the trapped bolus decreases with increases .F.r.

s
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Fig. 2.2:(a) Efiect of I on AP when

a: 0.2, b : 0.5, d : 0.8, .B : 10, Fr : l,
sino : 0.5, O: T.

Fig. 2.2:(b) Efiect of sina on AP when

a:0.2, b:0.5, d:0.7, R:10, Fr:1,
I : 0.04, 4r: I.

G

Fig. 2.2:(c) Effect of Fr on AP when

a : 0.3, I : 0.04, D : 0.5, d : 0.7,

.R: 10, 6: fr, sino : 0.6.

Fig. 2.2:(d) Efiect of / on AP when

a:0.7, f :0.01, b:1.2,d:2,Fr:1,
8: 10, sina:0.6.

E
18

-sina=0.0---dna=o:
""" "dna{.4
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e,.

Fig. 2.2:(e) Effect of d on AP when

a : 0.2, b : 0.4, d : E, E : 10, Fr : l,

sino:0.2, f :0.01.

Fig. 2.2:(9) ef*t 
"f Fr on AP when

b:0.4, d,: 1,d : t, R : 10,

Fig. 2.2:(f) Effect of I on AP when

a : 0.3, b :0.2, 0 : t,.R : 10, Fr : l,

sin o : 0.5.

I :0.02, Fr : l.

Fig. 2.2:(h) Effect of o on AP when

a : 0.5, b = 0.5, d: 1.5, Q : I, -R : 10,

I :0.02, sina: 0.5.
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R

Fig. 2.2:(i) Effect of / on AP when

a : 0.5, l:0.02, b:0.7, d:1.5,
Fr:L,sino:0.5.
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*,:L,d,:l,withdifferent f : (a) l:0.00, (b) f :0.01, (c) f :0.03'

I
27



,.5

,

a5

\o
-o.5

_,

-t.5

,.5

,

a5

\o
-o.5

-t
-t.5

-,
x

1.5

,

o.5

\o
-o.5

_,

-r.5 o o.5 I 1.5 2 2.5 3 3.5
x

Fig. 2.4: Strea^rnlines for a:0.5, b:0.7, R: 10, Fr:0.6, l:0.01, sino : 0.2,
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Chapter 3

MHD peristaltic flow of fourth grade

fluid in a curved channel

S.L Introduction

This chapter concerned with the influence of magnetic field on the peristaltic flow of a fourth

grade fluid in a curved channel. The governing equations of the fourth grade fluid are modelled'

Series solution is carried out under long wave length assurription' The expression for stream

function and pressure grad,ient are obtained. Numerical results are graphically discussed for

various values of physical parameters of interest'

3.2 Mathematical formulation

Consider a two dimensional magnetohydrodynamic (MHD) flow of an incompressible fourth

grade fluid in a curved channel of radius R* and. uniform-thickness 2dr coiled'in a circle with

centre O. The flow is electrically conducting in the presence of constant magnetic field Bo

applied in the radial direction. Due to small magnetic Reynolds number, the induced magnetic

field is neglected. The flow is in the azimuthal direction X and 'R is in radial direction' U and

y are the components of velocity in the azimuthal and radial directions respectively' The walls

ir$
25



of curved channel are

(3.1)

Fig. (3.1) : GeometrY of the Problem

where c is the wave speed, o and ,\ are the wave amplitude and wavelength respectively'

Eqs. (2.6)-(2.8) in curvilinear coordinates becomes

r: *.h(r,t):+ 
[dr*ori,'] A - "l),

oa- R' ov- u
aE' R+ R* 0X ' R+R*

loo . nffi Rl-vE - i-lo lA 
* u 

o-r-+ -a * * n 
-N 

- E + E-l

0,

-4*=l-,g(@+n.)Sp7)AR' E+E*AR ''

* R. EE -:E-,--pn p. 5V R+ R*'

,l* *r*+ #;v#. #) : -#*P.. 6fu *tu+ E.)2sEx

* R. oSEr _ oBB oV. (3.4)'R+R* 0x (R+n-)"

where p the pressure, p density of the fluid, E* the cuwature parameter and S is the extra

stress tensor. If (2, O) and (A, V) are the velocity components in the wave and laboratory

frames then the relations between these frames are

(3.2)

c:X - "t,T 
:R,a:A,a :V - c.

(3.3)

(3.5)

26



We introduce the non rlimensional variables

and introduce the dimensionless strea,m function through

u:6J olh 01, (g.z)
r + k6' u: -6'

Making use of Eqs. (3.5) to (3.7). Eq. (3.2) is identically satisfy and after using long wavelength

and low Reynolds number approximations. Eqs. (3.3) and (3.4) in terms of stream firnction are

TTdoa2F-aar : i,, : i,u: *,r: i,P: frr,O 
: 1,': 6,

k - *,r:!,s,,:ftfi,Re:ff,*: rf/roo. (3'6)

?:0,0r

:i6*(("+r)2s") -ffi'
(3.8)

(3.e)

(3.10)

(3.11)

(3.12)

Y where

Sr, : -lhr, -

f : 6r*€a.

-T (,** 'r r?)',
l-rt,
r*k

we note from Eq. (3.8) that p * p(r) and above equations after rearrangement yield

# tmra *(r+r)'s"') -*'-li1ttt] :o'

and with the boundary conditions

,t, : *,y: 1 at r: -h: - (1 * e sin2n (' - 
')) '

F 011)tt) : -;,#:1at r:h: (1+e sin2zr('-t))'

!
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'i.*

where

F - - fn *0,, (3.13)
J-n or

is the dimensionless mean flow rate in the wave frame which is related to the dimensionless

mean flow rate 0 in the laboratory frame as in the following expression

0: F +2.

3.3 Solution procedure

Employing Eq. (2.23) into Eqs. (3.9) - (3.12), we get following systems:

3.3.1 Zeroth order sYstem

*lirtr* k+ t;2 so..) - 
*' [{{iu] : o,

* : *,l-({' + r)'so") - tffiP'
where 

c^ - -$or, - *,

L at r: -h,

:1atr:h.

, Fo ?rbo
lto : T, -a, :
, Fs ?rbo
Yo 2' or

(3.14)

(3.15)

(3.16)

(3.i7)

(3.18)

(3.1e)

(3.20)

(3.21)

t

3.3.2 First order sYstem

*ld;ol- (r+ k)2 s1'.) +ffll : o,

* : *o . r*({' + r)2 s,'') - ##'
where

st,: -rbv," h-r(l,o**!-+)' ,

t
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, Fr 0tlrtbr : -;,#:0atr:h,
,ltr : +,#: o at r: -h.

a

1

3.3.3 Second order sJrstem

#t#;;;*,k+x12s2") ffil :o'

*:#*({'+r)2s"')-ffi'
where

'W:o at r: h'

W:0atr --h.

s2,, : -l)2,,. #u- 6rl,2u,rhw # (2rl,o,rhr, - $v -'{)2o,rbb)

t2-1ffi, litu'|)v' - ito'itu'rbr" -'l''u"l"') - #rt
(rhrr, - 2thf,.r,u,$r + $2ultw - 2r!u$t, - 2tburthu), (3'25)

(3.22)

(3.23)

(3.24)

(3.26)

lr ,FZv2:-T
,FZ1p2 : T,

3.3.4 7*rot}n order solution

3.3.5 First order solution

4t:

{to :
d,po :
dr

dPr :
d,t

q * c2 (r + k)2+ ca (r + gt-'fr:+*-;=z + c4 (r + k)L+\/ra;z + (r + Ic)' (3'27)

f, tz*'r). (3'28)

c5 * co(k + r)2 + c7 (k + fli-{r+it + c8 (k * rf+{*az

-"s (k * r)-r-sJr+mt - "ro 
(k * r)-r-Grt - "r,, 

(k * )-r+li+*z

-"rz(k * r)-L+aJTW, (3.29)

lt *'o). (3'30)



F

3.3.6 Second order solution

rltz : crs * (k * r)2 c1a* c15 (lc * flr-{lT*t * c16 (k + r)t+lL+^'

*cy (k* r)-l-srEmr + c18 (Ic * r)-t-{rffi * c1e (lc -l r)-L+{r*tt

+c2o(k * r)-L+{.Jt+fr * cn(k * r)-s-sJrlit * c22(k * r)4-sJr+ffi

*cs (k * r)4-Gmz * cu (k + i4+Jr+tr + c25 (k + r)-3+3'/t+A'

*cza (k + ")-s+t'h+;' * c27 (k * )-z{r+mt * c4 (k +')'@

+c2s (k * r)-2-aG# + cao (tr +')-2+ ca1 (k + r)-2+2'/r*

*cs2 (k * r)-z-z/*fr + caa (,c * fl-2+n{I+mt + ca4 (/c +')Jffi

*css (lc + i-2-s$+^' + ca6 (p * r)-2-'/t-.+,,, + ca. (k * r)-2+Jr+rnz

+ca8 (lc + i-2+s1Gm' * cae (k + r) + cas (lc * r)-{+az

*ca1 (k + .)-s-4'Err.r * cn (k * r)4-z,r+# * ca3 (k + t)-3

+c44(k + .)-s+2'fi+A + cls (k * r)-r-z{r* * ca6 (k+ t)-'

+c4z (k * fi-L+z{ffi + cae (k + r)-3+4\h+a' * cae ln (k + r)

(x + r)L-@ * cso ln (lc + r) (* + r1t+@ , (3'31)

l{z*'"rn). (3'32)

The dimensionless pressure rise per wave length is defined as

i

dp2

d,x

M: lo'#o''
(3.33)

where

ct : ,*!^er+ 2t) 
[c51 - (*' +2) (k+ n)'z (18 + h)'JFe - (k - nf{"*))

-f,er+2(h+ k)),

c2 : # [," + 2h) (-m2) (tt - h)2'/{+c' - (k + h)'{'w)),

cs : ,i [," + zru) (r + 'F-*) (tx + n)'ffi (k - n1r+zrnaz

30



\
d

- (k + h1t+z'/t+ffi & - n)'JTT'P)),

ti f,"+2r,1 (t -fi+a) (tr* n1r+'/r+;'mt -&-h)'*/'**)] ,

-ca & + h)' - c7 (k + n1t-JT+a - "a 
(k + h)t+'/t+a + 

"n 
& + h)-14'fr+*

*c1s (k + D-r-'/ltAr * c11 (k + h)-r+'/T+'1nz 1- c12(k + h)-l+syt+Az - 
FL 

,

/ | m2re (-r* + 2".\- (r + n1z'n+^z + (k - nf*)) - o***-*
("r, ((, - \tr+q (U, + n)-'@ - (k + h)-t-3'/T+ffi @ - D'*rr*ffi

- (k -'6;-r- 'A+a 6 + n1t+'/T+* + (k - n)-'?ttt;t1* (-, - sfiT4)
(tr + r,)-,-t'/T+ffi (k - h)'*Jrrfr - & - n12 1t, + n1-z-zJrrffi - & + h)2

@ - 7;-z-z'fr+# + (k - n1-r-sJT+e g, + n)t+@)) - "ur", +2hlcm2

(- f* * h)2{TT# + (k - h)'rrrffi) "ur) ",0 
("u, ((t - {*A) _

(r- tt +n1r+,fi+;z @- 71-r-'/TT* -(k-h)r+'/TTffi @+n1-v'n+az1

* (-, - 'fr +q (lx - n)'*@ @ + n1-r-'fi+;-*z - Qc + n)2

@ - D-2 - @ - n12 1r, + n)-' + (x + n)1+@ (k - 71-t-'5;;z)) - "u'"u,

*2hkm2 (- t* * n1z'fi+az + (k - h)'tr*ffi)rur) "', ("u, (('- tztm;

(tn + D'@ - (k + h)-r+'h$a (k - h)'*lnffi - (k - n1-t+JT+#

(r + r,;r+'rra' + (k - h),{'rffi)* (-, + Jr +*\ ({r + i,)-'*'n+*'

(k- h)r*JTTffi - (/c - n121n+ hy-z+zJT+'mz - (k + h)'(k - h1'z+zJT+R

+ (k - h)-r+'/rr;' ge + n1t+@)) + "r,"* - 2hkm2 (- t* * h)'Jr*a

+ (k - t fi'r*)"un) - ",, ("u, ((1 - ''frTA) (t* * h)nr'*a

- (k + n1-r+ttLl.az @ - h)'*JG# - (k - h1-r+s'/rTffi gc + n1t+@

+ (k - DnJr*ffi)* (-, + z\/t +,r,r) (tr * h)-lt"J*# @ - h)'*tnffi

- (k + Ir), (k - h1-z+a'/r+'a - (k - n121n+ n1-z+d'/r+# + (k - h1-r+}urr+#

@+et+@)) +"u,"uu -2hkm2(-t** h)'JT*ffi +(k- h)'J'w)

"sr)l 
,

: -:- (rr"ru $ + J* *) (t* * h)2'fr+a @ - n1t+Jt+a
c51c56 \ \

c5:

c6:

$

e
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\
€a

- (k + h)L+'n+a' & - h)'JTTffi) + 
"r"u, 

((r + s/r; -')
(tr + r,)-'-z'/r+ffi @ - n1r+6+a - (k + n1r+"/Tla g - 61-z-z$1ffi)

- (, * .,trTq ((f* * h)'tu# & - h)'*ruffi - (k + n)r+'ma,

(k - h)'{r+#) 
"r) 

* r,o ("u, ( + JT +,"') (lr + r,1-'

(tn - n)r*ffi - (k + n1r+t/rra & - h)-')- (, *'fr +A)

(Q, + n)r@ (k - n),*JTT# - (k + hf+tma ,x - n1'@) "ur)

-"r, ("u, (-, * h + *)({r + r,)-'*z'/r+R @ - h)'*Jn#

- (k + n1t+Jr+# Ue - h)-,*"/Trffi) + (r + 'trTq (Q, + nl'f+ffi

(k-h)r*Jr*fr - (k+ n1r+JTIa @-h),J'W) "r) - 
cn(cst

(-, * ilr + *\({r + r,)-'*n'/r+# & - h)'*{'*# + (k + n1r+'/*az

(ik - h)-2+4rrr*)+ (r + f .4 (t* + n)'@ @ - n1t+fi+at

@ + n)t+@ (h - DrJr*ffi) - "r)) 
,

c8 : 
"i t" Q-JTTA) (r** n1r+t/Traz -(/c- n)l+'mar-csc52

-ctocbs * c1c54 * c12c55),B,
3m6&3ca

"Lo: rTrm,
zm,cafi @uc)-crt: r-Tffi' 'ct2:@'

ct. : -+ - $ + r)2 cr4 - crsr + r)t-@ - "ta(k 
*r)L+'frTp

-"'z (k + h)-r-\'/t+A' - "re 
(k + h)-F'nT* - crc(k + h)-r+'/TW

-"zo (k + h)-L$\/TTffi - "2, 
(k + h)-3-5'/T+*' - "zz 

(k + h)-s-3"h+az

-"zs(k+ D-L-'/T+# - "za(k 
+h)-3+'/**z - "zs(k 

+ h)'3+3'/T+A

-"zo(k + h)-s+sJTTAz - "zz 
(k + h)-2'tr+tr - "za(k 

+ h)'{'T#

-"zs (k + n'1-z-aJTTA - "eo 
(k + h)-2 - "n 

(k + h) -2+2\nTA't

-ctz(k + h)-2-2'h+*' - ,ss (k + ti-z+d'/l+a - qa(k + h)JT+4

-"ss (k + h)-24'/T+* - 
"so 

(k + h)-2-'fr+#' - "v 
(k + h)-2+'/1+'.nz
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-ca8 (k + h)-2+s'/+A' - cas (le+ h) - cas (k * h)-'/r+az

-"tt(k + h)-3-4'h+A - ca2(k * n1-s'zt/T+;z - "ns(k+ 
h)-3

-"aa(k + h)-}+2'frlAz - "a'(k 
+ h)-r-2\n* - "na(k+ 

h)-1

-"s (k + h)-l+2'/TTffi - "ne(k 
+ h)-3+4\/T+R - c4e ln ('k + h)

(k + h1t-t/-r+*z - c5e ln (/c + h) (te + tt')r+@ ,

ct. : 
"(-*.#c(.tr* D'{T*#+(k- nf*))-^#*
[",, ("r, (( - 'fria) (r* * h)-2'n+# - (k + h)-1-3'/'+@

g - n1r+J*;z - (k - n1-i-t'fr+*z ge + n1r+@ + (k - h)-"tr+*'t)

* (-, - st/* *) (fr * n1-r-sJTT*t @ - h)t+{Trffi - (k - h)'

(tc + h)_2-.2'tr+^' - (k + h)' (k - n1-z-z'Lrlffi + (k - n1-r-sJT+G

gc + n1t+@)) + 
"u,"u, - 2hkm) (- t* * h)'y + (k - 'fy)

"sz) 
*",, ("r, (( - G;a) (, - Qe + n)1+@ @ - n1-r-'fr+a

-(k- trlr+,frlmz @+n1-r-'fr+;""2) * (-t - h+A) (f*- nl+'/t+;a

(k + D-r-JTTaz - (k + h)2 (k - h)-' - (k - h)' @ + n1- 
z+ (k + nl+t/**z

@ - n1-r-,fi+az)) + "u,"* - 2hkm2 (- t* * h)'Jufr * (l - n1'@) "ur)

, *cle (", ((, - '/T.q (tn + n)'F*'- (k + h)-t*/*a @ - D'*Jrw

- (k - n1-r+'/+a 6 + n1t+@ + (k - h)'J'w)* (-, + Jr +A)

({r+r,)-'*$+*' (k- h)'*JT*fr - (k - h)2 (h+h)-2+2'/T+a' - @+n)2

(k - ny-z+z'n+*z + (k - h)-t+Jt+R (k + yyr+'/-r+*')) + "rrr* - 2hkm2

(- f* * h)^fr+a+ (k - h)'Jrre)"ur) * 
"ro ("u, (Q -'n +A)

(a +DnJ'*ffi - (fr+ h)-t++.'/T+'".z &-h)'*JTTffi - (k - h)-\$'fr+#

ge +ny+@ +(k- h)nJT*#\* (-, +sJt+*\ ({r+i,)-'*sJr+ffi

(k - Dr*Jnffi - (k + h):.(k - h1-z+at/t+it -'(tc - h)2 lk + h)-2+4\h+*z

+ (k - h)-L+s'/TTffi @ + n1t+@)) * 
"ur*o - 2hkm2

(- t* * h)z'tr+n + (k - h)'{'rffi)"oo) + cn (cn ((, - ''f;A1

{,\
/--

I
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(tr + r,)-'-n,/TT# - (k + n1r+'/TT* (k - 6;-e-s'/rr*' - (k - h)r+'/L:+*'

(k+6;-s-s'fr$' +(k- n1-z-nt/TTiz) * (-, -b\fr+A)
(tt + r,)-'-st/TTfr @ - nyr+'/rr*z - (k + h)2 & - h)-4-4\/T+;'2 - @ - h)'

Qe + n)-4-4,fr+a' + (k - n1-s-s,/r-'r-* (k + h)t+@)) * "rro, - 2hkrn2

(- t, * h)2Jrr* + (k - h)'/rr#)*,) + "r, ("u, (Q - 'n .A1
({r + n)-r-2\tria - (k + h)t+'/,+a' (k - lr;-s-s'/r-i*' - (k - h)L+\Lt+ra'

(r+n)-3-B,nra, +(k- n1-z-z'/rriz) * (-, -t,,/t+*) (f** n1-t-tt/T+ffi

@ -n1t+JlTaz - (k+ h)2 @-h)-4-2,/T+;;P - (k - ny21X+n1-n-zJtlffi

+ (k - ny-s-st/TT*z g + n1t+@)) * 
"uro, - 2hkm2 ({n - n)'@

- (k + h)'rr*#) or) + at (w (Q -'fim) (t* * h)-' - 6 + nf+@
(k-n1-z-JF;z - (k- n1t+'/Faz @+n1-s''m;z + (k- nl-') * (-l- 6+A)
({r + r,)-'-'n+^' @ - n1r+filaz - (k + h)' (k - h)-n - (k - h)2 @ + h)-a

+ (k - n1-s-'/Gaz Qe + n1t+@)) * 
"uro, - 2hkm2 ({n - D'@

- (k + h)'l[ra)or) + cza (ct ((t - 'E;A) (f* * h1-z+zrr+n

(- t* * nyt+'t/*mr g - n1-t+'/Gaz - (tc - n1t+'/T;at Qe + n)-3+@

+ (k - h1-z+2,/T+,*z) * (-, + ,/* *) (t* * h)-s+'/*a & - h)t*Jr*a

- (k+ h)'(k- h)-A+2'/TTa - (lc - n1121X+h)-4+2'/TT;' + (k - tq-t+'/TT*z

(tc + n)t+@)) * 
"u,on - 2htcm2 (- t* * h)2JT+ffi + (k - h)'J'T*)

coa) * 
"zs 

(ca (( - GA) (t* * h1-z+a'/*it - (k + n1r+t/t+*

(k - t;-a+r\/T+az - (lc - n1r+'hfaz (k+ fil-s+a'fi+*' + (k - D-2+4'/T+#)

* (-, +sJ* *) (to * h)-s+t'/T+a' @ - n1r+{:+az - (k - h1-a+a'/r+a

@ + n)2- (,c - h)2 (k + h)-4+4'/TW + (k - h)-3+3'/*a' tf + r,lr+.rt+-z))

*csrcos - 2hkm2 (- t, * h)2JT+az + (k - h)'J'Ta)"os) + czo(csr

ft _ ,,nA) (f* * h1-z+al*rnt _ (k + h)r+,/TTar (k - a;-s+s,nTaz

-(/c- h)r+'/L+a' (k+t;-s+s'/ITffi +(k- n1-z+a'/TTffi) * (-, +IJTT*)

({r + r,)-s*s,/TT# @ - 11r+{i+az - (e + h)2 @ - h)-4+6\/*mz - & - D2
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(k + n;-a+0,/r++ + (k - n1-t+sJffi g +n1L+@)) + *rruu -2hkm2

(- tu * h)2'/r+;a + (k - h)'{Tffi)ou) + "r, ("rr((, - ;,. ,
({r + r,)t-@ - (k + h)-z{TW (k - n1t+{t+;z - (lc - h)-zJfl;'

@ + n)t+@ + (k - h)*{Tra) + (z'F *) (tt * h)-2'hra'

(k- n1r+./Tl, 
;3 

- (k+ h)2 @ -h)-t-\rt+,n'i - (k - h)2 &+h)-r-\/T+'t"

+ (k - h)-z'/rTaz g + n11+@)) * "ur*, - 2hkm2 (tx - D'@
- (k + h)'{T*#)or) * "r, ("u, ((L - 6-+ *) ({n + n)'*'@
- (k + nf+,/T+,mz & - h)r{r*# - (k + h)2Jfinz (f - n)'*t'**

+ (k - n1r+s{r+rnz) + zrF +e (u, + n)'@ (k - h)'*{'w

- (k+ h)2 (k-h)-t+l,/t+ffi - (k - h)2 @+h)-t+s\hr;' + (k - h)'{T*#

(k + h)L+@)) * 
"uro, - 2hkm2 (- tu * h)2$W + (k - h)'{rw)

coa) * rr, (ru, ((1 - vG-*') (tr + r,)-'-s'/rTmt - (k + nlr+'/r+mt
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czs) *"r, ("u, ((, - 'fr +A) ({r + r,)'*''fr+az - (k + h){T*ffi & - h)'*t'*a
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(r + rr)-3 + (k + n1-z-'/T+* @ - n1r+JIIffi @ - 71-z:Jr+a Qc + n|+@
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- (k - rq-r+2,/T+# (a + nf*@ + (k - nf*)* (-, + zJtTe)

({r + r,)-r*rny @ - n1r+lt+*z - (/, + h)2 @ - h1-z+t'/*# - & - h)2
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* c21(cs1

(-s - yni.rr;) (Q, - n)'*@ @ + n)-4-4'frr;1- (k + h)t+'/T+ffi
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-"sr"6r) + c26 (cil(-, * sJTTA) (lx - n)'*@ (k + h)-a+6'n+ffi

- (k + h)t+,/r'+r;z (k - 7y-++a"'*) - *rou) + c2z (cil (-26;A)
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(k + t,;-a+s '/Fa'z - (k + h)r+'/T+a (k - 6;-s+s'/TT#) - cs1c7s) * caa
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("ur(-s - r\F-fl ({r - r,)'*@

@ + ny-+-'maz - (k + nyt+,/t+*t (k - n1-e-'/tl;z) - *r*r) * ca3 (c51(-3)
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czcq * zt (-r + J * *',) (, * 'n;A.1(-, *- 'fr +q 

"z"n) 
,

: ffil-''n"'o Q + Jt + *)' (' - \fr + m\'z czct *24
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+'+e$ + *2 ( + 'fr +a) 4

(s+ t/**;) o"r] ,

-1

'*
s

ca3 :
24'- 24\fi trP * l5m2

-*-T--.* J---



cab :

ca6 :

a
q"

ca7 :

ca8 :

+aal-+ *z Q + ,/T + *) "ro * 
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- (e + n1tlF# (k - 6;-r+s'/rw + (k - h)n@) * (-t +uF-*)
({r + rr)-r*s\/rw @ - 11r+,8;z - (k + h)2 & - h1-z+e'/ffi - & - D2
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#[ar,r (-r +,,M\ Q -,ffi) (tr, * k!-r+z{tw - (h +'s)

(-h + ny-z+zt/r+-t) -, (, - tT-+n) ({n+x)'*'@ - (h + 4z+'/r+;z

(-h+ telt+t/rw-(h+ AJffi(-h+ *1t+{T+nz +(h+k)(-h +n)'@)

-, (-, + ,f+ *) (tn + D@ (-h + n1r+{F.tnz - (h + r)3 (-t + k)-2+2'/r+#
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!o [.* (-, * uE-+ *) Q - ttl-+ *) ({r, + r)-'*a{a*t - (h + k)

csg =

csg :

c6o :
2(h + k)

(-h + k1-z+n /r+mt) - , (r - $-+ *) ({a + r)'*o,ffi - (h + nlz+'/T+*
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(rr,+r))-, (-, -tJ**) (tr* te1-z-sJr+mz (-h+ x1t+t/*mz -(n+r)3
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(-h + k)-A+4Jt+a) -, (, - h +*) ({n.+ r)-'*a'/r+ffi - (h + xf+'/r+;z

(-h + k1-t+sJT+*z - (h + k)-2+l'/TW (-h + Xl+'/t'+;z + (-h + k)-2+4'h+*'

(h + k)) - z (-a + zfiia)({i, + r)-'*sJt+a (-h + n1t+t/TT* - (i, + r)3
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(-h + k1-e+s,/TTffi - (h + k)-2+5'/r+;I*z (-h + nl+'/T+'nz + (-h + k)-2+6'/t+*z

(h + k)) -, (-, + sr/t +i)({r, + r)-'*sJ*ffi (-h + N1r+t/rTaz - (a + r)3

(-h + N1-a+o'/r+R - eh + X12 1n + X1-t+a'/-**z + (h + X1z+JTIaz

(-h + r)-s+srru;z;, ,
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- (-h + tcf 1n + O-'fr+mz + (h + n1z+'/tT;z (-h + rY'{'T*)) ,
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-(h+ k)-'(-h +k)t+vE@ + (h+ft)(-h +k)-r+'/r+a') +a (tr'+k)-'
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(-h +,c)-3+3y'r+mu) -, (, - \E;r) (tr, + *)'@ - (t, + k1-r+z'/tr-t

(-h + *yt+'/I.+ntt - (h + *'f+'/l.+7.t (-h + k)-2+2'8rt + (-h + k)-r+s\/+-,'

(h + k)) -, (-, + z rM) ({r, + r)-'+ z'/r+# (-h + *f+{rw
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(-h + k)-2-2'h'+n' - (h + *1-r-zJF.il.t (-h + *1r+'Eiz + (-h + k)-r-J*'at

(h + k)) -, (-, - 2.JGI4 (tr, + *)-',-z'F.*z (-h + n!t+{r+nt - (n + r)3

(-h + tc1-s-{r+^t - (-tr + te12 1n + O-z-'fi+,r# + (h + *12+{*rt

(-h + k)-2-"4+,')) 
'
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(h+k))-r(, -1/ra*z) (tn* n1z+z'/r+fr -(h+ nf+J*a (-h+ DJ*a

-(h+ n1r+'/r+Iat(-h+ *1r+'/t+m +(-h +k)1+2'/T+# (n+t)) -ZJ*-'z
(tn+n)r*@ (-h+ t1r+'/rl;"= - (h+ k)3(-h +x1-r+z'/T+az - (h+k)2

@+k)2Jr+n +(h+ n1z+fi+a (-h+*)/o-)] ,

c75 : ;r*l+nn (-z - sr/a *z) (, - tr* *') (tr, + r)-'-z'/Trffi - (h + k)

(-h+ reys-,'/t+ffi) -r(, -$T,,)({n+n)-'@ -(h+ n1z+Jr+a

(-h + k)-2-3{r+;' - (h + k)-r's'h+az (-h + t1r+'/**t + (-h + k) r-2'/r+raz

(h + k)) -, (-, - sJ* *) (tr, * ni-r-un+*z ?h + telr+'/*a - (ir + r)3

(-h + x1-t-z'fr+a - eh + n12 1n + t4-t:-z'filaz + (h + n1z+'/*a

(-h + t4-z-s',n+a211'

cT6 : #ln* (-z - h + ,,') Q - fiTA) (tn* k)-' -(h+ k) 1r'+'t;-3)

-, 1t - lu *1(, - fn + k)-r-$+az (-h + k)r+'/Ti,7 - (h + n1z+'/rraz

(-h + |-z-'/*a + (h + k) (-h + k)-') -'(-'- \tr+q ({r' + 't)-'-'/*a
(-h + n1t+,/t+*z- (h +,r)3 (-h + /r)-3 - eh + n12 1n + O-2+ (h + {z+fi+*z
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(tn* k)-2+2'/Tr* -(h+k)

(-h+ k1-s+z'/r+ffi) -r(, - 6Tq(ln+*)'@ - (h+ n1z+'/r+a

(-h + t4-z+'/tTffi - (h + k)-r+'/TW (-b+ 1r+'/TT;a + (-h + tq-t+z$+a

(ir.+k)) -r(-r+JT+*) (tn* r1-t+'/*fr (-h+ *1t+t/T+* -@+*)3

(-h+ tq-t+2,,/r+a -?h+t121n+k1 
z+z'n+a +(h+ x1z+J**
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'
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(-h+ k)-s+4{Lra) -r(r - !/-L+n) (tn+x)n@ - (h+ k)-t$\/F,n

(-h + n1r+{TTit - (h + n1z+'/rI;z (-h + k1-z+tJT+# + (-h + k)-L+4\/L}tu'

(h+,c)) -r(-r+ttfr+*) ({r,+r)-2*s'/TT*' (-h+ te'f+Jtw - (h+k)g

(-1, + k)-}+4'/tI;z - (-tr + tc72 1n + k)-2+4'/ti'" + (h + *f+JTIa

(-t'+ t)-z+efimr;1 ,
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-2h (-h * n)@)-, (, - \h + 4 (zn1n + *12+rr+az - 2h (h + k)

(-h + Dt+,/*az, + aa (ta + *12 1-n + O@ - (h + x1r+{rr-t

(-h + k))1,

c8o: #[-*(- ,E;) Q -,/G) (, - (t, + k) (-a + t)-1)

-, (, - 'fr + *) (tr, + r)'z - (,, + n'l-{Tr^r (-h + x1t+'/rr;t

- (t + *'f+{rr;z (-h + k)-GnE + (h + k) (-h + rl) + ztfrT *
(tn + n)F@ (-h + *1r+lr+mt - (h + k)3 (-h + k)-r - (h + k)2

Z'
+(h+ *12+Jrr'rnz (-h+o)-c-)] ,

c8r : mh fanr(-e -4[-+n) Q- {W) (tr,+r)-'-e'hffi

-(-h+k)-4-3{1t,"' (n+ry) -r(r- \trG) (tn* k)-t-}\/L+*'

- (h + *1-z-atrt+ (-h + k)t+lGa - @ + *f+{t+nt (-h + teyt-nlrT'nz

+ ( h + k) ( - r, + k)-24'/t+'".') -, ( -, - 4 !f-+ n) ( t r, + r) -'- a'/T +'":-

(-h + k)t+{rt# - (h + k)3 (-h + k)-44{rw - (h + *'1-e-s{rffi

(-h + k)2 + (h + *72+'/t+*z (-h + k)-3-4\r1+mr)] ,

csz : d-u[aar (-s - r\Fp) O -,M) (tr, + r)-3-'f.+*t

- (-h + k)-4-'/rra" 1n + ty) - , (, - 'M) (tr, + r)-'- '/r+a

-(h+k)-2-2,/r7;fr (-h+ *1t+Jfiaz - (h+ *f+,Ea (-h+ *1-s-z'/Gmt

+ (h +,r) (-h + k)-t-'F.a) - , (-t - zJr + *) (ta * \-z-zt/r+^z

(-h + *f+Jtl;t - (h + k)a (-h + k)-A-'/r+n' - (h + q-s-JrT#
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a

(-h + x12 + @ + ttlz+{r+a (-h + r){-zvl+,"z;1,

c8g : dr6[ar,r 1-s1 O - rt-+ *') ({r, + r)-'*a/\+a' - (h + k)

(-r,+ *)-4+J.*=;F) -,(r -vTq ({r,+t)-'*\nra -@+x)-2

(-h + k)l+vtr+r,,' - (h + k)2+,/T.+n' (-h + r)-, + (-h + O-2+{iW (a + r))

+o(tr, +k)-z(-h+ n1r+''tr+mt -(-h +k)-4+'fr:+n' (n+r)3 -ln+x)2
@ + x1-e+,/*'* + (h + nf+Jt+az (-h + k)*)] ,

#[*r (-r +zttr-+*\ Q- J**) ({r,+ r)-'*,'/+m'

- (-h + ky-a+e'/r+;z 1r, + ry) - , (, - ,F;1({r, + r)-'*s^/*#

- (h + k)-z+z'/tta' (-h + k)L+$+tn' - (h + *f+{W (-h + tc1-e+z{rw

+ (h + k) (- h + k1-z+tt/r+*t) -, (-, + z tFr+ *) ({r, + r)-'*z'/*mt

(-h + k)t+JL+m - (h + k)3 (-h + k)-4+s\E;' - (h + te1-s+tJ*iz

(-h + k)2 + (h + *72+'Eez (-h + k)-3+26+-z)] ,

c8r : #[ar,r (-r - z,/-r + *\ Q -'tr-t + *) (tr, + r)-'- \/rw

- (-h+ k)-2-$tn' (n + E)) -, (, - ffi) (tr, + t)'-@
-(h+X1-zlF.az (-h+ *1t+{ffi - (h+ *12+Jr*'t (-h+ n1-r-zJr+Iaz

+ (h + k) (-h + k)-'/t+m') - , (-, - r\F;) ({n + n)-'@
(-h + *1r+Jr+*t - (h + qt-,tr+*z eh+ g-z-{F'-z - (h+ k)2

@ + n1-r-,/r+*z + (h + k)2 eh+ t)-r-zfmz;1,

c86 : d.ul-mxQ- ttr+*)({r,+t)-'+'/rw - (-h +k)-2+\/T+naz

(h +,c)) - , (, - \h + n) ({r, + t)'*@ - (-h * k)t+r'tr'7

- (h + nlz+{rw(-h + r)-, + (h + rc) (-h + OlFfr) + z (t-n + *1t+Jt+az

- (h + k)s eh + k)-z+'/Lw - (-h + n'f 1n + k)-L+'h+a' + (-h + k)-'

1rr+t)'z+@)] ,

cB. : #[ar,n (-r +zr-r+*\ (L- 'ffi) ({r,+r)-'+t'/t+#

- (-rL + k)-2$\/1+'"' (rr, + r)) -, (t - rtrG) ({n + n)'*'@

caL :

*
,..



s.*

-(h+ k)z,M' (-h+ *1r+Jt+fr - (h+ Oz+$T,' (-h+ k)-r+2JEa'

+ (h + k) (-h + kf{Fffi) -, (-, + zrt-+ *) ({n + x)'@
(-1, + *1r+{t*tt - (h + k)s (-h + *1-z+t{7+*t - (n+ g2

(h + t;-r+s,Ea + (h, + X1z+{r+* (-h + f)-1+zG;11 ,

c'a : #[ar* (-r + +,/-+ *) Q -'Ff+ *) ({r, + r)-3*s'/rrit

- (-h + k)-4+5$r;' (a + t)) - , (, - tG-*\ ({r, + t)-'*d'E'",

-(t + k1-z+tvh+nz (-h+ k)r+,En' - (h+ *yz+',Ga (-h+ k)-3+4\/ffi

+ (h + k) (-h + k)-2+6v/r+*') -, (-t + uG,;\ ({r, + t)-'*a{+it

(-h + X1t+l+-a - (h + k)3 (-h + k)-3+6'h+"" - ?n+ D2

(h + f;-s+s,/:.+a' + (ft. + *'f+'Gfr (-h + k)-3+4r'iffiz)] ,

c8e : #[n* (, - \tqL +n)'0r,(r+k)(h+k) -lo(-h+k)(h+k))

-, (t -'fr + -)(r"tr, + k) (h + rc)3 - tn(h + k) (h + x1-z-^nw

(-h + *1r+J7+*'z - h (-h + /c) (h + *'Sz+{*az (-h + nl-'[+' t

+rn(-h + tc) (h + Ic) (-h * lr)') - z ((t-r, + *1r+^frs @ + x1z-{rw

- (,, + e)B - (-h + k)2 b+ Ic) + (n + x)2+@ (-1, + O*{r+#)
* (, - 'tr;+ *\ (r" 1r, + k) (h + *f^trw (-h + n1r+rffi

-ln(-h + k) (h + k)3 - h(h + k) (-h + *72 1n+ /c) +ln(-h + k)

@ + n)2+@ (-r, + u),-/'F))],
c4o: #[c*(r -\trG) ((tr+k1r+z'/rw - (-h + k)2{r*ffi

(h+Ic))* (t - tfi**z) (r"tr,+k)(tL+ k1r+z{t+it -h(-h+k)
(h + Ic) (-t, + uf{'T#)) - , (, - !G-",) ({n + D'*'@
ln(h+k)-ln(h+Ic) 1n+*)2+@ (-t + *1r+'E* -(h+ *12+ltw

lr, (-h + k) (-h + k)t+{r+a + h (-h + Ic) (h + k) (-h + D-z+z'fi+a1

-z ((t-n + *1r+'E;z (n + *)2+@ - (h + k)3 (-h + k)'Jrw

- (h + k1t+2,,ffi + (h + *12+,/r# (-h + k)L+6+m2 - ?h* fi')
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-z (r +,,tr+q (r" 1r, + k) (h + k)2+'/TTa' (-h + k)t+$'++;,

- ln(-h + k) (h + Ir)3 (-h + k)2'/trffi - h (h + k) (tl + k)t+z'/t+*

(-h + k)2 + tn (-h + k) (h + n1z+JT+az (-h + *)t.'/'*-))] ,

csr : Q+Jr+*) (t-n +k1t+'fi+a @+x)2@ -(h+k)r+\/T+'nz

(-h + k)'6*e) '

3.4 Results and discussion

Our main interest in this section is to examine the pressure rise per wave length, pressure

gradient and stream function for the influence of various patient parameters i.e' I, e, k ar,d m.

Fig. 3.2(o) represents the variation of AP for various values of f. It is noted that AP

is increases with increasing f in the pumping region, while in copumping region the pressure

decreases by increases f. Fig. 3.2(b) depicts that AP is decreases with increases e in the

pumping region. Fig. 3.2(c) shows the effect of k on AP. It is found that the pressure rise

decreases by increasing k in the pumping region where as the effect is quite opposite in the

copnmping regiou. The effect of rn on AP can be seen from Fig. 3.2(d), here it is revealed from

this figure that an increase in the rn leads to an increase in pressure rise in the pumping region

and a decrease in pressure rise in the copumping region.

Figs. 4.3(o) to 3.3(d) provide the variation of the pressure gradient with respect to the

x-uris which it has oscillatory in the whole range of the x-axis for different values of e, l, k and

rn. It is clear from these figures that the pressure gradient increases with an increase e, I and

k while it decreases with increasing of rn.

The formulation of an internally circulating of fluid by closed stream lines is called trapping

and this is pushed along with the peristaltic wave. Fig. 3.a(a) illustrates the effect of the f

on the stream line. The trapped bolus does not exist for I : 0, it appears when f I 0 and

its size increases with increasing f. The stream lines for different e are shown in Fig. 3.4(b)'

The similar effect shown as we seen in Fig. 3.4(a). Fig. 3.a(c) depicts the effects of k on the

trapping. In this case it is seen that the size of trapped bolus increases with increasing k- To see

the efiects of rn on the stream lines, we have sketched Fig. 3.4(d). It reveals that an increasing
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in rn results in the increase in the size of the trapped bolus.

3.5 Conclusion

In this chapter, we have studied a mathematical model to investigate the peristaltic transport

of a magnetohydrodyna,mic (MI{D) fourth grade fluid in a curved channel. The main finding

have been listed as below:

o Increase in I leads to increase in the magnitude of S and AP.

o The increase in e reduces the pressure gradient.

o Flee pumping flux almost remains invariant for change in l, e, ,t and rn.

o The size of the trapped bolus increases with an increase in I, e, Ic and nz.

o The results for the case of planar channel can be recovered by droosing k --+ oo.

-G
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Fig. 3.2:(a) Efiect of I on AP when

e :0.01, Ic: 1.1, rn: 0.8.

Fig. 3.2:(c) Effect of Ic on AP when

a:0.01, f :0.01, nz:0.9.

Fig. 3.2:(b) Effect of e on AP when

I : 0.01, Ic : 1.1, m :0.7.

Fig. 3.2:(d) Effect of n'u on AP when

e :0.01, k: 1.1, f :0.01'
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Fig. 3.3:(a) Effect of e on ff when Ic: 5,

0 : 0,L, m:0.7,I : 0.01.

Fig. 3.3:(b) Effect of I on ff when k :5,
m:0.7,0:0.05, e:0.1.

D
ts

Fig. 3.3:(c) Efiect of k on ff when

m : 0.6,I : 0.01, e : 0.01, 0 : 0.1.

Fig. 3.3:(d) Effect of rn on S when

0:0.L, k:3, l:0.01, e:0.01.
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Fig. 3.4 : (a) Streamlines for e : 0.3, k :2.5, m:0'3, 0 : l,

with different I : (a) l:0.00, (b) f :0.001, (c) f : 0'005'
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Fig. 3.4 : (b) Streamlines for k :2.5, m:0.3, 0 : l,I : 0'01,

with different e : (a) e : 0, (b) e : 0.2, (c) e :0'4'

-o.l o o,t o2 0,3 0.4 0.5 0,6
x

60



2

t.5

,

a5

-o,t o o,, 02 0.3 0.4 a5 a6
x

-o.l o o.l o2 a3 04 0.5 0,6
x

2

1.5

,
\

€ o'5

o

-o,g
-o., o o.l 02 0,3 0.4 0.5 A6

x
Fig. 3.4 : (c) Streamlines for e :0.4,1 : 0.01, m :0'3, 0 : l,

with different k : (o) k : 2.5, (b) /c : 2.7, (c) le : 2'9'
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